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Abstract

Turbomachinery plays an important role in many cases of energy generation or conversion.
Therefore, turbomachinery is a promising approaching point for optimization in order to
increase the efficiency of energy use. In recent years, the use of automated optimization
strategies in combination with numerical simulation has become increasingly popular in
many fields of engineering. The complex interactions between fluid and solid mechanics
encountered in turbomachines on the one hand and the high computational expense needed
to calculate the performance on the other hand, have, however, prevented a widespread
use of these techniques in this field of engineering. The objective of this work was
the development of a strategy for efficient metamodel based optimization of centrifugal
compressor impellers. In this context, the main focus is the reduction of the required
numerical expense. The central idea followed in this research was the incorporation of
preliminary information acquired from low-fidelity computation methods and empirical
correlations into the sampling process to identify promising regions of the parameter space.
This information was then used to concentrate the numerically expensive high-fidelity
computations of the fluid dynamic and structure mechanic performance of the impeller in
these regions while still maintaining a good coverage of the whole parameter space. The
development of the optimization strategy can be divided into three main tasks. Firstly, the
available preliminary information had to be researched and rated. This research identified
loss models based on one dimensional flow physics and empirical correlations as the best
suited method to predict the aerodynamic performance. The loss models were calibrated
using available performance data to obtain a high prediction quality. As no sufficiently
exact models for the prediction of the mechanical loading of the impeller could be identified,
a metamodel based on finite element computations was chosen for this estimation. The
second task was the development of a sampling method which concentrates samples in
regions of the parameter space where high quality designs are predicted by the preliminary
information while maintaining a good overall coverage. As available methods like rejection
sampling or Markov-chain Monte-Carlo methods did not meet the requirements in terms
of sample distribution and input correlation, a new multi-fidelity sampling method called
“Filtered Sampling®“ has been developed. The last task was the development of an automated
computational workflow. This workflow encompasses geometry parametrization, geometry
generation, grid generation and computation of the aerodynamic performance and the
structure mechanic loading. Special emphasis was put into the development of a geometry
parametrization strategy based on fluid mechanic considerations to prevent the generation
of physically inexpedient designs. Finally, the optimization strategy, which utilizes the
previously developed tools, was successfully employed to carry out three optimization tasks.
The efficiency of the method was proven by the first and second testcase where an existing



compressor design was optimized by the presented method. The results were comparable to
optimizations which did not take preliminary information into account, while the required
computational expense cloud be halved. In the third testcase, the method was applied to
generate a new impeller design. In contrast to the previous examples, this optimization
featured larger variations of the impeller designs. Therefore, the applicability of the method
to parameter spaces with significantly varying designs could be proven, too.



Kurzfassung

Turbomaschinen sind eine entscheidende Komponente in vielen Energiewandlugs- oder
Energieerzeugungsprozessen und daher als vielversprechender Ansatzpunkt fiir eine Effizien-
zsteigerung der Energie- und Ressourcennutzung anzusehen. In Laufe des letzten Jahrzehnts
haben automatisierte Optimierungsmethoden in Verbindung mit numerischer Simulation
zunehmend breitere Verwendung als Mittel zur Effizienzsteigerung in vielen Bereichen
der Ingenieurwissenschaften gefunden. Allerdings standen die komplexen Interaktionen
zwischen Stromungs- und Strukturmechanik sowie der hohe nummerische Aufwand einem
weitverbreiteten Einsatz dieser Methoden im Turbomaschinenbereich bisher entgegen. Das
Ziel dieser Forschungsaktivitit ist die Entwicklung einer effizienten Strategie zur metamod-
ellbasierten Optimierung von radialen Verdichterlaufrddern. Dabei liegt der Schwerpunkt
auf einer Reduktion des benétigten numerischen Aufwandes. Der in diesem Vorhaben
gewdhlte Ansatz ist das Einbeziehen analytischer und empirischer Vorinformationen (“low-
fidelity“) in den Sampling Prozess, um vielversprechende Bereiche des Parameterraumes
zu identifizieren. Diese Informationen werden genutzt um die aufwendigen numerischen
Berechnungen (“high-fidelity*) des stromungs- und strukturmechanischen Verhaltens der
Laufrédder in diesen Bereichen zu konzentrieren, wahrend gleichzeitig eine ausreichende
Abdeckung des gesamten Parameterraumes sichergestellt wird. Die Entwicklung der Op-
timierungsstrategie ist in drei zentrale Arbeitspakete aufgeteilt. In einem ersten Schritt
werden die verfiigbaren empirischen und analytischen Methoden gesichtet und bewertet. In
dieser Recherche sind Verlustmodelle basierend auf eindimensionaler Stromungsmechanik
und empirischen Korrelationen als bestgeeignete Methode zur Vorhersage des aerody-
namischen Verhaltens der Verdichter identifiziert worden. Um eine hohe Vorhersagegiite
sicherzustellen, sind diese Modelle anhand verfiigharer Leistungsdaten kalibriert worden.
Da zur Vorhersage der mechanischen Belastung des Laufrades keine brauchbaren analytis-
chen oder empirischen Modelle ermittelt werden konnten, ist hier ein Metamodel basierend
auf Finite-Element Berechnungen gewéhlt worden. Das zweite Arbeitspaket beinhaltet die
Entwicklung der angepassten Samplingmethode, welche Samples in Bereichen des Parame-
terraumes konzentriert, die auf Basis der Vorinformationen als vielversrechend angesehen
werden kénnen. Gleichzeitig miissen eine gleichméflige Abdeckung des gesamten Parameter-
raumes und ein niedriges Niveau an Eingangskorrelationen sichergestellt sein. Da etablierte
Methoden wie Markov-Ketten-Monte-Carlo-Methoden oder die Verwerfungsmethode diese
Voraussetzungen nicht erfiillen, ist ein neues, mehrstufiges Samplingverfahren (“Filtered
Sampling“) entwickelt worden. Das letzte Arbeitspaket umfasst die Entwicklung eines au-
tomatisierten Simulations-Workflows. Dieser Workflow umfasst Geometrieparametrisierung,
Geometrieerzeugung, Netzerzeugung sowie die Berechnung des aerodynamischen Betrieb-
sverhaltens und der strukturmechanischen Belastung. Dabei liegt ein Schwerpunkt auf



der Entwicklung eines Parametrisierungskonzeptes, welches auf strémungsmechanischen
Zusammenhéngen beruht, um so physikalisch nicht zielfiihrende Parameterkombinationen
zu vermeiden. Abschlieflend ist die auf den zuvor entwickelten Werkzeugen aufbauende
Optimierungsstrategie erfolgreich eingesetzt worden, um drei Optimierungsfragestellungen
zu bearbeiten. Im ersten und zweiten Testcase sind bestehende Verdichterlaufrader mit der
vorgestellten Methode optimiert worden. Die erzielten Optimierungsergebnisse sind von
dhnlicher Giite wie die solcher Optimierungen, die keine Vorinformationen beriicksichtigen,
allerdings wird nur die Hélfte an numerischem Aufwand bend&tigt. In einem dritten Testcase
ist die Methode eingesetzt worden, um ein neues Laufraddesign zu erzeugen. Im Gegensatz
zu den vorherigen Beispielen werden im Rahmen dieser Optimierung stark unterschiedliche
Designs untersucht. Dadurch kann an diesem dritten Beispiel aufgezeigt werden, dass die
Methode auch fiir Parameterrdume mit stakt variierenden Designs funktioniert.
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CHAPTER 1

Introduction

1.1 Motivation

The continuously rising global demand for energy together with simultaneously decreasing
resources has made the topic of energy efficiency - and therefore optimization - one of the
fundamental questions of our time. Turbomachinery is one of the most important parts of
the process chain in nearly every case of energy conversion. This makes the turbomachine
a promising approach point for optimizations. The special relevance of this topic in regard
to the global challenge of climate change can be illustrated by a simple calculation: If the
efficiency of a turbo compressor with a power consumption of 15MW is improved by one
percent, approximately 2t CO; per day or over 760t CO, per year can be saved.!

Optimizing a turbomachine is a complex task as the flow inside the machine is fully
three-dimensional. Furthermore, it is not sufficient to optimize the machine in a single
operation point. To obtain a reliable optimum, the complete operation characteristic has to
be considered as the machine is not always operated at the same conditions. On top of that,
the mechanical performance of the machine is of particular importance. Modern compressor
impellers are subject to high structural loads. Therefore, the structural integrity of each
possibly optimal design has to be considered carefully. The combination of complex flow, a
varying operation range and high structural loads results in a complex high-dimensional
and multicriterial optimization scenario.

The established approach for design and optimization of turbomachinery is mainly based
on simplified preliminary design methods and empirical knowledge. Furthermore, new
designs are often created by modifying existing designs. This strategy results in an iterative
design process.

In recent years, the use of simulation based automated optimization methods has become
a common practice in many fields of scientific and industrial research. Today, there is a great
variety of established optimization tools both commercial and academic and the use of such
tools has lead to new and innovative designs in many fields of engineering. Thereby, two
main strategies can be distinguished: “direct optimization“ where an algorithm proposes
new designs candidates until no further improvement of the objective can be observed
and “metamodel based optimization* where a surrogate model is generated based on a
set of design candidates on which the optimum is determined. For applications with
a high numerical cost for each design evaluation, like turbomachinery, the metamodel

1 "Development of the specific carbon dioxide emissions in German electricity production from 1990 to
2015", German Environment Agency (http://www.umweltbundesamt.de)
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based optimization approach is preferable as the number of required computations can be
estimated before starting the optimization.

In the field of turbomachinery however, simulation based automated optimization is not
widely established yet. This can be explained by several reasons. Firstly, the correlations
between the geometry and the fluid dynamic performance are complex and highly non
linear. Therefore, many geometrically valid designs proposed by an optimization algorithm
are infeasible in terms of the flow physics. A large number of infeasible designs will
significantly slow the convergence of the optimization algorithm. Furthermore, each design
has to be investigated in terms of structural integrity. In many cases, the structural and
the fluid dynamic performance act as conflicting objectives. Finally, as mentioned before,
the operation characteristic of every design has to be considered. This adds additional
objectives to the optimization process.

Taking these considerations into account, the numerical expense for each design point is
very high as the complete operation characteristic has to be computed by computational
fluid dynamics (CFD) together with a finite element method (FEA) simulation to obtain
the structural performance. This combination of a large numerical expense for a single
design point with a slow convergence of the optimization has yet prevented a wide use of
automated optimization in the field of turbomachinery.

Based on this situation, a great need for research in the field simulation based automated
turbomachinery optimization can be identified.
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1.2 Aim

The goal of this work is the development of an efficient strategy for the metamodel based
optimization of centrifugal compressor impellers. The main focus lies on the reduction of
the numerical expense needed to determine an optimal design.

The basic idea is to use preliminary information from empirical data or fast low-fidelity
analytical methods to identify regions of the parameter space which are promising in terms
of both aerodynamic and structural performance. Then, these areas are observed at a
higher resolution while still maintaining a good coverage of the whole applicable design
space. This ensures that no beneficial designs are ruled out which were not recommended
by preliminary information.

This goal will be accomplished by the development of a turbomachinery specific, multi-
fidelity sampling method. This method is applied to generate the design of experiments on
which the metamodels used for the optimization are based.

As mentioned before, the complex correlations between geometry and aerodynamic
performance can lead to many non meaningful designs. Therefore, a sophisticated concept
for the description of the impeller geometry will be developed, which is based on fluid
dynamic considerations. This will ensure that the amount of fluid dynamically infeasible
designs is strongly reduced.

Furthermore the operation characteristic of each design has to be investigated. This will
be accomplished by an automation method for the computation of operation characteristics.
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1.3 Outline

This work consists of eight chapters. Following this introduction, the second chapter
gives an overview of the theoretical fundamentals needed in the following chapters. These
fundamentals encompass thermodynamics, fluid and solid mechanics, an introduction on
turbomachinery and the employed statistical methods.

In the third chapter available preliminary information is reviewed. This includes pre-
liminary design methods, empirical correlations, simplified low-fidelity flow computation
methods and models for predicting the structure mechanical performance. All methods are
discussed and finally the best suited methods are chosen.

The fourth chapter deals with the development of the turbomachinery specific sampling
method. The available methods are reviewed and analyzed for the given problem. Based
on the review, all method have proven to be not applicable.

As the methods observed in the fourth chapter turned out to be not applicable, a novel
multi-fidelity sampling method is developed and evaluated in the fifth chapter.

The sixth chapter describes the applied computational model. This encompasses the
geometrical model, the applied simplified low-fidelity flow computation methods, the
prediction method for the structure mechanical performance, the CFD and FE models and
finally the applied workflow.

In the seventh chapter the developed workflow is applied to three testcases. In the first
two testcases, existing centrifugal compressor impellers from different performance ranges
are optimized (“Design-Optimization“). The results of these optimizations are compared to
optimizations which did not take preliminary information into account. In the third testcase,
a new impeller is generated by the optimization process (“Design-by-Optimization®). In
contrast to the previous optimizations, a wider parameter range is considered to ensure
that the method is able to deal with strong changes in the impeller designs within an
optimization.

The last chapter summarizes and assesses the presented results. This chapter is concluded
by an outlook on further research activities in this field.



CHAPTER 2

Theoretical Fundamentals

This chapter provides the theoretical fundamentals needed in the following chapters. Each
section gives a short overview of the respective topic. This chapter is not intended to
give complete derivations of the presented concepts as these can be found in standard
textbooks.

2.1 Thermodynamics

All considerations on the aerodynamic design and analysis of tubomachines are based on
themodynamics. The key thermodynamic principles are introduced in this chapter with
special emphasis on the intended application. A brief introduction can be found in [Dix10]
or [Aug00].

2.1.1 Fundamental Laws
2.1.1.1 The Equation of Continuity

The flow mh with velocity ¢ of a fluid of density p through a surface of area dA is given by
Eq. 2.1.

drn = pcd A (2.1)
For a one-dimensional flow through a duct or passage the equation of continuity becomes
m = p1c1 Ay = pacoAs (2.2)

as no fluid gets accumulated or lost inside the volume.

2.1.1.2 The First Law of Thermodynamics

The first law of thermodynamics is the conservation of energy. For a system in equilibrium,
it is given by Eq. 2.3
dg—dw =20 (2.3)

where dq represents the heat flux through the system and dw the work done by the
system. If the state of the system changes, the amount of energy within the system changes.
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Therefore, Eq. 2.3 becomes

1
dg — dw = AE = mA u—l—QCQ—i—gz—i—pv (2.4)

with the energy F, the inner energy wu,the acceleration of gravity g, the geodetic altitude
z, the pressure p and the specific volume v.

The term pv represents the flow work, which is required to move the fluid across the
systems boundaries. By introducing the specific enthalpy h (Eq. 2.5), the first law can be
written according to Eq. 2.6.

h=u+pv (2.5)

1
dg — dir = A [h + 502 + gz} (2.6)

The common form of the first law used in tubomachinery applications is given by Eq. 2.7.
This equation can be derived by applying the first law to the steady flow through a
control volume representing the turbomachine. For most turbomachines, except hydraulic
machines, the contribution of the term rhgz can usually be ignored. Figure 2.1 shows a
systematic representation of a turbomachine with numbers indicting the inflow (1) and
the outflow (2), ¢ as an internal heat source and  as the mechanical work input into the
system.

. . ) 1
g—w=r1mn (hg—h1)+§(cg—c%) (2.7)

In many cases of fluid dynamics, a thermodynamic parameter and the contribution of the
kinetic energy to its value are combined into a single quantity called total (or stagnation)
condition. Such a quantity is indicated by the subscript 't’. This represents the value this
parameter would take, if the fluid would be brought to zero velocity without any losses.
Applying this concept to the enthalpy yields the total enthalpy (Eq. 2.8).

1
ht =h+ 502 (28)

Using this and assuming that the flow can be considered as adiabatic, the common
energy equation for a turbomachine can be expressed as

W =1 (hyg — hy1) (2.9)
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Figure 2.1: Control volume with heat, work and mass flow for a turbomachine

2.1.1.3 The Second Law of Thermodynamics

When the state of a system changes, this process is called reversible if the system can be
returned to its initial state. Every real process involving heat transfer or losses like friction
is irreversible. The second law of thermodynamics depicts this by connecting the amount
of non-recoverable work with the entropy s. Equation 2.10 shows the second law for an
infinitesimal change of state.

— qu ev

d
TTr

(2.10)
If a process is adiabatic (d¢ = 0) then ds > 0. If the process is reversible as well, then it
is called isentropic (ds = 0). As turbomachinery can usually assumed to be adiabatic, an
isentropic change of state is the best process which can possibly be achieved. Therefore
the amount of entropy has to be minimized to obtain a maximum of efficiency.
For a closed system undergoing a reversible process (d§ = dgrer, = T'ds and dir = dtyey =
pdv) the first law of thermodynamics ( 2.4 ) can be written as

Tds = du + pdv (2.11)

when no motion, gravity or other effects are present.
With h = u + pv and dh = du + pdv 4+ vdp Eq. 2.11 becomes

Tds = dh + vdp (2.12)
The version of the second law of thermodynamics given by Eq. 2.12 is especially useful

as the entropy rise can be described only by properties of the system without taking any
outer effects into account. Therefore, this equation can be applied to any system and process.
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2.1.1.4 The Momentum Equation

Newton’s second law of motion is one of the most fundamental principles of mechanics.
When applied on a fluid element, the momentum equation (Eq. 2.13) gives a relation
between the external forces F; acting on the fluid and its rate of change of momentum in
one direction.

S F= 4 me (213)

In case of a one-dimensional control volume and steady flow, the momentum equation
can be given as

ZE =1m (CiQ — Cil) (2.14)

In a turbomachine energy is exchanged between a rotating impeller and the fluid.
Therefore, the angular momentum rcy is of particular interest. For a control volume, the
conservation of angular momentum defines the torque 7 transfered between the fluid and
the impeller (Eq. 2.15).

T =1 (rcgg — reyr) (2.15)

2.1.2 Gas Properties

Turbomachinery overall and centrifugal compressors in particular are used with a wide
range of gases and gas mixtures. Many of these gases show a very non ideal behavior which
would require the use of sophisticated real gas models. Still, one of the most commonly
used flow media is air. Therefore, air is used as the flow medium in this work. Air is a
mixture of different gases like nitrogen, oxygen, argon, carbon dioxide and many other
components but, for temperatures between 160 to 2100K it can be treated like a pure
substance. Within this range air obeys the ideal gas relationship

p = pRT or

2.16
pv = RT ( )

where R = C), — C, is the gas constant and C}, and C, are the heat capacities at
constant pressure respectively volume. When only a narrow range of temperatures is
investigated, the heat capacities can be considered as constant values. For larger variations,
the values of the heat capacities should be varied according to table values or correlation
functions. In many flow equations the ratio of the heat capacities v (Eq. 2.19) is an
important parameter. Similar to the heat capacities, the heat capacity ratio is a function
of temperature. In the typical range of pressures applicable for turbomachinery, the heat
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capacities are predominantly dependent on the temperature, therefor the pressure influence

is neglected.
The heat capacities C}, and C, are connected to the specific enthalpy h and the inner

energy u according to Eq. 2.17 and Eq.2.18.

dh = C, - dT (2.17)
du=C, -dT (2.18)
Cp
_=r 2.1
=G (2.19)

2.1.3 Thermodynamic Processes

Figure 2.2 shows an enthalpy-entropy diagram for an arbitrary compressor stage. The
point marked with “1“ depicts the intake state with total pressure py. If the compressor is
operated as an ideal isentropic machine, the discharge pressure p;q can be reached at point
“2;s". This requires a work input equal to the isentropic enthalpy rise Ahy ;s given by

d
Ahy s = / vdp (s = const) (2.20)

=
(=9

Enthalpy

i

5i Entropy Sd

Figure 2.2: h-s Diagram for a compressor stage

The integration is carried out along a path between “1“ and “2;s* defined by constant

entropy.
In a real process though, the work input of Ah; is required to produce the discharge

pressure at point “2“ The ratio of isentropic and real work input is known as the total-to-
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total isentropic efficiency 7;s (Eq. 2.21 ). If an intake or discharge state is expressed in static
conditions, the terminology changes accordingly. When comparing different compressor
stages it is of particular importance to use uniform definitions of efficiency.

o Aht,is

is = 2.91
n Ah, (2.21)

The isentropic efficiency is a well defined quantity but bears the disadvantage of un-
desirable thermodynamic effects when comparing different compressors. As the lines for
constant pressure diverge in a h-s diagram as shown in Fig. 2.2, this quantity can not be
used to compare stages of different pressure ratios.

To bypass this weakness, the polytropic enthalpy rise and the polytropic efficiency are
used. For ideal gases, the polytropic enthalpy rise can be computed analogously to the
isentropic enthalpy rise by using a path defined by pv™ = const. where n is the polytropic
index. Then the equation for the total-to-total polytropic efficiency yields

Ahy por
Mpol = AZ’: ° (2.22)
The total polytropic enthalpy rise! Al por is computed according to Eq. 2.23.
d
Ahy por = / vdp (pv" = const.) (2.23)
i

When the ideal gas equation pv = RT (Eq. 2.16) is combined with pv™ = const., the
following relations can be derived:

n n
P1V1 = P2Ug

2 v ]n

P2 L V1

]ﬂ _ -ﬂ:| n—1

P2 [12 (2.24)
- n—1

T _ pl] g

Ty |p2

E B 2 n—1

T2 - L U1

If the change of state is isentropic, the polytropic index n is replaced by the heat capacity

1 In German literature, the quantity Ahy por is often denoted as y and called “Reversible Stromungsarbeit“
(reversible flow work).
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ratio v of the respective fluid.

2.2 Fluid Dynamics

The fundamental equations of fluid dynamics are derived from the previously described laws
of thermodynamics. This section gives an overview of the basic fluid dynamic equations.
A brief introduction can be fond in [Lecl4] or [Oerl1].

2.2.1 Bernoulli's Equation
For a steady, adiabatic flow the energy equation (2.7) takes the following form:

(ha — hy) + % (3—cl)+g(z2—21)=0 (2.25)

Applied to an infinitesimal control volume this equation can be written in differential
form.

dh + cdc+ gdz =0 (2.26)

If the flow can be considered isentropic, Eq. 2.12 gives dh = vdp = d?p. Combined with
Eq. 2.26 this yields the one dimensional form of Euler’s equation of motion.

1
—dp + cdc+ gdz =0 (2.27)
p

Bernoulli’s equation is obtained by integrating this equation in the stream direction.

2
1 1
/ —dp+= (3 —¢c}) + g (22— 21) (2:28)
1P 2
When Bernoulli’s equation is combined with the conservation of mass and energy, one
dimensional flow problems can be solved.

2.2.2 Navier Stokes Equations

Bernoulli’s equation is valid only for isentropic flow, therefore no friction effects are taken
into account. General flow can be computed by the Navier Stokes Equations which are
given in the following sections. All equations are given in differential form for a volume
element.

2.2.2.1 The Conservation of Mass

The mass flow through an infinitesimal volume element is shown in Fig. 2.3. The conserva-
tion of mass is defined by the summation of all mass flows entering and leaving the volume

element and the temporal alteration % (m) = % (p-V)= % (p-dx-dy-dz) of the mass
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in the element. Equation 2.29 gives the conservation of mass in differential form where z,
y and z represent the directions in cartesian space.

0
a(ﬂ)"‘a*(ﬁ"cx)*'a (p y)+67(p'0z)—0 (2.29)
( P)-i-ﬁ( -r)-d’1:|~d1’-d~ 0
y e 0'7/ e Y o [(/)’Cz)‘i'&(/)’cz)%lz} dldl/
A T
il
dz | -
0
(p-c)-dy-dz N {(/’ o)t (pr) d-f} ~dy - dz
dy
/ !
2 :
dx I
(p-c,)-dx-dy (p-cy)-do-dz

N
X

Figure 2.3: Mass flows entering and leaving an infinitesimal volume element

2.2.2.2 The Conservation of Momentum

Newton’s first law of motion states that all forces acting on an object are in equilibrium
(>° Fiz =0). The balance of forces acting on a volume element in x-direction can be
written as:

F, = shear,e T Fpressurew + Fbody,:c =m:-ayg (230)
Fshear,; are the forces resulting form friction at the surfaces of the volume element. Fpressure,i
depicts the pressure forces acting on the element’s surfaces and Fj,qy,,; are the external
forces acting on the volume of the element like gravitation or electromagnetic force.
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9 1 lx - d [ + 0 (72) - d ] lx - d
e+ =— (Tyz) - sdx - dz Tza T 37 \Tez) * Q2| + AT - Y
Tyz + {?y< o) - dy| - da o y

‘A

dz . >
p-dy-dz o
1 — p+—(p)-dzx| - -dy-dz
. - )
Toz * dy - dz S 9 . . .
B Tow + 5o (Taa) - da| - dy - d2
dy
-
Z
X
T.p dx - dy Tye - da - dz
>

Figure 2.4: Forces in x direction for an infinitesimal volume element, sheer stresses denoted
as T.

Figure 2.4 shows the forces acting on an infinitesimal volume element in x-direction. The
summation of these forces gives the left hand side of the balance of forces:

[ ) ) ap
Fx = %(Tmﬁ)'ﬁ‘ %(Tyx)+&(72x) 8756+p‘gz -dx'dy-dz (2'31)

The mass inside the element on the right hand side of Eq. 2.30 is given by

m=p-dr-dy-dz (2.32)

while the acceleration is computed by the total differential of the velocity:

d 5] 15) 0 15)
PN - N

dt ot Ox oy (2.33)

Combining equations Eq. 2.30, Eq. 2.31, Eq. 2.32 and Eq. 2.33, the differential form of
the conservation of momentum in the x-direction can be written as

0 0 0 Op _ Ocy Ocg dcy Ocg
%(Txx) 8 (Tyx) 3 (Tza:) 8x+p‘ga:—p ot +p x* o +p‘cy'aiy+0‘cz'§ (2-34)

This form of the momentum equation is also called “non-conservative“ form as the right
hand side terms p, p-cz,p-cy,p-c. are not part of the derivatives. From a mathematical point

of view, a conservative derivative ag “z can be split up into an identical non conservative

derivative p - %% +cyp - %. In the case of numerical differentiation, the first version could
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be discretized by

0p - ¢y N (p- CZ)Z' —(p- Cm)i_1

~ 2.35
Ox Az ( )
while the second version could be discretized as
Ocy op Cri—cr,—1 Pi — Pi-1
. IE T T L 2.36
P Ox tCa Ox pi Az + Cai Ax ( )

While the conservative and non conservative differential are mathematically identical,
the discretized versions are not the same. Of particular difficulty is the choice of the terms
multiplying the derivative. This can lead to numerical errors when solving the momentum
equation. To bypass this difficulty the right hand side of Eq. 2.34 can be transformed in a
way that all terms are part of the derivatives. Equation 2.37 gives the conservative form of
the balance of momentum in x direction. The details of the transformation can be found
in standard text books on fluid dynamics.

0 0 0
(p'cx)'i'*(p'ci_‘_p_TMﬁ)"i_*(p'Cﬂ?'Cy—Tyw)"i'*(p'Cr'Cz_sz)_p'gz =0

ot Oz y 0z
(2.37)

Analogously, the balance of momentum for the y and z direction are given by Eq. 2.38
and Eq. 2.39.

0 0 0 0
a(ﬂ‘cy)"‘%(/ycy‘cw _T:cy)+afy (p‘cz""p_Tyy)‘F&(P'cy'cz —Tay) =p-gy =0
(2.38)

0 0 0 0
a(p‘cz)"i_%(p'cz'Cz_TJ:z)"’_aiy(p'cz'cy_Tyz)_{'& (P'Cz‘FP—Tzz)—P'gz =0
(2.39)

2.2.2.3 The Conservation of Energy

The conservation of energy is described by the first law of thermodynamics (Eq. 2.4) which
balances the change of energy in the volume element with the work and the heat exchange.

=+ (2.40)
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The energy inside the element consists of three components:

e the inner energy Fipper =m-u=p-dx-dy-dz-u

o the kinetic energy Frinetic = % -m-c® = % -p-dr-dy-dz- (C?E + Cz + cz)

« the potential energy Epotential = m - g - z which can be neglected for gases
With Epotientiar = 0, the energy inside a fluid element reads

1
E = Einner + Einetic = p- <U + 5 : C2> ~dx - dy ~dz (241)

and the total differential of Eq. 2.41 gives the convective energy flows for an infinitesimal
volume element.

1 2
dt[f"<u+z'°’>
_ 9 1 2
—{at['o(“*g'c
0

-dx - dy - dz

N =~ —

}+8i[p-cx-<u+;-02)}+§y[p-cy-<u+;-c2>}
~c2>]}-dx‘dy'dz

(2.42)
The work input w of the volume element is composed of three parts
e the gravitation g acting on the element

e the pressure p on the elements surfaces

e the normal and shear stresses acting on the elements surfaces

0 0
Cz* Tyz + (;—‘/ (Cp - Tye) - dy| - dx - dz Cp* Tog + (;T (e Top) -dz| -dx - dy
y A '
dz, /
Ie - dy - dz ¢
%= 4y L, F— - |:(]_,. + ;—) (¢z) - (1.1'] ~dy - dz
— ox
- op-dy-dz 9
Coprdy-d | P E— [(1,' ‘p+ (;—I (co-p)- (l.rJ ~dy - dz
dy '
Cyp o Taw - dy - dz
-t < , S
Z Cp " Tax + )i (Co* Tux) - (1.13] ~dy - dz
dx L ox
Cp* Tog - dx - dy Cp o Typ - dr - dz
-

_

X
Figure 2.5: Energy flows for an infinitesimal volume element in x direction
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The work input for the volume element is computed by the summation of the energy
flows in x direction as shown in Fig. 2.5 and the respective flows in y and z direction.

. 0 0 0
w = P'(C:v'ngrcy'gyJFCZ'QZ)*%(Cx‘p)*afy(cy'p)*a(cz'p)

0
— (o Taw +Cy Ty +Co - Tuz) — 3y (Co* Tyw + Cy - Tyy + €2 - Ty2) (2.43)

ox

——(Cp Tty Toy+c: 7o) | -do-dy-dz

0z
The heat flux ¢ consists of two parts:

o the thermal radiation ¢rqgiation acting on the volume element

o the heat flux through the volumes surfaces due to conduction Geonduction

Together with Fourier’s law (q'conducti(m,i = -\ %), the heat flux is given as

I o (. 0T\ & (.9T\ @8 (. 0T
4 = |P* Gradiation + % ()\&r) + 873/ <>\ay> + & <)\az>:| -dzx - dy - dz (244)

where A is the thermal conductivity and ¢ is an arbitrary direction.

Insertion of Eq. 2.42, Eq. 2.43 and Eg. 2.44 into Eq. 2.41 yields the conservation of
energy for an infinitesimal fluid element. In this equation, the specific energy terms in the
spacial derivatives have been replaced by the specific enthalpy h = u + %. This eliminates
the pressure terms and simplifies the equation.

0 1 0 1 0T
pn [p<u+2-62>} +% [p-cx. <h+2'62> —(cx~7'm+xy-71y+cz-7'xz)—)\-%
0 1 OT'|

—i—a—y [p‘cy- <h+2‘c2> —(cy-Tyx%—:cy'Tyy—Fcz'Tyz)—A-a—y

) 1 o1

—i—af [p-cz- <h+2-02> —(cz-Tm—i-:ry-sz—i—cz'Tzz)—)\-%
_p‘(ca:‘gx_"Cy'gy+cz'gz)_p'(jradiation:()

(2.45)

2.2.2.4 Further Equations

The Navier-Stokes-Equations consisting of the five conservation equations for mass, energy
and momentum can be used to describe the all low phenomena inside a volume element.
This set of equations includes 17 unknown variables p, ¢z, ¢y, ¢z, D, w, h, T', Tos, Tyy, Toz,
Teys Tyzs Tazs Tzz, Tyz and 7,,. Therefore, 12 additional equation are needed to obtain a
solution. These are the three equations of state for the fluid and the 9 normal and shear
stress relations of Stokes.
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The fluid is described by the thermal equation of state Eq. 2.16 and the caloric equations

Eq. 2.17 and Eq.2.18.

