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Abstract

Solving Quantified Boolean Formulas (QBFs) depicts an extension of the well-known
SAT problem. As the canonical PSPACE-complete problem, one expects QBF to be
even harder than the NP-complete SAT in terms of the hierarchy of complexity classes.
Although we cannot assume there being a polynomially bounded algorithm for SAT
solving, the main paradigm used in praxis, CDCL (“conflict driven clause learning”),
which generates Resolution refutations for unsatisfiable propositional formulas, turns
out to have short running times on many industrial instances. 2011 Pipatsrisawat and
Darwiche proved that CDCL, formalized as a proof system, is able to simulate Resolution
refutations, which results in the equivalence of CDCL and Resolution.

One of the main approaches in QBF solving is extending known SAT solving meth-
ods by lifting them to a quantified setting. In particular, CDCL can be lifted to so-
called QCDCL. In this thesis, we analyse similarities and differences between CDCL and
QCDCL. We identify weaknesses of QCDCL by proving exponential lower bounds and
use them to compare and separate different variants of QCDCL. One of the main goals
is to find a QCDCL variant that is able to simulate its underlying proof system the same
way as CDCL simulates Resolution. By introducing several kinds of QCDCL modifi-
cations, we can improve its potential performance in relation to the standard version
broadly used in practice.
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Zusammenfassung

Das Lésen quantifizierter Boolescher Formeln stellt eine Erweiterung des SAT-Problems
dar. Als kanonisches PSPACE-vollstandiges Problem ist dieses sogenannte QBF-Problem
in der Hierarchie der Komplexitédtsklassen als noch schwieriger einzuschétzen als das
bereits NP-vollstandige SAT-Problem. Obwohl nicht von der Existenz von polynomial
zeitbeschrankten Losungsalgorithmen fiir SAT auszugehen ist, présentiert sich das in
der Praxis hauptséichlich angewandte Paradigma CDCL (“conflict driven clause learn-
ing”), welches Resolutionswiderlegungen von unerfiillbaren Formeln generiert, auf vielen
industriellen Instanzen mit kurzen Laufzeiten. 2011 bewiesen Pipatsrisawat und Dar-
wiche, dass das als Beweissystem formalisierte CDCL sogar jede vorgegebene Resolu-
tionswiderlegung simulieren kann, woraus die komplexitéitstheoretische Aquivalenz zum
wohlbekannten Resolutionskalkiil folgt.

Eines der wichtigsten Ansétze zum Losen quantifizierter Boolescher Formeln ist
die Erweiterung von CDCL auf das QBF-Problem, welche QCDCL genannt wird. In
dieser Dissertation untersuchen wir, welche Eigenschaften sich von CDCL auf QCDCL
iibertragen lassen und worin Unterschiede liegen. Wir identifizieren Schwachstellen
von QCDCL in Form von exponentiellen unteren Schranken und nutzen diese, um ver-
schiedene Versionen von QCDCL miteinander zu vergleichen. Dabei ist eines der Ziele,
eine Version von QCDCL zu finden, welche in der Lage ist dhnlich wie CDCL das zu-
grundeliegende Beweissystem zu simulieren. Durch die Einfiihrung zahlreicher Modifika-
tionen verbessern wir die potenzielle Leistungsfahigkeit von QCDCL im Vergleich zum
derzeit in der Praxis genutzten Standardmodell.
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Chapter 1

Introduction

Two-player games are among the oldest known forms of games in human history. One of
the oldest known two-player board games is senet which was invented more than 5,000
years ago in ancient Egypt. Senet not only served as recreation, but also as a status
symbol, occasionally holding religious significance. Roughly explained, senet is a racing
game in which the aim is to transport characters from the starting point to the end point,
with the possible moves being determined by rolling dice. Although the exact rules of
the game have been lost over the years, some have been deciphered and reconstructed
so that senet can still be played today — albeit not with the original rules (cf. [85]).

Other ancient board games likely followed a similar approach, such as the Royal
Game of Ur — named after the Royal Cementery of Ur, where it was excavated in 1926
(cf. [63]) — or Hounds and Jackals. All of these games were, to some extent, based
on luck rather than purely on players’ skill. This distinguishes them from other board
games that are still well-known and famous today, such as chess, checkers or even tic-
tac-toe. These games are so-called perfect information games, in which there are neither
any secrets between the two players nor any elements of randomness.

The strategic thinking that is required in games like chess or tic-tac-toe reflects the
logical structures of today’s computational problems. People often find problems easier
to solve when framed as games. For example, the task of proving the infiniteness of
natural numbers can be rephrased more intuitively as: “For each finite set of natural
numbers, find a natural number that is not included.”. Indirect proofs can be likened
to two-player games: Player one claims that a given statement is true, while player two
tries to lead player one’s arguments to contradiction. It is therefore unsurprising that
proofs by contradiction are often viewed as more intuitive than direct proofs. Hence,
it is mathematically sensible to formulate problems as two-player games (with perfect
information).

In the year 1913 Zermelo showed via set theory that such games always have deter-
mined game result as long as they are finite (cf. [102]). That means that one of the
two players always has a winning strategy, provided that a possible draw is counted as
a win for one of the two players. This result is particularly astonishing because propo-
sitional logic only began to be of interest to theory in the 1970s. While constructing

15



16 CHAPTER 1. INTRODUCTION

and memorizing such a strategy for tic-tac-toe is relatively easy and feasible, the same is
obviously not true for chess. Although chess computers are already significantly superior
to human chess players, calculating a complete winning strategy still remains unfeasible
as of today.

The rules and winning conditions can be encoded as propositional formulas on
boolean variables. For example, let us consider the formula

(uV—x)A(—u V).

It is easy to see that this formula is satisfied if and only if the variable x is assigned the
same truth value as u. The well-known SAT problem, which involves deciding whether
a given propositional formula is satisfiable, is not only NP-complete but also considered
the canonical NP-complete problem [49].

As an NP-complete problem, SAT is solvable by non-deterministic Turing machines
in polynomial time, and all other problems in NP can be efficiently reduced to it. In
intuitive terms, verifying a potential solution (an assignment in this case) is feasible in
polynomial time, but finding such a solution might not be.

The question of whether or not the SAT problem (or any NP-complete problem) can
be solved in polynomial time by deterministic Turing machines is one of the major open
problems in theoretical computer science as well as one of the seven Millennium Prize
Problems! with a 1 million dollar prize for a correct proof. Although being an open
problem, it is widely believed that this question can be answered with ‘no’, implying
that there is no algorithm that can efficiently decide the satiability of given formulas.

Nevertheless, it turned out that many (mostly industrial) instances can be solved
in short time in practice. While in theory there are several approaches for finding
satisfying assignments (or proving the unsatisfiability) of propositional formulas, only
one paradigm came out of the top and is nowadays pretty much the standard procedure
for SAT solving: Conflict Driven Clause Learning (CDCL).

CDCL [79, 80, 103] can be viewed as an extension of the simpler DPLL algorithm
(Davis—Putnam—Logemann—Loveland Algorithm, cf. [53]). DPLL systematically explores
the truth table of a formula by assigning variables via decisions while taking short-
cuts where appropriate. CDCL extends this by non-chronological backtracking and by
adding new subformulas learned in previous iterations of the algorithm. These learned
subformulas, represented as clauses (disjunctions of literals), assume that propositional
formulas are in conjunctive normal form (CNF), i.e. a conjunction of clauses. CDCL con-
tinues to learn new clauses until a satisfying assignment is found, or the empty clause is
learned (which proves the unsatisfiability of the original formula). For satisfiable formu-
las, CDCL returns a satisfying assignment, while for unsatisfiable formulas, it not only
returns a negative answer, but also a proof of unsatisfiability consisting of the learned
clauses [7] in the well known propositional proof system Resolution.

Although performing well in practice, one expects exponential lower bounds in terms
of running time on several instances. Finding lower bounds, both for proof systems as

!claymath.org /millennium-problems
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well as proof generating algorithms, represents one of the main disciples in the field of
proof complexity. One naive approach for proving CDCL lower bounds is to search for
formulas that need Resolution refutations of exponential size. Since CDCL generates
a Resolution refutation, such a lower bound immediately translates to an exponential
running time. As for the question whether or not there are more lower bounds that do
not originate from Resolution hardness, there is no easy answer. In fact, in [86] it was
shown that Resolution not only p-simulates CDCL as a proof system, but one can also
extract a CDCL run out of given Resolution refutation in polynomial time. However,
this result has to be treated with caution as the CDCL model used in that result is a
rather non-deterministic version — meaning that given a Resolution refutation, one can
reproduce the proof by making the ‘correct’ decisions and learning the ‘correct’ clauses.
Obviously, this is not the way a practical solver would operate since decisions and the
learning scheme both deeply depend on the heuristics that are applied. Even worse, in
[100] it was proven that deterministic CDCL with commonly used heuristics is in fact
not able to p-simulate Resolution.

One can conclude that choosing a suitable formalization for the solver greatly affects
the theoretical results one might obtain. It is a rather philosophical question on which of
the two frameworks one should focus. Because Resolution can be interpreted as a non-
deterministic proof system as well, we will concentrate on the non-deterministic versions
of solvers? whenever we compare them with theoretical proof systems like Resolution.
This also means that an upper bound for an algorithm only refers to the existence of one
single run in polynomial time — without guaranteeing that practical solvers will easily
find such a short run.

Returning to perfect information games, we can now formalize their winning condi-
tions using propositional formulas: One of the two players wins by satisfying the formula,
while the other wins by falsifying it. Obviously, in order to obtain ‘interesting’ games,
the formula should neither be a tautology nor unsatisfiable. It remains to determine the
allowed turns of each player.

Each variable from the propositional formula gets quantified by either an existential
or a universal quantifier (i.e., 3 or V). The quantifiers are written in front of the propo-
sitional formula and also define the order in which the variables must be assigned. The
player who aims at satisfying the formula controls the existentially quantified variables,
while the other one controls the universal variables (we will use the notions existential
player and universal player). In our example above, we could add the quantifier Vu3z
and obtain the formula

Yudzr - (uV —x) A (-uV ).

As a two-player game, the universal player has to assign the variable u first. It is easy
to see that no matter how u gets assigned, the existential player can win the game by

2In the non-deterministic solver framework, certain aspects that are determined in practice using
heuristics are not further specified. For example, the CDCL allows certain selection options in terms
of decisions and learned clauses because it is not crucial for the solver’s correctness to define decision
heuristics or learning schemes beforehand.
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setting x to the same truth value as u. This is only possible because x got quantified
after u and therefore the assignment of x is allowed to depend on wu, while 4 must not
depend on anything.

A Quantified Boolean Formula (QBF') comprises a propositional formula (called the
matriz) paired with quantifiers (the prefiz) such that all variables are quantified, leaving
no free variables. A QBF can either be true or false. The former is implied by the
existence of a winning strategy for the existential player, while the ladder is implied by
the existence of a winning strategy for the universal player.

The problem of finding the truth value of a QBF is simply called the QBF problem.
As the canonical PSPACE-complete problem [98], it can be solved by Turing machines
with polynomial space and arbitrary time. Since NP is contained in PSPACE, we can
easily reduce the SAT problem to QBF by quantifying all variables of a propositional
formula existentially. Because it is widely believed that NP # PSPACE, one can assume
that the QBF problem is even harder than SAT.

While some propositional lower bound techniques like feasible interpolation [74, 87]
can be lifted to QBF [21], or approaches through so-called Prover-Delayer games are
applicable both for SAT [27, 88] and QBF [24, 25, 26], other lower bounds like the size-
width lower bound [8] fail for QBFs [20]. Instead, new techniques like strategy extraction
[2, 3, 4, 18, 59] were established for finding QBF lower bounds [10, 16, 19].

Many SAT solving approaches can be extended to QBF, like QDPLL [56] and
QCDCL [58, 104] as extensions of DPLL and CDCL. However, unlike in SAT, QCDCL
is not the only paradigm established in QBF solving. Roughly speaking, QBF solvers
can be divided into CDCL-based solvers and expansion-based solvers. Expansion is an
approach in which a QBF is transformed into a propositional formula via variable ex-
pansion and passed to a SAT solver at some point. As naively expanding all variables
might obviously result in an exponential blow-up, successful expansion-based solvers
like RARe@S [65, 66], which are connected to the expansion-based QBF proof systems
VExp+Res [67, 68], or IR-calc and IRM-calc [18], in which resolution- and expansion-
based approaches are conflated, perform more fine-tuned and therefore more complex
operations.

However, we will concentrate on CDCL-based approaches in this thesis as we want
to draw comparisons to the SAT case and check which results can or cannot be lifted
to the QBF level. QCDCL fundamentally follows the same idea as its propositional
ancestor: Assign variables via unit propagation or decisions and start clause learning
as soon as a conflict occurs. An integral part of not only QCDCL but many QBF
proof systems such as Q-Resolution is universal reduction, which allows the omission of
universal variables from clauses where they are not blocked by existential variables to
the right. For example, the clause

(x Vu)
under the prefix

JdxVu
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can be reduced to the clause

(),

because setting x to 0 would allow the universal player to win the game by setting u to
0. Hence, the existential player has to assume that u is already set to 0 and therefore
should set x to 1, ignoring any other assignment.

Another difference between CDCL and its counterpart for QBF is the fact that
QCDCL does not stop when a satisfying assignment was found, unlike CDCL. Note
that the satisfiability of the matrix does not necessarily imply that the QBF is true. In
fact, most QBF's consist of a satisfiable matrix — otherwise the universal player would
trivially win the game no matter what. However, in order to ensure completeness and
finiteness of the algorithm, QCDCL needs to learn constraints even when its generated
assignment has satisfied the matrix. In this case, instead of clauses, the algorithm learns
cubes (i.e., conjunctions of literals) that represent such a satisfying assignment to some
extend. Consequently, QCDCL not only uses clauses but also cubes for unit propagation,
whereas cubes behave dual to clauses.

As an example, consider the QBF

Yu,v3z - (uV oV -x)A(-uV -V ).

Assume that u was assigned to true and v was assigned to false by decision, then the
matrix gets satisfied no matter how x is assigned. If x is set to true, then all variables
are assigned without falsifying a clause. QCDCL can now learn the cube (u A —v A ),
which can then existentially reduced to (u A —w). This cube is added to the formula as
follows:

Vu,v3z - [(uVoV-x)A(—uV-wVe)V(uA-w)

This formula is now a so-called augmented QQBF, which is a QBF whose matrix is a dis-
junction of a CNF and a DNF (i.e., disjunctive normal form). QCDCL works not only
on quantified CNF's, but also on such augmented QBFs as it can use both clauses and
cubes to generate new assignments via decisions and unit propagation. However, gener-
ated refutations will consist of only one type of constraint (depending on the truth value
of the input formula). Analogously to false QBFs, the trueness of a QBF can be shown
via so-called @Q-Consensus, which can be described as Q-Resolution on cubes. Learning
and deriving the empty cube then proves that the input QBF was true. Consequently,
QCDCL stops as soon as either the empty clause or the empty cube is learned.

While, as mentioned above, it was proven that a non-deterministic version of CDCL is
equivalent to its underlying system Resolution, the same cannot be said about QCDCL.
In fact, the well-known QBF proof system Q-Resolution is not even able to simulate
QCDCL runs because Clause Learning sometimes performs ‘forbidden’ resolution steps,
which is why in 2002 Zhang and Malik [104] introduced Long-distance Q-Resolution as an
extension of Q-Resolution which can simulate QCDCL runs, which was later formalized
as a sound and complete proof system in [3].
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Obviously, the purpose of QBFs is not only analysing board games and computing
their game value (cf. [94] for a collection of QBF applications). However, no matter how
technically complicated such industrial instances are, we can still always interpret them
as two-player games with winning strategies for one of the two players.

The question whether QCDCL (as a non-deterministic proof system) can p-simulate
Long-distance Q-Resolution was answered 2016 when in [64] it was shown that this is
not even possible with Q-Resolution. Although QCDCL is conceptionally similar to
CDCIL, its behaviour from a complexity-theoretic perspective differs significantly from
its predecessor. In this thesis, we want to consider the following questions:

On which QBF instances does QCDCL fail and why? It is obvious that
QCDCL needs exponential running time on formulas that are hard for the underlying
proof system. However, since classic QCDCL does not p-simulate its underlying proof
system, there is expected to be another layer of hardness which can be considered a
“genuine QCDCL hardness”. We aim to identify such a QCDCL-specific hardness and,
ideally, establish a corresponding lower bound technique.

What are already established modifications of QCDCL and how do they
impact its performance? Cube Learning and Pure Literal Elimination [44] can be re-
garded as modifications to the plain QCDCL version. While Cube Learning is normally
performed by default in order to be able to deal with true QBF's, Pure Literal Elimina-
tion is omitted in most QCDCL solvers. We want to formalize and compare different
versions of QCDCL with or without Cube Learning and Pure Literal Elimination and
check whether or not previously shown lower bounds still hold.

How can QCDCL be improved with further modifications not yet estab-
lished? Based on the lower bounds results, we want to introduce further modifications
that overcome the weaknesses we exploited in the separations. Again, we compare dif-
ferent variants of QCDCL and show separations and p-simulations in order to propose
new and better QCDCL variants for practice.

Can we modify QCDCL such that it becomes equivalent to its underlying
proof system? Using the modifications introduced earlier, we want to find out if and
which of the QCDCL variants are able to p-simulate their underlying proof systems. At
best, we would like to propose a QCDCL variant that is p-equivalent to Long-distance
Q-Resolution similar to the p-simulation of Resolution by CDCL (cf. [86]).

Contributions

We start with introducing a formalization for the QCDCL algorithm in Chapter 4 that
allows us to treat it as a separate proof system. We describe how we can summarize
all information of a QCDCL iteration into a so-called trail, which is a representation
of the assignment generated in each run (cf. Definition 4.1). We will explicitly define
Clause Learning and Cube Learning (cf. Definition 4.4) as well as Backtracking (cf.
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Definition 4.5). Each QCDCL run can then be written as a QCDCL proof, which we
can analyse in terms of size and compare it with other already established proof systems
like Q-Resolution. Using this framework, we can show that QCDCL-like proof systems
are sound (cf. Theorem 4.9) and complete (cf. Theorem 4.13).

We first introduced the framework in the paper “Understanding the Relative Strength
of QBF CDCL Solvers and QBF Resolution” at ITCS’21 [13] and as an extended version
2023 in LMCS [14] — and applied it in all follow-up papers.

In Chapter 5, we set up the most important lower bound technique for our results:
The gauge lower bound. Our goal is finding exponential lower bounds for QCDCL. Obvi-
ously, as long-distance Q-Resolution simulates QCDCL, lower bounds for long-distance
Q-Resolution immediately transfers to QCDCL as well. Beyond that, no lower bound
techniques for QCDCL were known so far. We will define sufficient conditions for expo-
nential QCDCL lower bounds which do not necessarily lead to exponential lower bounds
for long-distance Q-Resolution. We will show that for formulas ¢ of a particular class
of QBFs, there exists a measure which we call gauge(®) such that ® needs so-called
fully reduced primitive Q-Resolution refutations of size 2(gauge(®))  In order to apply
this technique to QCDCL, we need to check if the QCDCL variant in question generates
primitive derivations on ®, which is easily provable for several hand-crafted formulas as
we will show in the following chapters.

This chapter is based on the paper “Lower Bounds for QCDCL via Formula Gauge”
published at SAT’21 [32] and 2023 in JAR as an extended version [33]. Some results
and proofs were revised and do not rely on the algorithm from [32, 33| any more.

In Chapter 6, we apply the gauge lower bound technique to QCDCL variants that are
more or less already established in practice. More precisely, we consider QCDCL variants
in which we can turn Cube Learning on and off as well as variants with and without a
modification called Pure Literal Elimination. We prove that the plain QCDCL version
(i.e. without Cube Learning and Pure Literal Elimination) always generates primitive
proofs on the class of formulas the gauge lower bound can be applied to (cf. Corollary
6.5). This implies that the gauge lower bound is exactly a lower bound technique for
this plain QCDCL version.

Furthermore, we show that, at least on some particular formulas, the gauge lower
bound can be applied to the other QCDCL variants as well. We prove that in order to
prevent the generation of primitive proofs (and therefore preventing the application of
the gauge lower bound), the corresponding trails need to be ‘out of order’ to some extend,
which is only possible if Cube Learning or Pure Literal Elimination have a ‘sufficiently
large impact’ on the shape of the trails (cf. Proposition 6.4).

Using this observation and our lower bound technique, we compare the four QCDCL
variants with one another and with Q-Resolution as well as long-distance Q-Resolution.
We show the following relations:

e Enabling Cube Learning exponentially strengthens the QCDCL variants (cf. The-
orems 6.11 and 6.32).
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e Each Variant with Pure Literal Elimination is incomparable to all variants without
Pure Literal Elimination (cf. Theorems 6.21,6.26 and 6.29).

e All variants considered in this chapter are incomparable to Q-Resolution (cf. The-
orem 6.33)

e All variants considered in this chapter are exponentially weaker than, but p-
simulated by long-distance Q-Resolution (cf. Corollary 6.34).

This chapter was first published at IJCAI’22 under the title “QCDCL with Cube Learn-
ing or Pure Literal Elimination - What is Best?” [36] and has won the Distinguished
Paper Award. An extended version was published 2024 in ALJ [38].

After having considered already known QCDCL variants, we introduce several mod-
ifications for QCDCL in Chapter 7. We refer to such modifications as policies, that
can be divided into several categories. In this chapter, we first concentrate on Decision
Policies. These policies determine which variables we are allowed to chose as decision
variables during the creation of a trail. The gauge lower bound we used in previous
chapters highly depended on level-ordered decisions, hence it is a natural idea to relax
this property.

We will define the three new QCDCL variants determined by the corresponding
decision policy:

e QCDCLAYY: Decisions can be ordered arbitrarily.

e QCDCLYM-ANY. Fxistential decisions are level-ordered while universal decisions are
ordered arbitrarily.

o QCDCLE¥ANY: Universal decisions are level-ordered while existential decisions are
ordered arbitrarily.

First, we will show that all of these variants are still sound and complete (cf. 7.8).
Furthermore, we will prove that QCDCLYN"ANY is guaranteed to find learnable assert-
ing clauses during Clause Learning, while QCDCLP*ANY can always detect learnable
asserting cubes during Cube Learning (cf. Proposition 7.5). As for QCDCLAYY, we can
at least guarantee that there always exist learnable new constraints after conflicts (cf.
Proposition 7.6).

Although the benefit of asserting constraints was not theoretically verified so far,
it can be believed that QCDCLYN"AYY works better on false formulas (for which Clause
Learning is more relevant), while QCDCLE*ANY should work better on true formulas. To
some extend, this assumption is somewhat witnessed by the following separations. We
construct a family of true formulas, which needs exponential-sized proofs in the classic
QCDCL, but has polynomial proofs in QCDCLEX"AY (¢f. Corollary 7.20). To the best
of our knowledge, this is the first lower bound of a true QBF for QCDCL. On the other
hand, we show that classic QCDCL and QCDCLYN"AY can be exponentially separated on
false formulas (cf. Corollary 7.28). That means that all three new QCDCL variants are,
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in theory, exponentially stronger than the original version, meaning that these policies
in fact improve the potential strength of the solver.

This chapter is based on the paper “Should Decisions in QCDCL Follow Prefix Or-
der?” first published at SAT’22 [37] and 2023 in JAR as an extended version [39].

In Chapter 8, we introduce further types of QCDCL policies: Reduction and Propa-
gation Policies. These policies determine how we do Unit Propagation while generating
trails. Our new Reduction Policies allow us to reduce literals normally (ALL-RED), ar-
bitrarily (ANY-RED) or turning them off completely (NO-RED). Propagation Policies
determine whether we can use clauses for existential Unit Propagations only (EXI-PROP)
or allow them to propagate universal literals as well (ALL-PROP). We will show that
all policy combinations are sound and complete (cf. Proposition 8.3), although not all
combinations make sense necessarily. We construct a family of formulas that only has
short proofs in QCDCL variants in which we can reduce arbitrarily during Unit Prop-
agation — as long as we only consider level-ordered decisions (cf. Theorem 8.8). We
also prove that all QCDCL variants with the EXI-PROP policy (in particular all QCDCL
variants from the previous chapters) are p-simulated by a potentially® weaker version
of long-distance Q-Resolution, which we call modified long-distance Q-Resolution (or
mLD-Q-Res for short). These observations will become important in the next chapter.

Chapter 8 serves as a preparation for Chapter 9, in which we choose three particular
variants of QCDCL and prove their p-equivalence to Q-Res, mLD-Q-Res and QU-Res,
respectively. The simulation of Q-Resolution was already shown in [13] and [14]%, so
that the other two simulations could be interpreted as generalizations. The results
are largely very technical — therefore we provide a very high-level proof sketch of all
shown characterisations (cf. Theorem 9.6). This chapter ends with an overview of the
simulation order of selected QCDCL variants and their underlying proof systems (cf.
Figure 9.1).

Both Chapter 8 and Chapter 9 are based on the SAT’23 paper “QCDCL vs QBF
Resolution: Further Insights” [34] which has won the Best Student Paper Award. An
extended version was published in JAIR [35].

We will finish with Chapter 10, in which we compare the size of proofs generated by
and extracted from QCDCL runs with the runtime (i.e., the size of QCDCL proofs) itself.
In the previous chapters, we mainly concentrated on comparing versions of QCDCL with
their underlying proof system or comparing the versions with one another. In this chapter
however, we will only consider proofs that can actually be generated by QCDCL. While
for CDCL, it is known that the proof size in the underlying proof system Resolution
matches the CDCL runtime up to a polynomial factor, we show that in QBF there is an

3Tt is still an open question whether LD-Q-Res is exponentially stronger than mLD-Q-Res or if they
are both p-equivalent. So far, we only know that LD-Q-Res trivially p-simulates mLD-Q-Res.

“The simulation of Q-Resolution followed an approach similar to the simulation of Resolution by
CDCL from [86] and could be interpreted as a generalization. Furthermore, our simulation from [13]
improved the bound from [86] by a factor of n.
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exponential gap between QCDCL runtime and the size of the extracted proofs in QBF
resolution systems. Hence searching for a small refutation via QCDCL will provably
cause an exponential overhead for some instances.

We will first prove our master theorem (cf. Theorem 10.2) which we will apply on
three variants of QCDCL that generate Q-Res, LD-Q-Res and QU-Res proofs, respectively.
By crafting suitable formulas, we separate each QCDCL variant not only from their
underlying proof system, but also from their restriction to generatable formulas.

This chapter is based on the paper “Runtime vs. Extracted Proof Size: An Expo-
nential Gap for CDCL on QBFs” [15], published at AAAT’24.

For an overview of all publications corresponding to the main chapters, see Table
1.1.

Chapter ‘ Reference ‘ published at Co-authors
4 | 13,14

]5
32, 33] | SAT21, JAR
]7

|

‘ ITCS21, LMCS ‘ Olaf Beyersdorff
5 ‘ [ ‘ Olaf Beyersdorff
6 | [36,38)7 | LJCAI'22, ALJ | Tomés Peitl, Olaf Beyersdorff
7 | [37,39] | SAT22, JAR | Tomas Peitl, Olaf Beyersdorff
8 ‘ (34, 35)® ‘ SAT’23, JAIR ‘ Olaf Beyersdorff
9 | [34,35 | SAT’23, JAIR | Olaf Beyersdorff
10 | [15] | AAAD24 | Olaf Beyersdorff, Meena Mahajan

Table 1.1: Overview of publications corresponding to the chapters.

5Most of the results were refined in later papers and therefore omitted. For this chapter, we only
used the QCDCL framework which was first introduced in that paper.

5Qriginally, the main results of that paper were proven via algorithm. For this thesis, these results
and their proofs were rewritten in a more formal way without relying on an algorithm. In particular,
Definition 5.8, Lemma 5.9 and the proof of Theorem 5.10 did not appear in the original paper.

" Distinguished Paper Award at TJCAT'22.

8 Best Student Paper Award at SAT’23. Definition 8.12 and Proposition 8.13 are new and did not
appear in the original paper.



Chapter 2

SAT and QBF Proof Complexity

Most results and definitions of this chapter can be viewed as folklore. In terms of an
introduction to SAT and QBF theory, we refer to [29]. However, we reserve the right to
formalize some notions differently.

2.1 Propositional Formulas

The simplest type of logical formulas which we will consider are propositional formulas
which consist of variables and connectives. To ensure that the set of all propositional
formulas is countable, we have to assume that the entirety of all variables is countable
as well.

We recall the most common connectives:

e Negation: —

e Conjunction: A
e Disjunction: V

e Implication: —
e Equivalence: +

Furthermore, we will also consider the two symbols T (verum) and L (falsum) as con-
nectives that represent ‘always true’ and ‘always false’ formulas.
We can now define propositional formulas (or Boolean formulas) recursively.

Definition 2.1 (propositional formulas). It holds the following:
e T, 1 and each variable is a propositional formula.

o If ¢ and v are propositional formulas, then —p, @ A, @V, ¢ = P and @ <> Y
are also propositional formulas.

25
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We denote the set of variables that appear in a propositional formula ¢ as var(y). The
size of o, denoted as ||, is defined as the number of variables appearing in ¢ whereby
variables that occur multiple times are also counted multiple times.

Each propositional formula is not only a syntactical structure, but can also be evalu-
ated semantically as a representation of a Boolean function. For this evaluation, we use
the truth values O (false) and 1 (true). Note that we treat 0 and 1 not the same as L
and T. In order to evaluate formulas, we first need to define assignments of variables.

Definition 2.2 (assignments). Let V be a set of variables. An assignment of V' is a
function o : V. — {0, 1} that maps each variable from V to the truth values 0 or 1. We
denote the set of all assignments of V' as (V).

Obviously, if V is finite, say |V| = n, we have |[(V)| = 2".
Definition 2.3 (Boolean functions). A Boolean function on V' is a function
f V) —{01}
that maps assignments to truth values.

Sometimes it makes sense to extend a Boolean function to a larger set of variables.
For example, if W is another set of variables with V' C W, we can define f on (W) as
f(1):= f(r|y) for 7 € (W), where 7|y is the restriction of 7 to V. In applications, there
is normally no need to specify the domain of a Boolean function as long as the variables
are obvious. Therefore, we will omit a new notation for extensions of f and instead
consider f as a function in which we can input any assignments of sets of variables that
contain at least all variables from V.

Propositional formulas can be interpreted as representations of Boolean functions.
It is easy to see that representations of Boolean functions are not unique in general, but
each propositional formula corresponds to a unique Boolean function.

Definition 2.4 (formulas as Boolean functions, equivalence). If ¢ is a propositional
formula, then we denote the Boolean function on var(y) determined by ¢ as f,. Similar
to the definition of propositional formulas, we can describe f, recursively:

e fi(o):=0,

o fr(o):=1,

o fu(0) = o(v) if v is a variable,
o fpl0) :=1=fy(0),

* forp(o) :=min(fy(0), fy(0)),

o fovy(o) :=max(f,(0), fy(0)),

i fapﬁdl(o') = max(l - ftp(a)v f¢(0))7
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* forp(o) i=max(fu(0) - fy(0), (1= fo(0)) - (1 = fu(0))),

for all o € (var(yp)) and propositional formulas ¢ and 1. We will say that two formulas
@ and v are equivalent if f, and fy are equal on (var(¢)Uvar(vy)). We will denote such
an equivalence as p = 1.

In some situations, we do not necessarily want to assign all appearing variables, but
instead apply an assignment to a propositional formula syntactically.

Definition 2.5 (applying assignments to propositional formulas). If o is any assignment
of a set of variables V', then we can apply o to a propositional formula ¢ and denote
the resulting formula as ¢|,. We again define the application o of an assignment on a
formula recursively:

o Ll =1 o (7)o =0y
e Tlp:=T e (P AY)|o = 0lo ANY|s
1 °

ifveV, o) =0,
°vlp:=qT fveV, ov)=1
ifvegV,

if v is a variable
for all propositional formulas ¢ and .

)

0 = V)lo = ple = Yo

<

(
(
(P V)o =plo Vo
(
(

0 Yo = ple & Yo

The SAT problem deals with the question of whether a given propositional formula
¢ can be evaluated to 1 under at least one assignment o € (var(y¢)). Hence, we call a
formula ¢ satisfiable if there exists some o € (var(y)) such that f,(o) = 1.

Alternatively, we can also define satisfiability in a more syntactic way. While the
main task in SAT is showing satisfiability, we often desire to find an actual assignment
that satisfies the given formula. In many cases, such a satisfying assignment does not
necessarily need to assign all variables of a formula in order to satisfy it. For example,
the assignment o that only maps x to 1 already satisfies the propositional formula xV =y,
although o itself can technically not be inserted into the Boolean function fi,—, as o
does not assign y.

Instead of using the Boolean function of a given formula ¢, we can try to find an
assignment ¢ such that applying o to ¢ leads to T. However, the way we have defined
the application of assignments on formulas so far, it is not guaranteed that we always
obtain precisely T after applying a satisfying assignment. In the example above, after
applying the assignment o that only maps x to 1 on 2V -y, we get (zV —y)|, = T V.
Therefore, we recall some trivial shortening rules:
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e VAT =0 o p— 1 =-0p

e pNL =1 o T =0

e VT =T o Ll =T

e pVl.l=0p e p T =Tp=9p
e p—>T=T s prl=1p="p

for any propositional formula .

Note that the above equalities are technically only equivalences. However, for the
sake of readability, we will already call two formulas equal if they are equal after applying
the above shortening rules from now on. If we want to point out that two formulas are
equal even without applying shortening rules, we will refer to them as being syntactically
equal. For operators like var(y) or ||, we will assume that ¢ is already shortened using
the shortening rules.

Example 2.6. The formula T V -y is

o cqual and equivalent, but not syntactically equal to T,

e cqual, syntactically equal and equivalent to itself,

e cquivalent, but not equal or syntactically equal to z V —z.
We have var(T V —y) = var(T) =0, but var(z V —z) = {z}.

Now we can give an alternative definition of satisfiability:

A propositional formula ¢ is called satisfiable, if there exists an assignment o of
some variables such that ¢|, = T. In this case, we call o a satisfying assignment of .
Propositional formulas that are not satisfiable are called unsatisfiable. This means that ¢
is unsatisfiable if f, (o) = 0 for all o € (var(yp)), or alternatively if ¢ = L. Propositional
formulas ¢ are called tautologies or tautological if f (o) = 1 for all o € (var(y)), or
alternatively if ¢ = T or if - is unsatisfiable.

For SAT solving, it is important to transform a given formula into a normal form
with a clear structure that is easier to handle for algorithms. We refer to variables and
negated variables as literals. We will write negated variables as ¥ instead of —wv for the
sake of readability. We will sometimes also use the notations v! := v and v° := o for a
literal v. We use var(v) = var(v) := v to denote the variable of a literal.

A propositional formula is a CNF (or in CNF'; conjunctive normal form) if it is a
conjunction of disjunctions of literals. Analogously, it is a DNF' (disjunctive normal
form) if it is a disjunction of conjunctions of literals.

For example, the formula

(xVY)ATZA(aVDVe)Az
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is a CNF, while the formula
(xAg)VZV(aVbAc)V z
is a DNF. The formulas
avVbvevd
and
aNbANCAd

are both in CNF and DNF.

We will also refer to disjunctions of literals as clauses and conjunctions of literals as
cubes. That means that CNF's are conjunctions of clauses and DNF's are disjunctions of
cubes.

We will sometimes use set-theoretical operators to indicate properties of CNFs,
DNFs, clauses and cubes: For a literal x and a clause or cube C' we will write x € C
to indicate that x is one of the literals of the disjunction or conjunction in C. If C'is a
clause and ¢ is a CNF, we write C' € ¢ to indicate that C is one of the clauses in the
conjunction in . The same holds if C' is a cube and ¢ is a DNF. For two clauses C, D
we will write C' C D to indicate that var(C) C var(D). In this case, we will call C' a
subclause of D. Analogously, we will use the notion subcube.

It is common to write assignments as cubes that indicate which literal is set to 1. For
example, an assignment o € (V) can be expressed as o = Ay z°(®)_ In this way, we
will often interpret assignments as the set of literals that is set to 1 by this assignment.
We denote the negation of a set of literals L as L, regardless of whether L is just a set,
a clause, cube or assignment. In particular, the negation of an assignment is again an
assignment.

It is easy to transform a propositional formula ¢ into a CNF or DNF: Let Ag :=
{o € (var(p))| f,(c) = 0} and A; := {0 € (var(¢))| fo(0) = 1}, then we can construct
an equivalent CNF

0= /\ \/ vlfa('u)

o€Ap vevar(p)

and a DNF

Y= \/ /\ 0@,

o€A1 vevar(yp)

Intuitively, this means that the clauses of the CNF correspond to the O-rows in the truth
table of ¢ (after negation), while the cubes of the DNF correspond to the 1-rows.

However, such a transformation is not polynomially bounded, in general. For exam-
ple, the formula (y — y) A (r1 V 22 V...V 1,) is a tautology and therefore has 27!
satisfying assignments in its variables. This means, in the transformation above, we
would obtain a DNF consisting of 2"*! cubes of length n + 1.
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We could work around this problem by introducing auxiliary variables and construct-
ing an “almost” equivalent CNF of size polynomial in the size of the original formula.
In order to do that, we need to define the notion of equisatisfiability first.

Definition 2.7 (equisatisfiability). We call two propositional formulas ¢ and 1 equi sat-
isfiable, if ¢ is satisfiable if and only if i is satisfiable.

Obviously, this notion is mainly used on formulas for which satisfiability is not known
yet. In our case, we want to transform a given formula into an equisatisfiable CNF (before
having decided satisfiability). This transformation, which is called Tseitin transforma-
tion, divides a given formula into its subformulas and introduces Tseitin variables for
each of these subformulas.

Before formalizing this transformation, we need to define subformulas. This can be
done recursively:

Definition 2.8 (subformulas). If ¢ is a propositional formula, then
o v is a subformula of ¢ itself,
o if o = —p, then ¢ is a subformula of o,

o if o = xx such that x is one of the connectives N\, V, —, <>, then ¥ and x are
subformulas of v, and

o for each subformula v of v, all subformulas of ¥ are also subformulas of .

Note that we have to treat the connectives A and V as binary connectives. We will
assume that clauses and cubes with more than two variables are enclosed in brackets
from left to right. For example, a clause a VbV ¢V d will be treated as ((a V b) V)V d.

The recursive definition allows us to order subformulas of a formula ¢ from the
“outside” to the “inside” (i.e., starting with ¢ itself and ending with the variables). More
precisely, by following this order, we can denote subformulas of ¢ as g, ¢1,...,@n for
some m € N such that ¢y = ¢ and each subformula of some @; appears as ¢ with k > 4
(if we allow subformulas to appear more than once).

The first step of the Tseitin transformation is to write down the ordered subformulas
©0, - - - » Pm, where we will omit subformulas that are variables, and introduce the Tseitin
variables xo, ..., %, such that {zg,...,2,} Nvar(¢) = 0. Note that m is polynomial in
the number of connectives used in ¢ (and therefore polynomial in the formula size).

Each x; should represent the subformula ;. Every ¢; can be expressed as =), ¥ A,
YV x, Y — xor Y« x with ¢, x € {@it1,...,0m} Uvar(p). Let ¢} be the formula ¢;,
in which each ¢; for j > ¢ is replaced with the corresponding ;.

Then for each i € {0,...,m}, we can define the formula

/
)\i =T 7 ;e

Note that ¢/ is a propositional formula that consists of at most two variables. Therefore,
each \; can be transformed into an equivalent CNF p; of constant size using the naive
CNF transformation (i.e., via truth tables).
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Now we have obtained CNF's py, . .., ftn, such that p; = z; <+ ¢. We combine these
CNFs into the larger CNF

m
@ =x0 A /\ i
i=0

We claim that ¢ and ¢ are equisatisfiable. Obviously, we have

m
o =0 A /\(3;Z < oh).
i=0
Let o € (var(y)) be an assignment that satisfies ¢. We will extend o to an assignment
T € (var(y')) by setting 7(v) := o(v) if v € var(p), and 7(z;) := fy, (o).

Obviously, since 7 sets each z; to the truth value we obtain by evaluating the sub-
formula ¢; under o, the formulas ¢; and ¢, have the same truth value under 7. We
conclude that 7 satisfies each A; and therefore also each u;. Because, as an extension of
o, the assignment 7 satisfies ¢, it also satisfies zg. Therefore, T satisfies ¢'.

For the other direction, let 7 be a satisfying assignment of ¢’. Then 7 satisfies z¢ and
each \;. That means that for each ¢, the formula ¢} has the same truth value as x; under
7. By definition of the ¢}, each ¢; also has the same truth value as the corresponding
x; under 7. In particular, g = ¢ and x¢ have the same truth value under 7. Because
T satisfies xg, it also satisfies g = . By restricting 7 to var(y), we obtain a satisfying
assignment for .

2.2 Propositional Resolution

While for satisfiable formulas it suffices to find a satisfying assignment to prove satisfiabil-
ity, the task is much more complex for unsatisfiable formulas. Checking all assignments
for a given formula for which unsatisfiabilty is suspected is often infeasible. Instead, it
makes sense to prove the correctness of certain implications. In our case, showing that
a formula ¢ implies L is the same as proving that ¢ — L (which is equivalent to —p)
is a tautology. Furthermore, in many cases it makes sense to show the implication of
another formula as an intermediate step for implying L. More precisely, if we can show
that ¢ implies 1, such that p A again implies |, then we have effectively shown that ¢
was unsatisfiable from the start. Of course, this process can be generalized to arbitrary
lengths, say we prove that ¢ — ¥1, (0 A1) = Yo, ..., (G AV A .. A1) — Yy, and
finally (¢ A1 A...Aty) — L are tautologies, then we have proven the unsatisfiability
of ¢, as well.

Procedures like the one described above are called proof systems. Although proof
systems can be defined for pretty much any structure, we will concentrate on proposi-
tional proof systems for now. For a formal way of describing proof systems, we refer to
the Cook-Reckhow definition [50]:

Definition 2.9 (proof systems by Cook-Reckhow). Let L be a language. A polynomial-
time function S is called a proof system, if
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o For each ¢ € L there exists a word m such that S(m) = ¢ (completeness).
e For each word m we have S(7) € L (soundness).
For S(m) = ¢, we say that 7 is an S proof for ¢.

Due to its abstractness, the Cook-Reckhow definition is almost never used as a work-
ing definition and concrete proof systems are often defined much more grounded via
inference rules as we will see later.

In our case, we will define the language L as the set of unsatisfiable formulas in
CNF. Generally, we will focus on so-called refutational proof systems (i.e., proof systems
for sets of unsatisfiable or false! formulas) in this thesis. One of the most well-known
propositional proof systems is Resolution [90], which consists of its eponymous inference
rule only.

Definition 2.10 (Resolution). Let C' and D be two clauses. Then for a literal x the
clauses xV C' and £V D are resolvable, and we define the resolvent of xV C' and vV D

over x, which we will be denoted by (z Vv C) 5 (z V D), as
(zVC)a(zVD):=CVD.

We call this inference rule the resolution rule or resolution step.

A Resolution proof 7 for a CNF ¢ of a clause E is a sequence of clauses m =
(Ci,...,Cn), such that Cy, = E and for each i we have C; € ¢ or C; = C} 1 C for
some literal x € C; with * € Cy and j,k < i. The clauses C; with C; € ¢ are called
axioms. If F = 1, we call m a Resolution refutation of ¢. We write C € 7 to indicate
that C' is one of the clauses from w. We define the length of m as |r| := m.

Although we treat Resolution proofs as sequences of clauses, it is common to represent

them as DAGs (directed acyclic graphs). More precisely, a resolution step can be depicted
as:

xVC TV D

N/

cvVvD

Example 2.11. Let o := (x Vy) A(gVZ) Az A(ZV 2) AN(ZV Z). Then
m:=(xVy,yVzxVZzzziVzzl)

s a Resolution refutation of ¢ with the DAG representation

!The notion “false” will be defined for quantified Boolean formulas later.
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TVy gV Z

N/

o
\/

Note that T V z was not needed as an axiom clause.

