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Abstract

We use the recently introduced Weyr characteristic of linear relations in C"
and its relation with the Kronecker canonical form of matrix pencils to describe
their dimension. Then, this is applied to study one-dimensional perturbations
of linear relations.
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1. Introduction

Linear relations are a natural generalization of linear operators and they can
be traced back to [1], see also [7]. Linear relations in C™ are nothing else than
(linear) subspaces of C™ x C"™, but there is a well developed spectral theory
behind them which is mainly expressed in terms of (proper) eigenvalues, Jordan
and singular chains, and multishifts, see [1, 7, 4, 5, 6, 11].

Recently, the notion of the Weyr characteristics for a linear relation were
introduced, both as a tool for developing a canonical form for linear relations in
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finite dimensional vector spaces [6] and also to relate the Kronecker invariants
of a matrix pencil with the invariants of its kernel and range representations
[11]. Given a matrix pencil P(s) = sE — F € C[s]"*™, its kernel representation
is defined by E7'F := N([F —E]) € C™ x C™, where N(X) stands for
the kernel of a matrix X. Analogously, its range representation is given by

FE-'=R ({?]) C C™ x C", where R(X) stands for the range of a matrix

We show that the Weyr characteristics of the kernel and range representa-
tions of a pencil P(s) can be recovered from the Weyr characteristic of P(s).
Conversely, given a linear relation S, it is possible to find matrix pencils of dif-
ferent sizes whose range or kernel representations are S. We also show that the
dimension d = dim S is the minimal number of columns of a pencil necessary to
describe S as the range representation of it. Also, the minimal number of rows
necessary to describe S as the kernel representation of a matrix pencil is 2n —d.
Hence, from the Weyr characteristic of the linear relation we are able to recover
the Weyr characteristic of the pencil, which depends on the size of the chosen
pencil.

Moreover, in [11] new perturbation results for the Kronecker form of matrix
pencils under rank-one perturbations were derived from perturbation results for
the Weyr characteristic of linear relations given in [12].

The main goal of this paper is to use this relationship one more time, but
in the opposite direction. Now, given linear relations .S and T in C", we would
like to determine if there exist linear relations S, T € C™ x C™ which are strictly
equivalent to S and T, respectively, and such that S and T are one dimensional
perturbations of each other in the sense of [11]. To do so, we make use of recent
results from (2, 3] and [9)].

The paper is organized as follows. Section 2 is devoted to preliminaries. In
Section 3 we present some properties of linear relations, mainly of the kernel
and range representations of matrix pencils. In Section 4 we state the problem
to be studied, and we relate it to a matrix pencil completion problem. Section
5 contains some known results about matrix pencil completion problems which
are used later, and we show that they can be stated in terms of the Weyr char-
acteristics of the pencils involved. In Section 6 we obtain necessary conditions
to solve the problem, and in Section 4 we solve the problem completely. Finally,
in the Appendix we include some technical results.

2. Preliminaries

Let C be the field of complex numbers, and C the extended field C = CU{oc}.
C[s] denotes the ring of polynomials in the indeterminate s with coefficients in
C, C™*™ ig the vector spaces of n X m matrices over C, and C[s]"*™ is the
bimodule of n x m matrices over C[s], respectively. Gl,,(C) is the general linear
group of invertible matrices in C™*™.

Given a matrix X € C"*™  R(X) C C" is the subspace spanned by the
columns of S and N(X) C C™ is the kernel of X.



We call partition to a finite or infinite sequence of nonnegative integers
a = (ay,as,...), almost all being zero, such that a; > ag > .... The num-
ber of nonzero components of a is the length of a (denoted ¢(a)) and |a| is
the sum of the components of a, ie., |a] = Zf(:al) a;. Given a finite parti-
tion @ = (a1,as,...,ay), if necessary, we take a; = 0 if i > n. We iden-
tify two partitions that differ only in the number of zero components. The
conjugate of a partition a = (ay, az, ...) is the partition a = (@, as, ...), where
ag = #{i:a; >k}, k> 1.

We will also work with finite sequences of integers ¢ = (¢1,¢a, ..., ¢p) such
that ¢; > ¢ > ... > ¢;,. When necessary, we take ¢; = +oo if ¢ < 1 and
¢; = —oo if i > m. Observe that a finite sequence has a fixed number of
components. As before, |c| = >", ¢;. All along this paper, the sequences
of integers involved have nonnegative components. The conjugate of a finite
sequence of nonnegative integers ¢ = (ci,...,¢y) is the conjugate partition
of the partition ¢ = (¢1,...,¢m,0,...). When necessary, we define the term
50:#{10120}:m

A polynomial matrix of the form P(s) = sE — F, E,F € C"™™ is a
matrix pencil. For basic notions on matrix pencils we refer to [10, Chapter
XII]. Two matrix pencils Pi(s) = sFEy; — Fy and Pa(s) = sEy — Fy in C[s]™*™
are strictly equivalent, denoted P (s) "< Py(s), if there exist invertible matrices
U € Gl,(C), V € Gl,,(C), such that Pa(s) = UP1(s)V.

Given a matrix pencil P(s) € C[s]™*™, the normal rank of P(s), denoted
rank(P(s)), is the order of the largest nonidentically zero minor of P(s), i.e.,
it is the rank of P(s) considered as a matrix on the field of fractions of Cl[s].
The spectrum of the pencil P(s) = sE — F, denoted A(P(s)), is defined as
A(P(s)) = {\ € C: rank(P()\)) < rank(P(s))}, where we agree that P(cc) = E.
The elements A € A(P(s)) are the eigenvalues of P(s). If rank(P(s)) = r and
A(P(s)) = {A1,..., Ar}, then the Kronecker invariants of P(s) are ¢ partitions
n(A;) = (n1(\i),n2(N), - ..), where n()\;) is the Segre characteristic at A; of P(s)
and £(n(A;)) < r, and two sequences of nonnegative integers, € = (ey, ..., €m—_r),
7= (M,...,Mn—r), called column minimal indices and row minimal indices of
P(s), respectively. They satisfy:

I
D )|+ [el + [nl = (1)
i=1
For A € C\ A(P(s)) we define n()\) = (0,0,...).
The homogeneous invariant factors of P(s) are homogeneous polynomials in

the indeterminate s and ¢, ¢1(s,t) | - - - | ¢r(s,t), that collect the information of
the finite and infinite eigenvalues. They are defined as

(s, 1) = trrasi () s— )<<y
¢]( ) ) s j
AEA(P(s))\{oo}

As usual, we take ¢;(s,t) =1 for j < 1, and ¢;(s,t) =0 for j > r.



Following the notation of [11], we define the sequences of nonnegative inte-
gers a, 3,7 as

a=n(0), B=(a+1,...;¢mr+1), y=0m+1,....,00—r+1).

The Weyr characteristic of P(s) is (w,b,c), where w = (w(A1),...,w(A\))
and w(A;) is the conjugate partition of n(A;), 1 <i < ¢, b = (by,ba,...) is the
conjugate partition of 8, and ¢ = (¢, ¢a,. . .) is the conjugate partition of v (see
[11, Definition 4.1]). Notice that (1) is equivalent to

Y4

> lw)] + (1B = b1) + (el = 1) =7 (2)

i=1

We denote |w| = Zle w()\;), and for A € C\ A(P(s)) we define w()\) =
(0,0,...).