The Stokes’s stress constitutive equations create a relation between the stresses 7 and

Ocy

2
sz:_gﬂ‘ —— +

2 oey
Tyy = — M- or +

3

N

3

Ocy
Toy =M | 77— +

ox

Ocy,
Tez = MK §+

oc,,
Tyz = |4 +

Jy

Tzy = Tyz

ey
Ay

Jdc,
ox

ey
0z

Ocy
ox dy

Ocy

Jy

dey

)
)
)

Jdc,
0z

Oc,
0z

dc,
0z

>+2-u-
>+2-,u'

the velocity c. They are given by equations Eq. 2.46 to Eq. 2.54.

ey
Ox

ey
dy

dc,
0z

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)
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2.2.3 Turbulence

“I am an old man now, and when I die and go to heaven there are two matters
on which I hope for enlightenment. One is quantumelectrodynamics and the
other is the turbulent motion of fluids. About the former I am rather optimistic.
Sir Horace Lamb (1849-1934)

A flow regime is considered laminar if the the fluid moves on parallel layers and no disruption
is happening between the layers. If, by contrast, the flow includes chaotic fluctuations in
pressure and flow velocity on a microscopic scale, the flow is considered as turbulent. The
Reynolds number Re is used to predict if the flow is still laminar or has already changed
to a turbulent flow. Equation 2.55 gives the definition of the Reynolds number where
L. is a characteristic length for the flow (e.g. the hydraulic diameter Dy for a pipe flow
or the traveled length for traversal flow). The transition from laminar to turbulent flow
starts at Reynolds numbers of about 1,800. For Reynolds numbers above 2,030 the flow is
considered to be fully turbulent.

~ pcLe
I

Re

(2.55)

The exact description of the behavior of a turbulent flow with all its internal structures
remains one of the most important unsolved problems in physics. The previously introduced
Navier-Stokes-Equations are believed to be capable of describing turbulent flow if the
discretization of the flow is done by sufficiently small finite volumes to capture all internal
flow structures. While this assumption can not be proven, the application on real flow
problems is not possible at a reasonable computational expense due to the required fine
discretization.

Modern CFD code bypass this problem by using the so called Reynolds averaged Navier-
Stokes-Equations (RANS) which can depict the underlying physics with sufficient accuracy
at a reasonable computational expense. This method does not compute the exact turbulent
flow field of the fluid but approximates it by using so called turbulence models. This is
achieved by substituting the time and location dependent flow variables p, ¢, u by their
time invariant mean values p, ¢, u and adding turbulent fluctuation p’, ¢/, u’ depending on
both time and location.

p(z,y,2t) =p(z,y,2) + p'(2,y,2,1)
c(z,y,z,t) =¢(x,y,2) + ' (2,y,2,t) (2.56)
u(z,y,z,t) =u(z,y,z) + u'(z,y,2,t)

The turbulent fluctuations can be modeled by different approaches reaching from simple
algebraic expressions to complex systems of differential equation of order 2. In turboma-
chinery CFD applications, the common practice is using two equation algebraic turbulence
models like the k — e-, k — w- or Shear-Stress-Transport-model (SST-model). Therefore
the rest of this section focuses on these models.
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2.2.3.1 k — ¢ Turbulence Model

The k — e model is the most widely used turbulence model for CFD. Turbulence is modeled
by introducing two additional transport equations. This model was first proposed by Jones
and Launder in 1972 [Jon72]. The version used in most modern CFD codes is based on
the standard k& — € model described by Launder and Spalding [Lau74].

The first equation is used to model the turbulent kinetic energy k£ which determines the
amount of energy per mass unit associated with the turbulent eddies in the flow. The
transport equation for the turbulent kinetic energy in x direction reads as follows:

8p-k+6p-k:-cx_ 0 | u Ok
ot ox - Oy

ak@y] + 204 Toy - Tyz — PE (2.57)

The dissipation ¢ of the turbulent kinetic energy in x direction is given by

2
13 15
%'QNt'Txy'Tyz_CQé:'p?

ot or Oy (2.58)

Op-c Op-e-cy 0 [,utae
+ = |=
Uaay

|+

The equations for the other directions can be derived analogously.

W =p- Cu% is the eddy viscosity which is used to model transport and dissipation
of small scale turbulent eddies on a global scale. C,, Ci¢, Co, 0. and o} are empirical
constants fitted for a wide range of turbulent flows.

The k — € model is primary designed for free-shear flow and therefore gives good results
in the core flow far from walls. For boundary layer interaction near walls a very fine
discretization would be required.

2.2.3.2 k — w Turbulence Model

The k — w model is another commonly used two equation turbulence model for RANS
computations. It is specifically developed for low Reynolds number computations near
walls. On the downside, the results obtained by this model for free-shear flows are strongly
dependent on initial conditions. The model was introduced by Wilcox in 1988 [Wil88].

The turbulent kinetic energy in the x direction is computed as

op-k Op-k-ce 0 ok Ocy
The turbulent frequency w is given by
Op-w 0Op-w-cy 0 ow| ~yw 0Oecg 9 p-0q0kOw
- o P ) = | e Ty —2 — B 27 (9.
T ay{(’”” put)ay]JrkTyay Bp-w+ ayay( 60)

Ok, 0w, 04, B and ~y are the empirical constants of the model.
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2.2.3.3 SST Turbulence Model

The Shear-Stress-Transport turbulence model combines the advantages of the k — ¢ and
k — w models. The flow near the walls is described by the k£ — w formulation, while the
k — € model is used for the free-shear flow far from the walls. The k& — & model has to be
transformed to a version using the turbulent frequency w instead of the dissipation ¢ for
compatibility reasons. The k —w and the transformed k& — & model are then combined using
a blending function which takes a value of one near the wall and becomes zero outside of
the boundary layer. The SST turbulence model was first introduced by Menter in 1994
[Men94].
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2.3 Computational Fluid Dynamics

Computational fluid dynamics (CFD) is a branch of fluid mechanics which uses numerical
methods to analyze fluid flows. Depending on the intended application area and the needed
level of detail, the flow can be modeled by the Navier-Stokes equations, Euler equations,
Stokes equations, potenital equations or Lattice Bolzmann equations, just to name the
most popular. For internal flows with high Reynolds numbers, the RANS equations as
introduced in 2.2.3 are used by most CFD codes. A summary of the basic principles of
CFD can be found in [Hir07] or [Lecl4].

2.3.1 Discretization by Finite Volumes

The finite volume method (FVM) is used to solve systems of partial differential equations.
For this method, the geometry is discretized by a mesh and values are calculated at discrete
places, similar the the finite differences or finite element method. In case of the FVM,
small volumes are placed around each node of the mesh. When integrating the respective
partial differential equation over the volume, these volume integrals can be converted to
surface integrals by the divergence theorem. Then, the surface integrals are evaluated
as fluxes through the volume’s surfaces. As the flow into a given volume is equal to the
flow leaving the volume, this method is conservative and therefore particularly suitable for
solving conservation equations.

Equation 2.61 gives an arbitrary conservation law. In this partial differential equation
u(x,t) represents a vector of states while f is the flux tensor.

3} .
au(x,t) + divf (u(z,t)) =0 (2.61)

When the flow domain is subdivided into finite volumes, Eq. 2.62 gives the volume
integral for one particular cell ¢ over the complete volume of the cell V;.

/V gtu(x,t)dv + /V divf(u(x,t))dV =0 (2.62)

The volume average of u(x,t) in V; is obtained by integration of the first term. The
second term can be transformed according to the divergence theorem. This yields

Vigtui(a;,t) + ygi fu(z,t)) -ndA =0 (2.63)

where A; describes the sum of all surfaces of V;. n is the outward pointing unit normal
vector of A;. Further trivial transformations lead to Eq. 2.64 which shows that all changes
of u(x,t) in the cell depend exclusively on the fluxes through A;.

gtui(ac,t) _ —‘1@ 7@ S(utet) ndd (2.64)
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2.4 Turbomachines

A machine which transfers energy between a rotor and a fluid is called a turbomachine.
This class of machinery encompasses both compressors, which transfer energy from the
rotor to the fluid, and turbines, which transfer energy from the fluid to the rotor. Both
machine types obey the same basic physical relationships described by Newton’s law of
motion and Euler’s turbomachinery equation. On top of that, turbines and compressors
exist in open and closed forms. Examples for open machines are propellers, windmills or
unshrouded fans. These machines act on an infinite extent of fluid. Closed machines, like
for example steam and gas tubines or axial and centrifugal compressors, on the other hand
work with a finite volume of fluid which enters the casing at the intake and is expelled at
the discharge. As the subject of this research are centrifugal compressors, the rest of this
section will focus on this type of machine.

2.4.1 Dimensionless Numbers for Turbomachines and Similitude

A great deal of the fundamental comprehension of turbomachines is obtained from dimen-
sional analysis. Dimensional analysis is a formal procedure which takes the independent
variables describing an arbitrary physical system and replaces these by a smaller set dimen-
sionless variables. This enables the analysis of the relations between the influence of the
variables on the systems performance by means of simple analytical methods. Applied to
the field of turbomachinery, two further advantageous uses of dimensional analysis can be
identified: firstly, two systems which are same in terms of the dimensionless variables are
considered as similar. This can be used to relate tests on scale models to the real machine.
Secondly, dimensional analysis of turbomachines is used to generate correlations for choos-
ing the best suited machine design for a given area of application. A popular example for
this approach is the Cordier diagram which was first published by Cordier [Cor53] in 1953.
Cordier derived a relation between the non dimensional diameter § and the non dimensional
speed o for machines of high efficiency. This relation is shown in Fig. 2.6. In addition to o
and ¢, this version of the cordier diagram includes lines of constant flow coefficient ¢ and
work coefficient ¥. Both quantities are derived in the course of this chapter.

In the field of turbomachinery, dimensional analysis is in most cases carried out by the
Buckingham [T theorem [Bucl4]. This theorem states that any physical meaningful equation
of n physical variables can be rewritten by using p = n — k& dimensionless parameters 71,
m9,...,Mp Where k is number of physical dimensions involved. To obtain a dimensionless
number, a set of influencing parameters has to be chosen out of the available parameters.
The number of influencing parameters is determined by the number physical dimension of
the system. Table 2.1 lists the eligible systems and their dimensions. The chosen set of
influencing parameters has to include each physical dimension at least once. Therefore, a
great number of possible dimensionless numbers can be theoretically derived. In order to
avoid a confusing variety of dimensionless numbers, standards have been defined for many
fields of application (for example [VDI93]).
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Table 2.1: Dimensions and parameters of systems in dimensional analysis

Nature of the system Physical dimensions Number of required

influencing parameters

Geometric Length (L) 1
Kinematic Length, time (T) 2
Dynamic Length, time, mass (M) 3
Thermodynamic Length, time, mass, temperature (@) 4
General physical system Length, time, mass, temperature, 5

electric charge (Q)

For the compressible flow through a turbomachine, a comprehensive analysis of the
applicable dimensionless number has been carried out by Fister [Fis84]. In the following
paragraphs the most important quantities are derived in a shortened from.

The influencing parameters applicable for turbomachinery and their physical dimensions
are listed in Table 2.3. The system “tubomachine® is of thermodynamic nature as only the
dimensions L, M, T, © are observed. Therefore, four parameters have to be chosen which
include these four dimensions at least once.

Table 2.2: Dimensions and parameters for dimensional analysis of turbomachines

Parameter Physical dimensions
m  mass flow rate MT—1
Ah  enthalpy rise L?T2
V4 specific volume at intake L3M—!
T; temperature at intake e

Ty  temperature at discharge e

n rotational speed 71!

D diameter L

A; intake area L2

Ay discharge area L?

v kinematic viscosity at intake ~ L27!

csi local speed of sound at intake L7T~*
Npot  Polytropic efficiency —

~ heat capacity ratio —

Out of these quantities, vg, {2, D and T; are chosen as parameters to demonstrate the
process of developing a dimensionless number I1; for the mass flow rate 7. To derive this
number, a product of exponentiations of the dimensions of the parameters has to be formed
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in such a way that it is equal to the dimension of the mass flow rate. This is illustrated by
Eq. 2.66:

m MiT-1
I, = (v;)” (Q)ﬁ (D) (Tz)é = (L3M—1)® (T_1),8 (L) (@1)5 (2.65)

A comparison of the exponents in the numerator and the denominator yields:

Table 2.3: Exponent comparison

Exponent Comparison Result

M —a=1 a=-1
T —pB=-1 g=1
L 3a+v=0 ~v=3
(C] 0=0 0=0

Applying these findings to Eq. 2.66 gives the dimensional number I7,;,.

TMu; Vi
I, — -t 2.66
"Dy QD3 (2.66)
The quantity I1,; derived in this example is not used in practice as an other dimensionless
number pp, also called “flow coefficient®, is well established (see [Fis84]). ¢p is defined as

$p = L (2.67)
Ud

where cp (Eg. 2.68) is the theoretical velocity which is achieved if the intake flow rate V;
passes through a circular area defined by the discharge diameter. ug is the circumferential
velocity at the discharge given by Eg. 2.69.

4V;

_ 2.68
CD Dgﬂ' ( )
Uq = ﬂQDd (2.69)
The combination of Eq. 2.67, Eq. 2.68 and Eq. 2.69 yields
4V;
(2.70)

¥D = Dngﬁ
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for the flow coefficient pp. This expression is equal to Il except for a constant factor
of %. The common version of the flow coefficient, which can also be considered as a
dimensionless representation of the flow rate, is given by Eq. 2.71.

4V;

_ 2.71
TrDcled ( )

Pd

A further important quantity is the work coefficient ¥ given by Eq. 2.72 without
derivation. This quantity relates the enthalpy rise needed to move the fluid from the intake
to the discharge state to the amount of work delivered by the rotor. The work coefficient
can be viewed as a dimensionless form of the pressure ratio. A detailed derivation can be
found in [Fis84].

v = (2.72)

g
The dimensionless numbers ¢ and ¢, which are used in the Cordier digram 2.6, are given
by Eq. 2.73 and Eq. 2.74. A derivation can be found in [Cor53]. ¢ is a dimensionless

measure of the machines rotational speed (2, § is directly related to the outer diameter Dg.

Q\/‘Z (27r2)1/4

o= (2.73)
1/4 s._2\ 1/4
5 Dd'jf.i' <7;> (2.74)
Vi
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2.4.2 Coordinate Systems and Conventions

In the field of rotating machinery, a polar coordinate system (z,r,¢) is normally used. In
case of a common z-axis, the polar coordinates r and ¥ can be converted to the Cartesian
coordinated x and y according to Eq. 2.75.

x =1 cost
, (2.75)
y =r sind
The reverse conversion is carried out by
r=ya?+y?
(2.76)

¥ = atan (%)

where the quadrant of the point defined by (z,y) has to be considered when computing
the angle .

The commonly used coordinates (z,r,9), m and s are shown in Fig. 2.7.

m

Figure 2.7: Coordinate systems of a centrifugal impeller.

A measure commonly used for describing turbomachinery is the meridional coordinate
m. Its definition is illustrated in Fig. 2.8. The meridional coordinate measures the distance
between the intake and a point on a two dimensional streamline in the meridional plane.
It can be computed by summing up infinitesimal elements dm defined as dm = /72 + 22.
The normalization of the meridional coordinate is carried out by dividing by the value of
the meridional coordinate at the discharge. This dimensionless meridional coordinate m/
has a value of 0 at the intake and a value of 1 at the discharge.
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Z

Figure 2.8: Definition of the meridional coordinate m.

The stream wise coordinate s is another measure commonly used in turbomachinery.
Similar to the meridional coordinate, it measures the distance between a point on a stream-
line and the intake. In contrast to the meridional coordinate, the stream wise coordinate is
computed on a three dimensional streamline by adding up infinitesimal elements ds defined
as ds = \/x% + y? + 22. Analogously, it can be normalized by dividing by the value at the
discharge.

A common method of representation in turbomachines is the blade to blade view. It is
created by plotting values obtained on a rotation surface defined by a constant location
between hub and shroud in a m — 9 coordinate system. An example for a curve with
a constant hub to shroud location which defines such a rotation surface is the dashed
middle streamline shown in Fig. 2.8. The blade to blade view can be used to visualize the
three dimensional flow in an impeller in a two dimensional way. Furthermore, is is used
to determine the impellers throat area which is important for many one dimensional flow
models.

Z

Figure 2.9: Blade to blade view of two adjacent impeller blades.
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2.4.3 Centrifugal Compressors

Figure 2.10 shows the side view of a single stage centrifugal compressor. The heart of the
compressor is the impeller which is responsible for the energy transfer. The flow enters the
the machine at the intake and is drawn towards the impeller. Therefore the first function
of the impeller is to lower the static pressure at the eye of the impeller. This forces the
fluid to flow into the impeller. As soon as the flow enters the impeller, the blades exert
strong forces on the fluid and most of the fluid elements will follow a pseudo-helical pattern
through the impeller. The efficiency of this process depends strongly on the shape of the
impeller blades. If the blading is not matched with the flow field, losses will occur due to
incidence or flow separation just to name two effects. After the impeller, the flow enters
a diffuser which is used to convert a part of the kinetic energy in the fluid to pressure.
Finally, the volute is used to collect the flow which leaves the diffuser through a cylindrical
surface spanning 360°.

Volute

Diffuser

Ambience

Figure 2.10: Side view of a single stage compressor
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2.4.4 Operation Characteristics

Losses

Work coefficient

1
i
i
|
'
i
.
;
'
i
.
1
i
i
=
=1
=N
=
ol
DOI
o
=N
0|
|
.
1
'
i
.
1
i
i
1
i
|
i
X

Choke limit

Flow coefficient
Figure 2.11: Characteristic curve plotted by flow and work coefficient

W

The term “operation characteristic“, “performance characteristic or “speedline” is used in
the field of turbomachinery for characteristic curves which connects points consisting of
a measure flow rate and a value describing the state of operation of the machine at this
flow rate. A detailed description of the thermodynamic and fluid dynamic processes in a
centrifugal compressor can be found in [Aug00] and [Fis84]. Figure 2.11 shows a typical
compressor characteristic illustrated by the variation of the work coefficient ( 2.72) as
a function of the flow coefficient ( 2.71). The flow coefficient is directly related to the
machines flow rate, the work coefficient is a dimensionless measure for the pressure ratio.
This way, the performance of the compressor can be described non-dimensionally. The
upper line in Fig. 2.11 depicts the performance of an ideal compressor. The difference
between the ideal and the real performance is caused by losses occurring at different levels
of intensity at each state of operation.

The working range of the machine is limited towards low flow rates by the surge limit. At
low mass flow rates and high pressure ratios, the pressure in the components downstream
of the impeller can become higher then the pressure the impeller can deliver causing the
flow to change its direction until the downstream pressure is lower then the impeller outlet
pressure. The pulsating reversal of the flow direction can cause heavy machine vibration
and lead to severe damages. Therefore this kind of operation has to be avoided. Towards
high mass flow rates, the characteristic is limited by the choke limit. Choke occurs at high
mass flow rates when the Mach number of the relative inlet velocity of the impeller throat
reaches unity over the whole flow area. This marks the maximum mass flow rate which the
impeller can deliver.
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Figure 2.12: Characteristic curve plotted by mass flow rate and pressure ratio as well as
polytropic efficiency

Figure 2.12 shows an alternative representation of a performance characteristic. Here,
the pressure ratio and the polytropic efficiency are plotted as functions of the mass flow
rate. Additionally, the design point is marked in terms of mass flow rate, pressure ratio
and efficiency.

2.4.5 Flow in Centrifugal Compressors

The flow in a centrifugal compressor is highly complex and directly related to the three
dimensional shape of the flow channel. [Jap96], [Aug00] and [Fis86] offer a multitude of
methods to compute this flow. Generally, the flow can be divided into a primary flow
which follows the impeller geometry from the inlet to the outlet and a secondary flow
which deviates from the main flow direction. The generation of secondary vortices, and
therefore losses, strongly depends on the shapes of the impeller blades and of the meridional
contours. The three dimensional flow can be projected into the meridional plane and the
crosswise or blade normal plane to analyze the flow by a simplified analytical approach.
Another simplified approach is the mean line analysis. Here, the impeller is placed into a
control volume whose boundaries match the inflow and outflow surfaces of the machine.
Figure 2.13 shows a centrifugal compressor impeller with the boundaries of the control
volume (green faces). The blue line marks the middle stream line placed at the center of
the flow channel.
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Figure 2.13: Centrifugal compressor impeller with boundaries for mean line computation.
Boundaries depicted by green faces, mean filament marked as blue line.

2.45.1 Euler and Lagrange Description

Motion can be depicted in different ways depending on whether the observer has a fixed
spacial position or follows the motion. The approach of a fixed observer is referred to
as “Euler description® while the approach of an observer following the motion is called
“Lagrange description. Figure 2.14 visualizes this by a simple flow through a pipe. Using the
Euler description, the fluid properties like pressure, velocity or temperature are measured
at “Location 1“ Therefore, each of this properties depends on the location and the time.
In the Lagrange description, a fluid particle is labeled “A* and is monitored as it flows
through the pipe. Here, the fluid properties depend only on the time. If the location of the
particles is know as a function of time, the Lagrange description can be transformed into
the Euler description. In fluid mechanics the Euler description is primarily used.
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Location 1
p(taxl)a C(tvxl)a T(taxl)’“

NS

E— Fluid Particle A

pA(t)a CA(t)v TA(t)a

Figure 2.14: Observation of the fluid motion in a pipe by Euler and Lagrange description

2.4.5.2 Rotating Reference Frame

A centrifugal compressor consists of stationary and rotating parts. Therefore, the fluid flow
inside the machine has to be observed in two frames of reference: a fixed inertial reference
frame and a rotating reference frame. A detailed derivation of the underlying mathematics
can be found in [Har05]. ?, j and E are the unit normal vectors in the inertial system
representing the x, y and z direction. For a rotation with the angular velocity w(t) = £2¢
about the z-axis, the transformed vectors are given by Eq. 2.77. The transformeg vector

- =
representing the z direction is not changed for a rotation about the z-axis (k = k).

= T
i = (cos(£2t),sin(12t))
N (2.77)
7 = (—sin(02t),cos(02t))"
The time derivatives of the transformed unit vectors read as
d =
1 =02(— sin(Qt),cos(Qt))T
(2.78)

= 2 (—cos(02t), — sin(02t))"

&\&S:\
M>\L

With the vectorial notation of the angular velocity ﬁ = (O,O,Q)T, Eq. 2.78 can be
written as

d= =
% 1 = B 7
i3 _3 (2.79)
i J=48x]
= = =
An arbitrary vectorial valued function f(t) = f5(¢t) @ + fy(t) J + f-(t) k£ in the rotating
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frame of reference is derived with respect to time using the product rule according to
Eq. 2.80.

d dzA d dzA
dp=t7, 4 fx Wy fy f+dtfz
_ A7 dfy df =77
= +dty]+dtk+[9><<fmz + fy ) +fzk>:| (2.80)
_ (¥
—(dt>r+(2><f(t)

The term (%) describes the temporal change of f as observed in the rotating frame of

T
reference while (2 x f(t) represents the change of f due to the rotation.

The velocity of any object is defined as the time derivative of the object’s position

(c = %). In the case of a rotating frame of reference, this position is denoted as r(t).
Analogously to Eq. 2.80, the velocities in the inertial reference frame (index ¢) and the

rotating reference (index r) frame are connected by the equation

dr dr
= <Clt>r+0xr—CT+er (2.81)

The velocity observed in the inertial frame of reference can be split into a velocity due to
the motion of the object itself and a component resulting from the rotating frame’s motion.

The acceleration is defined as the second time derivative of the object’s position re-
spectively as the first time derivative of the object’s velocity. After carrying out the
differentiations, the acceleration in the rotating frame of reference reads as

?
aT:CLZ'—ZQXCT—.QX(QXT)—%XT (2.82)

d’r dr
d? e

inertial framer The term —{2 x ({2 x r) respresents the centrifugal acceleration, —2(2 x ¢,
is the Coriolis acceleration and the last term Cgtz x 1 is the Euler acceleration which is zero
in uniformly rotating frames.

According to Newton’s second law of motion, force equals the product of mass and
acceleration (F' = ma). Multiplying Eq. 2.82 with the mass of the observed object yields

a, = is the acceleration in the rotating frame, a; = ( ) ~the acceleration in the
T
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Newton’s second law of motion in a rotating frame of reference as

maT:mai—2mQ><Cr_m~Qx(er)_maxr (283)

Fr = Fz + Fcentm’fugal + FCoriolz’s + FEuler

The forces Feeptrifugals FCoriolis and Fryjer are also called “fictious forces” as they result
solely form the rotation of the frame and not from any physical interaction between bodies.
If the frame is not rotating, these forces become zero. The term F; = ma; represents any
externally impressed forces in the inertial system like for example gravitation or magnetism.

2.4.5.3 Velocity Triangles

u
W Wi Cy
c C
m

o 5 Cm

w C
Cy Wy Bla
u

(a) European notation (b) Anglo-Saxon notation

Figure 2.15: Velocity triangles for a centrifugal compressor.

The flow at any point of the streamline in Fig. 2.13 can be depicted by a velocity triangle
([Fis84], [Jap96]). The relative velocity W represents the velocity of the flow in the rotating
frame of reference as observed from the stationary frame (Eq. 2.84). This corresponds to the
relation between the velocities in the inertial and rotating frame derived in Eq. 2.81. The
meridional velocity G is defined as the velocity tangential to the streamline. Furthermore,
the centrifugal components of the absolute and the relative velocity can be read directly
from the velocity triangles. The absolute and relative flow angles o and 8 can be read
from the velocity triangles in different ways. In this work the European notation is used,
where the absolute flow angle is located between ¢ and W while the relative flow angle is
located between W and .

C=u+ (2.84)

2.4.5.4 Euler's Turbomachinery Equation

The angular momentum transfered between the impeller and the fluid is given by Eq. 2.15
as 7 = m (rcyg — regy). The specific technical work iy, transfered between an impeller
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rotating with (2 and the fluid, is given by

T

- (2.85)

Wy =

The combination of Eq. 2.15 and Eq. 2.85 together with the definition of the circumfer-
ential velocity u = 2r yields

Wy = UCy2 — U1Cy1 (2.86)

This relation is known as Euler’s turbomachinery equation. It gives the maximum
amount of energy which can be transfered between the rotating blades and the fluid. In
the case of a compressor w; takes a positive value, for a turbine its value is negative. In
the case of a centrifugal compressor with a swirl free inflow, the absolute flow angle at the
inlet oy becomes 90°, therefore cy; = ¢ - cosa; = 0. In this case, Euler’s turbomachinery
equation simplifies to

th = U2CY2 (287)

A second form of Euler’s turbomachinery equation can be derived from the trigonometric
relations of the velocity triangles (Fig. 2.15a). The law of cosines yields

w? = 4+ u? —2c-u-cosa = +u? — 2chu (2.88)

With Eq. 2.88 rearranged as cyu = % (02 +u? — w2) Eq. 2.86 can be written as

(3 —cF) + (wi —w3) + (uj —ui)] (2.89)
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2.45.5 Flow in the Meridional Plane

19p (o)’
pon

Figure 2.16: Simplified flow in the meridional plane

Figure2.16 illustrates the flow in the meridional plane under the assumption of straight
blades (%). At every location on the meridional streamline defined by the curvature

radius r,,, the local radius r and the meridional slope angle «, the pressure gradient from
hub to shroud and the centrifugal forces are in equilibrium (Eq. 2.90).

10 2 1 — 0r)?
10p _cm 1 (ep—02r) (2.90)
pon Ty, cosa r

The first right hand side term describes the centrifugal force due to the flow turning
from the axial to the radial direction and depends on the meridional curvature. The second
term depicts the centrifugal force induced by the rotation of the impeller ( = motion on
an axis symmetric surface in circumferential direction). This force is influenced by the
meridional slope angle and the local radius.

2.4.5.6 Flow in the Crosswise Plane

The flow in the crosswise plane is primarily influenced by the pressure distributions in the
hub to shroud and the blade to blade direction. The pressure distribution in a crosswise
plane for blades with zero lean is shown schematically in Fig. 2.17 a-c. Areas of high
pressure are labeled with a 4’ sign while areas of low pressure are labeled with a ’-’ sign.
The resulting pressure gradient (Fig. 2.17c¢) is caused by superimposition of two pressure
gradients. The hub to shroud pressure gradient (Fig. 2.17a) originates from meridional
curvature and centrifugal forces and is described by Eqn. 2.90. The blade to blade pressure
gradient (Fig. 2.17b) is caused by the blade loading which increases the pressure on the
pressure side (PS) and lowers it on the suction side (SS). The definition of the blade’s
pressure and suction sides is given in Fig. 2.18. Along the blades, the pressure remains
constant form hub to shroud. Combining these two pressure fields yields a resulting pressure
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field which has its maximum in the hub pressure side corner and its minimum in the shroud
suction side corner.
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Figure 2.17: Pressure distribution in the crosswise plane for blades with zero lean (a-c) and
blades with positive lean (d-f).

® 9
T

Figure 2.18: Definition of the pressure side (PS) and the suction side (SS) of the blade.

The same analysis is carried out again for a case with a positive blade lean (Fig. 2.17
d-f). As the blade lean does not influence the main factors of the hub to shroud pressure
gradient (meridional slope angle and meridional curvature radius), this gradient remains
almost unchanged (Fig. 2.17d). The pressure distribution from blade to blade and the
span-wise pressure gradient along the blades show obvious changes compared to the zero
lean case (Fig. 2.17b and Fig. 2.17e). Comparing the resulting pressure field (Fig. 2.17f)
with the one for zero lean (Fig. 2.17c), a higher pressure in the hub pressure side corner
and a lower pressure in shroud suction side corner can be observed. This results in a higher
force on the flow towards the shroud and therefore in higher velocities near the shroud.
These simple considerations already show that blade lean can strongly influence the flow
field.
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2.4.5.7 Secondary Flow

Preliminary predictions of the flow in turbomachinery are usually carried out assuming
an inviscid flow. These methods can describe the global characteristics of the flow field
or the primary flow. However, when observing real flow situations, the flow field diverges
significantly from the predicted flow in both velocity and direction in certain regions. This
effect can be described by superimposing a secondary flow on the primary flow.

The secondary flow in a centrifugal impeller redistributes low energy fluid and thereby
influences both velocity and direction of the inviscid primary flow and the pressure by
blockage. These effects are driven by the stream-wise vorticity. Smith [Smi57] derived
equations to describe the build up of stream-wise vorticity along a relative streamline.
A more practical version, used in this study, was presented by Hawthorn [Haw74]. This
formulation, given by Eq. 2.91, expresses the rate of increase of stream-wise vorticity as a
function of rotary stagnation pressure gradients.

0 [ws 2 1 8pt,r 1 8pt,r yapt,r
Os [w} - pw? [rm ob 1y, On w 0z (291)

The rotary stagnation pressure is given by Eqn. 2.92. This quantity can be seen as a total
pressure in the rotating frame of reference.

2 2
pw pu
Pty =P+ S T o (2.92)
shroud
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Figure 2.19: Schematic illustration of the different channel vortices

The terms on the right hand side of Eqn. 2.91 describe the different factors for the
generation of stream-wise vorticity. The first two terms correspond to the vorticity generated
by the turning of the flow in the meridional or the blade-to-blade planes. The third term
describes the influence of the Coriolis force and is only relevant in the radial part of
the impeller. Equation 2.91 can further be used to describe three typical secondary flow
phenomena.

The first term on the right hand side describes the blade surface vortices (BV). This
vortex is influenced by the meridional curvature and by the pressure gradient in blade-to-
blade direction which again is influenced by the blade lean. It generates a circulation flow
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along the blades from hub to shroud (Fig. 2.19a). The blade surface vortex develops when
the flow changes from axial to radial direction and progressively becomes smaller in the
radial part of the impeller towards the exit.

The second term on the right hand side generates the passage vortices (PV) which are
mainly influenced by flow turning in the blade-to-blade plane. These vortices are driven
by the radius of curvature of the blade () and the pressure gradient in hub to shroud
direction which again is strongly influenced by the meridional curvature and the meridional
slope angle. The passage vortices drive low energy fluid along the hub and shroud endwalls
(Fig. 2.19b) and usually occur in the first half of the impeller as the radius of curvature of
the blade decreases towards the impeller exit.

The third right hand side term describes the vortices generated by the Coriolis force
(CV). These vortices are generated by a pressure gradient in the axial direction. This is
the case in the radial part of the impeller where the Coriolis vortex will contribute to the
passage vortex by driving low energy fluid from the pressure to the suction side (Fig. 2.19¢).