Similar to formulas, we can also apply assignments to proofs. More precisely, if
m = (C1,...,Cp) is a Resolution proof for a formula ¢, then we can apply an assignment
o to all C; and obtain a Resolution proof for ¢|,. Because applying o to all clauses in
a proof may break some of the resolution steps, we have to remove some clauses that
cannot be derived any more.

Formally, we define [ := {i € {1,...,m}| Ci|, # T} as the set of indices ¢ such that
o does not satisfy C;. We can write these indices explicitly as I = {ji1,...,jx} with
Ja < Ja+1 foreach a € {1,...k—1}. Let 7|y := {Dj,,..., Dj, } be a sequence of clauses.
We will construct these clauses from left to right, such that it holds D;, C C},|, for all
be{l,..., k}.

For each b € {1,...,k}, we set D;, := Cj,|, if Cj, is an axiom?. If C;, was derived
by a resolution step, say C}, = C, B Cy, for some g, h < j, and some variable x with
x € Cy and T € C}, we distinguish two cases:

Case 1. o does neither satisfy Cy nor Cj. That means that g = j. and h = j4 for

some ¢,d < b and Cj, = Cj, 5 Cj,- f x € D;, and T € Dj,, then these two subclauses

are resolvable as well and we set D;, := D;, B Dj, and get D;, € Cj,|s. If x & D;_, we
set Dj, := Dj, and also get Dj, C C},|5. In the remaining case where z ¢ D,,, we can
analogously set Dj, := Dj,.

Case 2. o does satisfy C, or (. Then o cannot satisfy both, otherwise C;, would be
satisfied by 0. W.l.o.g. let us assume that o does not satisfy C,;. That means that g = j.
for some ¢ < b. Because all literals from (), except Z also appear in C},, we conclude
that o(x) = 0. Hence Cj |, C C},|o. By setting Dj, := D,,, we get D;, C Cj, |-

The sequence of clauses 7|, now consists of clauses that are axioms from ¢|, or
derived via resolution steps inside the proof. We conclude that 7|, is a valid Resolution
proof of ¢|,. Furthermore, if 7 was a Resolution refutation, then 7|, is also a Resolution
refutation of size at most ||

Next we define a special case for Resolution proofs, called treelike Resolution.

Definition 2.12 (tree-like Resolution). A Resolution proof is called treelike, if the cor-
responding DAG is a tree. More precisely, each clause in the proof can only be used for
at most one resolution step (but the same clause can be derived more than once).

2The first clause of a Resolution proof is always an axiom.
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Example 2.13. Let ¢ := (xVy)A(YVZ)AzA(ZV2)AN(ZVZ) be the CNF from Example
2.11. Then

m:=(xVygygVzaVzizzziVzizTl)
s a treelike Resolution refutation of @ with the tree representation

zVy yVz

N/

TV Zz z TVZz

N/ NS
NS

Note that copying clauses which were used more than once (in our case z) is the naive
approach for transforming a non-treelike proof into a treelike one.

In order to show that Resolution is in fact a proof system, we need to check for
soundness and completeness.

Theorem 2.14. Resolution s sound and complete.

Proof. For soundness, we have to prove that whenever some CNF ¢ has a Resolution
refutation 7, then ¢ is unsatisfiable. It suffices to show that each resolution step is
sound. More precisely, if o € (var(y)) is an assignment that satisfies both = vV C' and
zV D, it also satisfies C'V D. This is because ¢ has to set x to 0 or 1, which means that
o has to satisfy C' (if z +— 0) or D (if 2 — 1) in order to satisfy both z vV C and z V D.

Hence, each assignment that satisfies ¢ also satisfies all clauses from 7. But since
1 is one of the clauses in 7, such an assignment cannot exist and ¢ must therefore be
unsatisfiable.

For completeness, we have to show that each unsatisfiable CNF ¢ has a Resolution
refutation of arbitrary size. Since ¢ is unsatisfiable, for each o € (var(y¢)) we can find a
clause C,; € ¢ such that o falsifies C,, (otherwise ¢ would be satisfied by some o). Let us
now consider two assignments oy and o that only differ in one variable, say oo(x) = 0
and o1(x) = 1. Then the corresponding clauses C,, and C,, can also only differ in at
most one variable. We then define a new clause C, 5} as follows:

Cory 54 Cy, if x € Cyy and T € Cy,
Clog,o1} = 4 Coy if 2 ¢ Co,
Co, itz e Cyyand z ¢ Cyy

Intuitively, we resolve Cy,, and Cy, if they are resolvable, or choose one of the clauses
that does not contain z in any polarity. In any case, we obtain a clause C(4 5,3 that



2.3. QUANTIFIED BOOLEAN FORMULAS 35

is falsified by both oy and 1. We generalize this approach by defining the set A, :=

Hoo, 01} C (var(p))| oo(z) # o1(x) and 0o|yar(p)\ {2} = O1lvar(p)\{«} ) Of unordered pairs
of assignments that differ exactly on x. Then we define the new CNF

¢ = /\ C{ao,al}'

{0'070'1}6141

Obviously, ¢ implies ¢’ because all clauses from ¢’ are clauses from ¢ or clauses derived
via resolution steps from ¢. Also, because | J A, = (var(y)), and each assignment from
J A, falsifies at least one clause from ¢’, we can conclude that ¢ is unsatisfiable. It
is also easy to see that the variable z got eliminated from all clauses, meaning that
var(p’) = var(¢)\{x}. By repeating this whole procedure for each remaining variable of
¢, we will obtain L at some point. Since all clauses were derived from ¢ via Resolution,
the same is true for 1 and therefore we have obtained a Resolution refutation of ¢. [

In proof complexity, typically we do not consider proofs of one particular formula,
but of families of formulas?. In our case, we will often consider Resolution proofs 7, of
a family of unsatisfiable CNF's ¢,,. We will always assume that |var(y,)| and |¢,| are
polynomial in n. A formula (resp. family of formulas) ¢, is called hard for a proof
system S, if for each S proof m, of ¢, we have |m,| € 2% (ie., m, has exponential size).
The proof 7, is considered to be easy for S, if there exists some S proof m, for ¢, such
that |m,| € poly(n) (i.e., m, has polynomial size).

We can compare different proof systems with each other via p-simulations and sepa-
rations. A proof system Si p-simulates another proof system Sy for the same language,
if each So proof 7’ for some instance ¢ can be polynomially transformed into a So proof
7 of ¢ with || € poly(|7|’).

If two proof systems S; and So p-simulate each other, we say that S; and So are
p-equivalent and write S1 = So

A proof system Sy is (exponentially) separated from another proof system So, if there
exists an instance ¢, such that ¢, is easy for S; and hard for Sy or vice versa. If S; and
Sy are separated and S; p-simulates So, then we say that S; is exponentially stronger
than So and So is exponentially weaker than Sy.

If two proof systems S; and So have exponential separations in both directions, we
say that S; and Sy are incomparable.

2.3 Quantified Boolean Formulas

Quantified Boolean formulas (or QBFs for short) can be treated as a generalization of
propositional formulas. Besides a propositional formula, a QBF also consists of quanti-

fiers.

Definition 2.15 (quantified Boolean formulas). A quantified Boolean formula is a for-
mula & = Q - ¢, such that ¢ is a propositional formula over the variables var(®) :=

3We will often simply refer to “families of formulas” as “formulas”.
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var(p) = {x1,...,zk} and Q = Qix1Q2x2...Qrry such that Q; € {3,V} for each
ie{l,...,k}. We will call Q the prefix and ¢ the matrix of ®.

Variables with an existential quantifier (i.e. 3) are called existential variables, while
variables with a universal quantifier (i.e. ¥) are called universal variables. We use the
notation varg(®) for the set of all existential variables in ® and vary(®) for the set of
all universal variables in ®. Typically, we merge adjacent quantifiers of the same type
and write @ = QYV1Q4Va ... QL Vi, with pairwise disjoint sets of variables V; such that
Wiz, Vi = var(®) as well as Q; € {3,V} for eachi € {1,...,m} such that Q; # Q) for
each j € {1,...,m—1}. We will call Q) a quantifier block. A literal ¢ has quantification
level i (with respect to ®), denoted as lvg(l), if and only if var() € V;. In case the
formula is obvious, we simply write lv(¢) = i. A QBF with the prefiz Q)V1Q4Va ... QL Vin
is called a X0, QBF if Q) =3, and 1%, QBF if Q} = V.

If x and y are two variables with x € V; and y € V; with © < j, we say that x is
quantified left of y and y is quantified right of x. In this case, we will use the notation
x <o y. If x and y are two literals, we write © <g y to indicate var(z) <g var(y).

If ¢ is a CNF, we will call ® a QCNF. If ¢ is a DNF, we will call ® a QDNF.

Similar to the SAT problem, the QBF problem deals with the question if a given QBF
evaluates to 1. However, since QBFs (in our setting) have no free variables, we cannot
simply apply assignments to a QBF with the aim to satisfy it. Instead, we distinguish
true and false QBFs.

Definition 2.16 (truth value of a QBF). Let ® = QRx - ¢ be a QBF such that Q
contains all quantifiers for the variables from ¢ except x and R € {3,V}. Then ® can
be expanded to

Q ' S0|Uam—>0 \ SO|<7x»—>1 ZfR = 37
or
Q'SD|U$»—>O /\90|<79:»—>1 ZfR:\V/,

where o0 s the assignment that only maps x to 0 and o1 is the assignment that
only maps x to 1.

After having expanded over all variables, we obtain a QBF with an empty prefix and
a matriz that is either T or L. If this matriz is T, then we call ® true, otherwise we
call it false.

Two QBFs ® and ¥V with the same truth value are called equivalent and we write
® = V. Therefore, for each true QBF ® we have ® = T and for each false QBF ® we
have ® = 1.

Note that it does not matter in which order dissolve quantifiers that belong to the
same quantifier block since the connectives V and A are commutative.

Because expanding a QBF might lead to an exponential blow-up (especially for large
QBF's or families of QBF's), it makes sense to approach the QBF problem from a different
angle via winning strategies.
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Definition 2.17 (winning strategies). For each QBF ® and each variable y € var(®),
we define

L(y) := {x € vary(®)| z <o y} if y is existential,
and
L(y) :== {z € vars(®)| = <o y} if y is universal.

An existential winning strategy for a QBF ® = Q- ¢ is a function s : (vary(®)) —
(varg(®)) such that the following holds:

o For each o € (vary(®)) we have that o U s(o) satisfies .

e For each y € vars(®) and for all o,7 € (vary(®)) with o|ry) = 7|5 we have
(s(o))(y) = (s(7))(v).

Intuitively, this means that an existential winning strategy has to extend a given
assignment of the universal variables to a satisfying assignment of the matriz, such that
the assigned truth value of each existential variable y only depends on the universal
variables left of y (i.e., L(y)). Analogously, we can define universal winning strategies:

A universal winning strategy for a QBF ® = Q - ¢ is a function h : (varg(®)) —
(vary(®)) such that the following holds:

e For each o € (vars(®)) we have that o U h(o) falsifies ¢.

e For each y € vary(®) and for all o,7 € (vars(®)) with olr) = 7|5 we have
(h(2))(y) = (h(7))(y)-
With the above definition, we can define truth values of QBFs in an alternative way:

A QBF is called true, if it has an existential winning strategy. It is called false, if it has
a universal winning strategy.

Example 2.18. The formula ® := 3z, yVu, vt-(xVuVE)A(ZVaVE)A(yVoVE)A(gAvVE)
is a QCNF. We define a universal winning strategy h as follows:

(h(0))(u) := o(x),

(h(0))(v) :=1—=0o(y).
We set u to the same truth value as x, and v to the value opposite to y. After applying
the assignment of the variables x,y,u,v, we obtain the matriz t At, which is unsatisfiable.
That means that o U h(o) falsifies the matriz of ®. Note that the assignments of u and
v only depend on variables left of uw and v (i.e., L, = L, = {x,y}).

It is common to express a winning strategy as a formula itself for better readability.

In our case, we can write h as

h(u) := x,
h(v) :=g.

Technically, we would need to map u and v to the corresponding Boolean function f,
and fy, but we omit that notation in this context.
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The above connection with the existence of winning strategies provides the more in-
tuitive way of interpreting QBFs as two-player games. One player, called the existential
player, controls the existential variables while the other one, the universal player, con-
trols the universal variables. The two players need to assign the variables in the correct
order along the quantifiers from left to right with the existential player trying to satisfy
the matrix, while the universal player aims to falsify it. Obviously, winning strategies of
such a game directly correspond to the winning strategies we have defined above.

Besides propositional formulas, we can also transform QBFs into QCNFs. However,
as the notion of equisatisfiability does not make much sense for QBF's, we will simply
claim that each QBF can be transformed into an equivalent QCNF in polynomial time.

The transformation is similar to the propositional case: Let ® = Q-¢ be a QBF. We
then transform ¢ into an equisatisfiable CNF ¢’ in polynomial time. Because we have
added some Tseitin variables, we need to change the prefix as well. In the propositional
case, satisfying assignments of ¢ needed to be expanded on these Tseitin variables in
order to obtain a satisfying assignment for ¢’. More precisely, for each assignment
o € (var(y)) there exists an assignment 7, € (var(¢’)\var(p)) such that oU7, satisfies ¢'.
Conversely, by omitting the Tseitin variables, we can transform a satisfying assignment
of ¢ into a satisfying assignment of ¢ simply by restriction.

This observation implies that these Tseitin variables need to be quantified existen-
tially at the end of the prefix. Taken all together, if ® = Q- ¢ is a QBF and ¢’ is a
CNF obtained from ¢ via Tseitin transformation with the set of Tseitin variables T,
then @ := Q3T - ¢’ is a QCNF with & = 9.

2.4 (QBF Resolution

Many propositional proof systems can be lifted to the QBF level, including Resolution.
We call this extension Q-Resolution or Q-Res for short. As Resolution, Q-Res is a refuta-
tional proof system in which we can derive L to prove that a given QBF was false. At
least on existential variables, Q-Res behaves similar to the propositional case: Clauses
can be resolved over existential variables to derive a resolvent that is semantically implied
by the conjunction of its parental clauses. However, this resolution rule is not enough for
QBF's (even if we would extend this rule to universal variables) as the following example
shows: The QBF Vu - u is obviously a false QBF since the universal player can set u +— 0
to win the game. However, no resolution step is possible as we only have one clause with
only one literal. In other words, we need a method for eliminating universal variables.
This is where the second inference rule comes into play: Suppose we have a clause
C'Vu with a universal literal u such that for all existential literals z € C' we have z <g wu,
then we can derive C from C'V u via (universal) reduction. Intuitively, one may want to
consider such a situation from the existential player’s perspective. The existential player
alms to satisfy the matrix, and in particular C'V u. Since the universal player has no
control over u or over any variable from C' that is quantified after u, they have to satisfy
C V u before u gets assigned, otherwise the universal player can simply set u — 0 and
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win the game. That means that the existential player effectively not only has to satisfy
C' V u, but C itself. Hence, we can derive C' from C V u.

Unfortunately, the reduction rule forbids to derive at least some kinds of univer-
sal tautologies (i.e., u V ) since the above argument only works for clauses without
such subclauses. From now on, we will also assume that no clause of a given CNF is
tautological.

Definition 2.19 (Q-Resolution). As in the propositional case, we write
(xVC)x (zVD):=CVD.

If C and U are two clauses such that U contains no existential literals, and we have
¢ <g¢ u for all variables ¢ € C and uw € U, and for each v € vary(C) there exists a
y € vars(C) such that v <¢ y (in other words, U contains all reducible universal literals
of C Vv U), then we define the universal reduction step* as

red(C Vv U) :=C.

A Q-Res proof m for a QCNF ® = Q - ¢ of a clause E is a sequence of clauses
m=(C1,...,Cy) such that:

o Uy =1F.
e For each i and each u € vary(®) we have {u,u} Z C;.

e For each i we have C; € ¢ or C; = Cj B C, for an existential variable x € C; with
z € Cy and j, k < i, or C; = red(C}j) for some j < i.

If E = 1, then 7 is called a Q-Res refutation of ®. Again, we use the notation C € w to
indicate that C' is contained in the sequence m and we define the length as |7 := m.

We will omit a formal proof of soundness and completeness for Q-Res and refer to
[72]. Simply put, the two players will play the game on the Q-Res refutation instead
of the QBF itself. While we still always obtain a refutation after applying existential
assignments to a Q-Res refutation, the universal player only has to take care to assign
their universal variables without destroying the path to the empty clause L in the proof.
This can be done by assigning each universal variable according to the reduction step.
Because such a reduction step will only occur in the first quantifier block (after having
applied all assignments of existential variables left of this universal block), this reduction
step is only performed in one polarity and therefore unique.

4We define the classic universal reduction as a maximal reduction, meaning we reduce all literals that
are reducible and not just one. In resolution-like proofs, there is no benefit in postponing a reduction.
However, in later chapters we will observe that in the context of QBF solving, it makes sense to do
partial reductions. We will introduce a different notation for partial reduction later.
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Conversely, we can transform a universal winning strategy into a Q-Res refutation
by representing the strategy as an assignment tree®.

Example 2.20. Let ® := Q- ¢ be a QCNF with the prefix
Q :=dz,yVudt
and matrix

p:=(xVuVt)A@VyVaVit)A(gVu)At.

This QBF is false, since we can construct a universal winning strateqy represented by the
following assignment tree, in which each path depicts a (partial) assignment that falsifies

the axiom written in red:
— 0

Yy y—1
/
z—0 z—1
w0 w1 u— 0
/N /N /N
t—0 t—1 t—0 t—1 t—0 t—1
xVuVvt t XVyvuaVvt t yVu yVu

By flipping the tree upside down, we can transform this strategy into a Q-Res refuta-
tion. Fach branching on existential variables corresponds to a resolution step, while the
assignments of universal variables represent reduction steps:

5An assignment tree is a tree is a representation for winning strategies. Each node is an assignment
of one variable. Assignment trees for universal winning strategies branch on existential variables, while
trees for existential winning strategies branch on universal variables. For each path from the root to a
leaf, if a variable z; is assigned earlier than x2, then either they are in the same quantifier block, or x1
is left of x5. If we combine all assigments of a path to one assignment o, then o falsifies the matrix if
the tree represented a universal winning strategy, otherwise it satisfies the matrix.
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xVuVvt t XVyvuaVvt t yVu
N/ N/
TzVu TVyVu !
Yy
x TVy
\ /
Y
\
1

The plain version of QBF resolution is rather restricted as we are only allowed to
resolve over existential variables and we must not derive clauses that contain universal
tautologies. However, we can extend Q-Res to more liberal and potentially stronger
proof systems. One natural extension is QU-Resolution [72, 99] or QU-Res for short,
which allows resolution steps over both existential and universal variables.

Definition 2.21 (QU-Resolution). A QU-Res proof © from a QCNF ® of a clause E
is a sequence of clauses m = (C1,...,Cp,), in which each C; is derived by the inference
rules of Q-Res, or we have C; = C} B Ch for a uniwersal variable uw € C; with u € Cj,
and j, k < i.

Another extension of Q-Res is called long-distance Q-Resolution [3], or LD-Q-Res for
short, and allows the derivation of a special kind of universal tautologies®, which are
referred to as merged literals.

Definition 2.22 (long-distance Q-Resolution). An LD-Q-Res proof = from a QCNF ®
of a clause E is a sequence of clauses m = (C1,...,Cp,), in which each C; is derived by
the inference rules of Q-Res, but the condition {u,u} Z C; for each u € vary(®) does
not longer need to hold. Instead, if we derive a clause C; via C; = C; B Ch with an
existential variable x, we only require x <g u for each universal literal u € C; such that
u € Cy. We will refer to the tautology uV @ in C; as a merged literal and write u*
instead.

We will refer to resolution steps C} B Cy with an existential variable x, in which
there exists a universal literal w € C; with u € C), with x <4 u, as long-distance steps.

QU-Res and LD-Q-Res can be combined into a new proof system called LD-QU-Res
[5]. In LD-QU-Res, we are allowed to do both resolution steps over universal variables
as well as long-distance steps, but not at the same time. That means that long-distance

SWhile these expressions are formally tautologies, they should instead be treated as partial strategies.
If the two players play their game on an LD-Q-Res refutation, these tautologies will vanish at some point
as they cannot occur in the first quantifier block.
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resolution steps are only allowed over existential variables and universal resolution steps
are not allowed to derive merged literals.

Example 2.23. Let dz, yVYu,v3s,t be a prefix for some QBF. Then

rVuVs zVuVoVt
xVovVsVi

1s allowed in QU-Res and LD-QU-Res, but disallowed in LD-Q-Res.

xrVuVs zVuVoVt

N S

uVuVoVsVit

1s allowed in LD-Q-Res and LD-QU-Res, but disallowed in QU-Res.

uwVt uVit

N/

uVu

18 disallowed in QU-Res, LD-Q-Res and LD-QU-Res.

xVuvVuVs zVuVoVt

~N 7

uVuVovVsVt

1s allowed in LD-Q-Res and LD-QU-Res, but disallowed in QU-Res.

uVaVvt vVIVLE
uVuVoVo

1s allowed in LD-Q-Res and LD-QU-Res, but disallowed in QU-Res.

uVaVt uNVUVIVE
uVuVoVo

1s disallowed in QU-Res, LD-Q-Res and LD-QU-Res.
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[ LD-QU-Res ]

3 4
[ QU-Res } 5 { LD-Q-Res ]
1 2
[ Q-Res ]

Figure 2.1: Hasse diagram of the simulation order of Q-Res, QU-Res, LD-Q-Res and LD-
QU-Res. Solid lines represent p-simulations and exponential separations, while dashed
lines represent incomparabilities. For detailed information, see Tables 2.4 and 2.2.

uVoVit uVuoVs
vVoVsVt

1s disallowed in QU-Res, LD-Q-Res and LD-QU-Res.

By definition, both QU-Res and LD-Q-Res p-simulate Q-Res. Also, LD-QU-Res p-
simulates both QU-Res and LD-Q-Res. In [10, 43, 99] it was shown that QU-Res and
LD-Q-Res are both exponentially stronger than Q-Res. In [5] it was proven that LD-
QU-Res is exponentially stronger than QU-Res and LD-Q-Res. Furthermore, the systems
QU-Res and LD-Q-Res are incomparable to each other. All relations between these four
proof systems are depicted in Figure 2.1.

‘ Simulation ‘ Separation
No ‘ Theorem ‘ Formula easy for hard for =~ Theorem
1 | by Def. | KBKF, QU-Res Q-Res [43, 99]
2 ‘ by Def. ‘ Eq,, LD-Q-Res  Q-Res [10]
3 | by Def. | KBKF —1qu, LD-QU-Res QU-Res  [5]
4 | by Def. | KBKF —1q, LD-QU-Res LD-Q-Res [5]

Table 2.1: P-simulations and separations of proof systems from Figure 2.1 (i.e. the solid
lines).
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‘ Separation

No ‘ Formula easy for hard for ~ Theorem

KBKF — 1g, QU-Res LD-Q-Res [5]
KBKF — qu,, LD-Q-Res QU-Res 5]

Table 2.2:  Incomparable proof systems from Figure 2.1 (i.e. the dashed lines).

The completeness of QU-Res and LD-Q-Res simply follows from the completeness of
Q-Res. The soundness of QU-Res and LD-Q-Res can be proven via strategy extraction.
We will omit the technicalities and instead refer to [28].

Unlike SAT solving, in which the satisfiability of a formula can simply be proven by
providing a satisfying assignment, proving that a QCNF is true is much more difficult.
A naive approach might be negating a QCNF and transforming the obtained QDNF into
a QCNF again via Tseitin transformation before constructing a refutation for this new
QCNF.

Another approach that does not rely on a second Tseitin transformation includes
proofs that consist of cubes instead of clauses. Such proofs are constructed analogously
to resolution-like proofs and are called consensus proofs. We can define the proof systems
Q-Con, QU-Con, LD-Q-Con and LD-QU-Con similar to their resolution-like counterparts
by flipping the notions ‘clause’ and ‘cube’ as well as ‘existential’ and ‘universal’. That
means that in QU-Con, we can resolve cubes over universal variables. In QU-Con, we
are allowed to resolve cubes over existential variables as well, while in LD-Q-Con we can
derive cubes that include a partiular kind of existential tautology. Instead of deriving L
as the empty clause, we can derive T in consensus proofs, in which case we will call the
proof a verification (instead of refutation).

Consensus-like proofs on QDNF's are dual to resolution-like proofs on QCNF's. How-
ever, since we normally start with a QCNF, we want to define consensus proofs partic-
ularly on QCNFs. The only inference rule we need to redefine is the axiom rule, since
QCNFs do not contain any cubes that can be used as axioms. Instead, we will obtain
our axiom cubes via assignments that satisfy the matrix.

Let ® = Q- ¢ be a QCNF. If ¢ is a partial assignment of var(®) that satisfies ¢, then
the cube that represents o can be used as an axiom cube in a consensus proof for ®.
Basically, this cube is the conjunction of all literals which are set to 1 by o. Formally,
say o € (V) for some V C var(®), then we can write o as the cube A,y v7). We will
refer to these cubes in a consensus proof as initial cubes.

In order to comprehend the soundness of consensus-like proofs on QCNF's, it makes
sense how these initial cubes are related to the formula syntactically and semantically.
But first we need to introduce a new structure of QBFs in which we can add both clauses
and cubes.

Definition 2.24 (augmented QBFs). A QBF ® = Q- V x is called an augmented
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QBF, or AQBF for short, if ¢ is a CNF and x is a DNF. In this case, we will use the
notations €(®) := 1 and D(P) := x.

Note that each QCNF and each QDNF could also be treated as an AQBF and that
the notations €(®) and D(P) are used for QCNFs and QDNFs, as well.

Let us now assume that we start with a (true) QCNF & = Q- . Let us also assume
that we have already constructed a consensus verification 7 with I as the set of initial
cubes in w. More precisely, each D € I is a satisfying assignment of ¢. Hence, the
QCNF Q - ¢ is obviously equivalent to the AQBF Q- ¢V \/pc; D, because \/pc; D
implies ¢. The proof 7 then is simply a standard consensus-like verification of the QDNF
Q- Vpe 1. D, which also proves that ® is true.

As for the completeness, assume that we again start with a QCNF & = Q- ¢. In the
worst case, we can simply use all satisfying assignments of ¢ as initial cubes. Let us define
J, as the set of all satisfying assignments of ¢, written as cubes. Since assignments from
existential winning strategies need to satisfy the matrix, they will also always satisfy at
least one initial cube. That means that each existential winning strategy of ® is also an
existential winning strategy of Q-\/ . Jo D. Hence, Q-\/pc T, D is true and there exists
a Q-Con verification 7 of it. But then 7 is essentially a Q-Con verification of the QCNF
® with J, as the set of all initial cubes in 7, which shows the completeness.






Chapter 3

SAT and QBF Solving

In the previous chapter, we have established proof systems that can prove the satisfi-
ability of propositional formulas, or the truth or falsity of QBFs. The completeness of
these proof systems guarantees the existence of such proofs. What remains open is how
to find these proofs.

We demonstrated the completeness of Resolution by associating each assignment with
a clause and then resolve clauses whose assignments only differ in one variable. Although
this is obviously a method of finding a Resolution refutation, it is not polynomially
bounded as the number of assignments is exponential in the number of variables. Our
goal is therefore to find a method that has at least the potential to be polynomial on
some instances. Remember that the SAT problem is NP-complete, hence we will not
find an approach for SAT solving that is polynomially bounded on all instances unless
P=NP.

Again, we refer to [29] for a more detailed introduction to SAT and QBF solving.

3.1 DPLL

One of the earliest algorithms for SAT solving was introduced 1961 (cf. [53]), called the
Davis-Putnam-Logemann-Loveland algorithm, or DPLL for short. DPLL is a search algo-
rithm that expects a propositional formula as input and outputs a satisfying assignment
in case the formula is satisfiable, or returns ‘unsatisfiable’ otherwise.

Instead of going through each assignment separately like the naive truth table ap-
proach, DPLL uses two procedures that are able to exclude particular assignments from
the search space which have no chance to satisfy the formula anyway. These two proce-
dures are called Unit Propagation and Pure Literal Elimination.

For Unit Propagation, we have to detect unit clauses first. A wunit clause in the
propositional case is simply a clause consisting of only one literal. We will often write
unit clauses in brackets. For example, (x) is a unit clause containing the literal z. We
will denote the empty clause as L or ().

Let us assume we want to determine if a CNF ¢ is satisfiable and say that ¢ contains

47
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a unit clause (z). Then ¢ can obviously only be satisfied by assignments setting x to
1. Hence, assignments that set = to 0 can be ignored and we have now cut our search
space in half.

Unit Propagation will not only be applied at the beginning, but at any point during
the search. Usually, we will even detect chains of Unit Propagations. For example, a
formula that contains the clauses (x1), &1V, ToVrs, T3V will trigger the propagation
of x1, then x2 and x3 and finally x4.

In Pure Literal Elimination, we try to detect literals that appear in only one polarity,
called pure literals. For example, the CNF (z V y) A (§V z) A (g V Z) contains the pure
literal = because z does not appear in the formula. If the CNF is satisfiable, then it
suffices to find a satisfying assignment that sets x to 1 since setting it to 0 will not be of
advantage. Pure Literal Elimination therefore forces us to set = to 1 and move on with
the search.

As Unit Propagation, Pure Literal Elimination will also be applied in the middle
of a search. In the example above, Pure Literal Elimination forces us to set x to 1,
which leads us to the CNF (yV 2) A (y V z). But now g has become a pure literal, as
well. Therefore, we are force to set § to 1 (resp. we set y to 0) and obtain a satisfying
assignment.

Unlike Unit Propagation, Pure Literal Elimination might delete satisfying assign-
ments from the search space. However, for each deleted satisfying assignment there
will remain at least one satisfying assignment in the search space. Hence, Pure Literal
Elimination is still a valid approach for SAT solving.

Clearly, there will be situations in which neither Unit Propagation nor Pure Literal
Elimination is applicable. We then choose a branching variable! 2 and consider the cases
x — 0 and z — 1 separately. If we have found a satisfying assignment in the case x — 0,
it is obviously not necessary to consider x — 1 any more.

Example 3.1. Let o = (2) A(ZVyVz)A(gVZ)A(yVz)A(yVZ) be a CNF which we
want to check for satisfiability. A DPLL run can be expressed as a tree as follows:

X —

1
y—0 Yy —

1
z1 z+—=0
UNSAT SAT

!The choice of the branching variable might matter in terms of running time.
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We start with setting x — 1 via Unit Propagation and obtain the CNF (y V z) A (g V
Z)AN(yV z) A(yV z). Because neither Unit Propagation nor Pure Literal Elimination
is applicable, we branch over y. Setting y — 0 leads to the CNF (z) A (Z), which forces
us to set z +— 1 by Unit Propagation. But this obviously falsifies the clause (Z), which
means we have to consider the other branch y — 1. On this branch, we obtain the CNF
(2), which forces us to set z +— 0 via Pure Literal Elimination or Unit Propagation. We
have now constructed a satisfying assignment for ¢ with x — 1, y— 1 and z — 0.

Let us now consider a different formula 1» = (x) N(ZVyV2)AN(GVZ)A(yVz)A(yV

Z) AN (g V z). The formula ¢ is simply ¢ with the additional clause §V z. Then we can
obtain the following run:

T —

1
y—0 Y —

zr1 20

1

UNSAT UNSAT

On the y — 0 branch, everything is the same as before. However, in the y — 1 branch,
we now obtain the CNF (Z) A (z), forcing us to set z — 0. But this falsifies the clause
(z). Since both branches result in unsatisiability, we conclude that 1 is unsatisfiable.

Whenever a branch results in falsifying assignments, we need to go back a branch
which we have visited yet. This is also called backtracking. An important property of
DPLL is that its backtracking is chronological, meaning that we always have to return
to the last unchecked branch. This restriction might be disadvantageous in some cases
because going back to earlier branching may sometimes be more beneficial.

Because of this restriction, DPLL runs on false formulas only correspond to treelike
Resolution refutations. In fact, by flipping the assignment tree upside down and identi-
fying each leaf with a clause that got falsified by the respective assignment, we obtain a
treelike proof in which each branching matches a resolution step.

3.2 CDCL and QCDCL

Conflict Driven Clause Learning, or CDCL for short, could be interpreted as an exten-
sion of DPLL, although one might argue that it follows a conceptually new approach.
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Proposed in 1996 by Marques-Silva and Sakallah [79], CDCL utilizes two new mechanics
to overcome the restrictions of DPLL.

One of such mechanics is Clause Learning. In DPLL, whenever we falsify the formula,
we return ‘UNSAT’ for the current branch and continue with a different one. However,
in CDCL we will learn a new clause before backtracking. This learned clause is supposed
to contain the information of why we were not able to satisfy the formula and prevents
us from visiting the exact same branch again.

For that reason we no longer have to track which branches lead to an unsatisfied
state, and hence we do not need to consider all branches chronologically. The learned
clauses will lead to new branches more or less automatically via Unit Propagation.
Therefore, CDCL uses a non-chronological type of backtracking. In particular, we do
not necessarily need to return to the last non-visited branching — we are rather allowed
to backtrack back to pretty much any point in the assignment. We can even backtrack
back to the beginning by undoing all assignments. This special case of backtracking is
called a restart.

If we construct a satisfying assignment at any point in the run, we will return ‘SAT”.
For each falsifying assignment we find, we will learn a new clause. Since we can only learn
finitely many new clauses (due to the fact that the variables are finite), we will learn the
empty clause at some point. Learning the empty clause tells us that ‘nothing’ caused
the formula to get falsified, which essentially means that the formula was unsatisfiable
all along.

An important aspect of CDCL is that its Clause Learning is simulated by Resolution,
meaning that each learned clause can be derived via some Resolution proof that follows
the exact same steps as Clause Learning, but in reverse order. We demonstrate this in
the following example:

Example 3.2. Consider the CNF o = (@) A (aVb)A(cVd)A(bVevdVe)A(gVh)A
(eVgVh)A(eVgVRh)A(GVR)A@GVH)AEVEVEOANEVLANEVE. ACDCL run
can be represented via implication graphs.

Each tmplication graph represents an assignment and consists of literals and arrows.
The assignment is given by setting all literals appearing in the graph to 1. The arrows
indicate which assignments of literals triggered which Unit Propagations. At the begin-
ning, the only unit clause in @ is (@), hence the propagation of a was caused by ‘nothing’
and we can write:

-~ a
Setting a to 0 triggers the propagation of b because a V' b becomes the unit clause (b):
- a —=> b

We can detect no more Unit Propagations, an since no literal became pure in the mean-
time, we need to do something which we called branching before. In CDCL, we simply
call it a decision because technically we do not work with branchings any more. Let us
assume we set ¢ to 0 by decision. Since nothing caused or triggered this decision, we do
not use any arrows.
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Ol

To separate decisions from propagations, we always write decisions in a new row and
draw a blue line between them. Each row in the graph denotes a separate decision level.
In our example, the first row represents decision level 0, because all assignments on this
level were caused without any decision. The assignment of ¢ then introduces decision
level 1, since ¢ is the first decision in the graph.

Now ¢ triggers the propagation of d via cVd, before b, ¢ and d imply e via bV cVdVe.

No more propagations are applicable, therefore we have to decide another literal. Say we
set g to 0, which causes h to be propagated by gV h.

— a — b
- \
cC | = d ——— €
_ =
g | —= h

After that, we have to make yet another decision. We set k to 0 and trigger the
propagation of £ with the clause eV kV L.

- a —= b
_ ™~
C|—=>dd ——— ¢
\_M
g | = h \(
k ¢

But now we have falsified the clause kV ¢ by having set k to 0 and ¢ to 1. We call this
a conflict (on the clause k \{f) Such a conflict is represented by L in the graph as if it
was a literal propagated by k and £.

— a4 — b

- \

C|—=>d —> ¢
w

g | —= h \4

k 0 — 1

U
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Since we have detected a conflict, we stop assigning more variables and start Clause
Learning. We can depict Clause Learning by dividing the graph into the conflict side
and the reason side. Intuitively, the conflict side can be interpreted as the conflict itself
as 1t will always contain L. The reason side provides the cause of the conflict. In other
words: The assignments from the reason side cause the propagations of the conflict side
that eventually lead to the conflict.

— a4 — )

- \

cC| —=>d —— €
w

g | —= h x

k ¢ > 1

\_//

At the beginning, the conflict side only consists of L itself. The green cut not only
separates both sides, but also tells us which assignments led to the conflict via the crossed
arrows. In our example, the cut went through the arrows that start at k and £, meaning
that k and ¢ led to the conflict. We could learn the clause kV £. However, because our
conflict side only consists of the conflict itself, the learned clause is already contained
in the CNF. More precisely, the first learnable clause will always be the conflict clause
(i.e., the clause that got falsified). We therefore have to move the cut to the left by
moving each propagated literal from the reason side to the conflict side in reverse order
of propagation. In our case, we can move £ to the conflict side.

Vv

Pl
~
\

l_

Now we can read off e and k as the conflict reason. We could learn the clause €V k from
this cut and stop Clause Learning for now, but we are also allowed to move on. Let us
continue moving the cut as far to the left as possible. Note that only propagated literals
are allowed in the conflict side.
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~
v

li

We do not need to move h to the conflict side since it did not contribute to the conflict.
We have now obtained a cut for which only decisions caused the conflict essentially. We
can now learn the clause ¢V k.

This clause is added to the CNF, such that we get (a) A (aVb) A(cVd)A(cVbVdV
e)A(gVR)A(eVgVh)A(eVgVh)A(GVRh)A(GVRh)AEVEVONKVOANEVEA(cVE).
We can backtrack back to pretty much any point in the graph (although some points are
more beneficial than others). In our case, it makes sense to backtrack back to a point
before we decided k to trigger a new propagation of k.

- a — )
— \ -
C|—=>d —> ¢ k — 7

— 7

The assignment of k then triggers the propagation of £. After that, we again have to
make a decision to move on. Let us decide g, which then leads to h via Unit Propagation
as before.

- a — )

- \ —
C| > d —> € k — ¢
T

g | = h

Now we have assigned all variables and not falsified any clause, which means we have
found a satisfying assignment.

Let us take a look at another example. This time, we consider an unsatisfiable CNF.

Example 3.3. Let o = (xVy) Az VY A (@VY)AN(EVYH APVz)A(pVZzZ). We start
with setting p to 1 via Pure Literal Elimination.

P
Literals that are assigned via Pure Literal Elimination can be treated as decisions. Note

that the assignment of pure literals will never trigger any propagations by definition.
Hence, we have to continue with another decision.
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After propagating y, we detect a conflict on the clause x V3. We move y to the conflict
side and get the following:

T | =Y — |
-~

We obtain the learned clause (x). This time, we do not only want to add the learned
clause to the formula, but we will also provide a Resolution proof of this new clause. We
can construct this proof by using all axiom clauses that triggered the propagations and
conflicts on the conflict side. More precisely, we will resolve them in reverse order of
their appearance in the graph.

In our example, the clause which caused the conflict was xVy. The propagation before
the conflict was triggered by x V y. It is clear that these two clauses must be resolvable,
since the propagated literal y has to appear in two different polarities, otherwise the
propagation caused by one clause would not have caused the falsification of the other one.

After resolving these two clauses over y, we obtain the learned clause (x) = (z V §) 5
(xVy):
TVy TVy

N/
(z)

In fact, learned clause can always be derived via Resolution by resolving all clauses
that contributed to the propagations of the conflict side.

We now add the learned clause to the formula and get (x V y) A (xV y) A (T Vy) A
(VY NPVz)A(pVZE)A(z). We backtrack back to the point before we decided T and
obtain:

p

- T = Y = |
\_/

The unit clause (x) not triggers the propagation of x without any decision, which then
causes the propagation of y via TV y and finally the conflict on T V y. During Clause
Learning, we will move y and x to the conflict side and get the following cut:

p

> T = Y > |
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Now, the cause for the conflict was ‘nothing’, hence we can learn the empty clause 1.
In fact, we can derive L by resolving the three used clauses as follows:

Alternatively, we can write L = ((Z V g) 5 (ZVy)) < (z).

Although we have learned the empty clause, we have not yet found a Resolution refu-
tation of ¢ since () is no axiom clause. However, we already have derived (x) via
Resolution during Clause Learning by using only original clauses as axioms. We can
stick together these two proofs and obtain a Resolution refutation of the original formula

P

rVy zVy

NN
\ /

L

Like Resolution, the CDCL paradigm can be lifted to the QBF problem. This exten-
sion of CDCL is called QCDCL or QBF CDCL.

Given a QCNF &, we want to determine the truth value of ® by constructing a
resolution-like refutation or verification (in the standard version, we want to find a proof
in LD-Q-Res). We will still do Unit Propagation as propagations correspond to resolution
steps in the proof. We could also perform Pure Literal Elimination, but we will omit it
for now as we will analyse its influence on QCDCL later (cf. Chapter 6). In order to lift
CDCL to QCDCL, we have to deal with two QBF-specific aspects: reductions and true
formulas.

In QCDCIL, reductions affect both Unit Propagation and Clause Learning. During
Clause Learning, we will perform universal reduction after each resolution step. Such
reductions will never be disadvantageous as they will simply shorten the learned clause,
which might cause finding further propagations or conflicts even sooner.

Besides Clause Learning, we will also perform reductions during Unit Propagation.
A clause that becomes unit after a reduction is essentially a unit clause in the context of
a two-player game. For example, consider the clauses (§) A (g V) A (xVu Vt) under the
prefix dx, yVudt. The existential player has to set y to 0, otherwise they lose the game
immediately. But then yV¢ becomes the unit clause (£). Therefore, the existential player
has to set t to 0 independently from wu (technically, the existential player has to assign ¢
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only after the universal player assigned u, but the assignment of ¢ is essentially already
determined directly after assigning y). We then obtain the clause x V u, which is, by the
definition of unit clauses in the propositional case, not a unit clause. However, we get
the unit clause (z) after universally reducing x V u. In fact, the existential player has
to set x to 1, otherwise the universal player can easily win the game. Therefore, we will
call a clause C' unit (in the sense of QBF) if redy(C) is a unit clause in the propositional
sense. Analogously, a clause C is falsified (in the sense of QBF), if redy(C) = L.

As another difference, the decisions have to be made along the quantifier prefix in the
standard version of QCDCL. More precisely, an existential variable can only be decided
after all universal variables left of it are already assigned. Similarly, universal variables
can only be decided once all existential variables to the left are assigned. Simply put,
the decisions have to respect the order of the two-player game. We will later analyse
different versions of QCDCL, in which less restricting decision rules are established (cf.
Chapter 7).

Let us take a look at an example that demonstrates the changes explained above.

Example 3.4. Let ® be the QCNF with the prefiz
32171, xQVul, ’U,25|t1, tQ
and the matrix

(331 Vur V tl) VAN (i‘l Vur VvV tl)/\
(o Vug Vig) A (Za V Uy Vita)A
(t_l \/t_g).

No Unit Propagations are available, hence we have to decide a variable from the first
quantifier block. Let us assume we set x1 to 0.

I

Since nothing happens, we can continue deciding by setting xa to 0 as well.

We have still not triggered any propagations, hence we move on to the next block and
decide uq.
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This causes the propagation of t1 and the clause (t1 V t2) becomes unit, which forces

1
T2 \

us to set tg to 0.