Two matrix pencils Pj(s) and Pa(s) are strictly equivalent if and only if
their Weyr characteristics (equivalently, their Kronecker invariants) coincide
([10, Chapter XII, Theorem 5]). A canonical form for the strict equivalence of
matrix pencils is the Kronecker canonical form. It is a matrix pencil of the form

slh, — Jo 0 0 0
O SNa — I|a| O O
P.(s) =sE,— F. = @) 0 sKg— Lg o , (3)
T T
) O 0 sK — L,
where ng = 37\ ca(p(s)nc [P(A)] and Jo is a diagonal of Jordan blocks, N, =
diag(Naw...,Nawl(w)) (observe that a; > -+ > i (00) > 0 = Quyy(c0)41 =
...) and
0
N, = Lo € (Cka
1 0

YL T e,

Ofer—ea)x(Jy—e1)

{diag(Lzl e, LECCQ)}
Ofer—ea)x(yl—e1) 1

. diag(KT ,...,KT
Kg = [dlag(K,gl,...,Kng) O(|,6|—b1)><(bl—b2)] , K7T = [ ,

Lg = [diag(Lgl,. Cy L5b2) O(lﬁ‘—bl)x(bl_b2)} , Lg =
and for k > 1,

1 0 0 1

Ky, = Ly = e Ck=1xk,



Observe that by is the number of column minimal indices, i.e., by = m — r, and
by — by is the number of column minimal indices equal to 0, i.e., by — b = #{i :
B; = 1}. Analogously, c; =n —r, and ¢; — co = #{i : v; = 1}.

A linear relation S in C™ is a vector subspace of C" xC". A matrix X € C"*"
can be identified with a linear relation in C" via its graph I'(X) := {(z, Xz) :
x € C™}. For basic notions and properties of linear relations we refer to [1, 15].
Two linear relations S and T are strictly equivalent, denoted S °<" T, if there
exists P € Gl,,(C) such that

P 0
-2 0]s

The set of proper eigenvalues of a linear relation S (see [11, Section 2] for the
definition) will be denoted by A(S). Let A(S)NC = {1, ..., A¢}, then the Weyr
characteristic of S consists of ¢ 4+ 3 partitions W(A1),...,W(A), A, B, and C
(for details see [11, Definitions 3.1 and 3.2]). In this work we put A = W(o0),
thus, the Weyr characteristics of S will be denoted by (W, B,C). We denote
| W =Y, | W(N) |, and for A € C\ A(S) we define W(X) = (0,0,...).

Two linear relations S and T are strictly equivalent if and only if their Weyr
characteristics coincide ([11, Theorem 5.4]).

3. Linear relations and their dimension

In this section we show that there exists a close relationship between linear
relations and matrix pencils, and we analyze how the corresponding Weyr char-
acteristics are related. We must introduce some notions about linear relations.

The product of two linear relations S; and S5 in C™ is the linear relation in
C™ defined by

5159 = {(z,z) : 3y € C" such that (y,z2) € S; and (z,y) € S2}.

The inverse of a linear relation S in C" is the linear relation S~! in C" defined
by

S™ ={(y,z) €eC" xC": (x,y) € S}.
Also, the adjoint of S is the linear relation S* in C™ given by
S* ={(u,v) eC"xC": (x,v) =y, u) for every (x,y) € S}.

Geometrically, the adjoint of S can be described as S* = —9t = (_S)i’ where
=S ={(z,—y): (z,y) € S}, see [14].

Given a matrix pencil P(s) = sE — F € C[s]™*™, the range and the kernel
representations of P(s) are the linear relations

FE_1:R<[§]>C(C”><(C" and ET'F=N([F —E])CcC™xC™,




respectively, see [11]. Then,
. 71 E . 71
dim F'E —rank([F}> and dimF F:Qm—rank([F —E])

Remark 3.1. Given P(s) = sE — F € C[s|"*"™, define P*(s) := sE* — F* €
C[s]™*™. Then,

(FE~'Y = (F*)"'E* and (E~'F)"=F*(E")",

i.e. the adjoint of the range representation of P(s) is the kernel representa-
tion of P*(s) and the adjoint of the kernel representation of P(s) is the range
representation of P*(s).

In the next remark we analyze when two pencils have the same range or
the same kernel representation. Also, we show that given a pencil, there exists
another one having the same range (kernel) representation and minimal number
of columns (rows).

Remark 3.2. Given two pencils P(s) = sE—F, P(s) = sE—F € C[s]"™™™, then
FE~!' = FE" if and only if there exists an invertible matriz V € Gl,,(C) such

that {g} V = {g], equivalently, P(s) = P(s)V. Moreover, if dim FE~! =
E _|E1 O E,
d, V € Gl,,,(C) can be chosen such that {F} V = [Fl O}’ where [Fl] €

Crtmxd pas full (column) rank. Hence, Py(s) = sE; — F; € C[s]"*? has the
same range representation as P(s), i.e. FlEl_1 = FE~', and minimal number
of columns.

Analogously, E7'F = E='F if and only if there exists U € Gl,,(C) such that

U[F —E]=[F —E], equivalently, P(s) = UP(s). IfdmFE~! =2m —r

then U € Gl,(C) can be chosen such that U [F —E]| = [}S gl}, where
[Fy —Ey] € C™(m+™) has full (row) rank. Hence, Pi(s) = sEy — Fy €

C[s]™™ has the same kernel representation as P(s), i.e. BEy'Fy = E~'F.
Lemma 3.3 ([4, Theorem 3.3]). Let S be a linear relation in C™ with dim S = d.
Then there exists a pencil P(s) = sE — F € C[s]"*? with rank ([?}) = d such

that S = FE'.
Moreover, for r = 2n—d there exists a pencil Q(s) = sG— H € C[s]"*"™ with
rank([H —G|) =r such that S =G~ 'H.

Lemma 3.4. Given matriz pencils P(s) = sE — F, P(s) = sE — F € C[s]"*™,
let S=N([F —E|),S=N([F —E]) be their kernel representations. Then,

P(s) < P(s) & S < 8.



Proof. If the matrix pencils are strictly equivalent, the strict equivalence of their
kernel representations follows from [11, Proposition 4.3].

Conversely, if S " S then there exists T' € Gl,,(C) such that S = [
S. Therefore,
S ={(Tz1,Ty1) : (x1,51) € S} = {(T21,Ty1) : Fay = By}
={(z2,52) : FT 'aa = ET 'yp} = N ([FT™' —ET])
= (ETY YFT7).

T 0]
O T

Now, let P'(s) = P(s)T~! = sET~'—FT~!. Since E~'F = (ET-Y)~"Y(FT1),
by Remark 3.2 there exists U € Gl,(C) buch that P'(s) = UP(s). Hence,
P(s) =UP(s)T. O

The following result for range representations can be proved similarly.

Lemma 3.5. Given matriz pencils P(s) = sE — F, P(s) = sE — F € C[s]"*™,
let S=FE~', S=FE™! be their range representations. Then,

P(s) X P(s) & S < 8.

In the next lemma we calculate the dimensions of the range and kernel
representations of a given pencil.

Lemma 3.6. Let P(s) = sE — F € C[s]"*™ be a matriz pencil with Weyr
characteristic (w,b,c). Then,

dmFE Y=m—b;+by, dmE'F=2m—n+c —cs.

Proof. Since P(s) <" P.(s), where P.(s) = sE. — F, is its Kronecker canonical
form (3), by Lemmas 3.4 and 3.5, we have that E='F 5" E71F, and FE~! <
F.E;!l. Then, dim E~'F = dim E;'F, and dim FE~! = dim F.E_ !.

. Ks K7
It is easy to see that rank Ly = |B| — b1 + b2 and rank L% = |y| - c1.
y

Hence,

: -1 _ Ec 20
dim FE™" = rank {FJ = rank |:J0} + rank L—al] + rank [L ] + rank [L%}

=no + |a] + |8 + 7] —c1 — b1 + by = m — by + bs.

