
  
 

TU Ilmenau | Universitätsbibliothek | ilmedia, 2024 
http://www.tu-ilmenau.de/ilmedia 

Espuny Díaz, Alberto; Girao, Antonio 

Hamiltonicity of graphs perturbed by a random regular graph 

 
Original published in: Random structures & algorithms. - New York, NY [u.a.] : Wiley. - 62 

(2023), 4, p. 857-886. 

Original published:  2022-11-11 

ISSN:  1098-2418 

DOI: 10.1002/rsa.21122 
[Visited: 2024-05-17] 
 

   

This work is licensed under a Creative Commons Attribution 4.0 
International license. To view a copy of this license, visit 
https://creativecommons.org/licenses/by/4.0/ 

 

http://www.tu-ilmenau.de/ilmedia
https://doi.org/10.1002/rsa.21122
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Received: 17 January 2021 Revised: 23 February 2022 Accepted: 8 June 2022 Published on: 11 November 2022

DOI: 10.1002/rsa.21122

R E S E A R C H A R T I C L E

Hamiltonicity of graphs perturbed by a random
regular graph

Alberto Espuny Díaz1 António Girão2

1
Institut für Mathematik, Technische Universität

Ilmenau, Ilmenau, Germany

2
Mathematical Institute, University of Oxford,

Oxford,

Correspondence
Alberto Espuny Díaz, Institut für Mathematik,

Technische Universität Ilmenau, Ilmenau,

Germany.

Email: alberto.espuny-diaz@tu-ilmenau.de

[Corrections added after online publication, 12

December 2022: Correspondence has been

changed from Dr. Girão to Dr. Espuny Díaz.]

Abstract
We study Hamiltonicity and pancyclicity in the graph

obtained as the union of a deterministic n-vertex graph H
with 𝛿(H) ≥ 𝛼n and a random 𝑑-regular graph G, for

𝑑 ∈ {1, 2}. When G is a random 2-regular graph, we prove

that a.a.s. H ∪ G is pancyclic for all 𝛼 ∈ (0, 1], and also

extend our result to a range of sublinear degrees. When G
is a random 1-regular graph, we prove that a.a.s. H ∪ G is

pancyclic for all 𝛼 ∈ (
√

2−1, 1], and this result is best pos-

sible. Furthermore, we show that this bound on 𝛿(H) is only

needed when H is “far” from containing a perfect matching,

as otherwise we can show results analogous to those for ran-

dom 2-regular graphs. Our proofs provide polynomial-time

algorithms to find cycles of any length.

KEYWORDS

Hamiltonicity, pancyclicity, randomly perturbed graphs,

random regular graphs

1 INTRODUCTION

Two classical areas of research in graph theory are that which deals with extremal results, and that

which studies properties of random structures. In the former area, one often looks for sufficient condi-

tions to guarantee that a graph satisfies a certain property. An example of such a result is the well-known

Dirac’s theorem [16], which states that any graph G on n ≥ 3 vertices with minimum degree at least

n∕2 contains a Hamilton cycle (that is, a cycle which contains all vertices of G). In the latter, one

considers a random structure, chosen according to some distribution, and studies whether it satisfies

a given property with sufficiently high probability. For instance, the binomial random graph Gn,p
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858 ESPUNY DÍAZ AND GIRÃO

(where Gn,p is obtained by considering a vertex set of size n and adding each of the possible

(
n
2

)
edges

with probability p and independently of each other) is known to contain a Hamilton cycle asymptot-

ically almost surely (a.a.s.) whenever p ≥ (1 + 𝜀) log n∕n [23], while if p ≤ (1 − 𝜀) log n∕n, then

a.a.s. the graph is not even connected.

A more recent area of research at the interface of extremal combinatorics and random graph theory

is that of randomly perturbed graphs. The general setting is as follows. One considers an arbitrary

graph H from some class of graphs (usually, given by a minimum degree condition) and a random

graph G, and asks whether the union of H and G satisfies a desired property a.a.s. This can be seen as

a way to bridge between the two areas described above. Indeed, suppose that H is any n-vertex graph

with minimum degree 𝛿(H) ≥ 𝛼n and G = Gn,p is a binomial random graph (on the same vertex set as

H), and consider the property of being Hamiltonian (that is, containing a Hamilton cycle). If 𝛼 ≥ 1∕2,

then Dirac’s theorem guarantees that H ∪ G is Hamiltonian, for all values of p. If, on the other hand,

𝛼 = 0, H could be the empty graph, so we are left simply with the random graph G. The relevant

question, then, is whether, for all 𝛼 ∈ (0, 1∕2), any graph H with minimum degree 𝛼n is sufficiently

“close” to Hamiltonicity that adding a random graph G (which is itself not a.a.s. Hamiltonian) will

yield Hamiltonicity. In particular, the goal is to determine whether the range of p for which this holds

is significantly larger than the range for Gn,p itself.

The randomly perturbed graph model was introduced by Bohman, Frieze and Martin [5], who

studied precisely the problem of Hamiltonicity. They proved that, for any constant 𝛼 > 0, if H is an

n-vertex graph with 𝛿(H) ≥ 𝛼n, then a.a.s. H ∪ Gn,p is Hamiltonian for all p ≥ C(𝛼)∕n. Note, in

particular, that this increases the range of p given by the random graph model. This result was very

recently generalized by Hahn-Klimroth, Maesaka, Mogge, Mohr and Parczyk [19] to allow 𝛼 to tend

to 0 with n (that is, to consider graphs H which are not dense), similarly improving the range of p. In a

different direction, the results of Bohman, Frieze and Martin [5] about Hamiltonicity were generalized

by Krivelevich, Kwan and Sudakov [24] to pancyclicity, that is, the property of containing cycles of

all lengths between 3 and n.

Other properties that have been studied in the context of randomly perturbed graphs are, e.g., the

existence of powers of Hamilton cycles [2, 8, 11, 17, 28], F-factors [3, 9, 10, 20], spanning bounded

degree trees [7, 25] and (almost) unbounded degree trees [22], or general bounded degree spanning

graphs [8]. The model of randomly perturbed graphs has also been extended to other settings.

For instance, Hamiltonicity has been studied in randomly perturbed directed graphs [5, 24],

hypergraphs [4, 12, 21, 24, 27] and subgraphs of the hypercube [13]. A common phenomenon in ran-

domly perturbed graphs is that, by considering the union with a dense graph (i.e., with linear degrees),

the threshold for the probabilities of different properties is significantly lower than that of the classical

Gn,p model.

In this paper, we study the analogous problem where the random graph that is added to a determin-

istic graph is a random regular graph (a graph is regular when all its vertices have the same degree).

To be more precise, we will consider a given n-vertex graph H with 𝛿(H) ≥ 𝛼n, and we will study the

Hamiltonicity and pancyclicity of H ∪ G, where G is a random 𝑑-regular graph, for some 𝑑 ∈ N. We

write Gn,𝑑 for a graph chosen uniformly at random from the set of all 𝑑-regular graphs on n vertices

(we implicitly assume that n𝑑 is even throughout). The model of random regular graphs, though harder

to analyze than the binomial model, has been studied thoroughly. In particular, it is a well-known fact

that Gn,𝑑 is a.a.s. Hamiltonian for all 3 ≤ 𝑑 ≤ n − 1 [15, 26, 29, 30]. It follows that, for all 𝑑 ≥ 3,

H ∪ Gn,𝑑 is a.a.s. Hamiltonian independently of H, so the problem we consider only becomes rele-

vant for 𝑑 ∈ {1, 2}. For more information about random regular graphs, we recommend the survey of

Wormald [31].
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ESPUNY DÍAZ AND GIRÃO 859

It turns out that the behavior of the problem is quite different in each of these two cases. When we

consider G = Gn,2 (also referred to as a random 2-factor), we obtain a result similar to those obtained

in the binomial setting: for every constant 𝛼 > 0, if H is an n-vertex graph with 𝛿(H) ≥ 𝛼n, then

a.a.s. H ∪ G is Hamiltonian. Even more, we can prove that, in this case, a.a.s. H ∪ G is pancyclic, and

also extend the range of 𝛼 for which this holds to some function of n which tends to 0.

Theorem 1. Let 𝛼 = 𝜔((log n∕n)1∕4), and let H be an n-vertex graph with 𝛿(H) ≥ 𝛼n. Then, a.a.s.
H ∪ Gn,2 is pancyclic.

In contrast to this, when we consider G = Gn,1 (that is, a random perfect matching), there is a

particular value 𝛼
∗
< 1∕2 such that, for all 𝛼 > 𝛼

∗
, if H is an n-vertex graph with 𝛿(H) ≥ 𝛼n, then

a.a.s. H ∪ G is Hamiltonian.

Theorem 2. For all 𝜀 > 0, the following holds. Let 𝛼 ∶= (1 + 𝜀)(
√

2 − 1), and let H be an n-vertex
graph with 𝛿(H) ≥ 𝛼n. Then, a.a.s. H ∪ Gn,1 is pancyclic.

This result is best possible. Indeed, for every 𝛼 <

√
2 − 1, there exist graphs H with 𝛿(H) ≥ 𝛼n

such that H∪Gn,1 is not a.a.s. Hamiltonian. As we will discuss later (see Section 5), the main extremal

construction of H for the lower bound is a complete unbalanced bipartite graph. One key feature of

this example is that H does not contain a very large matching. Indeed, when we further impose that H
contains an (almost) perfect matching, we can obtain the following result analogous to Theorem 1.

Theorem 3. Let 𝛼 = 𝜔((log n∕n)1∕4), and let H be an n-vertex graph with 𝛿(H) ≥ 𝛼n which contains
a matching M which covers n − o(𝛼2n) vertices. Then, a.a.s. H ∪ Gn,1 is pancyclic.

The rest of the paper is organized as follows. In Section 2 we present our notation and some pre-

liminary results which will be useful for us, and in Section 3 we prove some properties of Gn,1 and

Gn,2 regarding their edge distribution and component structure which are crucial for our proofs. We

devote Section 4 to proving Theorems 1 and 3 and defer the proof of Theorem 2 to Section 5. Finally,

we discuss some possible extensions in Section 6.

2 PRELIMINARIES

2.1 Notation

For any n ∈ Z, we denote [n] ∶= {i ∈ Z ∶ 1 ≤ i ≤ n} and [n]0 ∶= {i ∈ Z ∶ 0 ≤ i ≤ n}. In particular,

[0] = ∅. Given any a, b, c ∈ R, we write c = a ± b if c ∈ [a − b, a + b]. Whenever we use a hierarchy,

the constants are chosen from right to left. To be more precise, when claiming that a statement holds

for 0 < a ≪ b ≤ 1, we mean that it holds for all 0 < b ≤ 1 and all 0 < a ≤ f (b), for some unspecified

nondecreasing function f . For our asymptotic statements we often use the standard  notation; when

doing so, we always understand that the functions are non-negative.

Throughout this article, the word graph will refer to simple, undirected graphs. Whenever we

consider graphs with loops or parallel edges, we will call them multigraphs. Whenever we consider

a (multi)graph G on n vertices, we implicitly assume that V(G) = [n] (in particular, all graphs are

labeled).

Given any (multi)graph G = (V ,E) and any two (not necessarily disjoint) sets A,B ⊆ V , we

denote the (multi)set of edges of G with both endpoints in A by EG(A), and the (multi)set of edges

with one endpoint in A and one in B by EG(A,B). If A = {a} is a singleton, for simplicity we will
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860 ESPUNY DÍAZ AND GIRÃO

write EG(a,B) ∶= EG({a},B), and similarly in the rest of the notation. We denote eG(A) ∶= |EG(A)|
and eG(A,B) ∶= |EG(A,B)|. We write G[A] ∶= (A,EG(A)) for the subgraph of G induced by A. If A
and B are disjoint, we write G[A,B] ∶= (A ∪ B,EG(A,B)) for the bipartite subgraph of G induced by

A and B. Given two (multi)graphs G and H, we write G ∪ H ∶= (V(G) ∪ V(H),E(G) ∪ E(H)), and if

V(H) ⊆ V(G), we write G∖H ∶= (V(G),E(G)∖E(H)). We denote G − A ∶= G[V∖A]. We will write

A △ B ∶= (A ∪ B)∖(A ∩ B) for the symmetric difference of A and B. We will often abbreviate edges

e = {x, y} as e = xy; recall, however, that edges are sets of vertices, and will be used as such throughout.

Given any vertex x ∈ V , we let 𝑑G(x) ∶= |{e ∈ E ∶ x ∈ e}| + |{e ∈ E ∶ e = xx}| denote its degree in

G (i.e., loops count twice toward the degree of a vertex). We write Δ(G) and 𝛿(G) for the maximum

and minimum vertex degrees in G, respectively. We write NG(x) for the neighborhood of x in G, that

is, the set of vertices y ∈ V such that xy ∈ E. Given any set A ⊆ V , we denote NG(A) ∶=
⋃

x∈A NG(x).
Given any set of edges E′

, we write V(E′) ∶=
⋃

e∈E′ e.

A path P can be seen as a set of vertices which can be labeled in such a way that there is an edge

between any two consecutive vertices. Equivalently, they can be defined by the corresponding set of

edges. We will often consider isolated vertices as a degenerate case of paths. If the endpoints of P (i.e.,

the first and last vertices, according to the labeling) are x and y, we often refer to P as an (x, y)-path. We

refer to all vertices of a path P which are not its endpoints as internal vertices. The length of a path is

equal to the number of edges it contains (the same definition holds for cycles). The distance between

two vertices x, y in a (multi)graph G, denoted by distG(x, y), is the length of the shortest (x, y)-path

P ⊆ G (if there is no such path, the distance is said to be infinite). Given any two sets of vertices

A,B ⊆ V(G), we define distG(A,B) ∶= minx∈A,y∈B distG(x, y).
Whenever we consider asymptotic statements, we will use the convention of abbreviating a

sequence of graphs {Gi}i∈N such that |V(Gi)| → ∞ by simply writing that G is an n-vertex graph (and

implicitly understanding that n → ∞). In this setting, we say that an event  holds asymptotically
almost surely (a.a.s. for short) if P[] = 1 − o(1). We will ignore rounding issues whenever this does

not affect the arguments.