2.4.5.8 Slip factor

Euler’s turbomachinery equation for a compressor with swirl free inflow (Eg. 2.87) states
that the amount of work transfered between the fluid and the impeller is related to the
circumferential velocity uo and the circumferential components of the absolute velocity cyo,
both taken at the impeller exit. In an impeller with an infinite number of infinitesimally
thin blades, the relative flow angle at the trailing edge (2 is equal to the blade’s angle 3.
In a real impeller with a finite number of blades with a certain thickness however, the flow
angle diverges from the blade angle. Figure 2.20 shows velocity triangles for both cases
with a clear difference between the circumferential component of the absolute velocity for
the blade and the flow angle. This results in a deviation between the theoretically possible
amount of work transfered between the impeller and the fluid and the real amount. The
ratio of the theoretical and the real amount of work can be computed according to Eq. 2.93.

Wy U2C92 C92
o= — - - (2.93)
Wt theoretical U2CY2,b Cy2,b

- =1 == 2.94
o - o (2.94)
CSL = Cy92,p — Cy2 (2.95)
o = pi+ p2(p — 1)cot(Ba2p) (2.96)

The quantity p is used mostly in the German literature and is called “Minderleistungsfak-
tor*. The author was not able to determine a English name for p. In the English language
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area the “slip-factor® o is used (Eg. 2.94). It uses the slip velocity given by Eq. 2.95 to
measure the deviation between a flow and the blade angle and rates this velocity against
the circumferential velocity. p and o are connected by Eq. 2.96 where 9 is the meridional

flow coeflicient at the impeller exit given by @2 = Cg—;z A derivation can be found in [Fis86].

Figure 2.20: Exit velocity triangle for blade and real flow angle



42 Chapter 2 Theoretical Fundamentals

2.5 Solid Mechanics

In this section a short overview of the fundamentals concerning continuum solid mechanics
is given. In agreement with the standard textbooks on this subject, most equations are
given in tensor notation. Tensors will be written as bold face letters. A brief introduction
to tensor algebra can be found in [Hol00]. The theoretic fundamentals of continuum
mechanics can be found in [Hol00], [Mar19] or [Alt12].