Analogously, rank [L,@ —Kg] = |B| — by and rank [LZ fKﬂ = |y — 1 + e,
meanwhile [JO —Ino] and [IM fNa] have full rank. Therefore,

rank [F. —E.] =no+|al+ |8 — b1 + 7] — 1 + ¢,
and

dim E~'F = 2m —rank [F. —FE.] =2m — (no+ |a| + |B| — b1 + |7] — c1 + ¢2)

=2m —n+c; — co.



As an immediate consequence of Lemma 3.6, we obtain
dmFE'=m & b = by,

and
dmE'F=2m—-n < ¢ =c.

In [11] the relationship between the eigenvalues and the Weyr characteristic
of a matrix pencil and those of its kernel and range representations was obtained.
We state those results adapting the notation to the one used in this work.

Lemma 3.7 ([11, Proposition 4.2]). Let P(s) = sE — F € C[s]"*™ be a matric
pencil, then
A(P(s)) = A(E'F) = A(FE™1).

Lemma 3.8 ([11, Theorem 5.1]). Let P(s) = sE — F € C[s]"*™ be a matriz
pencil with Weyr characteristic (w,b,c). If (W, B, C) is the Weyr characteristic
of the kernel representation E~1F, then W = w, B = b, and if ¢ = (c1,¢2,...,),
then C = (c3,¢4,...).

Lemma 3.9 ([11, Proposition 5.2]). Let S be a linear relation in C™ with Weyr
characteristic (W, B, C), where C = (C1,Cy,...). If S is the kernel representa-
tion of a pencil P(s) = sE—F € C[s|"*™, then the Weyr characteristic (w, b, c)
of P(s) is given by w =W, b= B, and c = (n —m + By,m — |W| - |B| —
|C|,Cy,Ca, ... ).

Lemma 3.10 ([11, Theorem 6.1]). Let P(s) = sE — F € C[s]"*™ be a matriz
pencil with Weyr characteristic (w,b,c). If (W, B, C) is the Weyr characteristic
of the range representation FE~1, then W = w, and if b = (by,ba,...,) and
c=(c1,c2y...,), then B = (ba,bs,...) and C = (ca,c3,...).

Lemma 3.11 ([11, Proposition 6.2]). Let S be a linear relation in C™ with
Weyr characteristic (W, B, C), where B = (By, Ba,...) and C = (C1,Cs,...).
If S is the range representation of a pencil P(s) = sE — F € C[s]"*™, then the
Weyr characteristic (w,b, c) of P(s) is given by w =W, b= (m —|W|—|B| —
|C|, By, Ba,...) and ¢ = (n — |W|—|B| = |C|,C1,Cq,...).

Notice that given a matrix pencil P(s) = sE — F € C[s]"”*™ with Weyr
characteristic (w, b, ¢), and (Wy, By, Ck) and (W,., B, C,.) as Weyr characteris-
tics of its kernel E—!F C C™ x C™ and range representations FE~! C C* x C",
respectively, by (2) and Lemmas 3.6, 3.9 and 3.11 we obtain

rank(P(s)) = [Wi| + |Bi| — Bra + |Ck| 4+ c2 = [Wi| + [B[ +|Cr|,  (4)
dmE 'F=2m—n+c —cy = |[Wi| + |Bi| + |Ck| + Br1  and
dim FE~' =m — by + by = [W,.| + | B,| + |C;| + By.1.

Lemma 3.12. Given an integer n > 0, a finite subset {\1,..., ¢} C C, two

partitions B = (By, Ba,...), C = (C1,Cs,...), and a collection of partitions
W = (W()\l),,W(/\g)), where W(/\z) = (Wl(AZ),WQ(AZ),), 1 S 7 S f,



there exists a linear relation S C C™ x C™ with Weyr characteristic (W, B, C)
if and only if
n—(W[+|B[+|C[) = Ci.

Proof. Assume that (W, B,C) is the Weyr characteristic of a linear relation
S C C" xC"™ and denote d = dim S. By Lemma 3.3, there exists a pencil P(s) =
sE — F € F[s]"*4 such that S = FE~!. Let (w,b, c) the Weyr characteristic of
P(s). Then by Lemma 3.10, w = W, b = (b1, B1,Ba,...), ¢ = (¢1,C1,C4,...),
and by (4) we have rank(P(s)) = |W|+ |B| + |C| and

Ci =c3 < ¢y =n—rank(P(s)) =n— (|W|+|B| +|C)).

Conversely, assume that n — (J[W| + |B| + |C|) > C;. Define w = W, b =
(By,B1,Ba,...), c= (n—(|W|+|B|+]|C|),C1,C4,...) and let P(s) = sE—F be
a pencil with Weyr characteristic (w, b, ¢) (for instance, the Kronecker canonical
form with Weyr characteristic (w,b,c)). Note that

rank(P(s)) = [w| + (|b] = b1) + (l¢] — e1) = W[+ [B[ +[C].
The number of rows of P(s) is given by ¢; + rank(P(s)) = n — (|[W| + |B| +
|C|) + rank(P(s)) = n. Hence, S := FE~! is a linear relation in C" and, by
Lemma 3.10, its Weyr characteristic is (W, B, C). O
Remark 3.13. The above lemma can also be proved using the kernel represen-
tation of a matriz pencil and Lemma 3.8. We omit the details.

4. Rank one perturbation of linear relations

Given two linear relations S and T in a vector space X, we define

, S . T
r(S,T) —max{dlmSmT,dlmSmT}.

Notice that r(S,T) > 0, and (S, T) = 0 if and only if S = T. Also, r(S,T) can
be alternatively calculated as

T T
r(S,T) zmax{dims; ,dims—; }

Using this notation we can state the low rank perturbation problem for linear
relations in C™ as follows:

Problem 4.1. (low rank perturbation for linear relations). Given two linear
relations S, T C C™ x C™ and a nonnegative integer r, find necessary and suf-
ficient conditions for the existence of linear relations S, T C C" x C", such
that

SES, TXT and (S, T)<r.



Remark 4.2. If S T, then Problem 4.1 is trivial. Taking S=T=T we
have S °<° S, T T and r(S,T) = r(T,T) =0 < r.

Given a pair of linear relations S and T in C™, to solve Problem 4.1 we will
represent them as range or kernel representations of a pair of suitable matrix
pencils with n rows or n columns, respectively. We start analyzing the case
when one of the linear relations contains the other one and the difference of
their dimensions is r.

Lemma 4.3. Given two linear relations S and U in C", assume that U C S.
Denote d = dim S, g = dimU and m = 2n — g = dimU~*. Let r > 1 be an
integer. The following statements are equivalent:

(i) dim% =r.

(ii) There erxist pencils P(s) = sE — F € C[s]"*¢, Pi(s) = sE; — F} €
C[s]"™*@=") and Ps(s) = sEy — F5 € C[s]"*" such that

P(s)=[Pi(s) Pa(s)], FE'=S8 and FLE;'=U.

(iii) There exist pencils Q(s) = sG — H € C[s]™*", Q:1(s) = sG1 — H; €
C[s]™m=)>" and Qa(s) = sG — Hy € C[s]"*" such that

_ [@a(s) —lpr _ 17 _
Q(s) = [QQ(S)}’ Gi'H, =S and G'H=U.