2.2 The configuration model

In order to study random regular graphs, one of the most useful tools is the configuration model, first

introduced by Bollobás [6], which gives a process that samples 𝑑-regular graphs uniformly at random.

In its simplest form, the process works as follows. For each i ∈ [n], consider a set of 𝑑 vertices

xi,1, … , xi,𝑑 . Then, choose a uniformly random perfect matching M covering the set {xi,j ∶ i ∈ [n], j ∈
[𝑑]}. Now, generate a multigraph G = G(M) = ([n],E) where, for each edge xi,jxi′,j′ ∈ M, an edge ii′

is added to E (if i = i′, this creates a loop). For any i ∈ [n], we will refer to {xi,j ∶ j ∈ [𝑑]} as the

extended set of i. Similarly, for any A ⊆ [n], we will refer to {xi,j ∶ i ∈ A, j ∈ [𝑑]} as the extended
set of A.

Whenever we produce a (multi)graph G following the process above, we will write G ∼ n,𝑑 . We

will write M ∼ 
∗
n,𝑑 for the perfect matching M such that G = G(M). In order to easily distinguish both

models, we will refer to M ∼ 
∗
n,𝑑 as a configuration. By abusing notation, we will also sometimes

write 
∗
n,𝑑 to denote the set of all configurations with parameters n and 𝑑. Observe that, in particular,

for every n-vertex 𝑑-regular multigraph G, there exists at least one configuration M ∈ 
∗
n,𝑑 such that

G = G(M).
Given any two configurations M,M′ ∈ 

∗
n,𝑑 , we write M ∼ M′

if there exist u1u2, v1v2 ∈ M such

that M′ = (M∖{u1u2, v1v2}) ∪ {u1v1, u2v2}. The following lemma bounds the probability that certain

variables on configurations deviate from their expectation (see, e.g., [14, lemma 4.3]).
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ESPUNY DÍAZ AND GIRÃO 861

Lemma 4. Let 𝑑 ∈ N be fixed. Let c > 0 and let X be a random variable on 
∗
n,𝑑 such that, for every

pair of configurations M ∼ M′, we have |X(M) − X(M′)| ≤ c. Then, for all t ∈ N,

P[|X − E[X]| ≥ t] ≤ 2e
− t2

2n𝑑c2 .

Whenever sampling G ∼ n,𝑑 , the process described above may yield a multigraph with both

loops and parallel edges. (Of course, this does not apply to the case 𝑑 = 1, where we simply generate

a uniformly random perfect matching.) However, upon conditioning on the event that G is a simple

graph, such a graph is a uniformly random 𝑑-regular graph. The following is by now a well-established

fact (see, e.g., [31, section 2.2]):

Lemma 5. Let 𝑑 ∈ N be fixed, and let G ∼ n,𝑑 . If n is sufficiently large, then

P[G is simple] ≥ e
−𝑑2∕4

.

3 PROPERTIES OF RANDOM REGULAR GRAPHS OF LOW DEGREE

We will need to have bounds on the number of components of random 2-factors (note that every

2-regular graph is a union of vertex-disjoint cycles), as well as the number of cycles in the union of a

(not necessarily spanning) matching and a random perfect matching.

Lemma 6. The following statements hold.

(i) A.a.s. the number of components of Gn,2 is at most log
2n.

(ii) Let M be any (not necessarily perfect) matching on [n]. Then, a.a.s. M ∪ Gn,1 contains at most
log

2n cycles, and its number of components is at most n∕2 − |M| + log
2n.

Proof. We are going to generate a multigraph G ∼ n,2 according to the configuration model (for the

proof of (ii), this will be conditioned on certain edges being present). For this, it is important to note

that a uniformly random perfect matching on any set A of 2n vertices (i.e., a configuration M ∼ 
∗
n,2)

can be obtained iteratively by choosing n edges in n steps. For step i, let Bi be the set of all vertices

which are covered by the edges of the first i−1 steps. Then, choose any vertex xi ∈ A∖Bi, and choose a

neighbor yi ∈ A∖(Bi∪{xi}) for xi uniformly at random. The choice of xi in each step of this process can

be made arbitrarily. If we generate a random perfect matching on 2n vertices conditioned on m given

pairs being present in this matching, we can follow the process above starting at step m + 1, assuming

that the given m edges were chosen in the first m steps of the process. For our proofs, we are going to

generate a uniformly random configuration following this process.

For each j ∈ [n], let Aj be the extended set of j, and let A ∶=
⋃

j∈[n] Aj. Consider first the

proof of (i). In the ith step, the choice of the vertex xi will be made as follows: if i ≥ 2 and for

the unique j ∈ [n] such that yi−1 ∈ Aj we have that |Aj ∩ Bi| = 1, then let xi be the unique vertex

in Aj∖{yi−1}; otherwise, let xi ∈ A∖Bi be arbitrary. Roughly speaking, this choice of xi at each step

means that we are revealing the edges of G ∼ n,2 in such a way that we reveal all edges of each

connected component of G before moving on to the next one. In particular, we only start a new com-

ponent at step i+ 1 when the randomly chosen vertex yi lies in the unique Aj where exactly one vertex

had already been picked. Whenever this happens, we say that the process has finished a component

at step i.
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862 ESPUNY DÍAZ AND GIRÃO

For each i ∈ [n], let Xi be an indicator random variable which takes value 1 whenever the process

finishes a component at step i, and 0 otherwise. Observe that, since yi is chosen uniformly at random,

for each i ∈ [n] we have that

P[Xi = 1] = 1

2n − 2i + 1
.

The total number of components X of G is then given by the sum of these indicator variables. In

particular, for n sufficiently large it follows that

E[X] =
n∑

i=1

1

2n − 2i + 1
≤ 2 log n.

The claim now follows immediately by Markov’s inequality and Lemma 5.

Consider now the proof of (ii). First, extend the given matching M into a perfect matching M′

arbitrarily. For each j ∈ [n], let 𝜎(j) be the unique k ∈ [n] such that {j, k} ∈ M′
. Now, consider

the extended set A and, for each {j, k} ∈ M′
, add the pair xj,1xk,1 to a matching M̃ on A, so we have

that G(M̃) = M′
. We are going to obtain a configuration M′′ ∼ 

∗
n,2 conditioned on containing this

matching M̃. Observe that, since exactly one point in the extended set of each vertex has been covered

by M̃, a random matching on the uncovered points corresponds to a random perfect matching on [n]. In

particular, G(M′′)may contain some parallel edges (which correspond to “isolated” edges in M′∪Gn,1),

but it cannot contain any loops.

For each i ∈ [n]∖[n∕2], the choice of the vertex xi will be made as follows: if i ≥ n∕2 + 2 and

for the unique j ∈ [n] such that yi−1 ∈ Aj we have that |A𝜎(j) ∩ Bi| = 1, let xi be the unique vertex

in A𝜎(j)∖Bi; otherwise, choose xi arbitrarily. Similarly to the proof of (i), this allows us to count the

number of components of G(M′′) (and, thus, of M′ ∪ Gn,1). Note that we only start a new component

at step i + 1 if the randomly chosen yi lies in the unique (not completely covered) Aj such that A𝜎(j)
was covered before the choice of yi. Whenever this happens, we say that the process has finished a

component at step i.
For each i ∈ [n]∖[n∕2], let Yi be a random variable which takes value 1 whenever the process

finishes a component at step i, and 0 otherwise, and let Y be the number of components of G(M′′). As

before, since yi is chosen uniformly at random, for each i ∈ [n]∖[n∕2] we have that

P[Yi = 1] = 1

2n − 2i + 1
,

and it follows that a.a.s. Y ≤ log
2 n. Each of these components is either a cycle or an isolated pair of

parallel edges. Finally, M ∪ Gn,1 can be obtained by contracting parallel edges into a single edge and

then removing the edges of M′∖(M ∪ Gn,1) from G(M′′), and this never creates any new cycles, so the

bound on the number of cycles follows.

In order to bound the number of components of M ∪ Gn,1, note that the deletion of each edge of

M′∖(M ∪ Gn,1) may create at most one new component. Thus, a.a.s. the number of components of

M ∪ Gn,1 is at most log
2 n + (n∕2 − |M|). ▪

Remark 7. The proof of Lemma 6(ii) gives the following simple bound: if M is any (not necessarily

perfect) matching on [n], then a.a.s.
|||E(M) ∩ E(Gn,1)

||| ≤ log
2 n.

The following edge-distribution property of Gn,1 and Gn,2 will also be useful for us.
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ESPUNY DÍAZ AND GIRÃO 863

Lemma 8. Let 𝜀 > 0 and k = k(n) ≤ n3. For each i ∈ [k], let 𝛼i = 𝛼i(n) and 𝛽i = 𝛽i(n) be such
that 𝛼i𝛽i = 𝜔((log n∕n)1∕2) and let Ai,Bi ⊆ [n] be two not necessarily disjoint sets of vertices with
|Ai| ≥ 𝛼in and |Bi| ≥ 𝛽in. Let G = Gn,1 or G = Gn,2. Then, a.a.s., for every i ∈ [k], Ai contains at
least (1 − 𝜀)𝛼i𝛽in vertices z such that NG(z) ∩ Bi ≠ ∅.

Proof. We will show how to prove the statement when G = Gn,2; the other case can be shown in

exactly the same way, but avoiding the reference to Lemma 5.

Let G′ ∼ n,2. Let  be the event that the statement holds for G′
. First, fix some i ∈ [k], let

Z ∶= {z ∈ Ai ∶ NG′ (z) ∩ Bi ≠ ∅}, and let X ∶= |Z|. By using the configuration model, for each z ∈ Ai
and n sufficiently large we have that

P[z ∈ Z] ≥ 2|Bi| − 1

2n − 1
≥ (1 − 𝜀∕2)𝛽i,

which implies that E[X] ≥ (1 − 𝜀∕2)𝛼i𝛽in.

Now observe that any random variable on 𝑑-regular multigraphs obtained according to the config-

uration model can also be seen as a random variable on uniformly random configurations. In particular,

since any pair of configurations M ∼ M′
are equal except for their edges at four vertices, it follows that,

given any two configurations M ∼ M′
, we have |X(M) − X(M′)| ≤ 4. Thus, by Lemma 4 we conclude

that P[X < (1 − 𝜀)𝛼i𝛽in] ≤ e
−Ω(𝛼2

i 𝛽
2

i n)
.

By a union bound over all i ∈ [k] and the bound on 𝛼i𝛽i in the statement, we conclude that

P[] ≥ 1 −
k∑

i=1

e
−Ω(𝛼2

i 𝛽
2

i n) = 1 − o(1).

Finally, by applying Lemma 5, we have that the statement holds a.a.s. for G = Gn,2. ▪

4 RANDOMLY PERTURBING GRAPHS BY A 2-FACTOR

We can now prove Theorems 1 and 3 simultaneously. We note that we believe the bound on 𝛿(H) in

the statements is far from optimal and, thus, we make no effort to optimize the constants throughout.

We will let G = Gn,2 or G = Gn,1 and want to show that H ∪ G is pancyclic. Our general strategy

will be to first construct a special path P which can be used to “absorb” vertices into a given cycle.

To be more precise, we will set aside an arbitrary set of vertices of a suitable size and then construct a

path P which avoids this set of vertices. Furthermore, we will ensure that each of the vertices set aside

forms a triangle with one of the edges of P (and each of the vertices does this with a different edge).

Then, by replacing the corresponding edge of P by the path of length 2 that forms the triangle, we can

incorporate each of the vertices set aside into the path (thus “absorbing” the vertex). This will allow us

to have some control over the length of the cycles which we can produce. Once we have constructed

the special path P, we will show that we can find an “almost” spanning cycle C with P ⊆ C which

avoids the vertices that can be absorbed with P. We can then use the cycle C, together with the set of

vertices that we can absorb into P, to find cycles of all lengths larger than that of C. A similar strategy

using P will allow us to find all shorter cycles.

Proof of Theorems 1 and 3. Let 𝛼 = 𝜔((log n∕n)1∕4), and let G = Gn,2 or G = Gn,1, depending on

which of the statements we want to prove. Condition on the event that the statements of Lemmas 6
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864 ESPUNY DÍAZ AND GIRÃO

and 8 hold, which occurs a.a.s., where we apply Lemma 8 to the pairs of sets NH(x) and NH(y) for each

pair (x, y) ∈ V(H) × V(H) with 𝜀 = 1∕2. Thus,

for all (x, y) ∈ V(H) × V(H) we have that NH(x) contains at least

𝛼
2n∕2 vertices z such that NG(z) ∩ NH(y) ≠ ∅. (4.1)

Whenever necessary, for our claims we assume that n is sufficiently large.

For each pair of (not necessarily distinct) vertices (x, y) ∈ V(H) × V(H), consider the set

Z(x, y) ∶= {zz′ ∈ E(G) ∶ z ∈ NH(x), z′ ∈ NH(y)}.