—= 11 —=> 1y

After propagating te, we obtain the clause (ug). However, since this clause can be
universally reduced to L, this already causes a conflict.

u2

— — u2
Uy —= 1 —=> t9 —=> L

We write ug on the arrows leading to L to indicate that us was reduced during this
Unit Propagation (or conflict). We now start Clause Learning by dividing the graph into
conflict and reason side as before. We then move the cut as far to the left as possible (of

course, we could also stop Clause Learning earlier if we want).

xl\

To| —

ug
—_ — u
U == 1 —= t, > L
Since we cross an arrow with the us annotation, the learned clause corresponding to that

cut might also contain us and not only variables from the reason side. However, this
time ug gets reduced away in the LD-Q-Res derivation of the learned clause nevertheless:

oV ug Vs t Vi r1Vur Vi
o Vus Vit

S

1 VoV urVuy

1V T
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Note that reductions during Unit Propagation do not necessarily correlate with reductions
during Clause Learning. For example, if we would have stopped Clause Learning at the
clause o V ug V t1, the universal literal us would have not been able to be reduced.
We then move on by adding x1 V zo to the matriz and backtrack back to a suitable
point just like in the propositional case. Say we backtrack back to the decision of Z1.
We sketch the following iterations by listing implication graphs and learned clauses
only:

T <& 22 us

U 4>t = f > L

We learn the unit clause (x1) and do a restart.

&5 T1

u2

Tro| -

ug

Ul t———> 1 = ) —=> L

We learn the unit clause (x2) and backtrack back to the point before we decided Ts.

&= T1

uz

— X2
ug

Ul > 1 —> {9y —=> L

We can now learn the empty clause L from this cut and end the run. As before, the
LD-Q-Res refutation (in this case even a Q-Res refutation) can be obtained by sticking
together the derivations of the learned clauses.

In SAT solving, as is known, the satisfiability of a propositional formula can be
proven by providing a satisfying assignment. The same does obviously not hold for true
QBFs. Hence, we need QCDCL not only to find refutations, but verifications as well.

Satisfying the matrix of a QCNF during QCDCL does not determine the truth value
of the formula, hence the run is not supposed to stop after assigning all variables with-
out running into a conflict. Instead, as with conflicts, we need to learn a constraint
after having satisfied all clauses. However, in place of clauses, we will learn cubes that
represent such a satisfying assignment. These cubes correspond precisely to the initial
cubes from LD-Q-Con verifications.

Learning a cube from a QCNF and adding it to the matrix converts the formula into
an AQBF. We can therefore say that QCDCL is technically applied to AQBFs and not
just QCNFs.

Cubes behave dually to clauses in QCDCL. Unlike clauses, cubes are used for prop-
agating universal literals. A unit cube with the universal literal v will be denoted as [u].
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We can run into conflicts on cubes by satisfying them, which triggers Cube Learning
that works similar to Clause Learning. The empty cube is written as T or [T]|. We can
use [u] to propagate @ via Unit Propagation, otherwise [u] will be satisfied immediately
and we would obtain the empty cube. Instead of reducing universally, we will perform
existential reduction during Unit Propagation on cubes.

In Clause Learning, literals that were propagate via cubes will be treated as decisions
since we cannot resolve clauses and cubes. Analogously, literals that were propagated
via clauses will be treated as decisions during Cube Learning.

In the next example, we demonstrate how we use Cube Learning to verify a true
QBF via QCDCL.

Example 3.5. Let ® := Jz,yVuIs, t- (xVuV ) A(ZVaVs)A(yVi)A(sVE)A(gV3S)
be the given QCNF. We start propagating and deciding literals as before.

- u u
y|_>s T - 1

u

Note that it is still possible to run into conflicts even on true formulas. Here, we can
learn the unit clause (), which is even derived by genuine long-distance steps this time:

TVuVs zVuVs yVs
uVuVs
yvuVu

We restart and can start with assigning y via Unit Propagation next.

- yJy =t = S

Now we have found a satisfying assignment of the matriz. We can write this as-
signment as the cube x A JAu A s At and add it to the matriz®. Since we can reduce

2In this example, we could even learn the cube g A s A t, since the corresponding assignment already
satisfies the matrix. This cube can now be existentially reduced to T, which would immediately end the
run because we already constructed an LD-Q-Con verification of ®. However, for the sake of interest-
ingness and due to the fact that QCDCL solvers are not necessarily expected to learn optimal cubes in
practice, we will continue with x AgAu A s At.
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existentially on cubes, we will instead learn the shorter cube x ANy Au. The formula now
looks as follows:

Jz, yVuds, t- ((xVuVs)A(@VaVs)AyVEASVEAGVEAG)V(@AYAu)

We undo the decision u such that we can propagate u via x ANy A u.
- ¥ is — 1
| — > u

This satisfies the matriz again and we can learn another initial cube, say T Ay A u.
The matriz now looks as follows:

(zVuVS)ANEVaVS)AYVEASVEOANGVIHANG)V(@AGgAu)V (xAYyAa)

We can undo the last propagation and run into a conflict on one of the learned cubes.

— Y S —>

We now start Cube Learning similar to Clause Learning by dividing the graph into con-
flict side and reason side. The propagated literals 3y, s and t are treated as decisions
because they got propagated via clauses, so we can only move u to the conflict side.

= I S >t
N\

We resolve the two cubes over u and obtain x Ay, which can be reduced to the empty
cube.

TANYANU T ANYANU

N S

TAY

T

Note that the LD-Q-Res derivation of (y) does not appear in the final LD-Q-Con wverifi-

cation of ®. Technically, the whole LD-Q-Con wverification looks as follows, although we
will usually omit the non-reduced initial cubes:
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TAYNUNSAT TAYANUNSANT
TAYANuU TAYANU
TAY
T

Remark 3.6. While we focus on the regular clause learning method for QCDCL, in
which clauses and cubes are resolved in the reversed order as they appear in the im-
plication graph, starting at the conflict, an alternative approach called QPUP (QBF
pseudo unit propagation, cf. [78]) allows the derivation of learned clauses via Q-Res
instead of LD-Q-Res. In QPUP, resolution steps are performed in the same order as
the corresponding constraints appear in the implication graphs until the conflict clause
is reached.

For a more formal definition of QCDCL as well as completeness and soundness of
QCDCL as a proof system, we refer to the next chapter.






Chapter 4

Formalizations of QCDCL

In the previous chapter, we have introduced QCDCL via implication graphs and cuts.
However, from this chapter onward, we will represent QCDCL runs in a more compact
and formal way. In order to analyse the complexity of QCDCL, we need to formalise it
as a proof system like Q-Res.

Instead of a sequence of clauses or cubes, we will interpret QCDCL runs as sequences
of so-called trails. In these trails we store all relevant information of a QCDCL run. Since
QCDCL uses several runs and potentially also restarts, a QCDCL proof will typically
consist of many trails.

Definition 4.1 (trails). A trail T for a QCNF or AQBF ® is a (finite) sequence of
pairwise distinct literals from ®, including the empty literals L and T. Fach two literals
i T have to correspond to pairwise distinct variables from ®. In general, a trail has the
form

T= (p(0,1)7 -y P(0,90)5 dlap(l,l)a < P,g1)s s dr,p(r,l)? s ap(r,gq«))f (41)

where the d; are decision literals and p(; j) are propagated literals. Decision literals are
written in boldface. We use a semicolon before each decision to mark the end of a
decision level. If one of the empty literals L or T is contained in T, then it has to be
the last literal p(,. g,y In this case, we say that T has run into a conflict.

Trails can be interpreted as non-tautological sets of literals, and therefore as (partial)
assignments. We write v <7 y if x,y € T and x is left of y in T. Furthermore, we
write t <7y if x <7y orx=1y.

As trails are produced gradually from left to right in an algorithm, we define Ti, j|
forie{0,....r} and j € {0,...,g;} as the subtrail that contains all literals from T up
to (and excluding) pi jy (resp. di, if j = 0) in the same order. Intuitively, T|[i, j] is the
state of the trail before we assigned the literal at the point [i,j] (which is P(ij) or di).
For the sake of simplicity, we define T[0,0] as the empty trail.

For each propagated literal p(; jy € T there has to be be a clause (or cube) anter(p(; j))
such that red(anter(p j))|71i.5) = Pag) (o7 [Pag)l)- We call such a clause (cube) the
antecedent clause (cube) of p(; ;-

63
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We state some general facts about trails and antecedent clauses/cubes.
Remark 4.2. Let T be a trail, £ € T a propagated literal and A := anter({).

o If 0 is existential, then £ € A and for each existential literal x € A with x # £ we
need T <7 /.

o If ( is universal, then { € A and for each universal literal u € A with u # ¢ we
need u <7 /.

Definition 4.3 (natural trails). We call a trail T natural for formula ®, if for each i €
10,...,7} the formula red(®|r(; o)), contains no unit or empty constraints. Furthermore,
the formula red(®|ry; ;1) must not contain empty constraints for each i € {1,...,7},
je{l,...,g:}, except [i,j] = [r, gr]. Intuitively, this means that decisions are only made
if there are no more propagations on the same decision level possible. Also, conflicts
must be immediately taken care of.

Definition 4.4 (learnable constraints). Let T be a trail for ® of the form (4.1) with
P(rg) € 1L, T}. Starting with anter(L) (resp. anter(T)) we reversely resolve with
the antecedent clauses (cubes) that were used to propagate the existential (universal)
variables, until we stop at some point. Literals that were propagated via cubes (clauses)
will be interpreted as decisions. If a resolution step cannot be performed at some point
due to a missing pivot, we simply skip that antecedent. The clause (cube) we so derive
is a learnable constraint. We denote the sequence of learnable constraints by £(T).

We can also learn cubes from trails that did not run into conflict. If T is a total
assignment of the variables from ®, then we define the set of learnable constraints as the
set of cubes £(T) := {red>(D)| D C T and D satisfies €(®)}.

Formally, if T is a trail for ® of the form

T = (p(U,l)a -y P(0,90)3 dlap(1,1)7 s P,g1) s drap(r,l)a cee ap(r,gr)))

with p.g.y € {L, T}. Then we will denote the sequence of learnable constraints £(7)
as

S(T) = (C(T,g,«)a R C(’I‘,l)? SERE) C(O,go)a ) C(O,l))a

in which the clauses or cubes C; ;) are recursively defined as:
[fp(”‘ﬂr) = J_, then

o Cyg,) = red” (ante(L)).
o Forie{0,...,r}, j€{l,...,9i =1}, if puj) € Cj1) and p ;) existential, then

P(ij)

Cij) = red” <C(i,j+1) > red” (ante(p(i7j)))> ,

otherwise C; jy 1= C; j11)-



65

o Fori€{0,...,7 =1}, if Pig) € Ciy and p(; g, existential, then

p(i,gi

)
Cligy) = red” <C(k’1) < red” (ante(p(i’gi)))> )

otherwise C(; 4,y := C(y1) where k := min{i < h < r|gp, > 0} (note that always
gr>0).

If pirgy = T, then
o Cug) = red>(ante(T)).
o Foriec{0,....,r}, j€{l,...,9; = 1}, if piijy € Cpij1) and py jy universal, then
Clij) = red’ (C(i7j+1) " e (ante(p(,-ﬁ-)))) ,
otherwise C; ;) := C(; j11)-
o Fori€{0,....,7 =1}, if pig) € Cuy and p(; g,y universal, then

P(i,g;

)
Clig) = red> (C(k,l) > red? (ante(p(i7gi)))> ,

otherwise C(; g,y := C(j,1) where k :=min{i < h <r| gy > 0},

Generally, we allow to learn an arbitrary constraint. However, for the characterisa-
tions, it suffices to concentrate on Clause Learning. Additionally, most of the time we
will simply learn the clause which we obtain after resolving over every available literal
in the trail. This clause can only consist of negated decision literals, and literals that
were reduced during unit propagation. Since this is the last clause we can derive during
Clause Learning in a trail 7, we will refer to that clause as the rightmost clause in £(T).

Definition 4.5 (QCDCL proof systems). A QCDCL proof v from a QCNF ® = Q- ¢ of

a clause or cube C' is a (finite) sequence of triples
L= [(7;’ Ci, Wi)]inilv

where C,,, = C, each T; is a trail for ®;,each C; € £(T;) is one of the constraints we can
learn from each trail and m; is the proof from ®; of C; we obtain by performing the steps
described in Definition 4.4, where ®; are AQBFs that are defined recursively by setting
O := Q- (€(P) VD) and

F. . = Q- ((€(@j) NCy) VDO(P))) if Cj is a clause,
A {Q’ (C(®;) V (D(P;) vV Cy)) if Cj is a cube,
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forj=1,...,m — 1. If necessary, we set m; := ().

For each decision literal d; in some trail T;, we need that l”<1>|mj,o] (dj) = 1. ILe.,
decisions are level-ordered’. We require that Ty is a natural trail and for each 2 < i < m
there is a point [a;, b;] such that Ti|ai, b;] = Ti—1]ai, bi] and T;\Ti[a;, bi] has to be a natural
trail for ®i|r(q, - This process is called backtracking. If Ti—1[a;, bi] = 0, then this is
also called a restart. If T;—1 has run into a conflict, we require that T;—1|a;,b;| does not
contain all decision literals from Ti—1 (i.e., at least the last decision that contributed to
the conflict needs to be undone during backtracking).

If C =C,, = (L), then ¢ is called a QCDCL refutation of ®. If C = C,,, = [T], then
¢ is called a QCDCL verification of ®. The proof ends once we have learned (L) or [T].

If C is a clause, we can stick together the LD-Q-Res derivations from {my,...,mm}
and obtain a LD-Q-Res proof from ® of C, which we call R(1). Similarly, if C is a cube,
we can stick together the LD-Q-Con derivations and obtain a LD-Q-Con proof (1) from
® of C.

The size of ¢ is defined as |¢| := > i~ |Ti|. Obviously, we have |R(¢)| € O(|¢]).

Definition 4.6. A QCDCL proof in which all learnt constraints are clauses is called a
QCDCLW® CUBES proof. Equivalently, all trails of this proof have to run into a conflict on
clauses.

Lemma 4.7. It is not possible to create clauses (cubes) that contain existential (univer-
sal) tautologies x V T during the derivation of learnable clauses as described in Defini-

tion 4.4.

Proof. Let T be a QCDCL trail and £(7) be the sequence of learnable constraints as
described in Definition 4.4. It suffices to concentrate on the case CY; j), in particular

Pl red(ante(p(i,j))))

Clij) = red (C(i,jﬂ)
for i € {0,...,7}, j € [g; — 1]. This is analogous to the case for C(; ;) (the case C(
is trivial).
Assume that C(; j) is a clause (cube) and there is an existential (universal) literal
x with var(z) # var(p( j)) such that z € C(; 11y and ¥ € red(anter(p(; ;). It holds
red(Alrp ) = (pu,j)) for A == anter(p(; j)). Since z is existential (universal), we con-
clude = € TTi,j] (z € TIi,j]) since existential (universal) literals cannot be reduced in
clauses (cubes).
On the other hand, we have x € C{; ;), where C{; ;) is a learnable clause (cube) which
is derived with the aid of antecedent clauses of literals occurring right of p(; ;) in the trail.
In particular, we can find some p(j .,y right of p(; ;) in the trail with = € anteT(p(k,m)).

T,gr)

'In other words, existential decisions can only be made if all universal variables that are quantified
earlier are already assigned. Analogously, universal decisions can only be made if all existential variables
that are quantified earlier are already assigned. We will later define QCDCL proof systems for which
this restriction is not necessary. However, for the classic QCDCL variant QCDCL, decisions always need
to be level-ordered.
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Because of z € TTi,j] (z € Tli,j]), this gives a contradiction since anter(p(x,,,)) must
not become true (false) before propagating p(x - O

Proposition 4.8. Let ® be a QCNF and let

T= (p(0,1)7 -y P(0,90)5 dlap(l,l)a < P,g1)s s dr,p(r,l)? s ap(r,gr))'

be a trail for ®. Then the corresponding derivation of any learned clause is a valid
LD-Q-Res or LD-Q-Con derivation.

Proof. Let

ET = (C(r,gr)7 ey C(r,l)a . 70(1791)7 ceey C(l,l)a C(O,go)7 ey C(O,l))

be the sequence of learnable constraints. Because of Lemma, 4.7 it remains to show that
the derivation of clauses (cubes) with universal (existential) tautologies are sound.

Assume otherwise. That means there are 7 € {0,...,r}, j € {1,...,¢;} and some
universal (existential) u € var(®) such that Iv(u) < Iv(p(; j)) and one of the following
four cases holds, where we resolve over p(; j):

1. ue C(i,j+1) and u € anteT(p(i,j)) )

\]

.uVu e C(i,j-‘,—l) and u € anteT(p(iJ)) )
3. ué€ C(i,jJrl) and uVu e anteT(p(i,j)) ’
4. uVu € C(i,j+1) and uVu € ante'r(p(i,j)) :

Consider case 1. Since u € C(; j11) there has to be a propagated literal p( ,,) right of
P(i,j) in the trail such that u € ante(p(y n,)). In order to become unit, the u in ante(p, )
needed to vanish. We distinguish two cases:

Case (i). u (resp. u) was decided before p(y .,y was propagated, i.e., u € T[k,m]
(u € Tlk,m]).

Then we have u & T (u & T) since each variable can occur at most once in 7. That
means reducing @ (resp. u) is the only way anter(p(; ;)) could have become unit. But
for the soundness of reduction we need Iv(u) > Iv(p; j)). This gives a contradiction.

Case (ii). u € anter(p(j m)) has vanished via reduction.

Assume that u (vesp. ) was decided before p(; ;) was propagated, i.e., u € T[i, j].
But then ante(p(j ) would have become true under TT[k,m] 2 TTi,j]. Therefore
anter(p(x,m)) could not have been used for unit propagation. Thus u € anter(p; j))
must have vanished via reduction, which implies Iv(u) > 1v(p(; j)), a contradiction.

The same reasoning works for case 2. Cases 3 and 4 are easier since the only way
for u V @ to vanish in anter(p(; ;) is via reduction. Then we get the contradiction
W(u) > Iv(pg ;) as well.

Also the same argumentation works if we consider C(;;1 1) and anter(p(; g,)) instead
of C(; j+1) and anter(p(; ;))- O
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Note that the above proof does not use the fact that decisions are level-ordered.
That means that even with arbitrary decisions, generated derivations are always valid.
In fact, we have proven that all trail-based (resp. QCDCL-like) proof systems are sound.

We combine the two results above to an argument of soundness of the defined QCDCL
proof system.

Theorem 4.9. QCDCL is p-simulated by LD-Q-Res (resp. LD-Q-Con for true formulas).
In fact, the derivations of all learned constraints are valid LD-Q-Res (LD-Q-Con) proofs.
Hence, for each QCDCL proof ¢ from a QBF ® of a clause (cube) C, the extracted
proof R(1) is a valid LD-Q-Res (LD-Q-Con) proof from ® of C.
In particular, QCDCL and QCDCL"/® CUBS gre sound.

An important concept in QBF solving is searching for learnable asserting constraints.
Learning such asserting constraints is desired in QBF (and SAT) solving since it yields
some kind of progression by enabling new unit propagations.

Definition 4.10. Let T be some trail in t. A clause (cube) C' € £(T) is called asserting
(with respect to T ) if there exists a point [i, j| such that i is not the last decision level in
T and red(Clry; 5) s a unit clause (cube).

In other words, learnable clauses (cubes) are called asserting whenever it is possible to
backtrack back to a point in the trail where this newly learned constraint would become
unit. However, the theoretical benefit of asserting constraints is yet to be considered.
So far, by learning asserting constraints we are guaranteed to learn new constraints in
each turn, which is the main argument for proving completeness of QCDCL. At first, we
will show that asserting constraints are always new.

Lemma 4.11. Let v := [(T;, Ci, 7)1, be a QCDCL proof from a QCNF & = Q- . Let
j€{l,...m} and C; be an asserting clause (cube) with respect to T;. Then C; & €(P;)
(resp. C; & D(P;)).

Proof. W.lo.g. let C; be an asserting clause (the case for asserting cubes is similar).
Let 7; be the trail

Ti = (P,1)s -+ P(0,90)i A1, P(1,1)5 - - -3 P(1,91)5 - 3 Dy Pl 1)+ + + 5 Prgr) = L)-

Since we learned an asserting clause, we obviously have r > 0 by definition. Assume
that C; € €(®). Then there is a point such that Cj|7[s, is a unit clause with an
existential literal ¢. Because of Definition 4.3 we are forced to propagate ¢ (or run
into a conflict) not later than level s. Therefore ¢ € T;[s + 1,0]. However, this is a
contradiction because we need ¢ € C;, which is only possible if l e 7; by definition of
Clause Learning. I

In practice, there are different approaches in finding such an asserting learnable con-
straint, which we will refer to as asserting learning schemes. A widely used asserting
learning scheme is the so-called UIP (unit implication point) learning scheme (cf. [104]
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for more details). However, in our theoretical setting, it suffices to work with an arbi-
trary, fixed asserting learning scheme. Formally, an asserting learning scheme can be
interpreted as a function 2 that maps a QCNF ® and a trail 7 from some QCDCL proof
to a constraint (7, ®) € £(7) that is asserting whenever it is non-empty (we can safely
assume that such a scheme always choses an empty constraint if possible).

Since obviously not every learnable constraint is asserting in general, the definition
of asserting learning schemes requires the existence of at least one asserting learnable
constraint for each trail in a QCDCL proof.

Proposition 4.12. Let ¢ be a QCDCL proof and let T be some trail in ¢ that has run
into a conflict. If (L) & £(T) and [T] & £(T), then £(T) contains an asserting clause
or cube?.

Proof. W.l.o.g. let the conflict be existential, which means (L) € 7. Let T be of the
form

T = (P0,1)s -+ P(0,90); A1 P(1,1)5 - - s P(1,1)3 - - -3 Des D 1) -+ -5 Plrgr) = L)

Universal literals that are propagated via cubes will be treated as decisions. That means
that universal decisions might be out of order, while existential decisions are still level-
ordered (i.e., all universal variables that are quantified left of an existential decision
literal dj, must be assigned before dj, in 7).

Consider the sequence of learnable clauses

ﬁ']’ = (C(ngT), “eey C(T,l)a ey C(Lgl), Ceey C(l,l)? C(O,go)’ e 7C(0,1))'

If r = 0 or if all decision literals are universal, we can just take the rightmost clause in
L7, which is (L) and therefore a contradiction. Hence we can assume that r» > 0 and
there exists at least one existential decision literal.

Let k € {1,...,7} be maximal such that dj, is existential and contained in some clause
from £5. Such a literal must exist since otherwise we could resolve over all propagation
literals p(; ;) and reduce all universal literals during the learning process. Then we would
be able to learn (). Intuitively, dj is the last existential decision that contributed to
the conflict. Let p(,; be the next propagated literal right of dj in T (this does not
necessarily have to be p, 1)). Set D 1= C(y).

We claim that this clause D is asserting with respect to 7 with the point [k, 0]. It is
easy to see that for all existential literals y € D\{dy} we need 3 € T [k, 0], because all the
other existential literals right of dj in the trail either got resolved away during Clause
Learning, or the corresponding resolution step was skipped due to the pivot missing in
the learned clause. In either case, only literals that are assigned prior to dj can occur
as existential literals in D.

All universal variables u with Iv(u) < lv(dj) are assigned earlier than dj, in 7 because
the existential decisions are level-ordered. Now consider E := Dl 7i,0- The only type of
literals that can occur in E, aside from d, are universal literals u with lv(u) > lv(dy).

2This proposition only holds if decisions are indeed level-ordered.
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But then we can conclude red(E) = (d) and therefore E is a unit clause and D is
asserting. ]

Note that we can only guarantee learnable asserting constraints on trails that run
into a conflict. Technically, however, after learning a cube that represents a satisfying
assignment, we could always immediately trigger a conflict on this cube by not doing any
backtracking (i.e., backtracking zero steps, which is allowed on trails without conflicts).
From this conflict, we can then learn again an asserting cube.

We combine all results above and prove the completeness of QCDCL and its restricted
variant QCDCLW/© CUBEs,

Theorem 4.13. The proof system QCDCL is complete on both false and true QCNFs.
The variant QCDCL"/® €V s at least complete on false QCNFs.

Proof. Let ® := Q- ¢ be a QCNF. We distinguish two cases.

Case 1. ® is a false formula.

It suffices to consider QCDCL"/© CUBES g we only need to learn clauses. Assume that
we already started to construct a QCDCLY/® €VB8 proof ¢+ for ® (note that . might be
empty) and already learned the clauses C1,...,C;. We show that we can add a trail 7
to ¢, from which we can learn a new clause C' (i.e. C' ¢ and C was not learned in ¢).

Let ¥ := Q-9 ACi A...ACj. Independently from the last trail in ¢ (which might
not exist since ¢ can be empty), we do a restart and construct a natural trail 7 for ¥ as
follows:

Fix some universal winning strategy for ¥. Such a strategy must exist since ¥ is
false. Whenever a universal decision has to be made in 7T, the corresponding decision
literal has to be assigned according to the strategy. Existential decisions can be done
arbitrarily. Because we can only propagate existential literals, we will never assign a
universal literal the wrong way (with respect to the strategy). Since all decisions are
level-ordered, all literals on which any universal decision literal depends are already
assigned.

At some point we will run into a conflict because the strategy falsifies the formula.
If we cannot learn the empty clause (which would end the proof), we can at least learn
an asserting clause by Proposition 4.12. By Lemma 4.11, such a clause is not contained
in ().

Therefore, we can always add new trails to ¢ from which we can learn new clauses or
the empty clause. Since there are only finitely many clauses over the variables of ®, we
will learn the empty clause at some point.

Case 2. ® is a true formula.

Analogously to Case 1, we construct trails from which we can always learn new
constraints. In contrast to Case 1, it does not matter how the decision literals are
assigned. Whenever we run into a conflict (both cube and clause conflicts), we can
simply learn an asserting constraint by Proposition 4.12 as long as we cannot learn an
empty constraint. If we do not run into a conflict, we simply learn a cube that represents
a satisfying assignment as described in Definition 4.4. This cube must be new as well,
otherwise we would have gotten a cube conflict on it.
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Since there exist only finitely many clauses and cubes over variables from ®, we will
learn an empty constraint at some point (more precisely, we will learn the empty cube
because ® is true). O






Chapter 5

Gauge Lower Bound

In this chapter we will devise the first dedicated lower bound technique for QCDCL.
In contrast to previous lower bounds for QCDCL, our technique does not import Q-
Resolution hardness and thus applies to different formulas, regardless of whether they
are hard for Q-Resolution or not (note that basically all QCDCL lower bounds were
imported from long-distance Q-Resolution and hence are lower bounds also for Q-Res).
We already mention at this point though, that our technique is not completely general,
but is restricted to Eg—formulas that meet a certain XT-condition.

We define a property of LD-Q-Res proofs, which we call quasi level-ordered. This
is inspired by the notion of level-ordered proofs, introduced in [68], where the order
of resolution steps in proofs must follow the quantification order in the prefix. Quasi
level-order proofs relax that condition (Definition 5.5).We then introduce another prop-
erty of Q-Resolution proofs, called primitivity. As we will show in Chapter 6, some
QCDCL variants generate primitive proofs under some circumstances, which can then
be transformed into quasi level-ordered proofs of the same size (Theorem 5.10).

Our lower bound technique then rests on two steps: (1) We show that for %5-formulas
with the XT-condition, QCDCL generates primitive proofs (cf. Chapter 6) which can
be translated into quasi level-ordered Q-Resolution proofs. (2) We define a new measure
called the gauge of a QBF and show that large (i.e. linear) gauge implies exponential
size in quasi level-ordered Q-resolution. Together, (1) and (2) imply that formulas with
the XT-property and large gauge are hard for QCDCL (our main Theorem 5.17 as well
as Corollary 6.5).

Our technique can be interpreted as a generalization of the QCDCL lower bound of
the QBF CR,, shown in [64]. Proving this lower bound consisted of two steps: Showing
that QCDCL generates level-ordered proofs on CR,, and then showing the hardness of
CR,, in level-ordered Q-Resolution. We demonstrate that the requirements for this results
can be weakened and therefore applied to a wider class of formulas.

We illustrate our technique on a couple of examples on which computing the gauge
is fairly straightforward. Thus, though showing (1) and (2) above is rather technical,
the lower bound technique itself is quite easily applicable.

It is also interesting to mention that our new notion of gauge is some kind of width

73
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measure on clauses. Showing proof size lower bounds via width lower bounds is a very
well-explored theme in proof complexity, both propositionally [8] and in QBF [12, 22].
We show, however, that gauge and proof width are not related in general.

We note that in this chapter we will not apply this technique to QCDCL just yet.
All lower bounds proven in this chapter are for solely theoretical proof systems so far.

5.1 Quasi Level-ordered Proofs and Primitivity

We recall the notions of a path in a proof and level-ordered proofs. The exponential
lower bound for CR, relies on the fact that QCDCL generates level-ordered proofs on
this formula. Obviously, extracted proofs from QCDCL are not always level-ordered in
general. We want to generalize this notion later while preserving the properties we need
to show lower bounds on even more formulas.

Definition 5.1. Let 7 = (C,...,Cp,) be a LD-Q-Res proof. A path P = (Cj,,...,C;,)
is a subsequence of w such that each C; is a parent clause of Cy,, in w. We say that P
is a path from Cj, to Cj, .

Jj+1

Note that a proof can contain the same constraint more than once. We will therefore
always identify the position of a clause in the proof by the index. Hence, by considering
a clause C; in a proof, we will only consider the clause at position i, even if there were
other clauses C; with i # j and C; = Cj.

Definition 5.2 ([68]). An LD-Q-Res proof m from a QCNF ® of a clause C is called
level-ordered if for each path P in m and two resolution steps in P over variables £1 and
Uy the following holds: if the resolution over €1 is closer to the root C' than the resolution
over ly, then lv(f1) < lv(¢s).

While the above definitions can be applied to arbitrary formulas, we will restrict our
results to Eg QCNFs with the prefix 3XVU3IT. The notion of a level-ordered proof then
simplifies to the property that there can be no resolution step over 1" after a resolution
step over X.

Before we define quasi level-ordered proofs, we will introduce some notions that make
it easier to identify different kinds of clauses of a ¥} formula. We also introduce the XT-
property, which is a necessary condition for formulas to which the lower bound technique
can be applied.

Definition 5.3. Let ® be a Eg QCNF with the prefic AXVYUIT, for sets of variables
X,U,T. A variable from X (resp. U or T) is called an X-variable (resp. U- or T-
variable). Analogously, we call a literal an X -literal (resp. U- or T-literal) if the corre-
sponding variable is an X -variable (resp. U- or T-variable). Further, we define certain
types of clauses:

e X-clauses consist of X -literals only (analogously we define U-clauses and T-clauses;
the empty clause is considered an X-clause and no U- or T-clause),
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o XT-clauses consist of at least one X - and at least one T-literal, but no U-literals,
o XUT-clauses consist of at least one X-, U- and T'-literal.

We say that ® fulfils the XT-property if its matriz contains no XT-clauses as well as
no unit T-clauses and there do not exist two T-clauses in the matriz that are resolvable.

Intuitively, the XT-property ensures that trails will be somewhat “level-ordered”
(i.e., in each trail we first assign X-literals, then U-literals, and lastly T-literals), which
was a necessity for proving the lower bound of CR, in [64]. In detail, it prevents direct
propagations of T-literals without using assignments of X- or U-literals. This restric-
tion might seen rather strict at first, but one could motivate it as follows: Each Zg
QCNF encodes a two-player game, in which the existential player controls the X- and
T-variables while the universal player controls the U-variables. However, since there is
no universal block right of T', the T-variables are representing the winning conditions of
the game rather than allowing an “interesting” move of the existential player. Forbid-
ding XT-clauses or unit T-clauses just implies that the winning conditions should not
contain “redundancies” or “unfairness”.

We will show next that the XT-property is hereditary with respect to derived or
learned clauses.

Lemma 5.4 ([14]). Let ® be a QCNF that fulfils the XT-property. Then the following
holds:

(i) It is not possible to derive XT-clauses by LD-Q-Res.

(i) It is not possible to derive new T-clauses (i.e., T-clauses not contained in €(P))
by LD-Q-Res.

(iii) If a non-axiom X-clause was not derived by an X -resolution, then it was derived
by a universal reduction.

In particular, the XT-property is maintained even after adding clauses derived by

LD-Q-Res.

Proof. (i) Assume that it is possible to derive an XT-clause. Let m be a LD-Q-Res
proof of an XT-clause C' from ®. W.l.o.g. let C' be the first XT-clause in 7
(otherwise we consider the subproof of the first XT-clause). Since the matrix of
® contains no XT-clauses, C' has to be derived by a resolution or reduction step.
Because C consists of at least one T-literal, it is not derived by a reduction. That
means C' is derived via some resolution step over an X-literal x or T-literal ¢t. In
the first case, say C' = D < E for D,E € 7, neither D nor E can contain U-
literals. But both D and F must contain an X-literal and at least one of them
needs to contain a T-literal, meaning that one of them has to be an XT-clause.
This contradicts our assumption that C is the first XT-clause in 7. The case in
which the resolution step is performed over a T-literal can be handled analogously.
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(ii) Assume that there is an LD-Q-Res proof 7 from & of a new T-clause C. W.l.o.g.
let C' be the first new T-clause in w. Because there is at least one T-literal in C
(the empty clause is no T-clause by definition), C' cannot be derived by a reduction
step. If C' was derived by a resolution step over X, say C = D B E, then both
D and E must contain an X-literal, none can contain U-literals and at least one
has to contain a T-literal. We conclude that one of these two clause has to be an
XT-clause, which is not possible by (i).

That means C was derived by a T-resolution step, say C'= D > E. Then neither
D nor E can contain X- or U-literals, and both of them need to consist of at least
one T-literal. Hence, both D and E are T-clauses. Since C'is the first new T-clause
in 7w, both D and E must be axioms of ®. But by definition of the XT-property,
axiom T-clauses are not resolvable, which is a contradiction.

(iii) It suffices to show that such an X-clause cannot be derived by a T-resolution.
For the sake of contradiction, let C' be an X-clause derived by a T-resolution, say

C = D va E. Then neither D nor E can contain U-literals and both of them
have to consist of at least one T-literal. Because of (i), neither of them can be an
XT-clause. We conclude that both of them are T-clauses, which contradicts the
XT-property or (ii).

O

We can now finally introduce the notion of quasi level-ordered proofs.

Definition 5.5. A LD-Q-Res refutation m of a Zg formula with prefix AXYUIT is called
quasi level-ordered, if for each assignment 7 € (X) there exists an X-clause C; € 7
which is falsified by T and the subproof mc. C m of C; is level-ordered.

One can easily show that each level-ordered proof is also quasi level-ordered (by
setting each C, to the empty clause). However, we cannot guarantee that QCDCL
always generates quasi level-ordered proofs (even on our restricted class of formulas).

Hence, we introduce two further notions: fully reduced and primitive proofs. While
QCDCL always generates fully reduced proofs by design, primitivity depends on the
internal structure of a formula, but can still be proven on many hand-crafted formulas.

Definition 5.6 (fully reduced proofs [33, 38]). A LD-Q-Res refutation m of a QCNF ® is
fully reduced, if for each clause C € m that contains universal literals that are reducible,
the reduction step is performed immediately and C' is not used otherwise in the proof.

Definition 5.7 (primitive proofs [33, 38]). A LD-Q-Res proof 7 from a %} formula is
primitive, if there are no two XUT-clauses in w that are resolved over an X -variable.

Note that fully reduced primitive LD-Q-Res proofs cannot derive merged literals
and therefore never perform any long-distance steps. Hence, from now on we will only
consider fully reduced primitive Q-Res proofs.

Before moving on, let us briefly explain the idea of our lower bound technique.
This technique will be applicable to all ¥} QCNFs that fulfil the XT-property and
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on which QCDCL generates primitive proofs. However, the lower bound itself does not
originate from primitivity directly, but from quasi level-ordered proofs (specifically, from
the existence of the C; clauses, cf. Definition 5.5).

What remains to show is that fully reduced primitive proofs somewhat “imply”
quasi level-ordered proofs. We will do this by proving that each fully reduced primitive
refutation can be transformed into a quasi level-ordered proof of the same size. Note
that this transformation does not need to be efficient as long as we can guarantee that
there will be now blow up in the proof size.

The transformation will be performed as follows: We will first detect all X-clauses
in a given fully reduced primitive Q-Res refutation. We then check whether or not
the derivations of these X-clauses are level-ordered. If they are not, we find “minimal
witnesses” for the parts that are not level-ordered. We call these witnesses disorders
and will gradually get rid of them during the transformation until no disorders are left.

Definition 5.8. Let m1 = C1,...,Cy, be a fully reduced primitive Q-Res proof of a X5
QCNF ® that fulfils the XT-property and let C, € 7 be a clause that was derived by a
universal reduction. A disorder of C. is a path (Cy,,...,Cq,,Ce) with k > 2 such that

Cy, was derived by an X -resolution between an X- and an XUT-clause, say Cy, = Cy B
Ce for some X-literal x and clauses Cyg,C, € m, and Co; was derived by a T-resolution,

say Co; = Co;_, 4 Ch,_, for some clause Cy,_, and j = 2,...,k. Obviously, we have
red(Cq,) = C..

In the next lemma, we show that disorders are actual witnesses of the parts of
the proof that are not level-ordered, meaning that there can only be disorders if the
derivation of at least one X-clause is not level-ordered.

Lemma 5.9. In the situation above, if (Cy,,...,Cq,,C.) is a disorder, then the subproof
e, of Ce in m is not level-ordered. More precisely, if m contains no disorders, then the
subproofs of all X-clauses from m are level-ordered.

Proof. The first statement is obvious and follows directly by definition.

For the second statement, let us fix some X-clause C. € w. Because of the XT-
property, C. cannot be derived by a T-resolution, otherwise one of the parent clauses
would be an XT-clause. We distinguish the two remaining cases:

Case 1. C, was derived by a universal reduction.

Assume that the subproof of C. in 7 is not level-ordered. Let C, be the rightmost
clause in this subproof that was derived by an X-resolution. Such a clause must exist,
otherwise the subproof would be trivially level-ordered. The clause left of C,. was derived
by a T-resolution, otherwise the reduction could have been performed earlier, which
contradicts that 7 is fully reduced. We conclude that C. must have been the leftmost
clause right of C, that was derived by a reduction.

therefore all clauses between C, and C,. were derived via T-resolutions. Since 7
cannot contain XT-clauses and no two XUT-clauses can be resolved over an X-literal,
one of the parent clauses of C, must be an X- and the other one an XUT-clause. Hence
(Cyq,...,C.) is a disorder, which is a contradiction.
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Case 2. C,. was derived by an X-resolution.
If the subproof of C. in m was not level-ordered, then we could find a path

(Cjys .-, Cy,, Ce)

in 7 such that some Cj, was derived by an X-resolution and Cj,,, was derived by a T-
resolution. W.l.o.g. let ¢ be maximal. Let Cj, be the leftmost clause right of Cj,,, that
was derived by a reduction. Such a clause must exist since Cj; and Cj,,, must contain
a U-literal (otherwise one of the parent clauses of C;; would be an XT-clause). Because
7 is fully reduced primitive and i was maximal, one of the parent clauses of C}, is an X-
and the other an XUT-clause, and all clauses between Cj,, , and C;, were derived via
T-resolutions, and therefore the path (Cj,,Cj.,,,...,Cj,) is a disorder of Cj,, which is
a contradiction. O

Note that Lemma 5.9 was the only result for which primitivity was needed. In
detail, primitivity reduces the property of not being level-ordered to the existence of a
disorder. The following theorem demonstrates how fully reduced primitive refutations
can be transformed into quasi level-ordered proofs by “fixing” each disorder one after
another without increasing the proof size. The main approach of the transformation is
partly based on the algorithm presented in [33].

Theorem 5.10. Let ® be a Eg QCNEF that fulfils the XT-property. Then, for each fully
reduced primitive Q-Res refutation m there exists a quasli level-ordered Q-Res proof w’
from ® with |7'| < |=|.

Proof. We sketch the proof first. We will construct a sequence of proofs
(m =: T, T1y. .., Th)

with |m;| = |«| for each i = 0,...,h. We will show that for each 7 € (X) there exists
a clause D, € m, =: 7’ with 7(D;) = 0. Furthermore, 7, will contain no disorders,
meaning that the subproofs of all D, will be level-ordered by Lemma 5.9.

Note that the length A of this sequence might be exponential, hence there is no
guarantee that 7’ can be constructed in polynomial time. However, the size of 7’ will
still be bounded by the original input size, which is sufficient for the gauge lower bound.

At first, we will determine some notations. For each i = 0,...,h, the j' clause of
m; will be denoted as C; and the number of paths in m; will be denoted as p;. We define
the following two sets:

A;:={ce{1,...,|n|}: Cis an X-clause},

Al :={P: P is a disorder of C? in 7;} for ¢ € A;
Formally, at the end we want A? = () for all ¢ € Ay and for all 7 € (X) there has to
exist some ¢, € Ay, with 7(C) = 0.

At the beginning, fix a lexicographic ordering on the set of all paths in 7 (each path
can be interpreted as a tuple of natural numbers). This ordering can be extended to each
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;. We will later exploit the property that for each two paths we have (C’;l, .
(Ciys---, Cl,.) whenever ji < my.

We will now inductively construct the proofs m; for all ¢ = 1, ..., h. Therefore, let us
assume that we have already constructed ;.

Let ¢ := arg maxgep, max Al and P := (C. ,...,CL CZ) := maxgep, max AL, Intu-
itively, P is the lexicographically last disorder in m; and C? is the corresponding clause

05 <

of which P is a disorder. More precisely, we have C%. = C/, 5 C! with an XUT-clause
C}, X-clause C¢ and an X-literal x such that z € C} and z € C¢. Further, there are
clauses ng EA m; and T-literals r; such that C’ZJ,H = CZLJ, & ng forj=1,...,k—1and
at the end C¢ = red(Cy, ).

We now construct ;11 by setting Cj-“ = C]Z: for all j < as. Then we set C’fgl =
Cflﬂ & Clijl, meaning that we skip the resolution with the X-clause C*! in the deriva-
tion of Cé;’l. All clauses C;H with j > ag are derived in the same way as C’;: in 7; but
might still be affected by the modification of the proof. In fact, we have C’;H - C; Vx
for all j > as. However, we will show that we will not hit on problems by having this
extra literal z on some clauses after C’éjl.

Note that it might also happen that several literals will be missing on clauses after

az. If, because of that, some resolution steps become impossible, we will simply skip
the resolution and copy the parent clause with the missing pivot to the position of the

resolvent. For example, assume 7; includes the resolution step C% = C? = C!, with some
literal ¢ such that £ € C! and ¢ € C!,. If the literal ¢ is now missing in C5*1, then we
simply set C:H1 .= Citl,

The purpose of this transformation is to get rid of the disorder P. In fact, P is now
no proper path in 7;11 anymore. We want to show that the number of paths is actually
decreasing with this transformation (i.e., p;+1 < p;). For any path

P = (¢! ...,C’f?jsl)

m1

in 741 that starts with C.I, or does not contain CiI'! at all, the path

P// — (CZ

my?

L0 )

is a path in m;. If a path P’ in m; 11 contains but does not start with as, then we
distinguish two cases (depending on the choice of the parent clause of Céjl that is
contained in P’):

I (vitl i+l i+l il il it+1
P—(Cj1 ,...,qu SO, Ot O Ol ) or
I (vitl i+l il il il i+1
P—(C’j1 ,...,qu Gy G Oy G )
In the first case, the path
Y . o . . .
P" = ;1,...,C}q,C&,C;l,CZQ,C;H,...,Cfns)
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is a path in ;. In the second case, the path

P":=(C,....CL .C} ,C]

Ji2e az’

7
i

L CL)

is also a path in ;.

Therefore we can define an injective map from the set of all paths in m; 1 to the set of
all paths in m; such that P has no preimage. We conclude that p;+1 < p;. In particular,
we have shown that h < pg < oo, therefore this transformation will stop after finitely
many iterations. In detail, the transformation stops as soon as (J.c, Al = .

Next, we will show that, in the transformation from 7; to m;+1 above, the additional
x will not cause any problems in future transformations. First of all, x is an X-literal
and therefore contained in the first quantifier block. In particular, adding = to some
clauses will never prevent any universal reductions. Although adding x might cause
some existential tautologies in m;11, the proof is technically still sound.