Proof. Assume that (i) holds. Then g = dimU = d — r. By Lemma 3.3 there
exists a pencil Pi(s) = sE; — Fy € C[s]"*(*") such that rank [?1} =d-—r
1

and F1E;' = U. Note that the columns of {?}} form a basis of U C S.
1

Let {(e1, f1),...,(er, fr)} be a basis for a subspace V. C S such that S =
U+ V, and let Es, F» € C™ " be the matrices whose columns are {eq,...,e,}
and {f1,..., fr}, respectively. Then, defining P»(s) := sEy — F3 and P(s) :=

[Pi(s) Pa(s)] = sE — F, it is immediate that FE~! = R Ev Bal) _
Fy Fs
U+ V =S, which proves (ii).
Conversely, assume that (ii) holds. Then, d = dimS = dim R ([E]> =

F
. B, E E Ey
dim R ([F1 FJ) Hence, both [F} and {FJ have full (column) rank.
Therefore, g = dimU = dim R ?,1 = d — r, or equivalently, dim % =7
1

This completes the proof of the equivalence (i) < (ii).
The equivalence (i) < (i4i) is obtained applying the above case to the in-

clusion S+ c U™, i.e., dimg—i = r if and only if there exist pencils Q*(s) =
sG*—H* € Cls]™™, Q%(s) = sG% —Hi € C[s]"*(™=") and Q3(s) = sG5—Hj €
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C[s]™*" such that Q*(s) = [Qi(s) Q3(s)], H*(G*)~! = U™+ and H{(G})™*
S+. Moreover, H*(G*)~! = U~ if and only if G'H = U, and Hf (G;)"' = S
if and only if Gy Hy = S.

O F

The main objective of this work is to characterize the Weyr characteristics
of two linear relations S and T such that r(S,T) < 1, i.e. to give a solution to
Problem 4.1 for r = 1. As mentioned, we deal with linear relations as kernel or
range representations of appropriate pencils. Note that every rank one matrix
pencil in C[s]"*™ can be written in one of the following ways:

(su—v)w*, (0,0) # (u,v) e C*" xC", 0 #w e C™, (5)
or
w(su® —v*), (0,0) # (u,v) e C™ x C™, 0 #w e C™. (6)
In [11] we have the following result.

Lemma 4.4 ([11, Lemma 7.3]). Let P(s) = sE—F, P(s) = sE— F € C[s]"*™,
(a) If P(s) — P(s) is a rank one matriz as in (5), then r(FE~!, FE~1) < 1.
(b) If P(s) — P(s) is a rank one matriz as in (6), then r(E~'F,E~1F) < 1.

The next two corollaries follow straightforward from Lemma 4.3.

Corollary 4.5. Given two linear relations S and T in C™, denote d = dim S,
g=dim(SNT) and m =2n—g = (SNT)*. Then, the following statements
are equivalent:

(i) dim g2~ =1 and dim 5=~ = 0.

(ii) There exist pencils P(s) = sE — F € C[s]"*¢, Pi(s) = sE; — F} €
C[s]"*@=1) and u(s) = se — f € C[s]"*" such that P(s) = [Pi(s) u(s)],
FE-'=S and F,E[* =T.

(i4i) There exist pencils Q1(s) = sG1 — Hy € C[s]™m~1D*" Q(s) = sG — H €
Cls]™*™ and v(s) = sg—h € C[s]"*! such that Q(s) = {Cg(ls()s*)} LG H, =
S and GT'H =T.

Corollary 4.6. Given two linear relations S and T in C™ denote d = dim S,

g=dim(SNT) and m = 2n—g = dim(SNT)*. Then, the following statements
are equivalent:

(i) dim g5 = dim g&~ = 1.
(ii) dim S = dim T and there exist pencils P(s) = sE — F,P(s) = sE — F €
C[s]"*4, Pi(s) = sE; — Fy € C[s|"*¢=D and u(s) = se — f,u(s) =

se—f¢€ C[sl”fl such that P(s) = [Pi(s) u(s)], P(s) = [Pi(s) u(s)],
FE'=S, FE'=T and F,E;' =SNT.

11



(iii) There exist pencils Q1(s) = sG1 — Hy,Q1(s) = sG1 — Hy € C[s](m=1)xn,
Q(s) = sG — H,Q(s) = sG — H € C[s|™", and v(s) = sg — h,v(s) =
_ nx Q1(s)| 5 Qu(s)| -1y _
57, CIsJ™ ! sk that Q(s) = [()} Q(s) = {()} o', =,
GI'Hi=T and G'H=G 'H=5NT.

Now, we can prove the converse of Lemma 4.4.

Theorem 4.7. Given two linear relations S and T in C", denote d = dim S,
g = dimT, and m = dimT+ = 2n — g. Then, the following statements are
equivalent:

(i) (S,T) < 1.

(it) There exist pencils P(s) = sE — F, P(s) = sE — F € C[s]|"*? such that
S=FE"', T=FE" and

P(s) — P(s) = (su —v)w*, (u,v) €C"xC", weC

(iii) There exist pencils Q(s) = sG — H,Q(s) = sG — H € C[s]™*" such that
S=G'H, T=G'H and

Q(s) — Q(s) = w(su* —v*), (u,v) €C" xC", weC™

Proof. The implications (i¢) = (i) and (i9i) = (i) are immediate consequences
of Lemma 4.4.

Conversely, assume that (i) holds.

If »(S,T) =0, then S = T and g = d. By Lemma 3.3 there exists a pencil
P(s) = sE — F € C[s]"*? such that FE~1 = § = T. Taking P(s) = P(s), (ii)
follows.

If dim SOT = 1 and dim SOT = 0, then ¢ = dim(SNT) = d—1. By
Corollary 4.5 there exist pencils P(s) = sE — F € C[s]"*?, Py(s) = sE; — F} €
C[s]™*(4=1 and u(s) = se — f € C[s]|"*! such that P(s) = [Pi(s) u(s)],
FE7' =S and FiE;' =T. Let P(s) = sE — F = [sE; — F1 O] € C[s]"*%.
Then FE~' = RE;" = T and P(s) — P(s) = [0 —u(s)] = u(s)w*, where
w* = [O ] c (C[ ]1><((d—1)+1)

If dim g2+ = 0 and d1m SmT = 1, the proof is analogous.

If d1m SnT = dim g~7 = 1, then g = d. By Corollary 4.6 there exist pencils
P(s) = sE — FP()_SE F e C[s|"*¢, Pi(s) = sE; — Fy € C[s]"*(4=1),

u(s) = se — f,u(s) = sé — f € C[s|"*! such that P(s) = [Pi(s) u(s)], P(s) =
[Pi(s) u(s)], FE' =5, FE7' =T and F{E; ' = SNT. Hence,

P(s) = P(s) = [0 u(s) —u(s)] = (a(s) — u(s))w",

where w* = [0 1] € C[s]*((d=D+1),
We can prove (i) = (4i) in a similar way, or it can be derived from case (i7)
applied to the adjoint pencils (see Remark 3.1).
O
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5. Matrix pencil completion theorems

As we have seen in Section 4, the rank perturbation problem of linear re-
lations is related to a matrix pencil completion problem. In this section we
introduce, in Lemmas 5.2 and 5.4, some known results about the latter prob-
lem. Although they are valid over arbitrary fields, here we state them over C.
First, we need to define the lstep-majorization, which is a particular case of
generalized majorization [8, Definition 2].

Definition 5.1. Given two finite sequences of integers g = (g1,---,9m) and
d=(di,...,dmyt1), we say that d is Istep-majorized by g (denoted by d <’ g)
if

where h =min{i =1,...,m: g; <d;}.

Lemmas 5.2 and 5.4 are particular cases of [9, Theorem 4.3] and they can
also be seen in [2, Lemmas 4.3 and 4.4].