This is a set of “available” edges for (x, y). Throughout the proof, we will use these edges to make

alterations on graphs; every time we do so, we will update this set of available edges (in particular, we

will always restrict the list to edges of a “current” graph; this will become clear later in the proof). For

simplicity of notation, whenever we consider an edge zz′ from some set Z(x, y) (or any of their updated

versions), we will implicitly assume that z ∈ NH(x) and z′ ∈ NH(y); note, however, that these edges are

not really “oriented” in the definition, and so zz′ ∈ Z(y, x) too. By (4.1), for all (x, y) ∈ V(H) × V(H)
we have

|Z(x, y)| ≥ 𝛼
2n∕4. (4.2)

Note further that, since Z(x, y) ⊆ G (by abusing notation and identifying Z(x, y) with a graph),

Δ(Z(x, y)) ≤ 2. (4.3)

Take an arbitrary set U ⊆ V(H) of m ∶= 𝛼
2n∕1000 vertices and label them as u1, … , um. For each

j ∈ [m], iteratively, choose an edge ej = zjz′j ∈ Z(uj, uj) such that ej ∩ U = ∅ and ej ∩
⋃

k∈[j−1] ek = ∅
(the existence of such edges is guaranteed in every step by (4.2) and (4.3)). Let W ∶=

⋃
j∈[m] ej. Now,

for each (x, y) ∈ V(H) × V(H), we update the list of “available” edges for (x, y) by letting

Z′(x, y) ∶= {zz′ ∈ E(G) ∶ z ∈ NH(x)∖(U ∪ W), z′ ∈ NH(y)∖(U ∪ W)},

so it follows from (4.2) and (4.3) and since |U ∪ W| = 3m that

|Z′(x, y)| ≥ 𝛼
2n∕4 − 3𝛼

2n∕500 ≥ 𝛼
2n∕5. (4.4)

Now, for each j ∈ [m−1], iteratively, choose an edge fj = wjw′
j ∈ Z′(z′j , zj+1

)
such that fj∩

⋃
k∈[j−1] fk =

∅. The existence of such edges in each step follows by (4.4) and (4.3).

Consider the path P ∶= z1z′
1
w1w′

1
z2 … w′

m−1
zmz′m (the fact that this is a path follows by the previous

choices of edges). Note |V(P)| ≤ 4m. Let W ′ ∶= V(P)∖{z1, z′m}. Consider now the graph G0 ∶=
(G − (W ′ ∪ U)) ∪ P or G0 ∶= ((M ∪ G) − (W ′ ∪ U)) ∪ P, depending on the statement we are trying

to prove. By Lemma 6, this is a union of at most log
2n cycles and at most (1 + o(1))𝛼2n∕200 paths,

all vertex-disjoint (where we might have degenerate cases where some paths have length 0, that is,

they are an isolated vertex). Indeed, note that Lemma 6 asserts that the number of components of Gn,2
or M ∪ Gn,1 is o(𝛼2n). The removal of each of the vertices in W ′ ∪ U may increase the number of

components by at most one, and |W ′ ∪ U| ≤ 5m = 𝛼
2n∕200, so the claim follows. Furthermore, after

adding the path P again, we have that Δ(G0) ≤ 2. Indeed, the fact that the endpoints of P have degree

at most 2 in G0 follows since the first and last edges of P lie in E(G).
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ESPUNY DÍAZ AND GIRÃO 865

We will now use the edges of H to iteratively combine these paths and cycles into a single cycle

C ⊆ (H ∪G) −U of length n−m with P ⊆ C, which we will later use to obtain a Hamilton cycle (and,

indeed, cycles of all lengths). Let V ∶= V(H)∖U. For each (x, y) ∈ V2
, we update the set of available

edges by setting

Z0(x, y) ∶= {zz′ ∈ E(G) ∶ z ∈ NH(x)∖(V(P) ∪ U), z′ ∈ NH(y)∖(V(P) ∪ U)}.

It follows by (4.2) and (4.3) and since |V(P) ∪ U| ≤ 5m that

|Z0(x, y)| ≥ 𝛼
2n∕4 − 𝛼

2n∕100 = 6𝛼
2n∕25. (4.5)

Throughout the upcoming process, we will define graphs G1, … ,Gt, for some t ∈ N, where

each one is obtained from the previous by some “small” alteration. All these graphs will be unions of

vertex-disjoint paths and cycles spanning V . The process will end when Gt = C, that is, when we obtain

the desired cycle spanning V . For each i ∈ [t], the alteration that we perform on Gi−1 to construct Gi
will depend on its structure. We present here a sketch; the full details are given in cases 1 to 3 below.

While the current graph Gi−1 contains at least two paths (case 1), we create a new graph Gi with one

fewer path and whose number of components does not increase by more than one. If Gi−1 contains

exactly one path (case 2), then we either decrease the number of components or make sure that Gi has

no paths (while not increasing the number of components). Finally, if Gi−1 contains at least two cycles

and no paths (case 3), then we create a graph Gi with one fewer component, but we possibly create a

path in the process. It follows from this description that the process must really end (assuming it can

be carried out, which we prove later). Indeed, we only apply case 1 while at least two components are

paths, and each time reduce the number of paths and do not increase the number of components by

more than one. Since G0 contains at most log
2n cycles and at most (1+o(1))𝛼2n∕200 paths, after some

number of iterations we will have a graph containing only one path and at most (1 + o(1))𝛼2n∕100

cycles. Furthermore, once there is only one path, there will never be more than one again, so we will

never apply case 1 again. From this point on, we apply cases 2 or 3 intermittently, as needed, and we

always either reduce the number of components of the graph, or make sure that we will reduce this

number in the next iteration (while not increasing the number of components now). In particular, this

guarantees that every two steps we decrease the number of components. Thus, at some point we will

have a unique component. If it is not a cycle, an application of case 2 will yield the desired cycle.

The alterations performed throughout the process will use some of the “available” edges. For

instance, in some cases we will pick two vertices x and y and an edge zz′ ∈ Z0(x, y), and use these

to alter the graph. With this alteration, we will remove zz′ from Gi−1 (and our process is correct

only if zz′ ∈ E(Gi−1)). Thus, for future iterations, we need to remove zz′ from the set of “avail-

able” edges Z0(x, y). For all i ∈ [t] and all pairs of vertices x, y, we will denote by Zi(x, y) a subset

of Z0(x, y) which is “available” for the next iteration. For all i ∈ [t], we will always define Gi as

Gi ∶= (Gi−1∖E1) ∪ E2, where E1 and E2 are sets of edges of H ∪ G. Then, for all (x, y) ∈ V2
, we will

set Zi(x, y) ∶= Zi−1(x, y)∖E1. Thus, we will not write this definition explicitly in each case, as it will

follow from the definition of Gi.

Throughout the process, we will assume that some conditions hold. In particular, for all i ∈ [t]0
we will have Δ(Gi) ≤ 2 and P ⊆ Gi ⊆ (H ∪ G)∖U (note that these hold for G0 by definition; for larger

values of i, they will be a consequence of the specific process which we follow) and, for all (x, y) ∈ V2
,

that Zi(x, y) ⊆ Gi and Zi(x, y) and P are vertex-disjoint (both of which hold by definition). Note that

the conditions that Zi(x, y) ⊆ Gi and Δ(Gi) ≤ 2 imply (4.3) holds for each Zi(x, y) (which also holds
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866 ESPUNY DÍAZ AND GIRÃO

simply by the definition of Zi(x, y)); we will keep referring to (4.3) when we wish to use this fact.

Furthermore, we will assume that in each step we have

|Zi−1(x, y)| ≥ 𝛼
2n∕8; (4.6)

it will follow from our process that the number of steps t that we perform and the number of edges that

become “unavailable” at each step are small, so that (4.6) holds.

We now provide the details of the process. Let i ∈ N and assume we have already defined Gi−1. If

Gi−1 is a cycle of length n−m (which spans V), we are done. Otherwise, we will want to create a new

graph Gi. For this, we will need to consider several cases.

Case 1. Assume at least two of the components of Gi−1 are paths. Let P′
be one of the path

components of Gi−1, and let its endpoints be x and y. Choose any edge zz′ ∈ Zi−1(x, y) such that

distGi−1
(zz′, {x, y}) > 1 and let Gi ∶= (Gi−1∖{zz′}) ∪ {xz, yz′}. Depending on the relative position of

zz′ with respect to P′
, the total number of components will either decrease by one, remain the same,

or increase by one.

Case 2. Assume exactly one component of Gi−1 is a path P′
. Let its endpoints be x and y. Consider

the following cases.

2.1. Assume that NH(x)∪NH(y) ⊈ U∪V(P)∪V(P′). Suppose that there exists some z ∈ NH(x)∖(U∪
V(P)∪V(P′)) (the other case is analogous). Then, choose a vertex z′ ∈ NGi−1

(z) (so zz′ is an edge

of a cycle of Gi−1) and let Gi ∶= (Gi−1∖{zz′}) ∪ {xz}. This reduces the number of components

and increases the length of the unique path P′
.

2.2. Otherwise, we have that Zi−1(x, y) ⊆ E(P′). Suppose there is an edge zz′ ∈ Zi−1(x, y) such that

distP′ (x, z′) < distP′ (x, z). If so, let Gi ∶= (Gi−1∖{zz′}) ∪ {xz, yz′}. In this case, we turn P′
into

a cycle.

2.3. Otherwise, every zz′ ∈ Zi−1(x, y) satisfies z, z′ ∈ V(P′) and distP′ (x, z) < distP′ (x, z′). By (4.3)

and (4.6), we can find a set Z′
i−1

(x, y) ⊆ Zi−1(x, y) with

|Z′
i−1

(x, y)| ≥ 𝛼
2n∕16 (4.7)

and such that any two zz′,ww′ ∈ Z′
i−1

(x, y) are vertex-disjoint. Now choose two edges

zz′,ww′ ∈ Z′
i−1

(x, y) with distP′ (x, z) < distP′ (x,w) which minimize distP′ (z,w) over all possible

such pairs of edges. We now have two cases.

2.3.1. If distP′ (z′,w) = 1, let Gi ∶= (Gi−1∖{z′w})∪{xw, yz′}. This, again, turns P′
into a cycle.

2.3.2. Otherwise, let z′′,w′′ ∈ V(P′) be such that distP′ (x, z′′) = distP′ (x, z′) + 1 and

distP′ (x,w′′) = distP′ (x,w) − 1. Let P′′
be the subpath of P′

whose endpoints are z′′ and

w′′
, and let 𝓁 ∶= distP′ (z′′,w′′) be the length of P′′

. By an averaging argument using

(4.7), it follows that

𝓁 ≤ 16|V(P′)|∕(𝛼2n) = (𝛼−2) = o(𝛼2n).

By (4.6), this guarantees that we can pick an edge z3w3 ∈ Zi−1(z′′,w′′) such that

distGi−1
(z3w3,V(P′′)) ≥ 1. Now, let

Gi ∶= (Gi−1∖{z′z′′,ww′′
, z3w3})) ∪ {xw, yz′, z′′z3

,w′′w3}.

In this case, if z3w3 ∈ E(P′), we turn P′
into a cycle; otherwise, we combine the vertices

of P′
and the cycle containing z3w3

into two new cycles.

 10982418, 2023, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rsa.21122 by Technische U

niversitat Ilm
enau, W

iley O
nline Library on [17/05/2024]. See the Term

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons License



ESPUNY DÍAZ AND GIRÃO 867

Case 3. Assume all components of Gi−1 are cycles. We consider the following cases.

3.1. For each edge xy ∈ E(Gi−1), let Cxy be the cycle of Gi−1 which contains this edge. Assume

that there exists some xy ∈ E(Gi−1)∖E(P) such that Zi−1(x, y) ⊈ E(Cxy). If so, let zz′ ∈
Zi−1(x, y)∖E(Cxy) and let Gi ∶= (Gi−1∖{xy, zz′}) ∪ {xz, yz′}. This combines two cycles into one.

3.2. Otherwise, from (4.6), it follows that each cycle of Gi−1 must contain at least 𝛼
2n∕8 vertices.

Now let x, y ∈ V∖V(P) be such that x and y lie in different cycles (note, in particular, that we

may pick a vertex in any of the cycles since |V(P)| ≤ 4m < 𝛼
2n∕8) and let zz′ ∈ Zi−1(x, y).

Assume without loss of generality that zz′ lies in a cycle other than the one containing x. By

the definition of Z0(x, y), this means that xz is an edge of H joining two of the cycles of Gi−1.

Now let w ∈ NGi−1
(x) and let Gi ∶= (Gi−1∖{wx, zz′}) ∪ {xz}. This combines two cycles into

a path.

The fact that Δ(Gi) ≤ 2 follows by the construction in each case, since we only add at most one

edge incident to each vertex, and we only do this for vertices which had degree one in Gi−1 or for which

we first delete an incident edge. The fact that P ⊆ Gi follows since we have made sure not to delete

any of the edges of P, and Gi ⊆ (H ∪ G)∖U since we only add edges of H.

Now let C = Gt be the graph resulting from the above process. The argument that we provided

when arguing that the process must end shows that t ≤ (1 + o(1))𝛼2n∕40, and this implies that (4.6)

holds (indeed, observe that in all cases the number of edges which are deleted from each Zi(x, y) is at

most 3, so at most (3 + o(1))𝛼2n∕40 edges are removed, and the conclusion follows from (4.5)).

By the iterative process above, we have proved the existence of a cycle C of length n − m such

that P ⊆ C. We must now prove that there is a cycle of length k, for all 3 ≤ k ≤ n. Recall that

Zt(x, y) ⊆ E(C)∖E(P) for all (x, y) ∈ V2
and (4.6) holds. We split our analysis into three cases.

Suppose first that 3 ≤ k ≤ 𝛼
2n∕20. In such a case, consider any subpath P′

⊆ C of length k−3, and

let its endpoints be x and y. Now choose any edge zz′ ∈ Zt(x, y) such that z, z′ ∉ V(P′) (the existence

of such an edge follows by (4.6) and (4.3)). Then, the union of P′
and the path xzz′y forms a cycle of

length k.