2.5.1 Cinematics of the Continuum

Reference Current
configuration configuration
("material") ("spatial")

~~~~~
- ..

. ~,
- A

Time t=0

.......

€1

Figure 2.21: Deformation and motion of a continuum body

A body B is described as a continuous set of material points P in continuum theory.
Figure 2.21 depicts a continuum body B in both the reference (also “undeformed* or
“material®“) configuration {2y at time ¢ = 0 and the current (also “deformed“ or “spatial®)
configuration {2 at time ¢ . The particles P of B are mapped to the points of reference
configuration by kg while k maps the particles P to the points of the current configuration
(Eq. 2.97).

X = ko(Pyt) , x = k(Pjt) (2.97)
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By introduction of the inverse mapping P = x L(X,t), a point in the current configuration
can be expressed by Eq. 2.98 as function of its location in the reference configuration and
the the time by the motion y(X,t) which is assumed to be invertible (X = y~1(x,t)).

x = r(Pt) = k[rg H(X,t)] = x(X,t) (2.98)

The displacement

UX,t) = x(X,t) - X (2.99)

describes the change of position from X to x in Lagrangian or material form as it is a
function of the reference position and the time. The spatial or Eulerian form is given by

u(x,t) = x — X(X,t) (2.100)

T
€ : Time t

Figure 2.22: Deformation of a curve

Time t=0

A curve parametrized by x is mapped to the reference configuration by X = I'(x). If
the body is deformed from the reference to the current configuration by the motion y, the
resulting curve can be described by x = v(X,t) (Fig. 2.22). The spatial curve x at time ¢
can then be described by

x = 7(X.t) = X[T (0] (2.101)

The tangent vector to the material curve dX and the tangent vector to the spatial curve
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dx are given as

or 0 t
dX = I"(x)dx = ) dy , dx =+ (x,t)dx = glee )dx (2.102)
Ix Ix
The combination of Eq. 2.101 and Eq. 2.102 yields
ox(X,t)
= 220 = F(X t)dX 2.1

gl 5% (X,t) (2.103)

where F is the deformation gradient which is defined as
Xt
F(X,t) = axfgx’) — Gradx(X,t) (2.104)

The deformation gradient is a fundamental quantity in continuum mechanics to measure
the deformation. Furthermore it characterizes the behavior of motion in the neighborhood
of a point. It is a second-order tensor with 9 time-dependent components and is called
a two-point tensor as it includes points from two distinct configurations. Under the
assumption that the inverse motion y ! is derivable, the inverse deformation gradient can
be defined as

Ox (x,t)

1 o
F(xt) = Ix

= gradX(x,t) (2.105)

In contrast to the deformation, the strain is a measure of the change in length between
two neighboring points X and Y with regard to the reference configuration. Figure 2.23
shows two material points X and Y and the deformed points x and y in the spatial
configuration.
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Figure 2.23: Deformation of a line element

The relations between the points in the reference configuration are given by

Y =X+dX dX = deag
Y-X (2.106)
=Y -X = ——
de = | | ap Y — X

The corresponding points in the current configuration are written as

y=x+dx dx = AdeXao(X,t)
Xag = F(X,t)ag e =y —x|=[y —x)(y —x)]2 (2.107)
= (Aag - Aag)2de

From Eq. 2.106, the squared distance in the reference configuration (de?) can be derived
as

de? = deag - deag = dX - dX (2.108)

With Eq. 2.107, the square of A can be computed as

)\2 = )\ao . )\ao = Fao . Fao =ag - FTFaO =aQ - Cao (2109)

The quantity C is the right Cauchy-Green tensor (also “Green deformation tensor*)
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which measures the strain in material coordinates. C is defined as

C=F'F (2.110)

With this, the stretch of an arbitrary curve can be determined solely from the direction
ap and the tensor C.

A further measure of the strain is the change in the squared length (\de)? — de?. Using
Eq. 2.109 and Eq. 2.108 the change in squared length is given as

[(Ade)” — de?] = 3 [(deao) - Cldzag) — dX?] =
=dX - EdX

1 1
= —[dX - CdX — dX - dX]
2 2 (2.111)

where E is the Green-Lagrangian strain tensor which describes the strain in the direction
ag at a point X in the reference configuration. The Green-Lagrangian tensor E is defined

as

E = %(c —1) (2.112)

where I is the unit tensor.

2.5.2 Stress

In the preceding section the kinematic aspects of the motion and the deformation of a
continuum body were introduced. Inside the body, motion and deformation result in stress.
This section describes the concept of stress for a deformable body undergoing a finite motion.

Time t=0 }—»e?
€

Figure 2.24: Traction vectors acting on an infinitesimal small surface element

Figure 2.24 depicts a continuum body which is cut by a plane that passes through the
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point x in spatial coordinates at the time t. If an arbitrary force acts on the body, the
resulting traction vectors on the surface elements dS and ds can be computed as

_ 4
T ds’

_4

T =
ds

t (2.113)

where df is the infinitesimal resultant force acting on the surface element. t is the Cauchy
traction vector which measures the force per unit surface area in the current configuration.
T is the first Piola-Kirchhoff traction vector which gives the force measured per unit surface

area in the reference configuration. According to Cauchy’s stress theorem, there exist two
second-order tensor fields o and P which fulfill the relations

t(x,t,n) = o(x,t)n , T(X,t,N) = P(X,t)N (2.114)

o is the Chauchy stress tensor (or simply Cauchy stress), while P is the first Piola-
Kirchhoff stress tensor (or simply Piola stress). A more convinient form of Cauchy’s stress
theorem in matrix notation is given in Eq. 2.115.

[t] = [o][n] , with
1 o1l O12 013 ni (2.115)
[t] = |t2| , [o] = |021 022 023| , [n]= [n2
t3 031 032 033 ng

2.5.3 Material Law

In the preceding chapters, the fundamental principles of motion, deformation, strain and
stress are given. While motion, deformation and strain are connected by the kinematic
equation presented in sections 2.5.1, a relation between stress and strain is needed. For
small strains and under the assumption of a linear elastic material behavior, this relation
can be described by Hooke’s law (Eq. 2.116). C is the stiffness tensor which linearly maps
the elements of of E to the elements of o. As both the stress tenor o and the strain tensor
C are second order tensors consisting of 9 elements, the stiffness tensor C is a fourth order
tensor containing 81 components (due to the symmetries of o, E and C only 21 of these
components are independent). C is a property of the material which in many cases depends
on physical state variables like pressure or temperature.

o = CE , with
011 012 013 €11 €12 €13 (2.116)
[0’] = |091 0922 093] , [E] = | €21 €22 €23
031 032 033 €31 €32 €33

For an isotropic material, C can be described solely by the material’s Young’s modulus
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F and it’s Poisson’s ratio v. Taking the symmetry of o, E and C into account, the relation
from Eq. 2.116 can be written as

o =CE
[o11] [1—v v v 0 0 0 7 [enn]
0929 v (1—-v) v 0 0 0 €99
os3| E v v (1-v) 0 0 0 g3 | (2.117)
o3| (1+v)1-2v)| O 0 0 L 0 2e93
013 0 0 0 0 =& o0 2¢13
012 L 0 0 0 0 0 =222 [2e2]

2.5.4 Governing equations

Based on the previously presented concepts, a stationary linear elastic problem is governed
by the following set of equations:

dive + Fp =0 (2.118)
1

E = Q(C—I) (2.119)

o =CE (2.120)

where Eq. 2.118 is the equation of motion derived from Newton’s second law, Eq. 2.119 is
the strain-displacement relation given by the Green-Lagrangian strain-tensor and Eq. 2.120
is Hooke’s law which is used as the constitutive equation to relates the stresses to the strains.
The equation of motion (Eq. 2.118) can be derived in a similar manner to the conservation
of momentum presented in section 2.2.2.2. The term F'g represents an arbitrary body force
like gravitation or magnetism. As the problem is considered to be stationary, no time
derivatives are taken into account.
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2.6 Statistics

The analysis of complex systems like centrifugal compressors requires tools which are
able to detect correlations in high dimensional multi physic systems. While the relations
between three, maybe four quantities can be analyzed visually, correlations in higher
dimensional spaces can not be detected this way. This section gives a short introduction
into the theoretical fundamentals of the applied statistical methods. The basic principles
of statistics can be found in [Pap08], [Ras15] or [Wit85].

2.6.1 Sampling Methods

Random samples are the basis for all statistical analyses. These samples are generated by
sampling methods. A set of random samples used for statistical analysis is often referred
to as “Design of Experiments (DOE)“ This term will be used in the course of this work,
too. Sampling methods can be divided into two major groups: systematic and stochastic
sampling methods. In application areas with high dimensional spaces and costly design
evaluations, a good coverage of the design space with a reasonable number of samples can
only be achieved by stochastic methods. This is illustrated by Fig. 2.25. A sampling, done
by central composite design for example, features samples with three different values for
each parameter. Therefore only quadratic correlations can be observed. For a small scale
example with 10 parameters over 1000 samples are generated. This fact disqualifies these
methods for applications with numerically expensive CAE computations. Therefore this

section focuses on these methods. A general overview of sampling methods can be found
in [Rubl1] or [Dyn13].

1.E-07 +
|
1.E-06 ﬁ‘
|
£ 1.E+05
E \
£
% 1LE+04
=
: |
é 1L.E+03 +
z ‘
1E+02
|
1LE~01 + 7 Full Factorial Design m=5
/" Full Factorial Design m—4
| ‘CFullafaétoﬁﬂ Desii:%n m=3
R £ / Centr. omposite Design
LE-00 = | /" Quadratic Sampling
1 9 — /" Linear Sampling
3y
5
Dimensionality

Figure 2.25: Number of samples for one- to ten-dimensional problems generated by systematic
sampling methods (Linear sampling, quadratic sampling, central composite design, full factorial
design with 3,4,5 values per dimension.
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2.6.1.1 Monte Carlo Simulation

Monte Carlo simulation is a straight forward technique to generate stochastic design
samples. This methods generates independent samples by drawing random numbers from
a uniform distribution. The method was first proposed by Enrico Fermi in the 1930s to
calculate neutron diffusion. The name “Monte Carlo® refers to a casino in Monaco. The
Monte Carlo method is particularly suitable for applications where the independence of the
samples is the most important criterion for choosing the appropriate method. As it is a
purely stochastic method, the spacial distribution of the samples can not be influenced. If
a good coverage of the design space is desired, a large number of samples has to generated
when using Monte Carlo sampling. Therefor other methods are more suitable in this case.

2.6.1.2 Latin Hypercube Sampling

Latin hypercube sampling (LHS) is a stochastic sampling method which generates nearly
random independent samples with a focus on reducing the number of samples needed for a
good spacial coverage of the design space. This method was proposed independently by
McKay ( [McK79]) and Eglajs ( [Egl77]) in the 1970s. A sampling for two variables in a
square grid is called a “Latin square® only if the constrain is fulfilled that there is only one
sample in each row and each column . The generalization of this rule to the n-dimensional
space is called “Latin hypercube®.

A basic Latin hypercube sampling containing M samples of N variables is generated by
the following algorithm:

1. Divide the range of each variable into M equal intervals.

2. Create a random sample x,, ,, for each variable n; in each interval m;. This will
result in the following sampling matrix:

r11 21 ... IN,1
LHS = | : : (2.121)

rymM -+ oo INM

Each column represents a variable while each row represents a sample.

3. Randomly permute the cells in each column.

The Latin hypercube algorithm is a stochastic simulation method. Therefore the
resulting sampling can contain unwanted random correlations or uneven spacial distributions.
Advanced versions of the algorithm try to minimize the correlations by optimizing the
permutations in step 3. Alternatively the spacial distribution of the samples can be
optimized by maximizing the minimal distance of the samples.
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2.6.2 Metamodeling

In many cases CAE computations are costly in terms of computational expense. In these
cases it is not possible to do stochastic or statistical analysis or optimizations by evaluating
each design with a simulation. This problem can be bypassed by using a surrogate model
which can deliver a fast prediction of the real problem’s physics. These surrogate models
are often called meta models. Popular approaches for meta modeling are for example
polynomial least squares approximation or Kriging. The meta model is obtained by
generating a set of samples with a suitable sampling method and fitting a regression defined
by one of the previously mentioned methods to the data.

2.6.2.1 Least Squares Method

Least squares approximation is an established method to fit an arbitrary function to a
given set of data. This method is often credited to Carl Friedrich Gauss, but it was first
made public by Adrien-Marie Legendre ( [Sti81]). Details and a derivation of this method
can be found in standard texts on linear algebra like [Brel3]. As polynomials are used in
many cases, this section focuses on these functions.

y = f(x) is an arbitrary n-dimensional function. x is the n-dimensional vector of input
parameters. The basis of the approximation is a DOE of y containing K samples. The k"
samples of y can be approximated by the following polynomial:

Ok =Bo + P11 + Botok + -+ BaTng + BL12T g + .- + Bun@p

(2.122)
B12T1,kT2k + -+ Bn1nTn—1kTnk + €k

£r, is the approximation error of the k* sample defined as ¢, = |yr — 9|, Bi are the
regression coefficients. Writing Eq. 2.122 in matrix notation yields

y=Xp+e (2.123)
with

T
y=\[y1y2 ... Ykl

e=[e1 69 ...5K]T

/B = [60 61 cee Bn /61,1 cee /Bn,n /81,2 cee /Bn—l,n]T

and
1 2 2
Z1,1 R | 56171 N l‘ml 1,122,1 e Tn—1,1Tn,1
2 2
1 z12 ... xpo Tig -0 Tpo  T12T22 ... Tpo12Tp2

2 2
1 xLK e Tn K .%'LK xn,K .’I,'LK.T}QJ( wn—l,Kxn,K
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The sum of square of errors .S or least squares error is given by

K
S = Zs%( =el'e = min (2.124)

and has to minimized in order to obtain the best fit of the data. Combining Eq. 2.123
and Eq. 2.124 yields the least squares error as a function of the regression coefficients
(Equation 2.125).

S(B) = (y—XB)" (y — XB) = min (2.125)

After expansion and simplification of the right hand side, Eq. 2.125 can be written as

S(B) =y"y —28"XTy+ BTXTXB — min (2.126)

The minimum of the least squares error can be found by setting the partial gradient

837%3) to zero. The gradient is given by

95(8)
op

If the matrix X7 X is non-singular, the coefficients 3 can be obtained by solving Eq. 2.127
for 8. This yields

= 2xTy+2xTX)8=0 (2.127)

B=(XTx)" X7y (2.128)

The least squares approximation is given by

j=Xp (2.129)

2.6.2.2 Moving Least Squares

The classical least squares method as described in the previous chapter is a global ap-
proximation method. Therefore, it is not suited to fit data with multiple local minima
or discontinuities. The moving least squares (MLS) method eliminates this problem by
using a local fit at every data point. This method was first introduced by Lancaster &
Salkauskas in 1986 ([Lan86]). Inside the parametric space, ng support points are placed
at which a local approximation is performed. The MLS approximation at the i** support
point is written as

y (@) = XBi +ei (2.130)
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where 3; represents the local approximation coefficients at the i*” support point and ¢;
is the local approximation error. The approximation coefficients can be acquired in a way
similar to the previously described least squares method. The least squares error is given
by

ng
S(x) =) w(x)e} = fw(x)e; = (XB(x) —y)" w(XB(x) —y) — min (2.131)
i=1
where w(z) represents a weighting function to define the influence radius around the
support points. Again, the minimum is found by setting the partial gradient gggg = 0.
This yields the following formulation for the approximation coefficients

Bx) = (XTw(z)X) " X w(x)y (2.132)

2.6.2.3 Kriging

Kriging is a popular regression method for which the interpolated values in between
the data points are modeled by a Gausian process which is constrained by the prior
covariances obtained from the data. In addition to the approximation of the function value
for a parameter combination, this regression method delivers the prediction of the local
uncertainty of the prediction in terms of the local variance. The method was first proposed
by Daniel G. Krige [Kri51] and mathematically developed by Georges Matheron [Mat71].
The basic underlying mathematics are described in this section in a short manner.
The Kriging approximation for a n-dimensional real valued function y(x) is given by

J(z) = p(z) + Z(z) (2.133)

The approximated value is split into a mean value given by the mean function pu(x)
which is superimposed by a stationary Gaussian process Z(z) with variance 0. As the
Gaussian process is stationary, the covariances Cov(Z(x;),Z(x;)) only depend on the
distance d;; = x; — x; between x; and x;. Therefore the covariances can be denoted by

Cov(Z(z;),Z(x;)) = o* - R(d;;) (2.134)

where R(-) is an arbitrary kernel or covariance function and d;; is the distance between
x; and x;. If the mean function p(x) is constant (u(z) = i) and known, the model is called
a “simple Kriging® model. A model with an unknown constant mean function is called
“ordinary Kriging®. If the mean function varies depending on x, the model is referred to as
“universal Kriging”. In many cases the mean function is given by a polynomial approach
of the form p(x) = XB. The unknown coefficients 5 can be approximated by the least
squares method.
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2.6.2.4 Error Measurements

The usability of a metamodel relies heavily on the approximation quality which can be
rated by several error measurements. The difference between the predicted and the actual
value is often called residual. The maximal residual (Eq. 2.135) depicts the largest deviation
between the approximation and the data while the mean residual (Eq. 2.136) uses the
arithmetic average of all deviations to rate the approximation quality. The root mean square

error (RMSE) uses the quadratic mean residual to asses the accuracy of the approximation
(Eq. 2.137).

Trmaz = Max|y; — Jil (2.135)
1 N
T"mean = N 2 |yz - gz| (2136)
1=
N a2
RMSE = \/ 2zl (i; %) (2.137)

The R? value is a measure which relates the variance of the approximation model to the
variance of the data. Another common name for this value is “coefficient of determination
(CoD)“ R? can be computed as

N a2

»_ Zz‘;l (9i — %)2 (2.138)

> i1 Wi —Y)

where 3 denotes the mean value of y. The CoD can take values between 0 and 1 and

is dimensionless. It indicates how well the variance of the original data can be explained

by the chosen regression. A high value of R? does not necessarily imply a highly accurate

regression model as the value of R? increases with the number of model terms used for

the regression. This problem is addressed by the adjusted coefficient of determination

(Eq. 2.139) where n is the number of support points and p the number of regression model

terms. This value does not increase with the number of model terms, but on the contrary

does decrease for unnecessary model terms. If a comparison between R? and dej shows a
significant difference, the regression model most likely contains redundant terms.

n—1

n—p

Riy =1~

(1-R?) (2.139)
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2.6.2.5 Metamodel of Optimal Prognosis

The software optiSLang by Dynardo, which was used for the statistical analysis in this
work, features an automated workflow to determine the best fitted metamodel for a set
of data [Wil09]. This methods uses cross validation to rate different metamodels. In a
first step the data is divided into two subsets, one for metamodel generation and one for
validation / testing. The metamodel is fitted to the data in the first subset. The responses
of the samples in the testing subset are computed using the metamodel and compared
against the original responses. This gives a trustworthy statement of the metamodel
prediction quality. The prediction quality can be described by the “Coefficient of Prognosis
(CoP)* (Eq. 2.140) which takes values between zero and one [Dynl3|. Furthermore the
CoP can be used to derive sensitivity indices for single input variables which depict how
much of the output variation can be explained by the respective input variable.

_ " = 2
COP = Zi\il (yTest,k - yTest) (yTest,k - yTest) (2 140)
(N - 1) O—yTesto—yTest '
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2.7 Optimization

Optimization is the process of obtaining the best possible value of an objective function
while fulfilling the given constraints. First approaches for both iterative and calculus based
optimization methods were proposed by Newton, Gauss, Fermat or Lagrange. As of today
a wide variety of optimization algorithms is known. [Sny18], [Noc06], [Boy06] or [Cor99]
give an overview of these methods. Complex optimization tasks with many input variables
and often multiple objectives can not be solved by manually changing the design and
evaluating the outcome as the interactions between the individual variables are complex
and non linear in many cases. Therefore, powerful optimization tools are required which
are available in the form of mathematical optimization techniques. These techniques can
be divided into two main categories:

¢ Deterministic Optimization Techniques
— Simplex algorithm
— Complex algorithm
— Hill climbing methods
— Gradient based algorithms
¢ Stochastic Optimization Techniques
— Nature inspired methods
x Physical process methods
x Artificial life methods
Evolutionary algorithms

Neural network methods

The given problem of turbomachinery optimization features a high number of parameters,
discrete parameters and multiple objectives. Deterministic optimizations techniques are
unable to handle multiple objectives, constraints of discrete parameters. This limits the
applicable optimization techniques to the group of nature inspired optimization methods.
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2.7.1 Nature Inspired Optimization Methods

Evaluate start population

|

Rate and select individuals

|

Create new individuals

(by mutation, combination, ...)

Initialization

Evaluate new population

Yes

y

Final population

Figure 2.26: Generalized flowchart for nature inspired optimization.

In the course of this work, nature inspired optimization algorithms (NOA) based on
evolutionary strategies and on animal swarm movement were used. Therefore, this section
focuses on these two algorithms. A generalized flowchart for nature inspired optimization
is given in Fig. 2.26. In all NOA methods a population of virtual individuals searches the
parameter space for possible optima.

The typical flow of a NOA based optimization starts with a randomly generated initial
population. For each of it’s individuals the objective function is evaluated. Based on this
initialization, the actual optimization loop starts which generates a new generation of
individuals in each iteration. At the beginning of the optimization loop, the individuals of
the current generation are rated in terms of fitness and compliance to the constraints. The
best designs are selected which are kept for the new generation. In the next step the new
individuals are generated by an appropriate technique. Possible methods in this step are
crossover or combination of existing individuals, mutation or swarm movement. Finally,
the new population is evaluated in terms of the objective function. Afterwards the new
generation again is rated in terms of fitness and compliance to the constraints. If the new
best individual diverges significantly from the previous one, the algorithm returns to the
selection step and continues with a new generation. Otherwise, convergence is assumed
and the optimum is chosen from the final generation.
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2.7.1.1 Evolutionary Algorithms

Evolutionary algorithms are optimization methods which originate from emulating mecha-
nisms known from biological evolution like variation, adaption or selection. In this field of
optimization algorithms the two main classes are genetic algorithms (GA) and evolutionary
algorithms (EA). Generally, both strategies follow the flow as described before. The main
differences lies in the creation of new individuals. While genetic algorithms combine success-
ful individuals to obtain the new generation, evolutionary algorithms introduce variation
into the new generation by modifying the fittest individual of the current generation by
mutation. A good overview of GA is given by John Holland [Hol92], a description of EA
can be found in [Sch81].

2.7.1.2 Particle Swarm Optimization

The particle swarm optimization (PSO) algorithm simulates a virtual swarm of animals
in search for food. It was first proposed by Kennedy and Eberhart in 1995 [Ken95|. The
simulated members of the swarm exchange information about beneficial regions of the
parameter space and move into the direction in which the highest amount of food (=highest
value of the objective function) is expected. The individual movement of the particles is
influenced by the optimum presumed by the perception of the individual as well as the
global optimum presumed by the swarm.
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2.8 Computer Graphics

The mathematics used for the representation of geometries in Computer Aided Drawing
(CAD) and all subsequent CAE processes is of complex nature and a details introduction
would be going beyond the purpose of this chapter. One feature used frequently in this
research are Bézier splines. Beside the use for geometric modeling Bézier splines will be
used at many places to describe relations between parameters and as regression functions.
Therefore, a short overview of the the underlying mathematics is given in this section.

2.8.1 Bézier Splines

A Bézier spline is a parametric curve which is used in computer graphics for the description
of free form curves and surfaces. The basic concept was developed by de Casteljau in 1959
and Bézier in 1968 [Béz68] unknown from each other. Later, the concept was generalized
in form of NURBS (Non Uniform Rational B-Spline). Detailed information about the
mathematics used for representing curves and surfaces in computer graphics can be found
in [Pie97].

Figure 2.27: Bézier curve of degree 4.

A simple Bézier curve of degree 4 is shown in Fig. 2.27. The degree n of the curve is
equal to the number of points in the control polygon minus one. The curve is defined by a
set of control points P; forming the control polygon and parametrized by the parameter
u which can take values between zero and one. A value of u = 0 represents a point at
the beginning of the curve at control point Py while a value of u = 1 represents the point
at the end of the curve equal to control point P,. The first and last point of the control
polygon are always on the Bézier spline while the other points lie outside the curve except
for the special case of a straight line. Further beneficial properties of Bézier splines are
steadiness and differentiability.
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A Bézier curve of degree n is given by

C(u) = En:Bm(u)Pl (2.141)
i=0

where B; ,(u) represents the ith Bernstein polynomial of degree n at the position u [Ber12]
which can be computed as

n!

- muiu — ) (2.142)

Bin(u)
(-)! defines the factorial given asn! =1-2-3-...-(n—2)-(n—1) - n.

Many applications require the derivatives of a curve. If the respective curve is given by
a Bézier spline, the derivative at the location u can be computed by

oC (u) B BZ?:O B n(u)P; B i 0B; n(u) '
T TE D Dk R (2.143)

Analogously, the second derivative is defined by

OC(u) _ O°S1 o Bin(u)Pr _ z": 0?Bi n(u)

ou ou? ou? i (2.144)

=0

Any derivative of a Bézier spline with respect to the parameter u can be computed by
deriving the Bernstein polynomials.



CHAPTER 3

Preliminary Information and Low-fidelity Methods

In this chapter the possible sources of preliminary information to identify beneficial
parameter regions are collected and reviewed. Based on this review the models used in
this work are chosen.

3.1 Investigation of Available Information

A review of literature and published research works provides many methods to predict the
aerodynamic performance of a compressor. These are:

o Empirical correlations
e Preliminary design methods
e One dimensional loss models

¢ Stream surface models

In contrast to the wide range of models for the aerodynamics, similar methods are not
available to predict the structure mechanical performance of the compressor. Therefore a
custom approach has to be developed.
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3.1.1 Empirical Correlations

Empirical correlations enable the turbomachinery engineer to reuse experience form man-
ufactured machines in the design process. This section gives an overview of the most
important correlations found in literature.

3.1.1.1 The Cordier Diagram

A widely used correlation in turbomachinery is the Cordier diagram (Fig. 2.6) which relates
the specific speed o to the specific diameter §. The Cordier diagram is typically used for
the development of new machines from scratch. The specific diameter § can be computed
by Eq. 2.74 from the outer diameter of the impeller and the operation conditions given by
the flow rate V and the pressure ratio II. Then the Cordier diagram delivers a specific
speed o as a function of ¢ for which a high efficiency can be expected. The rotational speed
{2 can be computed according to Eg. 2.73. This makes the Cordier diagram an important
tool at the start of the design process.

3.1.1.2 Slip Factor Correlations

The slip factor introduced in 2.4.5.8 has a major influence on the amount of work transfered
between the impeller and the fluid. One of the earliest and simplest equations for approxi-
mating the slip has been derived by Stodola in 1927 [Sto27]. Stodola assumes a channel
vortex described by a circle fitted into the channel which is generated by the non uniform
distribution of the relative velocity along the direction normal to the flow as prescribed in
Fig. 3.1. In this model, the slip velocity is calculated as the product of the vortex’ speed
and its diameter D, (cs;, = 7§2D,). For a realistic number of blades 2!, the diameter of
the vortex can be approximated by D, ~ (W%) Ba2p. Together with the definition of the
circumferential velocity us = m§2Ds, cs1, Stodola Can be written according to Eq. 3.1.

Figure 3.1: Flow model for the Stodola slip factor

1 Typical blade numbers for centrifugal compressors are in the range of 7 to 19
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TU9
CSL,Stodola = 700852,11 (3.1)

Combining Eq. 3.1 with the general definition of the slip factor ( 2.94) yields the Stodola
slip factor as

T
OStodola = 1 — ;COS/BQ,b (32)

The Stodola slip factor was developed for straight blades and therefore is not applicable
for more complex blade shapes. A number of slip factor correlations have been developed
to bypass this problem of which the one of Busemann is the most popular [Bus28]. The
Busemann slip factor is given by an empirical correlation which is a function of the diameter
ratio g—f, the blade angle and the blade number. The values of 0 gysemann can be read from
diagrams contained in [Bus28].

Subsequent to the works of Stodola and Busemann, further slip factor correlations have
been developed by Eck, Pfleiderer, Stanitz, Ferguson and others. In 1967 all currently
available models were reviewed by Wiesner [Wie67] and compared against measurements.
Wiesner found the Busemann model to be most generally applicable for centrifugal impellers
and developed a simple empirical correlation for the slip velocity:

u4/sinBap (3.3)

CSL,Wi =
esner ZO ‘7

Together with Eq. 2.94, the slip factor according to Wiesner can be written as

\/8inPBayp
OWiesner — 1 — T (34)

This definition is applicable for impellers with a diameter ratio g—; below a limit defined
by

—8.163@'71527;,) (3.5)

€Limit = €TP (
y4

For impellers with a diameter ratio above this limit the slip factor can be obtained by
the empirical equation

Dy

3

D, — ELimit

/ Do

OWiesner = OWiesner * |1 — (1_6“> (3.6)
T
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This definition of the slip factor given by Wiesner is applicable for a wide range of
impellers and does not rely on graphical methods. This makes it the favorable method to
be used in applications requiring automation without user interaction.

An exact approximation of the slip is important for any performance prediction based on
one dimensional fluid dynamic computations as it allows to incorporate the influence of
the three dimensional blade shape into a mean line computation.

3.1.1.3 Efficiency Correlations

0.9 ' ' '
0.851
§)
< 08f
=
=
20757
o8
2 —MaU2 = 0.8
E»l) O Tr 7771\-'18.[)2 — 10 f
QC_)' """ MalU2 = 1.2
o MalU2 — 1.4
0.651 —~MalU2 = 1.6/
—MalU2 = 1.8
O.G 1 1 1

0 0.02 004 0.06 0.08 0.1 0.12  0.14
Flow Coefficient
Figure 3.2: Prediction of the polytropic efficiency in dependence of flow coefficient and tip
speed Mach number

The efficiency of a centrifugal compressor impeller relies on many different factors like the
impeller geometry, the thermodynamic and fluid dynamic processes inside the impeller
and the operation state of the machine. In many cases, these influences can not be taken
into account in simplified analytical computations. Therefore, empirical correlations are
used to get a course first guess of the efficiency. Rodgers has presented several correlations
for the efficiency in dependence of the specific speed and global geometric quantities
([Rod79],[Rod91]). In [Casl2]|, Casey and Robinson generalized this approach by using
further empirical correlations to derive a model for efficiency prediction which only relies

u2

on the flow coefficient and the tip speed Mach number Ma,,, = AT The efficiency is
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predicted according to Eq. 3.7.

© <0.08: Tlpol = Mhmax |:1 — K (‘Pmar - 30)2 — ko (Spmax - 90)2 (3 7)

© > 0.08: Npot = Nmaz [1 — k3 (p— SDmaz)Q]

with the empirical constants 74, = 0.86, ©maz = 0.08, k1 = 27, ko = 5000 and k3 = 10
taken from [Casl2]. For tip speed Mach number above 0.8 a decrement in efficiency has to
be considered. It is computed according to

Anpor = —ky P — ks P? (3.8)

with the empirical constants k4 = 0.05 and k5 = 3 and the expression P = ¢ (Ma,, — 0.8).
The resulting efficiencies are plotted in Fig. 3.2 and can be used in early design stages
when no detailed information about the machine performance is available.

3.1.2 Preliminary Design Methods

The preliminary design of a centrifugal compressor is based on mean line analysis. This is
done by solving the conservation equations at the stations depicted in Fig. 3.3. The inputs
and outputs of a preliminary design are given in Tab. 3.1. A comprehensive description of
the complete process is given in standard text books on turbomachinery design like [Fis86].
The most important outcome of a preliminary design computation are the blade angles
at the leading edge, the blade height at the leading and trailing edge and the pressure at
the impeller outlet. The blade angles at the leading edge are of particular importance for
the operation of the impeller as these angles are crucial for a blade congruent flow at the
impeller throat. Beside that, no further information about the machine performance can
be obtained.

A: Ambient contitions

0:  Machine inlet

1:  Impeller inlet

Th: Throat / Leading edge

2: Impeller Outlet / Trailing edge

3. Diffuser Outlet e
@ ®‘

Figure 3.3: Side view of a single stage compressor with stations for mean line computation.
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Table 3.1: Input and output quantities for preliminary compressor design

Quantity

Source

Input quantities

Design flow rate

Design pressure ratio

Gas properties

Outer diameter

Rotational speed

Shaft diameter

Axial extent

Trailing edge blade angle
Stage polytropic efficiency
Output quantities

Blade angles at the throat
Leading edge blade height
Trailing edge blade height
Number of blades

Outlet pressure

Global machine specification

Cordier diagram
Cordier diagram

Shaft design

Free design parameter
Free design parameter

Correlation or experience

Minimization of the relative Mach number at the throat tip
Continuity equation and correlations

Continuity equation and correlations

Correlations

Energy and momentum equations
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3.1.3 Loss Model Performance Prediction

Euler’s { I::>

Turbi.ne Meanline

Equation Computation Loss
- - Computation

Isentropic Impeller
Work

Theoretical Work Real Work

Figure 3.4: Fundamental principle of loss model performance prediction.

Loss modeling is an established technique to predict the aerodynamic performance of
turbomachinery components at early design stages. Compared to three dimensional CFD
it is considered a low-fidelity method. It uses one dimensional aerodynamic calculations
to compute the ideal performance of the machine. The real performance is predicted by
applying losses based on empirical correlations. This approach allows a fast prediction. The
fundamental principal of performance prediction is depicted in Fig. 3.4. The theoretical
maximum performance of the compressor is given by Euler’s turbomachinery equation.
The isentropic performance of the compressor can be obtained by a mean line computation.
Finally the real performance is obtained by applying losses to the isentropic performance.
If these steps are repeated for different mass flow rates, the complete characteristic of the
compressor can be computed. An overview of the losses for centrifugal compressors is given
in Fig. 3.5.
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Compressor Loss Models

Volute Losses:
¢ Skin Friction Loss

* Meridional velocity head dissipation Loss

Impeller Losses:
* Blade Loading Loss
* Hub to Shroud Loss
Blockage Loss
Supercritical Mach
Number Loss

Skin Friction Loss
Slip

* Tangential velocity head dissipation Loss

Trailing Edge Losses:
* Wake Mixing Loss
* Recirculation Loss

Inlet Passage Loss:
* Choking Loss

Impeller Throat Loss:
+ Choking Loss

Vaned Diffuser

Losses:

» Skin Friction Loss

* Blockage Loss

Blade Loading Loss

Leading Edge Incidence Loss
Throat Choking Loss

Trailing Edge Wake Mixing Loss

Leading Edge Losses:
* Incidence Loss
* Diffusion Loss

Vaneless Diffuser |

Passage Losses:
* Skin Friction Loss

* Diffusion Loss

* Blockage L
* Curvature Loss

Figure 3.5: Overview of loss models for centrifugal compressor stages



3.1 Investigation of Available Information 69

3.1.4 Stream Surface Performance Prediction

Figure 3.6: Placement of S1 and S2 stream surfaces in the flow channel of an axial machine.
Image taken from [Wub52].

The performance prediction using stream surfaces is a pseudo three dimensional iterative
flow computation method. The basic idea is to subdivide the flow channel into an infinite
number of virtual blades of infinitesimal thickness in order to compute the three dimensional
flow on two dimensional surfaces. This idea was first introduced by Lorenz in 1905 [Lor05].
The first successful implementation was published by Wu in 1952 [Wu52]. The placement
of the S1 and S2 stream surfaces is shown in Fig. 3.6. The S1 surface is defined as a surface
parallel to the flow direction between two adjacent blades. The S2 surface is a rotated
version of the a blade surface. A S3 surface (not shown in Fig. 3.6) is defined as a surface
perpendicular to the flow direction. The approach published by Wu uses a orthogonal mesh
on the middle S2 surface. The nodes of the mesh are placed at the intersections of the
streamlines (£ direction) and the quasi-orthogonals (7 direction) as shown in Fig. 3.7. In
each node of this mesh the constitutive equations of mass and momentum are solved. This
is done by obtaining a differential equation for the change in pressure in the local n and &
directions from the combination of mass and momentum conservation. The effects of the
circumferential variation of the flow field are incorporated by using values circumferentially
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averaged on a S1 surface in each node of the two dimensional mesh. Details about the
mathematical derivation and the implementation can be found in [Wu52]. A general
problem of the S2 method using a pressure based approach is a unsteadiness that occurs
when the Mach number reaches unity. Therefore, this method is not recommended for
computations of modern high speed machines.

—

A

>

Z
Figure 3.7: Mesh on a S2 surface with global r,z and local curvelinear 7, coordinate systems.

An alternative approach to compute three dimensional flow on a two dimensional stream
surface is offered by Denton [Den78|. This approach uses a differential equation to describe
the change of the meridional velocity in the hub to shroud direction (Eq. 3.9). The change
of the meridional velocity ¢, is computed by the summation of contributions resulting from
the curvature of the streamlines, the energy equation solved for an equilibrium condition
between hub and shroud (“radial equilibrium*) and the forces acting on the flow by friction
(Fr) and the rotation of the blades (FB). rstreamiine 1S the local curvature radius of the
streamline at the current node, r is the local radius of the node in the z,7-plane and ¢ is
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the angular position of the node on the blade in a cylindrical coordinate system. In this
method, no unsteadiness occurs due to Mach numbers of one. Therefore, modern high
speed machines can be computed.

19c? dc c? Ohy 0s 1 O(rey)?
_Zm o —— cost) + —— gindd —_t_p=_ - TV Fr+F
2 a77 ¢ 877 cosvE T'Streamline o - 65 86 2r2 86 s

Termsresulting from streamline curvature  Termsresulting from radial equilibrium

(3.9)

The solution of the meridional velocity differential equation is obtained numerically at
each node of the mesh on the S2 surface. Therefore this method can not be considered
as an analytical method. The solution algorithm is shown schematically in Fig. 3.8. In
each iteration the spacing of the streamlines is adjusted in dependence of the mass flow
through the streamline which is directly related to the meridional velocity by the equation
of continuity (Eq. 2.1). The convergence of the solution depends strongly on detailed
empirical correlations for the entropy generation in the impeller. Given this premise, a
stream surface computation can obtain results orders of magnitude faster compared to a
fully three dimensional CFD computation.

Apply boundary conditions,
Initialize the geometry

|
Loop:

+ Compute velocity triangles and angular momentum for every node

¢« Compute enthalpy, temperature, pressure, density in every node
* Solve ¢, differential equation on the middle streamline

Inner loop on quasi orthogonals:
* Scale ¢, to all streamlines
+ If the resulting mass flow deviates from the target

= adjust c,, on the middle streamline

¢ Update the streamline positions according to the mass flow on each
streamline

\ Stop if ¢, does not change anymore

Figure 3.8: Flowchart of the stream surface algorithm.
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3.1.5 Prediction of Structure Mechanical Performance

As mentioned before, the impeller of a centrifugal compressor is a highly stressed component.
Thus, it is necessary to check every possible design for compliance to the structure
mechanical constraints in terms of stress and deformation. In contrast to the diverse
methods available for the fluid dynamic performance prediction, almost no comparable
models can be found for the structure mechanic domain.

Biezeno and Grammel [Bie53| describe a simplified method to predict the deformation
and stress of a rotating disc on a shaft. Furthermore an analytical model for the mechanical
performance of axial turbine blades is given. These models are not suitable for modern
centrifugal compressors as the complex three dimensional shape of the blades can not be
considered.

Several studies have shown that the three dimensional blade shape has a major influence
on the distribution and magnitude of stress in the impeller ([Loh00], [Wan06]). Therefore
a method for predicting the structure mechanical performance has to be capable of taking
three dimensional effects into account. A reliable prediction of stress and deformation
can only be accomplished by FEA computations. The amount of computational resources
necessary for rating each design by a three dimensional FEA simulation however conflicts
with the requirement of having a fast prediction method.

An alternative approach is the use of a metamodel for the prediction of the structure
mechanical performance. This methods uses the techniques described in section 2.6.2 which
are used to generate a regression model based on a DOE of FEA simulations to predict
stress and deformation. While this approach still requires a certain amount of computation