Lemma 5.2. Given two matriz pencils Hy(s) € C[s](*tP)x(nd+m) [1(s) ¢
C[s](ntptx(ntm) of vank(H, (s)) = rank(H(s)) = n, let 7w} (s,t) | --- | 7L (s,1),
g1 =2 ¢gm =>0andty > --- >t, >0 be the homogeneous invariant fac-
tors, the column and the row minimal indices of Hi(s), respectively, and let
m(s,t) | - | ma(s,t), k1 > - > kpm >0 and ug > -+ > upgr > 0 be the
homogeneous invariant factors, the column and the row minimal indices indices
of H(s), respectively.

Letg:(gl,...,gm),t:(tl,...7tp),ki(k17.. y m),u (ul, Up+1

There exists a pencil h(s) € C[s]"*("*+™) such that H(s) "< {Hh 3 if and only
if

mi(s,t) | 7} (s,t) | mip1(s,t), 1<i<mn, (7)

u<'t, (8)

g=k (9)

Remark 5.3. Let 0 = #{i : t; >0} and 0 = #{i : u; > 0}. Lemma 4.3 in
[2] also contains the condition B

> 0. (10)
But we show that (7)-(9) implies (10): we have rank(H (s)) =n =Y ., deg(m;)+
Dty ki + 307 1M<mdmdeﬂﬁ):TF:2f1d%(1)+§ﬁﬂgr+2ﬁﬂh
Therefore > 5 _, t; = zp+11 u; + Y0 (deg(m;) —deg(m})) + Y iv (ki — g:). From
(7) and (9) we obtain Y b_ t; < Zf;l u;. Then, by (8) and Lemma 5.10 of [2]
we derive (10).

Lemma 5.4. Given matriz pencils Hy (s) € C[s]("FP)*(+m) yyith vank(H, (s)) =
n, and H(s) € C[s]"PHOXm+m) yith vank(H(s)) = n + 1, let 71 (s,t) | -+ |
ml(s,t), 1> >gm >0 andt; >--- >t, >0 be the homogeneous invariant
factors, the column and the row minimal indices of H1(s), respectively, and let
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m(s,t) | o | mngr(s,t), k1 > o0 > ko1 > 0 and ug > oo > u, > 0 be
the homogeneous invariant factors, the column and the row minimal indices of
H(s), respectively.

Letg = (g1,...,9m), t =(t1,...,tp), k= (k1,..., km—1), andu = (uq, ..., up).

There exists a pencil h(s) € C[s]|™* (™) such that H(s) << {5(2)] if and only
1
if (7),
g <k, (11)
t=u. (12)

To solve Problem 4.1, we must express these results in terms of the Weyr
characteristics of the pencils involved.

Lemma 5.5 ([13, Lemma 3.2], see also [3, Lemma 4.3]). Let (ay,...) and (by,...)
be partitions. Let (p1,...) = (a1,...) and (q1,...) = (b1,...) be the conjugate
partitions. Let k > 0 be an integer. Then,

a; 2 bj+/€7 j Z 17

if and only if

Lemma 5.6. For i = 1,2 let Pi(s) € C[s|""*™' be matriz pencils such that
rank(P'(s)) = p;. Let ¢i(s,t) | --- | ¢! (s,t) be the homogeneous invariant
factors of Pi(s)
For A € C, let n'(\) = (n}(X\),n4(N)...) be the Segre characteristic at X\ of
Pi(s), and let (wi(N),wy(N),...) = (ni(N\)), be the conjugate partition of n(\).
Let x > ps — p1 be an integer. Then, the following statements are equivalent
(Z) d)]l(svt) | ¢?+m(57t)a ] Z 17
(“) n}—‘,—pl—pg—&-x()\) S n?()\)’ A€ Ca J 2 ]-7
(iii) wj(A) +p2 —p1 —x <wi(N), AeC, j>1
Proof. The equivalence between (i) and (i¢) is immediate, it is enough to take
into account that
Oi(s,t) =" T (=A™ 1< <,
AEA(P(5))\{o0}

The equivalence between (i4) and (i) follows from Lemma 5.5. O

Definition 5.7 ([3, Definition 4.1]). Given two partitions r = (ro,71,...) and
s = (S0, 81,...), we say that s is conjugate majorized by r (denoted by s Z r)
ifro=3s0+1 and

T’i:SZ‘—Fl, OS’LSg,

where g = max{i : r; > s;}.
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Notation. Given two partitions p = (p1,pa,...) and ¢ = (q1, ¢z, ... ), we write
p<gqifp; <g;for j > 1.

Remark 5.8. Notice that, if (so, $1,...) £ (ro,71,...) and k > 1 is an integer,
then (g, Pty -« ) < (Sky Skt ---) 07 (SkySkats---) £ (ThyThat,---)-

Lemma 5.9 ([3, Proposition 4.5]). Given two finite sequences of nonnegative
integersk = (k1,..., kmt1) andd = (dy,...,dm), let (r1,...) = (k1,. .., kmt1),
(s1,...) = (d1,...,dn) be the conjugate partitions, 7o = m+1 = so + 1, and
r=(ro,r1,-..), $=(80,51,...). Thenk <" d if and only if s £ r.

Applying Lemmas 5.6 and 5.9, Lemmas 5.2 and 5.4 can be expressed in terms
of the Weyr characteristics of the pencils H(s) and H;(s). By transposition
the results also apply for column completion instead of row completion. For
convenience, we present next the second option.

Lemma 5.10. Given two matriz pencils Hy(s) € Cls|"tP)x(ntm) [ (s) €
C[s](ntP)x(ntm+1) ofrank(H, (s)) = rank(H(s)) = n, let (w, b, c) and (w',b*, c')
be the Weyr characteristics of H(s) and Hy(s), respectively.

There exists a pencil h(s) € C[s]"TP)*! such that H(s) < [h(s) Hi(s)] if
and only

wi(A) <w;(\) <w;(A)+1, AeC, j>1, (13)
bt /b (14)
c=c, (15)

Lemma 5.11. Given two matriz pencils Hy(s) € C[s|"tP)x(ntm) [(s) ¢
C[s](mHP)x(ntm+1) of vank(Hy(s)) = n and rank(H(s)) = n+1, let (w,b,c) and
(wl, b, ct) be the Weyr characteristics of H(s) and Hy(s), respectively.

There exists a pencil h(s) € C[s]"P)*1 such that H(s) " [h(s) Hi(s)] if
and only if

wi(A) —1<wi(A) <w;(A), AeC, j>1, (16)
b=10', (17)
c /ct. (18)

6. Necessary conditions for Problem 4.1 with »r =1

To find necessary conditions for solving problem 4.1 we distinguish two cases:
when dim S > dim 7T or when dim S = dim 7. We start analyzing the case when
one of the linear relations is included in the other one.

Theorem 6.1. Let S,U be two linear relations in C™ such that U C S, dim S =
d and dim % =1.
Let (W,B,C) and (W', BY,C') be the Weyr characteristics of S and U,

respectively. Then one of the two following conditions holds:
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(a)

W) <Wi) <W;(N)+1, j=1, AeC, (19)
B' Z B, (20)
Cc=C (21)
(b) _
W;A) 1< WA <W;(A), j>1, XeC, (22)
B = B, (23)
c /¢, (24)

where ¢ = (n —d+ B1,C1,Cs,...) and ¢t = (n—d+ B+ 1,C},C3 ...).
Remark 6.2. Condition (24) is equivalent to
C ZChorCt<C.