Assume next that n−m ≤ k ≤ n. Consider a set J ⊆ [m] with |J| = k+m− n. In C, for each j ∈ J,

replace the edge ej = zjz′j by the path zjujz′j . This yields a cycle of the desired length.

Finally, assume 𝛼
2n∕20 < k < n−m. Consider a subpath P′

⊆ C of length k − 3 such that P ⊆ P′
.

Let the endpoints of P′
be x and y, respectively, and consider the set Zt(x, y). We consider the following

three cases.

1. Assume that there exists zz′ ∈ Zt(x, y) such that z, z′ ∉ V(P′). Then, the union of P′
and the path

xzz′y forms a cycle of length k.

2. Otherwise, let Z′
t (x, y) ∶= {e ∈ Zt(x, y) ∶ e ⊆ V(P′)}, so we have Z′

t (x, y) ⊆ E(P′) and |Z′
t (x, y)| ≥

|Zt(x, y)| − 2 > 𝛼
2n∕16 by (4.6). Recall that Z′

t (x, y) and P are vertex-disjoint. Suppose there is

an edge zz′ ∈ Z′
t (x, y) such that distP′ (x, z′) < distP′ (x, z). If so, (P′∖{zz′}) ∪ {xz, yz′} is a cycle of

length k − 2 which contains P. To obtain a cycle of length k, replace e1 = z1z′
1

and e2 = z2z′
2

by the

paths z1u1z′
1

and z2u2z′
2
, respectively.

3. Otherwise, Z′
t (x, y) ⊆ E(P′) and all zz′ ∈ Z′

t (x, y) satisfy that distP′ (x, z) < distP′ (x, z′). Recall,

again, that Z′
t (x, y) and P are vertex-disjoint. We now proceed similarly to case 2.3 First, by

(4.3) and the current bound on |Z′
t (x, y)|, we may restrict ourselves to a subset of available edges

Z′′
t (x, y) ⊆ Z′

t (x, y) such that |Z′′
t (x, y)| ≥ 𝛼

2n∕32 and any two edges zz′,ww′ ∈ Z′′
t (x, y) are

vertex-disjoint. Now, choose two edges zz′,ww′ ∈ Z′′
t (x, y) with distP′ (x, z) < distP′ (x,w) which

minimize distP′ (z,w) over all possible pairs. Let P′′
be the subpath of P′

whose endpoints are z′ and

w, and let 𝓁 ∶= distP′ (z,w). By an averaging argument using the fact that |Z′′
t (x, y)| ≥ 𝛼

2n∕32, it
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868 ESPUNY DÍAZ AND GIRÃO

follows that 𝓁 ≤ 32|V(P′)|∕(𝛼2n) < m. Then, the graph (P′∖E(P′′)) ∪ {xw, yz′} is a cycle of length

k − 𝓁 which contains P. In order to obtain a cycle of length k, for each j ∈ [𝓁] replace ej = zjz′j by

the path zjujz′j . ▪

5 RANDOMLY PERTURBING GRAPHS BY A PERFECT MATCHING

Let 𝛼
∗ ∶=

√
2 − 1. We first show that, for any constant 𝛼 < 𝛼

∗
, there exist n-vertex graphs H with

𝛿(H) = 𝛼n such that H ∪ Gn,1 does not a.a.s. contain a Hamilton cycle. Indeed, let H = (A,B,E) be

a complete unbalanced bipartite graph, where |A| = 𝛼n and |B| = (1 − 𝛼)n (so 𝑑H(v) = 𝛼n for all

v ∈ B), and let G be a perfect matching on the same vertex set as H. It is easy to check that a necessary

condition for G so that H ∪G contains a Hamilton cycle is that G[B] contains at least (1− 2𝛼)n edges.

Now, in Gn,1, each edge appears with probability 1∕(n − 1), so

E[eGn,1(B)] =
( (1 − 𝛼)n

2

)
1

n − 1
≤

(1 − 𝛼)2
2

n < (1 − 2𝛼)n.

The conclusion then follows by Markov’s inequality.

In order to prove Theorem 2, we first need the following lemma.

Lemma 9. Let 1∕n ≪ 𝛽 < 𝛼∕2 < 1∕4. Let H be an n-vertex graph with 𝛿(H) ≥ 𝛼n which does not
contain a matching of size greater than (n −

√
n)∕2. Let M be a maximum matching in H. Then, the

vertex set of H can be partitioned into sets A⊍ B1 ⊍ B2 ⊍C1 ⊍C2 ⊍ R in such a way that the following
hold:

(H1) |A| ≤ 12𝛽
−2;

(H2) n − 2|M| − |A| ≤ |R| ≤ n − 2|M|;
(H3) |B1| = |B2| and H[B1,B2] contains a perfect matching; furthermore, for every v ∈ B2 ∪ R we

have eH(v,B1) ≥ (𝛼 − 2𝛽)n, and
(H4) |C1| = |C2| and H[C1,C2] contains a perfect matching; furthermore, for all v ∈ C2 we have

eH(v,B2 ∪ R) ≤ 𝛽
−1 + 1.

Proof. Let M be a maximum matching in H. Let V ∶= V(M) and R′ ∶= V(H)∖V . By the maximality

of M and the condition on H in the statement, we have that E(H[R′]) = ∅ and |R′| ≥
√

n. For each

vertex v ∈ V , let M(v) denote the unique vertex w ∈ V such that vw ∈ M. For any set S ⊆ V , we define

M(S) ∶= {M(v) ∶ v ∈ S}.

To prove the statement we will follow an iterative process. We will inductively construct two

sequences of sets {Bi
1
}i≥1 and {Bi

2
}i≥1 with Bi

1
,Bi

2
⊆ V and use these to construct the vertex partition.

First, for notational purposes we let B−1

2
= B0

1
∶= ∅, and we define B0

2
∶= R′

. Then, for each i ≥ 1, we

define

Bi
1
∶=

{

v ∈ V∖

( i−1⋃

j=0

(Bj
1
∪ Bj

2
)

)

∶ eH(v,Bi−1

2
) ≥ 2

}

and Bi
2
∶= M(Bi

1
). (5.1)

Claim 1. For all i ∈ [𝛽n∕2]0, the following properties hold.

(i) Bi
1

does not span any edge from M.

(ii) Bi
2

is an independent set.
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ESPUNY DÍAZ AND GIRÃO 869

(iii) All but at most 4𝛽
−1

vertices v ∈ Bi−1

2
satisfy that

eH

(

v,
i⋃

j=1

Bj
1

)

≥ (𝛼 − 𝛽)n.

Proof. We proceed by induction on i. As a base case, note that (i) holds trivially for B0

1
, we have

already established that B0

2
= R′

is an independent set, and (iii) is vacuously true. Now, for some

i ∈ [𝛽n∕2 − 1]0, assume that the properties in the statement hold for all j ∈ [i]0 and that we want to

show the properties also hold for i + 1. Note that (5.1) and property (i) imply that

for all (j,𝓁), (j′,𝓁′) ∈ ([i]0) × [2] with (j,𝓁) ≠ (j′,𝓁′) we have Bj
𝓁 ∩ Bj′

𝓁′ = ∅. (5.2)

Observe that, if |Bi+1

1
| ≤ 1, then (i) and (ii) hold trivially, and Bi+j

1
= ∅ for all j ≥ 2. Therefore, for

the proof of these two properties we may assume that |Bi+1

1
| ≥ 2 and, thus, |Bj

1
| ≥ 2 for all j ∈ [i].

In order to prove (i), suppose for a contradiction that Bi+1

1
spans some edge e = xy ∈ M. Our aim

is to construct a matching larger than M. To do so, first note that, by the definition of Bi+1

1
in (5.1), we

may find two distinct vertices xi
2
, yi

2
∈ Bi

2
such that xxi

2
, yyi

2
∈ E(H). We now proceed recursively for

j ∈ [i], starting with j = i and decreasing its value, as follows:

• Let xj
1
∶= M(xj

2
) and yj

1
∶= M

(
yj

2

)
, so xj

1
, yj

1
∈ Bj

1
.

• Choose two distinct vertices xj−1

2
, yj−1

2
∈ Bj−1

2
such that xj

1
xj−1

2
, yj

1
yj−1

2
∈ E(H) (which can be done

by the definition of Bj
1
).

Now consider the path P ∶= x0

2
x1

1
x1

2
… xi

1
xi

2
xyyi

2
yi

1
… y1

2
y1

1
y0

2
(where (5.2) guarantees that this is indeed

a path). We may then take M1 ∶= M△E(P). It is easy to verify that |M1| = |M|+1, which contradicts

the maximality of M.

In order to prove (ii), we proceed similarly. Suppose for a contradiction that Bi+1

2
is not an indepen-

dent set and let e = vi+1

2
wi+1

2
∈ E(H[Bi+1

2
]). We now proceed recursively for j ∈ [i + 1], starting with

j = i + 1 and decreasing its value, as follows:

• Let vj
1
∶= M(vj

2
) and wj

1
∶= M

(
wj

2

)
, so vj

1
,wj

1
∈ Bj

1
.

• Choose two distinct vertices vj−1

2
,wj−1

2
∈ Bj−1

2
such that vj

1
vj−1

2
,wj

1
wj−1

2
∈ E(H) (which can be done

by the definition of Bj
1
).

Consider the path P′ ∶= v0

2
v1

1
v1

2
… vi

1
vi

2
vi+1

1
vi+1

2
wi+1

2
wi+1

1
wi

2
wi

1
… w1

2
w1

1
w0

2
(in order to guarantee that

this is indeed a path, we are using the fact that we have now proved that (5.2) also holds for i+ 1). We

may now take M′
1
∶= M △ E(P′) and, again, verify that |M′

1
| = |M| + 1.

Finally, suppose there are k ∶= ⌈4𝛽
−1⌉ distinct vertices v1, … , vk ∈ Bi

2
such that for all 𝓁 ∈ [k]

we have

eH

(

v𝓁 ,
i+1⋃

j=1

Bj
1

)

< (𝛼 − 𝛽)n. (5.3)

By (5.1), for each j ∈ [i−1]0 and 𝓁 ∈ [k] we have that eH(v𝓁 ,Bj
2
) ≤ 1. It follows from this, the fact that

E(H[Bi
2
]) = ∅ (by (ii)), the assumption on the minimum degree of H and (5.3) that for each 𝓁 ∈ [k]

we have

eH

(

v𝓁 ,V∖

(

Bi+1

1
∪

i⋃

j=1

(Bj
1
∪ Bj

2
)

))

> 𝛽n − i ≥ 𝛽n∕2.

 10982418, 2023, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rsa.21122 by Technische U

niversitat Ilm
enau, W

iley O
nline Library on [17/05/2024]. See the Term

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons License



870 ESPUNY DÍAZ AND GIRÃO

Furthermore, again by (5.1), we must have eH
(
Bi

2
,Bi+1

2

)
≤ n. Combining this with the previous bound,

it follows that

eH

(

Bi
2
,V∖

i+1⋃

j=1

(Bj
1
∪ Bj

2
)

)

> k𝛽n∕2 − n ≥ n,

so there must exist some vertex y ∈ V∖
⋃i+1

j=1

(
Bj

1
∪ Bj

2

)
with eH

(
y,Bi

2

)
≥ 2, which contradicts the

definition of Bi+1

1
, so (iii) holds. ▪

Consider the smallest j ≥ 1 such that |Bj
1
| < 𝛽n∕2 and let i∗ ∶= j − 1. Note that i∗ ≤ 𝛽

−1
< 𝛽n∕2

and that Claim 1(iii) for i = 1 guarantees that i∗ ≥ 1.

Claim 2. All but at most 4𝛽
−1

vertices v ∈ Bi∗
2

satisfy that

eH

(

v,
i∗⋃

j=1

Bj
1

)

≥ (𝛼 − 𝛽)n.

Proof. Similarly to the proof of property (iii) in Claim 1, suppose there is a set S ⊆ Bi∗
2

of size

k ∶= ⌈4𝛽
−1⌉ such that for every v ∈ S we have eH(v,

⋃i∗
j=1

Bj
1
) < (𝛼−𝛽)n. By (5.1), for each j ∈ [i∗−1]0

and v ∈ S we have that eH(v,Bj
2
) ≤ 1. Combining these two bounds with the fact that E(H[Bi∗

2
]) = ∅

(by Claim 1(ii)) and the assumption on the minimum degree of H, it follows that for each v ∈ S we have

eH

(

v,V∖
i∗⋃

j=1

(Bj
1
∪ Bj

2
)

)

> 𝛽n − i∗,

so we conclude that

eH

(

S,V∖
i∗⋃

j=1

(Bj
1
∪ Bj

2
)

)

> k(𝛽n − i∗).

On the other hand, by the definition in (5.1), we have that

eH

(

S,V∖
i∗⋃

j=1

(Bj
1
∪ Bj

2
)

)

≤ n + k|Bi∗+1

1
|.

It follows that |Bi∗+1

1
| > 𝛽n − i∗ − n∕k ≥ 𝛽n∕2, which contradicts the definition of i∗. ▪

Now, a partition of V(H) as described in the statement can be obtained as follows. Let W be the

set of all vertices v∈
⋃i∗

i=1
Bi

2
for which eH(v,

⋃i∗
i=1

Bi
1
) < (𝛼 − 𝛽)n, and let W ′

be the set of all ver-

tices v ∈ B0

2
for which eH(v,B1

1
) < (𝛼 − 𝛽)n. Let A ∶= W ′ ∪ W ∪ M(W). It follows by Claim 1(iii)

together with Claim 2 that |A| ≤ 4𝛽
−1(2i∗ + 1) ≤ 12𝛽

−2
, so (H1) holds. Then, for each 𝓁 ∈ [2], let

B𝓁 ∶=
⋃i∗

i=1
Bi
𝓁∖A, and let R ∶= R′∖A (so (H2) holds). It follows that, for every v ∈ R ∪ B2, we have

eH(v,B1) ≥ (𝛼 − 𝛽)n − |A| ≥ (𝛼 − 2𝛽)n, so (H3) holds. Finally, let C ∶= V∖(A ∪ B1 ∪ B2). Note that,

if C is not empty, then it contains a perfect matching by construction. Consider a bipartition of C into

sets C1 and C2 such that C2 = M(C1) and Bi∗+1

1
⊆ C1. Then, (H4) follows by (5.1) and the fact that

i∗ ≤ 𝛽
−1

. ▪
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ESPUNY DÍAZ AND GIRÃO 871

We will also use the following observations repeatedly. Remark 10 is a trivial observation, while

Remarks 11 and 12 follow from elementary case analyses.