time, the result is a reusable for fast prediction of the structure mechanical performance in
dependence of the tree dimensional blade shape.
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3.2 Review and Selection of Models

The methods introduced in the previous sections have to be reviewed in terms of applica-
bility for rating designs in an optimization process in a fast way.

Empirical Correlations
The intended use of the Cordier diagram is delivering a matching “outer diameter-
“rotational speed‘-pair for a new machine design with given pressure ratio and design flow
rate. This data is useful at early design stages. In the case of optimizing an existing
design, both the outer diameter and the rotational speed are kept constant as changes in
these quantities would cause drastic changes of the operation characteristic of the machine.
Furthermore modern impeller designs show deviations from the correlation observed by
Cordier. Therefore, the Cordier diagram will not be used in this work.

Slip is an important effect which has a strong influence on the performance of the machine.
When using one dimensional performance prediction methods, a model for predicting the
slip is needed to depict the relation between the aerodynamic performance and the blade
shape. In this work the slip model according to Wiesner (Eq. 3.6 and Eq. 3.5) will be used.
This model has the advantage to cover a wide range of machines without the need of using
graphical methods. Therefore, this method can be easily incorporated into an automated
computation process.

Similar to the Cordier diagram, empirical correlations for the efficiency are typically
used at early design stages when only little information on the performance of the machine
is available. If the design of an existing machine is to be optimized, a great amount of
data of the initial design is already available. Therefore efficiency correlations were used
solely for the preliminary design method applied in the “Design-by-Optimization® approach.

Preliminary Design Methods
A preliminary design based on meanline computations provides values for the blade inlet
angles and the blade hight at leading and trailing edge (Tab. 3.1). If an optimization aims
at the improvement of an existing design (“Design-Optimization“), these quantities are
not changed in a pronounced way. Therefore no new preliminary design computations are
needed in this case. If the optimization approach is applied to determine a new machine
design from scratch (“Design-by-Optimization“), the leading edge blade angles and the
inlet and outlet geometries should be determined by a preliminary design code. Otherwise,
many designs are included in the sampling whose operation characteristics differ gravely
from the intended operation range.

Therefore, a preliminary design code is implemented which can be used for the “Design-
by-Optimization“ case.

Loss Model Performance Prediction
Loss modeling offers a fast method to predict the performance of a machine in dependence
of the geometric design. This makes loss models a useful tool to rate designs in an op-
timization process in a fast way. The implementation of the models is described in chapter 6.
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Stream Surface Performance Prediction

In the course of this work, a flow solver based on the meridional velocity differential
equation (Eq. 3.9) according to Denton has been developed. As described in section 3.1.4,
this method relies strongly on empirical correlations for the entropy generation to achieve a
sufficiently fast convergence. The solver developed in the course of this work showed a very
slow convergence behavior and therefore can not be used for a fast rating of designs in an
optimization process. As it seemed very unlikely to solve this problem within an acceptable
development time, this prediction method has been discarded. The convergence problems
were very likely caused be the used correlation for entropy generation. As no detailed
empirical data was available the entropy generation has been predicted by a efficiency
correlation according to Casey and Robinson (Eq. 3.7 and Eq. 3.8).

Structure Mechanical Performance Prediction
The structure mechanical performance is predicted by a metamodel in this work as no
simplified computation method is capable of taking the three dimensional blade shape into
account. The metamodel generation is described in detail in chapter 6.



CHAPTER 4

Statistical Model

Information acquired from the models introduced in the previous chapter shall be used
to generate a sampling which clusters samples in potentially beneficial regions of the
parameter space while assuring an even but sparse coverage of the remaining areas. For
any given problem, the relation between input and output parameters can be described by
some kind of distribution function. In this work, a distribution is required which describes
the relation between the geometry of an impeller design and sample quality in terms of the
aerodynamic and structure mechanical performance of the design. This distribution is, as
in most real applications, not known in a mathematically closed way by a single formula
but a value at each point can be computed from the preliminary information introduced in
chapter 3. Therefore, the underlying distribution must be approximated numerically. In
this chapter a literature research was conducted to generate an overview of the available
methods. Finally, the method best suited to fulfill the given constraints is chosen.

75



76 Chapter 4 Statistical Model

4.1 Investigation of Available Methods

A research of available literature revealed two methods from the group of Monte Carlo
Methods for sampling from an unknown distribution function. These are:

o Acceptance / Rejection Sampling

« Bayesian Updating / Metropolis Hastings Algorithm

The methods are evaluated by using high dimensional test functions to model the
distribution of the sample quality. The resulting sampling is rated by two criteria:

1. Are the designs of the resulting sampling concentrated in areas with high sample
quality?

2. Is the level of correlation between the input parameters at a low, acceptable level?

The applied method for rating the different methods is illustrated by a simple example.
Figure 4.1 shows the histogram and the correlation matrix of a sampling of a 20 dimensional
test function consisting of 100 samples generated by Latin hypercube sampling. The
correlation matrix clearly shows that the input parameters are independent of each other.
Under the aspect of input correlations, the sampling complies very well with the required
criterion. The distribution of the samples in terms of sample quality as depicted by the
histogram on the other hand shows a contrary tendency. The green curve in the histogram is
the “desired” or “ideal” distribution function of a sampling with a clustering in regions with
a high sample quality. The red curve is the distribution fitted to the data of the sampling.
In the given example a strong discrepancy between the ideal and the fitted distribution
can be observed. The generated sampling contains many samples of low quality which are
unlikely to lead towards the optimum. This is due to the fact that the Latin hypercube
algorithm aims at generating a sampling that evenly covers the whole parameter space
with minimal input correlations. The values of the sample’s output quantities however are
not taken into account. Therefore, a simple Latin hypercube sampling is not suited for
this special case.

Latin Hypercube Sampling, 20d, n=100

Correlation Matrix

Histogram

Data
30:- |—Fitted distribution function
Ideal distribution function

0 0.2 0.4 0.6 0.8 1
Sample Quality

Figure 4.1: Histogram (left) and correlation matrix (right) for a Latin hypercube sampling
of a 20 dimensional test function consisting of 100 samples.
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411

Test Functions

Many popular test (or benchmark) functions for optimization algorithms have properties
which are not observed in “real world“ problems and thus limit the significance of evaluation
results obtained by optimizing these functions. These properties are in particular:

Symmetry and same parameter values of the optimum

Many popular test functions are symmetrical around their global optimum. Ackley’s
function, Griewanks’s function or Rastrigin’s function for example are symmetrical
in respect to their global optimum at the origin. Additionally the global optimum
of many popular benchmark functions has the same parameter value for all dimen-
sions. Examples are Rosenbrock’s function with the global optimum at [1,1,1,...,1]
or Schwefel’s function ([420.9687,420.9687,420.9687,...,420.9687]). Both effects are
unlikely to be found in real applications.

Global optimum at the origin
The global optimum of many benchmark functions is located at the origin of the
parameter space. This behavior is rarely observed in real world problems.

Global optimum at the center of the search range

The combination of the two previously mentioned effects can often result in the effect
that the global optimum is located at the center of the search range which again is
not typical in real applications.

Liang et al. proposed a method for generating composed test functions which bypass
those problems [Lia05]. The benchmark function is created by combining different test
functions. Fach single functions is shifted and rotated. The functions are combined using
Gaussian functions to blur the individual functions and obtain a smooth composite function.
The functional principle of the algorithm are given below:

Definitions:
F(x) The composed benchmark function.
fi(x) ith basic test function.
n Number of basic test functions.
D Dimensionality.

TminsTmaz ©  Search range of F'(x) (D dimensional vector).

Tmin,i»Tmaz,i: Search range of f;(z) (D dimensional vector).

M;
0;

Oj.old

Rotation matrix for f;(z).
New position of the shifted optimum of f;(x).

Original position of the optimum of f;(z).
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w; :  Gaussian weighting function for f;(z).
i . Scaling factor for f;(x).
bias; : Sorting parameter to mark the function f;(z) whose optimum shall be used

as the global optimum. The optimum of the function with the smallest value
of bias; becomes the global optimum of the composed function.

The composed function is computed by the following equation:

Fz) = Zn: {wi . [ fi <”C_0;(’“M> + bmsi] } (4.1)

i=1

The Gaussian weighting functions w; are given by

w; = exp <ZkD:1 (zk — 0ik + Oi,oZd,k)2>
KA
2Dg?

(2

(4.2)
= { wj for w; = max(w;)
¢ w; - (1 — mam(wi)lO) for w; # max(w;)

The Gaussian weighting functions are normalized by w; = ;" ; w;. The parameter
o; controls the length of the Gaussians which influences the range around the individual
optimum in which the function in used for the global composed function. When different
functions f;(x) are used it is recommended to scale the values of all functions to the same
interval to obtain a smooth composed function.

Figure 4.2 shows a multimodal two dimensional test function composed from 10 sphere,
Ackley and Levy functions. Using the method described above, arbitrary functions with
any number of dimensions and local optima can be constructed.

0.8
0.6
0.4

0.2

Figure 4.2: Composed two dimensional test function.
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4.1.2 Acceptance / Rejection Sampling

Acceptance / rejection sampling is a technique which belongs to the class of Monte Carlo
simulation methods. A general overview of this method can be found in [Cas04]. Acceptance
/ rejection sampling is used to generate samples from an arbitrary target distribution X
whose density function f(x) can not be written in a mathematically closed form. Therefore,
samples cannot be generated directly from this distribution. This is the case for many
real problems where the relation between the systems parameters and responses can be
described by a complex multivariate distribution which can only be computed for single
parameter configurations.

The general principle of the algorithm can be visualized by a simple example. The
density function of a random variable is is drawn on a rectangular board and darts are
thrown at the board. The distribution of the darts around the board is assumed to be
uniform. After throwing the darts, all which are not in the area under the curve are
removed. Then the density at certain location on the x axis is depicted by the number
of darts in the y direction at this location. For the algorithmic implementation of this
principle, the acceptance / rejection sampling method uses a proposal distribution Y with a
known density function g(x) to generate samples from X. This is accomplished by drawing
samples from Y and accepting these samples with the probability f(z)/(Mg(x)). M is a
constant which has to satisfy the relation f(x) < Mg(x) to ensure that the samples drawn
from Y lie “below* the density function f(z) of X. The algorithm to obtain a sample from
distribution X with density f(z) by sampling from Y with density g(z) works as follows:

e Draw sample y from distribution ¥ and u from U(0,1) (the uniform distribution over
the unit interval).

o Compute f(y).
o Check whether u < f(y) = (Mg(y)):
— Yes: accept y as a sample generated from f(x)

— No: reject y and return to the first step

This algorithm is repeated until the desired number of samples is generated from the
target distribution X.

Figure 4.3 shows the histogram of a sampling generated by rejection sampling. This
example uses a 2-dimensional multi modal test function as the density function f(z) of
the target distribution X and draws samples from a proposal distribution Y with uniform
density. The red line in Fig. 4.3 depicts a probability density function fitted to the data of
the simulated distribution while the green line shows the desired distribution for a sampling
with a focus on high quality designs. In this case, the fitted probability density function is
close to the ideal one. The result of the application of the acceptance rejection algorithm
to a 20 dimensional case is shown in Fig. 4.4(a). Here, the positive effect decreases and
the fitted density function shows a strong deviation from the ideal one. Therefore, this
method does not fulfill the requirement of generating a sampling with a focus on high
quality designs.
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Histogram Rejection Sampling 2d n=100
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Figure 4.3: Histogram of a sampling generated by rejection sampling for a 2d test function.
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Figure 4.4: Histogram and correlation matrix for a sampling consisting of 100 samples
generated by acceptance rejection sampling for a 20d test function.

The correlations generated by acceptance rejection sampling for the 20 dimensional case
are shown in Fig. 4.4(b). While there are some correlations, the overall level of input
correlations is within an acceptable range.
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4.1.3 Bayesian Updating

Bayesian updating is a method used to update the probability of a hypotheses of the
occurrence of an event as more information becomes available by using Bayes’ rule (Eq. 4.3).
Bayes’ rule describes the occurrence of an event E under certain preconditions. The
conditional probability P(H|D) describes the probability of the hypothesis H given that
the data D was observed and is also called the “posterior probability*. The probability P(H )
is the “prior probability“ of the hypothesis H, while P(D) is the probability of observing
D, which can be related to model or measurement errors. P(D|H) is the probability of
observing F under the condition of H.

P(D|H)P(H)

P(H|D) = D)

(4.3)

The process of updating a probability according to Bayes’ rule can be modeled by a
Markov chain. A Markov chain is a stochastic process whose future state can be predicted
from it’s present state. The sought after density function of probability X represents the
future state of the chain while the proposal probability Y presents it’s current state. Using
algorithms from the class of Markov chain Monte Carlo methods, the unknown density
function f(z) of probability X can be estimated by sampling from a proposal probability
Y with known density g(x) under the condition that f(x) can be evaluated at every point.
Popular algorithms of this class are the Metropolis-Hastings algorithm, Gibbs sampling or
slice sampling. A review of literature on this topic has revealed the Metropolis-Hastings
algorithm as the most promising approach. Therefore the rest of this section focuses on
the Metropolis-Hastings algorithm.

As a possible alternative to Bayes’ updating, the principle of maximum entropy can be
used to update a probability distribution based on observed data. A literature review on
this topic has revealed no significant advantages over Markov chain Monte Carlo methods.
Therefore, this path was not pursued any further.

4.1.3.1 Metropolis Hastings Algorithm

The Metropolis-Hastings algorithm is a Markov chain Monte Carlo method and was first
proposed by Metropolis et al. [Met53]. It is used to generate a sequence of random samples
from a probability distribution for which direct sampling is not possible. Similar to rejection
sampling, it requires a density which is used to generate candidates. As the algorithm is
used to simulate a Markov chain, the proposal density should depend only on the current
state of the process. In the course of this research, a version of the Metropolis-Hastings
algorithm according to Chib and Greenberg [Chi95] is used. A crucial decision with a grave
effect on the algorithms efficiency is the choice of the proposal density g(x;+1|z;) for a new
candidate x;1 based on the previous observation x;. If no additional information about
the system behavior is known, a proposal density has to be assumed. For every step the
probability of moving to the new candidate point can be computed by Eqn. (4.4).

f(@iv1)g(wi|Tiv1)
f(zi)g(zip|zs)

a (Tit1|zi) = min

(4.4)
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If the proposal density is symmetric, which is usually the case, the conditional probabilities
g(zilzit1) and g(zi4+1|z;) are equal and therefore Eqn. (4.4) simplifies to:

f(@iy1) ’1]

@) (4.5)

a (Tip1]zi) = min [

The Metropolis Hastings algorithm goes as follows :

Algorithm 1 Metropolis-Hastings algorithm
Start with initial sample zq
while n < N do
Generate y from g(y|z;)
Generate u from U(0,1)
Calculate a(y|z;) according to Eqn. (4.5)
if u < o then
Set 41 =y
Set n=n-+1
else
Do nothing
end if
end while

Histogram Metropolis Hastings Sampling 2d n=100
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Figure 4.5: Histogram of a sampling generated by the Metropolis Hastings algorithm for a
2d test function.

Analogously to the acceptance / rejection sampling, the Metropolis Hastings algorithm
is applied to sampling from a distribution whose density function is modeled by a test
function. Figure 4.5 shows the histogram of a sampling generated by the Metropolis
Hastings algorithm for a two dimensional test case. As no information about the proposal
distribution is known in this case, new samples are drawn from a Gaussian distribution
centered at the previous sample with a standard deviation of a third of the parameter
range. The red line again marks the distribution function fitted to the data while the green
line represents the desired, ideal distribution function. For the two dimensional case a
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bias of the distribution towards designs with a high quality can be observed. For the 20
dimensional case however, this distribution shifts as most of the generated samples are
located in areas of lower sample quality (see Fig. 4.6(a)).
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Figure 4.6: Histogram and correlation matrix for a sampling consisting of 100 samples
generated by the Metropolis Hastings algorithm for a 20d test function.

Figure 4.6(b) shows the correlation matrix of the Metropolis Hastings sampling for the
20 dimensional case. A high level of input correlations can be observed for this sampling.
Together with the non-ideal distribution of the designs in terms of sample quality this
method does not meet the design goals.
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4.1.3.2 Advanced Metropolis Hastings Algorithm

One potential problem of the Metropolis-Hastings Algorithm is that is may get stuck in one
region of the parameter space which can lead to unwanted accumulation of samples and
high input correlations. This problem could be bypassed by generating a higher number
of samples. As the reduction of the numerical expense is a main goal of this research, an
incrementation of the generated samples is not an option. Another approach is the inclusion
of a mechanism which prevents the generation of new designs in areas of the parameter
space which were already searched. Luersen et al.[Lue04] presented a method which uses a
Gaussian-Parzen-window approach to determine restart points for a global optimization
algorithm. The density of the points already placed in the parameter space is described by
an additional probability p(z;+1) which takes high values in sparsely populated areas of
the parameter space and low values in areas which already contain a lot of samples. This
probability is used in the Metropolis-Hastings-algorithm to additionally rate each sample.
The step probability for the advanced Metropolis-Hastings-algorithm can be computed as

o (2is1|z;) = min [fj(;gz)l) p(Tig1),1 (4.6)

The probability p(z;+1) is computed by

p(zig1) $z+1 (4.7)

||M2

where N is the number of previously sampled points and p; is the multi-dimensional
Gaussian probability density function given by

1
(2m)% (det (X))

bj ($i+1)

) (4.8)
- exp (—Q(xi+1 — xj)TE’l(:ciH — .Z']))
Here, n is the dimension and X' is the covariance matrix given by Eqn. (4.9).
o? 0
X = (4.9)
0 o2
The variances are estimated by
2 _ max min\ 2
oj=a (mj — ) (4.10)
where a is a parameter which controls the length of the Gaussians and xmm and 27" are

the bounds of the parameter range in the jth direction.
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Figure 4.7a) shows a sampling generated by the advanced Metropolis Hastings algorithms
for a 20 dimensional test function. While this result looks promising, the repetition of
the algorithm in Fig. 4.7c)-d) reveals a strong stochastic component in this method. The
correlations of a sampling generated by this method are shown in Fig. 4.8. Compared
with acceptance rejection sampling (Fig. 4.4(b)) and the standard Metropolis Hastings
algorithm (Fig. 4.6(b)), this method generates the highest level of input correlations. These
correlations in combination with the uncertainty of the generated distribution rule out this
method as a possible approach to fulfill the design goals of a sampling with a bias towards
high quality designs and low input correlations.
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Figure 4.7: Histogram of four samplings generated by the advanced Metropolis Hastings
algorithm for a 20d test function.
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Figure 4.8: Correlation matrix of a sampling generated by the advanced Metropolis Hastings
algorithm for a 20d test function.
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4.2 Review and Rating

The review of the methods presented in the preceding sections shows that no method
manages to meet the requirements of a sampling with a focus on high quality designs
together with a low level of input correlation. Acceptance rejection sampling can satisfy the
requirement of low input correlations but fails to generate a sampling with a bias towards
high quality designs. The standard Metropolis Hastings algorithm fails to meet both the
design goals of low correlations as well as the requirement of a sampling with many high
quality designs. The advanced Metropolis Hastings algorithm is able to generate a sampling
with the desired distribution but the results have a strong stochastic component. Therefore,
they are not reliable. Additionally, the advanced Metropolis Hastings algorithm generates
the strongest correlations of all tested methods. However, further investigations on the
advanced Metropolis Hastings algorithm have shown that both the difference between
the actual and ideal probability density function as well as the level of input correlation
decrease with a higher number of generated samples (see Fig. 4.9). As the main motivation
for this research is the reduction of costly numerical computations, a higher number of
samples is clearly not an option. Therefore, in the case of higher sample numbers, it would
be necessary to thin out the sampling while maintaining the spacial distribution of the
samples. This consideration leads to the development of a novel sampling method.
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Figure 4.9: Histogram and correlation matrix for a sampling consisting of 1000 samples
generated by the advanced Metropolis Hastings algorithm for a 20d test function.
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Filtered Sampling

The review at the end of the previous chapter revealed that the advanced Metropolis
Hastings algorithms is capable of generating the desired sampling, if a high number of
samples is created. This approach contrasts the aim of this research to reduce the numerical
expense. Therefore, some kind of sample reduction would be needed. Based on these
results, a novel, multi-fidelity sampling method called “Filtered Sampling“ is proposed.
The considerations leading to this approach are:

e A sampling with a concentration of samples in areas of high sample quality can
be generated by the advanced Metropolis Hastings algorithm, if a large number of
samples is created.

e This sampling has to be thinned out to meet the design goal “minimize the numerical
expense®. The thinning must retain the overall spacial distribution and the correlations
of the samples.

o If the final sampling can only be acquired by thinning out an initial sampling,
the initial sampling does not need to fulfill the requirements in terms of spacial
distribution as the desired distribution can be generated by the thinning.

The “Filtered Sampling®“ approach can be formulated as follows: generate a very detailed

Latin hypercube sampling, which is thinned out until the desired number of samples is left
and the quality of the samples is distributed in the desired way.

89
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5.1 Method

The filtered sampling algorithm starts with a high-resolution latin hypercube sampling of
the whole parameter space. A magnitude of ten times the target sample size has proven
purposeful. Next, the quality of each sample is determined. According to it’s quality, each
sample is assigned to a class defined by bounds in terms of sample quality. Figure 5.1
illustrates the classification of samples by a 2-dimensional test function. These classes are
thinned out by removing samples in densely populated areas until the desired distribution of
the sample quality is reached. This way, the spacial distribution of the samples stays nearly
uniform and therefore only minor input correlations are introduced into the sampling.

| Test function|
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1 Class 3
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s S --'\. Class 5
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Figure 5.1: Sample classification of a 2-dimensional test function

5.1.1 Implementation

The algorithm for the filtered sampling approach is outlined in Fig. 5.2. The classification
of the initial sampling is controlled by two weighting functions which control the size and
the bounds of the classes. The choice of the weighting function is arbitrary. In this work
Bézier splines are used. The algorithm iterates over the samples of one class and removes
in each iteration the sample with lowest information value until the desired class size is
achieved. The “information value“ of a sample is determined by looking at the population
density of the parameter space in the neighborhood of the sample. The idea behind this is
that another sample in an already densely populated area will not add much additional
information to the sampling. The local density of the sampling at one sample p; ., is
determined by the minimum of the distances between this sample and the samples in the
subset S according to Eq. 5.1. S is a subset of the complete sampling consisting of the
class z; belongs to and the adjacent classes. dist(-) is an arbitrary, normalized distance
metric (e.g. Euclidean distance, Manhattan distance, Mahalanobis distance). The sample
with the highest value of p; ;, has the nearest neighbor and is therefore removed. Rating
the local density of high dimensional data by a distance measure can be dangerous as the
dimensionality becomes a significant influence on the distance for high dimensions. This
effect is known as the “curse of dimensionality* [Bey99]. For data with strong correlations
however, like in the case of classification by one dimension, this effect does not occur.
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Similar observations have been made by Zimek et al. [Zim12].

1
min (dist(x;,S)

Plx; =
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Figure 5.2: Flowchart of the filtered sampling algorithm

5.1.2 Distance Metrics

A metric (or “distance function®) is a function which computes the distance between
elements of a set as a non-negative real number. This way, distance functions provide
an instrument to measure how close the elements of a set are. These elements can be
scalar numbers, vectors or arbitrary matrices. If the resulting distance of two elements
is zero, those elements can be considered equivalent in terms of the applied metric. In
this section, a short overview of some common distance metrics is given without the claim
of completeness. Detailed derivations and additional metrics can be found in standard
textbooks on mathematics like [Brol3].

5.1.2.1 Euclidean Distance

The most commonly know distance metric is the Euclidean distance (also know as
“Pythagorean metric®, “L? distance“ or “L? norm“). The Euclidean distance of two

points ? and 6 is given by the length of the line segment connecting these point (PQ).
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In an n-dimensional Cartesian space it can be computed by the Pythagorean formula:

dpuctidean(B.Q) = V@1 — P2+ (@2 — 02+ -+ (an — pn)?

5.1.2.2 Manhattan Distance

The Manhattan distance (also referred to as “taxicab metric*) was first considered by
Hermann Minkowski in the 19th century'. It measures the distance between two points
as the sum of the absolute differences of their Cartesian coordinates. This principle is
illustrated in Fig. 5.3 by the distance between two points ﬁ and () on a rectangular grid
in two dimensions.

B

—

—

—
EEEEE
EEEEEET

Figure 5.3: Schematic representation of the Manhattan distance (red, blue and green line)
between two points “P“ and “Q“ in comparison with the Euclidean distance (dashed black
line).

The shortest distance is given by the Euclidean distance depicted by a dashed black line.
Possible path with the same length in terms of the Manhattan distance are depicted by the
red, blue and green lines. The Manhattan distance can be computed for the n-dimensional

1 The author was unable to find the original publication by Minkowski. A comprehensive discourse on
this topic can be found in [Kra75].



5.2 Example 93

case as

n
dManhattan = Z ’pi - Qi‘ (53)
i=1

5.1.2.3 Mahalanobis Distance

The Mahalanobis distance measures the distance between a point ? and a set of points ?
in terms of standard deviations. It was introduced by P.C. Mahalanobis in 1936 [Mah36].
The distance of the point ? from a set of points ? with mean ﬁ and covariance matrix
2] is given by Eq.5.4. In contrast to the previously presented distance measures, the
correlations of the data is taken into account.

dMahalanobis(?yﬁ) = \/(? - ﬁ)TE_l(? - ﬁ) (54)

5.2 Example

The filtered sampling approach is applied to sampling from a target distribution X with a
20-dimensional multi-modal test function as the density function. The distances used for
the thinning are obtained from the Mahalanobis distance. The weighting functions used
for the classification of the samples are shown in Fig 5.4. The blue curve gives the size
of the classes in percent. The minimum non-dimensional sample quality required for a
sample to be assigned to a certain class is given by the red staircase function. For example,
the first class includes all samples with a quality of 0.8 or greater, in the second class all
samples have a quality between 0.6 and 0.8 and so on. Figure 5.5(a) shows the histogram
of the generated sampling. The fitted probability density function (red line) is very similar
to the ideal one (green line). Furthermore, the correlation matrix plotted in Fig. 5.5(b)
shows only minor input correlations. Therefore, the filtered sampling method satisfies the
requirements for a sampling method.
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Figure 5.4: Weighting function used in the classification to control the class boundaries in
terms of sample quality and the class sizes.
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Figure 5.5: Histogram and correlation matrix for a sampling consisting of 100 samples
generated by the filtered sampling algorithm for a 20d test function (Mahalanobis distance).

Figure 5.6 shows histograms and correlation matrices for samplings from the same target
distribution X with a 20-dimensional multi-modal test function as the density function
using different distance metrics. The histogram in Fig. 5.6(a) depicts a sampling generated
by the filtered sampling algorithm using the Euclidean distance metric. When compared
to the histogram in Fig. 5.5(a), a strong deviation from the desired distribution can be
observed. The correlation matrices in Fig. 5.5(b) and Fig. 5.6(b) show no significant
differences. A similar tendency can be observed when comparing the sampling using the
Manhattan distance with the one using the Mahalanobis distance. While the histogram
(Fig. 5.6(c)) shows a strong deviation between the fitted and the ideal distribution function,
the observed level of input correlations is almost identical.

In summary, it can be stated based on this example and further test carried out in the
course of this research that the Mahalanobis distance seems to be the best suited distance
metric for use with the filtered sampling algorithm. Still, it is recommended to test different
distance metrics depending on the respective field of application as firstly, the results may
vary and, secondly, such a test can be carried out with little effort.
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Figure 5.6: Histograms and correlation matrices for a samplings consisting of 100 samples

generated by the filtered sampling algorithm for a 20d test function with different distance
functions.






CHAPTER 6

Computational Model

In this chapter the computational model is described. This model encompasses the
preliminary design method, the concept for geometry parametrization, the low-fidelity
flow computation method based on one-dimensional loss models and the CAE models for
fluid dynamics and structure mechanics. Special emphasis is put into the development
of a geometry parametrization method, which takes fluid mechanic considerations into
account to prevent physically inexpedient designs. Another central aspect is the calibration
of the low-fidelity flow computation method. While the analytical models used for these
aerodynamic computations are implemented according to literature sources, the models
are not usable for the prediction of the performance of modern centrifugal compressors
unless the model parameters are calibrated.
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6.1 Preliminary Design

Preliminary design methods are used to determine global geometric features of the impeller
like the dimensions of inlet and outlet areas or the blade angles at the leading edge. In
addition, these methods allow a first check if the chosen design is capable of delivering the
desired pressure ratio. The computations are based on stream filament theory. Therefore,
only the geometries of the impeller inlet and outlet can be considered in the calculations. In
this section, the applied analysis method is presented. If not stated otherwise, all equations
in this section a taken from [Fis86].

The input parameters required for the preliminary design computations are given in
Tab. 6.1.

Table 6.1: Input parameters for preliminary design

Quantity Symbol Unit

Global machine parameters

Outer diameter Do m
Tip speed Ug =
Trailing edge relative blade angle 2 degree

Leading edge hub diameter ratio vy fusp

Axial impeller extent Lags m
Number of blades z

Blade thickness t Blade m
Meridional velocity ratio Lom,

Pressure ratio m==u

" po
Thermodynamic quantities

Ambient pressure pA Pa
Ambient temperature Ta K
Inlet flow ratio Vo =

J
Gas constant R R
Heat capacity ratio y

The basic idea behind the presented preliminary design strategy is the minimization
of the inlet relative Mach number at the blade tip. High Mach numbers in this area can
lead to shocks and aerodynamic blockage and therefore losses. Figure 6.1 illustrates the
influence of the inlet shroud diameter on the velocity triangles for an otherwise identical
impeller (DQ,UQ,DLHUI,,Vl,oQ = const.). The inflow is assumed to be swirl free (cp; = 0).
It is clearly evident that an optimal value of D1 gprouq exists for which wq sprouqd becomes
minimal.
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Figure 6.1: Influence of the inlet shroud diameter on the inlet velocity triangles at shroud.

The inlet and outlet geometries and the blade angles at the leading edge are obtained by

iterating over equations Eq. 6.1 to Eq. 6.37. The indexes of the stations in the machine
are chosen in accordance to Fig. 3.3 (“A“ = ambient conditions, “0“ = machine inlet, “1¢
= impeller inlet, “2“ = impeller outlet / trailing edge, “3“ = machine outlet). v, depicts
a geometric quantity in relation to the outer diameter Dy (Example: vy fyp = %).
At the start of the iteration, the values of co, c1, V1 Shroud, Mpoi,0—1, ke and k, have to be
chosen. 1y 0—1 is the efficiency of the pipe flow from “0“ to “1“. The factor k. is used to
scale the absolute flow velocity along the leading edge, the factor k, depicts the change
in volume flow between “0“ and “1“. Furthermore, the polytropic efficiency 7, of the
machine has to be guessed or determined by an empirical correlation (see section 3.1.1.3).
The inflow is assumed to be swirl free which implies cg1 =0 = ¢;,1 = ¢1.The Iteration is
considered as converged if the values of 81 gup, B1,5hrouds V1,Shroud @nd 02 change less then
a given threshold from one iteration to the next.
The preliminary design method outlined by the equations listed above is based on a stream
filament computation from the machine inlet (“0%“) to the impeller outlet (“2“). The
thermodynamic state of the flow at the machine inlet is computed in Eq.6.1 and Eq. 6.2.
The temperature is determined by applying Bernoulli’s equation to the case that the flow
is accelerated form a stationary state at ambient conditions T4, pa to the velocity ¢,. In
the first iteration cg is guessed. For a know temperature Tj, the pressure at the machine
inlet pg is computed according to Eq. 6.2. The change of state between “A*“ and “0“ is
assumed to be isentropic, therefore the polytropic exponent n4_q is set to . If both the
temperature and the pressure at the machine inlet are known, the mass flow rate can be
computed by Eq. 6.3.
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. Vo VoRTy

m 6.3
o Po ( )

The thermodynamic conditions at the impeller inlet (“1¢) are computed in Eq. 6.4,
Eq. 6.6 and Eq.6.7. The approach is analogous to the computation at state “0%, except that
the change of state is polytropic. The polytropic index for this flow process is computed
by Eq. 6.5 based on an assumed efficiency 7,0,0-1. For a known thermodynamic state of
the flow at “0“ and “1“, the velocities ¢y and ¢ can be computed based on the geometry
(Eq. 6.8 and Eq. 6.9). These values are used to compute T and 7} in the next iteration.

1
T1 = TO - E (C% - Cg) (64)
no—1 = llpol.0—1 (6 5)

no—1
17| mo-1-1
P1 = po * [To] (6.6)
Vi =k, Vo (6.7)
Vo Vo
o=-2=_ (6.8)
AO ZD%,Shroud
V; V;
0 == ! (6.9)

A w 2 2
4 Dl,Shroud - Dl,Hub

The velocity ¢; used in all computations up to this point is the averaged velocity at
the middle stream line. The distribution of the absolute velocity ¢ along the leading edge
is assumed to be linear with slope k.. The absolute velocities at shroud and hub can be
computed by Eq. 6.10 and Eq. 6.11.

Vike

5 5 = Clk’c (610)
%DQ (Vl,Shroud - Vl,Hub)

C1,Shroud =
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C1
Cl,Hub = 7
ke

(6.11)

If the absolute velocities are known along the leading edge, the relative blade angles for
an incidence free flow can be computed according to Eq. 6.14.

1
,Mid = \/2 (V12,Shroud + V12,Hub) (612)
u1,; = v1,;u2 with i=Hub, Mid, Shroud (6.13)
Bri = tan~ ' with i=Hub, Mid, Shroud (6.14)
uy

)

The factor k,, which describes the change in volume between stations “0“ and “1%,
was guessed in the first iteration step. Therefore, the value of k,, which represents the
computed ratio of flow rates, is given in Eq. 6.16. This value is used in the next iteration
for the computation of V;.

apg = ")/RT() (6.15)
1% 1
ky = — = . (6.16)
Vo ( _ w;lﬁ)ﬁ
2 a2

Analogous to the k, factor, the factor k., which describes the distribution of the absolute
velocity along the leading edge, has to be corrected according to Eq. 6.18. This value is
used in the next iteration to compute ¢i gy, and ¢1 shroud-

Y1,Shroud V1, Hub 1+ 1
Ay Y1,Shroud

g=e (6.17)

_ C1,Shroud _ V1,Shroud — V1,Hub (618)
C1

ke

1
V1,Shroud — V1,Hub — (V1,Shroud — V1,Mid) (1 — 5)
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In combination with the flow coefficient ¢4, Eq. 6.10 can be rewritten as

(Pdkckv
C1,Shroud = U2 (619)
V1,Shroud — V1,Hub

The shroud relative velocity at the leading edge can be determined from the velocity
triangle (Eq. 6.20). If the local speed of sound is assumed to be constant through the

impeller (agp = a1 = ag), the Mach number at the leading and trailing edge are given by
Eq. 6.21.

Sodkckv
V1,Shroud — V1,Hub

2
2 _ 2 2 _ 2
W1 Shroud = €1,Shroud + U1 Shroud = ( UQ) + (VLShT’OUdU’Q) (620)

WLShroud o nd Mayy = 22 (6.21)

Mawl,Shroud =
ao ag

The combination of Eq. 6.20 and Eq. 6.21 yields

2
Spdkckv 2
Ma? = Md? +v 6.22
wl,Shroud u2 1 Shroud — l/l,Hub 1,Shroud ( )
As the Mach number is always positive, M a?ﬂl Shroua @0d May1 shroud take a mini-

mum value for the same optimal value of v1 gnroud,0pt- This value can be determined by
8Mawl,5hroud
8Vl,Shroud

differentiating Eq. 6.22 for v sprouqd and setting
gives

= 0. Solving for v1 shroud

1
V1,Shroud = \/V12,Hub + <2(P%) (kckv>2) ’ (623)

The meridional velocity at the impeller outlet is computed from the meridional velocity
ratio p,. If the flow at outlet follows the blade without any incidence, the amount
of work transfered between the impeller and the flow is described by Eq. 6.25 (Euler’s
turbomachinery equation). As this is only the case if the impeller has an infinity number
of infinitely thin blades, all quantities which rely on this assumption are marked by the
subscript “inf“. The flow incidence at the trailing edge can be described by a slip factor
correlation. In this case, the correlation of Wiesner is used. The real amount of work
transfered between the impeller and the fluid is computed according to Eq. 6.29. The
incidence is accounted by the slip velocity cg2,s1, (Eq. 6.27).

Cm2 = CmlMm = C1lim (624)
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Wiinf = CO2,infU2 = <U2 - %2@) () (6.25)
0 = OWwiesner S€€ Eq. 3.4, Eq. 3.5 and Eq. 3.6 (6.26)
c92,5L = (1 — OWiesner) U2 (6.27)
Co2,inf = w;i;nf (6.28)
wy = ug (Cy2,ing — C92,5L) (6.29)

The amount of enthalpy needed to rise the pressure in the impeller from p; to po is given
by Eq. 6.30. The polytropic efficiency of the impeller is assumed to be 3% higher than
the efficiency of the machine (Eq. 6.31). The polytropic index of the flow through the
impeller can be computed according to Eq. 6.32. The pressure at the impeller outlet can
be computed by solving Eq. 6.30 for po.

’Y p nI'mpeller_1

Ahlmpeller =Wt = 7RT1 22 rmpetier  _ 1 (6.30)

v—1 P1
Tlpol, Impeller = Tlpol -+ 0.03 (631)

Tlpol, Impeller
N Impeller = y—1 (632)
Tlpol,Impeller — ~~
1 " Impeller
’7 - n['mpelleT71

= +1 6.33
P2 =Dp1 <wt ~RT, > (6.33)

With the pressure at the impeller outlet known, the temperature and volume flow can
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be computed according to Eq. 6.34 and Eq. 6.35.

N Impeller—1

T2 _ Tl <])2 " Impeller (634)
yai
. RT:
Vo =m—2 (6.35)
b2

The trailing edge blade hight is computed by Eq. 6.37. The amount of blockage
introduced by the blades at the impeller outlet is taken into account by the blockage factor
By (Eq. 6.36).

Do

= _ 2t Blade
Do wsin(B2)

B, (6.36)

Vo By
09 =

= 6.37
TDacCm2 (6:37)
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6.2 Geometric Modeling

The choice of the input parameters, which are used to describe the geometry, plays an
important role for the quality of the metamodel. The metamodel has to relate the in-
put parameters to the model responses. A parametrization concept, which describes the