Proof. By Lemma 4.3, there exist pencils P(s) = sE — F € Cl[s]"*4,
Py(s) = sEy, — Fy € Cls|"*(@=1) u(s) = se — f € C[s]|**! such that P(s) =
[Pi(s) wu(s)], FE™!'=Sand FiE;" =U.

Let (w,b,c) and (w!,bt,c!) be the Weyr characteristics of P(s) and Py(s),
respectively. Then by Lemma 3.10 w = W, w! = W1,

bj=Bj_1, bi=DB]

_ 1 _ 1 .
j j—1> Cj = ijl, C]- = ijh Vi 2 2.

AsdimS =dim FE~! =d and dimU = dimFlEf1 =d—1, we have by = by =

By and bi = b} = B}. Then rank(P(s)) = d — b; = d — By and rank(P;(s))

d—1-bl=d—1-B];hencecy =n—d+ By and ¢} =n—d+ 1+ Bj.
We have rank (P (s)) < rank(P(s)) < rank(P;(s)) + 1.

(a) If rank(P(s)) = rank(P;(s)), then, by Lemma 5.10, conditions (13), (14)
and (15) hold. From (13) and (15) we obtain inmediatly (19) and (21).

As by = by and b} = b}, from (14) we obtain by = b} + 1. By Remark 5.8,
from (14) we derive (b3,...) Z (ba,...), equivalently (20).

(b) If rank(P(s)) = rank(Pi(s)) + 1, then, by Lemma 5.11, we obtain (16),
(17) and (18), which are equivalent to (22)-(24).

O

Remark 6.3. In the previous proof we have applied the equivalence between (i)
and (i) of Lemma 4.53. Analogously, the proof could be made by applying the
equivalence between (i) and (i)

As an immediate consequence of Theorem 6.1 we obtain in the next theorem
necessary conditions for Problem 4.1, with r = 1.
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Theorem 6.4. Let S, T be two linear relations in C™ such that r(S,T) =1 and
dimS=d>dimT. o

Let (W, B,C) and (W, B,C) be the Weyr characteristics of S and T, respec-
tively.

1. If dim WST =1 and dim SQLT = 0 then one of the two following conditions
holds:
(a) _ _
B / B, (26)
C=0C (27)
(b) _ _
Wl()\) —1< 1()\) < Wz(/\), i>1, AeC, (28)
B =B, (29)
c /¢, (30)

where ¢ = (n—d+B1,01,Cy...) and ¢ = (n—d+ By +1,Cy,Ca,...).

2. If dim 2+ = dim 5= = 1, let (W', BY,C') be the Weyr characteristic

of SNT. Then one of the four following conditions holds:
(c)
max{W;(\), Wi(\)} < W} (A) < min{W;(\), Wi(\)}+1, i > 1, A € C,
B*'2 B, B'/B 83
C=C=cC", (33)
(d)
max{W;(\), W;(\)—1} < W}(A\) < min{W;(\)+1,W;(\)}, i > 1, A € C,
B=B'/B Egg
C=C'"andé / c, (36)
where ¢ = (n—d+By,C1,Ca,...) andé = (n—d+B;—1,C1,Ca, ... ).
(e)
max{W;(A\)—1, W;(\)} < W) < min{W;(\), W;(\)+1}, i > 1, A e C,
B=B'/B gg
C=C'andc £ ¢, (39)

where ¢ = (n—d+By,C1,Cy,...) andé = (n—d+B1+1,01,Ca,...).
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(f)
max{W;(\), W;(\)}—1 < WE(\) < min{W;(\), W;(\)}, i > 1, A e C,

B (40)
B =B =B, (41)
c/cande /¢t (42)

where c = (n—d+ By,C1,Cs,...), ¢ = (n—d+ By,C1,Cy,...), and
ct=m—-d+ B +1,C,C3,..0).

7. Solution to Problem 4.1 with »r =1

Lemma 7.1. Let S,U be two linear relations in C". Then, there exists a linear
relation S in C" such that S’_S'me/ S and U C S if and only if there exists a linear
relation U in C" such that U < U and U C S.

Proof. Let us assume that S > S and U C S. Then, there exists T €

& T O - 71! O — s.e.
Gl,,(C) such that S = [O T] S. Let U = [ o T‘l} U. Then U '~ U and
_ T O] =
UC[O T_l]S—S.

Conversely, let us assume that U Uand U C 8S. Then, there exists

- vV O & y-t (@) G s-e.
V € GI,,(C) such that U = o v U. Let S = o V_l] S. Then S '~ S
vt 04 vt 0 a
andU—{O V‘JUC[O V_l]S—S.

O

Theorem 7.2. Let S,U be two linear relations in C™ such that dimS = d =
dimU + 1 and let (W,B,C) and (W', B,C') be the Weyr characteristics of
S and U, respectively. Then there exists a linear relation S in C" such that
S SandU c S (equivalently, there exists a linear relation U in C" such
that U < U and U C S) if and only if one of the conditions (a) or (b) of
Theorem 6.1 holds.

Proof. Assume that there exists S such that S < S, U < S. Then
dim £ = dim S — dimU = 1. By Theorem 5.4 of [L1], (W, B,C) is the Weyr
characteristic of S. By Theorem 6.1, (a) or (b) holds.

By Lemma 3.3 there exist pencils P(s) = sE — F € C[s]"™*?, P(s) =
sEy — Fy € C[s]™*(4=1) such that rank [?} = d, rank [?}] =d-1,FE~'=S.

1
and FE; =U.

Let (w,b,c) and (w!,bt,c!) be the Weyr characteristics of P(s) and Py(s),
respectively. As in the proof of Theorem 6.1, rank(P(s)) = d— By, rank(P;(s)) =
d—1- B,

w=W, b:(Bl,Bl7BQ,...), c=(n—d+Bl7Cth,...),
w'=w?' b =(Bi,B{,B3,...), ¢¢t=Mn—-d+1+B},C{,C;,...).
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e Assume that (a) holds. Condition (19) is equivalent to (13). From (20)
we derive By = B{ + 1; hence by = b} + 1, ¢; = i and rank(P(s)) =
rank(Pi(s)). Thus, from (20) and (21) we obtain (14) and (15).
Lemma 5.10 here exists a pencil u(s) = se— f € F[s]"*! such that P(s) ~

[Pl(s) u(s)}

e Assume that (b) holds. Condition (22) is equivalent to (16). From (23) we
derive By = Bi; hence by = bl, ¢; = c}+1 and rank(P(s)) = rank(P;(s))+
1. Thus, from (23) and (24) we obtain (17) and (18). By Lemma 5.11 here
exists a pencil u(s) = se — f € F[s]"*! such that P(s) "< [Pi(s) u(s)].

B

In both cases, let P() = ) u(s)] = s[Ex e —[FA f] and S =

[Pi(s
(Fy f][Er €] ({ ;]) It is clear that U C S. By Lemma 3.5,

5% s,
O

Remark 7.3. As in Theorem 6.1, a proof of Theorem 7.2 can be made using
pencils such that their kernel representations are the relations S and U (instead
of the range representations).

As an immediate consequence of Theorem 7.2 we obtain a solution to Prob-
lem 4.1 with r = 1 when dim S = dim T + 1.

Theorem 7.4. Let S, T be two linear relations in C™ such that dimS = d =
dimT + 1. Let (W,B,C) and (W,B,C) be the Weyr characteristics of S and
T, respectively. Then there exists a linear relation S in C" such that S < S
and 7(S,T) = 1 (equivalently, there exists a linear relation T in C"™ such that
T °S T and r(S,T) = 1) if and only if one of the conditions (a) or (b) of
Theorem 6.4 holds.