Remark 10. Let G be a graph and consider a bipartition V(G) = A⊍B. Let P ⊆ G be a path of length

at least 5 which does not contain two consecutive edges in A or in B. Then, for each X ∈ {A,B}, the

path P contains two distinct vertices x, y ∈ X with distP(x, y) ≤ 3.

Remark 11. Let G be a union of vertex-disjoint paths and cycles, where there are p paths and c
cycles. Let P1,P2 ⊆ G be two nondegenerate vertex-disjoint subpaths of G. Let x be an endpoint of

P1 and y be an endpoint of P2, and assume e ∶= {x, y} ∉ E(G). Then, (G∖(P1 ∪ P2)) ∪ {e} is a

union of vertex-disjoint paths and cycles, with at most p + 1 nondegenerate paths and at most c + 1

cycles.

Remark 12. Let G be a union of vertex-disjoint paths and cycles. Let x, y, z, z′ ∈ V(G) such that

e1 ∶= {x, z}, e2 ∶= {y, z′} ∉ E(G) and x and y lie in the same cycle  of G. Let P1,P2,P3 ⊆ G be

three nondegenerate vertex-disjoint subpaths of G such that P1 has z as an endpoint, P2 has z′ as an

endpoint, and P3 is an (x, y)-path. Then, (G∖(P1 ∪P2 ∪P3))∪{e1, e2} may contain a cycle ′
⊈ G only

if at least one of the following holds: in G∖(P1 ∪ P2 ∪ P3), x and z lie in the same component, or y and

z′ lie in the same component, or z and z′ lie in the same component.

We are finally ready to prove Theorem 2. The general idea is similar to the proof of Theorems 1

and 3, though the details are more involved. We will use Lemma 9 to show that H satisfies certain

properties and combine these with the properties given by Lemmas 6 and 8. We will then consider

the graph given by the union of Gn,1 and a large matching of H, given by Lemma 9, and iteratively

modify this graph to obtain cycles of all lengths. To achieve this, we will construct a special path P
which will be used to absorb other vertices, in a similar fashion to the proof of Theorems 1 and 3,

and then find an almost spanning cycle C containing P. A key difference with respect to that proof is

that the iterative process by which we construct C is more involved, since the graph we start with is

more structured. Another key difference is that, while creating C, we will isolate some vertices which

cannot be absorbed with P; we need to make sure that these can be absorbed by the cycle itself at a

later stage, so that we may find a Hamilton cycle (but these vertices play no role when constructing

cycles shorter than C). The properties given by Lemma 9 are crucial in proving that our construction

works.

Proof of Theorem 2. By Theorem 3, if H contains a matching covering all but o(n) vertices, we are

done, so we may assume that the largest matching in H covers at most n −
√

n vertices.

Let 0 < 𝜂 ≪ 𝜀 ≪ 1. Throughout, we always assume n is sufficiently large. Apply Lemma 9 with

𝛼 ∶= (1 + 𝜀)(
√

2 − 1) and 𝛽 = 𝜂. (Note, in particular, that we may assume 𝛼 < 1∕2.) This yields a

partition of V(H) into A ⊍ B1 ⊍ B2 ⊍ C1 ⊍ C2 ⊍ R satisfying properties (H1)–(H4) of the statement of

the lemma. We define 𝛾1 ∶= |C1|∕n and 𝛾2 ∶= |B1|∕n, so by (H1) and (H2) it follows that

|R| = (1 − 2𝛾1 − 2𝛾2)n ± 12𝜂
−2

≥
√

n∕2 (5.4)

(where the lower bound follows from the bound on the size of a maximum matching in H). Note that

by (H3) and since 𝛼 >

√
2 − 1 we have

𝛾2 ≥ (1 − 6𝜂)𝛼. (5.5)
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872 ESPUNY DÍAZ AND GIRÃO

Observe that 𝛾1 ≤ 1∕2 − 𝛾2. It follows from this, (5.5), the bound on 𝛼, and by taking 𝜂 sufficiently

small that

𝛾1 ≤ 86∕1000. (5.6)

It follows from (5.5), (H1), (H4), the fact that eH(v,C1 ∪C2) ≤ |C1 ∪C2| ≤ (1− 2𝛾2)n, and the bounds

on 𝛿(H) and 𝛼 that

for all v ∈ C2 we have eH(v,B1) ≥ n∕5. (5.7)

Indeed, for each v ∈ C2 we have that

eH(v,B1) = eH(v,V(H)) − eH(v,B2 ∪ R) − eH(v,C1 ∪ C2) − eH(v,A)
≥ 𝛼n − 𝜂

−1 − 1 − (1 − 2𝛾2)n − 12𝜂
−2

≥ (3𝛼 − 12𝜂 − 1)n − 12𝜂
−2 − 𝜂

−1 − 1 ≥ n∕5.

Furthermore, by (H3), for any x, y ∈ B2 ∪ R we have |NH(x) ∩ NH(y) ∩ B1| ≥ (2𝛼 − 𝛾2 − 4𝜂)n. It then

follows from the fact that 𝛾2 ≤ 1∕2 and the bound on 𝛼 that

for all x, y ∈ B2 ∪ R we have |NH(x) ∩ NH(y) ∩ B1| ≥ (1 − 20𝜂)(2𝛼 − 𝛾2)n. (5.8)

Let M be the union of a perfect matching in H[C1,C2] and a perfect matching in H[B1,B2]. For any

v ∈ V(M), we let M(v) be the unique vertex w such that vw ∈ M. Similarly, for any set A ⊆ V(M), we

let M(A) ∶=
⋃

v∈A M(v).
Let G = Gn,1. Throughout the rest of the proof, we will use the fact that 𝑑G(x) = 1 for every

x ∈ V(H) repeatedly and without further mention. We now apply Lemma 8, with 𝜂 playing the role of

𝜀, to the pairs of sets (Ai,Bi) = (NH(x),NH(y)) for all (x, y) ∈ V(H) × V(H) (with 𝛼i = 𝛽i = 𝛼) and the

pairs of sets (Ai,Bi) = (NH(x)∩NH(y)∩B1,NH(x)∩NH(y)∩B1) for all pairs (x, y) ∈ (B2 ∪R)× (B2 ∪R)
(with 𝛼i = 𝛽i = (1 − 20𝜂)(2𝛼 − 𝛾2), see (5.8)). Condition on the event that the statement of Lemma 8

holds for these pairs of sets, and that the statements of Lemma 6(ii) and Lemma 7 hold, which occurs

a.a.s. Let G0 ∶= M ∪ G. We claim that the following properties hold:

(G1) For every (x, y) ∈ V(H) × V(H), we have eG(NH(x),NH(y)) ≥ (1 − 𝜂)𝛼2n∕2.

(G2) For every (x, y) ∈ (B2 ∪ R) × (B2 ∪ R), we have

eG(NH(x) ∩ NH(y) ∩ B1) ≥ (1 − 50𝜂)(2𝛼 − 𝛾2)2n∕2.

(G3) G0 is the union of at most log
2n cycles and (1 + o(1))|R|∕2 paths, all vertex-disjoint.

(G4) Each of the paths of G0 either has both endpoints in A ∪ R or is comprised of a single edge in

E(M) ∩ E(G). Furthermore, every vertex in A ∪ R is the endpoint of some path.

(G5) All subpaths of G0 alternate between edges of G and edges of M.

(G6) |E(M) ∩ E(G)| ≤ log
2n.

Indeed, both (G1) and (G2) follow from Lemma 8, (G3) follows from Lemma 6(ii) together with (H2)

and (5.4), and (G6) holds by Remark 7. Finally, (G4) and (G5) must hold by definition.

A simple algebraic manipulation with (5.4), (5.5) and the definition of 𝛼 shows that

(1 − 50𝜂)(2𝛼 − 𝛾2)2n ≥ (1 + 𝜂)|R|. (5.9)
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ESPUNY DÍAZ AND GIRÃO 873

Using (5.5) it is also easy to check that (1 − 3𝜂)𝛼2n ≥ (1 − 50𝜂)(2𝛼 − 𝛾2)2n, hence

(1 − 3𝜂)𝛼2n ≥ (1 + 𝜂)|R|. (5.10)

The bounds in (5.9) and (5.10) are crucial for our proof.

Our goal is to show that we can find cycles of all possible lengths in H ∪ G0 = H ∪ G; to achieve

this, we will need to modify G0 through an algorithm, where we will delete some edges of G0 and

add some edges of H for each subsequent alteration. The outcome of this process will be an “almost”

spanning cycle C, and we will make sure to satisfy certain properties which will allow us to obtain all

the desired cycles.

We begin with a high-level sketch of the process. At each step of the algorithm, we always think

of the graph as a union of vertex-disjoint paths and cycles; the vertex set can become smaller at each

step, though, as we sometimes “delete” some vertices (which we will need to “absorb” at the end of

the process). We split the process into six steps (see Steps 1–6 below). In Step 1, we simply remove

all “isolated” edges of G0, since these will not be useful for us. In Step 2 we create an absorbing path

P ⊆ H ∪G0 that will allow us to incorporate a suitable number of vertices into a cycle; this choice will

be used at the end of the process to guarantee that we can construct cycles of all lengths. Crucially,

we must make sure that P is not modified through the remaining steps of the process. At this point all

paths in the graph will have their endpoints in A ∪ B2 ∪ R (when constructing P we may produce new

paths, but we make sure that the new endpoints lie in B2). We would like to have all their endpoints in

B2 ∪ R so that we may use (G2) in the future, so through Step 3 we will make it so that all endpoints

are in B2 ∪ R. Step 4 is used to guarantee that P does not lie in a cycle; this helps us avoid possible

problems in Step 5, where we turn all cycles into paths (making sure that all the resulting endpoints lie

in B2 ∪ R). At this point, the graph we are considering is a union of vertex-disjoint paths with all their

endpoints in B2 ∪R. Then, using the aforementioned (G2), in Step 6 we can iteratively combine all the

paths into a single, “almost” spanning path containing P, which we later turn into an almost spanning

cycle C containing P. The bound given in (5.9) is crucial to prove that the almost spanning path can be

constructed. For simplicity of notation, we will always refer to the graph by the same name throughout

each of the steps, but the graph is continuously updated in each step of the process.

As already mentioned above, throughout the process we sometimes “delete” some vertices from

the graph. What this means is that they no longer play a role in this process and will not be vertices of

the resulting cycle C. We will need to ensure that these vertices can later be “absorbed” into the cycle

(some via P, and the rest without help from P). We will denote this set of “deleted” vertices by S. We

think of these vertices simply as being isolated. Note, however, that not all vertices of G0 that become

isolated through the process are added to S, as we will still allow some degenerate paths of length 0 to

be part of the graph. Thus, we will always explicitly say which vertices are added to S (whenever we do

this, we mean that these vertices are removed from (the current version of) G0, so we may keep thinking

of G0 as a union of paths and cycles with the desired properties). In particular, we will always think

of the graph at any point throughout the process as a graph on vertex set V(H)∖S (and, when choosing

vertices for any purpose before the end of Step 6, we will always avoid S, even if not explicitly stated).

When altering the graph throughout the process, we will often need to use some edges of G which

are “available” to us. To keep track of these, we define a set D of “unavailable” edges. In particular,

all edges deleted from G0 are automatically added to D (so we will not add them explicitly), but some

other edges are added to D to ensure that our process will work (in particular, to “protect” P throughout

the process). Whenever we add edges to D without removing them from the graph, we say so explicitly.

Finally, for some of the alterations, given some vertex v, we will want to find a neighbor b1 ∈
NH(v)∩B1. When using these neighbors, we will want to delete the edge of M containing them (this will
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874 ESPUNY DÍAZ AND GIRÃO

help us to guarantee that the resulting graph remains a union of disjoint paths and cycles). However,

we cannot always delete this edge of M (in particular, if it has already been deleted). Therefore, it will

be important for us to keep track of those vertices b1 ∈ B1 which we cannot choose at any given step

(they are also “unavailable”). We will denote the set of these vertices by K. As happens for D, we will

often update K implicitly; in particular, whenever an edge b1b2 ∈ E(M) with b1 ∈ B1 is added to D,

implicitly or explicitly, b1 is added to K. However, we will sometimes explicitly add extra vertices to

this set (in particular, to “protect” P). We remark that K and S need not be disjoint.

Let us now describe the steps of our process. The fact that the sets S, D, and K are updated imme-

diately throughout the iterations in each of the steps is crucial in some of the choices we make below.

We also remark that we continually use the fact that the graph we consider is a union of vertex-disjoint

paths and cycles, often implicitly.

Step 1. For each edge e = xy ∈ E(M) ∩ E(G), delete e from G0 and add x and y to S.

Let the resulting graph be denoted by G1. We claim that the following properties hold:

(A1) |S|, |D|, |K| ≤ 2 log
2 n.

(A2) G1 is the union of at most log
2n cycles and (1 + o(1))|R|∕2 paths, all vertex-disjoint.

(A3) Each of the paths of G1 has both endpoints in A∪R. Furthermore, 𝑑G
1
(x) = 1 for every x ∈ A∪R.