geometry by means of purely geometric concepts, like for example spline control point
positions, results in a high number of completely independent parameters. Past research
activities have shown that such parametrization concepts are contra productive when it
come to metamodelling ([B6c09],[Ryb11]). Furthermore, a set of parameters which can
be varied completely independently of each other complicates the exclusion of physically
non-expedient designs from the sample set. In this research, a concept has been developed
to avoid such problems.

Based on the findings presented in chapters 2 and 3, a set of parameters, which show a
strong influence on the flow inside the impeller, has been identified. These parameters are:

Table 6.2: Fluid dynamically relevant geometric quantities

Quantity Influence on Reference
Meridional curvature Hub to shroud pressure gradient, secondary flow Eq. 2.90, Eq. 2.91
Meridional slope Hub to shroud pressure gradient Eq. 2.90

Blade high distribu- Meridional velocity distribution, hub to shroud pres- Eq. 2.90
tion sure gradient

Blade lean Crosswise pressure distribution, secondary flow Eq. 2.91, Fig. 2.17
Blade curvature Secondary flow Eq. 2.91

Blade angles at lead- Flow incidence, efficiency Eq. 6.103

ing edge

Blade angles at trail- Slip, work Eq.2.96, Sec. 3.1.1.2
ing edge

Flow area at inlet Flow velocity, work Eq. 2.89

and exit

6.2.1 Definition of the Meridional Contours

Based on the fluid dynamic considerations made in the previous chapters, the meridional
curvature, the meridional slope and the blade height distribution have a significant impact
on the flow in the impeller. While intake and discharge geometries are given by preliminary
design and constructional constraints, the shape of the contours in between can be designed
freely. The hub contour is parametrized by the meridional curvature and the meridional
slope. The shroud contour is defined by applying a blade height distribution to the hub
contour. The distribution of the blade height has a direct influence on the variation
of meridional velocity along the streamwise direction. As strong local gradients in the
meridional velocity can cause losses due to flow separation, the blade hight is parametrized
in a way that enforces a monotonous decrease of blade height from hub to shroud. In
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contrast to a parametrization concept which treats the shroud contour independently from
the hub contour, this concept already minimizes one potential source of losses. A sketch of
the meridional contour with all major parameters is shown in Fig. 6.2.

Figure 6.2: Meridional contours with relevant parameters.

6.2.1.1 Definition of the Hub Contour

The parameters defining the hub contour between the impeller inlet and outlet are shown
in Fig. 6.3. The hub contour is represented by a Bézier spline with 5 control points of
which the first and the last are fixed by global design choices. The second and fourth
control point are described by the meridional slope angle and the the respective distance
form the first or last control point. The middle control point’s position can be computed
from the meridional curvatures at the impeller inlet (x;) and the impeller outlet (x2).

P,

P3=f(a,Ly)

Py=f(2;,%)
P, Py =f(oy,Ly)

Z
Figure 6.3: Parameters describing the hub contour.

The local curvature of a Bézier curve at the position u can be computed according to
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Eq. 6.38. The first and second derivatives of Bézier splines can be computed according to
Eq. 2.143 and Eq. 2.144.

Oz(u) 8*r(u)  9%z(u) Or(u)

Oou  Ou? Ou?  Ou
k(u) = 6.38
( ) (8z(u)2 _ Or(w) 2) 3 ( )
ou ou

The first and second derivatives of the Bernstein polynomials needed for the computation
of the derivatives of the Bézier splines are given by

aBgT;(u) :ui—li(l . u)n—i . ul(l - u)n—i—l(n - 1)
?B;,(u) w1l —w)" 1 Wil —w)" i (n—1 2uhi(l —u)" (n—1
81;2( ) _u'it( - Tl LZ ( ) 2ui( u(l)_ u)( ). (6.39)
u'(1—u)" " t(n—1)>2 B u' (1 —u)"1(n—1)
u(l —u)? w(l —u)?

As only the curvature at the start (u=0) and the end of the curve (u=1) are of interest,
the derivatives of the Bernstein polynomials are computed only for these cases. The
resulting derivatives are given by Tablle 6.3.

Table 6.3: Derivatives of the Bernstein polynomials.

First derivative

Control point i Derivative at u=0 Derivative at u=1

0 -n 0
1 n 0
2 0 0
3 0 -n
4 0 n

Second derivative

Control point i Derivative at u=0 Derivative at u=1

0 n(n —1) 0

1 —2n(n —1) 0

2 n(n—1) nin—1)

3 0 —2n(n —1)
4 0 n(n —1)

By combining these simplified derivatives with Eq. 2.143 and Eq. 2.144, the first and
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second derivative of the hub curve at the first and last point can be computed as

P
+n(n—1) <P2i>
P2Cw=1) (L "\ 2B, (u=1) (P, P P
= _ ou? . in (U = 1,2 _ 2,2\ _ 3,z
= (o) =255 () =0 ()~ ()
+n(n—1) Zii)

The curvature at the start and end of the hub spline can be computed by combining the
derivatives given by Eq. 6.40 with the formula for the local curvature (Eq. 6.38). (Due to
the length of the equations, the numerator is written in two lines.)

(—nPp . +nPi ) (n(n—1)Py, —2n(n —1)P1, +n(n —1)Pa,) —
(nn—1)Py ., —2n(n—1)P, . +n(n—1)P, ) (—nFPo, +nPi,)

k(u=0)=
2 2]/
=Pz +nPL) = (—nPoy + 0P|
(6.41)
(—nPs . +nPy.) (n(n—1)Pyy —2n(n — 1)Py, +n(n — 1)Py,) —
(nn—=1)Py, —2n(n—1)P1 . +n(n—1)P,) (—nPo, + nP1,)
klu=1)= : : ’ — :

[(—nP(),Z + nPl,Z)Q — (—TLP()J« + nPLT)Q}
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By solving Eq. 6.41 for P, and P> ., all control points of the hub spline are known.

PO,z [*Kl + PB,Z(P4,T - Pl,r)] + Pl,z [Kl - P3,Z(P4,T - PO,T + P4,Z(P3,7" - PO,?”))] -

P27z = KO(P4,Z - PS,z)

(Pl,r - PO,T)(P4,Z - PS,z) - (Pl,z - PO,Z)(P4,T - PS,T)

. n 3
with Ko = k(u = 0)— [(Pr: — Po2)* + (Pry — Poy)?] /2
n

3/2
and K1 = H(u = 1) [(P4,z - P3,z)2 + (P4,7‘ - P377’)2] !

n—1

Po.Piy—P1.Poy+ P .Poy— PP ,— Ky
’ PO,Z - Pl z

)

(6.42)

The final parametrization of the hub spline is given in Table 6.4.
Table 6.4: Parametrization of the hub spline.

Control point Defined by

Inlet area definition from preliminary design
Meridional slope at inlet and distance from inlet
Meridional curvature at inlet and outlet

Meridional slope at outlet and distance from outlet

A W N = O

Fixed outer diameter and axial extent

6.2.1.2 Definition of the Shroud Contour

The shroud contour is connected to the hub contour by a distribution of blade height (see
Fig. 6.4). The distribution is given by a Bézier spline with four control points. While
the first and the last control points are constrained by the input and output areas taken
from the preliminary design, the inner control points can be varied parametrically. The
parameters of the inner control points are chosen in a way that ensures a monotonically
decreasing blade hight, which again prevents local decelerations of the meridional velocity.
This way, one potential source of flow separation is excluded by the parametrization.
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Leading edge Trailing edge

Blade height

Meridional position
Figure 6.4: Definition of the blade height distribution.

The blade hight is defined as the normal distance between the hub and the shroud curve
in the meridional plane. If the shroud curve is defined by normals generated on the hub
curve, these normals can intersect for certain forms of the hub curve which results in faulty
shroud curves containing bumps or even loops. Therefore, circles are used to define the
offset between the hub and the shroud curve. These circles are tangentially aligned on the
hub curve and their diameter is e%uivalent to the blade height at the respective meridional

position. Fig. 6.5 shows a circle C' of radius § with center 80 tangentially aligned to the

hub curve ﬁ at the point ? The circle at hub curve position v = u; is computed by

C

]

el

>

Z
Figure 6.5: Alignment of a blade height circle on the hub curve.



6.2 Geometric Modeling 111

2 sino

C () = o(w:) (COSO‘> (6.43)

with a = 0...27r. The diameter of the circle described by Eq. 6.43 equals the blade hight
at the meridional position m = m; but has to be aligned correctly to the hub curve. As
the circles are tangentially aligned to the hub curve, the gradient of the circle and the hub
curve is identical in the contact point T = C(m = m;). This results in

OC (ui)r OH (u;)r

om _ om
9C(ui).  OH(ui)- (6.44)
ou ou

Based on Eq. 6.44, the angle o in the contact point is given as

0C (u;) 2 OH (u;) =
ar(u;) = arctan _80(?73) = arctan 8HB(Z-) (6.45)
ou ou

The location of the circle’s center in respect to the contact point can be determined by
substituting o by ap in Eq. 6.43. The location of the circle’s center in the (z,r) coordinate

system is obtained by translating it by the vector ?:

(T(Z(Ui) _7 o(u;) (cosaT(ui)> (6.46)

2 \sinar(u;)

with ? = ﬁ(m,) Finally, the aligned circle is given by

8(%) _ ﬁ(uz') _ofu;) (cosaT(ui)> N o(u;) <cosa> (6.47)

2 sinor(u;) 2 sina

with a« = 0...27.

The shroud curve is defined by fitting a curve to the circles (Fig. 6.6(a)).
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(b) Schematic illustration of the shroud smooth-
(a) Shroud curve defined by fitting. ing algorithm.

Figure 6.6: Definition of the shroud curve.

The fitting is carried out by choosing the point with the maximum r-coordinate for a
given z-coordinate from all circles as the shroud point for this z-coordinate. In many cases,
unwanted strong negative gradients of the fitted shroud contour in r-direction result from
the combination of the hub curve with the chosen blade hight distribution. Therefore, the
resulting shroud curve has to be smoothed. Figure 6.6(b) illustrates the principle behind
the smoothing algorithm: if the angle Aq; exceeds a certain threshold, the point P; is
projected to a line defined by the connection of the midpoints of the lines P;_1P; and
P;P; 11 to create the new point P/. The algorithm is applied to all points of the shroud
contour and repeated until the threshold angle is not exceeded at any point.The result
of the smoothing is shown in Fig. 6.7. Finally, a Bézier spline is fitted to the smoothed

shroud contour which will be used for all further computations.

Figure 6.7: Smoothed shroud curve (Threshold angle 3°).
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6.2.2 Definition of the Leading Edge

The meridional position of the leading edge is defined by two angles as depicted in Fig. 6.8.
The leading edge hub position is defined by the angle ar, g fr4p. Based on this point, a leading
edge perpendicular to the hub contour is constructed. A second angle measured between
the final leading edge and the priorly defined perpendicular leading edge (AarEghroud)
then defines the leading edge position on the shroud curve.

Figure 6.8: Definition of the leading edge in the meridional view.

6.2.3 Definition of the Blade

The shape of the blade can be defined by the distribution of either the relative blade angle
(B or the circumferential position 1. Both are connected by the relation

tanf = Y (6.48)

In this work, the blades are defined by the distribution of the circumferential blade angle
at hub and shroud which is given as a Bézier spline. Figure. 6.9 shows a spline used for
defining the distribution of the circumferential blade angle ¥(m) for an arbitrary blade
and the spline used for defining the distribution of the circumferential blade angle between
the leading and the trailing edge. The dotted curve depicts the resulting distribution of
the relative blade angle f(m). The meridional position of the first and the last point of
the spline’s control polygon are defined by the locations of the leading and trailing edge in
the meridional view. Their circumferential position is given by the circumferential blade
lean at the leading and trailing edge (pwist and apqre) and by the global circumferential
extent of the blade (¥pjqq4e). The second and fourth control points can vary their locations
on straight lines defined by the angles oy g and oy 7r. These angles are computed by

dd

rearranging Eq. 6.48 for 7% for given values of 3. This ensures that the resulting blade’s

relative angles at the leading and trailing edge match the desired values which are of
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particular importance as the relative blade angles at the leading edge gravely influence the
amount of losses due to incidence and therefore the impeller’s efficiency. The relative blade
angle at the trailing edge is directly related to the compressors technical work by Euler’s
turbomachinery equation (Eq. 2.87) as the circumferential component of the discharge
velocity computes as cgg = tS;IZEQ. This makes the angle $5 an important design parameter.
The middle control point finally can be varied freely in both meridional and circumferential

direction.

Blade angle

Meridional coordinate

Figure 6.9: Parametrization of the circumferential blade angle distribution ¥#(m) and resulting
relative blade angle distribution S(m) (dotted).

The parameters which define the circumferential blade angle spline are summarized in
Tab. 6.5.

Table 6.5: Parametrization of the circumferential blade angle spline.

Control point Defined by Parameters
0 Circumferential blade lean of leading edge QAT wist

1 Relative blade angle at leading edge and meridional position 31, my

2 Meridional and circumferential position Yo, Mo

3 Relative blade angle at trailing edge and meridional position (3, ms3

4 Circumferential blade extent and circumferential blade lean Y Blade» XRake

at trailing edge

While this parametrization concept integrates parameters of high fluid dynamic relevance
like the relative blade angles at leading and trailing edge and design parameters with a
strong influence on both fluid dynamic and structure mechanic performance (circumferential
blade lean at trailing and leading edge, circumferential blade extent), the remaining free
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parameters mi, mo, mz and 9 have proven to be problematic. When these parameters
are varied independently, many parameter combinations can lead to circumferential blade
angle curves which result in distributions of the relative blade angle with strong changes in
gradient. While a relative blade angle distribution with strong changes in gradient can be
beneficial in certain flow situations, it will cause flow separation in most cases, as the flow
can not follow the blade. Therefore, an alternative approach has been developed. The free
parameters mq, mo, m3 and Yo are varied by an optimization algorithm which minimizes
the curvature of the resulting relative blade angle distribution. This way, the resulting
blades feature no strong changes in the gradient of the relative angle and will less likely
cause flow separation. An additional advantage is the elimination of four free parameters
for each circumferential blade angle distribution.

The points of the three dimensional blade in Cartesian coordinates are obtained according
to Eq. 6.49. In this equation, the values of r and z are taken from the Bézier splines of the
meridional contours and ¢ is obtained from the spline describing the circumferential blade
angle, which is parametrized as stated above. Based on the resulting three dimensional
blade contours at hub and shroud the blade is generated as a ruled surface. The final
shape of the blade is obtained by applying a distribution of blade thickness to this surface.
The blade thickness is given by the thickness at the hub point of the leading edge and
two ratios describing the change of thickness in hub to shroud and leading to trailing edge
direction.

x T - SIng
Yy = |7 cos¢ (6.49)
z Blade z

The resulting parameters, which define the three dimensional shape of the blade, are given
in Tab. 6.6.

Table 6.6: Parametrization of the blade.

Parameter Description

B1,Hub Relative leading edge blade angle at hub

B1,5hroud Relative leading edge blade angle at shroud

B Relative trailing edge blade angle at hub and shroud
QT wist Circumferential blade lean at leading edge

QRake Circumferential blade lean at trailing edge

Y Blade Circumferential blade extent

tLE, Hub Blade thickness at leading edge hub point

V¢, Hub—Shroud, Vt,LE—TE  Blade thickness ratios
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6.2.4 Definition of the Impeller Disc

The parametrization of the impeller disc is shown in Fig. 6.10. The shaft-hub connection
is kept fixed, as this feature is prescribed by the structure mechanic design of the shaft
and rotor-dynamic constraints. The general shape of the backside of the impeller disc is
obtained by applying a disc thickness distribution ¢p;s to the hub contour. The resulting
contour is connected to the disc by a fillet defined by the radius 7 s, pise- The transition
between the blade and the impeller disc is carried out by another fillet.

Balancing
ring

I'Fillet,Disc

Figure 6.10: Parametrization of the impeller disc.
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6.2.5 Overview of the Parametrization

A total of 27 parameters is used to parametrize the complete impeller. Table 6.7 gives an

overview of the applied parametrization.

Table 6.7: Parametrization of the impeller.

Parameter

Description

Number of parameters

Dl,Huby Dl,Shr()ud
a1, Q2
R1, K2

Ly, Ly

QLE,Hub

Ao g Shroud

/Bl,Hubv Bl,Shroud
B2

ATwistr XRake

ﬁBlade
tLE, Hub: Vi, Hub—Shroud:

V¢ LE-TE

tDisc

TFillet,Disc

TFillet, Hub

z

Meridional contours

Impeller inlet hub and shroud diameter
Meridional slope angle at inlet and outlet
Meridional curvature at inlet and outlet
Distance of the second and fourth control point
from the inlet or outlet
Trailing edge blade height
Blade height distribution
Axial extent

Leading edge
Angle defining the leading edge hub point
Leading edge inclination

Blade shape
Leading edge relative blade angles
Trailing edge blade angle
Circumferential blade lean at leading
and trailing edge
Circumferential blade extent

Blade thickness

Impeller disc
Disc thickness distribution
Disc backside fillet radius
Further parameters
Blade hub fillet radius
Number of blades

N N NN
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6.3 One Dimensional Loss Modeling

The one dimensional model for computing the impeller’s performance consists of three
parts. At first, the performance of the ideal impeller is calculated by a mean line code. To
obtain the performance of the real impeller, the losses are computed and applied onto the
ideal impeller’s performance. Finally, the speedline is computed by performing the mean
line and loss calculations for different mass flow rates. The mass flow steps are controlled by
an algorithm. Figure 6.11 illustrates the stations at which the thermodynamic conditions
are computed.

A: Ambient contitions

0:  Machine inlet

1:  Impeller inlet

Th: Throat / Leading edge

2:  Impeller Outlet / Trailing edge

3:  Diffuser Outlet e
@ m’

Figure 6.11: Side view of a single stage compressor with stations for mean line computation.

6.3.1 Consideration of Splitter Blades

Mean line based computation methods solve the fluid dynamic equations on the up- and
downstream boundaries of the flow volume. Therefore, the following strategy is used to
take splitter blades into account:

e The inducer and throat area is computed using the number of full blades zpp.
e The discharge area is computed using the total number of blades zrp + zsB.

o All models used to compute the flow inside the blade channel use the effective number

of blades zgff = 2rp+ f“ii 2sp where L. ; marks the length of the mid-span camber

line of the respective blade

If only full blades are used, zpp is used for all computations.

6.3.2 Impeller Meanline Analysis

The first step of the impeller mean line analysis is the computation of the thermodynamic
conditions at the impeller inlet from the idle conditions. This is accomplished by assuming
a value for the meridional velocity at the impeller inlet and iterating over Eq. 6.50 to
Eq. 6.58.

ha=cpa-Ta (6.50)
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bA

= 6.51
PA= T (6.51)
m
Cmo = (6.52)
pa -/ D%,Mid
A _ Lo 4 1 1 ( + ) ’ (6.53)
Po—-1 = Do.rrid Cr 9 PA B Cm1 T Cmo0 .
1
hl = h() + 5 . (anvl — C?np) (654)
h
= (6.55)
Cp71
T\ r1
P1=D0" <Tl> — Apo-1 (6.56)
0
p1
_ 6.57
P1 R-T, ( )
m
ey = — 6.58
! pP1 - A1 ( )

Based on the thermodynamic conditions at the impeller inlet, the values at the impeller
throat can be computed. The throat is defined as the smallest area between the leading
edge of one blade and the surface of the adjacent blade. Figure 6.12(a) shows the location
of the throat area in the blade to blade plane at one span value. The throat area is of
particular importance for the performance analysis as it plays an important role in the
prediction of surge and choke and in the loss models. Therefore, an accurate determination
is crucial for the performance analysis. This can be accomplished by calculating the throat
width opp, for many streamlines between hub and shroud. Then, the throat area can be
computed as the sum of the products of throat width and the streamline distance. To
achieve an acceptable accuracy, many streamlines and therefore a high computational
expense is needed. In this work an alternative approach is used. For blades with constant
curvature between hub and shroud, it is sufficient to use three streamlines at hub, mid span
and shroud. Using these streamlines, the throat area can be defined by 8 points. The throat
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surface is described by a 8-node serendipity planar element and it’s area is determined
by numerical integration along the non dimensional (£,n) coordinates (Fig. 6.12(b)). Any
point on this surface can be computed according to

P=fm=N-P (6.59)

with the bi-quadratic shape functions ﬁ and the vector of support points ? given by

11=90-n(-¢—n-1)
s(1=H(1—n)
i(ltf)( g_)(n1)£_277)_1) ]131
£ 1_ _77 2
N - Li+6)(1—n?) - P (6.60)
-9 +n)(=E+n—1) Py
3(1=H(1+n)
11+90+n(E+n-1)

(a) Throat width in the blade to blade plane. (b) Three dimensional throat area.
Figure 6.12: Definition of the throat width and throat area.

With the above formulation, any point on the throat area surface can be computed.
The surface area is computed by subdividing the area into a finite number of arbitrary
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quadrilaterals A; whose area can be computed according to

—

1 4
%
where v? .. .vf are the position vectors of the vertices defining the i-th quadrilateral

counted in counterclockwise direction starting from the bottom left corner. Finally, the
throat area is determined by

Arn _ i Ai— A (6.62)
2rB v 1 Blade .

where ng is the number of quadrilaterals and Apgjqqe is the area reduction caused by the

blade thickness.

The thermodynamic conditions in the throat are computed by choosing a value for wpy,
and iterating over Eq. 6.63 to Eq. 6.71.

hi1 = ho + % 2 (6.63)
Rrp = hip — w1 - co (6.64)
hirer, Th = Rrn + % U, (6.65)
hrn = hi el rn — % Fwiy, (6.66)
Trp =1To + han — ho (6.67)
Cp0
PTh = PO * (%) - (6.68)
prn = ok (6.69)

R Tryp,



122 Chapter 6 Computational Model

cron = (W)Q (6.70)
wrh — m (671)

prh - Arp - crry

The conditions at the impeller exit can be computed by choosing a value for ps and
iterating over Eq. 6.72 to Eq. 6.77.

Cm2 = p;hAQ (6.72)
wy = SEZEQ (6.73)
hngl;-w§+;-u§:ht71&€£¥;~wg+;-ug (6.74)
Ty = T 4 2= N0 (6.75)

Cp,2
To\ 7t
Dy = o - (2) (6.76)

p

The flow in the vaneless diffuser is computed by dividing the diffuser into n elements
in radial direction and iterating over Eq. 6.78 to Eq. 6.84 for each element. The pressure
in every element is computed by subtracting a pressure loss Ap; from the pressure of the
previous element p;_1 (equation 6.81). The computation of Ap; is described later on.

rCy
0=1|1- 4.5 if fuser ’
< (Tcﬁ)BL> - opiss 679

B o

— 6.79
8- ODif fuser ( )
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m

- 6.80

¢ 2'7T’R'p’0Diffuser‘(1_B) ( )

pi = pi—1 — Ap; (6.81)
1

c=(cm®+c3)2 (6.82)

r=L. <ht,2 _ L 02) (6.83)

P (6.84)

" R-T
With this simple set of basic equations all thermodynamic conditions for the ideal
impeller are known.

6.3.3 Computation of Losses

In this section all applied loss models are described. The loss model correlation parameters
A; are added to be used later on for the calibration of the models. Unless otherwise stated,
all equations in this chapter are taken from [Aug00].

Impeller work coefficient
The maximum amount of mechanical energy to be transfered from the rotating blades
to the fluid is described by Euler’s turbine equation (2.86). However, this can only be
accomplished by an impeller with an infinite number of infinitesimally thin blades. The
amount of energy transfered to the fluid by a real impeller can be computed by the impeller
work input coefficient I given in Eq. 6.85.

I=1Ip+1Ig (6.85)

The impeller work input coefficient consists of the blade work input coefficient Ig and
the recirculation work input coefficient Ir. The blade work input coefficient is given by
Eq. 6.86.

I = ASigma " 0 (1 — DF - 5 - cotfpy — 2 '2%‘1> (6.86)
Uy

This equation depends on the slip factor o, the distortion factor DF and the tip flow
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coefficient 3. The tip flow coefficient is given by Eq. 6.87.

m

C pa-Agug
The slip factor is computed by a model presented by [Aug95] which combines the Busemann
and Wiesner models to a more accurate model. The slip factor model is given by Eq. 6.88
to Eq. 6.91.

OWiesner = 1 — Zloinf2 & < ELimit
o= . \VOTB: (6.88)
O Augnier = OWiesner * |1 — (#ﬂ) € > ELimit
oW —o*
€ Limit = — T (6.89)
o = sin (19° + 0.2/32) (6.90)
D,
= — 6.91
=5 (6:91)
The impeller distortion factor can be computed using Eq. 6.92 to Eq. 6.96.
pF—_" (6.92)
1-By '
_p1 |wi Dy 03 ] 9 P2 02
By =Wgp - —- +[0.3+ AL — = 6.93
2T Vo o Lpac’] ™ p Ls (6.93)
w 2 LB
Dop =4 -cp- [ 22O} 22 6.94
WsF cf < o ) D, (6.94)
App + Ag - sinfs
Dp=4- 6.95
h Pry + P ( )
Ay - si
Ap = A2 sinba (6.96)

A7
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The recirculation work input coefficient is given in Eq. 6.97.

‘De u
Ip = max [<2q - 1> <wz7 - 2002552) ,O] (6.97)
C2m

This model is based on the equivalent diffusion factor D, which was developed for axial
compressors by [Lie59] and generalized to centrifugal and mixed flow compressors by
[Aug95]. The equivalent diffusion factor is computed according to Eq. 6.98 to Eq. 6.100.

w.
Dy = Z;m (6.98)
1
Wmaz = 5 (w1 + wy + Aw) (6.99)
21 - D2 sUu9 - IB
Aw = 6.100
2 - LBiade ( )

The equivalent diffusion factor can furthermore be used to predict surge. For (Deg > Deg surge)
surge can be expected.

With the impeller work input coefficient I, the real total enthalpy at the impeller exit can
be computed according to Eq. 6.101.

ht,2,real = ht,l +1I- U% (6101)

Impeller losses
Losses in the impeller are described by the impeller loss coefficient @ (Eq. 6.102), which is
the sum of all individual losses in the impeller. The individual losses are described in the
following.

W=Wpjff +Wch +WsF +WBL +WHS + Wpist + Wiz +Wer (6.102)

Incidence losses at the impeller entrance occur when the incoming flow is not perfectly
matched by the leading edge blade angle, as well as due to the abrupt flow area contraction
by the impeller blade’s thickness. An incidence loss (@Win.) (Eq. 6.103) is applied at the
inner, mean and outer streamline, whereby the incidence loss for the mean streamline is
weighted 10 times higher than for the inner and outer streamlines.

. 2 . 2
. C{ z S]
inc inc ( w{ . smﬁ{ T- D{SZTLB{ ( )

A second and in many cases more significant entrance loss is caused by flow diffusion
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between the leading edge and the throat. This occurs especially for lower flow rates due to
inducer stall or even stage surge. A criterion for the beginning of this instable operation
range is given by w?/wr, > 1.75. The diffusion loss coefficient is computed according to
Eq. 6.104.

2 o
maz (Amffl : (1 - ww—Tj) - w,;m,o> M <75

>wrp

, (6.104)
(—w?_ADZ’f ! 2'“’”) — Wine 2 > 175

Wpiff =

w1 ‘wrp

At high mass flow rates, a choking loss can occur due to supersonic flow in the impeller.
The choking parameter X determines if choke is occurring. It is calculated by Eq. 6.105.

A
X =11 —10 - crpy, L0

1
T (6.105)

Ajpg, is the area for which a supersonic flow occurs in the throat. The choking loss @Wey,
can be computed according to Eq. 6.106.

_ 0 X <0
Weh =94 1 - (6.106)
TOen-X=X7) X>0

A further source of losses are pressure gradients in the blade to blade and hub to shroud
directions. These are accounted by the loss coefficients wpy, and Wys (Eq. 6.107 and
Eq. 6.108).

Aw?
WBL = ABL o (6.107)

_ 2
Kim * % (01 +02) - % (w1 + w2)
w1

WHS = A\HS - (6.108)
When the distorted flow mixes with the free stream flow behind the impeller tip, a loss can
be expected. This is modeled by the distortion loss coefficient @Wp;s, which depends on the
distortion factor DF'. This loss model is similar to the abrupt expansion loss by Benedict
in [Ben66]. The distortion loss is given in Eq. 6.109.
Cm?2 2
Wpist = [(DF — 1) m:|

6.109
wl (6.109)

The mixing of high energy fluid with low energy fluid is another source of losses. These
losses are accounted by the wake mixing loss coefficient @y, (Eq. 6.110 to Eq. 6.113).

) 2
Titin = (Cm,Wakew Cm,Mza:) (6.110)
1
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Cm,Wake = \/w?geperation - ’U}% (6111)
Cm2 - A
i = ——————— 6.112
Cm,Miz 7Dy - 05 ( )
w2 7D S D S
WSeperation = {111) D Deq S Deq urae (6.113)
o W2 eq Heq eq,Surge

Supersonic blade suction surface velocities cause shocks, boundary layer separation and
therefore losses. These losses are modeled by the supercritical Mach number loss Wogr
(Eq. 6.114). The Mach numbers in Eq. 6.114 are calculated using the relative velocity w.

2
Wmax
WCOR = ACR - ((Mal - MCLCR) wr ) (6114)

The global loss coefficient @ is used to compute the real total pressure rise in the impeller
according to Eq. 6.115.

pr2-Tio

P T, . (pt71 —p()) - W (6.115)

Pt2,real = Pt,2 —

Diffuser losses
The pressure loss in the diffuser is described by Eq. 6.116. This equation is based on
conventional mean streamline analysis ([Joh66]) and was extended by [Aug00] by the two
loss terms at the end of the right hand side.

1dp _ co? - sin (aDif fuser) e deo, _CCmcp dIp
pdm R ™ dm ODif fuser ~ dm

—Ic (6.116)

The diffusion loss is computed solving Eq. 6.116 numerically. This is accomplished by
using the subdivision of the diffuser described in the previous section and solving Eq. 6.117
to Eq. 6.124 for each element. The subscript “upstream® in Eq. 6.119 is used to address
the previous element.

(6.117)

I Ip1, Ip1 > Ip2
D —
Ip2, Ip1 <Ip2
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dl 1 dec
2 =2-(p-p)(1-E)-

dm p-cdm

dlp
IDl = d ~dm + IDl,upstream
m

1 D<0
D 2
E = 1—)\E1<m> ,0< D < Dz

)\EQ’H D 7D2Dmaa:

Dmax

m

(rb),... = (rb) (1 + /\,,bmax?)

(6.118)

(6.119)

(6.120)

(6.121)

(6.122)

(6.123)

(6.124)

The term I describes a curvature loss. As this work uses only straight diffusers, this
term can be neglected.
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6.3.4 Characteristic Prediction
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Figure 6.13: Schematic illustration of a compressor characteristic.

Figure 6.13 shows a schematic speedline. The characteristic is limited towards low mass
flow rates by the surge limit. For low mass flow rates the delivery pressure of the compressor
drops and reversed flow from the downstream components occurs. In the direction of high
mass flow rates the characteristic is limited by the choke limit. Choke occurs at high mass
flow rates when the Mach number of the relative inlet velocity of the impeller throat reaches
unity over the whole flow area. Both phenomena are connected with highly unsteady flow
conditions and severe machine vibrations. Therefore, the operation point of the compressor
should always be chosen within a save margin from the stability limits.The computation
of the compressor characteristic starts by calculating the impeller performance for a low
mass flow rate in the surge region (Deq > Deg,Surge)- Then, the mass flow is incrementally
increased until a first non-surge point is found. The real surge mass flow is determined by
linearly interpolating the mass flow value for D¢y = Deg surge between the last two points.
The further points towards the choke limit are computed by using an adaptive mass flow
increment (Eq. 6.125) based on the choke criterion (Eq. 6.126).

mmc = min ((CChoke — 0.99) -1.5 s 1) -m (6.125)

At
AMa

Cchoke = CT'Th (6.126)
Ape is the area for which supersonic flow occurs in the impeller throat. The above
formulation allows a fine step size concerning mass flow rate towards choke. The choke
limit is reached when the choke criterion exceeds unity.
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6.3.5 Model Calibration

The previously presented loss models depend strongly on empirical correlations. Values
for the parameters of these correlations can be found in literature [Aug00]. Using these
parameter values, a reliable prediction of the operation characteristic of modern compressor
impellers is not possible (Fig. 6.14). Therefore, it is crucial to adjust these models by
finding the right parameters for a reliably prediction. The fitting of the parameters of
an arbitrary model to existing data can be accomplished in different ways. If the model
is of low complexity, it can be calibrated by manually changing the model parameters
until the model’s predictions meet the data. This method can be applied as long as the
model features only few parameters and there are no strong cross interactions between
the model’s parameters. For models of high complexity, more sophisticated methods of
parameter identification have to be used. A commonly used practice is the use of automated
optimization algorithms to calibrate the parameters of the model. The optimization
algorithm varies the model’s parameters and minimizes the difference between the model’s
predictions and the existing data.
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Figure 6.14: Comparison of an operation characteristic predicted by one dimensional loss
model and three dimensional CFD computations.

The loss models are calibrated using data available from numerous CFD studies conducted
in the past. The calibration is carried out by a multicriterial evolutionary optimization
algorithm offered by the software optiSLang version 6. The optimization algorithm
minimizes the deviation between the speedline computed by one the dimensional loss
model and by three dimensional CFD calculations by varying the loss model correlation
coefficients A;. Table 6.8 lists the used coefficients. The following sections describe the
calibration workflow.
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Table 6.8: List of loss model parameters.

Loss model Coefficients Equations

Leading edge incidence )\znc Eq. 6.103

Leading edge flow seperation ADiff1: ADiff2 Eq. 6.104

Impeller aerodynamic blockage ACh, ACr Eq. 6.106, Eq. 6.114
Impeller blade loading ABL Eq. 6.107

Impeller flow distortion AHs Eq. 6.108

Slip ASigma Eq. 6.86

Diffuser diffusion losses

AE1, AE2, ADmaz, ANID2, Arbmaz  EQ.
Eq.

6.120, Eq. 6.122 , Eq. 6.123 ,
6.124

6.3.5.1 Problem Definition

Characteristics of centrifugal compressors always have a similar shape. Therefore, it is
not necessary to compare the characteristics in each point. In the course of this research,
several different approaches to compare the speedlines predicted by loss models and CFD
have been tested. Figure 6.15 shows the set of target values which has shown to deliver the
best results and therefore was chosen for all further calculations. This set consists of the
difference in mass flow rate near the choke limit Arhepore, the difference in mass flow rate
at the surge limit Arg,,qe and the difference in pressure ratio at the surge limit Allgy; ge.
For the last quantity, an average pressure ratio near the surge limit is used.
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Figure 6.15: Definition of the target values for the loss model calibration.
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6.3.5.2 Methodology

One dimensional loss model computations are fast compared to full three dimensional
CFD calculations. Still, a loss model calculation of a complete characteristic takes 30
seconds on average for one design'. Computing the deviations for all designs in the CFD
dataset would take over one hour for each optimization step and thus would be highly
inefficient. Therefore, a method for a fast and reliable testing of the loss model coefficients
was developed. Below the tested methods are listed.

1 fixed design
The first tests were run by using a singe geometric design to calibrate the loss model
coefficients. While a fast convergence of the optimization algorithm and a good agreement
between 1d and CFD prediction could be achieved, the resulting coefficients were only
valid for very small geometric variations.
10 fixed designs
The first approach was improved by using 10 fixed designs in each optimization step. The
mean deviations for all 10 designs were used as the objective functions for the optimization
algorithm. This slightly increased the numeric expense but still offered a fast solution.
However, the resulting coefficients still could not be used reliably for the whole geometric
parameter space.
10, 20, and 40 random designs
Based on the findings of the previous attempts, a novel strategy was proposed. For each
optimization step a set of designs was randomly chosen and the mean deviations were used
as objective functions for the optimization algorithm. This approach was tested for 10,
20 and 40 randomly chosen designs. Using 40 randomly chosen designs finally delivered
sufficiently exact results for the whole geometric parameter space, which could be obtained
at a reasonable numerical expense.

Assessment of potential optima
An optimization with nop; > 1 competing objective functions yields not one best solution
but a hyperplane of dimensionality noy; containing possible compromise solutions. This
hyperplane is called pareto front. As no solution is perfect in all objective functions, the
solution offering the best compromise for the given problem has to be chosen. Figure 6.16
shows the pareto front of one optimization run.

1 Intel Core-i7-3840M quad core.
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Figure 6.16: Pareto front for one optimization run.

The quality of each possible optimum on the pareto front is assessed by using this
combination of loss model coefficients to compute the characteristics of all geometric
designs in the CFD dataset. The optimum is then rated by calculating the sigma level for
each deviation in respect to a maximum allowed deviation. The definition of the sigma
level is given in Fig. 6.17 by the example of the surge mass flow rate deviation. The red
line marks the maximum allowed deviation.

Frequency

z

Figure 6.17: Definition of the sigma level for the rating of optima on the pareto front.

Surge mass flow rate deviation
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6.3.5.3 Optimization

The optimization was carried out using a global search evolutionary optimization algorithm
implemented in optiSLang (see section 2.7.1). The settings of the optimization algorithm
are given by Tab. 6.9. An optimization run was considered successful, if it converges
towards an optimum before the maximum number of generations is reached.

Table 6.9: Settings of the evolutionary optimization algorithm.

Parameter Value
Start population size 10
Maximum number of generations 60

Stop after generation of stagnation 20

Selection scheme Pareto ranking, Tournament selection
Crossover method Multipoint
Mutation scheme Self addaptive

The optimization is subject to several objective functions and constraints. These are
listed in Tab. 6.10. The optimization features two constraints. Firstly, the surge mass
flow rate predicted by the loss model may not differ from the CFD prediction for more
then 2.5% of the design mass flow rate. Secondly, no failed 1d calculations are tolerated
for the randomly chosen geometric designs. These constraints are based on the following
assumption: If any of the randomly chosen designs fails to meet these criteria, it is very
likely that there will be several failing designs in whole set.

Table 6.10: Settings of the evolutionary optimization algorithm.

Parameter Name Expression

Objective functions:

Surge mass flow rate deviation DiffSu min(DiffSu)
Choke mass flow rate deviation DiffCh min(DiffCh)
Surge pressure ratio deviation DiffPI min(DiffPI)

Constraints:
Maximum allowed surge mass flow rate deviation maxDiffSu  DiffSu<0.025

Number of failed characteristic computations Failed nFailed==0
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6.3.5.4 Results

The calibration was carried out for two distinct classes of centrifugal compressor impellers,
a mid-pressure impeller and a high-pressure impeller. In both cases, a set of 200 speedlines,
evaluated by CFD computations, was available. The calibration results are presented below.

Calibration Results Mid-Pressure Impeller
The four most promising pareto-optimal results were chosen as possible optima. For each
set of loss model coefficients the performance characteristics for all 200 geometric designs
were predicted and compared to the CFD results. Table 6.11 lists the sigma levels for
the individual deviations for each potential optimum. Furthermore, the values for the
uncalibrated start design are given. Based on this data, the fourth result is chosen as the
optimum.

Table 6.11: Sigma levels of the pareto-optimal designs and uncalibrated start design.

Pareto Optimum No. Sigma Surge Sigma Choke Sigma PI

1 2.9 35 5
2 2.8 4 2.4
3 2.8 3.7 3.9
4 2.7 3.8 7
Uncalibrated 0 1.2 1.4

Figure 6.18 compares the operation characteristics of uncalibrated 1d, calibrated 1d and
CFD calculations for two randomly chosen impeller geometries. Both results show good
correspondence between the computation methods. Compared with the results for the
uncalibrated loss models, a distinct improvement can be observed.

As the pure visual comparison of the predicted characteristics is not a reliable way to
determine the quality of the optimum, histograms of each deviation were generated for the
optimum and the uncalibrated model. Figure 6.19 shows distribution functions fitted to
these histograms. For all deviations, a distinct shift towards a narrow distribution with a
mean of zero can be observed. This further indicates the good prediction quality of the
calibrated models.

These results show that the calibrated loss model is sufficiently exact to identify promising
regions in the design space.
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Figure 6.18: Comparison of one dimensional loss model and three dimensional CFD results

for two arbitrary mid pressure impellers.
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Figure 6.19: Distributions of the deviations between loss model and CFD prediction for the
calibrated and the uncalibrated model (mid-pressure impeller).
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Calibration Results High-Pressure Impeller
Analogous to the calibration of the loss models for the mid-pressure impeller, the four most
promising pareto-optimal designs are chosen and rated based on the prediction quality for
the complete CFD data set. Table 6.12 lists the sigma levels for the individual deviations
for each potential optimum. Furthermore, the values for the uncalibrated start design are
given. Based on this data, the second result is chosen as the optimum.

Table 6.12: Sigma levels of the pareto-optimal designs and uncalibrated start design.

Pareto Optimum No. Sigma Surge Sigma Choke Sigma PI

1 2.3 3.3 3.7
2 3.1 2.7 3.7
3 2.7 2.7 3.6
4 2.7 2.0 3.77
Uncalibrated 1.7 0.1 2.0

Figure 6.20 shows the comparison of the operation characteristics between uncalibrated
1d, calibrated 1d and CFD calculations for two randomly chosen impeller geometries. Both
results show good correspondence between the computational methods. Compared with
the results for uncalibrated loss models, a distinct improvement can be observed.

As the pure visual comparison of the predicted characteristics is not a reliable way to
determine the quality of the optimum, again histograms of each deviation were generated
for the optimum and the uncalibrated model. Figure 6.21 shows distribution functions
fitted to these histograms. For all deviations, a shift towards a narrow distribution with
a mean of zero can be observed. This further indicates the increase in prediction quality
achieved by the calibration of the models.

While the calibration results are not as good for the high pressure impeller as for the
mid-pressure impeller, the the calibrated loss model can still be used to identify promising
regions in the design space.

Possible reasons for the lower prediction quality are:

e This impeller operates in a performance range which is located a the boundaries of
the range which Augnier recommends for the use of the loss models.

e The splitter blades, which show a strong influence on the impeller’s performance, are
taken into account only rudimentary.

e CFD computations of impellers in this performance range are difficult and include a
certain amount of uncertainty due to convergence problems. Therefore, the reference
data used for the calibration already includes uncertainty.
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Figure 6.20: Comparison of one dimensional loss model and three dimensional CFD results
for two arbitrary high pressure impellers.
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6.4 Computational Fluid Dynamics Model