It remains to show that 7’ is in fact quasi level-ordered. For that, we need to fix a
total assignment 7 € (X) and find a clause D, € 7’ such that its subproof in 7’ is level-
ordered and 7(D;) = 0. In particular, D; has to be an X-clause. We detect such a D, by

tg

constructing a sequence of clauses (Ci!,...,C¢) with ¢; € {1,...,|r|}, i; € {0,...,h}

Cc1 7
and iy = h such that C’g € A;; and T(C’é;) =0 foreach j =1,...,q. Since the last proof
7, = 7 contains no disorders, the subproof of D, := Cég is level-ordered by Lemma 5.9.
We start with i1 := 0 and ¢; := |7|, hence C¢! = (L) € mp = 7. Assume that we

have already detected C¢2. We will now explain how to detect CZi}.
If the subproof of C’g is already level-ordered, then we can simply set ¢j;1 := ¢; and
ij+1 1= i; + 1 since the transformation from m;; to m;, 11 will not affect any level-ordered
subproofs. Hence, 2;111 = C¢ and its subproof is still level-ordered in ;1. '
Let us now assume that the subproof of Czj is not level-ordered in ;- Because Czj
is a non-axiom X-clause, it is either derived by an X-resolution or a universal reduction
by Lemma 5.4. We distinguish these two cases:
Case 1. zj was derived by an X-resolution.

Let C;; and C’é; be the two parent clauses and = the pivot, which means that C’éj =

CZ 51 Cé; with = € CZ_ and T € C’é; If 7(z) = 0, we set ¢j41 = djq1 and ;41 = i ,
. . . i1
otherwise we set ¢j1 := €j11 and ij41 = ;. Then we get T(Cé;j:l )=0.
Case 2. Céj was derived by a universal reduction.
jj+1 i . .
If Céfr - é;, we can set cj11 = ¢; and 441 := i; + 1. So let us assume that
CZ;JF g C’éj This only happens when the transformation removes some disorder from

m;;. Let ¢ := arg MmaXgeA,, Max Ay and P = (Cd,...,Cq,,C¢) == MaXgen,, Max Ad.

Then there is a path P from C’;JQ to Céj which cannot contain any disorders (otherwise

P, would not be maximal). But that means that all clauses of P, except CZ; have to

be derived by T-resolutions and the path P3; := (Céjl,Pg) is a disorder of C’éj itself.
Consequently, the transformation from 7;; to m;;+1 not only got rid of P, but also P3
(note that P; = Ps is possible).
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Now, let C’Z and Cé; be the two parent clauses of C(ijl, such that C;Jj'_ is the XUT-
clause, Céj is the X-clause and Cf,fl = C’Z 5 Céj with an X-literal z, x € C’Z and

T € Céj If 7(x) = 0, we can set Cit1 = G and 741 = i; + 1. Because the extra
x is falsified by 7, we will still get T(Cé;i_ll) =0. If 7(z) = 1, we set ¢j41 := e; and
ij+1 = 1; + 1 since Cé;“ = Cé; and all X-literals from C’g, except Z, are still contained
in C¢, hence T(C’gﬂ) =0.

By construction, it holds 7; — ¢; < ;41 — ¢j41 for each j. In particular, after finitely
many steps we have successfully detected D, in /. We conclude that 7’ is quasi level-

ordered. ]

Note that ' does not necessarily need to be a refutation or even a connected proof.
On an intuitive level, it is not obvious anymore what is actually “proven” by «’. The
only properties we need is |7/| = |7| and the existence of the D, clauses whose subproofs
are level-ordered.

Let us now demonstrate the transformation on an example.

Example 5.11. Let ® be the QCNEF that consists of the prefix
Jx, yVYuds, t

and the clauses

yVuVs, ITVuVs 35ViE, uVsVt

rVuVs, yVvVuVs, uVs.

Obviously, ® is a X% QBF that fulfils the XT-property. Let Ty be the Q-Res refu-
tation of ® as depicted in Figure 5.1. Because all reductions are performed as soon as
possible and there are not X -resolutions between two XUT-clauses, mg is fully reduced
and primitive.

In the first step, all X-clauses (cf. Figure 5.2) as well as all disorders (cf. Figure
5.3) are detected. Some X-clauses might already have level-ordered subproofs (e.g. CY).
The mazximal (with respect to the lexicographic order) disorder is the first one to be fixed,

which is (CYy, CY, CY.). We have CY) = C, 54 Y, where OV, is the X-clause and
CY is the XUT-clause, and CJy = CY, B4 CY-. In the next iteration m, we have to

change the derivation of the second clause in the disorder by skipping the resolution with
the X-clause Ci, and resolving the XUT-clause Ci; with Ciy directly. Hence, we set
Cls = Cl4 B Cls (cf. Figure 5.4).

The clause Ciy still has two disorders that need to be fized. We again detect the
mazimal disorder, which is (C¢,Cly, Cly, Cly). We change the derivation of C%, in mo
by setting C%, := C2 B CZ (cf. Figure 5.5). The remaining (and mazimal) disorder
(C2,C2,C2),C2) is finally fized by setting C3 = C3 51 C2 in w3 =: 7' (¢f. Figure 5.6).

At the end, no disorders are left and the subproofs of all X-clauses are level-ordered.
For each T € (X) it remains to find a clause D, € ' with 7(D;) = 0.
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CY=yvVuvs Cd=zVuvs
\ /

Cd=zVyVu
|
Cl=zVvy CO=zVuVs
/

V=5Vt Cd=yVuvs Cd=uVvsvt
N\ ~N S
Cd=yvuvt Ch=yVuVvt

\ /
Ch =yVu
|
Y% = (y) Ch=yVvuvs
N7
CYy=uVvs C% =uvs
NS
C?6Z(U)
|
Chr = (1)

Figure 5.1: Fully reduced primitive Q-Res refutation my of ® from Example 5.11.
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V=5Vt Cd=yVuVvs Cl{=uvs
\ /
Cd=yvVuvt Ch=yVuvt
\ /
Ch =yVu
|
Yy = (y) Cl=yVuVvs
N7
CY=uVs CYs =
NS
Cle = (u)
Chr = (1)

Figure 5.2: Fully reduced primitive Q-Res refutation my of ® from Example 5.11.

clauses are colored red.

83
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CY=yVuVvs CY=zVuvs
C){=zVy Cd=xVuVvs
CY=5Vvti C§=quv/s C=uVvsvt
Cl=yvVuVvi §=yvﬁ
C = (v) Cly=gVuVs
C\&zu\{ CY% =uVs
N
Cls = (u)
Ch = (1)

Figure 5.3: Fully reduced primitive Q-Res refutation my of ® from Example 5.11. X-
clauses are colored red. Clauses that belong to disorders are written in bold. The fol-
lowing disorders can be detected: (Cf,CYJ,CY;,CY%), (CY,CY,, CY;, CL%), (CL, Cls, CL).
The lexicographic maximal disorder is (CY,, C¥s, C%).
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Ci=yVuVvs Ci=zVuVvs
C’4lz|_\/y Ci=xVuVs
e
Cl=3svt Ci¢=yVuVs Ci=uvivt
Cl=yvuvi $=qu\//t
ST
e
C\h:u\/s Cls=uVs
C%GZQV/U
|
Ciz = (7)
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Figure 5.4: Q-Res refutation 71 of ® from Example 5.11 after fixing the maximal disorder
of my. X-clauses are colored red. Clauses that belong to disorders are written in bold.
The following disorders can be detected: (C%,C4,Cly,Cly), (CE,CLy, CH,Cly). The

lexicographic maximal disorder is (Cf, C},, C1;, Cly).
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C?=yVuVs C2=zVuVvs
~N 7
C2=zZVyVu
|
Ci=zVy C2=zVuVs
e
C2=35Vvt C2=yVuvs CZ=uV3iVvt
N e
C3=yvuVvi C% =xVuVvt

/
\

Cih=zVy Ch=yVuVs
~N
C3 =xVuVs Cih=uVs
/
C% =yVu
Clr = ()

Figure 5.5: Q-Res refutation mo of ® from Example 5.11 after fixing the maximal disorder
of m. X-clauses are colored red. Clauses that belong to disorders are written in bold.
The following disorders can be detected: (CZ,C3,C?,C%,). The lexicographic maximal
disorder is (CZ,C2,C%,C%).
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Ci=zVy C3=xVuVs
C3=5Vt >§>:y\/u( C3=uVvsVvt
C’g\::r\/u\/t 10—36\/&
P
Chy = () Cls=gVuVs
\Ci;—(x) Clh=uVs
C%6Z?JV/U
|
Cir = (7)
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Figure 5.6: Q-Res refutation 73 of ® from Example 5.11 after fixing the maximal disorder
of me. X-clauses are colored red. No disorders can be detected, therefore the proof is

quasi level-ordered.
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We follow the approach described in the proof of Theorem 5.10. For example, let
T3 € (X) with 73(x) = 1 and 13(y) = 0. We construct a sequence of X-clauses that
are falsified by T3 such that the last of these clauses is contained in w'. We start with
0?7 = (L) and check if its subproof is already level-ordered, which is not the case. The
clause CY. was derived by a reduction and we have Ci, ¢ CY- with 73(C{,) = 1. That
means in the transformation from my to w1 an X-literal was added to the clause which
s not falsified by 3. Therefore, we choose the X-clause from the derivation of the first
clause from the corresponding disorder as the next clause in our sequence, which is Cl.

We repeat the procedure with 0112 since it is an X-clause whose subproof is not level-
ordered. Again, in the step from m to ma, a disorder of Ciy was fized, which caused the
appearance of an X-literal not falsified by 73. By the same argument as before, we choose
C% as the next clause in our sequence.

Because the subproof of C2 is now level-ordered, we can simply choose C3 as the next
and last clause in our sequence for 3. We now detected the sequence (CY,,Ciy, C3,C3),
from which the last clause is desired. In fact, we have C3 =z V y and 13(C3) = 0.

By the same construction, we get sequences for the remaining assignments:

T + T — 07 y — O . (0107701127012270?2) = D7-1 = C%Q - (:1:),
T2 . T —> O, y —> 1 : (0?7,0%7,012770%7) = D‘I‘Q = C§7 - (g),
3rx—1,y—0: (C%,Cb,C’Z,Cf) =D, =C}=xzVy,
mrr—ly—=1: (0), 0L, C%.C3) = Dy, = C% = (g).

5.2 Formula Gauge

After having described how primitive refutations can be transformed into quasi level-
ordered proofs, we will now present the actual lower bound technique for quasi level-
ordered proofs. The approach is fairly simple: Quasi level-ordered proofs contain clauses
D, for each 7 € (X) that are falsified by 7. We introduce a measure which indicates
the width of these D, clauses. A high (i.e. linear) value will indicate that there only few
D, will overlap each other, meaning that we can find many of them which results in an
exponential lower bound.
This measure is called (formula) gauge and is defined on all ¥} QCNFs.

Definition 5.12 ([33]). Let ® be a ¥ QCNF with prefix IXVUIT. We define We as
the set of all Q-Res proofs m from ® of X -clauses Cy, such that ™ consists of resolutions
over T-literals and reductions only. We define

gauge(P) := min{|Cr| : Cr is the root of some m € Wg}.

Intuitively, the gauge of a formula is the number of different X-literals piled up dur-
ing the process of getting rid of all T-literals by using T-resolutions only. While the
computation of the gauge of a formula is certainly a very hard problem (we have to min-
imize over proofs), it is rather trivial on many handcrafted formulas as we demonstrate
on the following example.
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Definition 5.13 ([68]). The QCNF CR,, consists of the quantifier prefix

3T 1)y TR T(20) - T(2n) s+ Tnl)s - - s Lngn) VUTST, oy Sny b1y ooy b

and matriz clauses (v 5 V uV s;), (T4 V uVt;) forij € {1,...,n} as well as
\/ie{l,...,n} 5; and \/ie{l,...,n} ti.

The CR,, formulas describe a ‘completion’ game on an (n x n)-matrix (cf. [68]): The
universal player has to set u to false iff for all 7 there exists a j such that z( ;) is
set to false. Otherwise, there exists an 7 such that for each j, the literal z(; ;) is set
to true, hence the universal player has to set u to true. In [64], it was shown that
CR,, has polynomial Q-Res refutations, while there is an exponential lower bound on a
special version of QCDCL. Perspectively, we want to use the gauge lower bound to show
hardness on our QCDCL variants.

It is readily checked that the CR,, formulas fulfil the XT-property. We can now
compute their gauge. Note that according to our convention, the T-variables comprise
of all variables s1,...,8n,t1,...,tx.

Lemma 5.14. We have gauge(CRy,) = n.

Proof. Since there are no X-clauses as axioms, we necessarily need to resolve over T
somehow. For this we need T-literals of negative polarity, hence each m € Wy, contains
Vz‘e[n] 5; or \/ie[n] ti. In each m € Wey,, every T-literal has to be resolved away. For this
reason we need the corresponding clauses (i) VuNVs;or Ty VuVi,. Because we
cannot resolve over X in m € Weg,, , there are at least n different X-literals that are piled
up and therefore gauge(CR,) = n. O

The gauge is used to estimate the minimal width of the X-clauses appearing at the
transition from T-resolutions to X-resolutions in a level-ordered proof. We aim to apply
this estimate to the derivations of C clauses in quasi level-ordered proofs. The next
lemma shows how the size of such a derivation is bounded by 2821¢(®)=¢ while ¢ is the
width of the corresponding C;. It is a generalization of a lower bound for level-ordered
Q-Res refutations (cf. [64]) by setting C; := (L) for all 7 € (X) and ¢ :=0.

Lemma 5.15. Let ® be a Eg QCNEF. Let 7 be a level-ordered Q-Res proof from ® of a
non-tautological X-clause D with |D| = ¢. Then |x| > 290v9¢(®)=c,

Proof. Let V := X\var(D). For each assignment 7 € (V') we will find a path P, in 7 by
going backwards starting from D. For each resolution step over some x € V we choose
the path whose literals are negated by 7, hence we choose the clause that contains z if
7(z) = 0 and the other clause otherwise. If there are resolution steps over variables from
var(D), then we will always choose the literal from D. If we reach a reduction step, we
will just expand the path by this one parental clause. If we detect a resolution step over
a T-literal, we stop there.

Let C; be the clause at which we stop. Clearly, the subproof m¢, of C; is one of
the derivations in W, hence |C;| > gauge(®). Then C; has to be a non-tautological X-
clause with at least gauge(®) different X-literals. Then C; contains at least gauge(®)—c
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different X-literals whose variables are in V. These literals are negated by the assignment
T.

Now let a be the number of these clauses C; by summing over all 7. Since for each
C'; there are at most | X| — gauge(®) variables that are not contained as some literal in
the clause, there are at most 21X1=82uge(®) paths that can lead to each C;. Multiplying
with the number of C; gives us at least the number of assignments 7 € (V'), hence

ol X|-gauge(®) ;> ol X|-c

sa > Q\XI—C/QIX\—gauge@) — 9gauge(®)—c

Since each C; is a clause from 7, we get |7| > a > 282uge(®)—c, O

By applying the lemma on all C; in a quasi level-ordered proof, we get a lower bound
for quasi level-ordered Q-Res proofs:

Proposition 5.16. Fach quasi level-ordered Q-Res proof of a Eg QCNF ® has size
2Q(gauge(®))

Proof. Let w be the shortest quasi level-ordered proof from ®. By the definition of quasi
level-ordered proofs we can find clauses C; for each 7 € (X).

Let h := min ¢ x)|C7[. By Lemma 5.15 we get |r| > 282uge(®)=h  hence h >
gauge(®) — log|r|. Each clause C; can have at most 2/XI=" assignments o € (X) such
that Cy, = C;. Let a:= |{C, : 7 € (X)}|, then a - 21X~ > 2lX| and thus
9gauge(®)

‘7.‘.| >aq > 2h > 2gauge(<1>)—log\7r| _ ‘ ‘
T

We conclude that |r|? € 2(gauge(®)), O

We combine Theorem 5.10 and Proposition 5.16 and obtain the following lower bound
for fully reduced primitive refutations:

Theorem 5.17. Each fully reduced primitive Q-Res refutation of a Zg QCNF @ that
fulfils the XT-property has size 2(90uge(®))

As proofs generated by QCDCL are fully reduced by default, one simply has to prove
primitivity of generated refutations in order to apply the lower bound.

5.3 Applications

We now apply our new lower bound technique via gauge to show exponential lower
bounds for fully reduced primitive Q-Res proofs for a number of QBF families. First,
by combining Lemma 5.14 with Theorem 5.17 we obtain hardness for the CR,, formulas
from [68].

Corollary 5.18. The formulas CR,, require exponential-size fully reduced primitive Q-Res
refutations.
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As our second example we introduce the following formulas.

Definition 5.19. Let ENarrow, := 3%1,...,Znt1 VU1, ..., Upp1Tt1, ..., by - Yy with the
matriz Y, containing the clauses:

r1Vur Vi, 1 Vu Vi,
Q?ivuiVEi,lvti,fi\/ﬂi\/ﬂ‘,l\/ti, fori=2,...,n
Tnt1 V Uny1 Vi, Tng1 V Uny1 Vi,

It is easy to see that ENarrow, fulfils the XT-property. ENarrow, can be interpreted
as a variant of Eq,, (cf. [10] or the corresponding definition later), in which the universal
player wins by setting all u; equal to x;. The only difference is that instead of having
a long T-clause, the T-literals are now connected chain-like by only using XUT-clauses.

Next we will show an exponential lower bound for ENarrow,, for fully reduced primitive
Q-Res.

Lemma 5.20. We have gauge(ENarrow,) =n + 1.

Proof. Let m € Weyarrow, With an X-clause D as root. Define the sets of clauses

Zy={x1Vur Vty, T1Vu Vit}
Z; = {xl Vou; Vot Vi, ; Vb Vti—t \/ti} fori=2,...,n
Zny1 = {xn—}—l V Up41 V t_n7 Tp+1 V Unt1 V Z?n}
Let C be an axiom clause in w. Then C has to be contained in some set Z; as above.

Case 1. C € Z;.
Then we have to get rid of t; € C by resolving over t1, for which we need a clause

from Z3. In fact, for each axiom clause from Z; with ¢ = 2,...,n we need to get rid
of t; by using a clause from Z; 1. We conclude that we need a clause from each Z; for
j=1,...,n+1, and for each of these Z; we will pile up the literal z; or z; in D. Hence

we get |[D| >n+ 1.
Case 2. C € Z; for some i € {2,...,n}.

For each clause from Z; for i = 2,...,n we need a clause from Z; 1 to get rid of ¢;_;
and a clause from Z; 11 to get rid of t;. Hence, as in Case 1, we pile up one of the literals
zjorZ;in Dforj=1,...,n+1

Case 3. C € Z,44.
This works similarly to Case 1, except that we start at Z,; and go backwards. [

Corollary 5.21. The QBFs ENarrow, require exponential-size fully reduced primitive
Q-Res refutations.

The gauge of a formula is obviously some width measure and it seems natural to
wonder how it relates to the notion of the existential proof width! of LD-Q-Res refutations
of a formula as studied in [12, 22, 48]. However, it turns out that these two measures

!The existential width of a clause is defined as the number of existential literals in this clause. The
existential proof width is defined as the maximal existential width over all clauses in this proof.
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are not directly related. On the one hand, it is easy to see that ENarrow, has LD-Q-
Res refutations of constant existential clause width. Hence these formulas have small
(constant) existential proof width, but linear gauge.

On the other hand, there are also formulas with constant gauge and linear proof
width. For this we revisit the parity formula from [17].

Definition 5.22 ([17]). QParity,, consists of the prefix Jz1 ... x,Vu3ty.. . t, and the
matrix

1‘1\/$2\/t_2, 1V TaVia, T1VxaV g, fl\/fg\/t_z,
a:i\/ti_l\/fi, x; Vti—1 Vi, T; Vii—1 Vi, Z; Viti—1 Vi fori e {3,...,n}
uVty, 4V i,

The formulas QParity,, are built on the parity function. In more detail, the universal
player only wins by setting u equal to 1 & ... & x,. Each ¢; encodes the partial sum
1 D...Dx;.

It was shown in [12, 22] that QParity,, requires linear proof width. Here we modify
this formula such that proof width remains unaffected, but gauge is small. Let mQParity,,
be the modified variant of this formula that consists of the prefix

Jx1, .. X, yVuTte, .ty

and the matrix

@A N Vo).

CeQParity,,

Obviously, because of the unit clause (), we have gauge(mQParity, ) = 1, but still linear
proof width (since we can simply consider the proof width of the proof restricted to the
assignment y — 0, which is exactly a refutation of QParity,,).

We will see later that we can also use the QParity,, formulas to show that large gauge
alone is not sufficient to guarantee QCDCL hardness, but some further assumption such
as the XT-condition is needed.

We continue with the equality formula from [10] as a further example of hard formulas
for fully reduced primitive Q-Res.

Definition 5.23 ([10]). The formula Eq,, is defined as the QCNF

n
Joy Vg w3ty (B VE) A N (@ V8V ) A (Vs VL)),
=1

The formula Eq,, obviously fulfils the XT-property and is known to have only one
winning strategy: The universal player has to set each u; equal to x;. Then the existential
player is forced to satisfy each t;, eventually leading to the falsification of (t; V...V t,).
If the universal player would set some wu; unequal to x;, then the existential player could
win the game by setting ¢; to false and all the other T-variables to true.
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Proposition 5.24. We have gauge(Eq,,) = n. Consequently the formulas are exponen-
tially hard for fully reduced primitive Q-Res.

Proof. Let m € Wgq . Since none of the axioms are X-clauses, we have to resolve over T
somehow. For this we need the clause t; V...V %,. But that means we have to resolve

over each t; at least once in m, and therefore we will pile up all n X-variables.
O

The next example is a formula that follows the same approach as Eq,,. However, we
can replace this task with another, more complex one. In our case, the universal player
has to detect palindromes in the word that was input by the existential player.

Example 5.25. Let QPalin, be the QCNF with prefix
JXvu3ar
with
X={z;: je{l,...,n}}
U={upson: ke{0,..n—1},ie {1 gJ}}

{
T:{tk,i,skf kef0,..n—1}ie {1”{gJ}}

where the indices from the X-variables are interpreted as integers modulo n. Let the
matriz of the formula consist of the following clauses:

Titk V Tp—it1+k YV Uki V ks Tivk V Tn—iti4+k V Uk V Tk
itk V Tn—iti+k V Uk V thki, Titk V Tn—iti+k V Uk V Tk
@kVEkJ \/"'\/fk,L%J V Sk

Ve Vig;V Sk, SoV ...V Sy 1

forke{0,...n—1},ie{1,...,[2]}.

Intuitively, the X -variables represent the word in which palindromes have to be de-
tected. We not only check the word 1 ... x, itself, but also shifted variants x14f ... Tnik.
The uy,; encode whether or not, in the word 14y, ... Znyy, the ith letter from the left and
the it letter from the right are the same. If the universal player assigns the ug,; correctly,
the existential player is forced to set ty,; equal to uy; in their turn at the end. If and only
if the word 14k ... Typyr was a palindrome, the universal player sets vy to true. Hence,
if Tiqk .- Tnk was a palindrome, vy as well as ty; for each i is set to true, hence the
existential player has to set s to true. Otherwise, if it was not a palindrome, then there
was an ¢ such that x; 1y and x,_;1 141 were assigned differently, therefore ty; and vy are
both false and s must be set to true, as well. However, setting all s to true falsifies the
matriz.
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In a nutshell: Let T be a total assignment of X. There is a winning strategy for the
universal player by setting uy; to 1 if and only if T(x;4k) = T(Xn—iyr) and vy to 1 if and
only if the word T(x14k) ... T(Tpir) is a palindrome. Then the existential player has to
set each s to 1, negating the last clause in the matriz.

Again, it can be easily shown that QPalin, fulfils the XT-property. We will show
next that the gauge of QPalin,, is not exponential but sub-exponential, which implies a
sub-exponential lower bound for fully reduced primitive Q-Res.

Lemma 5.26. We have gauge(QPalin,) € Q(y/n).

Proof. Let m € Wapa1in,. Since we do not have any X-clauses as axioms, we need to
resolve over T-variables at least once. We partition the matrix of QPalin,, into the
following sets:

Z;Ii =Tk V Tk V Uk Vs Tivk V Tn—ipi+k V Uk V g}
Zy i = A{Zipk V Tnoiprak V Uk V his Tivk V Tn—igiak V Uk V it}
Py = {05 Vg1 v...vEM%J V sk}
Npi={vk Vitr;V si}
S:={5V...V5u_1}

Let C € 7 be an axiom. We claim that S C =, for which we will distinguish four
cases.

Case 1. CGZL. for some k € {0,...,n—1} and i € {1,..., L%J}

Then we have to resolve away tj;, which can only be done with the clause in P
since the clauses from Z,_; are blocked because of the wuy ;. But now we have introduced
s; which we can only resolve with the clause from S.

Case 2. C € Z,; , for some k € {0,...,n—1}and i € {1,..., L%J}

To get rid of fk,i, we have to use the clause from N}, ; since Z,j ; 1s blocked as before.
But then we have introduces s; and we will need the clause from S.

Case 3. C € P, or C € Ny, for some k € {0,...,n—1} and i € {1,..., L%J}

Then we have s € C and we need to use the clause from S in order to resolve it
away.

Case 4. C € S.

This case is trivial.

We have shown that in each case we have S C 7. That means we have to resolve
over each s; in m. For each k € {0,...,n — 1} we can choose if we want to use Py
or N ; to get rid of the literal 5;. If we choose Py, then we have to resolve over each
ty; for i € {1, ey L%J} by using the clauses from lel However, if we choose Ny, it
suffices to resolve over only one t;, ; for some particular ¢. Hence, we only have to use one
clause from Z,_, for only one i. In the worst case (that means in the case with the least
resolutions over tr.i), we will always pick Ny ;. More specific, for each k € {0,...,n—1}
there exists an i € {1, ceey L%J} such that 7 contains at least one clause from Z,j’ik

or Z i That means we will pile up at least the X-variables x;, 41, Tn—i,+14% for each
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k€ {0,...,n—1}. If we can find a lower bound for the number of these X-variables,
then this is also a lower bound for gauge(QPalin,,).

First of all, it its obvious that for each k we have ;11 # n—i, 1+ since i, +k #
n — i+ 14k (mod n). Next, we define the following sets of variables:

Xk = A{%ip k> Tr—ip 14k}

for k € {0,...,n — 1}. As we have argued above, we already know that the gauge of
QPalin, is Q(|J, Xk|). Note that if a pair {x;, z,} is equal to X}, then their position in
the word 14 ...%p4y is symmetric. If n is odd, then each pair {z;,z,} can represent
at most one Xj. For example, for n = 5 the pair {x3, 24} can at most be X3 since they
are only symmetric in the word z4z5x12x203. However, if n is even then each pair then
each pair {z;,z,} can represent up to two Xj. For example, for n = 4 the pair {z, x4}
is symmetric in both x1xox3z4 and x3raz1T2.
We conclude that for odd n we have

‘{X@, . ,Xn_1}| =N
and for even n we have

n
(Ko Xaa} 2 2.

Now, with m different variables we could create at most O(m?) different pairs Xj. Hence
we need at least Q(y/n) different variables to create O(n) different pairs Xy, and therefore
| Ui Xk| € Q(v/n) and also gauge(QPalin,) € Q(v/n). O

Corollary 5.27. The QCNF QPalin,, needs fully reduced primitive Q-Res refutations of
size 29UV






Chapter 6

Analysing Standard QCDCL

Applying the gauge lower bound technique to QCDCL yields plenty of separations not
only between several QCDCL variants and their underlying proof systems, but also be-
tween different variants of QCDCL. In Chapter 4, we already introduced formalizations
of classic QCDCL variants as proof systems with Cube Learning (QCDCL) and without
(QCDCLY/® €UBES) - We recall another modification for QCDCL called Pure Literal Elim-
ination. The idea is simple: Whenever a pure literal (i.e. a literal that appears in only
one polarity) is detected, and no Unit Propagation is possible, this literal can be assigned
independent of the quantification order. More precisely, an existential pure literal will
be set to true out of order, since this is the only logical step the existential player can
do. Analogously, a universal pure literal will be set to false immediately because the
universal player seeks to falsify the matrix.

We will mark literals that were assigned via Pure Literal Elimination underlined in
a trail. For example, in the trail (x;y,¢, L) the literal § was assigned via Pure Literal
Elimination and will be treated as a decision. Pure Literal Elimination has a higher
priority than regular decisions, meaning that we need to assign pure literals before
proceeding with level-ordered decisions. On the other hand, Pure Literal Elimination
has a lower priority than Unit Propagation, which means that we can only assign pure
literals if no propagations or conflicts are possible.

We will denote QCDCL variants with Pure Literal Elimination as QCDCL™" (with
Cube Learning) or QCDCLP: "/ CUBES (without Cube Learning). In sum, for this chapter
we consider the following four QCDCL variants:

e QCDCL

° QCDCLW/O CuBes

e QCDCL™

° QCDCLPL w/o CUBES

Since Pure Literal Elimination is technically treated as making decisions out-of-order,
we can conclude by Proposition 4.8 that all four variants are sound. In order to prove

97



98 CHAPTER 6. ANALYSING STANDARD QCDCL

that the two new systems QCDCLP* and QCDCL™* w/o CUBES 0 complete, we have to
show that we are still able to learn a new constraint from each trail.

Proposition 6.1. Let ¢ be a QCDCL"" or QCDCLP: /0 CVBES proof and let T be some
trail in v that has run into a conflict. If (L) & £(T) and [T] & £(T), then £(T) contains
an asserting clause or cube.

Proof. The proof is similar to Proposition 4.12. W.l.o.g. let the conflict be existential,
which means (L) € 7. In the proof of Proposition 4.12, we only needed the fact that
the existential decisions are level-ordered.

Universal literals propagated via cubes will still be treated as decisions and do not
need to be level-ordered. Literals assigned via Pure Literal Elimination will also treated
as decisions. Now, existential literals decided via Pure Literal Elimination do not neces-
sarily need to be level-ordered. However, since they are pure literals, they cannot trigger
unit propagations on clauses (because then we would need the literal in two different
polarities). Existential pure literals can only trigger unit propagations on cubes, which
will be treated as decisions anyways.

Therefore, existential decisions that are relevant for clause are still level-ordered and
therefore we can learn the same asserting clause as in the proof of Proposition 4.12. [

In the same way as Theorem 4.13 we can combine the above observations into the
following result:

Theorem 6.2. The proof system QCDCLF" is complete on both false and true QCNFs.
The variant QCDCLP: W/° CUBES s ut least complete on false QCNFs.

6.1 Lower Bounds for QCDCL via Primitivity

We now apply our lower bound technique from Chapter 5 to the four aforementioned
variants of QCDCL. We recall the main components for showing lower bounds of a
QCNF &:

1. ® has to fulfil the XT-property.
2. gauge(®) needs to be “large” (e.g. linear for exponential lower bounds).
3. The QCDCL variant has to generate primitive proofs on ®.

While the first two points are properties that only depend on the formula @ itself, the
third point is empirically harder to show since it is deeply connected to the policies that
are active. Therefore we start with proving some sufficient conditions for primitivity on
several QCDCL variants.

Lemma 6.3. Let T be a trail in a QCDCLW® V85 QCDCL, QCDCLP: /o Custs )
QCDCL"* proof from a QONF ® with the XT-property. Then for each T-literal t; € T,
which was not decided by Pure Literal Elimination, there is a U-literal w € T with
u <7 11.
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Proof. If t; was decided regularly, then the situation is clear because we can only decide
T-literals if and only if all U-variables were assigned before. Therefore we can assume
that there is no T-literal ¢ € T with ¢ <7 t; such that ¢’ was a regular decision.

If 1 was propagated, then it has an antecedent constraint A := antey(t1). W.l.o.g.
we assume that t; is the first propagated T-literal in 7. It is clear that A cannot be a
cube, otherwise t; would have been immediately reduced away during Cube Learning.
Hence, A is a clause. If A contains a U-literal, then this U-literal needs to appear left
of t1 in the trail somehow, as we demand.

Therefore, let us assume that A contains no U-literal. Because of the XT-property,
A cannot be an XT-clause (and therefore cannot contain X-literals), and it cannot be
a unit T-clause, either. That means there is another T-literal t; # t € A with t <7 ¢;.
But that is not possible, because ¢ can neither be a decision, nor a propagated literal,
nor a pure literal (since ¢ already occurs in A positively).

We conclude that in each case, there is a U-literal uw € T with u <7 t;. O

Lemma 6.3 leads to the following result, which indicates that it is somewhat “hard”
to achieve non-primitivity on QCDCL for QBFs that fulfil the X'T-property. In fact, we
show that QCDCL can only generate primtive proofs (under the XT-property), if the
trails are not level-ordered.

Proposition 6.4. Let . be a QCDCL"/® CUBE  QCDCL, QCDCLP: w/e Cuses . QCDCLP
refutation of a QCNF ® that fulfils the XT-property. If R(t) is not primitive, then there
exists a trail in v such that there is a U-literal u € T and an X-literal x € T withu <7 .
Additionally, u cannot be a regular decision literal.

Proof. If R(¢) is not primitive, then there are two XUT-clauses C, D € R(:) that are
resolved over an X-variable z, say x € C' and £ € D. One of these clauses has to be an
antecedent clause of some trail 7 in ¢, w.l.o.g. let C be the antecedent clause anter(x).
Let ¢ € C be one of the T-literals from C. In particular, we have t € T and t <71 x.
Because t was not a pure literal decision (we have ¢t € C') and because of Lemma 6.3,
there is a U-literal u € T with u <7 t. We conclude that also u <7 x holds.

Since we can only decide U-literals regularly if all X-variables are assigned in some
polarity in 7, it is impossible for u to be a regular decision literal. O

This result is essentially telling us that for a non-primitive proof 2R(¢) of some S proof
t, where S is one of our four QCDCL variants, ¢ needs to consist of a trail that assigns
a U-literal out-of-order (i.e., before we have assigned all X-literals). Since neither Cube
Learning nor Pure Literal Elimination is allowed in QCDCL"/° CU% we can immediately
conclude:

Corollary 6.5. The extracted Q-Res refutation of any QCDCLY® VS5 refutation of a
QCNEF that fulfils the XT-property is always primitive.

Note that primitivity can still be proven for the other variants with Cube Learning or
Pure Literal Elimination. An obvious approach would be considering QCNF's for which
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Cube Learning or Pure Literal Elimination do not affect QCDCL runs in a beneficial
way (i.e. by triggering non-primitive resolution steps).

After combining Corollary 6.5 with Proposition 5.24 and Corollaries 5.18, 5.21 and
5.27, we obtain:

Corollary 6.6. It holds:
(i) Eq,, needs QCDCL"/° CUBES refutations of size 2207,
(ii) CR, needs QCDCLY/® CUBES refutations of size 2.
(iii) ENarrow, needs QCDCLY® CUBES refutations of size 2.
(i) QPalin, needs QCDCL"/® CUBES refutations of size 22V

Obviously, all three formulas above fulfil the XT-property. Our next example illus-
trates that some further condition (such as the XT-property) is indeed required for our
lower bound method to work. For this we will take another look at the parity formula
QParity,. These formulas are known to be hard for Q-Res [17]. We will demonstrate
that QParity,, is in fact easy for QCDCLY/® CVBEs,

L w/o CUBES

Proposition 6.7. QParity, has polynomial-size QCDC refutations.

Proof. We construct the trails (7, Un, Tn—1,Un—1, - .., T2, Uz, T1,U1).
Let 7,, be the trail
Tn = (X1;%2,12;%3,135 .. s Xn—1, n—1;Xn, tn, L)

with antecedent clauses

anter;, (t2) = x1 V 22 V ta,
anter, (t;) = x; Vti_1 Vi for i =3,...,n,
anter, (L) = u V t,.

After resolving over ¢, we can derive C,, := x, V u V t,_1 as a learnable clause and
backtrack to T,[n — 1,1].
Further, let U,, be the trail

Un = (X1;X2,t2;X3,13;. .. 1 Xn-2,tn—2;Xn—-1, tn—1; Xn, tn, L)

with antecedent clauses

antey, (t2) = x1 V x2 V ta,

antey, (t;) =x; Vit Vi, fori=3,...,n—2,
antey, (th—1) = Tp, 1vtn2\/tn 1,

antey, (tn) = Tp Vin—1 V iy,

antey, (L) =



6.1. LOWER BOUNDS FOR QCDCL VIA PRIMITIVITY 101

Symmetrically to 7,, we can learn the clause D,, := x, V @ V t,_1 by resolving over t,
and backtrack up to Uy,[n — 1,1].

We continue with the construction of 7,_1.
Tn—1 = (X1;X2,t2;X3,13; ... 1 Xn-2,tp—2;Xn—1,tn—1, T, tn, L)

with antecedent clauses

After resolving over t,,, z,, and finally £,,_1 we get the learned clause C,,_1 := z,_1 VuV
@V tn—o and backtrack up to Tp,—1[n — 2,1].

As before, we can symmetrically create the next trail i, 1.

Up—1 = (X1;X2,12;X3,13; .. . ; Xn—3, tn—3;Xn—2, tn—2; Xn—1, tn—1, Tn, tn, L)

with antecedent clauses

By resolving over t,,, x,, and t,,_1 we can derive D,,_1 := x,_1VuVuVit,_ o and backtrack
up to Up_1[n —2,1J.

We now describe the general step. Let j € {3,...,n — 2} and suppose we already
learned the clauses C,,, Dy, Cp—1, Dy—1, ..., Cjy1, Dji1 with the aid of the earlier trails
T Un, ..., Tjx1,Uj1, where Cp := xp, VuV @V ity_1 and Dy ==z Vu V@V tg_; for
ke{j+1,...,n—1}. Then we can construct 7; as follows:

. I ..z 7. . . €
T = (X1;X2,12:X3, 133 .. s Xj—1, 615 Xy, b, Tjp 15 bjg1, T, bjga, - oo Tty L)
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with e € {0,1} such that e =n — j (mod 2) and antecedent clauses

ante; (t2) = x1 V w2 V 12,

anter; (f;) = x; Vt;1 Vi fori=3,...,7,
anter; (vj41) = Cj11 = i1 VuVa Vi,
anter; (tj+1) = Tj11 V1t Vi,
anter; (zj12) = Djyo = xj2 VuVa Vi,
anter; (tj12) = Zjy2 Vij1 Vo,

anter (x,,) = Cpn =, VuVip_,ifn—jisodd,
T =\ Dy =2 Vu Vi, ,if n—jis even,

VS

We resolve over t£, p, ..., tjt1, 241 and t;, derive Cj == z; VuVuVtj_1 and backtrack
up to T;[j — 1,1].
In a similar way we will create U;:

Uy =(R1;R2, 12;Ra, I3 1 Rj2, L 23 X5 1, 613 R, b, T, L1, Ty bgas - o s 1, L)
with f € {0,1} such that f =n —j + 1 (mod 2) and antecedent clauses

anteu.(t_ ) =1 Vg Vi,

antey, (t;) = x; Vit Vi fori=3,...,5 =2,
anteu( 1) =Zj_1 Vtj_a Vi,

antey, (tj) = x; Vtj_1 Vi,
antey, (zj11) = Djp1 = xj1 VuVa Vi,
antey; (tj+1) = Zj41 VI Vi,
antey, (7j42) = Cjya = Tjp2 VuVa Vi,
antey, (¢ ]+2) = Tjy2 Vi Vi,

Cn, =xpVuVity_q,if n—jiseven,
D, =xz,VuVi,_1,ifn—7jisodd,

antey, (t1) = 7, V] _, vVt
antey, (L) = w7y et

antey, (z,) =

—

Resolving over tfl, Tp,...tj41,Tj41 and tj gives us Dj := z; VuV aVij_;. We backtrack
to Uj[j — 1,1].
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We end the refutation with the following four trails whose antecedent clauses are
almost as before:

To = (R1;X2,t2, 23, t3, T4, tg, ..., L),

from which we learn C5 := x1 V x99, and
Us = (X1, x2,t2, 3,4, ..., 1),

where we can derive the unit clause (x1). We continue with

T1 = (v1; X2, t2, w3, 13, T4, tgy ..., L),
learn (z2), and can finally derive the empty clause (L) via the last trail

Uy = (x1, 29, t2, T3, t3, 4,4, . .., L).

[

Nevertheless, we show that QParity,, has large gauge. Hence this measure alone is
not sufficient to imply QCDCL"/® CUBE hardness.

Proposition 6.8. We have gauge(QParity,) = n.
Proof. We define the following sets of clauses:

71 = {.731\/.%2\/{2, 1V ToVia, T1 V2V, .fi‘l\/a_fg\/t_Q}
Zi =A{xigz1 Vi Vitig1, Tig1 VGV tipr, Tig1 Vi Vg, Tigr Vi Vi)
Zp i={uVty, aVit,}

fori=2,...,n—1.

We show that each m € Wyparity, needs at least one clause from each Z; as an axiom,
hence w N Z; # () for every j € [n].

Assume that there is a proof 7 € Woparity, of an X-clause C' and j € [n] with
nNZ; = 0. Let S be the set of all symmetries o on QParity,, such that o(xy) € {x, Tx}
for each k € [n] and o(tx) is chosen such that o(QParity,,) C QParity, (one has to
make sure that o(ty) = o(z1) ® ... B o(xy)).

Then for each such o € S we can derive o(C') via o(m) and still have o(m) N Z; = 0.
But then we could easily construct a refutation by just using {o(C) : o € S}. Then
QParity, without the clauses from Z; would still be a false QCNF. However, this is not
possible since we can construct a winning strategy A for QParity,\Z;:

A(zg):=0for all k € {1,...,n}
A(ty) :==0forall £ € {2,...,j}
Altp):==1duforall ¢ € {j+1,...,n}
Therefore our assumption is false and we get mN Z; # 0. Using one clause from each

Zj results in piling up all variables 1, ..., x, in some polarity, hence gauge(QParity, ) =
n. O
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6.2 Plain QCDCL vs. Cube Learning and Pure Literal Elimina-
tion

By applying the gauge lower bound technique to our QCDCL variants, we want to
separate the different versions in order to verify the effect of Cube Learning and Pure
Literal Elimination. So far, we have only applied the lower bound to the plain QCDCL
version QCDCLY/© CU85 Both Cube Learning and Pure Literal Elimination are able to
prevent the generated proofs from becoming primitive.

We start by examining the influence of Cube Learning on our QCDCL model. For
false formulas we can always prevent learning cubes by just deciding the universal vari-
ables according to a winning strategy for the universal player, which will cause a conflict
on the current trail. Thus Cube Learning will never be disadvantageous in principle.

Proposition 6.9. It holds the following:
(i) QCDCL p-simulates QCDCLLW/o Cuses,
(ii) QCDCLP" p-simulates QCDCLP w/o Cuses,

Proof. A QCDCL"/° CUBEs (QCDCLP W/° CUBES) pyroof translates into a QCDCL (QCDCLPY)
proof where all trails run into conflict and no cubes are learnt. O

Since Cube Learning is implemented in practical QCDCL by default, it is not surpris-
ing that it does not only not have a disadvantageous effect on QBF solving theoretically,
it also ensures that true QBFs can be verified. Unexpectedly, it can be shown that Cube
Learning benefits QBF solving even on false formulas as the next Proposition shows.

For that we return to the previously defined Equality formulas (cf. Definition 5.23).
The idea is as follows: Suitable learnable cubes can be used to propagate universal literals
in the correct polarity according to the X-assignments. This destroys the level order
inside the trails and prevents primitivity by allowing X-resolutions between XUT-clauses
during Clause Learning.

Proposition 6.10. There exist polynomial-size QCDCL refutations of Eq,,.

Proof. First we learn the cubes x; A 4; and Z; Au; for i =1,...,n— 1. In order to learn
x1 A U1, we can use the trail

Ti = (X1;...;Xn;U1;...;Un;t1;t2;.. .5 tn).