(A4) All subpaths of G1 alternate between edges of G and edges of M.

Indeed, (A1) follows immediately by (G6), (A3) follows by (G4) and the deletions in Step 1, and (A2)

and (A4) follow from (G3) and (G5), respectively.

In particular, note that (A4) and the fact that all edges of M are contained in B1 ∪ B2 ∪ C1 ∪ C2

implies the following:

(A5) If e ∈ E(G1[A ∪ R]), then e is an isolated edge in G1.

Step 2. Let G′
1
∶= G1; this is a copy of the “original” G1 which we will not update. We now wish

to construct an absorbing path P. Let U ⊆ R be an arbitrary set of t ∶= ⌈3𝜂
−1
𝛼
−2⌉ vertices (such a set

must exist by (5.4) and (A1)). Fix a labeling of the vertices in U as u1, … , ut. For each i ∈ [t],

1. choose an edge xiyi ∈ EG(NH(ui) ∩ B1)∖D and add it to D (but do not remove it from G1).

These edges xiyi will later be part of P, and they are added to D in order to “protect” P. Their existence,

for each i ∈ [t], follows from (G2), (5.9), (5.4), (A1), and the value of t.
Let UE ∶= {xi, yi ∶ i ∈ [t]} and UM ∶= M(UE) ⊆ B2. Remove all the edges of M incident to

UE∖{x1, yt} from G1 (in particular, by (A4), now each edge xiyi becomes an isolated edge, and the

endpoints of the deleted edges in UM become endpoints of some paths in the resulting graph) and, in

order to “protect” P, add x1 and yt to K, even if their respective edges in M are not removed from the

graph.

Next we are going to connect the edges xiyi we just chose into a path P. We will achieve this by

using a (yi, xi+1)-path of length 3 for each i ∈ [t − 1]. We are going to follow a process to choose a

new set of edges in G, which will be the central edges of the aforementioned paths. By the end of the

process, we will have constructed a path P satisfying the following properties:

(B1) V(P) ∩ U = ∅.

(B2) M(x1),M(yt) ∈ B2 are the endpoints of P.

(B3) P and E(G)∖D are vertex-disjoint.

Together with P, we will have a graph G2 which satisfies the following properties:

(B4) P ⊆ G2.

(B5) G2 is the union of at most 2log
2 n cycles and (1 + o(1))|R|∕2 paths, all vertex-disjoint.
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ESPUNY DÍAZ AND GIRÃO 875

(B6) Each of the paths of G2 has both endpoints in A ∪ B2 ∪ R.

(B7) All subpaths of G2∖P have at most two consecutive vertices in A ∪ R ∪ B2 ∪ C2 or in B1 ∪ C1.

(B8) If e ∈ E(G′
1
[A ∪ R]), then either e ∈ E(P) or e is an isolated edge in G2.

Let us now describe the process. We note that (A4) is crucial and will be used implicitly throughout.

Let W1 ∶= UE ∪ M({x1, yt}). For each i ∈ [t], we will have a set Wi which will consist of all vertices

of P which have already been chosen. We claim that, at the start of each iteration of the process (i.e.,

for each i ∈ [t − 1]), we may assume that the following properties hold:

(B9) |S|, |D|, |K| ≤ 3 log
2 n.

(B10) W1 ⊆ Wi.

(B11) |Wi| = 2t + 2i.
(B12) Wi ∩ B1 ⊆ K.

(B13) M(Wi ∩ B2) ⊆ K.

(B14) G1 is a union of vertex-disjoint paths and cycles.

(B15) All of the paths of G1 have both endpoints in A ∪ B2 ∪ R, or have one endpoint in A ∪ B2 ∪ R
and the other is yi, or have one endpoint in A∪B2 ∪R and the other is xt, or consist of a unique

edge xjyj for some j ∈ [t − 1]∖[i].
(B16) For any vertex v ∈ B2 which is an endpoint of some path in G1 we have M(v) ∈ K.

(B17) All edges in G1∖G′
1

are contained in Wi or have one endpoint in B1 and the other in C2.

(B18) All edges e ∈ E(G′
1
∖G1) with e ∈ M contained in C1 ∪ C2 are incident to Wi, or contained

in S, or satisfy that distG′
1

(e,K) ≤ 1.

(B19) NG
1
(A ∪ U) ∩ K ⊆ Wi.

Before starting the process (i.e., for i = 1), (B9) holds by (A1), the value of t and the fact that, so

far in this step, we have increased the sizes of S, D and K by at most 3t; (B10) is trivial; (B11) and

(B12) follow by the definition of W1 and K; (B13) holds trivially since W1 ∩ B2 = M({x1, yt}) ⊆ K by

definition; (B14) holds by (A2), since so far in this step we have only deleted edges; (B15) and (B16)

follow from (A3) and the fact that, so far, throughout this step we have only deleted edges of M with

one endpoint in B2 (which then becomes an endpoint of some path) and the other endpoint in one of

the edges xiyi (but not the edges containing x1 or yt); (B17) is vacuously true since E(G1∖G′
1
) = ∅;

(B18) is vacuously true since all edges of G′
1

which have been deleted so far are contained in B1 ∪ B2,

and (B19) holds by construction, since at this point we have K ⊆ W1 ∪ S and NG
1
(A ∪ U) ∩ S = ∅ by

the definition of S. We will later show that these properties must indeed hold throughout.

For each i ∈ [t − 1], we proceed as follows:

2. Choose an edge wizi ∈ EG(NH(yi)∖U,NH(xi+1)∖U)∖D such that

(B20) distG
1
({wi, zi},Wi) ≥ 5,

(B21) distG′
1

({wi, zi},Wi) ≥ 2, and

(B22) distG′
1

({wi, zi},K) ≥ 5.

Note that such an edge must exist by (G1), (B9), (B11), (B14), and the value of t. In order to

“protect” P, add wizi to D (but do not remove it from G1).

3. Now we make some modifications to ensure G1 will remain a union of vertex-disjoint paths and

cycles after adding yiwi and zixi+1. If the component of G1 containing wizi is a cycle of length at

most 8, we remove all edges of this cycle (except wizi) from G1 and add all its vertices (except wi
and zi) to S. Otherwise, for each x ∈ {wi, zi}, we consider several cases:

3.1. If x ∈ A ∪ R, do nothing.
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876 ESPUNY DÍAZ AND GIRÃO

3.2. If x ∈ B1, remove the edge of M containing x from G1 (which must have belonged to G1 by

the definition of K and (B22)). Note that M(x) ∈ B2 becomes an endpoint of a path in the

resulting graph.

3.3. If x ∈ C1, consider the edge xy ∈ E(M) (which must lie in G1 by (B18), (B20), (B21) and

(B22)) and let z∗ be the other neighbor of y ∈ C2 in G1 (note that it must exist by (B14) and

(B15)). Choose some vertex z ∈ (NH(y) ∩ B1)∖(K ∪ NG
1
(A ∪ U) ∪ {wi, zi, z∗}), which must

exist by (5.7), (B9), (H1), and the value of t. Then, add yz to G1 and remove both xy and

the edge of M containing z (which must have belonged to G1 by the definition of K). Now

M(z) ∈ B2 becomes an endpoint of a path in the resulting graph.

3.4. If x ∈ B2 ∪ C2, consider the edge xy ∈ E(M) (which must lie in G1 by (B18), (B20), (B21)

and (B22)) and let z be the other neighbor of y in G1 (which must exist by (B10), (B14),

(B15) and (B20)). Now consider the following cases:

3.4.1. If z ∈ A ∪ R, remove xy and yz from G1 and add y to S. We now think of z as a

degenerate path.

3.4.2. If z ∈ B2, let z′ be the other neighbor of z (which must exist by (B14), (B16), (B17)

and (B22)) and observe that, by (B17) and (B22), we must have zz′ ∈ M. Remove

xy and yz from G1 and add y to S. Furthermore, add z′ to K (but do not remove zz′
from G1). Then, z ∈ B2 becomes the endpoint of a path in the resulting graph.

3.4.3. If z ∈ B1, let zz′ ∈ E(M) (which must lie in G1 by (B17), (B22) and the definition

of K), remove xy, yz and zz′ from G1, and add y and z to S. Now z′ ∈ B2 becomes

an endpoint of a path.

3.4.4. If z ∈ C2, let z∗ be the other neighbor of z in G1 (which must exist by (B14) and

(B15)), and choose some vertex z′ ∈ (NH(z) ∩ B1)∖(K ∪ NG
1
(A ∪ U) ∪ {wi, zi, z∗})

(which must exist by (5.7), (B9), (H1), and the value of t). Then, add zz′ to G1

and remove xy, yz and the edge of M containing z′ (which must lie in G1 by the

definition of K) from G1, and add y to S. Now M(z′) ∈ B2 becomes an endpoint of

a path.

3.4.5. If z ∈ C1, let zz′ ∈ E(M) (which must lie in G1 by (B17), (B18), (B20) and (B22)),

let z∗ be the other neighbor of z′ ∈ C2 in G1 (which must exist by (B14) and (B15)),

and choose some vertex z′′ ∈ (NH(z′) ∩B1)∖(K ∪NG
1
(A∪U) ∪ {wi, zi, z∗}) (which

must exist by (5.7), (B9), (H1), and the value of t). Then, add z′z′′ to G1 and remove

xy, yz, zz′ and the edge of M containing z′′ (which must lie in G1 by the definition

of K) from G1, and add y and z to S. The vertex M(z′′) ∈ B2 becomes an endpoint

of a path.

4. Add yiwi and zixi+1 to G1. Let Wi+1 ∶= Wi ∪ {wi, zi} and iterate.

Note now that (B9) follows from (A1) and the fact that S, K, and D increase their sizes by at most 8

in each step of the process above. This, combined with the at most 3t increase before the process and

the value of t, immediately yields the bound. (B10) holds trivially by definition. (B11) holds trivially

by the definition of Wi+1, since wi, zi ∉ Wi by (B20) and are distinct. (B12) and (B13) hold because,

throughout the process, if x ∈ B1 ∪ B2, we delete the edge of M containing x, which implies the

conditions. (B14) follows from the fact that, throughout, we guarantee that all vertices of the graph

G1 have degree at most 2: indeed, we make sure to delete one edge incident to each of the vertices

that lie in one of the edges which will be added; the only exception to this is case 3.1, in which there

is no need to delete edges by (A3) and the fact that the different vertices x throughout the process

are always distinct. In order to prove (B15), note that all the newly created endpoints lie in B2, as

remarked throughout the process. Furthermore, the edges which are added to the graph in cases 3.3,
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ESPUNY DÍAZ AND GIRÃO 877

3.4.4, and 3.4.5 have one of their endpoints in C2 and the other in B1∖K, which by (B12) cannot belong

to any of the vertices in Wi; this guarantees that the different paths consisting of a single edge xjyj with

j ∈ [t − 1]∖{1} do not become part of any longer paths or cycles until the iteration in which wj−1zj−1

is considered. Observe that avoiding the vertex z∗ in cases 3.3, 3.4.4, and 3.4.5 is crucial, as otherwise

we would create an endpoint in C2. (B16) follows directly from the process, since every time we create

a new endpoint v ∈ B2 we do so by deleting the edge of M containing v, except in case 3.4.2, where we

artificially add M(v) to K. (B17) holds directly by construction: in the ith iteration, we add two edges,

yiwi and zixi+1, which are contained in Wi+1 by definition, and possibly some edges with an endpoint

in B1 and the other in C2 (this happens in cases 3.3, 3.4.4, and 3.4.5). Now, consider (B18). In case 3.3,

the deleted edge is incident to a vertex which is added to Wi+1; the same is true for the edge containing

x in all subcases of case 3.4; by (B17), we are guaranteed that the other edge e deleted in case 3.4.5

now satisfies distG′
1

(e,K) = 1; the only other case in which one such edge may be deleted is when wizi
is contained in a cycle C of length at most 8, but here all deleted edges are either incident to Wi+1 or

contained in S. Finally, (B19) can be checked throughout the process by (B15), (B17) and the choices

in cases 3.3, 3.4.4, and 3.4.5.

Note also that (B9)–(B13) hold after the last iteration of the process (i.e., for i = t). Similarly,

(B17) and (B19) also hold after the process (i.e., replacing G1 by G2 and with i = t). These will come

in useful later.

Let G2 be the graph resulting from the process above. Let

P ∶= M(x1)x1y1w1z1x2 … yt−1wt−1zt−1xtytM(yt)

(recall that all these vertices are distinct, as follows from the choices throughout the process). Observe

that (B1), (B2), and (B3) hold by definition. In order to prove that (B4) holds, note first that all the

edges of P must belong to G1 at some point throughout the process, since E(P) ∩ E(G) ⊆ E(G′
1
),

x1M(x1), ytM(yt) ∈ E(G′
1
) and all other edges of P are added in the fourth step of the process throughout

the different iterations. The fact that none of these edges are deleted throughout the process follows

from (B12), (B13), and (B20): indeed, throughout the process, all deleted edges either lie at distance

at most 3 from wi or zi, so they cannot be incident to Wi by (B20), or they have an endpoint in B1∖K
and belong to M (where we further ensure that said endpoint cannot be either wi or zi), and therefore

cannot be incident to Wi by (B12) and (B13). Note, furthermore, that the edges deleted in cases 3.2,

3.3, and 3.4 for wi cannot ‘interfere’ with those deleted for zi, since in these cases we are guaranteed

that distGi∖{wizi}(wi, zi) ≥ 9. (B5) holds by (A2), (B14) and since, by Remark 11, the number of paths

and cycles does not increase too much throughout the process. Indeed, the number of paths increases

by at most 2t due to the deletions before the process, and then by at most 2t due to the deletions

throughout the process, and at most 2t new cycles are created overall (see Remark 11 for cases 3.3,

3.4.4, and 3.4.5). This, combined with the bounds in (A2), (5.4) and the value of t, guarantees that (B5)

holds. (B6) is a direct consequence of (B15) together with the final iteration of the process. Now, by

(A4) we know that all subpaths of G′
1

have at most two consecutive vertices in A ∪ R ∪ B2 ∪ C2 or in

B1 ∪ C1. By (B17), all edges added throughout the process are either contained in Wt = V(P) or have

one endpoint in B1 and the other in C2. This guarantees that all subpaths of G2 (except possibly those

that intersect P) must also have at most two consecutive vertices in A∪R∪B2 ∪C2 or in B1 ∪C1. That

is, (B7) holds. Finally, (B8) follows directly from (A5) and (B17).