The CFD computations in this work were carried out in ANSYS CFX v.17.2. This section
describes the applied computational workflow.

6.4.1 Grid Generation and Grid Independence

All grids for the CFD computations are generated in ANSYS TubroGrid. TurboGrid
is an automated meshing application specialized on generating hexahedral CFD meshes
of turbomachinery components. The meshes are based on predefined topologies which
are adjusted to the respective geometric design. As the impeller features a rotational
periodicity, only one blade-row has to be meshed. Figure 6.22 shows an example for a
mesh of an impeller with splitter blades generated with TurboGrid.
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Figure 6.22: Mesh of an impeller with splitter blades in TurboGrid visualized on a surface of
constant span (yellow). The mesh topology is visualized by purple lines.

The mesh quality and size required for trustworthy CFD computations is determined by
a mesh sensitivity test. The parameter used to define the different grids is the first element
offset. This parameter is of particular importance as the wall resolution directly influences
how well the near wall velocity gradient is depicted in the simulation. Therefore, the
first element offset has a strong influence on the computation of the interactions between
the impeller and the flow. After defining the first element offset, the remaining mesh
parameters are set in a way which ensures a smooth transition of the element size in
the whole computational domain. The results of the grid independence test are shown
in Fig. 6.23. The choice of the first element offset is based on the deviation from the
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efficiency computed by the largest of the examined grids. A bandwidth for a deviation
of 0.5% is marked in the plots by a green area. Based on this, a grid with a first element
offset of 8 - 107%m consisting of 1.4 - 10° elements is chosen for the mid-pressure impeller
while a grid with a first element offset of 7 - 10~5m consisting of 3.95 - 10° elements is
chosen for the high-pressure impeller. As the high-pressure impeller features a splitter
blade, one passage features two blades and a circumferential extent twice as big as for the
mid-pressure impeller. Furthermore, the high-pressure impeller’s outer diameter is bigger.
Therefore, a significantly larger mesh is required to obtain mesh qualities comparable to

the mid-pressure impeller.
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Figure 6.23: Result of the mesh sensitivity test.
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6.4.2 Boundary Conditions

Figure 6.24 gives an overview of the CFD boundary conditions. The simulations make
use of the rotational periodicity by using only one sector with a circumferential extent of
WZWS to simulate the complete impeller. The simulation model consists of two
stationary domains for the inlet and outlet, which are connected to the rotating impeller

domain by frame change interfaces. Table 6.13 lists the details of the applied setup.

Outlet

Stationary
domains

Rotational
periodicity

Rotating impeller
domain

Inlet

Figure 6.24: Overview of the CFD boundary conditions.

Table 6.13: CFD setup and boundary conditions.

Global settings
Simulation type Steady state
Material model Air ideal gas
Turbulence model SST

Inlet domain
Frame type Stationary

Inlet boundary Total pressure (ambient)

Impeller domain

Frame type Rotating (nominal speed)

Outlet domain
Frame type Stationary

Outlet boundary Static pressure or mass flow rate

Domain interfaces
Inlet to impeller Stage

Impeller to outlet  Stage
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6.4.3 Characteristics Computation

The computation of the compressor’s characteristic curve or speed line is a central aspect
of the CFD workflow. The complete computation of an operation characteristic is a time
consuming manual process, as each new design point has to be chosen carefully based on
the previous points. Figure 6.25 shows a generic compressor characteristic. To compute
the speedline, the first operation point is usually placed near the choke limit by using
a pressure outlet boundary and a low outlet pressure (“1“ in Fig. 6.25). From there,
the pressure at the outlet is gradually increased for each new point "moving up" on the
characteristic. Towards higher pressures and lower mass flow rates, the change in pressure
between each point decreases and it can become difficult to obtain a constant step size in
terms of mass flow by changing the pressure. Furthermore, it is possible that the pressure
ratio starts to decrease near the surge limit which can not be computed by increasing the
outlet pressure. At this point, the outlet boundary condition has to be changed to a mass
flow type boundary (“2“ in Fig. 6.25). Then, the last operation points towards the surge
limit can be computed. Convergence is difficult of achieve towards the surge limit. If a new
operation point does not converge (“3* in Fig. 6.25), the mass flow step size is lowered
until a last converged point is found (“4“ in Fig. 6.25). This point is considered as a fair
prediction of the surge limit. As surge is a transient phenomenon which results from the
interaction of all components of the whole system (compressor <+ piping <> consumers),
it cannot be predicted exactly by steady state simulations of just the compressor. Still,
the surge limit obtained from this kind of simulations can be used in an optimization to
identify parameter combinations which move the surge limit in one direction or the other.

® © @

x X

Pressure ratio

Mass flow rate

Figure 6.25: Principle of the computation of a speedline illustrated on a generic compressor
characteristic (“1¢ - Start, “2“ - Switch to mass flow outlet, “3“ - Failed designs near surge, “4“
- Approximated surge margin).

To evaluate a large number of operation characteristics in an optimization process,
the computation strategy described above has to be automated. This is achieved by an
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automation software which takes only the static outlet pressure of the first and second
points in the choke area as an user input. From there, the software predicts the next
operations point based on the previously computed points. This prediction is done by
interpolating a spline through the previous operation points and extrapolating the next
point from this spline. To prevent the spline from oscillating and thereby falsifying the
prediction, it has proven beneficial to use no more than three points for the interpolation.
For each predicted point, the software checks the gradient of pressure ratio over mass flow
rate. If this gradient drops below a certain threshold, the outlet boundary condition is
switched from a pressure type to a mass flow type for the further calculations. Towards
the surge limit, the software automatically decreases the step size if a simulation does
not converge and iteratively finds an estimation of the surge point. Typically, a complete
operation characteristic consists of 8 to 15 operation points.

The convergence of each operation point is controlled by different means. First of all, the
global residuals of the governing equations for impulse, energy, continuity and turbulence
are monitored. A more sophisticated statement about the convergence of a CFD calculation
can be given by looking at the most significant output quantities for the particular case.
For a compressor impeller these are the velocities, temperatures, pressures and flow rates at
the inlet and outlet as well as the polytropic efficiency. These quantities and their standard
deviations are monitored at each operation point and are used to decide if a calculation
has reached convergence. In this manner it can be assured that all CFD calculations have
converged without manual interaction.

6.4.4 Post Processing

The operation characteristic of one design consists of an arbitrary number of operation points.
This curve has to represented by scalar variables which can then be used as objectives or
constraints in an optimization workflow. Available values to rate the operation characteristic
are the global maximum polytropic efficiency 7o maz, the efficiency in the design point
Npol,DP = Npol (Tt = Thpp), the pressure ratio in the design point IIpp = II(1h = mpp)
and the mass flow rates at the surge and choke margins (1gurge and 7choke). In addition
to these quantities, further coefficients can be developed. A first approach is to look at the
areas below the pressure ratio respectively efficiency curves. These are computed according
to Eq. 6.127 and Eq. 6.128. The values of A7 and A, rate the extent of the characteristic
in both mass flow rate and pressure ratio respectively efficiency direction. A drawback of
this approach is the missing relation to the desired design point for which the impeller is
optimized. Therefore, an impeller with a wide operation range and a high pressure ratio /
efficiency recieves a high rating even if its operation characteristic does not include the
desired operation point.

1 MChoke H }
A = / ) 4, (6.127)
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1 MChoke ;
Ay = / UIGON (6.128)
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Figure 6.26 shows three arbitrary characteristic curves which are rates by a characteristic
number App (Eq. 6.129). A characteristic curve which includes the operation point receives
a rating of App = 1. App is computed by applying a Gaussian centered at the design
point to all points of the characteristic curve both in mass flow rate and pressure ratio
direction (these Gaussians are depicted as dashed lines in Fig. 6.26). The resulting values
are summed up and normalized by the maximum possible value which can be achieved for
the given design point.
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Figure 6.26: Rating of the operation characteristic in terms of the design point.
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6.5 Finite Elements Modeling

The FEA computations in this work were carried out in ANSYS v.17.2. This section
describes the applied computational workflow.

6.5.1 Boundary Conditions

Figure 6.27 shows the simulation model and the applied boundary conditions. The complete
impeller is depicted by a sector model which makes use of the rotational periodicity to
reduce the amount of grid cells. The simulations are carried out as steady state simulations
consisting of a single loadstep using a linear elastic material formulation. As the loads
resulting from fluid pressure are negligibly small when compared to the loads resulting
form centrifugal force, the impeller is solely loaded be a rotational velocity. The model is
constrained by the rotational periodicity and a fixed displacement in axial and tangential
direction of a single node at the shaft-hub connection. This way, the impeller can be
deformed freely by the centrifugal force while rigid body movement is prevented. An
overview of the FEA boundary conditions is given in Tab. 6.14.

Displacement

Rotational
periodicity

Rotational
velocity

Figure 6.27: Boundary conditions for the FEA computations.

Table 6.14: FEA setup and boundary conditions.

Global settings

Simulation type Steady state
Number of load steps 1
Material model Linear elastic

Constraints
Rotational periodicity

Nodal displacement at shaft  Axial and tangentially fixed, radial free

Loads

Rotational velocity
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6.5.2 Post Processing

Past research activities like Boecker [B6c09], Rybacki [Rybl11] or Zangeneh [Zan14] have
shown that the location of the maximum stress can change drastically for different com-
pressor designs. This can lead to bad prediction qualities, if metamodeling approaches
are applied to analyze the stresses, as the maximum stress can not be related to certain
geometric features. Therefore, alternative approaches for rating the mechanical loading
solely by the maximum stress value have to be found.

A first approach to analyze the stresses in a more local form is the partitioning of the
impeller volume. Then, the stresses can be evaluated on the individual sub-volumes. An
example for the subdivision of the impeller volume is shown in Fig. 6.27. This approach was
tested by Senge [Sen15]. Senge showed that the prediction of the stresses by a metamodel is
problematic due to the grave deviations between the FEA and metamodel predictions. The
evaluation of the stresses on sub-volumes does not increase prediction quality significantly.
One possible explanation for this behavior is the large bandwidth of stresses which are
computed when the geometry parameters are changed in large bounds. In many cases the
stress levels lie outside the linear elastic regime. Therefore, the applied material model is
not able to depict the existing physics. The use of a higher quality, non-linear material
model was not considered for two main reasons: firstly plastic deformations are not allowed
in an impeller design and secondly the computational expense would drastically increase.
Therefore, an alternative approach has to be found.

This alternative approach is the analysis of the elastic strain energy (Eq. 6.130). A deriva-
tion of the elastic strain energy can be found in [Kell8|. The elastic strain energy is defined
as the volume integral of the elastic strain energy densities e. This quantity is robust
against local peaks as it is integrated over the complete volume. Figure 6.28 compares
the metamodel residuals for the normalized maximum stress (Fig. 6.28(a)) and the elastic
strain energy (Fig. 6.28(b)). The red lines mark a bandwidth of 5% deviation between the
FEA and the metamodel prediction. In the case of the maximum stress, over 30% of the
predictions have a deviation greater than 5%. In the case of the elastic strain energy, the
deviation limit is exceeded by only 3% of the predictions. While the elastic strain energy
can not be compared against a material dependent limit like the yield stress to ensure
the structural integrity of the impeller, it can be used to compare different designs and
determine a low stress design as it is directly correlated to the stresses (Eq. 6.130).

. 1
Estrain elastic = / edV with u = 3 (011611 + 092892 + 033633)+ (012612 + 023623 + 031€31)

|4
(6.130)
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Normalized Maximum Stress Normalized Elastic Strain Energy
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Figure 6.28

6.5.3 Structure Mechanical Metamodel

The review of available models carried out in section 3.1.5 revealed no analytical or empirical
model for the prediction of the structure mechanical performance of an impeller. Therefore,
a metamodel based on FEA computations will be used to obtain a fast prediction of the
structure mechanic behavior of an impeller design.

The DOE on which the metamodel is based on uses the geometry parametrization which
is described in section 6.2 and the FEA workflow from this section. The designs of the
DOE are taken form the work of Senge [Senl5] and were extended by the analysis of the
elastic strain energy. The DoE features a constant outer diameter Dy and a constant
tip speed us. The deformations and stresses can be scaled for variations of Dy and usg
according to Eq. 6.131 and Eq. 6.132 (with the materials Young’s modulus E). These
relations are based on similitude. A derivation is given by Geller ([Gel85]). The structure
mechanic metamodel is generated by the “Metamodel of Optimal Prognosis“ workflow
in optiSLang. The elastic strain energy is depicted by a Kriging regression with a high
prediction accuracy (CoP=0.93). The metamodel is used in the sampling workflow to
optimize those parameters of the impeller, which are not relevant for the aerodynamic
performance, towards a mechanically low loaded design.

pu3 Do
E

(6.131)

£ X

o o pul (6.132)
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6.6 Workflow

This section focuses on the optimization workflow which combines all previously described
parts of the computational model with the filtered sampling method to generate a DOE.
This DOE is used to build a metamodel on which the optimum is determined.

The workflow starts by defining the global parameters pressure ratio IT and flow rate Vg,
which determine the overall type of the machine. Furthermore, the ambient thermodynamic
properties p4 and T4 and the fluid have to be set. In addition to these global quantities,
the parameter ranges of the geometric model need to be chosen. The DOE is generated by
the filtered sampling method. Before the algorithm can run, the parameters which control
the classification and sample quality distribution, the size of the initial sampling and the
size of the resulting DOE have to be stated. The actual sampling algorithm starts with the
generation of an initial DOE. At this point, the application cases “Design-Optimization* and
“Design-by-Optimization“ have to be distinguished. In the case of a “Design-Optimization,
the applied changes of the inlet and outlet geometries are small when compared to the
start design. Therefore, all parameters can be freely sampled by Latin hypercube sampling.
In the case of the “Design-by-Optimization“ approach on the other hand, the inlet and
outlet geometries may change drastically. If these changes are made in an independent
way, many geometries would feature mismatched inlet and outlet geometries which would
lead to a low aerodynamic performance. As a result, these dimensions are computed by
the previously described preliminary design method. The remaining parameters are varied
by Latin hypercube sampling. If the initial DOE is created, the geometries for all design
points are generated. The aerodynamic performance of each design is predicted by a loss
model computation. The rating is carried out by the characteristic number App (Eq. 6.129)
which assigns a high rating to a design if it delivers the required pressure ratio at the
design mass flow rate. Additionally, the distance between the stability limits and the
design mass flow rate is taken into account. As previously stated, the prediction of the
structural performance by a metamodel has proven difficult. Therefore, the parameters of
the impeller with no or with only a low fluid dynamic relevance are optimized to minimize
the elastic strain energy by using the previously described metamodel. These parameters
are the shape of the impeller disc, the blade thicknesses and the blade hub fillet. By this
approach, the average mechanical loading of the DOE designs can be reduced. The designs
in the initial DOE are rated based on the predicted aerodynamic performance and assigned
to the previously defined classes. These classes are thinned out until the desired number
of samples and the distribution of sample quality is reached. The CAE responses of the
designs in the resulting DOE are computed by the previously described CFD and FEA
workflows. Based on these responses, a metamodel is generated in optiSLang using the
MOP method. The optimization is carried out on this metamodel. If the optimum found
on the metamodel can be successfully verified by one additional CAE computation, the
optimization is finished. Figure 6.29 visualizes the workflow by a flow chart.
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Figure 6.29: Workflow of the optimization method.






CHAPTER [/

Application and Proof-of-Concept

The methods described in the previous chapters are applied to optimize two existing
centrifugal compressors (“Design-Optimization®). These compressors differ in terms of
design pressure ratio, tip speed and outer diameter. The optimization is carried out by
a particle swarm algorithm which seeks the optimum on a metamodel based on a DOE
consisting of 100 samples created by the filtered sampling algorithm. The optima proposed
by the algorithm are verified by CFD and FEA computations. The results and performance
of the optimization are checked against an optimization which uses a metamodel based
on a DOE consisting of 200 samples created by Latin hypercube sampling without taking
preliminary information into account. For both DOEs the same parameters were used
which were varied within the same bounds. This comparative data was available as results
from two master theses ([Kipl5] and [Lat18]).

In addition to these optimizations a new compressor impeller is designed by using a
“Design-by-Optimization“ approach. In this application only the fluid dynamic behavior
of the compressor is taken into account. The metamodel is based on a DOE consisting
of 75 samples created by the filtered sampling algorithm. In contrast to the previously
conducted “Design-Optimization“ cases, the outer diameter of the compressor is varied
significantly in the optimization.

151
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7.1 Testcase 1: Mid-Pressure Impeller Design-Optimization

The global dimensions and the performance data of the mid-pressure impeller are given
in Tab. 7.1. Figure 7.1 gives the characteristic of the baseline impeller. The mass flow
rate and the pressure ratio are normalized by their respective values at the design point
(Mporm(m =mpp) =1, Hporm(II = IIpp) = 1). The baseline design delivers the desired
pressure ratio at the design point (II(7,0rm = 1) = 1). The efficiency at the design point
has a value of 85.9%. Furthermore, the safety margin between the design point and the
choke limit is 7% of the design mass flow rate, the distance between the design point and
the surge limit has a value 25% of the design mass flow rate. This combination classifies the
baseline design as a fluid dynamically good design with potential for further optimization.

Table 7.1: Global dimensions and performance data of the mid-pressure impeller.

Parameter Symbol Value
Outer diameter Dy 300mm
Flow coefficient ®D 0.12
Work coefficient 4 0.62
Pressure ratio I 25
Tip speed Ug 3807
Tip gap height org 0.5mm
Number of blades z 15
Material Titanium alloy
Yield strength oy 930M Pa
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Figure 7.1: Characteristic of the baseline mid-pressure impeller.

A more detailed portrayal of the flow in the baseline impeller is given by Fig. 7.2. For
this figure, the flow field is analyzed in the design point (7ip0rm = 1). On the left hand side
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of Fig. 7.2, the three-dimensional flow is visualized by Mach number streamlines. Apart
from a small vortex originating from the tip gap, the flow is well aligned to the blade. The
visualization of the Mach number distribution at mid-span given on the right hand side of
the figure shows a similar picture, as no notable areas of low energy fluid and therefore no
strong dissipation can be observed. In conclusion, the flow in the baseline impeller at the
design point can be considered as nearly ideal. This further qualifies the initial design as a
design of high fluid dynamic quality.
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Figure 7.2: Flow in the baseline impeller (left: 3d streamlines colored by Mach number, right:
blade to blade visualization of the Mach number distribution at mid-span).

The structure mechanic performance of the baseline impeller in terms of the Van Mieses
stresses is given in Fig. 7.3. The maximum of the stresses has a value of 1190 M Pa and
is located at the leading edge of the blade near the hub. This value exceeds the yield
limit by 25%. In addition to the stresses, Fig. 7.3 depicts the direction vectors which
are used to measure the deformations of the blade tip at the leading and trailing edge.
These deformations must be smaller than the tip gap as otherwise the blades will touch
the casing. In case of the base line impeller, the deformation of the leading edge bears a
value of 0.13mm, the deformation at the trailing edge has a value of 1.3mm which exceeds
the tip gap height by 160%. The values of the maximum stresses and the trailing edge
deformation disqualify the baseline design as a possible optimum.
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Figure 7.3: Structure mechanic loading of the baseline mid-pressure impeller.

In summary, it can be stated that the baseline geometry shows a good fluid dynamic
performance with potential for optimization but is infeasible in terms of the structure
mechanic constraints.

The parameters of this optimization are listed below. A total of 19 parameters are varied.

o Constant parameters:
— Outer diameter
— Inlet hub diameter
— Blade count
¢ Parameters varied in relation to the baseline design:
— Leading edge relative blade angles at hub and shroud (£10%)
— Inlet shroud diameter (+5%)
— Trailing edge blade height (+5%)
¢ Free parameters:
— Axial extent
— Hub contour shape (curvature and curvature influence length)
— Blade height distribution between leading and trailing edge
— Relative blade angle at trailing edge
— Circumferential blade extent
— Leading and trailing edge blade lean
— Leading edge position
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e Parameters determined by optimization on the structure mechanic meta-
model:

— Blade thicknesses
— Hub blade fillet radius

— Impeller disc contour

The DOE, on which the metamodel used for the optimization is based, is generated
by the filtered sampling algorithm. As the intended use in this case is the optimization
of an existing design, no preliminary design is used in the sampling process. The loss
models calibrated for mid-pressure impellers presented in section 6.3 are used as preliminary
information to rate the quality of the samples in the initial design. A high rating is assigned
to a design if the desired pressure ratio is delivered when operating at the design point
and if the distance between the stability limits and the design mass flow rate is greater
then 10% of the design mass flow rate. The parameters with a low fluid dynamic relevance
of each design are optimized using the structure mechanic metamodel (section 6.5.3) to
minimize the elastic strain energy.

7.1.1 DOE results

The DOE consisting of 100 samples created by the filtered sampling algorithm is rated by
the distribution of the responses of the fluid dynamic and structure mechanic simulation
models. These results are compared against the DOE based on Latin hypercube sampling
which contains 200 samples which was generated by Kiippers [Kiipl5]. For the generation
of this DOE no preliminary information was taken into account.

Figure 7.4(a) shows histograms of the choke mass flow rates of both DOEs. The mass flow
rates are normalized by the design mass flow rate. This chart clearly indicates that the
designs generated by the filtered sampling algorithm reach the choke margin at mass flow
rates higher than the design mass flow rate (7ichokenorm > 1). In the case of the Latin
hypercube sampling, 50% of the samples feature a choke mass flow rate below the design
mass flow rate and therefore fail to operate in the desired design point. Conversely, this
means that this half of the designs is located in regions of the parameter space where no
potential optima are to be found. Therefore, these designs can offer only a minor gain of
information in regard of optimal designs and can be considered as wasted computational
expense.

In Fig. 7.4(b), the distributions of the mass flow rates at the surge margin are compared
for both DOEs. In contrast to the histogram of the choke mass flow rates, the surge mass
flow rate are distributed in a similar way for both sample sets.

Histograms of the distribution of the design point polytropic stage efficiency are compared
in Fig. 7.5(a). In the case of the DOE based on Latin hypercube sampling, only 15%
of the samples reach design point efficiencies in the magnitude of 90% to 92% (highest
stage efficiencies observed in this parameter space). The majority of the samples in this
DOE (approx. 45%) achieve efficiencies between 89% and 90%. In comparison, 65% of the
samples in the DOE generated by the filtered sampling algorithm feature an efficiency in
the region of the highest efficiencies achievable in this parameter space (90%-92%). This
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distribution indicates that the DOE based on the filtered sampling has a high sample
density in parameter regions where highly efficient designs can be found.
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Figure 7.4: Distribution of the normalized mass flow rates at the stability limits for both
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Figure 7.5: Distribution of the polytropic stage efficiencies and the pressure rations at the
design point for both DOEs.

Figure 7.5(b) shows histograms of the design point total pressure ratio for both DOEs.
The pressure ratios are normalized by the design pressure ratio. The mean pressure ratio of
the designs generated by the filtered sampling algorithm equals the desired design pressure
ratio (mean(Ilyorm) = 1). 36% of the samples produce the desired pressure ratio in the
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design point while the remaining samples are approximately normal distributed. In the
case of the Latin hypercube sampling, the mean pressure ratio of all samples is shifted
towards higher pressure ratios. Only 12% of the samples produce the desired pressure
ratio while nearly 80% of the samples exceed the design pressure ratio by 2.5% to 7.5%.
This indicates, similarly to the results for the choke mass flow rate, that a high number of
designs generated by the Latin hypercube sampling feature a characteristic which does not
include the required design point. This disqualifies these designs as potential optima.
The distribution of the maximum stresses for both DOEs is shown in Fig. 7.6. The stresses
are normalized by the material’s yield strength. Both DOEs include a significant amount of
samples which exceed the yield strength (0maznorm > 1). In the case of the DOE based on
Latin hypercube sampling, 74% of the samples feature maximum stresses above the yield
limit while this is the case for only 40% of the samples generated by the filtered sampling
algorithm. Additionally, the highest stresses found in the LHS DOE are in the order of 5
times the yield limit while the highest stresses found in the DOE based in filtered sampling
take values of 2.5 times the yield limit. Based on these findings it can be summarized that
in the DOE based on filtered sampling the majority of the samples are feasible in terms of
maximum stress.
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Figure 7.6: Distribution of the normalized maximum stress for both DOEs.

Figure 7.7(a) shows the histogram of the leading edge deformation for both DOEs. The
deformations are measured as depicted in Fig. 7.3 and normalized by the tip gap height.
All leading edge deformations observed in the DOE based on filtered sampling are smaller
than the tip gap size and therefore uncritical. Only 3% of the deformations observed in
the DOE based on Latin hypercube sampling exceed the tip gap height, the majority of
the samples features uncritical leading edge deformations, too.

The histograms of the normalized trailing edge deformations are shown in Fig. 7.7(b). Both
DOE:s feature designs which exceed the tip gap high but in the case of the filtered sampling
it can be observed that to mean trailing edge deformation has a value of 1.2 times tip gap
hight while the LHS sampling features a mean trailing edge deformation of 2 times the tip
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gap height.
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Figure 7.7: Distribution of the normalized deformations for both DOEs.

Summary of the DOE results

The characteristics of all designs proposed by the filtered sampling algorithm fulfill the
design-point criterion in terms of including the design mass flow rate. Furthermore,
the mean pressure ratio of the designs equals the required design pressure ratio. These
properties are of particular importance as a design, whose characteristic does not include
the design point, can not be considered for an optimization. In addition, the filtered
sampling includes a high number of designs which reach the highest efficiencies observed
in the parameter space. Therefore, the DOE has a high information density in regions
of the parameter space where optimal designs can be found. Finally, the designs are
subject to lower structure mechanical loads when compared to the designs generated by
Latin hypercube sampling. The histograms of the responses displayed in this section show
a smaller range of variance for most responses. This can be a possible advantage for
metamodelling.

7.1.2 Metamodel results

Both DOEs described and analyzed in the preceding section are used to generate metamodels.
The global prediction qualities of the metamodels are compared Fig. 7.8, the respective
CoP values are given in Table 7.2. The quality of the metamodel’s prediction of each
response is assessed by the Coefficient of Prognosis (CoP) as defined in Eq. 2.140. In
addition to the global CoP, which rates the prediction quality over the complete parameter
space, the local CoP values at the optimum of the responses are given. The local CoP rates
the prediction quality on a local subset of the parameter space. The value of this parameter
in the area of the optimal response values is of particular importance if the metamodel is
used for optimization. Both metamodels are able to predict the responses relevant for an
optimization with comparable accuracy. This indicates that a metamodel based on a DOE
generated by filtered sampling can be used to optimize the impeller while only half the
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samples are needed. Solely the surge mass flow rate shows a lower prediction quality which
can be explained by the overall numeric problems encountered at the computation of the
surge margin (see section 6.4.3).
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Figure 7.8: Prediction qualities of both metamodels.

Table 7.2: Comparison of the CoP values for both metamodels.

Response CoPritered  CoPriterediocat  CoPrus  CoPrms,iocal
Choke mass flow rate 84% 89% 92% 93%
Surge mass flow rate 43% 65% 74% 76%
Design point pressure ratio 59% 79% 75% 83%
Design point efficiency 80% 94% 69% 89%
Leading edge deformation 60% 86% 33% 75%
Trailing edge deformation 66% 88% 58% 80%
Maximum stress 73% 92% 60% 92%

In addition to the CoP values, the metamodel’s prediction quality can be rated by the
residual plots shown in Fig. 7.9. These plots compare the prediction of the CAE model to
the prediction of the metamodel for each design point. A perfect prediction is indicated
by the thin black diagonal line. The thick black lines indicate a bandwidth defined by a
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deviation of 5% between the CAE and the metamodel prediction.

The metamodel residuals for the choke and surge mass flow rates (Fig. 7.9(a) and
Fig. 7.9(b)), the efficiency (Fig. 7.9(c)) and the pressure ratio (Fig. 7.9(d)) show a similarly
good prediction quality. As both metamodels are able to predict the locations of the stability
limits and the design point pressure ratio with acceptable accuracy, these quantities will
be used in the optimization.

In Fig. 7.9(e) the residuals for the metamodel prediction of the leading edge deformation
are shown. The metamodel based on Latin hypercube sampling shows strong deviations
between the finite element and the regression based predictions. The deviation observed for
67% of the samples exceeds the 5% margin. In the case of the metamodel based on filtered
sampling, the leading edge deformation predicted by the metamodel deviates from the
FEA results by more than 5% at only 20% of the samples. This result correlates with the
prediction qualities for the leading edge deformation rated by the CoP value in Tab. 7.2.
The residuals of the prediction of the trailing edge deformation are given in Fig. 7.9(f).
Both metamodels show strong deviations, for the LHS based metamodel the deviations
between the predictions exceed the 5% limit in 85% of the cases while the metamodel
based on the filtered sampling fails to predict with the required accuracy for 42% of the
samples. When only the samples in the feasible domain of the parameter space are taken
into account (normalized deformation less than 1), only 23% of the predictions by the
metamodel based on filtered sampling exceed the deviation limit of 5% while the prediction
quality for the LHS based metamodel does not change. As the metamodel will be used for
optimization, only the feasible domain of the parameter space is of interest.

The residuals of the metamodels for the prediction of the maximum stress are given
in Fig. 7.9(g). Both metamodels show strong deviations. In the case of the metamodel
based on LHS sampling, the 5% deviation margin is exceeded by 52% of the predictions.
In comparison, 39% of the predictions by the metamodel based on the filtered sampling
fail to meet this criterion. For the prediction of the maximum stress the same effect as for
the prediction of the deformations can be observed: when only the structure mechanically
feasible domain is taken into account, the number of inaccurate predictions is strongly
reduced. For the case of maximum stresses below the yield stress (normalized stress smaller
unity), the number of predictions which exceed the 5% deviation limit deceases to 19%
for the metamodel based on filtered sampling and to 36% for the metamodel based on
LHS sampling. As the metamodel is able to predict the deformations and stresses in the
feasible domain with a good prediction quality, there is no need to analyze the elastic
strain energy in this case. Therefore, these quantities will be used for the optimization.
One possible explanation for the high deviations in the structure mechanically infeasible
domain is the applied material model. All simulation are carried out using a linear elastic
material model. This model will predict false stresses and deformations outside the elastic
range of the material. Therefore, all results with stresses above the yield stress include a
large numerical error (“solver noise“). Solver noise is known to impede the prediction of a
response by a metamodel. Similar effects were noted by van Keulen et al. [Keu00].

In summary, both metamodels show a fair prediction quality for all major objectives
needed for an optimization. This indicates that the filtered sampling approach can be
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utilized to minimize the numerical expense required to generate a metamodel suited for

optimization.
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Figure 7.9: Residuals for metamodels based on both DOEs.
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Figure 7.9: Residuals for metamodels based on both DOEs (continued).

7.1.3 Optimization results

The intended use of the previously created metamodels is optimization. Therefore, two
optimization tasks are carried out using both metamodels. Concluding, the optimization
results are compared to rate the metamodels. The objectives and constrains of both
optimization scenarios are given in Table 7.3.

Table 7.3: Objectives and constraints of the optimization scenarios.

Scenario I [l
Objectives e Decrease the surge mass flow rate e Increase the choke mass flow rate

e Maximize the design point efficiency e Maximize the design point efficiency
Constraints e Deliver the design pressure ratio o Deliver the design pressure ratio

at the design mass flow rate at the design mass flow rate

e Retain the initial choke mass flow rate e Maximum stress below the yield stress
e Maximum stress below the yield stress e Leading and trailing edge deformation
e Leading and trailing edge deformation  smaller then the tip gap height

smaller then the tip gap height

The optimizations are carried out using a particle swarm optimization algorithm available
in optiSLang.

Results of optimization scenario 1
The results of the optimization in terms of the operation characteristic are given in
Fig. 7.10(a). The characteristic resulting from an optimization carried out on the metamodel
based on LHS sampling is labeled “OPT1%, the optimization carried out on the metamodel
based on filtered sampling is labeled “OPT2% In both cases, the optimized speedlines
fulfill the optimization’s objectives: the surge margin is moved towards lower mass flow
rates and the design point efficiency could be improved (85.9% — 87.3% for “OPT1% and
85.9% — 88.1% for “OPT2*). Both optimal designs deliver the required pressure ratio
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when operating at the design mass flow rate and the initial choke mass flow rate could
be preserved. As the flow field in the initial design (Fig. 7.2) already showed nearly no
dissipation, no further improvement could be expected and therefore no visualization of
the flow field is given for the optimum.
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Figure 7.10: Results of the first optimization scenario for the mid-pressure impeller.

The structure mechanic results are given in Fig. 7.10(b). The exact values of the stresses
and deformations are listed in Table 7.4. Both optimized impellers are able to meet the
requirements as the maximum stress is lower than the yield stress and the leading and
trailing edge deformations do not exceed the tip gap height.

Table 7.4: Structure mechanic results of baseline and optimized impeller.

Quantity Baseline OPT1 OPT2
Maximum stress 1190MPa 743MPa 588MPa
Leading edge deformation  0.13mm  0.41mm  0.34mm

Trailing edge deformation 1.3mm 0.1mm  0.08mm

Results of optimization scenario II
Figure 7.11(a) shows the results of the second optimization in terms of the operation
characteristic. Again, the characteristic resulting from an optimization carried out on the
metamodel based on LHS sampling is labeled “OPT1%, the optimization carried out on the
metamodel based on filtered sampling is labeled “OPT2“ Both optimized characteristic
curves fulfill the objectives: the choke margin is extended towards higher mass flow rates
and the efficiency in the design point is increased (85.8% — 86.8% for both optimizations).
In both cases the impeller delivers the required pressure ratio when operating at the design
mass flow rate. As a trade-off, the surge mass flow rate is slightly increased. As the
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flow field in the initial design (Fig. 7.2) already showed nearly no dissipation, no further
improvement could be expected and therefore no visualization of the flow field is given for

the optimum.
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Figure 7.11: Results of the second optimization scenario for the mid-pressure impeller.

Figure 7.11(b) summarizes the structure mechanic results. The exact values of stress
and deformation are given in Tab. 7.5. Both optimized impellers are able to meet the
requirements as the maximum stress is lower than the yield stress and the leading and
trailing edge deformations do not exceed the tip gap height.

Table 7.5: Structure mechanic results of baseline and optimized impeller.

Quantity
Maximum stress
Leading edge deformation

Trailing edge deformation

Baseline OPT1 OPT2
1190MPa 812MPa 744MPa
0.13mm  0.37mm  0.44mm

1.3mm 0.28mm  0.18mm
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7.2 Testcase 2: High-Pressure Impeller Design-Optimization

Table 7.6 lists the global dimensions and the performance data of the high-pressure impeller
design. The operation characteristic of the baseline design is given in Fig. 7.12. The mass
flow rate and the pressure ratio are normalized by their respective values at the design
point (Mperm (= mpp) = 1, horm(II = Ipp) = 1). In contrast to the mid-pressure
impeller, the baseline design of the high pressure impeller fails to meet the desired design
point both in terms of mass flow rate and pressure ratio. Therefore, the baseline design
has to be improved drastically to meet the design goals.

Table 7.6: Global dimensions and performance data of the high-pressure impeller.

Parameter Symbol Value
Outer diameter D, 350mm
Flow coefficient ©D 0.098
Work coefficient v 0.47
Pressure ratio I 4
H m
Tip speed Usg 480
Tip gap height ora 0.5mm
Number of full blades ZFB 14
Number of splitter blades 2$B 14
Material High-strength aluminum alloy
Yield strength Oy 430M Pa
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Figure 7.12: Characteristic of the baseline high-pressure impeller.
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Figure 7.13 gives a more detailed portrayal of the flow in the baseline impeller. As the
speedline of the baseline impeller fails to include the desired design point, the flow field is
analyzed in the point which shows the smallest distance to the design point (perm = 1.03).
On the left hand side of Fig. 7.13, the three-dimensional flow is visualized as streamlines
colored by the Mach number. The flow-field includes strong vortices and high Mach number
gradients. The visualization of the Mach number distribution at mid-span given in the
right hand side of the figure shows a similar picture, as several sources of dissipation can
be observed. Firstly, the flow at the main blade’s leading edge has strong incidence which
shows in the form of a region with high Mach numbers right upstream of the leading
edge on the suction side. This causes strong aerodynamic blockage in the impeller throat.
Secondly, a region of low energy fluid can be observed at the main blade’s pressure side
about 30% into the passage. Finally, the flow at the splitter blade’s leading edge again
shows strong incidence which causes even further dissipation. In conclusion, the flow in the
baseline impeller near the design point can be considered as far from ideal. This further