Then the partial assignment x1 Aty Ati AtaA. .. At, satisfies the matrix of Eq,,. Reducing
this cube existentially results in 1 A 11, hence 1 A 4y € £(T7).

Learning 1 A u; works analogously. Note that the previously learned cube does not
interfere with the learning of this cube.

Having already learned the 2i cubes from 1 to ¢, let us now explain how to learn the
two cubes for i + 1. We create the following trail:

Tit1 = (X1, w1, t15 .5 X4, Wi, b3 Xig 15 - - -5 X Ui 15 - - -5 Unj b tigs ..oy tn)
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with

ante;,, (uj) = z; Ay,
ante7;+1(tj) =1T; Vu; Vi

forj=1,...,1

Again, the partial assignment x; 1 At 1 Aty AL .. At Atip1 Atiia AL .. At, satisfies
the matrix of Eq,,. This can be reduces to the cube z;;1 A @;4+1, which we will learn. As
before, learning Z;41 A u;+1 works analogously.

After we have learned all of these 2n — 2 cubes, we will go on with Clause Learning
in which we will successively learn the clauses

n
Li=zva Vv \/ (u Vi)V
J=i+1
n

R, =xz;Vu; VvV \/ (uj Vuy) Vv

H<H H<'

j=i+1
fori=2,...,n—1.
We start with the following trails:
Un—1 = (X1,u1,t15 - ;Xn-1,Un—1, tn—1, tn, T, L)

with

antey, ,(u;) = x; N Gj

antey, ,(t;) =2;V uj Vit

antey, ,(t,) =1 Vi

antey, _,(xn) = xn Vu, Vi,

antey, (L) =T, Vi, Vi,
for j =1,...,n—1. We resolve over x,,t, and t,_1 and get L, 1. Analogously, we can
learn R,_1.

Suppose we have already learned L,,—1, Rp—1,...,L;, R; for some i € {3,...,n— 1}.
Let us now construct trails from which we can learn L;,_1 and R;_1:

Ui = (X1,u1, 15+ 5 X1, U1, L1, T4, L)
with
anteuifl(uj) = x; N\ uy,
antey, ,(tj) =Z; Vu; Vi,
antey, ,(zi) = Ry
antey, (L) =1L;
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for j =1,...,i— 1. We resolve over x; and t;—1 and get L;,_1. Again, analogously we
can derive R;_1.
After we have finished learning Lo and Ry, we can create the last two trails as follows:

Z/[l = (Xl,ul,tl,l‘z, J_)

with
antey, (u1) = z1 A U
anteyy, (tl) =T1Vu Vit
antey, (z2) = Ro
antey, (L) = Lo.

We resolve over x9 and ¢; and obtain the unit clause (Z1). Then the last trail will not
contain any decision:

u{ = (jlvala t17$27 J—)

with
antew( 1) = (Z1)
antey (u1) =21 AN g
antey (t1)=z1Vur VvVt
antey; (z2) = Ro
antey; (L) = Lo.
Resolving over all existential variables leads to the empty clause. O

As the formulas Eq,, require exponential-sized QCDCL"/® €V8& refutations by Corol-
lary 6.6 we obtain:

Theorem 6.11. QCDCL is exponentially stronger than QCDCLW/o Cuses,

Next we will look at the influence of Pure Literal Elimination. The effect of Pure
Literal Elimination is similar to Cube Learning: they enable out-of-order decisions that
can shorten the refutations. This again manifests in Eq,,.

Proposition 6.12. Eq,, has poly-size QCDCLP- w/o Cuses (and QCDCLPL) refutations.

Proof. The refutation is similar to the one in Proposition 6.10, except that instead of
learning cubes, we will use Pure Literal Elimination to decide the universal literals out
of order. We will again learn the clauses L; and R; fort=2,...,n — 1.

We start with the following trails:

Z/{n,1 = (Xl;ﬂa t1;. .. Xn-1;Un-1,tn—1,tn, Tn, J—)
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with
antey, ,(tj) = Z; V u; V t;
antey, ,(tp) =t1 V...V,
antey, _,(xn) = xn Vu, Vi,
antey, (L) =2, Vay, Vi,
for j =1,...,n—1. We resolve over x,,t, and t,_1 and get L,,_1. In an analogous way

we can learn R,,_1.
Suppose we have already learned L,,_1, Rp—1,...,L;, R; for some i € {3,...,n— 1}.
Let us now construct trails from which we can learn L;,_1 and R;_1:

Ui—1 := (x13ug, 8155 X-15 041, 61, @, L)
with
anteyy, 1(tj) =x;Vu; Vi
antey, ,(z;) = R;
antey, (L) =1L;
for j =1,...,4 — 1. We resolve over x; and ¢;_1 and get L;_1. Again, analogously we

can derive R;_1. Note that, in our case, the learned clauses will not interfere with Pure
Literal Elimination. Once we have learned L; and R;, we will not need to make the
literals from w;,...,u, pure any more. Also, say we learn L; before R;, once we decide
Z; in order to learn R;, we will also make L; true. Therefore Pure Literal Elimination
behaves (almost) symmetrically.

After we have finished learning Ly and Rs, we can create the last two trails as follows:

Uy := (x13u1,t1, 22, 1)
with
anteyy, (tl) =z1Vu Vi

n
anteyy, ($2) =Ro=x9VusV \/(u] vV ’ij) vVt
=3

n
anteul(J_) =Lo=ToVuyV \/(uj V ﬂj) Vt.
=3

We resolve over o and ¢; and obtain the unit clause (Z1). Then the last trail will not
contain any decision:

u{ = («%17&7 t17 o, J—)
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with
anteui (fl) = (fl)
anteu{ (tl) =x1Vu Vit
antey (z2) = Ro
antey; (L) = Lo.
Resolving over all existential variables leads to the empty clause. O

Although Pure Literal Elimination helps to refute Eq,,, it turns out that Pure Lit-
eral Elimination can also be disadvantageous. It might be a fallacy to think that pure
existential literals should be satisfied in the same way as unit clauses in unit propaga-
tion. We will construct formulas in which Pure Literal Elimination thwarts finding a
convenient conflict and therefore short refutations.

We construct these formulas in stages, starting with MirrorCR,,. These QBFs are
based on CR,, known to be hard for QCDCL"/ CU8% (¢f. [64] or Corollary 6.6). The
“Mirror”-modification adds new symmetries to the formula, causing pure literals to
appear too late to make a difference.

Definition 6.13. The QCNF MirrorCR,(X,u,T) with X = {z1),T12) > T(nn)}
and T ={a1,...,an,b1,...,by} consists of the prefix

3.%'(171), ce e ,x(nvn)VuElal, ey, bl, ey bn
and the matrix

zujyVuVa; aV...Vap
TaVuVby biV...Vby
l’(i,j)\/ﬁ\/di arV...Vay
Ty VuVby biV...Vby fori,jen].

It is easy to see that MirrorCR,, fulfils the XT-property. Additionally, we can show:

Proposition 6.14. The CNF €(MirrorCR,,) is unsatisfiable and gauge(MirrorCR,) >
n— 1.

Proof. We first show the unsatisfiability of the matrix. Assume otherwise. Let ¢ be a
satisfying assignment for €(MirrorCR,). We can assume that o is a total assignment.
W.lo.g. let u € . We distinguish two cases:

Case 1. For all i € {1,...,n} there exists a j € {1,...,n} such that z; € o.
Then we need a; € o for all i = 1,...,n, which falsifies the clause a1 V...V a,.

Case 2. Thereisani € {1,...,n} such that for all j € {1,...,n} we have z
Then we need b; € o for all j =1,...,n, which falsifies the clause by V...V b,.

In each case we can conclude that it is not possible to construct a satisfying assign-
ment for €(MirrorCR,,).

i) co.
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We now prove gauge(MirrorCR,) > n — 1.

Since MirrorCR,, contains no X-clauses as axioms, we have to resolve over some a;
or b; somehow. Obviously, it is not possible to resolve z(; ;) VuVa; and z(; 5 VuVa; or
T4 VuVbjand Z(; ;) VuVbj. That means we have to use the other axioms. Because
of the symmetry, we can assume that we use the clause a1 V ...V a, somehow. Then
we have to get rid of all @;. This can be done via the clauses z(; ;) V u V a;, or we use
the clause a1 V...V a,. However, to use the latter clause we have to get rid of at least
n — 1 different a; in another way first, which is only possible with the aid of the clauses
T4 V uVa;. We conclude that we will pile up at least n — 1 different X-literals. O

Applying Theorem 5.17 we infer:

Corollary 6.15. MirrorCR,, needs exponential-size fully reduced primitive Q-Res refu-
tations.

All we have to do now is to show that all QCDCLP" W/ CUBES yafutations of MirrorCR,,
are primitive. Then the gauge lower bound applies. We will show that for a non-primitive
refutation of MirrorCR, we would need to decide literals by Pure Literal Elimination,
and before each Pure Literal Elimination we have to perform another one, which is a
contradiction.

Proposition 6.16. From each QCDCLP" "/ CV85 refutation of MirrorCR, we can ex-
tract a fully reduced primitive Q-Res refutation of the same size.

Proof. Let ¢ be a QCDCLP W/ CUBEs pefutation of MirrorCR,,. We will show that R(:) is
primitive.

Assume not. Then by Proposition 6.4 there exists a trail T in ¢ such that there is
an X-literal x € T and a U-literal v € 7 with v <7 x and v is not a regular decision
literal. Let us say that var(z) = 2, for some k,m € {1,...,n}.

That means we have decided v (which is either u or @) out of order via Pure Literal
Elimination. We show that this is not possible before we have assigned all X-literals.

Claim 1. There is a T-literal t1 such that t| <3 v <7 x.

W.lo.g. let v = u. We need to satisty the clauses z(; jy V@V bj and z; ;) VaVa;
for each i,7 € {1,...,n} without assigning u. Since we want to propagate x later, we
cannot assign the X-variable z(y ,,) in order to satisfy these clauses. That means we
need to set by, to true and ay to false. If we set t; := b, then we get t; <7 v <7 x.

Claim 2. For each T'-literal t; with t; <7 v <7 x there is another T-literal t; 1 such
that tj 11 <7t; <7 v <T .

Because of t; <7 wv, the T-literal ¢; cannot be a regular decision. Either ¢; was
decided as a pure literal, or it was propagated. If it was a pure literal, then we needed
to satisfy one of the clauses @1 V...Van, b1 V...Vby, a1 V...Va, or by V...Vb,. This is
only possible if we assigned another T-literal ¢;;1 before, hence t; 11 <7 t; <7 v <7 2.
However, if t; was propagated, then there exists the antecedent clause F' := anter(t;).
Due to the XT-property, F' cannot be unit. Then there is another literal t; # ¢ € F.
Because the formula only contains one U-variable, ¢ can only be an X- or a T-literal.
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Again, by the XT-property, F' cannot be an XT-clause and therefore £ has to be a T-
literal, which needs to be falsified by the current trail. Therefore, if we set t;,1 := ?, we
get tj1 <7 t; <y7v<yux.

We proved that 2R(¢) has to be primitive, otherwise the trail 7 would contain infinitely
many T-literals ¢;. O

Combining Proposition 6.14 and 6.16 with the fact that Cube Learning will not make
any difference on MirrorCR,, (due to the unsatisfiability of its matrix), we conclude:

Corollary 6.17. MirrorCR,, requires QCDCL"/® CUBE  QCDCL, QCDCLP: /e CusEs g
QCDCL"* refutations of exponential size.

Next we embed this formula into a new QCNF PLTrap,,.

Definition 6.18. The QCNF PLTrap,, has the prefix

Y, T(1,1), s Tnm)Vu3an, ... an, b1, ... by, a,b.

Its matriz contains all clauses from MirrorCRy and additionally (y V a), (@ V), (aVb),
(aVb), and (a VD).

Proposition 6.19. PLTrap, needs erponential-size QCDCLP: w/o CusEs 4y QCDCLP:
refutations.

Proof. Because €(PLTrap,,) contains €(MirrorCR,,), which is unsatisfiable, €(PLTrap,,)
is unsatisfiable, as well. Therefore Cube Learning will never be applied and it suffices to
consider QCDCLP-W/© CUBES 1ofitations.

Let ¢ be a QCDCLP- W/ CUBES rofytation of PLTrap,,. We will show that each trail
of ¢ can only contain literals from MirrorCR, or y. Then ¢ can be interpreted as a
QCDCLPY W/ CUBEs refutation of MirrorCR, where the only difference is the assignment
of y, which does not affect Clause Learning in any form. Then the result follows by
Corollary 6.17.

In each QCDCLP" W/° CUBES trail, we will set y to true due to Pure Literal Elimination.
That means the clause y V a will never become the unit clause (a).

After this, we have to assign the variables from MirrorCR,. We will show that for
each trail 7 in ¢ we have {a,a,b,b} N'T = 0.

First of all, it is obvious that Pure Literal Elimination of a or b is impossible at any
time due to the four clauses @ Vb, aVb, aVb and aVb. In fact, if, for example, we would
like to make b pure, then we have to satisfy the clauses @V b and a V b, which cannot be
done without setting b to false.

Next, let us assume that there is some literal ¢ € {a,a,b, 5} that was propagated in
some trail 7 in ¢. In particular, let 7 be the first trail in which we propagated a literal
¢ € {a,a,b,b}. Since y V a can never be used as an antecedent clause for a, we have
anter () € {aVb,aVb,aVvb,aVb}. Butthen we would need another ¢ # ¢' € {a,a, b, b}
with ¢/ € T and ¢ <7 {. If we suppose that ¢ was the first propagation of a literal from
{a,a,b,b}, then we conclude that ¢’ has to be a regular decision.
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We will now argue that we get a contradiction if there is a trail 7 in ¢ in which
we have decided a literal ¢ € {a,a,b,b}. Because the decisions are level-ordered, there
exists v € {u,u} with v € T and v <7 ¢’. We can only decide v if we have assigned
all existential literals left of v. In particular, for each é,5 = 1,...,n there is a literal
L gy € {7 5), T(ig) ) with £ 5y € T and £(; ;) <7 v. We now distinguish two cases.

Case 1. For all i € {1,...,n} there exists a j € {1,...,n} with £; jy = Z(; ;.

Then if v = w, we will gain unit clauses (a;) for ¢ = 1,...,n from the clauses
T V uV a;, which can be used for unit propagations that lead to a conflict in the
clause a; V...V a,. Otherwise, if v = @, then we will get unit clauses (a;) from the
clauses Ty VuVa; and a conflict in a; V...V a,.

Case 2. There exists an ¢ € {1,...,n} such that for all j € {1,...,n} it holds
g = 26.j)- i

This case is analogous to Case 1 with unit clauses (b;) (resp. (b;)) and a conflict in
b1V ...Vby, (tesp. by V...V by).

In each case we will get a conflict in some clause. That means the trail 7 would run
into a conflict before we would have the chance to decide ¢/. That shows that ¢ cannot
be decided at any point. We conclude that no trail from ¢ can contain a literal from

{a,a,b,b}. O

Not having to use Pure Literal Elimination, we can construct short proofs of PLTrap,,
by focusing on the new clauses over a, b.

Proposition 6.20. PLTrap, has polynomial-size QCDCL"/® CUBES refutations.

Proof. The shortest refutation only consists of two trails. We start with

T :=(¥,a,b,1)
with
anter(a) =y Va
anter(b) =a Vb
anter (L) =aVb.

We resolve over b and learn the unit clause (a).
The final trail looks as follows:

U:=(a,b, L)

with

from which we can learn the empty clause by resolving over everything. O
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We conclude that Pure Literal Elimination is advantageous for Eq,, (cf. Corollary
6.6 and Proposition 6.12), but disadvantageous for PLTrap,, (cf. Proposition 6.19 and
6.20). Therefore we obtain:

Theorem 6.21. It holds the following:
(1) QCDCLP: w/o CusEs 1 4 QCDCLW/© CUBES (e incomparable.

(ii) QCDCLP" and QCDCL"/® CYBES ure incomparable.

6.3 Cube Learning vs. Pure Literal Elimination

As shown in Section 6.2, Cube Learning improves QCDCL, while adding Pure Literal
Elimination leads to incomparable systems. Thus it is natural to directly compare Cube
Learning and Pure Literal Elimination. Because of the results above, we cannot use Eq,,
for a potential separation. However, we can modify the QBFs such that they remain
easy for QCDCLPt "/° CUB8s while eliminating the benefits from Cube Learning.

Definition 6.22. The QCNF TwinEq,, has the prefix
Ar1, ., VUL, e U, W, e, Wy T, .. .

Its matriz contains the clauses from Eq,, together with x; V w; V t; and Z; V w; V t; for
i€ [n].

The main idea of this twin construction is to ensure that all potential cubes consist
of at least two universal variables. We can do the same construction for other QCNFs.
Obviously, TwinEq,, fulfils the XT-property. We compute gauge(TwinEq, ) = n and hence
infer by Theorem 5.17:

Proposition 6.23. Fully reduced primitive Q-Res refutations of TwinEq,, have exponen-
tial size.

Proof. We need to show gauge(TwinEq, ) = n , then the result follows by Theorem 5.17.

Since we have to resolve over T somehow, we have to use the clause t; V ...V t,.
Hence, we have to resolve over each t; at least once, and therefore we will pile up x; or
Z; in each resolution step due to the XUT-axioms. ]

We show that QCDCL refutations of TwinEq, are primitive by proving that it is
impossible to propagate U-literals before having assigned all X-literals.

Proposition 6.24. Each QCDCL refutation of TwinEq,, has at least exponential size.

Proof. We will prove that from each QCDCL refutation of TwinEq, we can extract a
fully reduced primitive Q-Res refutation of the same size. Let ¢« be a QCDCL refutation
of TwinEq,,. We will show that 93(¢) is primitive.
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Assume not. Then by Proposition 6.4 there exists a trail 7 in ¢ such that there is an
X-literal x € T and a U-literal u € T with u <7 x. Also, u cannot be a regular decision
in T.

Hence, we have propagated u before . Universal propagation can only be performed
via cubes. Let us now consider how the initial cubes from TwinEq,, look like.

Assume that the cube A is a (not necessarily total) assignment that satisfies the
matrix of TwinEq,,. We have to satisfy the clause ¢; V ...V ,, hence there is a j €
{1,...,n} with {; € A. Then we also have to satisfy the four clauses

xj\/Uthj
fj\/ﬁj\/tj
a:j\/wj\/tj

.fj\/?f}j\/tj.

That means z; has to appear in some polarity in A, say x; € A. But then we need
to set both u; and w; to false, thus u;,w; € A.
We conclude that each (reduced) cube has to contain one of the subcubes

Tj N\ uj N\ wj

xj/\uj/\wj

for some j € {1,...,n}. This also causes that none of these cubes are resolvable.

We observe that all cubes that can be used for universal unit propagation contain
at least two universal literals. Since we needed one of these cubes as antecedent cube
of some universal literal in our trail 7, we would have needed to decide or propagate
another universal literal before. Having only finitely many universal literals, we would
have needed to decide one universal literal before propagating x, which is a contradiction
to the fact that decisions have to be level-ordered.

This shows that 93(¢) is indeed primitive. O

Having shown that TwinEq,, is hard for QCDCL, it remains to prove that it is easy
for QCDCLPL w/o CUBES‘

LPL w/o CUBES

Proposition 6.25. TwinEq,, has polynomial-size QCDC refutations.

Proof. The proof is similar to the one in Proposition 6.12, except one change: Each time
some universal literal is getting pure, say u;, then also w; becomes pure as well. That
means each time we decide some w; (resp. 4;) in the trail by Pure Literal Elimination,
we also have to do the same to w; (resp. w;) in the next decision level. However, this
does not affect anything concerning unit propagation or Clause Learning.

To give an example: The trail U, from Proposition 6.12 will now look like

Up—1 = (X1;01,t1; W1} ... ;Xn—2; Un—2, tn—2; Wn—2; Xn—1; Un—1, tn—1, tn, Tn, L).




114 CHAPTER 6. ANALYSING STANDARD QCDCL

For the other separation we use PLTrap,, which is hard for QCDCLP* w/o CUBES 1yt
still easy for QCDCL by Proposition 6.9. Therefore we conclude:

Theorem 6.26. QCDCL is incomparable to QCDCL™* w/o CUBES

We have seen earlier that the QCDCL system including Pure Literal Elimination
is incomparable to the system without. Now we will prove that this incomparability
still holds with Cube Learning turned on. By Proposition 6.9, we obtain that QCDCL™*
p-simulates QCDCLP" "/© CUBES  Therefore we get from Proposition 6.25:

Corollary 6.27. TwinEq,, has poly-size QCDCL"™* refutations.

Since TwinEq,, is hard for QCDCL, this gives us the first separation between QCDCLP*
and QCDCL. The other direction can be shown with PLTrap,,.

Proposition 6.28. PLTrap,, has poly-size QCDCL refutations.

Proof. The short proofs in QCDCL follow from Propositions 6.9 and 6.20. O
Hence we get:

Theorem 6.29. QCDCL"* and QCDCL are incomparable.

We now consider the relation between QCDCLP* and QCDCLP: W/0 CUBES YW intro-
duce another modification of Eq,,, which we call BulkyEq,,, where we add two clauses.

Definition 6.30. The QCNF BulkyEq, is obtained from Eq, by adding the clauses
wupV...Vuy, Vt1 V... Vi, and t1 V...V Uy, Vi1 V...V t, to the matriz.

As Eq,,, this formula fulfils the XT-property and has a high gauge value (> n—1). By
Theorem 5.17 we infer that BulkyEq,, needs exponential-size fully reduced primitive Q-
Res refutations. Similarly to MirrorCR,,, we can then show that Pure Literal Elimination
does not shorten proofs because of the two additional ‘bulky’ clauses that prevent pure
literals to occur early in trails. Therefore BulkyEq,, is hard for QCDCLPt W/ CUB&s Oy
the other hand, we can explicitly construct short proofs in QCDCLP'. Therefore we get:

Proposition 6.31. The formula BulkyEq,, has poly-size QCDCL*™* refutations, but needs
exponential-size QCDCLP: W/ CUBES o futations.

Proof. Part 1. BulkyEq,, needs exponential-size QCDCLP" W/© CVBES refytations.

We first prove gauge(BulkyEq,) > n — 1. To derive an X-clause, we have to use
t1V...Vt, somehow. That means we have to resolve over each t;. We can resolve with
urV...Vu, Vt1 V... Vtyor a1 V...Vu, Vi V...V, only after we have resolved
away at least n — 1 different T-variables otherwise. That means we have pile up at
least n — 1 different X-literals by using the clauses z; V u; V t; or T; V 4; V t;. Hence
gauge(BulkyEq, ) > n — 1.

We will now prove that from each QCDCLP""/° CUB8 refutation of BulkyEq, we
can extract a fully reduced primitive Q-Res refutation of the same size. Let ¢ be a
QCDCLPt W/o CUBES yefytation of BulkyEq,,. We will show that 93(¢) is primitive.
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Assume not. Then by Proposition 6.4 there exists a trail 7 in ¢ such that there is
an X-literal x € T and a U-literal v € T with v <7 = and u is not a regular decision
literal.

Since Cube Learning is disabled, this universal literal u had to be decided by Pure
Literal Elimination. We will show that Pure Literal Elimination of the universal literal u
before deciding or propagating all X-variables is not possible. Define M := {u;, 4;,t;,t; :
i=1,...,n}.

Claim 1. There exists some ¢; € M such that {; <7 u <7 .

In order to make u pure, we have to satisfy one of the clauses u1V...Vu, Vi1 V... Vi,
or a1 V...V, Vit V...V, In particular, we need some ¢1 € M with {1 <7 u <7 =x.

Claim 2. For each {; € M with ¢; <7 u <7 x there exists some £;41 € M such that
Uiv1 <7l <Tu<Tx

If ¢; was decided via Pure Literal Elimination, we can use a similar argument as
in Claim 1 (now we have satisfy one of the three clauses u; V ...V u, Vi1 V...V t,,
W V... Vi, Vi1 V...Vt ort1V...Vi,) and conclude that we need some £;1; € M with
liv1 <7 {; <7 u <7 2. However, if /; was not decided as a pure literal, then it has to be
a T-literal that was propagated. Note that we cannot have decided ¢; regularly because
of {; <7 x and ¢; <7 u. That means there is an antecedent clause F' := anter(¢;).
Due to the XT-property, F' cannot be a unit clause. That means there is another literal
l; #0 € F. If L is a U- or a T-literal, then we can set £;;q := 0. If ¢ is an X-literal,
then there is at least one U-literal v € F, again because of the XT-property. Then we
can set £j11 := 7.

We have proven that if 2R(¢) is not primitive, then 7 has to contain an endless number
of literals ¢;, which is obviously not possible since the formula only consists of finitely
many variables. That means 9R(¢) has to be primitive.

Part 2. BulkyEq,, has polynomial-size QCDCLP* refutations.

We start with the learning of exactly two cubes: x1 A 41 and T1 Aup. We do this via
the following two trails:

T = (X1;...;Xn;U1;...;Un; t15t25. . .5 ty)

, _ _ _
T = (X1;...;Xn;U1;...;Un;t1;t2;.. .5 ty)

Unfortunately we cannot continue learning the other cubes as in Proposition 6.10 since
this will be blocked by Pure Literal Elimination. This is because the propagation of ¢;
satisfies both bulky clauses, which can then no longer prevent the Pure Literal Elimina-
tion of u; once x; has been decided. However, we can use this effect to our advantage
by simulating the missing cubes in this way.

Let us now start the learning of the clauses L; and R; for i = 2,...,n — 1 from the
proof of Proposition 6.10.

We begin by constructing the following trail:

Up—1 = (X1,u1,t1;X2; U2, b2, ..., Xn_2; Un_2, tn_2;

Xn—1,Un-1, tnfla tna Tn, J—)
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with the same antecedent constraints as in Proposition 6.10 (except of the literals
ug,...,Up—2) and the same learned clause L, 1. Analogously we can learn R,,_;.

We go on with the trails U,,_o, . .. ,Us in the same way as in Proposition 6.10 where we
learn L,,_o, ..., Lo, except that the literals us,...,u;_1 in U;_1 are now pure literals and
not propagated via cubes. However, this does not affect the Clause Learning process
in any aspect. The same is obviously true for the analogous trails in which we learn
Ry_9,..., Rs.

We finish the proof with the last two trails U; and U] exactly as in Proposition
6.10. O

As for the systems without Pure Literal Elimination, we get:

Theorem 6.32. QCDCL™" is exponentially stronger than QCDCLP: w/o CusEs,

6.4 Comparison with Q-Res

In [14] the incomparability of Q-Res and QCDCL"/® CU8% was shown. We now lift this to
the other QCDCL variants introduced here. For one separation, we can use the QCNF
QParity, from [17], which have short QCDCL"/® €VBE refutations. These formulas have
prefix dzq ...xz,Vudt; ... 1, and clauses

1 Vit, T1 Vi, uVt,, wViy,,
x; Viti_1V t}, i VitV ti,
TiViti—1Vi, TiVti_1 Vi fori€{2,...,n}.

Theorem 6.33. QCDCL"/° V5 QCDCL, QCDCLP: w/e CUBEs g QCDCL™ are all in-
comparable to Q-Res. In detail, the QBFs QParity, have polynomial-size refutations
in QCDCL"/° CUBEs  QCDCL, QCDCLP: W/ CvsEs  und QCDCLP:, but need exponential-
size Q-Res refutations. On the other hand, MirrorCR, have polynomial-size Q-Res
refutations, but need exponential-size QCDCL"/® €UBES  QCDCL, QCDCLP: w/o CVBEs - ynq
QCDCL"* refutations.

Proof. Claim 1. QParity,, has polynomial-size QCDCLW/® CUBES 1d QCDCL refutations.

By Proposition 6.7, QParity, has short QCDCL"/® CU8% refutations. And because of
Proposition 6.9, the formula is easy for QCDCL, as well.

Claim 2. QParity, has polynomial-size QCDCLP! "/ €UBES and QCDCLP refutations.

We will show that we will never find pure literals while creating QCDCL™ w/o Cusks
trails. In fact, the only way in making a literal ¢ pure is to create a unit clause (¢), which
would immediately lead to the propagation of ¢ or a conflict.

For example, suppose the literal t; is pure at some point in the trail. Then the clauses
x; Vti_1Vit; and T; V t;_1 V t; must have been satisfied by the current assignment of
the trail. Since we have not assigned t; yet, we have to set either z; to true and t;_1 to
false, or x; to false and ¢;_1 to true. In both cases we would obtain the unit clause (¢;)
by applying this assignment to either x; V t;_1 V t; or T; V t;_1 V ;.
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Figure 6.1: Hasse diagram of the simulation order of QCDCL proof systems. Solid
lines represent p-simulations and exponential separations (where the system depicted
above is the stronger one). Dashed lines represent separations in both directions (i.e.,
incomparability). Details of the simulations and separations are depicted in Tables 6.1
and 6.2.

The same holds for the universal variable u. For u or w to be pure, we need to set
t, to false or true. But then we would obtain the unit clause (u) or (@), which would
immediately lead to a conflict. We conclude that the polynomial-size QCDCL"/© €UBEs
refutation of QParity,, is a QCDCLPt w/o CUBES 1ofitation as well. And because QCDCLP*
p-simulates QCDCLP w/o Cuses QParity,, is also easy for QCDCLP:.

Claim 3. QParity,, needs exponential-size Q-Res refutations.

This was already proven in [17].

Claim 4. MirrorCR,, needs refutations of exponential size in all four QCDCL variants
QCDCL"/® CUBEs  QCDCL, QCDCLP-w/° CuBEs 4nd QCDCLP..

This is the result of Corollary 6.17.

Claim 5. MirrorCR,, has polynomial-size Q-Res refutations.

This follows directly from the fact that MirrorCR,, extends the original QCNF CR,,,
which has polynomial-size Q-Res refutations [64]. We will just ignore the clauses that
are not contained in CR,,. ]

Since LD-Q-Res simulates all four QCDCL variants on false formulas by definition,
and because all of them are incomparable to Q-Res, which is exponentially weaker than
LD-Q-Res, we conclude:

Corollary 6.34. QCDCL"° vs5  QCDCL, QCDCLP: W/ CvsEs g QCDCLP: are all p-
simulated by but exponentially weaker than LD-Q-Res.
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‘ Simulation ‘ Separation

No ‘ Theorem ‘ Formula easy for hard for Theorem

1 | Prop 6.9 | Eq, QCDCL  QCDCL™/°“®s  Thm 6.11

5 | Prop 6.9 | BulkyEq, QCDCLP QCDCLP:w/° Ve  Thpy 6.32
11 | by Def. | CR, LD-Q-Res  QCDCL"/° U855 Cor 6.6, [64]
12 | by Def. | MirrorCR, LD-Q-Res QCDCL Thm 6.33
13 | by Def. | MirrorCR, LD-Q-Res QCDCLP:*/° €U Thpy 6.33
14 | by Def. | MirrorCR, LD-Q-Res QCDCL™ Thm 6.33
15 | by Def. | Eq,, LD-Q-Res  Q-Res [11]

Table 6.1: P-simulations and separations of proof systems from Figure 6.1 (i.e. the solid

lines).

All relations between proof systems relevant for this chapter are depicted in Figure
6.1 and Tables 6.1 and 6.2.
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‘ Separation

No ‘ Formula easy for hard for Theorem

o | PLTrap, QCDCL"/® Cuses QCDCLP-W/o CuBEs  prop 6.19, Prop 6.20
Eq,, QCDCLP-w/o Cuses  qCpCLW/© CuBes Prop 6.12, Cor 6.6

3 PLTrap, QCDCL QCDCLP-w/o CuBEs  prop 6.19, Prop 6.20
TwinEq,  QCDCLP-/° CusEs  QCDCL Prop 6.24, Prop 6.25

4 PLTrap,, QCDCL QCDCL™ Prop 6.20, Prop 6.28
TwinEq,, QCDCL™ QCDCL Prop 6.24, Prop 6.25

6 PLTrap, QCDCL"/® Cuses QCDCLP* Prop 6.20, Prop 6.28
Eq,, QCDCLM QCDCL"/° CU8&  Prop 6.12, Cor 6.6

- | Qparity, QCDCL"/® CUBEs  Q-Res Thm 6.33, [17]
CR, Q-Res QCDCLY/° CUBEs  Cor 6.6, [64]

3 QParity,,  QCDCL Q-Res Thm 6.33, [17]
MirrorCR,, Q-Res QCDCL Thm 6.33

9 QParity,  QCDCL Q-Res Thm 6.33, [17]
MirrorCR, Q-Res QCDCL Thm 6.33

10 QParity,,  QCDCL Q-Res Thm 6.33, [17]
MirrorCR,, Q-Res QCDCL Thm 6.33

Table 6.2: Separations between incomparable proof systems from Figure 6.1 (i.e. the
dashed lines).






Chapter 7

Comparing Decision Policies

In the previous chapter, we have identified several exponential lower bounds for classic
QCDCL variants as well as separations between these variants. The formulas that were
used for separating the systems were designed in a way such that they can exploit
potential weaknesses of QCDCL — with level-ordered decisions leading the way. In the
next chapters, we aim to improve the strength of QCDCL as a proof system by adding
modifications that are not yet common in practice. We will refer to these modifications
as policies and separate them into three categories:

e Decision Policies that determine which variables are allowed for decisions whenever
a decision has to be made.

o Reduction Policies that determine which variables are allowed or forced to be
reduced during Unit Propagation.

e Propagation Policies that determine which variables are eligible for Unit Propaga-
tion itself.

In order to focus on the impact of these policies, we will only consider QCDCL
systems in which Cube Learning is allowed, but Pure Literal Elimination is deactivated.
Nevertheless, we want to point out that one could still take these two aspects into
consideration and obtain four variants for each new variant introduced in this chapter.

In this chapter, we will start with decision policies as it is the most obvious way of
improving the performance of QCDCL solvers. The gauge lower bound technique deeply
relies on the fact that decisions had to be level-ordered in the classical setting. These
level-ordered decisions in combination with the XT-property often lead to level-ordered
trails whenever Cube Learning or Pure Literal Elimination were not able to have a
beneficial impact (i.e. by assigning U-variables before all X-variables were assigned).

A naive approach would be allowing any kind of decision independent of the quan-
tification order. Although we will demonstrate that it is not advisable to not have any
rule which determines what variables are eligible for the next decision, we can show that
the decision rule can be relaxed while still ensuring soundness and completeness of the
corresponding QCDCL proof system.

121
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Technically, the soundness of QCDCL systems with relaxed decision policies follows
directly by the soundness of the base version QCDCL itself (cf. Theorem 4.9). However,
for algorithms it is more important to prevent running into a loop at any point than to
simply guarantee that there is a way (e.g. by making the right decisions) to prevent a
loop.

In QCDCL, our goal is to make ‘progress’ in each run/trail. Thus, we have to ensure
that we can always learn new clauses or cubes from a constructed trail. Since we want
to work with QCDCL models that do not necessarily follow the prefix order for decision
making, it is not guaranteed that we can even learn new constraints from each trail. We
demonstrate that issue on the following example:

Example 7.1. Consider the trail T = (x, L) for the false QCNF
Vudz - (uV ) A(uVE)A@Vvae)A(aVz).
The only learnable clause is anter(L) = u V &, which is obviously already known.

Because the conflict in this example occurred directly after a decision, we were not
able to resolve clauses and therefore could not derive a new one. We will prove later that
this is essentially the only situation in which the learning of a new constraint could get
prevented, meaning that we are able always able to find new learnable clauses whenever
we do not run into a conflict directly after a decision. We will refer to this sufficient
condition as the New Constraint Condition.

Definition 7.2. A trail T for a formula ® fulfils the New Constraint Condition (NCC
for short), if for each decision d; the formula red(®|7; oju(a;}) does not contain the empty
clause or cube.

While the NCC ensures that we will always be able to find new learnable clauses
and cubes, it does not guarantee that these constraints are asserting (in contrast to the
classic QCDCL variants, cf. Proposition 4.12) as shown in the next example.

Example 7.3. Let
U:=(x,y;u,z,1)
be a trail for the false QCNF
Vudz,y,z- (ZVY)AN(xVy) A(uVgVZ)A(@VgVZ)IA(uVgVz)A(@VygVz).

There are two new clauses we could learn: u NV § or 'V . None of the two can become
unit after backtracking.

The reason for not being able to find asserting learnable constraints cannot be worded
as easily as the NCC. The fact that we can always find asserting learnable constraints
whenever decisions are level-ordered lead to the approach to restrict the decision policy
such that it is still more liberal than the classic level-ordered decision policy.
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We introduce the idea of ‘partially’ level-ordered decisions by defining a policy in
which only existential decisions are level-ordered, and another one in which only universal
decisions are level-ordered. We will later show that the first one can guarantee at least
asserting clauses, while the ladder guarantees asserting cubes.

We summarize these three new decision policies, whose corresponding QCDCL vari-

ants we will call QCDCLAYY, QCDCLYNANY and QCDCLEXANY. We formally define these
variants via trail properties, for which we consider a general trail

73 = (p(0,1)7 <y P(0,90)5 dlap(l,l)v < P,g1)s s dr,p(r,l), < P(rgy) = J-)

QCDCL: For each decision d; we have that vy (di) = 1. Le., decisions are
level-ordered.

e QCDCLAY": Decisions can be made arbitrarily as long as the NCC is fulfilled.

QCDCLYN-ANY: Ap existential decision d; can only be made if all universal variables

[}
that are quantified left of d; were already assigned in 7. Universal decisions can
be made in any order as long as the NCC is fulfilled.

e QCDCLP¥-ANY. A universal decision d; can only be made if all existential variables

that are quantified left of d; were already assigned in 7. Existential decisions can
be made in any order as long as the NCC is fulfilled.

Note that the NCC not only restricts the way we can choose decisions, but also affect
backtracking. In particular, we are not allowed to backtrack to a point directly right of
a decision and immediately trigger a conflict. That means that whenever we want to
check whether the NCC is fulfillable, we also have to specify a point in the trail to which
we can backtrack without violating the condition.

The next result states simulations between systems, cf. Figure 7.1. They all follow
by definition.

Proposition 7.4. Each QCDCL proof is also a QCDCLYMAY gnd QCDCLEXAYY proof,
and each QCDCLYYANY 4 QCDCLEXAYY proof is also a QCDCLAY proof.

7.1 Learning Asserting Constraints

As stated above, our goal is to provide decision policies for which it is impossible to run
into a loop no matter which decisions were made. While in theory it suffices to learn
new constraints that were not part of the formula before, it is standard practice to learn
asserting constraints in a practical setting. We recall some facts of asserting constraints:

e An asserting constraint (with respect to a trail) is a learnable constraint for which
there exists a backtracking point after which the constraint becomes unit (cf. Def-
inition 4.10.
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[ QCDCLAWY ]

,JJJJJJ""'\

[ QCDCLUNI-ANY ] [ QCDCLEXI—ANY ]

" )

Figure 7.1: Hasse diagram of the simulation order of QCDCL proof systems. Solid
lines represent p-simulations and exponential separations. Waved lines represent p-
simulations, for which separations are not known.

e There is always at least one learnable asserting constraint in a trail of the base
version QCDCL (cf. Proposition 4.12).

e Asserting constraints are always new (cf. Lemma 4.11).

We start by showing that at least one type of learnable asserting constraint does
always exist in partially level-ordered QCDCL variants.

Proposition 7.5. If T is a trail in a QCDCLYNAYY (resp. QCDCLEXAYY) proof of a
formula ®, and if T runs into a conflict on a clause (resp. cube), then there exists a
new asserting or empty constraint C € £(T).

Furthermore, if C' is non-empty, there exists a point [i, j| in the trail to which we can
backtrack after learning C' such that the NCC continues to hold.

Proof. We will show the case for conflicts on clauses for QCDCLYN"AN proofs, the
QCDCLE*ANY case is completely dual.
Let the trail 7 look like

T = (P0,1)s -+ P(0,90); A1 P(1,1)5 - -5 P(1,g1)3 - - -5 Doy Pl 1)s - -5 Prigr) ) -

Then the sequence of learnable clauses is

,2(7-) == (C(T,gr% oo 7C(T71)’ ceey C(l,g1)7 oo 7C(171), 0(0790)7 “e e 70(071)).

We can assume that there exists at least one existential decision literal d; such that d; is
contained in some C' € £(7T). Otherwise, the rightmost clause in £(7) is empty since it
contains negated decisions or universal literals only, which will be reduced to the empty
clause (L).

Let k € {1,...,r} be maximal such that an existential dj, is contained in some clause
from £(7). Let p,m) € T be the first propagated (non-empty) literal directly right of
di in T and set D := Cy ). Note that p(,) does not need to be on the same decision
level as di. Such a p(y,,,) must exist by the NCC. We will show that D is asserting.
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We consider the trail 7 at the point [k, 0], that means right before dj was decided.
We will prove that E := redg(D|T[k70]) = (dg).

If there is an existential literal d # y € E, then y cannot have been assigned in
T[k,0], hence we have d, <7 y. But that means y had to be a decision, otherwise it
would have been resolved away during Clause Learning. But this is a contradiction to
the maximality of k. We conclude that such a y cannot exist.

Let us now assume there is a universal literal © € E. Then we need u <g¢ dj, since
it was not reduced during Clause Learning. But 7 was a trail in a QCDCLYN"ANY proof,
hence vy, (dp) = 1 and therefore w € T[k,0]. Then we get u ¢ E, contradiction.
Thus such a u cannot exist, and F is in fact a unit clause.

We can backtrack to the point [k, 0] (i.e., before we made the decision dj) and will
not hurt the NCC since the only new clause we have learned can only propagate the
non-empty literal dj,.

At the end, we have to show that D is new. In fact, if D was already known, we
would get a conflict directly after deciding dj, which would violate the NCC. Thus, D
must be a new clause. O

A similar result holds for the any-order model, albeit with the difference that we
might not be able to learn asserting constraints. But at least we can guarantee to learn
a new clause/cube.

Proposition 7.6. If T is a trail in a QCDCLAYY proof for a formula ®, that has run
into a conflict or in which we assigned all variables, then £(T) contains a new clause or
cube C' that is not contained in .

Further, if C is non-empty, there exists a point [i,j] in the trail to which we can
backtrack after learning C such that the NCC' continues to hold.

Proof. Case 1. T runs into a conflict.
Let the trail T look like

T= (p((),l)v -+ P(0,90)3 dlvp(Ll)a <o P,g1)5 ;drap(r,l)a s 7p(r,gr))'

Then the sequence of learnable clauses is

;8(7;) == (C(T,gr)7 ey C(T,l)v e 70(1791)’ ey 0(1’1)7 C(O,go)’ ey C(O,l))'

By the NCC, we have that g, > 1. We will show that C(, ;) (which is the clause/cube
we get after resolving over p(, g _1),---,P(r1)) 18 a new clause (cube).

Assume not. Consider the restricted clause (cube) E := C(,. 1|7 [»1]- Suppose that
there is an existential (universal) literal z € 2 C C{;.1). That means that x is contained
in at least one antecedent clause (cube) after (and including) p, ;). In particular, we need
T €T (resp. z € T). Because x is still contained in C,. 1), it cannot have been resolved
away during learning, hence z € T[r,1] (resp. x € T[r,1]). This is a contradiction to
the definition of F.
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We conclude that E can only contain universal (existential) literals, hence red}(E) =
(L) (resp. red3(E) = [T]). But then we would have got a conflict directly after d,., which
is impossible by the NCC. That means that C, ;) must a new clause (cube).

We can backtrack to the point where we undo the rightmost existential (universal)
literal in 7 that is contained in C(, ). At this point, C(, ;) will not be falsified since it
still includes at least this one literal.

Case 2. T does not run into a conflict, but we assigned all variables in 7.

Assume that we cannot find such a C' (which would need to be a cube). Then there
exists a C' € £(T) such that C € ©(®,), where ®, is the current formula for 7. That
means there exists a cube £ C T such that redga (E) = C and FE satisfies €(®,). In
particular, we have red3, (C|7) = [T], which means that 7 should have run into a
conflict. This is a contradiction.