Step 3. Our next goal is to obtain a graph G3 which satisfies the following properties:

(C1) P ⊆ G3.

(C2) G3 is the union of at most 3log
2n cycles and (1 + o(1))|R|∕2 paths, all vertex-disjoint.
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878 ESPUNY DÍAZ AND GIRÃO

(C3) Each of the paths of G3 has both endpoints in B2 ∪ R.

(C4) All subpaths of G3∖P have at most two consecutive vertices in R ∪ B2 ∪ C2 or in B1 ∪ C1.

(C5) U ∩ V(G3) = ∅.

The goal of (C5) is to have all vertices in U isolated, so that they can later be absorbed by P.

In order to achieve this, roughly speaking, we are going to remove all edges incident to (A∪U)∖V(P)
from G2 and then perform a few more alterations on the graph to guarantee that (C3) holds. For these

alterations, we are going to follow a process. We claim that, throughout, we may assume that the

following properties hold:

(C6) |S|, |D|, |K| ≤ 4 log
2 n.

(C7) G2 is a union of vertex-disjoint paths and cycles.

(C8) Each of the paths of G2 has both endpoints in A ∪ B2 ∪ R.

(C9) All edges in G2∖G′
1

are contained in V(P) or have one endpoint in B1 and the other in C2.

Note that, before we start the process, (C6), (C7), (C8), and (C9) are guaranteed by (B9), (B5), (B6),

and (B17), respectively.

We proceed as follows. For each edge e = xy ∈ E(G2)with x ∈ (A∪U)∖V(P), we proceed as follows

depending on the position of y. Note that, by (B5), we are guaranteed that y ∉ V(P)∖M({x1, yt}).

1. If y ∈ A ∪ U ∪ B2, remove xy from G2.

2. If y ∈ R∖U, remove xy from G2 and add y to S. Note that, by (B8), this does not delete any other

edges of G2.

3. If y ∈ B1, remove xy and the edge of M containing y from G2 (note that this edge must have been

in G2 by (B19) and the definition of K, since y ∉ V(P); see (B2)) and add y to S. Observe that

M(y) ∈ B2 becomes and endpoint in the resulting graph.

4. If y ∈ C2, let z∗ be the other neighbor of y in G2 (which must exist by (C7) and (C8)) and choose

a vertex z ∈ (NH(y) ∩ B1)∖(K ∪ {z∗}) (its existence follows from (5.7) and (C6)), add yz to G2,

and remove xy and the edge of M containing z from G2. (C8) guarantees that z does not become an

endpoint in the resulting graph. Instead, M(z) ∈ B2 becomes an endpoint.

5. If y ∈ C1, let z be the other neighbor of y in G2 (which exists by (C7) and (C8)), and note that

yz ∈ E(M) (which follows from (C9)), so z ∈ C2. Let z∗ be the other neighbor of z in G2 (which

must exist, again, by (C7) and (C8)). Then, choose a vertex z′ ∈ (NH(z) ∩ B1)∖(K ∪ {z∗}) (recall

that its existence is guaranteed by (5.7) and (C6)), add zz′ to G2, remove xy, yz and the edge of

M containing z′ from G2, and add y to S. Again, by (C8), z′ does not become an endpoint, and

M(z′) ∈ B2 does.

Once this is done for all the desired edges, add A ∪ U to S.

Note that, by construction, the sizes of S, D, and K increase by at most 3 for each edge xy deleted

following the previous process. It then follows by (H1), the definition of U in Step 2 and (B9) that (C6)

holds throughout, and even after the last step of the process. The remaining properties follow similarly

as in Step 2. (C7) follows from the fact that, throughout, we guarantee that all vertices of G2 have

degree at most 2, since we delete one edge incident to each of the vertices that lie in one of the edges

which will be added. (C8) holds since all the newly created endpoints lie in B2, as remarked throughout

the process. Observe that avoiding z∗ in cases 4 and 5 ensures that we do not create a new endpoint in

C2. Finally, (C9) holds since the edges added to the graph in cases 4 and 5 have one endpoint in B1 and

the other in C2 by construction. Note that (C9) also holds after the process, that is, replacing G2 by G3.

Let G3 be the graph resulting from the process. (C1) must hold by (B4) and since no edges incident

to the internal vertices of P are added nor deleted throughout the process (which follows from (B12),
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ESPUNY DÍAZ AND GIRÃO 879

(B13) and the fact that y ∉ V(P)∖M({x1, yt}) throughout). Furthermore, the process above may again

increase the number of paths and cycles, but, by Remark 11, it creates at most one new cycle or path for

each vertex y above. This, combined with (H1), the definition of U in Step 2, (5.4) and (B5), ensures

that (C2) holds. (C3) follows by (C8) since, at the end of the process, we have A∩V(G3) = ∅; similarly,

we have that (C5) holds too. Finally, as happened in Step 2, all edges added in cases 4 and 5 above

have one endpoint in B1 and the other in C2 (see (C9)), so by (B7) we must have that (C4) holds.

Step 4. We now want to make sure that P does not lie in a cycle. If P is not contained in a cycle, we

are done, so assume it is contained in some cycle . If |E()| ≤ |E(P)|+14, simply delete E()∖E(P),
and add V()∖V(P) to S. Otherwise, for each x ∈ {M(x1),M(yt)} (recall these are the endpoints of P
and that they lie in B2, see (B2)), we proceed as follows. Let y be the first vertex of  which lies in

B2 ∪C2 when moving along  away from P starting at x (disregarding x itself). Note that, by (C4) and

Remark 10, we have that dist(x, y) ≤ 3. Now, delete all edges of the shortest (x, y)-path of , and add

all its internal vertices to S. If y ∈ B2, it becomes an endpoint and we are done; otherwise, choose a

vertex z ∈ (NH(y) ∩ B1)∖(K ∪ NG
3
(y)) (which must exist by (5.7) and (C6)), add yz to G1, and delete

the edge of M containing z. Note that, in this last case, M(z) ∈ B2 becomes an endpoint in the resulting

graph.

Let G4 be the resulting graph. We claim that the following properties are satisfied:

(D1) |S|, |D|, |K| ≤ 5 log
2 n.

(D2) P ⊆ G4. Furthermore, the component of G4 containing P is a path.

(D3) G4 is the union of at most 4log
2n cycles and (1 + o(1))|R|∕2 paths, all vertex-disjoint.

(D4) For each cycle  ⊆ G4 we have that |V() ∩ B1| = |V() ∩ B2| ± 5 log
2 n.

(D5) Each of the paths of G4 has both endpoints in B2 ∪ R.

(D6) All edges in G4∖G′
1

are contained in V(P) or have one endpoint in B1 and the other in C2.

(D7) All subpaths of G4∖P have at most two consecutive vertices in R ∪ B2 ∪ C2 or in B1 ∪ C1.

Indeed, the sizes of S, D and K may increase by at most 14 in this step, so (D1) follows from (C6).

(D2) follows from the construction, since no edges incident to any vertex of P have been removed (this

follows by the choice of the vertices z, (B12), and (B13)). Note that G4 is a union of paths and cycles

since, again, we have made sure that every vertex has degree at most 2. Furthermore, even though

the number of paths and cycles may have increased with respect to G3, by Remark 11 we have that

they increase by at most 2. Therefore, (D3) follows from (C2) and (5.4). (D4) follows by combining

the bound on |K| in (D1) with (A4). (D5) holds by construction and (C3). Note, in particular, that

the choices of the vertices z together with (C2) guarantee that we do not create any new endpoints in

C2. (D6) follows from (C9) and the fact that the only edges we may have added in this step have one

endpoint in B1 and the other in C2. This in turn, together with (C4), implies that (D7) holds.

Step 5. Now we want to obtain a graph G5 which satisfies the following properties:

(E1) P ⊆ G5.

(E2) G5 is the union of at most (1 + o(1))|R|∕2 paths, all vertex-disjoint.

(E3) Each of the paths of G5 has both endpoints in B2 ∪ R.

In order to achieve this, we must alter each cycle in G4. Crucially, we will show that, with these

alterations, we do not create any new cycles. We claim that, throughout the coming process, we may

assume that the following properties hold:

(E4) |S|, |D|, |K| ≤ 105 log
2 n.

(E5) P ⊆ G4. Furthermore, the component of G4 containing P is a path.

(E6) All subpaths of G4∖P have at most two consecutive vertices in R ∪ B2 ∪ C2 or in B1 ∪ C1.
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880 ESPUNY DÍAZ AND GIRÃO

Note that, before the process starts, (E4), (E5), and (E6) hold by (D1), (D2), and (D7), respectively.

We proceed by iteratively choosing a cycle  ⊆ G4 and considering the following cases.

1. If  has length at most 25, we delete all its edges and add all its vertices to S.

2. Otherwise, assume  contains two vertices x, y ∈ B2 with dist(x, y) ≤ 11 and let Q ⊆  be an

(x, y)-path of length dist(x, y). Then, remove all edges of Q from G4 and add all its internal vertices

to S.

3. Otherwise, since all cycles in G4 are disjoint from R (as follows from (A3), (D2), (D6) and the fact

that no new cycles are created throughout this step), by (E6), we may apply Remark 10 to conclude

that  must contain three vertices x, y, z ∈ C2 such that dist(x, y) ≤ 3 and dist(y, z) ≤ 3.

Claim 3. There exist distinct v1, v2 ∈ {x, y, z} such that the following holds.

Let Q be the shortest (v1, v2)-path in G4. For each i ∈ [2], there exists wi ∈ (NH(vi) ∩ B1)∖(K ∪
N(vi)) (with w1 ≠ w2) such that, if we let ei be the edge of M containing wi, then w1, w2 and v1

each lie in a different component of G4∖(Q ∪ {e1, e2}).

Proof. Recall that any two vertices x′, y′ ∈ V() ∩ B2 satisfy that dist(x′, y′) ≥ 12. By (E6)

and Remark 10, this means that |V() ∩ B2| ≤ |V() ∩ C2|∕3. Therefore, by (5.6) we have that

|V() ∩ B2| ≤ 𝛾1n∕3 ≤ 29n∕1000. Then, by (D4), we conclude that

|V() ∩ B1| ≤ 3n∕100. (5.11)

Aiming for a contradiction, let us assume that the statement does not hold, that is, for each

pair v1, v2 ∈ {x, y, z} we have that, for every w1 ∈ (NH(v1) ∩ B1)∖(K ∪ N(v1)) and every w2 ∈
(NH(v2) ∩ B1)∖(K ∪ N(v2)) with w2 ≠ w1, if for each i ∈ [2] we let ei be the edge of M containing

wi (which, recall, must lie in G4 by the definition of K), then at least two of the vertices w1, w2

and v1 lie in the same component of G4∖(Q ∪ {e1, e2}). Let X ∶= (NH(x) ∩ B1)∖(K ∪ V()), Y ∶=
(NH(y)∩B1)∖(K∪V()) and Z ∶= (NH(z)∩B1)∖(K∪V()). In particular, every vertex in X∪Y ∪Z
lies in an edge of M in G4.

Consider x and y, and let x1 ∈ X and y1 ∈ Y be distinct (such vertices exist by (5.7), (E4), and

(5.11)). Let Qxy be the shortest (x, y)-path in , and let ex and ey be the edges of M which contain

x1 and y1, respectively. Our choice of x1 and y1 guarantees that, in G4∖(Qxy ∪ {ex, ey}), they lie

in a different component than x (and y), so x1 and y1 must lie in the same component. Let F be

the component of G4 containing x1 and y1. By fixing x1, if any choice of y2 ∈ Y∖{x1} lies in a

component of G4 different from F, we would reach a contradiction, so we must have that Y ⊆ V(F),
and similarly we have X ⊆ V(F).

Assume first that F is a path, and let uF and vF be its endpoints. Given any pair of vertices

a, b ∈ V(F), we write that a <F b if a traversal of F starting at uF reaches a before b. Now assume

that x1, x2 ∈ X and y1 ∈ Y satisfy that x1 <F y1 <F x2. Then, upon deleting the edge of M containing

y1, it cannot be in the same component as both x1 and x2, so we would reach a contradiction. Thus,

we must have that x1 <F y1 for all x1 ∈ X and y1 ∈ Y∖{x1}, or y1 <F x1 for all x1 ∈ X and

y1 ∈ Y∖{x1}. In particular, this implies that |X ∩ Y| ≤ 1. One can similarly show that, if F is a

cycle, then |X ∩ Y| ≤ 2.

By following the same arguments as above when considering y and z, and x and z, we conclude

that Z ⊆ V(F) and that |Y ∩ Z| ≤ 2 and |X ∩ Z| ≤ 2. Combining this with (5.7), (E4), and

(5.11), we have that |X ∪ Y ∪ Z| ≥ 101n∕200. But X ∪ Y ∪ Z ⊆ B1 and |B1| ≤ n∕2, the final

contradiction. ▪
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ESPUNY DÍAZ AND GIRÃO 881

Let v1, v2,w1,w2, e1, e2 be given by Claim 3. Delete E(Q), e1 and e2 from G4, add v1w1 and v2w2

to G4, and add all internal vertices of Q to S.