Proof. There exists S such that S < S and r(S,T) = 1 (there exists T
such that T °S T and r(S T) = 1) if and only if there exists 5’ buch that 5’ S,

dim S‘ﬂT =1l and dim 57 =0 (there exists T such that T °S T, dim <2~ SOT =1

and dim == SmT = 0) if and only if there exists S such that S < S, and T C S

(there exists T such that T < S, and T C S). By Theorem 7.2 this occurs if
and only if one of the conditions (a) or (b) of Theorem 6.4 holds.
O
The solution to the case dim S = dim T is given in the next theorem. The
proof follows the ideas of [2, Theorem 5.1]. We need some technical lemmas
from [2] and [3], which, for the reader’s convenience, we include in Appendix
Appendix A.

Theorem 7.5. Let S, T be two linear relations in C" such that dim S = dimT" =
d and S % T. Let (W,B,C) and (W, B,C) be the Weyr characteristics of S
and T, respectively, and let A(S)UA(T) ={A1,..., Ae}-
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1. IfB=DB and C :_C', then there exist linear relations S, T CCrxCn",
such that 8 <5 S, T *S T and r(S,T) = 1 if and only if

Wi(A\) —1<W,\N) <W;(\)+1, i>1, MeC. (43)

2. If B=B and C # C, let x = min{i : C; # C;},

e= Hlil’l{i >x—1: Ci+1 > Ci+1}7 e = min{i S {7, >x—1: Ci—i—l > C_’i-i-l})

14
X =W+ [C1=>> min{W;(\), W;(A\:)} — 1.

i=1j>1

Then there exist linear relations S, T C C" x C", such that § < S,
TS T and r(S,T) = 1 if and only if (43) and

X < Z min{C;, C;} + max{e, e'}. (44)

i>1

3. IfB?éB andBlzél, let:E:mln{z : Bz?éBz},

€= Hlln{l Z z—1: Bi+1 Z Bi—i—l}, é/ == Inll’l{Z S {’L Z z—1: B1'+1 Z Bi+1}7

¢
W 18] S 00 500
i=1;j>1
Then there emist linear relations S,T C C" x C", such that § °<° S,
TS T and r(S,T) = 1 if and only if (43),

C=0C, (45)

and
Y > max{B;, B;} — max{e,e'}. (46)
i>1
4. If By # By, then there exist linear relations S, T C C" x C", such that

S S, TS T and v(S,T) = 1 if and only if one of the two following
conditions hold:

(a)

W;(\) =2 <W;(\) <W;(\), j>1, XeC, (47)
B/B, ¢/e (48)
where ¢ = (n —d + By,01,0y,...), ¢=(n—d+ By,Cy,Co,...),

L

¢
ZZmax{Wj()\i),Wj(Ai)—l} <z< ZZmin{Wj(/\i)—i—l, W; (M)},
i=1j>1 i=1 j>1
(49)
where x =| W |+ | B| — | B/|.
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W;(A) =2 < W;(\) <W;(N), j7>1, XeC, (50)
B /B, c/Ze, (51)
where ¢ = (n —d+ By,01,Cy,...),¢=(n—d+ By,C1,Cy,...),

~

4
DO max{W;(A\)-LW;(A\)} <y <> min{W;(\), Wy (M) +1},

i=15>1 i=15>1
B B (52)
where y =| W |+ | B|—|B|.
Remark 7.6. If A & {\1,..., \¢}, then min{W;()\),W;(\)} = 0. Therefore, in
item 2. we can define

X =W [+[C| =YY min{W;(\), W;(V)} - 1.
XeCiz1
Analogously, in item 3.,
Y= W[+ |B|=) Y max{W;(\), W;(\)}.
AeCi=1

and, in item 4. conditions (49) and (52) can be written, respectively, as

Z ZmaX{Wj()\),Wj()\) —1} <z < Z Zmin{Wj(/\) +1,W;(\)},

XeCj=>1 AeCj=>1

and

ST max{ W0 — L0} <y < 50 S minf W, (0, W, () + 13-

xeCj=>1 AeCj=>1

Proof. Necessity. Let us assume that there exist linear relations S,7 C
C" x C", such that § < 8, T < T and r(S,T) = 1. As dimS = dimT
and S # T, we have dlmsrTr = dlmSﬂ—T = 1. Let (W', B, C") be the Weyr
characteristic of SN T. Then one of the four conditions (c), (d), (e) or (f) of

Theorem 6.4 hold.
1. If B= B and C = C, then (c) or (f) holds. Condition (43) is derived from
(31) if (c) holds, and from (40) if (f) holds.
2. If B =B and C # C, then (f) holds. From (40) we derive (43). By
Lemma Appendix A.8, from (42) we have that

| Ct < Zmin{Ci, C;} + max{e, e’} (53)

i>1

We have | W' |+ | B |+ | C | +B! =dim(SNT) =d—1=| W | + | B |
+ | C | +B; — 1. From (41) we obtain | C* \:|W|—|—|C|—|W1|—1.
From (40), X <| C! |. Therefore, from (53) we obtain (44).
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3. If B# B and B, = By, then (c) holds. From (31) we derive (43) and from
(33), condition (45) is immediate. From (32), for any integer Z > By =

By, (Z—1,B!},B)...) Z(Z,By,Bs,...,)and (Z—1,B} B} ...) £ (Z,By,Bs, ...

By Lemma Appendix A.8,

| B! |> Zmax{Bi, B;} — max{e,&'}. (54)

i>1

We have | W |+ | B |+ |CY | +Bf =dim(SNT)=d—1=| W | + |
B|+|C|+B; —1. From (32) and (33) we obtain | B* |=| W | + | B |
— | W' |. From (31), Y >| B! |. Therefore, from (54) we obtain (46).

4. If By # By, then (d) or (e) holds.
Assume that (d) holds. From (34) we derive (47) and from (35) and (36),
condition (48) is immediate. We have | W! | + | B* | + | C' | +Bf =
dm(SNT)=d-1=W |+ |B|+|C|+B; —1. From (35) and
(36) we obtain | W! |=| W | + | B | — | B |. From (34) we derive
A(SNT) C A(T); hence | W' |= 327_; 3.0 WH(A:) and from (34) we
obtain (49).
Analogously, if (e) is satisfied, then we obtain (50)-(52).

Sufficiency.

1., 2. Case B = B. Assume that (43) holds, and that, if C' # C, (44) also holds.
Asd7|W|+\B|+|C’|+31f|W|+\B|+|C’|+Bl,weobta1n
| WI+|Cl=W[+][C]

Define

B=B=8, (55)

and - ~
) min{Wj(/\)a Wj()‘)}v j=1, xeC

Wi (A
Then W;(\) > W;1()\), for j > 1 and A € C, and from (43) we derive

WJ

<
1= W(N) <0, 21 AcC

Define
W(\) = (Wl()\)Wg(/\) ..), 1<i<d,

W= (W(),....W(\)).
Wehave|W|<\W\and|W|<|W| Letc—(n—d+B1,Cl,C’2,...),
C—(TL*d‘l’Bl,Cl,CQ,...)andletX—|W|+‘C|f|W|*1—|W|
+|C|—|W\—1 Then X >|C|-1>—1land X >|C | —1.
LetusseethatX>O If X = -1, then C = Cf()and|W|—|W|—|
W lsie, Yi_ 1ZJ>1( i) =W;(A)) = St s (W) =W (M) =
0, from where W;()\;) = Wj()\z-):Wj()\ )) for 1 <i < {¢and j > 1; hence,
W =W = W. Then (W,B,C) = (W, B,C), which contradicts S % T.
Therefore X > 0.
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e If C # C, by Lemma Appendix A.8, from (44), there exists a par-
tition of nonnegative integers C' = (C17 Cy,...) such that | C' |= X
and

¢ Z(n—d+Bi+1,C1,Cy,...), ¢ Z(n—d+Bi+1,C1,Co,...).
o (57)
where c = (n—d+ B1,C1,Cs,...) and ¢ = (n—d+ By,C1,Cs, ... ).

e If C = C, by Lemma Appendix A.2 there exists a partition of
nonnegative integers C' = (C,Cs,...) such that | C' |= X and (57)
holds.