We can backtrack to the point where we undo the rightmost universal literal in 7T,
that is contained in C'. Then C will just propagate this universal literal and not an
empty one. If this point is on the last decision level, we can alternatively restart. O

Remark 7.7. To illustrate the relevance of the NCC, we give an example of a QCDCLANY
trail — wviolating the NCC — from which we cannot learn a new clause. Consider the
trail T = (x, L) for the false QCNF Yu3z - (uVx)A(uVZ)A(aVa)A(uVz). The trail
violates the NCC, as we got a conflict directly after the decision x. The only learnable
clause is anter (L) = u V &, which is obviously already known.

Another example illustrates the case where we can learn a new clause but no asserting
clause. Let the trail be U := (x,y;u, z, L) for the false QCNF Yu3z,y,z - (ZVy) A (xV
YAWVGVZIIAN@VYgVZ)A(uVyVz)A(aVyVz). There are two new clauses we
could learn: uVy or uV x. None of the two can become unit after backtracking since we
used the decision heuristic for QCDCLEANY " githough we followed the NCC.

Figure 7.2 provides an overview of the four systems and their ability to learn asserting
clauses and cubes. As a consequence of always learning new constraints, we infer that
our models are all complete and terminating proof methods.

Theorem 7.8. QCDCL, QCDCLAY, QCDCLYM-AY gnd QCDCLEANY are sound and
complete proof systems’. Additionally, as long as we follow the rules of decision making
(especially the NCC), we will always learn the empty clause or cube at some point, no
matter what decisions were made.

Proof. By Propositions 7.5 and 7.6 as well as Lemma 4.11 we conclude that from each
trail (that has either run into a conflict or assigned all variables) we can always learn
a new clause or cube. Note that these results have to be interpreted in the context of
Proposition 7.4.

T.e., they are proof systems for the language of false and true QBFs in the setting of [50]. Technically,
in order not to trivialise the notion of such a proof system, we could consider proof systems for the
language L of the marked union of true and false QBFs, ie., L = {00 | @ is a false QBF} U {1 |
® is a true QBF}. In this way, L is still PSPACE complete.
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H asserting clauses ‘ only new clauses

asserting cubes QCDCL QCDCLE-ANY
only new cubes QCDCLUN-ANY QCDCLAY

Figure 7.2: Overview of guaranteed learnable constraints after a trail conflict in the
corresponding models.

Since a given formula only consists of finitely many variables, we can only learn
finitely many new clauses and cubes. We finish the proof as soon as we learn the empty
clause or cube, which will happen at some point. Therefore all four systems are complete.

The soundness results from the fact that from each QCDCL, QCDCLANY, QCDCLYN-ANY
and QCDCLE*AYY proof © we can extract a LD-Q-Res or LD-Q-Con proof R(.) for the
same formula. ]

7.2 Separation on True Formulas

The advantage of QCDCLEX"AN (compared to QCDCL) is to decide existential literals out
of order while still learning asserting cubes. Since cubes are important for verifications
of true formulas, it makes sense to use true QBF's for the separation.

First, we discuss two generic modifications for QBFs. The twin construction, which
we already used for the QBF TwinEq, (cf. Definition 6.22), doubles all universal vari-
ables. For all clauses with universal variables a copy is created in the twin variables.

Definition 7.9 (twin formulas). Let ® = IXVUIT - €(P) be a QCNF. Let U =
{u1,...,um} and let vy, ..., vy, be variables not occuring in ®. Then the twin formula

of ® is the QCNF Twin® defined as

Twin® 1= 3XV(U U {vy,...,v;m})IT-€@) A A\ Clur /v, ..., i /],
Cee(d)

where w; /v; indicates that all occurrences of u; are substituted by v;.

The second modification is the reversion of a formula.

Definition 7.10. If & = Q1Vi... Q,V} - /\;n:1 C; is a QCNF with Q; € {3,V} and
disjoint sets of variables V; fori =1,... k, then the reversion Rev(®) of ® is the QCNF

Vi QViVwIer, .. em- (@ V.. VE) A N\ N\ EVwve) AEveve)
Jj=14eCy

where @, =V if Q; =3, and Q, =3 if Q; =V, and w,c1, ..., ¢y, are new variables not
contained in .

It is easy to prove that there exists a duality between the truth values of ® and
Rev(®).
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Lemma 7.11. If ® is a QCNF, then Rev(®) is true if and only if ® is false.

Proof. Case 1. ® is false.

Then there exists a winning strategy for the universal player of ®. We will show that
Rev(®) has an existential winning strategy.

The existential player for Rev(®) can just follow the universal winning strategy for
®. That means there is at least one clause C; € €(®) falsified by the total assignment
that consists of the assignment from the universal player and the corresponding response
determined by the winning strategy. Then the clauses £V w V c¢; and AVETAY; c; for each
¢ € Cj are satisfied (for this particular j) by this assignment. Note that it does not
matter how w was assigned. Therefore, the existential player for this modified formula
can just set ¢; to true and all the other ¢; to false.

Case 2. ® is true.

This case is analogous to Case 1. The universal player for the modified Rev(®)
version follows the existential winning strategy for ®. Then the universal player can
set w to true (it does not matter, actually). For each j € {1,...,m} the clause Cj is
satisfied, hence at least one literal £ € C is set to true. Therefore for each c;, the clause
£V @V ¢; becomes the unit clause (c;) at some point under the assignment determined
by the strategy. That means the existential player for Rev(®) has to set each ¢; to true,
falsifying the clause ¢ V...V ép,.

We now have constructed a universal winning strategy for Rev(®). O

We will use the reversion to lift hardness from false to true QCNFs. To verify a
true formula, we need to create a proof using cubes. We will show that Rev(®) is
designed such that its initial cubes are basically the negated axiom clauses of ®. Thus,
a verification of Rev(®) can be transformed into a refutation of ®.

Our reversion was inspired by the notion of the negation from [69]. The only change
we made is adding the variable w. We did this to prevent a direct connection between
an X- or U-block and an auxiliary variable ¢; from the last block. Our lower bound
technique is based on the fact that on certain formulas we cannot have direct connections
(hence: cannot directly propagate) between outer and inner quantifier blocks. The added
variable w helps to maintain this property.

The next two results shows how we can transform verifications of Rev(®) into refu-
tations of ® by interpreting the cubes from the verification as negated clauses of a
refutation.

Lemma 7.12. Let & = Q‘/\;-n:1 Cj be a QCNF and let o be an assignment that satisfies
C(Rev(®)). Then there exists some C € €(®) with C C 0.

Proof. Since we have to satisfy the clause (¢1 V...V &y,), there is some j € {1,...,m}
with ¢; € 0. Then the clauses {VwVc; and V@V c; have to be satisfied for each ¢ € Cj.
We do not need to assign w, but we need to set each ¢ to false, hence C; C o. O

Proposition 7.13. If ® is a false QCNF and p is a LD-Q-Con verification of Rev(®),
then p can be transformed into a fully reduced LD-Q-Res refutation m of ® with |7| < |p|.
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More precisely, for each clause C € 7 there is a cube C' € p with C C C'. Further-
more, for each two clauses C, D that are resolved in w, the corresponding cubes C', D’
are resolved in p, as well.

Proof. By Lemma 7.12, for each initial cube D € p there is a clause C' € €(®) such that
red?

Rev

@)(C) € D (note that the assignment from Lemma 7.12 can still be reduced). We

substitute each initial cube D with its corresponding redﬁev@) (C) and shorten the proof,
if necessary (i.e., delete redundant resolutions and reductions). We obtain a subproof
7! C p, that is still a verification.

After that, we negate all cubes in 7’ and obtain a proof 7 that consists of clauses. If
we interpret m as a proof for ® (or red(®) to be precise), all resolutions and reductions
are still sound because the quantifiers were flipped, as well.

We can assume that in m we will reduce as soon as possible, otherwise we could
shorten the proof even more. Obviously, the last clause in m has not obtained any
additional literals, therefore 7 is a LD-Q-Res refutation of ®. O

For our next results, we need an even stronger property than the XT-property: We
require, that clauses from the formula contain at least one U- and T-literal.

Lemma 7.14. If ® is a Zg QCNF, in which all clauses contain at least one U- and
T-literal, then ® fulfils the XT-property.

Proof. Obviously, ® does not contain any XT- or T-clauses and therefore the XT-
property is fulfilled. O

We combine the results above and obtain a new lower bound technique for true
formulas, which builds on the gauge technique for false formulas.

Theorem 7.15. Let ® be a false Zg. Additionally, let all clauses C' € €(P®) contain at
least one U- and one T-literal. If the QCNF Tuin® needs fully reduced primitive Q-Res
refutations of size s, then QCDCL verifications for Rev(Twin®) also need size s.

Proof. Let ¢ be a QCDCL verification for Rev(Twin®). We will show that there exists a
fully reduced primitive Q-Res refutation 7 for Twin® with |7| < |9R(¢)].

Let 7 be the LD-Q-Res refutation of Twin®,, as described in Proposition 7.13. Then
m is fully reduced. We will show that 7 is primitive.

Assume not. Then there are two XUT-clauses By, By € m that are resolved over some
x € X. By the construction of m described in Proposition 7.13, we can find two cubes
D1, Dy € R(1) such that var(D;) N U # 0 and var(D;) NT # () for i = 1,2 which are
resolved over z. One of these cubes was an antecedent cube for x in some trail 7 € T(v),
say D; = anter(x) (that means z € Dy).

In particular, there is some T-literal t € D; such that ¢ <7 x because D; must
become unit. Remember that ¢ is universal in Rev(Twin®) and we can only reduce cubes
existentially. Then either ¢t was a regular decision, or a propagation.

Case 1. t was decided.
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This is only possible if all U-variables were assigned before. Hence, for each u € U
there is a literal ¢, with var(¢,) = u and ¢, <7 t <7 x. Because decisions have to be
level-ordered in QCDCL, all ¢,, had to have been propagated.

Let ¢,, be the leftmost U-literal in 7. Consider its antecedent clause A := antes(¢y,).

Claim. 1If £, is the leftmost U-literal in 7, then there exists an i € {1,...,m}
such that ¢; € var(anter(¢,)) (where c1, ..., ¢y, are the variables from Rev(Twin®) as in
Definition 7.10).

Proof of the claim. Assume not. We will show that A := antey(¢,) has to
contain at least two different U-literals.

Assume that A only contains one U-literal, namely /¢, itself. Let ®
consist of the clauses C1,...,C,, and let Twin® consist of the clauses
Cy,...,Cy with m > m’. We can assume that £, is a copy of a literal
from ® by the construction of a twin formula. In particular, £, (and £,)
cannot be contained in the clauses C1, ..., Cpy.

Let p be the LD-Q-Res derivation of A that was constructed in ¢, but
not used for P(¢) since verifications can only make use of cubes. By as-
sumption, A does not contain any ¢; or ¢;. However, each axiom clause
from Rev(Twin®) includes at least one ¢; or ¢;. Hence, we have to resolve
over these variables somehow. In particular, we need ¢; V...V ¢y, € p since
this is the only axiom clause where these variables occur in a negative
polarity.

We will now construct another LD-Q-Res derivation p’ by substituting
€1 V...V¢y with ¢; V...V ¢y in p and gradually deleting all redundant
clauses. In particular, all clauses from Rev(Twin®) that contain ¢, or Z,
will be deleted because the corresponding c; is missing. Let A’ be the last
clause in p/, hence p’ is a LD-Q-Res proof of A’ from Rev(®). Obviously,
we get A’ C A and £, ¢ A’ as well as ¢;,¢; € A’ for all i = 1,..., m. Since
£, was the only U-literal in A, the clause A’ cannot have any U-literals.
Therefore A’ is a clause consisting of universal literals only. Reducing A’
universally gives us the empty clause (L), which means that we can extend
p' to a refutation of Rev(®). But this is a contradiction to the fact that
Rev(®) is a true formula (by Lemma 7.11).

That shows that A must contain more than one U-literal. Let ¢, #

z € A be another U-literal. Then we need z <y ¢, since z is existential.
However, this contradicts the choice of £, which finishes the proof of the
claim.

We want to create a contradiction by applying the claim, for which we need to show
that A does not contain any literal from {c,,¢.|r=1,...,m}.

Assume that there is such a literal. That means we can find the leftmost literal
c€{erélr=1,...,m} in T, hence ¢ <7 ¢, <7 t <7 x. Now, ¢ cannot have been a
decision since decisions must be level-ordered. That means that ¢ has been propagated
by an antecedent clause F' := anter(c). Because ¢ was leftmost, F' cannot be the clause
€1V ...VCny. It is easy to see that F' then has to contain either w or w by the structure
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of a reversion (see Definition 7.10). W.l.o.g. let w € F. Then we need w <7 ¢ <7 .
Because of the quantification order, w cannot be a decided literal. Hence w must have
been propagated by some antecedent cube E := antey(w). Let p be the subproof of £
from P(r). Then there exists an initial cube G € p with w € G, which is not getting
resolved away in p. Furthermore, G is also an initial cube in 9R(:). By Lemma 7.12,
there exists some H € €(Twin®) such that H C G. Since each clause of ® contains
a U-literal, there is such a U-literal v € H C G and also v € F because it cannot be
resolved or reduced away. This means we need v <7 w <7 £, which is a contradiction
to the choice of /,,.

We have now shown that A does not contain any ¢,,é., r € {1,...,m}. However,
this is impossible by our claim. We conclude that Case 1 cannot occur.

Case 2. t was propagated.

Consider the antecedent cube J := anter(t). Let 7 be the subproof of J in R(¢).
Then the first cubes in 7 were (reduced) satisfying assignments for Rev(Twin®,,). At
least one of these initial cubes in 7 contains ¢ which will not get resolved away since it
appears in J. Let I € 7 be an initial cube with ¢ € I that does not get resolved away
in 7. By Lemma 7.12, there exists a clause K € €(Twin®,,) such that K C I. By our
assumption, K contains at least one U- and one T-literal. But then also I contains at
least one U-literal £. Because / is blocked by # all the time, it does not get reduced away
in 7, hence ¢ € J.

Due to £ <gey(Twin®,) t, We need £ <7 ¢ in order for J to become unit. W.l.o.g. let ¢
be the leftmost U-literal in T (the fact that ¢ € J is not important anymore from this
point on). Because of  <pey(twina,) ¢, the literal £ cannot be a regular decision. That
means it must have been propagated.

We can repeat the argument from Case 1. We conclude that such an ¢ does not exist.
Thus Case 2 does not occur and we get a contradiction regarding our assumption that
7 was not primitive. ]

We now construct specific QBFs that meet the conditions of Theorem 7.15. We
already know from Proposition 5.24 that the equality formulas Eq, have linear gauge
and therefore need exponential-size fully reduced primitive Q-Res refutations. However,
not all clauses from Eq, contain a U-literal. We modify the formulas by adding an
artificial U-literal p to the relevant clauses:

Definition 7.16. The QCNF ModEq,, consists of the prefix
dxq, ..., xxYUl, ... Up, pTt1, ... Ty
and the matriz
x; Vu; Vi,
T VU Vi,
PVt V...Vin,
PVt V...V,

fori=1,...,n.
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Neither this nor the Twin modification changes the gauge of the formulas. Hence we
get:

Proposition 7.17. It holds gauge(TwinModEq,) = n. Therefore, TwinModEq, needs
exponential-size fully reduced primitive Q-Res refutations.

Proof. Since all axiom clauses contain T-literals, we have to get rid of them somehow.
The only four clauses that contain T-literals in a negative polarity are the clauses p V
t1V... Vi, DVt V... Vi,, gVt V...Vt, and Vi1 V...V 1,, where ¢ is the copy of p.
Hence, we have to use at least one of them in order to derive an X-clause. In particular,
we have to resolve over each ¢;. The only four clauses in which ¢; occurs in a positive
polarity are x; Vu; Vit;, T; Vu; Vi, x; Vu; Vi, and Z; VU; V t;, where v; is the copy of w;.
In each case we will pile up x; or Z; for each resolution over t;. Therefore, our X-clause
at the end will contain at least n different X-literals.

Hence gauge(TwinModEq,) = n. The second claim then follows from Theorem 5.17.

O
The lower bound for the true QBF's then follows with Theorem 7.15.
Corollary 7.18. Rev(TwinModEq,,) needs exponential-size QCDCL verifications.
We now use a direct construction to show that there exists a short QCDCLF-ANY

refutation for Rev(TwinModEq,,).

Proposition 7.19. Rev(TwinModEq,,) has polynomial-size QCDCLEx-AVY

verifications.
Proof. Let us first list all the clauses of TwinModEq,,. It consists of the prefix
dxy, .o, xepVur, o U, Py UL, -, Un, @3t T
and the matrix
C(Z-yl)::xi\/ui\/ti Clizp\/t_l\/...\/tn
Clig =2 VuVt; Cri=pViiV...Viy,
Cligy =z VoVt C3:=qVit V...V,
C(i74)l:.fiV17ini 04226\/{1\/...\/@1

fori=1,...,n.
Then the true QCNF Rev(TwinModEq,,) consists of the prefix

VI, ...,Tn3Ul, ..., Up, Py VL, -« ey Un,y QVEL, « oo T, wAM,

with M := {c; j),c;li=1,...,n, j=1,...,4}, and the matrix
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TiVwVeigis wWNVwVegn U VwVcgs)
VWV egz WVWVeqny U VDVcgs
TV WV Ciam)y wi VWV G vV WV Ccgy
Ti VWV Cia/a) WiVWVCya UiVWVCgy)
ti VWV ciy2/3/4)
£ VWV ci1/2/3/4)
pVwVer pVwVer qVwVes gVwVe
pVwVe pVwVe gVwVes gVwVey
Ly VwVcya/3)/4
by VWV cya/3/4

fori=1,...,n, where variables like c(; 1 /3y decode two versions of this clause: One clause
with c(; 1y and the other with c(; 3) (analogously with c(; 5/4y, ¢(i;1/2/3/4) and ¢y/2/3/4)-

Let us now construct a polynomial size QCDCLEP*ANY verification. At first, we would
like to learn the cubes

D1y i= Ty Ny N
D(i,z) =x; Aui A t;
Di:=pAti AL AL,

for i = 1,...,n. In order to learn D; ), we will make (level-ordered) decisions that
satisfy all literals from D; 1), but falsify all the other D; 1) for i’ # i. For example, we
set z;, u; and t; to false, and we can assign all the other variables left of w arbitrarily.
Note that until we reach w, we will never make any propagations since w or w is blocking
them. After having decided all variables left of w, we will decide w and potentially
trigger some propagations. However, the variable c(; 1) will never be propagated because
all clauses containing it are already satisfied. After this we will set ¢(; 1) to false and all
the remaining variables to true.

We now have satisfied the clause E. Furthermore, we have set all ¢y ;) and ¢ to
true except c(; ;). Hence we have satisfied all clauses except the four clauses containing
C(;,1)- But these two clauses were already satisfied because we have satisfied the cube
D; 1y with the decisions left of w.

Let 7; 1) be the trail we have constructed now. We can extract the cube

4
T AN A A ey A A cary N\ s
(@) €({Lynpx{1,234)\{(%1)} k=1
which, as an assignment, already satisfies all clauses from Rev(TwinModEq,,). This cube

can be existentially reduced to Dy; 1), which is the cube we learn from 7(; ;). Analogously,
we can learn the cubes Dy; 5 for i = 1,...,n via some analogue trails 7; o).
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It remains to learn the cube D;, which represents the clause C1 € €(TwinModEq,,).
We will construct a trail 7; which includes (level-ordered) decisions that satisfy D;. But
now we have to make sure not to trigger propagations via D; 1) or Dy; o) since we must
not set t; to false. This can be done by setting all x; to false and all u; to true. Then
we can set p to false and all ¢; to true. The remaining variables left of w can again be
decided arbitrarily. Then we set w to true and potentially trigger some propagations
of ¢(; ;) or ¢k, which is not a problem since c; will never be propagated (the clauses
containing c; are already satisfied). Then we set ¢; to false and all remaining variables
can be set to true.

As with T (i,1), we have satisfied all clauses from Rev(TwinModEq,,). We can extract
the cube

n 4 4
pAtiA . Atana AN N\ N cap AN ers
i=1j=1 k=2

from 77, which already satisfies the matrix and can be existentially reduced to D;.
We will now define the cubes

n i—1

Ri:=z Au ApA [\ (we Atg) A\ L
k=i+1 /=1
n i—1

Lii=zi ANuj AP A /\ (up A g) A /\tg
k=i+1 /=1

fori =2,...,n — 1. We will construct trails U,_1,V,—1,...,Us2, Vo with which we will
gradually learn the clauses R,,—1, Lyp—1, ..., Ro, Lo.
We start with

Up—1 = (pa X1;U1,81; ... Xn—1;Un-1,tn—1,tn, Tn, T)

with antecedent cubes

tn—1

forj=1,...,n—1. We learn the cube R,,_1 = <(D(n’1) 54 D(n,2)) lt>% Dl) > D(n—l,l)-

Analogously, by flipping some polarities, we construct the trail V,_; and learn the
tn—1

cube L,,_1 = ((D(n,l) B4 D(mg)) S D1> > D(—1,2)- Note that R,—1 will not interfere
with the assignments in V,,_1.

Assume we have already learned the clauses R,_1,Ln_1,...,R;, L; for some i €
{3,...,mn—1}. Then we can construct the following trail:

Ui—1 = (P; Xy 0n,t15 .3 X1 W1, bim1, T4, 1)
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with antecedent cubes

antey,_, (t;) = D)
R;
L;

antey, (i)
antey, ,(T)

ti—1

for j=1,...,2—1. We learn the cube R;_; = (LZ- B4 Ri) > D(;_1,1)- Analogously, we

4 ti—
can construct the trail V;_1 and learn L;,_1 = <Li B Ri> < D(i—1,2)-

After having learned the cubes R,,_1, L1, ..., R2, Lo, we construct two more trails,
namely

Uy = (P;Xq; 0y, 81,22, T)
with antecedent cubes

anteyy, (tl) = D(l,l)
antey, (r2) = Ra
antey, (T) = Lo,

from which we learn [z;] = (Lg B Rz) éé D 1, and the trail

Vl = (xlvf)v U17t1,$2, T)

with antecedent cubes

antey, (1) = [x1]
antey, (1) = D(1,2)
antey, (r2) = Ra
antey, (T) = Lo,

Zy

from which we learn the empty cube [T] = redgev(TwinMoqun) ((LQ B Rg) o D(LQ)) >

[21].
All in all, we have constructed a QCDCLP*"ANY verification using the 4n — 1 trails

7-(1,1)7 s 77En,1)77Z1,2) s 77Zn,2)77-17un—1avn—17 cos UL VY
O

Corollary 7.20. QCDCL and QCDCLE*NY qre exponentially separated on true formu-
las.
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7.3 Separation on False Formulas

For separating QCDCL and QCDCLYN"AY e recall the completion principle CR,, (cf.
Definition 5.13). For the lower bound, we will use the modification TwinCR,,. As we
show, Cube Learning becomes rather useless with the Twin modification. This fact
helps us to ensure that QCDCL refutations of TwinCR,, are primitive, and thus we can
apply the gauge lower-bound method.

Similarly as in Proposition 7.17 we can compute the gauge.

Lemma 7.21. [t holds gauge(TwinCR,) = n.

Proof. For the derivation of an X-clause we need at least one of the clauses a1 V...V a,
or by V...V b, since we have to get rid of all T-literals. In particular, w.l.o.g. we have
to resolve over each a;. For this, we need one of the clauses TG VuVa;orzgyVoVa;
for each i. That means for each 7 we will pile up at least one z; ;) for some j. Therefore
gauge(TwinCR,,) = n. O

The main work is to check that QCDCL refutations of TwinCR,, are primitive.

Proposition 7.22. If v is a QCDCL refutation of TwinCR,,, then R(¢) is fully reduced
and primitive.

Proof. Tt suffices to show that 9R(¢) is primitive. Assume not.

Then there exists two XUT-clauses C, D € PR(¢) that are resolved over an X-literal,
say z. One of these two clauses has to be the antecedent clause of x by the definition of
Clause Learning, say C' = ante(x) for some trail 7 € T(¢). Let t; € C' be one of the
T-literals. We want to show, that there exists a U-literal w with w <7 .

Assume that no such w exists. Since C had to become unit at the propagation of x,
we need t; <7 x. The literal £; cannot be a decision in 7, since this would mean that
we assigned all U-variables earlier in the trail, which contradicts our assumption. Hence
t1 must have been a propagation.

Starting with ¢ = 1, we define F; := anter(f;). Now, F; cannot contain U-literals
since we cannot falsify these literals before assigning ¢;. Because of the XT-property (and
Lemma 5.4), F; cannot contain X-literals, as well (otherwise it would be an XT-clause).
But if the XT-property is fulfilled, we cannot derive unit T-clauses, therefore F; has to
contain at least one additional T-literal, say t;+1 € Fj.

This argument can be repeated for each ¢ € N, which means we could find an infinite
amount of T-literals ¢; that must be all contained in 7", which is obviously not possible.
This shows that our assumption was false and we can indeed find such a U-literal w <
t_l <7 x.

W.lo.g. let w be the first (leftmost) U-literal in 7. Since it was assigned before z, it
cannot be a decision literal. Hence, it was propagated. Define A := antey(w). Clearly,
A is a cube. We will show that A contains at least two different U-literals. Then, since
w was the first U-literal in 7, A cannot become unit until at least one U-literal was
assigned, which would be a contradiction.
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Now, A is a cube that was derived during Cube Learning from cubes that represent
satisfying (partial) assignments of the matrix of TwinCR,. Let D be a cube that satisfies
the matrix of TwinCR,. Because we have to satisfy the clauses a; V ...V a, and by V
...V by, there exists an 7 € {1,...,n} with @. € D and an s € {1,...,n} with bs € D.
Furthermore, we have to satisfy the clauses x(, ) VUV ar, T(r ) VUV ar, T g) VUV by
and Z(, ) VvV bs. That means we have to assign v in some polarity. W.Lo.g. let u € D.
Then we have to set z(, ) to false, hence Z(, 5 € D. In order to satisfy z(, 5 VvV ar,
we have to set v to true, as well. Therefore we get v € D.

We conclude that v € D if and only if v € D, and analogously @ € D if and only
if v € D. This means that we will never be able to resolve such two learned cubes in ¢
since we cannot create universal tautologies in cubes. In particular, we have proven that
A contains at least two U-literals, which leads to a contradiction as described above. [

Applying Theorem 5.17 then yields the lower bound.
Corollary 7.23. TwinCR,, needs exponential-sized QCDCL refutations.

On the other hand, TwinCR,, is easy for QCDCLYN"ANY | Basically, we can simulate the
Q-Res refutation of CR,, from [64], because we can decide universal literals out of order.

Proposition 7.24. TwinCR,, has polynomial-sized QCDCLYN™NY refutations.
Proof. For each kK =1,...,n we construct the trail
Ti = (X3 Xmk); W @1, -+, An, L)
with antecedent clauses
anter; (a;) = Ty VuVa;, anter(L)=a1V...Vap,

fori=1,...,n.

Resolving @1 V. ..Vay, over each anter; (a;) gives us the clause Ej, := z(; 1) V.. N k)
which we will learn. Note that the trails and the learned clauses will not affect each other,
hence the order in which we construct these n trails does not matter. Next, we construct
the trails Uy, ..., U,—1 (in that order). From each Uy, we learn the clause Cj := u V by.
While constructing Uy, we assume that C1,...,Cr_1 were already learned. Then, U
looks as follows:

Uy = (u, b1, bg13 Vi b, Bgy, o Ty, L)
with antecedent clauses

antey, (b]) = Cj, antey, (j(z,k)) = j(z,k) VaV by, antez,,k(J_) = Ey,

fori=1,...,nand j =1,...,k — 1. Resolving E} over each antey, (7(;)) leads to the
learnable clause C}. Having learned the clauses C1, ..., C,_1, we continue with the trail
V, which will be the last one. It looks as follows:

V= (u, bi,..., bnflal_)naj(l,n), e 7j(n,n)v J_)
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with antecedent clauses

antev(bj) = Cj, anteV(En) = 51 V...Vb,, antey(:ﬁ(m)) =T(in) VUV bn,
antey(L) = E,,

fori=1,...,nand j =1,...,n— 1. Since we only made a universal decision, we can
learn the empty clause (L) from V by resolving over everything.
Thus we constructed a QCDCLYN"ANY refutation using 2n + 1 trails. O

We summarize the results from Corollary 7.23 and Proposition 7.24:
Corollary 7.25. TwinCR,, is hard for QCDCL, but easy for QCDCLUN-ANY

Besides TwinCR,,, we can find further separations between QCDCL and QCDCLYN-ANY,
We recall the MirrorCR,, formulas from Definition 6.13. We have already shown that
MirrorCR,, consists of an unsatisfiable matrix (cf. Proposition 6.14) needs exponential-

sized QCDCL refutations (cf. Corollary 6.17). We prove now that these formulas are in
fact easy for QCDCLYN-ANY,

Proposition 7.26. MirrorCR, has polynomial-sized QCDCLYNANY refutations.

Proof. At first, we will derive the clauses Ay 1= z(y j) V...V Z(, ) for each k =1,...,n.
Suppose, we have already learned A1,..., Ax_1. We construct the trail T as follows:

T = X1k - Xmk); 0,01, -, 0n, 1)
with

antey; (a;) = T(ip) VuVa;
anter, (L) =a1 V... Va,

for i = 1,...,n. From this trail we can learn Ej by resolving over all a; and then we
restart.
Our next goal is to learn the clauses By :=u V by for each k =1,...,n— 1. We now

suppose that we have already learned Aq,..., A, and By,...,Br_1. We construct the
trail U}, as follows:

Z/{k = (u7 bla ce 7bk—1; Bk7 j(l,k)a .. 7j(n,k)7 J—)
with

antey, (bj) = DB;
antey, (j(z,k)) =Tk VuV by,
antey, (L) = Ay

forj=1,....,k—1landi=1,...,n. We learn By, by resolving Ay over all x(; p). After
this we backtrack back to the point where we decided by,.
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Our last trail, from which we plan to learn the empty clause, looks as follows:

L{n = (u,bl,...7bn,J_)

with
antey, (bj) = B;
antey, (L) = b1 V...V b,
We resolve over all b; and obtain (L). O

Combining Corollary 6.17 and Proposition 7.26 shows that MirrorCR,, yields another
separation between QCDCL and QCDCLYN-ANY,

Corollary 7.27. MirrorCR,, is hard for QCDCL, but easy for QCDCLYN-ANY,

Corollary 7.28. QCDCL and QCDCLYMAYY qre exponentially separated on false formu-
las.

We combine both separations into our main result:

Theorem 7.29. (i) QCDCLYNANY is exponentially stronger than QCDCL on false for-
mulas.

(ii) QCDCLEXANY s exponentially stronger than QCDCL on true formulas.

(iii) QCDCLAYY is exponentially stronger than QCDCL both on false and true formulas.






Chapter 8

Comparing Reduction and Propaga-
tion Policies

Besides using more liberal decision heuristics, there are other approaches to modify
QCDCL variants in order to improve their performance. While arbitrarily ordered de-
cisions seem to be an obvious advantage even from a high-level perspective, the case for
Reduction or Propagation Policies is not quite as clear.

Our main goal will be to propose these types of policies in order to characterise the
underlying well-known proof systems like Q-Res, LD-Q-Res or QU-Res (cf. Chapter 9).
Both kinds of policies alter the resolution steps that are performed during constraint
learning and proof generation in QCDCL.

We introduce Propagation Policies that determine what kinds of constraints are
allowed to propagate which types of literals. In the classic setting, we can only use unit
clauses to propagate existential literals and unit cubes for propagating universal literals.
We can extend these rules by allowing the propagation of universal literals via unit cubes
and existential literals via unit clauses. Hence, the extracted proofs now not only contain
resolutions between clauses over existential literals, but over universal literals as well.
Likewise we can also resolve cubes over existential literals.

As for Reduction Policies, we will show that the way we reduce literals during unit
propagation deeply effects the existence of tautological clauses and contradictory cubes
in the extracted proofs (i.e., long-distance steps). Roughly speaking, the more often we
reduce during unit propagation, the ‘more’ the proof produced during constraint learning
looks like a genuine LD-Q-Res proof and less like a Q-Res proof.

In some cases it makes sense to forego reductions during unit propagation — for
example to prevent the learned clause from becoming tautological and therefore difficult
to use for further propagations. Sometimes we even want to refrain from doing reductions
for the whole QCDCL run because we explicitly want to generate Q-Res proofs (i.e.,
without any tautological clauses). In order to make reductions more ‘controllable’, we
introduce the notion of partial reductions.

Definition 8.1 (partial reduction). Let K be a non-contradictory set of literals and let
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C:=0V...Vi, be a clause from a QCNF ® such that
{lgy... b} ={€ € Cll e K, {is universal and x <g ¢ for all existential € C'}.
Then we can partially reduce C by K and obtain
red;K(C) =0 V. oV lgq.

Intuitively, we will reduce all reducible literals that are also contained in K. As before,
we simply write redg instead of redZ,yK if the context is clear.

Analogously, we can do partial existential reductions of a cube D, which we will
denote as red%K(D) or simply red;K(D).

We will now apply the idea of partial reductions to our QCDCL framework. Consider
a trail

T = (p(O,l)v -+ P(0,90)3 d17p(1,1)a <o P(1,g1)5 - ;drap(r,l)a s 7p(7‘,gr))a

from some QCDCL proof. We now demand that for each point [z, j] in the trail there
must exist a set of literals K(; ;) which we call the reductive set at point [i,j]. Then for
each propagated literal p(; j) € T there has to be be a clause anteT(p(iyj)) such that

redg,  (anter (P )| 71.5) = (Peig))s

or a cube anter(p(; j)) such that

redg, ; (anter(p 5)) | 71.51) = [Peij]-

As before, we call such a clause/cube the antecedent clause/cube of p(; ;). Obviously,
if 7 is a trail for a QCNF @, by setting each K{; ;) := var(®) U var(®), we obtain the
classic QCDCL.

We will restrict the Decision Policies to level-ordered and arbitrarily ordered decisions
since the other types of policies might affect the learnability of asserting constraints and
therefore the purpose of partial level-ordered decision policies might not longer apply.
The policy for level-ordered decisions will be named LEV-ORD and the one for arbitrary
decisions will be named ANY-ORD.

We collect all relevant policies that can be applied to QCDCL in this chapter:

e Decision policies:

— LEV-ORD: For each decision d; we have that Ivg|, (di) = 1. Le., decisions
are level-ordered.

— ANY-ORD: Decisions can be made arbitrarily in any order (as long as the NCC
is fulfilled).

e Reduction policies:
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— ALL-RED: All K; j) are set to var(®)Uvar(®). This is the classic setting — we
have to reduce all reducible literals during unit propagation.

— NO-RED: All K; ;) are set to (). We are not allowed to reduce during unit
propagation at all. There is one exception: Combined with ALL-PROP, we
are allowed (but not forced) to reduce universal unit clauses (existential unit
cubes) and immediately obtain a conflict. This is due to reasons of complete-
ness which will be explained later.

— ANY-RED: The sets K(; j) can be set arbitrarily. Hence, we can choose after
each propagation or decisions step which literals are to be reduced next.

e Propagation policies:

— EXI-PROP: Unit clauses can only propagate existential literals. Universal unit
clauses will be reduced to the empty clause if allowed by the reduction policy.
Analogously, unit cubes can only propagate universal literals. Existential unit
cubes will be reduced to the empty cube if allowed by the reduction policy.

— ALL-PROP: Universal unit clauses will lead to the propagation of the universal
unit literal. Analogously, existential unit cubes will lead to the propagation
of the existential unit literal.

This policy is nullified if combined with ALL-RED. If combined with NO-RED,
we are allowed to reduce universal unit clauses and existential unit cubes
instead of doing a unit propagation. This is due to reasons of completeness.

Having chosen D € {LEV-ORD,ANY-ORD}, R € {ALL-RED, NO-RED, ANY-RED} and
P € {EXI-PROP, ALL-PROP}, we will denote QCDCL trails that fulfil the corresponding
conditions above as QCDCLRP trails and use the notion of QCDCLRP proofs, refutations
and verifications as usual.

Remark 8.2. We allow (but not force) a QCDCL solver that uses NO-RED together with
ALL-PROP to reduce universal unit clauses to the empty clause instead of using them for
unit propagation. The following example will explain this tweak:

Consider the QBF Yu - (u) and assume, we would not be allowed to reduce universal
unit clauses. Then we would need to propagate u as this is the only action available. We
will not obtain a conflict and therefore learn the cube [u]. After backtracking, we must
first propagate @ via [u], followed by a conflict on (u), which allows us to learn the empty
clause.

However, if we would have first propagated u via (u), we would have got a cube
conflict on [u], from which we would not be able to learn something new. This might lead
to unwanted loops, which should be avoided.

Additionally, this tweak ensures the completeness of the corresponding model on false
formulas without the necessity to perform cube learning, which would be otherwise a very
unnatural property.

We can show that all combinations of the above policies lead to sound and complete
proof systems (and algorithms).
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Proposition 8.3. All defined QCDCL variants are sound and complete.

Proof. 1t suffices to show completeness for the weakest combinations. Hence, we can
use LEV-ORD and choose between ALL-RED and NO-RED, as both are subsumed by
ANY-RED. For EXI-PROP, the version QCDCLEY-REC . oeop is exactly the classic QCDCL
variant, for which completeness was proven in Theorem 4.13. The completeness of
QCDCLklEOV_',gE'E,'?EX,_PROP can be shown as follows:

Let 7 be a trail in a QCDCLRY % e prop Proof for a QCNF @ and let di,....d, € T
be the decision literals in 7. Suppose we run into a clause conflict (the case for cube
conflicts is analogue). Then we can consider the rightmost clause C' in £(7), which
can only consist of negated decisions or universal literals that were reduced during unit
propagation since we have resolved over everything. Since no reductions were made
during unit propagation, C' only contains negated decisions and hence must be a new
clause, otherwise we would not have been able to make the last decision d; that also
appears as d; in C.

If 7 does not run into a conflict, we simply learn an arbitrary cube as described in
Definition 4.4. This cube is a new cube, because otherwise we would have got a conflict
on exactly that cube.

We conclude that we are always able to find new learnable constraints, hence at some
point we will derive the empty clause if ® is false or the empty cube if ® is true.

For ALL-PROP, we distinguish two cases:

(i) ALL-RED: Then we will never propagate universal literals via clauses, as they will
always be directly reduced to the empty clause. Analogously, we will never prop-
agate existential literals via cubes, as they will always be directly reduced to the
empty cube. Hence, this system is the same as if we would have chosen EXI-PROP.

(i) NO-RED: As described in Remark 8.2, we are not forced to do universal propaga-
tions via clauses or existential propagations via cubes. Therefore, the version with
EXI-PROP is already simulated by this combination system.

The soundness follows from the soundness of LD-QU-Res (resp. LD-QU-Con) proofs,
which can be extracted from the trails of all QCDCL variants defined here. O

While all 2x 3 x2 = 12 combinations of policies are sound and complete, we point out
that we will not consider all of them. On the one hand, combining the policies ALL-RED
and ALL-PROP leads to two QCDCL variants that collapse to the respective versions with
EXI-PROP. This is because ALL-RED prevents ALL-PROP from enabling propagations of
universal literals via clauses and existential literals via cubes as universal unit clauses
and existential unit cubes would be immediately reduced to empty constraints.

On the other hand, we also omit two further combinations using ALL-PROP, namely
QCDCLANYRRC | L -prop aid QCDCLER SR 4 | prop since our simulation method (cf. Chap-
ter 9) does not work for systems with ANY-RED and ALL-PROP. In particular, the proof
of Lemma 9.5 from the next chapter, which is crucial for showing the characterisations,
requires that ANY-RED is not combined with ALL-PROP due to some technicalities. We
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conjecture that QCDCLANCQR o _prop Might characterise a proof system such as LD-QU-
Res, but we would need a completely different approach.

That said, we consider all remaining eight variants that are included in Figure 9.1.
In particular, we analyse all possible variants with the EXI-PROP policy, which is also
the standard policy in practical QCDCL.

Obviously, ANY-RED covers (hence: simulates) both ALL-RED an NO-RED, as we can
simply choose to reduce everything or nothing. We want to prove now that both ALL-RED
and NO-RED are exponentially worse than ANY-RED on some family of QBFs. L.e., we
want to show that there exist formulas where we need to reduce some but not all literals
during unit propagation.

These formulas will be hand-crafted, consisting of two already well-known QCNFs:
MirrorCR,, (cf. Definition 6.13) and QParity, (cf. Definition 5.22).

Proposition 8.4. The QBFs MirrorCR,, have polynomial-size Q-Res refutations.

Proof. As MirrorCR,, is an extension of the Completion Principle (CR,,), which is known
to be easy for Q-Res [68], we can simply reuse the exact same refutation from [68]. Note
that we do not need all axiom clauses to refute the formula. O

In order to combine both formulas, we will rename the variables for QParity,, such
that they do not overlap those from MirrorCR,:

The QCNF QParity, (Y, w, S) consists of the prefix IY'Vw3S, where Y := {y1,...,yn}
and S := {s2,...,s,}, and the matrix

Y1 VY2V s Y1 Viya Vs Y1 Vya2 Vs Y1 VY2V s
YiVsi—1VS8 Y V&_1Vs §iVsi_1Vs; yV8§_1Vs forie {2,...,n},
Sp Vw Sp Vw.

When introduced in Chapter 6, it was shown that MirrorCR,, is hard for all QCDCL
models with level-ordered decisions considered in Corollary 6.17. We generalize this
result and show that the lower bound for MirrorCR,, indeed only depends on the decision
policy used and also holds for our new models introduced here.

Proposition 8.5. The QBF's MirrorCR, (X, u,T) need exponential-sized refutations in
all our QCDCL wvariants with the LEV-ORD policy.

Proof. In Corollary 6.17, it was shown that MirrorCR, is hard for the QCDCL vari-
ant QCDCLEEYREP ¢ _prop DY Proving that the QCDCL model generates primitive Q-Res
refutations for that formula. This proof is completely independent from the applied
reduction policy. Hence, one can easily show that the same result holds for NO-RED and
ANY-RED, as well.

It remains to show that the policy ALL-PROP does not affect the hardness. This
is because QCDCL with LEV-ORD will never be able to propagate universal literals for
MirrorCR,,.

Assume, for the sake of contradiction, that QCDCL with LEV-ORD propagates a
universal literal v in some trail 7. W.l.o.g. let this be the first trail and the first time in
the trail where this happens. Its antecedent clause antes(v) must contain at least some
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T-literal ¢, otherwise v would have been reduced away during the learning of antes(v).
But then we need ¢; € 7 and ¢; has to be assigned before v. It could not be done by
decision, otherwise this would contradict the LEV-ORD rule. Therefore ¢; was propagated
and there exists its antecedent clause A; := antes(f1).

Since MirrorCR,, fulfils the XT-property, A; cannot be a unit clause or a clause
that consists of X- and T-literals, but no universal literals. Because the only universal
variable of MirrorCR,, will be assigned later, and we are not allowed to reduce universal
literals for the propagation of T-literals, we conclude that A; cannot contain universal
literals must therefore contain another T-literal ¢5.

We can repeat the argument above and find the antecedent clause Ay := anter(t2),
another T-literal t3, another clause A3 and so on. Therefore we would detect an infinite
amount of different T-literals, which is obviously impossible.

Hence, we have shown that QCDCL cannot propagate universal literals for MirrorCR,,
and each QCDCL variant with ALL-PROP behaves the same as the corresponding version
with EXI-PROP on that formula. ]

With the QBFs QParity,, one obtains one direction of the incomparability between
classical QCDCL (here called QCDCLEY Q% ¢ prop) and Q-Res, being easy for the former
(cf. Proposition 6.7) and hard for the latter system (cf. [19]).

Proposition 8.6 ([19]). The QBFs QParity,, need exponential-sized Q-Res and QU-Res

refutations, but have polynomial-sized QCDCLEEV-R80 o b Tefutations.