indicates the strong need for aerodynamic improvement.
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Figure 7.13: Flow in the baseline impeller (left: 3d streamlines colored by Mach number,
right: blade to blade visualization of the Mach number distribution at mid-span).

The structure mechanic loading of the baseline impeller is given in Fig. 7.14 by a plot of
the Van Mieses stresses. The maximum stress takes a value of 1092M Pa and is located at
the hub fillet of the splitter blade. This value exceeds the yield strength by over 200%.
Analogous to the mid-pressure impeller, the deformations are evaluated at the leading and
trailing edge of the blades in direction of the tip gap. The leading edge of the full blades of
the baseline impeller shows a deformation of 0.98mm which corresponds to approximately
200% of the tip gap height. The deformations of the splitter blade’s leading edge (1.07mm)
and the splitter blade’s trailing edge (1.08mm) are of nearly the same magnitude. Only
the deformation of the full blade’s trailing edge (0.37mm) complies with the constraint
of being smaller than the tip gap hight of 0.5mm. Additionally to the bad aerodynamic
performance, the values of the maximum stresses and the deformations disqualify the
baseline impeller as a potentially optimal design.
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Figure 7.14: Structure mechanic loading of the baseline high-pressure impeller.

Summarizing, the baseline design requires a high amount of optimization in both the
aerodynamic and the structure mechanic domain.
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The parameters of this optimization are listed below. A total of 18 parameters are
varied.

e Constant parameters:
— Outer diameter
— Inlet hub diameter
— Inlet shroud diameter
— Blade count
¢ Parameters varied in relation to the baseline design:
— Leading edge relative blade angles at hub and shroud (£10%)
— Trailing edge blade height (£5%)
¢ Free parameters:

— Axial extent

Hub contour shape (curvature and curvature influence length)

Blade height distribution between leading and trailing edge
— Relative blade angle at trailing edge

— Circumferential blade extent

— Leading and trailing edge blade lean

— Leading edge position

¢ Parameters determined by optimization on the structure mechanic meta-
model:

— Blade thickness
— Hub blade fillet radius

— Impeller disc contour

As for the mid-pressure impeller optimization, the DOE, on which the metamodel used
for the optimization is based, is generated by the filtered sampling algorithm. The intended
use in this case is the optimization of an existing design. Therefore, no preliminary design
is used in the sampling process. The loss models calibrated for high-pressure impellers
presented in section 6.3 are used as preliminary information to rate the quality of the
samples in the initial design. A high rating is assigned to a design if the desired pressure
ratio is delivered when operating at the design point and if the distance between the
stability limits and the design mass flow rate is greater then 10% of the design mass flow
rate. Additionally, the parameters with a low fluid dynamic relevance of each design are
optimized using the structure mechanic metamodel (section 6.5.3) to minimize the elastic
strain energy.
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7.2.1 DOE results

Analogous to the optimization of the mid-pressure impeller, a DOE consisting of 100
samples is generated by the filtered sampling algorithm. This DOE is compared to a DOE
based on Latin hypercube sampling generated by Lattner [Lat18] consisting of 200 samples
for which no preliminary information was taken into account. Both DOEs are rated in
terms of the distributions of the fluid dynamic and structure mechanic responses.
Histograms of the choke mass flow rates for both DOEs are given in Fig. 7.15(a). The mass
flow rates are normalized by the design mass flow rate. Both sample sets show similar
distributions in terms of the choke mass flow rate.

Figure 7.15(b) shows the distribution of the mass flow rates at the surge margin. In contrast
to the choke margin, significant differences are observable. Firstly, the distribution of the
surge mass flow rate in the DOE based on filtered sampling is shifted towards lower mass
flow rates when compared to the DOE based on Latin hypercube sampling. Secondly and
more important, the DOE based on filtered sampling features no designs with a normalized
surge mass flow rate greater then 1, which would indicate a characteristic curve which does
not include the desired operation point. In the case of the DOE based on Latin hypercube
sampling, 40% of the samples feature a surge mass flow rate higher then the design mass
flow rate. Therefore, these designs are located in regions of the parameter space where no
potential optimum can be found and can contribute only a minor gain of information in
regard of optimal designs.
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Figure 7.15: Distribution of the normalized mass flow rates at the stability limits for both
DOEs.

Figure 7.16(a) shows histograms of the distribution of the design point polytropic stage
efficiency for both DOEs. In the case of the DOE based on Latin hypercube sampling, only
15% of the samples reach design point efficiencies between 89% an 91% (highest efficiencies
observed in both DOEs). In the case of the DOE based on filtered sampling, over 75% of
the samples feature efficiencies in this order of magnitude. This indicates that the DOE
based on filtered sampling has a high sample density in regions where highly efficient
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designs can be found.

The distributions of the design point pressure ratio are depicted by histograms in Fig. 7.16(b).
The pressure ratios are normalized by the desired design pressure ratio. For both DOEs,
the mean of the distribution is greater then 1, which indicates that these designs fail to
deliver the desired pressure ratio at the design point. In the case of the DOE based on
filtered sampling, the majority of the samples feature design point pressure ratios which
exceed the desired pressure ratio by 5% while the majority of the designs in the DOE
generated by Latin hypercube sampling show a pressure ratio at the design point which is
10% higher then desired. While the mean design point pressure ratio is shifted away from
the desired value for both DOEs, the DOE based on filtered sampling still includes more
designs with a design point pressure ratio close to the required value. This indicates, similar
to the distribution of the surge mass flow rate, that the DOE based on filtered sampling
features a higher information density in potentially beneficial regions of the parameter
space.
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Figure 7.16: Distribution of the polytropic efficiency and the design point pressure ratio for
both DOEs.

Figure 7.17 gives the distributions of the normalized stresses for both DOEs in form of
histograms. The stresses are normalized by the material’s yield limit. Both DOEs include
a significant amount of designs which exceed the yield strength (omaznorm > 1). While
the DOE based on filtered sampling shows a distribution which is shifted towards smaller
values when compared to the DOE based on Latin hypercube sampling, still the majority
of designs in both sets are outside of the mechanically feasible domain. Previous research
activities ([Kiis18]) have shown that the structure mechanic responses of designs with a
high tip speed react very sensitive to even small geometric changes. Therefore, a high
number of designs with stresses above the yield limit was expected. In this case the filtered
sampling algorithm was unable to improve the distribution in a significant way. This is
due to the fact that the metamodel used to optimize the aerodynamic irrelevant geometric
quantities neglects the splitter blade.
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Figure 7.17: Distribution of the normalized maximum stress for both DOEs.

The distributions of the leading and trailing edges of the full and the splitter blades are
depicted by histograms in Fig. 7.18. All deformations are normalized by the tip gap height.
Similar to the maximum stresses, both DOEs feature a significant amount of designs which
lie outside the feasible domain (normalized deformation > 1). Furthermore, no distinct
improvement by the use of the filtered sampling method can be observed. This is again
attributable to the high sensibility of the structure mechanic responses of highly loaded
designs towards geometric changes and the metamodel used to optimize the designs for the

filtered sampling.
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Figure 7.18: Distributions of the normalized deformations for both DOEs.
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Figure 7.18: Distributions of the normalized deformations for both DOEs (continued).

Summary of the DOE results

In summary, it can be stated that the filtered sampling approach is able to concentrate
samples in areas of the parameter space where high quality designs in terms of the
aerodynamics can be found. All designs proposed by the filtered sampling algorithm
feature an operation characteristic which includes the design mass flow rate. Furthermore,
the mean design point pressure ratio of the designs in the DOE generated by the filtered
sampling algorithm is close to the desired design pressure ratio. In addition, the DOE
generated by filtered sampling features a higher mean design point efficiency then the DOE
generated by Latin hypercube sampling. This indicates that the DOE based on filtered
sampling has a high sample density in areas of the parameter space where high quality
designs can be found. The histograms shown in this section show a smaller variance for
most aerodynamic responses in the case of the filtered sampling. This can be considered as
a potential advantage for metamodeling. In the case of the structure mechanic responses
on the other hand, no significant improvement can be recognized. This is due to the
metamodel used as preliminary information, which was not able to predict the impellers
structure mechanic behavior in a reliable way.

7.2.2 Metamodel results

The DOEs presented and analyzed in the previous section are used to generate metamodels.
These metamodels are compared in Fig. 7.19 in terms of their prediction quality rated by
the Coefficient of Prognosis (CoP). The respective CoP values are given in Tab. 7.7. In
addition to the global CoP, which rates the prediction quality over the complete parameter
space, the local CoP values at the optimum of the responses are given. This value is of
particular importance if the metamodel is used for optimization. The results presented
in Tab. 7.7 clearly indicate that the metamodel based on the DOE generated by filtered
sampling shows high prediction qualities in areas of the parameters space which feature
highly efficient designs while reducing the required computational expense by 50%.
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Figure 7.19: Prediction qualities of both metamodels.

The metamodel residuals for both models are compared in Fig. 7.20. These diagrams
are generated by plotting the values predicted by the metamodel over the values computed
by the CAE simulations and can be used to rate the prediction quality. The thin black,
diagonal line indicates a perfect prediction which occurs if both the metamodel and the
CAE workflow deliver the same response for one set of input parameters. The thick
black lines describe a deviation bandwidth of 5% between the metamodel and the CAE
prediction.

The choke and surge mass flow rates (Fig. 7.20(a) and Fig. 7.20(b)), the design point
pressure ratio (Fig. 7.20(c)) and the design point efficiency (Fig. 7.20(d)) show comparable
good prediction qualities.

The residual plots of the deformations (Fig. 7.20(e) to Fig. 7.20(h)) show large spread
widths and strong deviations for both metamodels. The pronounced scatter in the defor-
mations is typical for impellers with a high tip speed as small geometry changes often
result in strong variations of the deformations (see [Kiis18]). If only the samples which
feature deformations below the tip gap height are taken into account, the deviations of
the predictions of the metamodel based on filtered sampling decrease. This is in good
agreement with the global and local CoP values observed for the deformations in Tab. 7.7.
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Table 7.7: Comparison of the CoP values for both metamodels.

Response CoPrittered CoPrilteredjiocal  CoPrrs CoPrus.iocal
Choke mass flow rate 46% 69% 2% 72%
Surge mass flow rate 40% 68% 62% 65%
Design point pressure ratio 51% 73% 83% 7%
Design point efficiency 72% 90% 7% 78%
Leading edge deformation 68% 95% 75% 91%
(full blade)

Trailing edge deformation 57% 70% 82% 84%
(full blade)

Leading edge deformation 40% 86% 1% 92%
(splitter blade)

Trailing edge deformation 50% 74% 80% 84%
(splitter blade)

Maximum stress 46% 80% 86% 88%

As already indicated by the local CoP values in Tab. 7.7, both metamodels are able
to predict the maximum stress with acceptable accuracy for low stresses. This can be
observed in the residual plot (Fig. 7.20(i)), too: while globally 75% of the LHS samples and
25% of the filtered samples are predicted with a deviation greater than 5%, the stresses
are predicted correctly for all samples which belong to the feasible domain (oyperm < 1).
As the minimization of the stress is a typical requirement in every optimization, the
prediction quality in regions with high stresses is not relevant. Both the stress as well
as the deformations can be predicted with acceptable accuracy in the feasible domain.
Therefore, these quantities can be used in the optimization.
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Figure 7.20: Residuals for metamodels based on both DOEs.
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Figure 7.20: Residuals for metamodels based on both DOEs (continued).
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In summary, it can be stated that both metamodels are well suited for optimization as
all relevant responses can be predicted with good accuracy. This shows that the filtered
sampling approach allows the generation of a metamodel for optimization at a reduced
numerical expense.

7.2.3 Optimization results

The intended use of the previously created metamodels is optimization. Therefore, an
optimization is carried out using both metamodels. As stated before, the baseline impeller
fails to reach the desired design mass flow rate and to deliver the design pressure ratio.
Therefore, the objective of the optimization is the determination of an impeller design whose
operation characteristic includes the desired design point and features a high efficiency in
the design point. Furthermore, a defined width of the speed line is required. Concluding, the
optimization results are compared to rate the metamodels. The objectives and constrains
of the optimization are given in Table 7.8.

Table 7.8: Objectives and constraints.

Objectives o Design point is part of the operation characteristic
e Maximize the design point efficiency
Constraints e Deliver the design pressure ratio
at the design mass flow rate
e Width of the operation characteristic
at least 20% design mass flow rate
e Maximum stress is below the yield stress
e Leading and trailing edge deformation

is smaller then the tip gap height

The optimization is carried out using a particle swarm optimization algorithm available
in optiSLang.

Results of the optimization
The results of the optimization in terms of the operation characteristic are given in
Fig. 7.22(a). The characteristic resulting from an optimization carried out on the metamodel
based on LHS sampling is labeled “OPT1“, the optimization carried out on the metamodel
based on filtered sampling is labeled “OPT2% In both cases, the optimized speedlines
fulfill the optimization’s objectives: the design mass flow rate is part of the speed line and
the machine operates with high efficiency at the design point (“OPT1“: 86.92%, “OPT2
86.89%). Both optimal designs deliver the required pressure ratio when operating at the
design mass flow rate and feature a width of the operation characteristic of 20% of the
design mass flow rate.

A detailed comparison of the flow in the baseline impeller and the impeller optimized
using the metamodel based on filtered sampling is given in Fig. 7.21. The flow field of
the baseline design is analyzed at the point with the lowest distance to the desired design
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point (Myerm = 1.03), while the flow in the optimized design is analyzed at the desired
design point (7i0rm = 1). The Mach number stream lines on the left hand side show a
significant improvement of the flow in the optimized design, as the flow is mostly aligned
to the blade and shows only minor vortices. Similar observations can be made when
comparing the Mach number distributions in the blade to blade plots on the right hand
side. The aerodynamic blockage at the throat is strongly reduced, the low energy region at
the pressure side nearly vanishes and the flow at the splitter blades leading edge is aligned
to the blade. The combination of these effects indicates, that a strong improvement of the
aerodynamic quality is achieved by the optimization.

Baseline design

L O 2 &P AR DDA D
S RPERPI LTS

Mach Number

Optimized design

O QA N D L QO H D D
ST L LS RPN

Mach Number

Figure 7.21: Flow in the baseline (top) and optimized impeller (bottom) (left: 3d streamlines
colored by Mach number, right: blade to blade visualization of the Mach number distribution
at mid-span). The optimized impeller is generated by an optimization carried out on the
metamodel based on filtered sampling.

Figure 7.22(b) summarizes the structure mechanic results. The exact values of the
stresses and deformations are given in Tab. 7.9. Both optimized impellers are able to
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meet the requirements as the maximum stress is lower than the yield stress. In the case
of the optimization carried out on the metamodel based on Latin hypercube sampling,
only the deformation of the full blade’s leading edge sightly exceeds the tip gap height. In
the case of the optimization carried out on the metamodel based on filtered sampling, all
deformations are inside the tolerable bounds.
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Figure 7.22: Results of the optimization for the high-pressure impeller.

Table 7.9: Structure mechanic results of baseline and optimized impeller.

Quantity Baseline OPT1 OPT2
Maximum stress 1092MPa  415MPa  403MPa
Leading edge deformation (full blade) 0.98mm  0.7lmm  0.49mm
Trailing edge deformation (full blade) 0.37mm  0.32mm  0.49mm

Leading edge deformation (splitter blade)  1.07mm  0.10mm  0.04mm
Trailing edge deformation (splitter blade)  1.08mm  0.20mm  0.44mm




7.3 Testcase 3: Design by Optimization of a Mid-Pressure Impeller 179

7.3 Testcase 3: Design by Optimization of a Mid-Pressure Impeller

Table 7.10 lists the global dimensions and the performance data of the mid-pressure impeller.
In contrast to the two previous examples, in this case the aim of the optimization is the
design of a new impeller instead of the improvement of an existing design. Therefore, no
initial design and no reference DOE exist in this case. With this example it is intended
to demonstrate that the developed workflow is not only capable of optimizing an existing
design with small changes to the blade design but can be used to generate a new design by
optimization with strong global design changes, too. In addition, the loss models used to
predict the aerodynamic performance were calibrated for fixed global impeller dimensions.
Thus, this testcase is used to verify the ability of the loss models to predict the speedlines
of impellers, which diverge from the calibration dataset.

The key challenge in this case is the strong variation of the global design parameters
outer diameter and rotational speed. Thereby, the DOE consist of fundamentally different
impeller designs. The amount of variation in the global design of the impellers is illustrated
in Fig. 7.23. The range of impellers considered in this DOE is visualized by red dots in a
Cordier diagram. These dots are close to the line which correlates the the non dimensional
diameter 0 and the non dimensional speed o for machines of high efficiency (marked
by “Verdichter,Pumpen®) in the range typical for centrifugal and diagonal compressors
(marked by “Radial- und Diagonal Verdichter”). In contrast to this, the impeller designs
considered in the previous examples are marked by a single blue dot for the mid-pressure
design optimization and a green dot for the high-pressure design optimization. The slight
deviations of the impeller designs from the original Cordier line are typical for modern
compressor designs.
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Figure 7.23: Location of the designs in the Cordier diagram (underlying diagram taken
from [Eng07].
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This optimization focuses on the development of a new design which has to fulfill certain
aerodynamic constrains. Thus, structure mechanics are not considered. The aerodynamic
constrains of the new design are:

e Deliver the design pressure ratio when operating at the design mass flow rate.
e Operate at a high efficiency in the design point.

o Distance between stability limits and design point in mass flow direction: at least
20% of the design mass flow rate.

Table 7.10: Global dimensions and performance data for the Design-by-Optimization Impeller.

Parameter Symbol Value
Outer diameter Do 270-330mm
Flow coefficient ©D 0.12
Work coefficient v 0.78
Pressure ratio I 2.25
Tip speed Ug 3847
Number of blades z 15

For this optimization the preliminary design approach is applied to determine the inlet
and outlet geometries of each design. This results in the following set of parameters:

¢ Constant parameters:
— Inlet hub diameter
o« Parameters with values obtained from preliminary design:
— Leading edge relative blade angles at hub and shroud
— Leading edge blade height
— Trailing edge blade height
¢ Free parameters:
— Outer diameter
— Axial extent

Hub contour shape (curvature and curvature influence length)

— Blade height distribution between leading and trailing edge
— Relative blade angle at trailing edge

— Circumferential blade extent

— Leading and trailing edge blade lean

— Leading edge position
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In summary, a total of 16 free parameters is varied in this optimization.

Analogous to the previous examples, the DOE, on which the metamodel used for the
optimization is based, is generated by the filtered sampling algorithm. The loss models
calibrated for mid-pressure impellers presented in section 6.3 are used as preliminary
information to rate the quality of the samples in the initial design. A high rating is assigned
to a design if the desired pressure ratio is delivered when operating at the design point
and if the distance between the stability limits and the design mass flow rate is greater
then 10% of the design mass flow rate.

7.3.1 DOE results

The DOE consisting of 75 samples created by the filtered sampling algorithm is rated by
the distribution of the responses of the fluid dynamic simulation models.

Figure 7.24 shows the distributions of the choke and surge mass flow rates. All mass flow
rates are normalized by the design mass flow rate. The distribution of the choke mass flow
rates is given in Fig. 7.24(a). All designs feature a choke mass flow rate greater then the
design mass flow rate. The mean choke mass flow rate has a value of 130% of the design
mass flow rate. This indicates that the DOE offers a variety of design with a reasonable
distance between the design point and the choke margin.

The distribution of the surge margin for all designs is given by Fig. 7.24(b). All surge mass
flow rates observed in the DOE are smaller then the design mass flow rate. In combination
with the distribution of the choke mass flow rates it can be stated that the speed lines of
all design include the design point in terms of mass flow rate. Furthermore, the majority of
the surge mass flow rates show up in the range of 70 to 90% of the design mass flow rate.
As observed for the choke mass flow rate, this results in a DOE which includes a variety of
designs with a reasonable distance between the surge margin and the design point.
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Figure 7.24: Distribution of the surge and choke mass flow rates.
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The distributions of the design point pressure ratio and the polytropic stage efficiency

are depicted by histograms in Fig. 7.25. The majority of designs in the DOE features high
polytopic stage efficiencies above 90% in the design point as shown in Fig. 7.25(a).
The histogram of the pressure ratios at the design mass flow rate is shown in Fig. 7.25(b).
All pressure ratios are normalized by the desired design point pressure ratio. The mean
pressure ratio of all designs equals the desired pressure ratio (I1orm = 1). The design
point pressure ratios of the majority of the impellers are scattered densely around a value
of 1. Only 2% of the designs feature a pressure ratio in the area of 90% of the design point
pressure ratio. This indicates that nearly all designs in the DOE are feasible in terms of
pressure ratio.
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Figure 7.25: Distribution of the polytropic efficiency and the design point pressure ratio.

In summery it can be stated that the DOE generated by the filtered sampling algorithm
is well suited for generating a metamodel usable to generate a new compressor design by
optimization.

7.3.2 Metamodel Results

Based on the DOE presented and analyzed in the previous section, a metamodel is generated.
The prediction qualities of the stability limits, the design point pressure ratio and the
design point polytropic stage efficiency are shown in Fig. 7.26. The respective CoP values
are listed in Tab. 7.11. In addition to the global CoP values, the local values at the
optimal response values are given. Except for the surge mass flow rate, all responses can
be predicted at high qualities both globally and locally. The lower prediction quality of the
surge mass flow rate is related to the numeric problems which are known to be encountered
in CFD computations near the surge limit. Still, the local prediction quality in the desired
region of the surge mass flow rate (80% of the design mass flow rate) can be considered as
sufficient.
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Figure 7.26: Prediction qualities the metamodel.

Table 7.11: CoP values of the metamodel.

Response CoP  CoPiyeal
Choke mass flow rate 81% 86%
Surge mass flow rate 58% 75%

Design point pressure ratio  84% 88%
Design point efficiency 91% 97%

In addition to the CoP values, the metamodel’s prediction quality can be rated by the
residual plots shown in Fig. 7.27 and Fig. 7.28. These plots compare the prediction of the
CAE model to the prediction of the metamodel for each design point. A perfect prediction
is indicated by a thin black diagonal line. The thick black lines indicate a bandwidth
defined by a deviation of 5% between the CAE and the metamodel prediction.

Figure 7.27(a) shows the metamodel residuals for the prediction of the surge mass flow
rate. While large deviations can be observed for large surge mass flow rates (above 85% of
the design mass flow rate), the predictions of the surge mass flow rate in the desired range
(80% to 60% of the design mass flow rate) show only little deviation. The predictions of
the choke mass flow rate (Fig. 7.27(b)) show only minor deviation across the whole range
of choke mass flow rates observed in the DOE.
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Figure 7.27: Metamodel residuals of the normalized choke and surge mass flow rates.

In accordance to the CoP values listed in Tab. 7.11, the residual plot for the prediction
of the design point polytropic efficiency and pressure ratio given in Fig. 7.28 show a high
prediction quality.
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Figure 7.28: Metamodel residuals of the
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In summary, the metamodel shows a high prediction quality for all major objectives

needed for the optimization.
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7.3.3 Optimization results

The intended use of the previously created metamodel is the design of a novel impeller
by optimization. As stated before, this impeller design has to fulfill certain aerodynamic

constraints. Based on these constraints the boundary conditions of the optimization are
given in Tab. 7.12.

Table 7.12: Objectives and constraints.

Objectives o Design mass flow rate included in the operation characteristic
e Maximize the design point efficiency

Constraints e Deliver the design pressure ratio at the design mass flow rate
e Surge mass flow rate 80% of the design mass flow rate or less

e Choke mass flow rate 120% of the design mass flow rate or more

The optimization is carried out using a particle swarm optimization algorithm available
in optiSLang.

Results of the optimization

The results of the optimization in terms of the operation characteristic are given in Fig. 7.29
(the mass flow rate is normalized by the design mass flow rate and the pressure ratio
is normalized by the required design point pressure ratio). The optimized operation
characteristic fulfills all previously defined design goals: the impeller delivers the required
pressure ratio when operating at the design mass flow rate (IT,orm (Mporm = 1) = 1) and
shows a high design point efficiency (n(rporm = 1) = 0.93). Furthermore, the impeller
reaches the surge margin at 66% of the design mass flow rate and the choke margin at
128% of the design mass flow rate. Summarizing, it can be stated that all design goals are
fulfilled by the optimized impeller design.
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Figure 7.29: Operation characteristic of the mid-pressure impeller.
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A more detailed portrayal of the flow in the optimized impeller is given by Fig. 7.30. For
this figure, the flow field is analyzed in the design point (7iperm = 1). In the left hand side
of Fig. 7.30, the three-dimensional flow is visualized by Mach number streamlines. The
flow is well aligned to the blade in the complete impeller channel. The visualization of the
Mach number distribution at mid-span given in the right hand side of the figure shows a
similar picture as no notable areas of low energy fluid and therefore no strong dissipation
can be observed. In conclusion, the flow in the optimized impeller at the design point can
be considered as nearly ideal.

Mach Number

Figure 7.30: Flow in the optimized impeller (left: 3d streamlines colored by Mach number,
right: blade to blade visualization of the Mach number distribution at mid-span).



CHAPTER 8

Conclusions

The goal of this research activity was the development of an efficient strategy for the
metamodel based optimization of centrifugal compressor impellers with the main focus
on the reduction of the required computational expense. The central idea followed in this
work was the utilization of preliminary information from analytical models and empirical
sources to identify promising regions in the parameter space and then concentrate the
generation of samples in these areas. From this goals, three main tasks were derived: firstly
the research, rating and implementation of sources of preliminary information, secondly
the development of a suitable sampling method and finally the automated computational
workflow. Concluding, the optimization strategy was applied to three examples.

The research for suitable models to rate the aerodynamic quality of an impeller design
has revealed several potential methods. Out of these, one-dimensional loss modeling has
been chosen to predict the aerodynamic performance of an arbitrary impeller geometry.
The tested loss modeling approaches available in literature have shown strong deviation in
the predicted speedlines when compared to fully 3-dimensional CFD computations. This
problem was solved by calibrating the model parameters. The calibration was carried out
by an optimization algorithm with the objective of minimizing the deviations between the
loss model and the CFD prediction. The calibrated loss models are able to predict the
aerodynamic performance of the impeller based on it’s geometric design at a sufficient level
of accuracy. This way, a first impression of the aerodynamic quality of the sample can
be obtained. While a fully 3-dimensional CFD prediction of the compressor’s speedline
can take up to 300 core hours on a HPC CPU (Intel XEON E5, 2.9 GHz), the loss model
prediction takes 30 core seconds in maximum on a desktop CPU (Intel i7-3840, 2.8GHz).
Therefore, this method is well suited to quickly rate large sample numbers in order to
identify promising regions of the parameter space.

In the case of the prediction of the structure mechanical loading of the impeller, a
literature research has revealed no applicable analytical or empirical methods. Therefore,
a metamodeling approach based on FEA computations has been chosen to obtain a fast
prediction of the structure mechanical loading. This approach, however, was not able to
predict the maximum stresses and the deformations reliably for the complete parameter
space. A closer analysis of the metamodel’s residuals indicated that the strongest deviations
between the metamodel and the FEA prediction were mostly found for designs which
featured extreme values of stress and deformation far beyond the linear elastic domain. For
designs featuring maximum stresses below the yield limit on the other hand, acceptable
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prediction qualities could be observed. Therefore, an alternative approach was used: for
each design the parameters with low or no influence on the fluid mechanic performance were
optimized to obtain a design with a low structure mechanic loading. To carry out these
optimizations in an efficient way, the elastic strain energy was introduced as an additional
output in the metamodel. This step had two advantages: firstly, the usage of an integral
quantity reduced the influence of local stress peaks and secondly, only one optimization
objective was needed to identify designs with low stresses and low deformations.

With the calibrated loss models and the metamodel for minimizing the structure me-
chanical loading, the required tools to identify promising regions of the parameter space
were available.

In order to take advantage of the potentially beneficial regions of the parameter space
identified by preliminary information, a sampling method is needed which concentrates
designs in these areas while a good but coarser coverage of the complete design space is
still ensured. Additionally, the amount of input correlation present in the sampling should
be at the lowest possible level. A literature research revealed approaches like “Acceptance /
Rejection Sampling* or Markov chain Monte Carlo methods like the “Metropolis-Hastings
algorithm® These methods were tested to generate a sampling with a focus on high quality
designs while the distribution of the sample quality was modeled by multi-modal test
functions. These tests showed that none of the observed methods was able to generate
a sampling which met the set goals of a bias towards high quality designs and low input
correlations. Further tests however revealed that a DOE with the desired properties in
terms of sample distribution and correlations could be created if a significantly higher
number of samples was generated. A high sample number on the other hand was contrary
to the global goal of the reduction of the numerical expense. Therefore, this DOE would
have to be thinned out while retaining it’s beneficial properties.

Based on this finding, a new sampling method called “filtered sampling“ was developed
which starts with following assumption: if a sampling that features the desired properties
can only be generated by thinning out an initial sampling, the initial sampling can be
generated by a Latin hypercube method which covers the complete parameter space evenly
at a high resolution. Then, each sample in the initial DOE is assigned a measure of sample
quality computed by the preliminary information. Based on this rating, the samples are
sorted into classes. The desired distribution of sample quality in the sampling is set by the
size and the limits of these classes. Based on this information, the sampling is thinned
out by removing samples in densely populated areas of the parameter space until the
desired distribution is achieved. This method was successfully tested for high dimensional
multi-modal test function.

Based on these results, “filtered sampling® was selected as the sampling method of choice
for the optimization strategy to be developed.

A crucial part of every CAE based optimization is the applied computational workflow
which has to work in a robust and reliable way. In this context, this means that no failed
design occur and that no impellers are generated with aerodynamically disadvantageous
parameter combinations. This challenge was solved by a strategy for geometry parametriza-



189

tion based on turbomachinery flow considerations. The parametrization concept was used
in all further components of the computational workflow. These components were the
preliminary design method, the one dimensional loss models, the metamodel for predicting
the structure mechanic loading and the CFD and FEA models.

The optimization strategy was successfully tested on three optimization problems. In
each case the workflow starts with a sampling generated by the “filtered sampling* method.
The samples of the DOE are computed by the automated CAE workflow. Based on the
DOE, a metamodel was generated by the MOP workflow in optiSLang and used for the
optimization. In the case of the first and the second optimization problem, all results were
compared against an optimization using a conventional Latin hypercube sampling without
taking any preliminary information into account.

Figure 8.1 compares the global characteristics of the samplings in terms of the percentage
of feasible designs. In the case of the samplings generated by the “filtered sampling®
algorithm, nearly no failed designs in terms of the speedline (Fig. 8.1(a)) and in terms
of the structure mechanic loading (Fig. 8.1(b)) were generated. Therefore, these DOEs
contain a notable higher amount of information in subspaces where potentially optimal
designs can be found.

Feasible designs: speedline Feasible designs: mechanic loading
= LHS Sampling = Filtered Sampling ® LHS Sampling = Filtered Sampling
100

90
80
70

P ercentage of feasible d esigns
P ercentage of feasible designs

Testcase 1 Testcase 2 Testcase 3 Testcase 1 Testcase 2

(a) Percentage of feasible designs in terms of the (b) Percentage of feasible designs in terms of the
speedline. mechanic loading.

Figure 8.1: Comparison of the testcases in terms of feasible designs.

Testcase 1: Mid-Pressure Impeller Design-Optimization
The first example was the optimization of an existing mid-pressure impeller (II = 2.5). The
DOE used for the metamodel consisted of 100 samples. In this case, the baseline design
already showed a satisfactory aerodynamic performance but there was still potential for
optimization. The structure mechanic loading on the other hand exceeded the material’s
yield limit by 25% and showed deformations outside the feasible range. With respect to
the baseline design, two optimization tasks were defined for this impeller. In both cases,
the structure mechanic loading of the impeller had to be reduced to comply to the allowed
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maximum values for both stress and deformation. On the aerodynamic side, the first
optimization task demanded an extension of the surge margin towards smaller mass flow
rates while maintaining the choke mass flow rate, the second task was the extension of
the choke limit towards higher mass flow rates. In both cases, a further objective was
the maximization of the design point efficiency. Additionally, the design point in terms of
pressure ratio and mass flow had to be part of the speed line. The optimization was able
to fulfill all constraints and determine an optimal solution in both cases. The results of the
DOE, of the metamodel and of the optimization were compared to an optimization which
did not take any preliminary information into account. For this optimization, the DOE
consisted of 200 samples. Both optimizations were able to deliver optima of comparable
quality. Thus, it can be stated that the optimization strategy based on the “filtered
sampling” method is able to drastically reduce the computational expense needed for the
optimization of a mid-pressure impeller.
Testcase 2: High-Pressure Impeller Design-Optimization
The second example was another optimization of an existing impeller. In this case, the
task was the optimization of a high-pressure impeller (I = 4). The DOE used for the
metamodel consisted of 100 samples. In contrast to the first example, the baseline impeller
was not usable in terms of the aerodynamic performance: the surge mass flow rate had a
value of 106% of the design mass flow rate while the maximum pressure ratio observed was
93% of the required design pressure ratio. Therefore, the intended design point was missed
both in terms of pressure ratio and flow rate. In addition to the insufficient aerodynamic
performance, the baseline impeller featured stresses and deformations outside of the feasible
domain. This situation defined the optimization task: firstly, the speedline had to be
shifted in a way that the impeller delivers the required pressure ratio when operating
at the design mass flow rate while maintaining a safety distance between the operating
point and the stability limits. Secondly, the polytropic stage efficiency in the design
point was to be optimized. Finally, the optimal impeller had to comply to the structure
mechanic constraints in terms of maximum stress and deformation. The optimization
was able to determine an optimum and fulfill all constraints. The results in terms of the
DOE, the metamodel and the optimization were benchmarked against an optimization
using a metamodel based on a DOE consisting of 200 samples which were generated by
Latin Hypercube sampling without taking preliminary information into account. Since
both optimizations could provide comparable optima, in turn, it could be stated that the
developed optimization strategy is able to minimize the amount of CAE computations
required to obtain an optimum for a high-pressure impeller.
Testcase 3: Design by Optimization of a Mid-Pressure Impeller

In contrast to the previous examples, the third examples used the optimization strategy to
design a new mid-pressure impeller (IT = 2.25) which had to comply to a set of constraints
in terms of the flow rate, the pressure ratio and the shape of the speedline. The first two
examples focused on the optimization of the blade and meridional geometries without
modifying the outer diameter and the speed of rotation. In this third example however,
these quantities were modified in a pronounced way. Thus, this testcase was used to verify
if the optimization strategy works for strong variations of the impeller’s global parameters,
too. Furthermore, the ability of the loss models to predict the performance of impeller
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designs which differ from the designs used for calibration in terms of global dimensions
was tested. The DOE used for this optimization was generated by the “filtered sampling*
method and consisted of 75 samples. The resulting impeller design had to comply to the
following constraints: firstly, the impeller had to deliver the require pressure ratio when
operating at the design mass flow rate. Secondly, a high efficiency in the design point was
required. Finally, the distance between the stability limits and the design point should
be at least 20% of the design mass flow rate or more. The optimization did successfully
determine an optimal design which fulfilled all given constraints. This indicated, that
the optimization strategy is capable of dealing with strong variations of global geometric
variations and that the loss models can be used for impellers with global dimensions
deviating from ones of the calibration designs.

In summary, it can be stated that the developed optimization strategy provides equally
good results as the established methods while requiring a significantly smaller numerical
expense.

With the presented method, the numerical expense required for optimizing a centrifugal
compressor impeller could be drastically reduced. This reduction was achieved by using
preliminary information gathered from fast, low-fidelity analytical or empirical methods to
identify beneficial regions of the parameter space. These regions were then observed at a
higher resolution by high fidelity CAE simulations. Low- and high-fidelity computation
methods can be found in many fields of engineering. Based on the encouraging results
obtained for centrifugal compressors, the method could be transfered to other engineering
applications.
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