Observe that, in cases 1 and 2, we trivially cannot create any new cycles, since no edges are added

to the graph. By Remark 12, we are also guaranteed that we do not create a new cycle in case 3. This,

together with (D3), means that the process described above is repeated at most 4log
2n times. Since

in each iteration we delete at most 25 edges (with the bound coming from case 1), (E4) follows from

(D1). The fact that P ⊆ G4 holds since, by (B12), (B13), the fact that P is not contained in a cycle and

the choices throughout the process, no edges incident to P are added nor deleted. The fact that no new

cycles are created then implies that (E5) must hold throughout. Finally, (E6) follows from the fact that

all added edges have one endpoint in B1 and the other in C2. All three properties must also hold after

the process is finished.

Let G5 be the graph resulting from the process above. (E1) follows directly from (E5). (E2) follows

from (D3), (5.4), (E4) and since the increase in the number of paths in each iteration of the above

process is clearly bounded by 3. Finally, (E3) holds by (D5) and the construction (in particular, note

that the choice of w1 and w2 guarantees that no endpoint is created in C2).

Step 6. Recall that, together, the paths described in (E3) cover all vertices of V(H)∖S. We are now

going to iteratively combine the paths which conform G5 into a single path with the same vertex set.

We will later turn this path into a cycle and absorb all vertices of S into it. For simplicity of notation,

from now on we update G5 as well as D in each step; S and K, however, are no longer updated.

To be more precise, our aim is to obtain a graph G6 which satisfies the following properties:

(F1) P ⊆ G6.

(F2) G6 consists of a unique path on vertex set V(H)∖S.

(F3) The endpoints of the path of G6 lie in B2 ∪ R.

To achieve this, we will follow a process, each iteration of which reduces the number of components

of G5 by one. We claim that the following properties hold throughout:

(F4) |D| ≤ (1 + o(1))|R|∕2.

(F5) G5 is a union of vertex-disjoint paths.

(F6) The endpoints of all paths of G5 lie in B2 ∪ R.

Observe that, before the process starts, (F4) follows from (E4) and (5.4), (F5) holds by (E2), and (F6)

follows from (E3).

We proceed as follows. While G5 contains at least two paths, choose any such two paths P1 and

P2, and let x be an endpoint of P1, and y be an endpoint of P2. In particular, by (F6), x, y ∈ B2 ∪ R.

Choose some edge e = zz′ ∈ EG(NH(x) ∩ NH(y) ∩ B1)∖D (which must exist by (G2), (5.9) and (F4)).

• If e ∉ E(P1) ∪ E(P2), add the edges xz and yz′ to G5 and remove zz′.
• Otherwise, suppose e ∈ E(P1) and that distP

1
(x, z) < distP

1
(x, z′) (the other cases are similar). Then,

remove zz′ from G5 and add xz′ and yz.

In both cases, we clearly reduce the number of paths by one. Furthermore, in each step we delete

exactly one edge from G5. This, together with (E2) and (E4), guarantees that (F4) holds throughout

(and, in particular, this implies the process can indeed be carried out). (F5) follows by construction, as

does (F6), since no new endpoints are created throughout.

Let G6 be the graph resulting from the process so far. As the process ends, (F2) and (F3) follow

by construction. Finally, (F1) holds since, in all cases above, no edges incident to V(P) are removed or

added to the graph, as guaranteed by (B3).
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882 ESPUNY DÍAZ AND GIRÃO

We can now complete the proof. Let the endpoints of the unique component of G6 (see (F2)) be x
and y. By (F3) we have x, y ∈ B2 ∪ R, so by (G2), (5.9), and (F4) we can take some edge e = zz′ ∈
EG(NH(x) ∩NH(y) ∩B1)∖D. Assume without loss of generality that distP′ (x, z) < distP′ (x, z′). Then, by

(B3) and (F1), removing zz′ from G3 and adding xz′ and yz results in a cycle  with the same vertex

set and such that P ⊆ . Let m ∶= |S|, so  has length n − m. We must now prove that there is a cycle

of length k, for all 3 ≤ k ≤ n. We split our analysis into three cases.

Assume first that n − m ≤ k ≤ n. Consider a set J ⊆ S with |J| = k + m − n. For each w ∈ J∖U,

choose a distinct edge ew = xwyw ∈ EG(NH(w))∖D (recall that for each w ∈ U we have w = ui for

some i ∈ [t] and we already defined an edge ew ∶= xiyi in Step 2). Note that (G1), (5.10), (E4), and

(F4) guarantee that there is a choice of edges as desired. Then, for each w ∈ J, replace ew by the path

xwwyw. This clearly results in a cycle of the desired length.

Suppose next that 3 ≤ k ≤ 𝛼
2n∕10. In such a case, consider any subpath P′

⊆  of length k−3, and

let its endpoints be x and y. Now choose any edge zz′ ∈ EG(NH(x),NH(y)) such that z, z′ ∉ V(P′) (the

existence of such an edge follows by (G1) and (E4)). Then, the union of P′
and the path xzz′y forms a

cycle of length k.

Finally, assume 𝛼
2n∕10 < k < n − m. Consider a subpath P′

⊆  of length k − 3 such that P ⊆ P′
.

Let the endpoints of P′
be x and y, respectively, and let Z ∶= EG(NH(x),NH(y))∖D (for notational

purposes, when we write zz′ ∈ Z we assume that z ∈ NH(x) and z′ ∈ NH(y)). Note that (G1), (5.10),

and (F4) imply that

|Z| ≥ 𝜂𝛼
2n. (5.12)

Recall that, by (B3), Z and P are vertex-disjoint. We consider the following three cases.

1. Assume that there exists zz′ ∈ Z such that z, z′ ∉ V(P′). Then, the union of P′
and the path xzz′y

forms a cycle of length k.

2. Otherwise, let Z′ ∶= {e ∈ Z ∶ e ⊆ V(P′)}, so we have that Z′
⊆ E(P′) and

|Z′| ≥ |Z| − 2 ≥ 𝜂𝛼
2n∕2 (5.13)

by (5.12). Suppose there is an edge zz′ ∈ Z′
such that distP′ (x, z′) < distP′ (x, z). If so, then

(P′∖{zz′}) ∪ {xz, yz′} is a cycle of length k − 2 which contains P. To obtain a cycle of length k,

replace x1y1 and x2y2 by the paths x1u1y1 and x2v2y2, respectively.

3. Otherwise, Z′
⊆ E(P′) and all zz′ ∈ Z′

satisfy that distP′ (x, z) < distP′ (x, z′). Note that all edges

in Z′
are pairwise vertex-disjoint by definition. Choose two edges zz′,ww′ ∈ Z′

with distP′ (x, z) <
distP′ (x,w)which minimize distP′ (z,w) over all possible pairs of edges. Let P′′

be the (z′,w)-subpath

of P′
, and let 𝓁 ∶= distP′ (z,w). By an averaging argument using (5.13), it follows that 1 ≤ 𝓁 ≤

2|V(P′)|∕(𝜂𝛼2n) < 2𝜂
−1
𝛼
−2

< t. In particular, this shows that P ⊈ P′′
, so we must have P ⊆ P′∖P′′

.

Then, the graph (P′∖E(P′′)) ∪ {xw, yz′} is a cycle of length k − 𝓁 which contains P. In order to

obtain a cycle of length k, replace u1, … , u𝓁 by x1u1y1, … , x𝓁u𝓁y𝓁 .
▪

6 CONCLUDING REMARKS AND OPEN PROBLEMS

Binomial random graphs and random regular graphs are perhaps the two most studied random graph

models. As we have mentioned in the introduction, many results about randomly perturbed graphs have

been obtained for the binomial random graph; it thus seems natural to study analogous problems in
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ESPUNY DÍAZ AND GIRÃO 883

random regular graphs. We believe it would be interesting to study graphs perturbed by a random graph

with a fixed degree sequence as well. Very recently, the first author has also considered Hamiltonicity

of graphs perturbed by a random geometric graph [18]. Of course, this study should also be extended

to other graph properties.

As we have observed, the behavior of the graph H perturbed by Gn,𝑑 when 𝑑 = 1 and 𝑑 = 2 is

quite different. When 𝑑 = 1, we have shown that, if 𝛿(H) ≥ 𝛼n with 𝛼 >

√
2−1, then a.a.s. H∪Gn,1 is

Hamiltonian, but the same is not necessarily true if 𝛼 <

√
2−1. On the other hand, for 𝑑 = 2, we have

shown that H ∪Gn,2 is a.a.s. Hamiltonian for far sparser graphs H (𝛿(H) = 𝜔(n3∕4(log n)1∕4) suffices).

We believe this is far from optimal and should be true for even sparser graphs H. We thus propose the

following question.

Question 13. What is the minimum f = f (n) such that, for every n-vertex graph H with 𝛿(H) ≥ f ,

a.a.s. H ∪ Gn,2 is Hamiltonian?

The only lower bound we can provide for this question is of order log n, which is very far from the

upper bound given by Theorem 1. Indeed, consider an n-vertex complete unbalanced bipartite graph

H = (A,B,E) where |A| = log n∕5. It follows by a standard concentration argument (in the proof

of Lemma 6(i), one can see that the variables Xi are actually independent, hence standard Chernoff

bounds are applicable) that a.a.s. Gn,2[B] contains at least log n∕2 cycles. Upon conditioning on this

event, it is easy to check that H ∪ Gn,2 does not contain a Hamilton cycle.

From an algorithmic perspective, by retracing our proofs of Theorems 1, 2, and 3 as well as

Lemma 9, it easily follows that, given an n-vertex graph H with 𝛿(H) ≥ 𝛼n and any 𝑑-regular graph G
which satisfies the statements of Lemmas 6 and 8 (the latter with respect to the sets defined in each of

the proofs, which can be checked in polynomial time), there is a polynomial-time algorithm that finds

cycles of any given length in H ∪ G.

One could consider a generalization of the results we have obtained for random perfect matchings

by considering random F-factors (where an F-factor is a union of vertex-disjoint copies of F which

together cover the vertex set), for some fixed graph F, assuming the necessary divisibility conditions.

In general, we believe the behavior here will be similar to that of random perfect matchings: if G
is a uniformly random n-vertex F-factor, there will exist a specific value 𝛼

∗ = 𝛼
∗(F) ∈ (0, 1∕2),

independent of n, such that, for every 𝜀 > 0, the following hold:

• for every n-vertex graph H with 𝛿(H) ≥ (1 + 𝜀)𝛼∗n, a.a.s. H ∪ G is Hamiltonian, and

• there exists some n-vertex graph H with 𝛿(H) ≥ (1 − 𝜀)𝛼∗n such that H ∪ G is not a.a.s.

Hamiltonian.

Theorem 2 asserts that 𝛼
∗(K2) =

√
2 − 1. We propose the following conjecture.

Conjecture 14. For all r ≥ 2, we have that 𝛼∗(Kr) is the unique real positive solution to the equation
xr + rx − 1 = 0.

The lower bound for the conjectured value of 𝛼
∗(Kr) is given by the same extremal example as for

perfect matchings, that is, a complete unbalanced bipartite graph. Indeed, consider a complete bipartite

graph with parts A and B, where |A| = 𝛼n and |B| = (1−𝛼)n, and let G be a uniformly random n-vertex

Kr-factor. We are going to estimate the number of cliques of each size in G[B]. For each s ∈ [r], let Xs

be the number of components of G[B] which are isomorphic to Ks. Fix a vertex v ∈ B. For each s ∈ [r],
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884 ESPUNY DÍAZ AND GIRÃO

the probability that the component containing v in G[B] is isomorphic to Ks is (roughly) given by

( (1 − 𝛼)n
s − 1

)(
𝛼n

r − s

)
1(
n

r−1

) .

Thus, we have that

E[Xs] ≈ (1 − 𝛼)n
( (1 − 𝛼)n

s − 1

)(
𝛼n

r − s

)
1(
n

r−1

) 1

s
≈ n

r

( r
s

)
(1 − 𝛼)s𝛼r−s

.

Now observe that, since H is a complete bipartite graph, in building a longest cycle, each vertex of A
can “absorb” each of the components of G[B]. The conclusion is that, if the number of such components

is larger than the number of vertices in A, then a Hamilton cycle is impossible. That is, a necessary

condition for a Hamilton cycle would be that

r∑

s=1

Xs ≤ 𝛼n.

If we consider the expectations (for the lower bound, Markov’s inequality provides sufficient concen-

tration), we have that

r∑

s=1

E[Xs] ≈
n
r

r∑

s=1

( r
s

)
(1 − 𝛼)s𝛼r−s = n

r
(1 − 𝛼

r),

so our necessary condition becomes

n
r
(1 − 𝛼

r) ≤ 𝛼n ⇔ 𝛼
r + r𝛼 − 1 ≥ 0.

We think the problem might be interesting for other instances of F as well.

In a different direction, we also believe the problem could be interesting for hypergraphs. In partic-

ular, following work of Altman, Greenhill, Isaev and Ramadurai [1], it is known that for every integer

r ≥ 2 there exists an (explicit) constant 𝜌(r) such that a random 𝑑-regular r-uniform hypergraph G(r)
n,𝑑

a.a.s. contains a loose Hamilton cycle if 𝑑 > 𝜌(r), and a.a.s. does not contain such a cycle if 𝑑 ≤ 𝜌(r).
We propose the following question.

Question 15. Let r ≥ 3 be an integer. For each 𝑑 ≤ 𝜌(r), for which values of 𝛼 (possibly as a

function of n) is it true that for any n-vertex r-uniform hypergraph H with 𝛿(H) ≥ 𝛼nr−1
we have that

a.a.s. H ∪ G(r)
n,𝑑 contains a loose Hamilton cycle?
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