We combine the MirrorCR and QParity formulas into a new one, using auxiliary
variables.

Definition 8.7. The QQBF MiPa,, consists of the prefiz Vz3aXVudTVpdY Vw3aSVvIr such
that X, u, T are the variables for MirrorCR, (X,u,T), and Y, w, S are the variables
for QParity, (Y,w,S). The matriz of MiPa,, contains the clauses

ZVF, ZVT
CVvpVuVvr
CVpVoVr
CvpVvuVvr
CVpVTVr
pV D
pVvD

for C € €(MirrorCR, (X, u,T)),

}for D e ¢(QParity, (Y, w,5)).

We show next that MiPa, needs indeed ANY-RED in order to admit polynomial-
size refutations in QCDCL. The idea is that ALL-RED will always lead to refutations of
MirrorCR,, and NO-RED will alternatively lead to Q-Res refutations of QParity,,, which
are both of exponential size.

Theorem 8.8. The ()BFs MiPa,,

(i) need exponential-size QCDCLEEV-QF0 _ o refutations,
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(ii) need ezponential-size QCDCLEE SR0p, prop Tefutations,
(iii) but have polynomial-size QCDCLES XD £y, prop Tefutations.

Proof. For (i), since the formula has no unit clauses, we have to start by deciding the
variable z. Because z occurs symmetrically in MiPa,, we can assume that we set z to
true. This always triggers the unit propagation of 7 via the clause z V 7. After that, we
are forced to assign the variables from X, U := {u} and T along the quantification order.
Since the matrix of MirrorCR, is unsatisfiable, and we need to reduce all literals if possi-
ble, we will detect a conflict at the same time as we would get the conflict in MirrorCR,,
itself. The proof we can extract from the trails is essentially a QCDCLE Q8¢ prop
refutation of MirrorCR,, except that it additionally contains the variables z, p, v and
r in some polarities. However, this does not change the fact that we can still not re-
solve two clauses that contain X-, U-, and T-variables over any X-variable. Therefore,
if we shorten the proof by assigning r to false and z to true, we get a refutation of
MirrorCR,, in which we never resolve two clauses that contain X-, U-, and T-variables
over an X-variable — meaning that this refutation has to be primitive (and fully reduced
by default). By Corollary 6.15, this refutation has exponential size.

For (ii), we start in the same way as in (i), but we do not get a conflict once we
assigned all variables of MirrorCR,. Next, we need to decide p in some polarity, but
nothing will happen for the moment. We then start assigning the variables of QParity,,
along the quantification order. Now we have to distinguish two cases:

Case 1. We get a conflict in QParity,.

But then, because of NO-RED, we can only extract Q-Res derivations of learned
clauses. And if we get enough conflicts in QParity,,, we can essentially extract a Q-Res
refutation of QParity, , which has exponential size.

Case 2. We do not get a conflict in QParity,,.

This might happen when the universal player assigns the variable w the “wrong” way.
Then the only unassigned variable is v. After deciding it in any polarity, we will always
get a conflict in MirrorCR,,. If we find enough conflicts in MirrorCR,, we can essentially
extract an exponential-size fully reduced primitive Q-Res refutation of MirrorCR,, as in
(1).

Note that it is possible to get both kind of conflicts. However, it is only important
with what kind of conflicts we were able to derive the empty clause.

Finally, for (iii), we can construct a polynomial-size QCDCLE R £, prop Proof by
only reducing the literals w and w. After deciding z, propagating 7, assigning all variables
from X, v and T and deciding p arbitrarily, we can simply copy the polynomial-size
QCDCLEY R &\ prop Proof of QParity, (note that ALL-RED only applies to w and ).
At some point, we will derive the clause (p) or (p), which can be reduced to the empty
clause. O

One of our motivations is to find a way to p-simulate LD-Q-Res refutations of QCNFs
by certain variants of QCDCL. However, it appears that not all resolution steps that are
allowed in LD-Q-Res can be recreated with QCDCL proofs. In LD-Q-Res proofs that are
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extracted from QCDCL, one can easily observe that for each resolution step C l>€<1 Cy, at
least one parent clause C; has to be an antecedent clause for £ or £ in the corresponding
trail. In particular, there must be a partial assignment 7 and a set of literals K such
that redx (C;|,;) becomes unit, i.e. redg (C;|;) = (¢) (vesp. (£)). This is not possible if
there are tautologies left of ¢ in C; that cannot be reduced.

Motivated by this observation, we introduce a new proof system similar to LD-Q-Res,
but with the restriction that such a situation as described above is not allowed.

Definition 8.9. A LD-Q-Res proof is called a mLD-Q-Res proof, if it does not contain
a resolution step between two clauses D and E, such that C = D < B for an existen-
tial variable x and there are universal variables u,w such that u* € D, w* € E and
e (u), v (w) < lg(x).

With this definition in place, we can show that mLD-Q-Res proofs can be extracted
from runs of most variants of QCDCL that we defined. Further, for some QCDCL
paradigms, stricter simulations hold.

Proposition 8.10. The following holds on false QCNFs:
(i) Q-Res p-simulates QCDCLAWRRE. | pop-
(ii) QU-Res p-simulates QCDCLARRIRE, | peop-

(iii) mLD-Q-Res p-simulates QCDCLANY-90

ANY-RED, Exi-ProP*

Proof. For (i), we already know that the classic version QCDCL generates LD-Q-Res
refutations by the definition of Clause Learning (cf. Definition 4.4). Because of NO-RED,
all literals in the learnable clauses have to appear negatively in the corresponding trail.
Since trails never contain variables in two different polarities, learnable clauses can never
include universal tautologies. Hence, the extracted proofs are always Q-Res proofs.

For (ii), because of the ALL-PROP policy, we might propagate (and resolve) over
universal literals, which can be handled by QU-Res. It remains to show that NO-RED
prevents the derivation of tautological clauses. This holds because we only use antecedent
clauses for Clause Learning. Let us assume that we learn a tautological clause C' from
a QCDCLAN:R  -prop trail 7. Then there would be two antecedent clauses D :=
anter(¢1) and E := antey({2) such that there exists a universal literal u with u # /1,
U4 # by, u €D and € E. Weneed u € T for D to become unit and at the same time
we need u € T for E to become unit, which is not possible. Therefore, we will never
derive tautological clauses.

Let us now prove (iii). By definition, via Clause Learning we can extract LD-Q-Res
proofs from QCDCLANWRR o b0 trails (note that we only propagate existential literals,
hence we also only resolve over existential variables during Clause Learning). It remains
to show that the kind of resolution step that is forbidden in mLD-Q-Res (but allowed in
LD-Q-Res) will never occur during Clause Learning.

Assume it does. Then we have derived a clause C by resolving two clauses D and

E over some literal = (hence C' = D 5 E), such that there exists universal tautologies
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u* € D and w* € E with v* # w* and lv(u*),lv(w*) < lv(z). Then at least one of
these parent clauses needs to be an antecedent clause for a trail 7, say D = anter(x).
But then D can never become the unit clause (z), because we cannot reduce u* since
it is blocked by z, and we cannot falsify it by the previous trail assignment since it is a
tautology. This is a contradiction that shows that all resolution and reduction steps are
allowed in mLD-Q-Res. O

We could formulate analogous results on true QCNF's using the notation of consen-
sus proofs. However, we will omit this as all separations and characterisations will be
performed on false QCNFs and resolution proofs.

One can easily show that the separation between Q-Res and LD-Q-Res transfers to a
separation between Q-Res and mLD-Q-Res.

Corollary 8.11. mLD-Q-Res p-simulates and is exponentially stronger than Q-Res.

Proof. The simulation follows by definition. The separation follows by Proposition 8.6
and 8.10 (iii). O

In fact, all currently known upper bounds for LD-Q-Res can be easily transformed into
mLD-Q-Res upper bounds. However, we leave open the question of whether LD-Q-Res is
stronger than or equivalent to mLD-Q-Res.

At the end, we want to show that the two policies ALL-RED and NO-RED are in fact
incomparable to each other (at least as long as LEV-ORD and EXI-PROP are activated).
We already know that QParity,, is easy for QCDCLEE QR L.\ prop and hard for Q-Res by
Proposition 8.6.

Since Q-Res p-simulates QCDCLNN Rt Ey, prop and therefore QCDCLEY o e, prop 25
well, we conclude that QParity, must also be hard for QCDCLk,EO\f',gERD'?EXI_PROP, which
separates ALL-RED from NO-RED in one direction.

For the other direction, it suffices to construct a formula that is easy with NO-RED,
but hard with ALL-RED. We can follow an approach similar to the MiPa,, formulas:

Definition 8.12. The QBF MiEasy, consists of the prefix V23X VudTVp3ayVvIr such
that X, u, T are the variables for MirrorCR,, (X, u,T). The matriz of MiEasy,, contains
the clauses

ZVTF, ZVF
CVvpVoVvr
CVvpVvoVvr
CvpVvuoVvr
CVpVEVr

for C € €(MirrorCR, (X, u,T)),

pVy
pVy
pVy
pVy
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Proposition 8.13. The QBFsMiEasy, need exponential-size QCDCL4EV-ORP refu-

ALL-RED, Exi-PrOP
tations, but have polynomial size QCDCL,LVEO‘C'ROE’;L?EX,_PROP refutations.

Proof. If ALL-RED is activated, we have to start deciding z somehow, say we set z to true.
Then we propagate 7, which now no longer blocks the universal variables p and v in the
clauses that contain clauses from MirrorCR,,. Next, we need to assign the variables from
X, uand T, either by decision or propagation. No matter how we assign these variables,
we will always get a conflict since one of the C' € €(MirrorCR,,) will get falsified and we
are forced to reduce p and v. That means we essentially have to refute MirrorCR, on
QCDCLEY R .\ prop» Which is hard by Proposition 8.5.

However, if NO-RED is activated, we no longer have to reduce p and v and can move
to the clauses that contain y, which are easy to refute. In fact, we can refute the formula
in just one trail:

T :=(z,7;_...;p,y, L)

arbitrary decisions of X, v and T'

with

By resolving over y, we can learn (p V ) 5 (pVy) = (p) and reduce it to (L). Note
that NO-RED does only affect reductions during Unit Propagation and not during Clause
Learning. O

Corollary 8.14. QCDCL%‘[:,??BEX,_PROP and QCDCLk,Eo‘fﬁ:’g?EX,_PROP are incomparable.
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QCDCL Characterisations

In this chapter, we show that all the simulations in Proposition 8.10 can be tightened to
equivalences. For this we will characterise Q-Res, mLD-Q-Res and QU-Res by the specific
variants of QCDCL mentioned in Proposition 8.10. However, we leave open whether we
can extend these characterisations to LD-Q-Res. This will depend on whether it is
possible to polynomially transform the ‘forbidden’ resolution steps that can occur in
LD-Q-Res, but cannot be created by QCDCL, into mLD-Q-Res steps.

We will show the characterisations of mLD-Q-Res and QU-Res parallelly as the char-
acterisation of Q-Res is a special case for the former. Hence, we will temporarily only
concentrate on the QCDCL variants QCDCLAN-RRY £ prop a0d QCDCLANGERD, | prop aS
well as their underlying proof systems mLD-Q-Res and QU-Res.

Besides choosing the “correct” decisions, one of the main challenges of characterising
mLD-Q-Res is to find suitable reductive sets. On the one hand, they have to trigger the
derivation of desired tautological formulas, but on the other hand they need to ensure
that we do not learn too many tautological clauses since they can become useless for
unit propagation quite quickly.

Although it is allowed to define all reductive sets K{; ;) differently, it might make
sense from a practical perspective to weaken these possibilities. We point out three
nuances of partial reduction in QCDCL that are interesting to consider:

(i) We change the reductive set after each propagation or decision step. That means
that all sets K(; ;) might be different. This is the strongest possible version of
partial reduction.

(ii) We only update the reductive set after backtracking. That means the sets K;
are constant for each trail. This version is enough to simulate all resolution steps
for the characterisation of mLD-Q-Res (cf. Theorem 9.6).

(iii) We never change the reductive set. That means that the sets K(; ;) remain constant

throughout the whole QCDCL proof. This version is enough for the separation
between systems with and systems without partial reduction (cf. Theorem 8.8).

151
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In particular that means that for the most results regarding the characterisation of
mLD-Q-Res, it is enough to fix the literals that are going to be reduced throughout the
whole trail. Thus, we introduce the notion of L-reductive trails.

Definition 9.1 (L-reductive trails). Let L be a set of literals. A trail T is called L-
reductive, if for each propagation step in T the literals that were selected to be reduced
are ezactly the literals in L. Formally, this means that for each p(; ;) there is an an-
tecedent clause (resp. cube) anter(p(; ;) such that redp(anter(pgj)lri) = (Pey))

(resp. [P j)))-

Before starting with a new L-reductive trail, we always need to consider the choice
of the reductive set L. Since QCDCLQ%Y@?S?EX,_PROP is already simulated by Q-Res, we can
conclude that in some sense the only purpose of reductions during unit propagation is to
create tautological clauses. Therefore we will distinguish between the tautological and
the non-tautological part of a clause.

Definition 9.2. Let C be a clause. Let G(C) := {u € C : w is universal and u € C}.
This set is the tautological part of C'. The non-tautological part H(C) of C is defined
as H(C) := C\G(C).

Note that for each QU-Res proof 7 and C' € m we have G(C) = () as all the clauses
are non-tautological.
Our next notion is similar to the concepts of unreliable [14] and 1-empowering [86].

Definition 9.3 (Blockades). Let S € {QCDCLAN-ZEL £ props QCDCLARR _prop) and
C' be a clause. A tuple (U, L, K), whereU is a trail, £ is a literal, « is a non-tautological
set of literals and K is a set of universal literals, is called a blockade of C' with respect
to S for a QCNF ® = Q- ¢, if U is a K-reductive S trail with decisions «, such that
teC,leld\a, a CC\{l}, K CG(C) and aN K =. In particular, £ is a propagated
literal in U.

For S = QCDCL’Z‘%Q%ES Exi-Props We additionally require that € is an existential literal
and o consists of only existential literals.

Example 9.4. Blockades occur when we are not able to choose all decisions from a
pre-defined non-tautological set a.. For example, consider the QCNF

Jz,yVu,v3z (FVZ)A(ZVaVz)A(xVyVoVz)A(yVoV z).

Assume that we use QCDCLAW-Z \  prop- Then the clause C := TV §VuV aV z has a
blockade (U, o, 4, K) with U := (y, z,Z), where antey(Z) = yV z, antey(z)=zVuVz,
as well as £ :=7 € C, o := {y} C C\{l} and K := {u}.

Intuitively, this means that although the clause C is not directly contained in the
formula, we are still able to detect the implication (a AN K — £) = (y Au) — Z (which
is equivalent to y vV u VvV T C C) as a composition of decisions and unit propagations. It
turns out that, instead of learning C directly, it is enough to detect a blockade in order

to make use of C for unit propagations in later trails.
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The next lemma shows, that we can recall trails (and blockades in particular), that
were detected and stored at an earlier point, and restore all propagations they contained.
This will be important for the characterisations, as we will go through the given proof,
find blockades or conflicts for all clauses in that proof, and recall the corresponding
trails (by using this Lemma) an all their containing propagations whenever the clauses
are needed for another resolution step. In that way, we can virtually store previous trails
and recall them later again as natural trails.

Lemma 9.5. Let = Q- p and ¥V = Q - ¢ be QCNFs such that ¥ C .

Let S € {QCDCLANR o props QCDCLAR 20, propt and let U be a K -reductive S
trail (for NO-RED we set K = () for the QCNF ¥ with decisions 3. Let T be a natural L-
reductive S trail (L = () for NO-RED) with decisions « for the QCNF ® such that K C L,
BCT and anNL = 0. If T does not run into a clause conflict, then all propagated

literals from U are also contained in T .

Proof. Assume that 7 does not run into a clause conflict, but there are some propagated
literals from U that are not contained in 7. Let p(p) be the literal that is leftmost in
U with this property and define A := antey(p(4,))- Since there are no cubes present, we
conclude that A must be a clause, regardless of whether p(, ) is existential or universal.

Because p(, ) is leftmost, all other propagated literals before p(, ) in U are already
contained in 7. Since U was K-reductive, we know that red s (Aly(ap)) = (P(ap)). Because
of K C L and U[a,b] C T we have either redr(Al7) € {(pp)), (L)}, or Al7 becomes
true. Note that we can set K := L := () for the rest of our argumentation in the case
where p(qp) is universal. This is because we require the NO-RED policy to be active if
ALL-PROP is active as well.

The first case would contradict our assumption (since 7T is natural), therefore we have
to assume that A|7 becomes true. This means that we can find a literal p(, ;) # v € ANT.
If u was existential, then we would need @ € Ula,b]. But this would also imply u € T
which contradicts the fact that w € 7. Hence u must be universal.

If u was a decision in 7, then we would have u € a.. Because of «NL = () we conclude
u ¢ L and also u ¢ K. In order to make u vanish in red (Alyq)), we need u € U[a, b],
hence also u € T. However, this is a contradiction because we already assumed u € T.

Therefore, u must have been propagated by an antecedent clause ante(u). But then
we have K = (), hence u ¢ K and @ € U[a,b] C T, which is a contradiction again because
ofueT. O

In the next theorem we will prove the main result: There exist two QCDCL variants
that can p-simulate mLD-Q-Res and QU-Res respectively. The other direction was al-
ready proven in Proposition 8.10, therefore we essentially prove the equivalence of these
systems.

Theorem 9.6. The following holds:
o QCDCLAMZORD o\ prop P-simulates mLD-Q-Res.

o QCDCLﬂ‘,gfk‘ggi‘LL_PROP p-simulates QU-Res.
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In detail: Let ® = Q- ¢ be a QCNF in n variables and m = Dy,...,D, be a
mLD-Q-Res (QU-Res) refutation of ®. Then we can construct a QCDCLAMZZR - oo .
(QCDCLANR prop) Tefutation v of @ with || € O(n - |r|). Furthermore, all trails
from v can be constructed such that they run into clause conflicts, meaning that we will
only learn clauses in t.

Note that the fact that we only learn clauses in the QCDCL proof not only strength-
ens the result (a possibly weaker QCDCL system suffices for the simulations), but it
also simplifies the simulation itself as several auxiliary results below will rely on the as-
sumption that no cubes are learned. Before giving the full proof of Theorem 9.6, which
involves several auxiliary results, we will sketch the proof idea.

Proof sketch of Theorem 9.6. Going through a given mLD-Q-Res (QU-Res) refutation ,
starting at the axioms, for each C' € m we create specific natural trails (where some of

them will later be part of the QCDCLANRC £y, prop OF QCDCLRANTRIR, | prop Proof) in

which all decisions are negated literals from C, until one of the following events occur:
e We get a conflict and learn a subclause of C.
e We obtain a blockade of C.

When this happens, we either assign the label “subclause” or the label “blockade” to
C. When a clause was derived via a resolution or reduction step in m, we simply recall
the blockades of its parent clauses by applying Lemma 9.5 to create a blockade for the
resolvent or a conflict. If a parent clause does not have a blockade, the clause itself (or a
subclause) must have been learned directly and can therefore be used as an antecedent
clause for the trail that either becomes a blockade for the resolvent, or that runs into a
conflict from which we can learn a subclause of the resolvent.

Since a clause C' € 7 can be derived via resolution (say C' = D < E) or reduction
(say C' =red(D)), we have to consider all possible cases:

(i) resolution, both D and E are labelled “blockade” (cf. Lemma 9.8)

(ii) resolution, D is labelled “blockade”, FE is labelled “subclause”, or vice versa (cf.
Lemma 9.9)

(iii) resolution, both D and E are labelled “subclause” (cf. Lemma 9.10)
(iv) reduction, D is labelled “blockade” (cf. Lemma 9.11)
(v) reduction, D is labelled “subclause” (cf. Lemma 9.12)

At the end, each clause in 7 is either labelled “subclause” or “blockade”. In partic-
ular, this holds for the empty clause. Because, by definition, there cannot be a blockade
of the empty clause (we need at least one literal), the empty clause must be labelled
“subclause”, which means we have learned the empty clause. O
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We now proceed with the full proof of Theorem 9.6. Before doing so, we need a
couple of technical lemmas.

The aforementioned creation of specific natural trails is determined by their deci-
sions as well as reductive sets K(; ;). In particular, it is not important in which order
propagations are performed as long as they are valid. The following remark explains the
way we create these trails in more detail.

Remark 9.7. Let ® = Q- ¢ be a QCNF and L be a set of universal literals. Let o be a
non-tautological set of literals. Then we can construct a trail T for ® by choosing a in
a specific order as decision literals and propagating literals as soon as the corresponding
antecedent clauses become L-reductive unit clauses. We are allowed to update the set
L after each propagation. We can even undertake these automatic construction steps
after backtracking. However, it is possible that we propagate a literal from a in the same
polarity before deciding it. In this case we have to skip the decision. Also, we could reach
a conflict before deciding all literals, then we abort the trail as usual.
If we propagate a literal from &, then we also abort.

For the next lemmas, we will construct natural trails from a given set « of decision
literals. Our goal will to obtain a blockade or a conflict. We will always assume that
we start with all existential literals from « before deciding universal literals. In partic-
ular, for the simulation of mLD-Q-Res, where we use EXI-PROP instead of ALL-PROP, all
blockades (U, «, £, K') will consist of existential decisions «, but universal reductions K.
Therefore we can guarantee a N K = ().

The first lemma handles the case where we want to simulate a resolution step between
two clauses such that we have already detected blockades for both of them (i.e., both
parental clauses are labelled “blockade”). This corresponds to Case (i) from the proof
sketch of Theorem 9.6.

Lemma 9.8. Let ® = Q- ¢ be a QCNF. Let further C'V x and DV T two clauses such
that OV D =CVasaDVZis a valid mLD-Q-Res (QU-Res) step. Suppose that there
exists a blockade of C'V x for ¥ = Q -4 and a blockade of DV x for I' = Q -~ with
¥,y C . Then there exists a QCDCLANWRR o prop (QCDCLANTIRE, | prop) PTOOS

L= [(7;7 Ci, ﬂi)]gzl

from ® with a constant ¢, such that C. C C'V D or there exists a blockade of C'V D for
Q. (ch{C’l,...,Cc}).

Proof. Let the blockade of C'Vz for ¥ be (U1, a1, 41, K1). Analogously let (Us, ag, b, K2)
be the blockade of D V Z for I' with respect to corresponding QCDCL model.

Case 1. /1 =x and {5 = 7.

We construct a natural G(C' V D)-reductive trail 7 with decisions a := a3 Uay C
C Vv D. If we obtain a blockade, we are done. Note that the set of decisions that were
actually made and G(C V D) is always disjoint, because for the EXI-PROP variant, «
consists of existential literals only, while for the ALL-PROP variant, G(C' V D) is empty.
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If we run into a conflict, then we can start Clause Learning and learn the rightmost
clause E in £7. Then E can only contain literals from & C CV D or G(CV D) C C'V D.
In this case we are also done.

Suppose that we do not get a blockade and do not run into a conflict. Then we
have a C T. By Lemma 9.5, each propagation from U; as well as Us is contained in T .
Note that we have K1 U Ko C G(C V D). But then we would have x,Z € T, which is a
contradiction.

Case 2. (1 =z and {9 # T (or analogously /1 # x and l = T).

We construct a natural G(C' V D)-reductive trail 7 with decisions « := (a3 U ag U
{6o1)\{r} € CV D (note that z might be contained in as). Similar to Case 1, we are
done if we get a blockade or run into a conflict.

Otherwise we would have o C 7. By Lemma 9.5, we conclude ¢ = x € 7. This
means as C 7. Again, by Lemma 9.5 we would get £5 € T, which is a contradiction to
05 € T. Hence we always get a blockade or a conflict.

Case 3. {1 # x and s # 7.

W.lo.g. let C not contain a universal tautology u V @ with lv(u) < lv(xz). We can
make this assumption because the resolution step is valid for mLD-Q-Res (and also for
QU-Res).

We construct a natural Kj-reductive trail 7 with decisions o := aq U {!71}, but we
will decide z at the end (if x or = does not get propagated before). If we run into a
conflict without deciding Z, then we can again learn the rightmost clause E in £7 which
is a subclause of C and therefore a subclause of C' vV D. Assume we get a blockade of
C V x with a literal £ € @ C C' V z. If £ # z, then this is a blockade of C' (and also a
blockade of C'V D) since Z was not decided, yet. If £ = z, then we have propagated x
before deciding Z. But then we can go to Case 2 with the trails 7 and Us.

If we do not get a blockade and do not run into a conflict without deciding z, and if
we actually decide Z at the end, we will show that we will run into a conflict afterwards.
Assume not. Then we have oy C o € 7. By Lemma 9.5, we conclude that ¢; € T,
which is a contradiction to ¢; € o C T. Therefore we run into a conflict.

Then we again learn the rightmost clause E in £, which is now a subclause of
aV K; CaVvG(C) with x € E (because & was the last decision and the last decision
always contributes to the conflict). If Z was the 7" decision, we backtrack back to
T[r,0] (right before the decision  was made). Because T was the last decision, we have
a\{z} C TIr,0].

Our precondition at the beginning was that C does not contain a universal tautology
left of . In particular, for all v € G(C) we have lv(u) > lv(z). We conclude

redg, (E|7,0) = (2)-

Finally, we propagate x, obtain the new trail 7’ (which is 7[r,0] plus z) and go into
Case 2 again. Note that 77 is still a Kj-reductive trail, even after backtracking.

The number of backtracking steps and restarts is obviously bounded by a constant.
Note that for QU-Res, we construct (-reductive trails because G(C VvV D) = (), which
means that we can activate NO-RED. O
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In the next lemma, we want to simulate a resolution step between a clause for which
we have already detected a blockade, and a second clause that is subsumed by a previ-
ously learned clause or an axiom (i.e., one clause is labelled “blockade” while the other
is labelled “subclause”). This corresponds to Case (ii) from the proof sketch of Theorem
9.6.

Lemma 9.9. Let & = Q- ¢ be a QCNF. Let further C V x and D V T two clauses
such that CV D = CVa<a DVZ is a valid mLD-Q-Res (QU-Res) step. Suppose
that there exists a blockade of C'V x for U = Q-1 with ¥ C . Suppose also there
exists a subclause D' C DV T with D' € p. Then there exists a QCDCLMQ,QEE Exi-Prop
(Q CDC Lf\\lgrl_?(gDR,E/)ALL-PROP) proof

L= [(7;7 Ci, ﬂi)]f:l

from ® with a constant c, such that C. C C'V D or there exists a blockade of C'V D for
Q. (@U{Cl,...,CC}).

Proof. Let the blockade of C'V x be (U, a1, 41, K7).

Case 1. V1 = .

Construct a natural G(CV D)-reductive trail 7 with decisions a := (ayUD)\G(CV D)
such that we decide existential literals first (again, this is only important for mLD-Q-
Res). If we get a blockade, we are done, as for mLD-Q-Res we could have only decided
existential literals from « U D C C'V D. If we run into a conflict, we can learn the
rightmost clause E in £ which is a subclause of C'V D.

Assume now that we do not get a blockade and not run into a conflict. Then we
have a C 7. By Lemma 9.5, all propagations from i/, are contained in 7, in particular
{1 = x € T. Consider the clause

A = redgcvp) (D7)

The negations of all literals from D\G(C V D) are contained in 7. Hence A can only
consist of literals from G(C V D). But these literals can be reduced away. Therefore
A = (L) and we would be able to run into a conflict, which is a contradiction. All in all
we run into a conflict or obtain a blockade of C'V D.

Case 2. {1 # .

Case 2.1. C'V x does not contain a universal tautology v V 4 with lv(u) < lv(z)
(we are always in this case if we consider QU-Res).

Note that in this case for all literals w € G(C) we have Iv(w) > Iv(z). This case is
similar to Case 3 of the previous Lemma. We construct a natural G(C)-reductive trail
T with decisions a := a3 U {1}, whereby we decide Z at the end (if Z € a;). If we run
into a conflict before deciding Z, we can learn the rightmost clause E in £, which is a
subclause of C. Assume we get a blockade with a literal £ € & C C'V z. If £ # x, then
this is a blockade of C' and also C'V D. However, if £ = x, then we can go to Case 1 and
replace the blockade that consists of i with the blockade consisting of T .



158 CHAPTER 9. QCDCL CHARACTERISATIONS

Suppose we do not run into a conflict or get a blockade before deciding z. If we
somehow propagate Z, we have a; C o C T and by Lemma 9.5 we conclude ¢; € T.
However, this contradicts ¢, € T .

By not running into a conflict or getting a blockade before deciding =, we are able
to actually decide Z at the end. We would run into a conflict by the same argument
as above. We learn the rightmost clause E in £, which is a subclause of a VvV G(C)
with x € E. We backtrack back to T[r,0] (right before deciding z). As above, we have
a\{z} C TIr,0].

By our precondition, we conclude

red o) (Elriro) = ().

We propagate x and obtain another blockade of C'V x such that we can go into Case 1
again.
Case 2.2. DV  does not contain a universal tautology u V @ with 1v(u) < lv(x).
We can assume that we only consider mLD-Q-Res and QCDCLANRED & prop-
Now we have lv(v) > lv(x) for all v € G(D). We construct a natural G(D)-reductive

trail 7 with decisions

a:= (a1 U{6} U H(D))\{z}
such that we decide the existential literals first. Note that « is non-tautological because
o U {[1} consists of existential literals only and C'V D D « can only have universal
tautologies. Also, we still have @ N L = () because of G(D) N H(D) = 0.
If we run into a conflict or get a blockade, we are done again. Otherwise, we have
decided or propagated all literals from «. I.e., « C 7. Consider the clause

A :=red(D'|7).

Because of & ¢ H(D), we have H(D) C o C T and therefore A C G(D) V z. By our
precondition (all literals from G(D) are right of x), we conclude A = () since we can
reduce all universal literals from D’|7. That means we have to propagate Z in T, hence
Z € T. But then we have a; C 7. By Lemma 9.5, all propagated literals from U; have
to be contained in 7, in particular ¢; € 7. However, this is a contradiction to ¢; € T.

That means we always have to run into a conflict or get a blockade, as we desired. [

The next lemma covers the last case for the simulation of resolution steps: Both
parent clauses are now subsumed by previously learned clauses or axioms (i.e., both
clauses are labelled “subclause”). This corresponds to Case (iii) from the proof sketch
of Theorem 9.6.

Lemma 9.10. Let ® = Q- be a QCNF. Let further CV x and DV T two clauses such

that CV D =CVaaDVZis a valid mLD-Q-Res (QU-Res) resolution step. Suppose
there exist subclauses C' C C'V x and D' C DV x with C', D" € p. Then there exists a

ANY-ORD ANY-ORD
QCDCLANY—RED,EXI—PROP (QCDCLNO—RED,ALL—PROP) p?“OOf

L= [(Ts, Ci, mi)]iza
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from ® with a constant c, such that C. C C'V D or there exists a blockade of C'V D for
Q- (gDU{Cl,...,CC}).

Proof. We construct a natural G(C'V D)-reductive trail 7 with decisions a := H(C'V D)
such that existential decisions are made first. If we get a blockade or run into a conflict,
we are done. So suppose we neither get a blockade, nor run into a conflict. Then we have
a CT. Wlo.g. let C'V z not contain a universal tautology u V @ with lv(u) < lv(x).
Consider the clause

A = redg(cvp)(C']7)-

The clause C’|7 can only consist of = or universal literals from G(C'V D) since the rest got
negated by a. We now want to prove that all universal literals in C’|7 can be reduced.
In detail, for all universal literals w € C’|7 we need lv(w) > Iv(x). Suppose we have a
universal literal v € C'|7 C C' V z with lv(v) < lv(z). We already concluded that this
literal v has to be contained in G(C'V D). Because we do not have universal tautologies
in C left of =, we conclude v ¢ C. But then we need v € D since v € G(C'V D). However,
such a resolution step is not allowed in mLD-Q-Res (not even in LD-Q-Res).

That means all universal literals from C’|7 can be reduced, hence A € {(x),(L)}.
The case A = (L) is impossible because we assumed we do not run into a conflict.
Therefore A = (x) and we have to propagate x in 7. Le., x € T.

Now, we consider the clause

B := redgcvp) (D'|7).-

Similarly to the situation before, B can only consist of universal literals from G(C'V D).
Note that the Z that was potentially contained in D’ is now vanished. All literals from
D'|7 can be reduced, hence B = (L). Then 7 would run into a conflict, which is a
contradiction. O

The following lemma shows how we can simulate a reduction step on a clause for
which we have detected a blockade (i.e., the clause is labelled “blockade”). This corre-
sponds to Case (iv) from the proof sketch of Theorem 9.6.

Lemma 9.11. Let ® = Q-9 be a QCNF. Let D = CVu V... Vus such that red(D) = C' is
a valid reduction step in mLD-Q-Res (QU-Res). Suppose there exists a blockade of D for

U = Q-1 with) C . Then there exists a QCDCLMQ%&EX,_PROP (QCDCL’R‘,’ZT];?S&LL_PROP
proof

v= (T, Ci, mi)]izy

from ® with a constant ¢, such that C. C C or there exists a blockade of C' for Q- (¢ U
{C1,...,C.}).

Proof. Let the blockade of D be (U, a1, ¥¢1, K1). In the case of [nLD—Q—_Res, we construct
a natural G(C)-reductive trail 7 with decisions « := o3 U {¢;} C D. If we run into
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a conflict, we can learn the rightmost clause £ in £7. Then E is a subclause of D.
Since Clause Learning automatically reduces all learned clauses, we even get £ C C, as
desired.

If we get a blockade, then we only used existential literals (i.e., literals from C) as
decisions. Therefore such a blockade is a blockade of C.

If we neither run into a conflict, nor get a blockade, we change the set of reducible
literals in 7 from G(C) to G(D) as soon as all decisions are contained in 7. Note that
we are allowed to change this set even midway through a trail. However, we do not
make additional decisions. We continue making further propagations with the aid of
G(D)-reductive unit clauses as long as possible. Assume that we still do not run into a
conflict. Then, analogously to Lemma 9.5, we claim that each propagated literal from
U is contained in 7.

Assume not. Suppose that p(; ;) is the leftmost propagated literal from ¢/ that is
not contained in 7. We obviously have

red i, (antey, (P(i5))lenfig) = (Pg))

and Ui[i,7] C T.
Now we consider the clause

A := redgp)(antey, (p(i j)7)-

We conclude that we either get A € {(p(;;)), (L)}, or antey, (p(; ;)) is verified under 7.
Since we presumed that we do not run into a conflict or propagate D(i,j), We can assume
that 7T satisfies antey, (p(; j)).- Then we can find a literal u € antey, (p; ;) N7 This
literal cannot be existential, since otherwise we would get u € U;[i,j] € T. Thus, u is
universal and therefore u € o (due to EXI-PROP). But this contradicts the fact that all
literals in « are existential.

We conclude that all propagated literals from U; are contained in 7, in particular
¢y € T. However, this is a contradiction since ; € a C 7. Therefore, we have to run
into a conflict in 7. From this conflict, we can again learn the rightmost clause E in
£(T), for which it holds E C C, as desired.

In the case for QU-Res, we construct a natural Kj-reductive trail 7 with decisions
a = ai U {1} such that the literals @; are decided last for those contained in a. If
we get a conflict, we can learn the clause red(a@) C red(D) = C and we are done. So
suppose we get a blockade (7, 5,¢, K1) with 8 C a. If £ # w; for each i = 1,...,m,
then we also have u; € 8 for each ¢ because the u; can only be decided last. But then
we have a blockade of C' and we are done. However, if ¢ = u; for some i € {1,...m},
then instead of propagating u;, we can simply run into a conflict and learn a subclause
of red(3 V u) C red(C V u) = C.

If we neither get a blockade, nor run into a conflict, then we have o C 7 and we
can make all propagations from U; by Lemma 9.5, hence we get 8 € 7. This is a
contradiction to £ € o C T. O

The next lemma is the last one before we are able to completely prove Theorem
9.6. It handles the case where we want to simulate a reduction step on a clause D
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that is subsumed by a previously learned clause or axiom (i.e., the clause is labelled
“subclause”). This corresponds to Case (v) from the proof sketch of Theorem 9.6.
Note that this case is somewhat special: As learned clauses are already fully universally
reduced, there is nothing to show if D is subsumed by a previously learned clause.
Hence, we can assume that D is subsumed by an axiom. But then we can also assume
that D is an axiom itself, otherwise we could simply shorten the given mLD-Q-Res
(QU-Res) refutation that is to be simulated. In particular, we can assume that D is
non-tautological.

Lemma 9.12. Let ® = Q- ¢ be a QCNF. Let D = CVuy V...V uy be non-tautological
such that red(D) = C. Suppose D € @. Then there exists a QCDCLAN-AL £ prop (TESP.

QCDCL//L\\/ngggaLL—PROP proof
L= [(7;7 Ci, 7'('1')]?:1

from ® with a constant ¢, such that C. C C or there exists a blockade of C' for Q- (¢ U
{C1,...,C.}).

Proof. We construct a natural (()-reductive) trail 7 with decisions o = D, such that all
the u; are decided last. If we run into a conflict, we can learn a subclause of red(a) =
red(D) = C.

Assume that we get a blockade (T, 3,¢,0). If £ # w; for each i, then we also have
u; & B for each i because the u; are decided last. In that case, this is also a blockade for
C' and we are done. In the case where ¢ = u; for some ¢, we can again simply run into a
conflict instead of propagating u;, hence learning a subclause of red(a) = red(D) = C.

Suppose that none of this occurs. Then we have o C 7. But then we would falsify
D, hence we would have the opportunity to run into a conflict with the aid of D, which
is a contradiction. O

Finally, we are able to formally prove Theorem 9.6.
Theorem 9.6. It holds the following:

o QCDCLAMZORD o\ prop P-simulates mLD-Q-Res.

. QCDCL’ﬁ,gfkggi‘LL_PROP p-simulates QU-Res.

PTOOf' Let S € {QCDCLﬁm:SEl)D,EX|-PRopv QCDCLﬁg\—(hCE)SF)ALL—PROP}' The procedure for both
simulations is the same. The plan is going through the whole proof 7 for each clause D
in 7 either find a blockade, or learn a subclause of D during the construction of S-trails.

Suppose we already considered the clauses Dy,...,D;_; for an i € {1,...,m} and

constructed S proofs ¢1,...,¢;—1. In detail, we have ¢; = [(7;]) C’(j ((]J))] for each
J € [i — 1] and some constants ¢;. Define

]—<pUU{C(k .. gf)}
k=1
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One could interpret ¢; as the knowledge base right before considering the clause D; in
7 (and right after going through D;_q, if j > 1). In particular, we want to show that if
for each h € [i — 1] there exists a blockade of Dy, for Q- @41 or there exists a subclause
D;, C Dy, with D} € @p41, then we can construct an S proof ¢; = [(7;(1),0(51),#((12))];":1
from Q- ; such that there exists a blockade of D; for Q- ;11 or there exists a subclause
D, C D, with D} € ¢;11. Note that we will only add the trail to our S proof if we
learned a clause. The blockade itself will never actually be added to the proof.

If D; was an axiom (for example if ¢ = 1), then we already have a subclause of D;
which is contained in ¢; (in fact, D; itself). In this case we set ;11 := ¢; and do
nothing. The proof ¢;41 can be defined as the empty proof (or simply left out).

Suppose D; was the resolvent of two previous clauses D, and D;. By induction, we
know that

e there exists a blockade of D, for Q- .1 or there exists a subclause D!, C D, with
D), € ¢at1, and

e there exists a blockade of Dy, for Q- ¢,41 or there exists a subclause D; C Dy, with
Dy, € ppi1.

Each possibility is covered by some earlier Lemma: Lemma 9.8 or Lemma 9.9 or Lemma
9.10. In each case we can construct an S proof ¢; from Q-¢; such that D) := Cc(f) C D;or
we get a blockade of D; for Q- ;1. Note that we always have .11 C ; and ppr1 C @;.

Now suppose D; was derived by a reduction of some previous clause D, i.e., D; =
red(D,). By induction, we either know that

e there exists a blockade of D, for Q- ¢,11, or
e there exists a subclause D!, C D, with D), € pq41.

The first case is covered by Lemma 9.11. In the second case either D/, is non-tautological
(this case is covered by Lemma 9.12), or D/, is tautological and hence actually a previ-
ously learned clause. In the latter case we already have D! = red(D)) C red(D,) = D;
by the definition of Clause Learning. Hence we do not have to construct any trails and
therefore ¢; can again be viewed as the empty proof.

Finally we construct proofs ¢; as long as we have not learned the empty clause, yet.
In the worst case we will learn (L) during ¢, since it is impossible to find a blockade of
D,, = (L) and therefore we will always learn a subclause of D,,.

We obtain a refutation ¢ by sticking together all constructed subproofs ¢;. As usual,
we restart between two subproofs ¢; and ¢;11. Note that all +; have, by construction,
linear size and therefore || € O(n - |7]). O

Corollary 9.13. QCDCLANR0  peop p-simulates Q-Res.

Proof. Each Q-Res refutation is also an mLD-Q-Res refutation without any tautologies.
Hence, by Theorem 9.6, QCDCLAW. /R £ prop Simulates Q-Res. The literals we have to
reduce during unit propagation always occur in the tautological part G(C') of some clause
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‘ Simulation
No ‘ simulating system simulated system Theorem
2 | LD-Q-Res mLD-Q-Res by Def.
4 | mLD-Q-Res QCDCLAY R prop  Prop 8.10

Table 9.1:  P-simulations (without separations) of proof systems from Figure 9.1 (i.e.
the solid lines).

C from the Q-Res refutation. Since G(C) = () for each clause C' in a Q-Res refutation, we
conclude that all reductive sets can be set to () and therefore Q-Res is even p-simulated

by QCDCLANY-ORD n

No-REeD,ExI-Prop*
Proposition 8.10, Theorem 9.6 and Corollary 9.13 yield the following equivalences:

Corollary 9.14. It holds

(i) QCDCLAY Reh Ex-pror =p Q-Res,

(i1) QEDCLAN-2% £, prop = MLD-Q-Res,
(iii) QCDCLAY &2 aL1-Pror =p QU-Res.

Remark 9.15. Note that our simulations require a particular learning scheme, in which
we almost always restart after each conflict. This is also the reason why we get an im-
proved simulation complexity of O(n - |x|) compared to O(n® - |x|) from [14], in which
arbitrary (asserting) learning schemes were allowed (where we do not necessarily restart
every time). Performing our simulation under arbitrary asserting learning schemes
might require some additional analysis on asserting clauses under the ANY-ORD and
ANY-RED rules, as a clause learned from a Ki-reductive trail might not be asserting in
Ko-reductive trails anymore. However, if it was clear how to guarantee asserting clauses
in our systems, we would be able to obtain similar results as in [14], that is:

e For each clause C' in the given mLD-Q-Res (QU-Res) refutation and an arbitrary
asserting learning scheme, we need O(n?) trails and backtracking steps until we
either learn a subclause of C, or we obtain a blockade for C.

o Under any arbitrary asserting learning scheme, we can perform the simulation in
time O(n? - |x|). In particular, we do not need to restart after each conflict.
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/ p-simulation
LD-QU-Res
p-simulation +
>2< exponential separation
’ . abilit T 1
7 incomparability p N
LD-Q-Res
\ J
2
QCDCLANY»ORD N
ANY-RED, EXI-PROP
3  =mLD-Q-Res

\

4 6
M\

7 ANY-ORD
[ QCDCLQYISEEDEM PrOP ] [ QCDCL/I;T\J\:(CI)?F;[[)) Exi-PropP ]_ _,’[ 8 QCI:)CLNO RED Exi-PropP ]

-

:—es
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[ QCDCL,I&FL\( g:[[))Em ProP ]‘/_ _ { QCDCLII:IEOV_SRDE b ]
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T 15
~
QCDCLQ?—T{I?S?ALL—PROP
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WW

[ Q-Res ] [ QCDC LIN%V—_ISEIE)I?ALL—PROP }

Figure 9.1: Hasse diagrams of the simulation order of QCDCL proof systems using prop-
agation policies EXI-PROP (above) and ALL-PROP (below) together with corresponding
QBF resolution proof systems. Each relation is labelled by a number that represents a
reference depicted in the Tables 9.1, 9.2, 9.3 and 9.4.
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‘ Simulation ‘ Separation

No ‘ Theorem ‘ Formula easy for hard for Theorem

1 | by Def. | KBKF-1q,'  LD-QU-Res LD-Q-Res [5]

5 ‘ Prop 8.10 ‘ MirrorCR, mLD-Q-Res QCDCLEE R bpror  PTOD 8.4, Prop 8.5

6 | by Def. | Eq, mLD-Q-Res Q-Res Cor 8.11

9 ‘ by Def. ‘ TwinCR, QCDCLAY RO pror  QCDCLEYQR e peor Cor 7.23, Prop 7.24

10 | by Def. | MiPa, QCDCLEESR® o prop QCDCLEEQL o Thm 8.8

12 | by Def. | MiPa, QCDCLER:O® o bor QEDCLEY %, o Thm 8.8

13 ‘ Prop 8.10 ‘ MirrorCR, Q-Res QCDCLKE ™ pror ~ PTOD 8.4, PrOp 8.5

15 | by Def. | KBKF-1qu,? LD-QU-Res QU-Res [5]

17 | by Def. | KBKF,? QU-Res Q-Res 43, 99

18 | Prop 8.10 | MirrorCR, QU-Res QCDCLEE % peor  PTOp 8.4, Prop 8.5
Table 9.2: P-simulations and separations of proof systems from Figure 9.1 (i.e. the

crossed lines).

‘ Separation
No ‘ Formula easy for hard for Theorem
11 | MirTorCRy, Q-Res ) QCDCLEEY R pror  Prop 8.4, Prop 8.5
QParity, QCDCLEY QR L, pror Q-Res Prop 8.6
14 QParity, QCDCLE?C%ESEXI-PROP QCDCLEB{-%TD?EXI-PROP Prop 8.6
. EV-ORD EV-ORD
MiEasy,, QCDCLRo-Rep Exi-Pror ~ QCDCLA Rep Exi-Pror  PTOP 8.13
Table 9.3:  Incomparable proof systems from Figure 9.1 (i.e. the dashed lines).

'Defined in [5].
2Defined in [5].
3Defined in [43].
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Equivalence
No ‘ Systems Theorem
3 | mLD-Q-Res QCDCLANReo gy pror  Cor 9.14
8 | QRes QCDCLAYGORY  pror  Cor 9.14
16 | QU-Res QCDCLAS RN pror  Cor 9.14

Table 9.4: P-equivalent proof systems from Figure 9.1.



Chapter 10

Runtime vs. Extracted Proof Size of
QCDCL

For this last chapter, we revisit QCDCL systems with level-ordered decisions only. As
we have already shown in Proposition 8.10, the three variants QCDCLAN R props
QCDCLANRR |\ _prop and QCDCLANC R L o op are p-simulated by Q-Res, QU-Res and
mLD-Q-Res respectively. The same is true if we replace ANY-ORD with LEV-ORD because
this simulation does not depend on the Decision Policy.

What remains open is whether there is an exponential gap between the number of
trails and the size of the extracted proof. We already know that the size of the extracted
proof is polynomial in the number of trails (simply by definition of Clause/Cube Learn-
ing, cf. Definition 4.4), but there might be cases in which an exponential sized QCDCL
refutation generates a polynomial extracted proof.

For this analysis, we consider the following three variants of QCDCL:
e Mg := QCDCLEY R ex-pror

e Mip := QCDCLRY R Exi-prop

* Mqu = QCDCLFY R Au-Prop

Instead of QCDCLEEY R £y props We could also define Mip as QCDCLES R &y pror —
all results regarding M p hold for ALL-RED as well as ANY-RED. While ANY-RED is
a theoretically stronger policy (as proven in the last two chapters), ALL-RED is still
the default policy for practical QCDCL which yields more relevant results than non-
established variants.

Rather than comparing these three variants among themselves, we will compare the
QCDCL proof systems with the proofs that are extracted via Clause or Cube Learning.
Obviously, the extracted proof cannot be larger than the combined size of all trails since
each resolution step corresponds to a unit propagation in a trail.

What is not obvious is whether QCDCL proofs that need exponentially many trails
will also necessarily generate exponential proofs. We will give a negative answer to
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this question for each considered variant Mg, M| p and Mqu. In detail, we will show
that there exist formulas that need exponentially many trails, but the refutations that
are generated via proof extraction can be polynomial in the formula size. That means
QCDCL needs to learn exponentially many constraints that will never appear in the
extracted proof, but are still relevant for finding a short extracted proof.

10.1 The Separation Technique

Intuitively, we aim to find false formulas for which QCDCL needs to learn “many” cubes
in order to find a short refutation with clauses. We recall that Cube Learning can be
beneficial even on false formulas (cf. Section 6.2) and that cubes will never appear in
(clause) refutations. So far, all formulas that separated variants with and without Cube
Learning only needed a polynomial number of learned Cubes in order to be able to find
short refutations. We combine this approach with the one from Section 7.2, in which we
constructed a lower bound on true formulas.

The idea is as follows: We choose a false formula that is easy to refute with Cube
Learning and hard without, and a true formula that is generally hard to verify. We
combine these two formulas via conjunction such that the left part is the false formula
and the right part is the true one. In particular, the whole formula is false and each
(clause) refutation of the formula is a refutation of the left part only. In order to find a
short refutation of that left part, we need to do some Cube Learning, but the right part
ensures that learning a cube for the left part means essentially verifying the right part,
which is hard.

Before we approach our main Theorem 10.2, we will formally define how we construct
QBFs by combining two QCNFs into one single QCNF by concatenating the two quan-
tifier prefixes and conjoining both matrices. An important property is that the variables
of these two QCNF's are disjoint.

Definition 10.1. Let ® = Q- ¢ and ¥ = R -4 be two QCNFs. Let W' =R’ -4 be the
QCNF that is obtained after renaming the variables from ¥ such that var(®) Nvar(¥’) =
(). Then we define the disjoint composition of ® and ¥V as the QCNF de(®, V) =
OR' - p ANY'.

From now on, we will assume that variables from ¢ and variables from v/’ do not share
the same quantifier level in QR’. In particular, ® will always end with an existential
quantifier and ¥ will start with a universal quantifier.

The next theorem is our main technical result which will be used for all following
main results in the paper.

Theorem 10.2. Let ®,, and ¥,, be two formulas with the following properties:

1. &, is a Zg QCNF that fulfils the XT-property, is false, and has M p (resp. Mq
and Mqu ) refutations with trail size s.

2. (for Mqu) Fach QU-Res refutation of ®,, is a Q-Res refutation. Ie., it is not
possible to resolve two clauses that were derived from ®,, over a universal variable.
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3. U, is true, and for each M p (resp. Mq and Mqu) proof tg of some cube E from
de(®y,, Uy,) with var(E) C var(®,) we have |tg| > 7.

Then for each Mip (resp. Mq and Mqu) refutation 6 of the QCNF dc(®,,V,,) we
have trail-size(d) € min(299949¢(®n)) 1) but there exists a Mip (resp. Mq and Mqu)
refutation v of de(®y, Vy,) with extr-size(t) < s.

Before proving the theorem, let us provide some intuition on this result and the way
we will apply it later in Section 10.2.

One can obtain an exponential separation between the trail size and the extracted
size of a proof by choosing ®,, and ¥,, in such a way that s is polynomial in n, gauge(®,,)
is linear in n, and r is exponential in n.

Intuitively, in order to refute dc(®,, ¥,,), we can consider two possibilities:

1. We never learn a cube E with var(E) C var(®,). Then each learned cube contains
some variables from ¥,. We will show in the proof of Theorem 10.2 that we will
then generate fully reduced primitive proofs and therefore the gauge lower bound
applies (Theorem 5.17), resulting in an exponential lower bound.

2. We learn at least one cube E with var(F) C var(®,). But then the derivation of
this cube F itself needs QCDCL proofs of size r, which is exponential by assump-
tion.

For the polynomial upper bound on the extracted proof size, we are allowed to learn
and derive any cube that is useful. Since the derivations of these cubes do not appear in
the extracted proof, they may even have exponential size without increasing the size of
the extracted proof. As we assume that ®,, is easy to refute in the considered QCDCL
variant, we can reproduce this refutation, as verifying ¥, comes for free when only
measuring the extracted proof size.

A visualisation of this separation is depicted in Figure 10.1.

Proof of Theorem 10.2. Obviously, dc(®,, ¥,,) is a false formula. It suffices to show that
each M p (resp. Mq and Mqu) refutation 6 of dc(®,, ¥,,), in which each learned cube
contains some literals from W,,, has trail-size(§) = 22(&2uge(®n)) - We show that such @
generates fully reduced primitive Q-Res refutations of ®,,. The lower bound then follows
by Theorem 5.17.

Assume, for the sake of contradiction, that there is such a M p (resp. Mq and Mqu)
refutation 6 of dc(®,,¥,) such that the extracted proof J(f) is not a fully reduced
primitive Q-Res refutation of ®,,. By the definition of a disjoint composition, R(0) is a
refutation of ®,,. By condition 2 of the theorem, JR(#) does not contain a resolution step
over a universal variable, i.e. all resolutions are over existential variables. There must
be a resolution step in PR(f) between two XUT-clauses over an X-literal. Consider the

first trail 7 in 6 in which such a resolution, say C 51 D with z € C and 7 € D, appeared
in the learning phase.
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Figure 10.1: Visualisation of the separations following from Theorem 10.2: The rectan-
gles symbolise the trails of a proof, the triangles represent the derivations of the learned
constraints. Black rectangles and triangles denote trails and derivations for learned
cubes, while blue rectangles and triangles denote trails and derivations of learned
clauses. As the last learned constraint is empty, i.e. the empty clause, all deriva-
tions of learned clauses can be stuck together to obtain a refutation of the original
formula. The derivations of learned cubes will not be used for the extracted refutation
The separation between the measures trail-size and extr-size occurs when the number of
black trails is exponential while the number of blue trails is polynomial.

-

extr-size

Then one of these two clauses must have been an antecedent clause for the pivot, say
anter(z) = C. The clause C' must contain at least one T-literal, say ¢; € C. Then we
need t; <7 z and therefore there exists an antecedent clause A; := antes(¢1). Because
of the XT-property, A; cannot be a unit clause, hence it must be either a non-unit T-
clause, or a clause with a U-literal. If A; is a non-unit T-clause, then we can find another
t1 # ta € Ay, for which we would find another antecedent clause As := anter(f2). We
can repeat this argument, until at some point the antecedent clause A; = anter(¢;) for
some T-literal ¢; contains a U-literal, say u € A;.

Because u <@, tj, we need & <7 t; <7 x in order to propagate ;. Because our
decisions need to be level-ordered, we conclude that u was propagated. It is not possible
for u to have been propagated by a clause, because otherwise we could perform a universal
resolution step in R(6). Therefore u must have been propagated by a cube F' := antes(u)
(note that v € F'). From now on, we assume that @ is the first U-literal that was
propagated in 7 by a cube and let F' be the corresponding antecedent cube (we do not
need the connection to A; anymore).

By our assumption from the beginning of the proof, F' contains some literals from
W,,. We can safely assume that at least one of these is universal, otherwise all literals
from ¥,, would have been reduced away during the learning of F'. Let w € F' be such a
universal literal from ¥,. Then we need w <7 @ because we cannot reduce universally
in cubes. That means w was also propagated by some constraint G := antes(w), which
is either a clause or a cube. We distinguish these two cases.
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Case 1. G is a cube. This cube G cannot contain any U-literals from ®,,, otherwise
they must have been propagated via a cube (not possible because u was the first prop-
agated U-literal via a cube in T') or decided (not possible because decisions need to be
level-ordered) before 4 and z in 7. We conclude that only existential literals from ®,,
appear in G.

Let g be the LD-Q-Con (resp. QU-Con) subproof of G from dc(®,, ¥,,). We can
restrict mg to an LD-Q-Con (resp. QU-Con) proof p from ®,, by just deleting all literals
from W,, (and, if necessary, delete redundant cubes). But then p is a LD-Q-Con (resp.
QU-Con) proof of G', where G’ is a cube that only contains existential literals that are
also contained in ®,,. If we reduce G’ existentially, we obtain a verification of ®,,, con-
tradicting the falsity of ®,,.

Case 2. G is a clause. This case is only relevant for Mqy. We can assume w.l.o.g.
that G is the first clause that propagates a universal literal in 7. Note that this literal
has to be a literal from W,, as we cannot resolve over universal variables in refutations
of ®,, by condition 2. Since G was a clause that propagated a universal literal, we could
have also run into a conflict in G' at that point. Let 7 be the trail that is identical to
T up to the point where w was propagated, but instead of propagating w we run into
conflict.

Then we can learn a new clause K by starting with G and resolving over every
propagated literal before that conflict. Note that K can only consist of literals from W,
since the two QCNFs are always disjoint on clauses. Furthermore, K cannot contain
literals that were propagated via clauses in 7”, otherwise they would have been resolved
away or skipped if necessary. Because V,, is a true formula, K has to consist of at least
one existential literal, say y € K. In particular, this means that § <7 w.

As decisions are level-ordered, §y must have been propagated via some cube H :=
anter(y). Now, H is a cube that was used to propagate an existential literal. As
before, we can define another trail 7" that is identical to 7 up to the point where i was
propagated, but instead of that propagation it runs into conflict on the cube H.

After that we can start Cube Learning and again resolve over each literal that was
propagated via a cube (or simply skip them if necessary). Let I be the corresponding
learnable cube. Since dc(®,,V,) is a false formula, I needs to contain at least one
universal literal v, in particular v <7 §. Again, by our LEV-ORD policy, v cannot have
been decided. Hence, v must have been propagated via a clause. But this is impossible
because w was assumed to be the first literal of this type. This contradiction concludes
Case 2.

We thus obtain contradictions in both cases. Hence, our assumption that JR(6) was
not fully reduced primitive is false. We conclude that |f| € 2¢2(8auee(®n)) by Theorem 5.17.
The upper bound can be shown by the following construction: Given an M p (resp.
Mq and Mqy) refutation ¢/ of ®,, with trail size s, we can essentially reproduce all trails
from ¢/ for a M p (resp. Mq and Mqy) refutation ¢ of d¢(®,,, ¥,). The only difference
is that, whenever a cube is learned in ¢/, we need to verify ¥, to learn this cube in ¢.
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However, as this verification of ¥,, does not appear in (¢), we conclude R(¢) = R(/)
and therefore 2R(¢) is of size at most s. O

10.2 Separations for QCDCL Models

We will now put this general idea into action and construct separations between the trail
size and the extracted proof size for each of the three QCDCL variants M| p, Mq and
Mqu, corresponding to their respective underlying proof systems LD-Q-Res, Q-Res and
QU-Res.

10.2.1 QCDCL Based on LD-Q-Res

We start with M_p which corresponds to standard QCDCL as used in modern state-of-
the art QBF solvers [76, 82].

First, we need to find a true QCNF that is hard for M| p and fulfils the properties of
U, from Theorem 10.2. We recall the lower bound on true formulas (cf. Theorem 7.15)
which uses the notion of the twin formula (cf. Definition 7.9) of a QCNF as well as the
reversion (cf. Definition 7.10).

The next theorem is a generalization of Theorem 7.15. Instead of proving a lower
bound on verifications of a particular formula W, we consider derivations of any cube
from a formula dc(T", ¥), such that this cube does not contain literals from W. Hence,
by choosing I' as the empty formula, one obtains Theorem 7.15.

Theorem 10.3. Let A be a false Eg QCNEF with the prefix AXVYUIT and let ' be an
arbitrary QCNF. Let g be an M p proof of some cube E from dc(I',Rev(TwinA)) such
that var(E) C var(T'). Additionally, let all clauses C' € €(A) contain at least one U -
and one T-literal. If the QCNF TwinA needs fully reduced primitive Q-Res refutations
of size s, then extr-size(tg) = |R(Lg)| > s.

Proof. We will show that there exists a fully reduced primitive Q-Res refutation 7 for
TwinA with |7| < |R(cg)|-

Let 7 be the LD-Q-Res refutation of TwinA we can obtain from PR(cg) as described
in Proposition 7.13. Then |7| < |R(tg)| and =7 is fully reduced. We will show that 7 is
primitive.

Assume not. Then there are two XUT-clauses By, By € 7 that are resolved over
some x € X. By the construction of m described in Proposition 7.13, we can find two
cubes D1, Dy € R(g) such that var(D;) NU # 0 and var(D;) N T # () for i = 1,2 which
are resolved over x. One of these cubes was an antecedent cube for z in some trail T
from (g, say D1 = anter(x) (that means & € Dy).

In particular, there is some T-literal ¢ € D; such that ¢ <4 = because D; must
become unit. Remember that ¢ is universal in Rev(Twin®) and we can only reduce cubes
existentially. Then either ¢t was a decision, or a propagation.

Case 1. t was decided.
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This is only possible if all U-variables were assigned before. Hence, for each u € U
there is a literal ¢, with var(¢,) = u and ¢, <7 t <7 x. Because decisions have to be
level-ordered in My p, all ¢, had to have been propagated.

Let ¢, be the leftmost U-literal in 7. Consider its antecedent clause A := antes ().

Claim. 1If ¢, is the leftmost U-literal in 7, then there exists an ¢ € {1,...,m}
such that ¢; € var(anter(¢,)) (where ¢y, ..., ¢, are the variables from Rev(Twin®) as in
Definition 7.10).

Proof of the claim. Assume not. We will show that A has to contain at least two
different U-literals.

Assume that A only contains one U-literal, namely ¢, itself. Let A consist of the
clauses C1,...,C,, and let TwinA consist of the clauses C1,...,C,, with m > m’. We
can assume that £, is a copy of a literal from A by the construction of a twin formula.
In particular, £, (and £,) cannot be contained in the clauses Ci, ..., Cy,.

Let p4 be the LD-Q-Res derivation of A that was constructed in ¢p, but not used
for M(vp) since verifications can only make use of cubes. By assumption, A does not
contain any ¢; or ¢;. Since A contains at least one literal from Rev(TwinA) (namely /,,),
and the variables from Rev(TwinA) and I" are disjoint in d¢(T", Rev(TwinA)), we conclude
that all axioms from p4 are clauses of Rev(TwinA). However, each axiom clause from
Rev(TwinA) includes at least one ¢; or ¢;. Hence, we have to resolve over these variables
somehow. In particular, we need ¢; V...V &, € pa since this is the only axiom clause
where these variables occur in a negative polarity.

We will now construct another LD-Q-Res derivation p’ by substituting ¢, V...V &y,
with ¢; V...V ¢, in pa and gradually deleting all redundant clauses. In particular, all
clauses from Rev(TwinA) that contain ¢, or £, will be deleted because the corresponding
c; is missing. Let A’ be the last clause in p/, hence p’ is a LD-Q-Res proof of A’ from
Rev(A). Obviously, we get A’ C A and ¢, ¢ A" as well as ¢;,¢; ¢ A’ for all i =1,...,m.
Since £, was the only U-literal in A, the clause A’ cannot have any U-literals. Therefore
A’ is a clause consisting of universal literals only. Reducing A’ universally gives us the
empty clause (L), which means that we can extend p’ to a refutation of Rev(A). But
this is a contradiction to the fact that Rev(A) is a true formula (by Lemma 7.11).

That shows that A must contain more than one U-literal. Let ¢, # z € A be another
U-literal. Then we need z <7 £, since z is existential. However, this contradicts the
choice of ¢, which finishes the proof. O

We want to create a contradiction by applying the claim, for which we need to show
that A does not contain any literal from {¢,,¢.|r =1,...,m}.

Assume that there is such a literal. That means we can find the leftmost literal
ce{e,élr=1,...,m}in T, hence ¢ <y ¢, <7 t <7 x. Now, ¢ cannot have been a
decision since decisions must be level-ordered. That means that ¢ has been propagated
by an antecedent clause F' := antey(c). Because ¢ was leftmost, F' cannot be the clause
€1 V...V ¢y It is easy to see that F' then has to contain either w or w by the structure
of a reversion (see Definition 7.10). W.lo.g. let w € F. Then we need w <7 ¢ <7 .
Because of the quantification order, w cannot be a decided literal. Hence w must have
been propagated by some antecedent cube L := antey(w). Let pr, be the subproof of L
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from R(tg). Then there exists an initial cube G € pr, with w € G, which is not getting
resolved away in pr. Furthermore, G is also an initial cube in R(1p). By Lemma 7.12,
there exists some H € €(TwinA) such that H C G. Since each clause of A contains
a U-literal, there is such a U-literal v € H C G and also v € L because it cannot be
resolved or reduced away. This means we need v <7 w <7 £, which is a contradiction
to the choice of /,,.

We have now shown that A does not contain any ¢, ¢, r € {1,...,m}. However,
this is impossible by our claim. We conclude that Case 1 cannot occur.

Case 2. t was propagated.

Consider the antecedent cube J := anter (). Let p; be the subproof of J in R(tg).
Then the first cubes in p; were (reduced) satisfying assignments for Rev(TwinA). At
least one of these initial cubes in p; contains ¢ which will not get resolved away since it
appears in J. Let I € p; be an initial cube with ¢ € I that does not get resolved away
in p;. By Lemma 7.12, there exists a clause K € €(Twin®,) such that K C I. By our
assumption, K contains at least one U- and one T-literal. But then also I contains at
least one U-literal £. Because / is blocked by ¢ all the time, it does not get reduced away
in py, hence £ € J.

Due to £ <gey(twina) ¢» We need £ <7 ¢ in order for J to become unit. W.l.o.g. let ¢
be the leftmost U-literal in 7 (the fact that ¢ € J is not important anymore from this
point on). Because of & <gey(twina) > the literal £ cannot be a regular decision. That
means it must have been propagated.

We can repeat the argument from Case 1. We conclude that such an ¢ does not exist.
Thus Case 2 does not occur and we get a contradiction regarding our assumption that
7 was not primitive. O

Next, we want to find specific formulas to which Theorem 10.3 can be applied.
We recall the well-known equality formulas Eq,, (cf. Definition 5.23), as well as the
modification ModEq,, (cf. Definition 7.16). This modification adds a U-literal to some
clauses such that each clause now contains at least one U- and one T-literal, which is a
precondition for Theorem 10.3.

Many properties of Eq,, carry over to ModEq,, or even TwinModEq,,. This is important
for obtaining exponential lower bounds via Theorem 10.2.

Proposition 10.4 ([10, 14, 33, 38, 39]). Eq,, needs QU-Res refutations of size 282(n) pyt
has Mp refutations of quadratic trail size. Furthermore, Eq,, and ModEq,, fulfil the XT-
property and gauge(Eq,,) = gauge(TwinModEq,) = n. Hence, Eq,, and TwinModEq, need
exponential-size fully reduced primitive Q-Res refutations.

Using Theorem 10.3 and Proposition 10.4, we obtain:

Corollary 10.5. Let RTME,, := Rev(TwinModEq, ). Then for each QCNF I'y, all Mip
proofs of any cube E with var(E) C var(I'y) from the disjoint composition de(T'y,, RTME,)
have exponential trail size.

Definition 10.6. We define the QCNF ERTME,, as the disjoint composition

ERTME,, := dc(Eq,,, RTME,,).
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After applying our Master Theorem 10.2 by setting ®,, := Eq,, and V¥,, := RTME,,
where s is quadratic by Proposition 10.4 and r is exponential by Corollary 10.5, we
conclude:

Corollary 10.7. For each M p refutation 0, of ERTME,, we have trail-size(0,) € 282(n)
but there exists an M p refutation i, of ERTME,, with extr-size(t,) € O(n?).

10.2.2 QCDCL Based on Q-Res

For the separation on the QCDCL model Mq we need a formula with linear gauge that
is still easy for Mq. Since Mq generates Q-Res proofs, Eq,, will not work because it is
hard for Q-Res (and even QU-Res) [10]. Therefore we introduce the simplicity formulas
Sim,, which are similar to Eq,,, but now all universal literals occur in only one polarity.

Definition 10.8 (Simplicity formula). The QCNF Sim, consists of the prefix

and the matriz
x; Vu; Vi,
T; Vu; Vi,
t1V...Vi,
fori=1,...,n.
One can easily construct short Mq and Mqy refutations for Sim,, (cf. the appendix).
Proposition 10.9. Sim,, has Mq and Mqu refutations with quadratic trail size.

Proof. We will show both cases simultaneously (the opportunity to propagate universal
literals will never arise).
For the sake of clarity, we denote the axiom clauses as follows:

Pi=x;Vu; Vi,
N; :=x; Vu; Vi,
T, =t1V...Vit,

for i € [n].

First, we will one by one learn the unit cubes [ui],...,[u,]. Assume we already
learned [u1], ..., [u;], we can then construct the trail

Tit1 o= (Ur, s Ui X, T3 X 6 X 15 -+ 5 X Wi 15 - - -3 Und B G255 b))
with

anter; ,, (0;) = [uj],

anter;, (tj) = Ny,
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for 5 = 1,...,4, from which we can learn the initial cube u; 1 A ;11 A /\ke[n]\{i+1} tr,
which can be existentially reduced to the unit cube [u;;+1]. Note that in T,, the literal
t, will be propagated by T;, directly after assigning t,_1 instead of being decided later.
However, we can still learn the cube [uy] from 7p,.

After that, we will learn the clauses

n i—1
Li=2;VuVv \/ ugV \/
h=1

g=i+1
n i—1
R, :=x;Vu; vV \/ ugV\/t_h
g=it+1 h=1

fori =2,...,n— 1. We start with the trail

Z/{n,1 = (ﬂlw . .,'an;X]_,tl; o ;Xn717tn717tnal’n7J—)

with

for j € [n] and k € [n — 1]. By resolving over z, t, and t,_1, we can learn the clause

n n tn* . . .
L1 = ((V, B4 P,) |t>< T,) > N, _1. Analogously, by flipping the z; decisions, we can

n tn tn—
construct a trail V,_1, from which we can learn R,,—1 = ((P, o N,) >=<Tp,) o P,_1.
Assume we already learned the clauses L,,—1, Rp—1,- .., Li, R; for some i € {3,... ,n—

1}. Then we can construct the trail

Uiy := (U1, ..., Un;X1, 0155 Xim1, ti—1, Ti, L),

with

. i
for j € [n] and k € [i — 1], from which we can learn L;—1 = (R; B L) < N;_1 by
resolving over Z; and t;_1. Again, by flipping the polarities of the decisions x, we can

i ti—
construct a trail V;_1, from which we can learn R;_1 = (L; 54 R;) >3 P_y.



10.2. SEPARATIONS FOR QCDCL MODELS 177

After having learned Lo and Ro, we create the last two trails as follows:
Uy := (U1, ..., Up; X1, b1, T2, L),

with

for j € [n], from which we learn (Z1) = red((Ls 59 Ry) & N7) by resolving over xo and
t1, and then

Vl = (u17 o 7ﬁn7j17t1’w2’L)

with

for j € [n], from which we can learn the empty clause by resolving over every existential
variable in V.
Obviously, the size of the Mq (resp. Mqu) refutation consisting of the trails

Tiyeo oy TnyUn—1,Vn-1,..., U1, V1
is quadratic. ]

Yet, the gauge properties of Eq,, carry over to Sim,,.

Proposition 10.10. The QCNF Sim, fulfils the XT-property and gauge(Sim,) = n.
Hence, each fully reduced primitive Q-Res refutation of Sim, has exponential size.

Proof. Clearly, Sim, fulfils the XT-property. We can compute gauge(Sim,,) by counting
the number of X-literals that are getting piled up in proofs in which we get rid of all
T-literals. Because t1V ...V, is the only clause with negative T-literals, we have to get
rid of each ¢; for i = 1,...,n. For this we need the literal ¢; from the clauses = V u; \V t;
or T; V u; V t;. Hence, for each i, we need at least one of these two clauses, from which
we will respectively obtain the X-literal z; or ;. We conclude that we will always pile
up n different X-literals, hence gauge(Sim,) = n. O
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Now that we have found our candidate for ®,, in Theorem 10.2, let us construct a
suitable formula for ¥,. For this, we need to find a true formula that is hard to verify
in Mq. We will again make use of the idea of a reversion of a formula that is already
hard for Q-Res (and QU-Res).

Proposition 10.11. The true QCNF Rev(Eq,,) needs exponential-trail-size QU-Con ver-
ifications.

Next, we have to show that deriving a cube from dc(T", ¥) without variables from ¥
is as hard as verifying W.

Proposition 10.12. For each QCNF I" and ¥, from each Mq (resp. Mqu) proof vg of
some cube E from de(T', ¥) with var(E) C var(T') we can extract a Q-Con (resp. QU-Con)
verification p of ¥ with |p| < |ug|.

Proof. Because the variables from I' and ¥ are disjoint by definition, we can simply
delete all literals of I" from the Q-Con or QU-Con proof R(vg) and, if necessary, shorten
the proof. We then obtain a Q-Con or QU-Con verification p of ¥ with |p| < |R(¢tg)| <
leg|. O

From Propositions 10.11 and 10.12 we conclude:

Corollary 10.13. For each QCNF Ty, the formula dc(T'y,,Rev(Eq,,)) needs exponential-
trail-size Mq and Mqu proofs of any cube E with var(E) C var(I'y,).

We combine Sim,, with Rev(Eq,,) and obtain our formula for the separation.
Definition 10.14. We define the QCNF SRE,, as the disjoint composition
SRE,, := dc(Sim,,Rev(Eq,,)).

Applying Theorem 10.2 with ®,, := Sim,, and V¥,, := Rev(Eq,,) where s is quadratic
by Proposition 10.9 and r is exponential by Corollary 10.13, we conclude:

Corollary 10.15. For each Mq refutation 6, of SRE,, we have trail-size(6,,) € 222(n) byt
there exists an Mq refutation v, of SRE, with extr-size(t,) € O(n?).

10.2.3 QCDCL Based on QU-Res

For the last separation in the QCDCL model Mgy — recently implemented as a QBF
solver [95] — we can use the same formulas as for Mg and Q-Res, as we only have to
prove that no genuine QU-Res proofs can be generated.

Lemma 10.16. Each QU-Res refutation of Sim, is a Q-Res refutation.

Proof. All universal variables from Sim, occur only in one polarity, hence we cannot

resolve over them. O
As for Corollary 10.15, we conclude:

Corollary 10.17. For each Mqy refutation 8, of SRE, we have trail-size(d,) € 24,
but there exists a Mqu refutation i, of SRE, with extr-size(t,) € O(n?).
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Conclusion

Quantification adds a significant level of complexity to the SAT problem. While CDCL
is basically the only paradigm used for practical SAT solving, the situation is not as clear
in the QBF case — not least because it is not even obvious which version of QCDCL to
use. In each chapter, we have proposed various versions of QCDCL that differ from the
classic one, which have led to stronger QCDCL proof systems within our framework.

In practice, however, these modified QCDCL variants only demonstrate the potential
to find shorter proofs. It is by no means guaranteed that such short proofs can be
actually constructed in a reasonable time. For example, allowing out-of-order decisions
can be beneficial if the ‘right’ decisions are made. This is simply due to how we handle
polynomial upper bounds: We say that a formula is ‘easy’ for a proof system, if there
exists a polynomial-sized proof, independent of whether such a proof can be easily found
or how many short proofs exist for this formula.

In this sense, each proof system is somewhat non-deterministic, and it would be
unfair to compare fully deterministic algorithmic proof systems (like practical CDCL or
practical QCDCL) with their non-deterministic underlying proof systems (like Resolution
or Q-Res), as this would lead to the P vs. NP problem in one way or another. Other
interpretations of upper bounds, like worst-case upper bounds, might avoid those issues,
but could also be unsuitable for handling resolution- and CDCL-like proof systems as
they can become arbitrarily large.

Of course this does not devalue our results regarding stronger QCDCL variants. For
example, as one of our main results in Chapter 7 we observed that QCDCL versions with
arbitrary decisions are exponentially stronger than variants in which decisions need to be
level-ordered. This does not necessarily transfer to the practice one-on-one, because with
a less restricted decision policy we also risk making more ‘wrong’ decisions. However,
our results could clarify in which situations it would be advisable to decide out-of-order.
The gauge lower bound technique relies on the fact that on some formulas, level-ordered
decisions cause the trails to become level-ordered as well. Thus, choosing variables out-
of-order when a level-ordered trail is detected may disrupt the sequence and accelerate
the refutation by surpassing the gauge lower bound.

Furthermore, as we have seen in Chapter 8, it can be beneficial to turn off reductions
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for some variables. Obviously, this means we need suitable heuristics to implement the
ANY-RED policy in practice. In the simulation of LD-Q-Res by a particular QCDCL vari-
ant, we have ascertained that reductions during Unit Propagations are deeply connected
to the existence and derivation of merged literals in LD-Q-Res proofs. If we could mea-
sure when a merged literal is needed, this might lead to a heuristic that tells us when to
turn off reduction in a QCDCL run.

Finding heuristics for our modifications belongs to a different discipline which can
only be dealt with experimentally. In [37, 39] the influence of out-of-order decisions
were evaluated via experiments on QCDCL solver Qute [82]. While one could observe
a visible improvement of QCDCL’s performance on some of our pre-designed separation
formulas, the results were not as clear on benchmark formulas as the implementation of
our decision policies was done rather ad hoc. In other words, QCDCL sometimes does not
seem to find the short proofs that exist in theory. More suitable heuristics could remedy
this problem, although adding a fully deterministic heuristic would weaken the QCDCL
proof system on the theory side. In any case, further experimental evaluation and the
implementation of the proposed modifications poses the most obvious and probably most
important next step.

In recent years, so-called Dependency Learning has been established as a method for
implementing out-of-order decisions in QBF solving (cf. [82]). QCDCL with Dependency
Learning ignores the quantification order while creating a trail and instead learns de-
pendencies in case any unsound resolution steps are detected during constraint learning.
These dependencies then affect decision making and Unit Propagation. For example, if
a dependency of a variable ¢ on u is learned, QCDCL is no longer allowed to decide ¢
before u or reduce w in clauses in which t is still present during Unit Propagation. In
particular, QCDCL is allowed to decide variables arbitrarily as long as no dependencies
are learned. In the classic QCDCL model with level-ordered decisions, such dependen-
cies are fully defined by the prefix of the QCNF, meaning that each quantifier block
depends on all quantifier blocks left of it.

A more static approach is the implementation of Dependency Schemes [91, 92]. Be-
sides adding such schemes to resolution-based proof systems like Q-Res or LD-Q-Res (cf.
[81, 83, 97]), they an be applied algorithmically as well. Instead of learning dependen-
cies gradually as in Dependency Learning, it is also possible to start with a pre-defined
Dependency Scheme like the Standard Dependency Scheme [92] or the Resolution Path
Dependency Scheme [54, 96]. Experimental evaluation shows that particular Dependency
Schemes can improve the performance of QCDCL despite a slight overhead caused by
the computation of the scheme itself (cf. [75]). Quite surprisingly, recent theoretical
analysis of QCDCL with Dependency Schemes shows an incomparability to the classic
variant, which means that Dependency Schemes could even be disadvantageous on some
instances (cf. [46]).

It is important to point out that our policies like ANY-ORD do not necessarily align
with dependencies. Hence, such policies could potentially even added to QCDCL on
top of Dependency Learning or Dependency Schemes because they allow out-of-order
decisions even if genuine dependencies between the corresponding variables are present
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and detected. That said, a theoretical analysis of the effect of Dependency Learning
on QCDCL as a proof system, with or without additional decision policies, mark an
important and significant direction for future research.

There are plenty of other extensions and modifications of both Q-Res and QCDCL
which we have not considered so far. For example, reductionless Q-Res' [11, 31, 84]
disallows the reduction rule completely. Instead, reductionless Q-Res refutations are
simply derivations of clauses consisting of universal literals only. Q-Res with symmetries
[70, 71] exploits QBFs with symmetrical structures and strengthens the Q-Res calculus.

Preprocessing represents another important aspect in practical QBF solving (as well
as SAT solving). Throughout the years, plenty of preprocessing techniques were intro-
duced [30, 42, 55, 57, 93, 101] that can significantly simplify a given formula before it gets
passed to the solver itself. The QRAT [62] proof system and its generalization QRATT
[77], extensions of the so-called RAT (resolution asymmetric tautology) proof system
[60, 61] from SAT, consists of rules with which clauses can be added or removed from a
given formula without changing the truth value. Both QRAT and QRAT™, which turned
out to be equivalent as refutational proof systems [45], can be used to take preprocessing
into account and certify the correctness of its outcome.

Let us now recall and give answers to our opening questions from the introduction.
In the initial situation, QCDCL was not able to even simulate Q-Res, while CDCL was
proven to be equivalent to Resolution. No lower bound techniques for QCDCL were
known besides lower bounds for its underlying proof system LD-Q-Res or lower bounds
on particular formulas like CR,, (cf. [64]).

On which QBF instances does QCDCL fail and why? We have introduced a
lower bound technique specitally for QCDCL (cf. Chapters 5 and 6). We have identified
a class of instances (cf. Definition 5.3) which this lower bound technique can be applied
on. The technique exploits the fact that decisions are level-ordered in the classic version
of QCDCL, which causes the trails for formulas that belong to the aforementioned to
class be level-ordered as well.

What are already established modifications of QCDCL and how do they
impact its performance? We analysed the influence of Cube Learning and Pure Lit-
eral Elimination on QCDCL (cf. Chapter 6). While Cube Learning always strengthens
QCDCL (cf. Theorems 6.11 and 6.32), Pure Literal Elimination was disadvantageous on
some instances and can therefore be treated as incomparable to versions without it (cf.
Theorems 6.21, 6.26 and 6.29). An interesting observation is that Cube Learning even
helped with refuting false formulas. More precisely, Cube Learning has the ability to
break the level order of decisions and trails and can therefore prevent the effects of the
gauge lower bound at least on some formulas. Furthermore, our results are supported
by an experimental evaluation in [36, 38], in which the influence of Cube Learning and
Pure Literal Elimination on the performance of the QCDCL solver DebQBF [76] was

Implemented in the QBF solver GhostQ [73].
2The experiments were omitted in this thesis.
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analysed. We conclude that Cube Learning should not be omitted, even if we already
know that the formula is false.

How can QCDCL be improved with further modifications not yet estab-
lished?  Although we observed that Cube Learning can overcome the gauge lower
bound, we can still rule out its benefits via several formula modifications (e.g. via twin-
modification, cf. Definition 7.9). Hence, we needed further improvements in order to
obtain a QCDCL variant that might potentially simulate its underlying proof system.
An important step was to allow arbitrary (i.e. out-of-order) decision making (cf. Chap-
ter 7). We even defined decision policies that at least partially guaranteed the existence
of asserting constraints, although it is still unclear whether or not asserting constraints
improves the performance of QCDCL in a theoretical sense. The three new QCDCL
variants turned out to be exponentially stronger than the classic version (cf. Theorem
7.29). More precisely, one variant is expected to perform better on false formulas, while
the other one prefers true formulas. Although the truth values of QBF instances are
unknown in the common setting, these versions could still be very helpful for parallel
solving or on sets of formulas for which the truth value is known and only proofs are
desired. Besides decision policies, we also introduced reduction and propagation policies
that alter Unit Propagation (cf. Chapter 8). While the new propagation policy allows
the generation of QU-Res proofs, the reduction policies control universal or existential
reduction during Unit Propagation. Such reduction policies can be very powerful as
we have shown that QCDCL versions with arbitrary reductions (i.e., reductions can be
turned on and off for each propagation) result in an exponentially stronger proof system
(cf. Theorem 8.8).

Can we modify QCDCL such that it becomes equivalent to its underlying
proof system? Yes — by making use of suitable combinations of aforementioned poli-
cies, we were able to construct QCDCL variants that can p-simulate Q-Res, mLD-Q-Res?
or QU-Res refutations, respectively (cf. Chapter 9). The simulation is roughly based on
the approach that was used to simulate Resolution by CDCL (cf. [86]).

Although implementability is the most pressing issue, there are still other open ques-
tions that we have not covered but that emerge from our results. Throughout this thesis,
we almost always made use of the gauge lower bound in order to obtain exponential lower
bounds for QCDCL. This technique is restricted to Eg QCNFs and it is unclear whether
or not we could redesign it to be applicable to formula families with arbitrary (or even
unbounded) quantifier depth.

Another question is whether the gauge lower bound technique can be extended to true
formulas. So far we have found only one way to translate the gauge lower bound to true
formulas (cf. Theorem 7.15), but that approach deeply depends on the structure of the
input formula and ultimately goes back to the technique for false formulas. Instead, one

3mLD-Q-Res is a subsystem of LD-Q-Res which simulates all of our QCDCL variants that are already
simulated by LD-QU-Res
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could aim to translate the results from Chapter 5 (especially the notions of XT-property,
quasi level-ordered proofs and formula gauge) to true formulas.

The main disadvantage of the gauge lower bound is probably the non-applicability
to QCDCL versions in which decisions do not need to be level-ordered. So far, we still
lack lower bounds (or even techniques) for QCDCL with decision policies like ANY-ORD,
UNI-ANY or EXI-ANY (except lower bounds for Q-Res, LD-Q-Res or QU-Res themselves).

In Chapter 9, we were able to characterise Q-Res, QU-Res and mLD-Q-Res, which
is a slight modification of LD-Q-Res, via suitable QCDCL versions. One could now
assume that characterising LD-QU-Res (or a slight modification of it) should be possible
in the same way. However, as it turns out, our simulations technique seems to be
incompatible with LD-QU-Res. More precisely, Lemma 9.5 demands that the use of
ALL-PROP (which is needed for the generation of QU-Res proofs), or the use of ANY-RED
or ALL-RED (which is necessary to create LD-Q-Res proofs) is disallowed. Hence, p-
simulating LD-QU-Res by a QCDCL variant (potentially QCDCLANRR \ | prop) Would
therefore be a problem that would have to be solved with a fundamentally different
approach. Furthermore, it is still an open question whether or not LD-Q-Res and mLD-Q-
Res can be exponentially separated (otherwise they would be equivalent). Both potential
outcomes would be interesting, as it would either mean we characterised LD-Q-Res via
QCDCL, or we can conclude that LD-Q-Res cannot be characterised by any of these
QCDCL variants whatsoever.

Besides those considered in this thesis, there are other proof systems following a
fundamentally different approach. Polynomial Calculus (PC, cf. [47]) and Polynomial
Calculus with Resolution (PCR, cf. [1]) are algebraic propositional proof systems based
on Hilbert’s Nullstellensatz* [6]. This proof system works on polynomials instead of
clauses and thereby allows a wider range of arithmetic operations on constraints, such
as additions and multiplications. FEven though such approaches have received little
attention in practical solving, there are some SAT solvers that follow the Polynomial
Calculus paradigm [40, 41] by implementing Buchberger’s algorithm for finding Grébner
bases [52]. Cutting Planes [51] is a geometrical proof system in which constraints are
translated into linear inequalities, such that satisfying assignments can be computed via
integer linear programming. The Frege proof system [50, 89] can be considered as the
classic textbook proof system, being defined via several axiom and propositional rules.

Although these aforementioned proof systems are propositional, they can be lifted to
QBF proof system by adding a reduction rule (cf. [9, 16]). Roughly speaking, these proof
systems can be categorized into line-based proof systems that follow a similar structure,
which allows us to extend them to QBF by applying the same modification [9]. By
this rather simple extension, it is possible to obtain QBF PCR [9], QBF Cutting Planes
[23] and QBF Frege systems [16]. As most QBF solvers are either resolution-based or
expansion-based, developing solvers for these alternative proof systems could, similar to
QCDCL, potentially enable deeper characterizations and broaden our understanding of
these systems.

4 Nullstellensatz is also the name of a static algebraic propositional proof system.
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