From (57), C; < Ci+land |W |+ [ B |+ |C[+Ci =| W |+ | B |
+X+Ci=|W |+ |B|+|C|-1+Ci<|W |+ |B|+]|C|+Ch.
By Lemma 3.12, | W | + | B| + | C | 4C; < n. By the same Lemma,
there exists a linear relation U in C" such that the Weyr characteristic of
Uis (W,B,C). Then dimU =|W |+ | B |+ |C | +B, =|W |+ | B|
+]C|+B; —1=d-1. From (55)-(57), by Theorem 7.2 there exists
linear relations S, T in C™ such that S ' S, T T and U C SNT. As
dimU=d-1< dim(gﬂT) < dim S = d, we have that U = SN T; hence
dim SriT = dim SmT =1.
. Case B # B and B; = Bj. Assume that (43), (45) and (46) hold. Let
Y' = Y, max{B;, B;} — max{e,é'} and Z = B; = B;. By Lemma
Appendix A.8, there exists a partition of nonnonnegative integers B such
that (Z —1,By,...) Z(Z,By,...), (Z—=1,By,...) Z(Z,By,...) and |
B|=Y'. AsB, <Z—-1=B;—1< By, we have B; = B; = By + 1;
hence

B/ B, B/B. (58)

Define R
Cc=C=C, (59)

and y =Y —Y’. From (46), y > 0.
Fix Ao & {A\1,...,A¢} and define

V?j()‘) = maX{Wj()‘)ﬂ Wj()‘)}7 ji=>1, Ao 7’5 A€ Cu

W;iho) =1, 1<j<y,
Wj()\O) =0, j>u.

Then W;(\) > W;1()\), for j > 1 and A € C, and from (43) we derive

- (60)

WJ()\)<W(/\) 1, j>1, XeC,

Let
W) = (Wi (A), Wa(A),...), AeC,

and W = (W(Xho), W(A1), ..., W(A)).
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We have | W |= Y27_; 3055, max{W; (%), W;(\)}+y =| W |+ | B| =Y’
and | W |+ | B|+|C|+C =|W |+ ]|B|+|C|+Ci. By
Lemma 3.12, | W | + | B | + | C' | +C1 < n. By the same Lemma, there
exists a linear relation U in C" such that the Weyr characteristic of U is
(W,B,C). Then dimU =| W |+ | B |+ |C | +B, =| W | + | B |
+|C|+By—1=d-—1. From (58)-(60), by Theorem 7.2 there exists
linear relations S, T in C" such that S < S, T T and U C SNT. As
dimU =d—1 < dim(SNT) < dim S = d, we have that U = SN T} hence

. 5 _
dlmng dlmSﬁT 1.

. Case By # Bj.
Assume that (47)-(49) hold. Define
B =B, (61)
T =C. (62)
From (48) we obtain R
B / B, (63)
and
¢ /¢, (64)

Whereé_:(n7d+Bl,C’1,C’2,...) andé:(n7d+31+1,é’1,ég...).
For A\e Cand j > 1,

m;(A) = max{W;(A), W;(N) — 1}, M;(X) = min{W;(A) + 1, W;(A)}

Then m;(A) > mjy1(A) and M;(A) > Mj11(X) for j > 1 and X € C. Let
m(A) = (m1(A),...,) and M(X) = (My(N),...,) for A € C. Con this
notation, condition (49) becomes

¢
doimn)<e<d | M
i=1 i=1
From (47), we have

m;(\) < M;(N), j>1, AeG

hence | m(\;) |<] M()\;) | for 1 < ¢ < £. From Lemma Appendix A.9,
there exist integers (A1), ..., z(A¢) such that

M~

: x(A) =z and | m\) |[<z(N) < MN\) |, 1<i</{. (65)

From (47) we have A(S) C A(T); hence A(T) = {A\1,..., A¢}. For 1 <i <
) >

¢, let 7y = max{j : : W;(\;) > 0}. Then m;(\;) = M;(N\;) =0 for j > 7,
and . .
[m(A) =Y mi(), | M) =D M;(h)
j=1 j=1
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Again by Lemma Appendix A.9, from (65), for 1 < i </, there exist
integers Wi (X\;) > -+ > Wy, ()\;) such that

Jj=1

Define W(\;) = (Wi(\),...), for 1 < i < £, W = (W(A1),...,W(\))
and W(A) = (0,...) if A& {A1,..., A¢}. From (66) we have

W;(\) <W;(\) <W;(A\)+1, 5>1, MeC, (67)

and
W;(\) —1<W;(\) <W;(\), j>1, reC. (68)

From (66) and (65), | W |= Zle | W) |= Zle x(A;) = x; hence
| W |4+ |B|+|C|+Ci=|W |+]|B|+]|C|+C.. Asin the case
3., by Lemma 3.12, | W |+ | B| + | C' | +C1 < n. By the same Lemma,
there exists a linear relation U in C™ such that the Weyr characteristic of
Uis (W,B,C). Then dimU =| W |+ | B| + | C | +B, =| W | + |
B|+|C|+B;y—1=d—1. On one hand, from (67), (63) and (62) and
on the other hand, from (68), (61) and (64), by Theorem 7.2 there exists
linear relations S, T in C" such that S S S, T K TandUCSNT. As
dimU =d—1<dim(SNT) < dim S = d, we have that U = SN T} hence
dim 27 = dim 57 = 1.

If (50)-(52) hold, the proof is analogous.

Appendix A. Auxiliary results to prove Theorem 7.5

Lemma Appendix A.1l ([2, Lemma 5.5]). Let X > 0 be a nonnegative integer
andleta = (ay,...,an) be a finite sequence of nonnegative integers. Then there
exists a finite sequence of mnonnegative integers g = (g1,-.-,gm+1) Such that
lg|=X and g < a.

From Lemmas Appendix A.1 and 5.9, we obtain Lemma Appendix A.2.

Lemma Appendix A.2. Let X > 0 be a nonnegative integer and let A =
(A1, As,...,) be a partition. Then there exists a partition G = (G1,Ga,...)
such that | G |=X and A £ (A1 +1,G1,Gq,...).

Lemma Appendix A.3 ([2, Lemma 5.8]). Let X,Y > 0 be nonnegative inte-
gers and letc = (¢1,...,¢m), d = (dy,...,dn) be finite sequences of nonnegative
integers such that ¢ #d. Let £ = max{i : ¢; # d;}, f =max{i € {1,...,¢} :
c; < di—l} and f/ = max{i S {1, . ,é} s d; < Ci—l}-
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1. There exists a finite sequence of nonnegative integers & = (g1, .-, gm+1)
such that | g |= X, g <’ ¢ and g <" d if and only if

X< Zmin{ci,di} + max{cy, ds }.

i=1
2. If f > 1 and f' > 1, there exists a finite sequence of nonnegative integers
e=(e1,...,em—1) such that |e |=Y, c <" e and d <’ e if and only if

Y > Zmax{ci, d;} —max{cy,dy }.

i=1
3. If f =1 or f' =1, there exists a finite sequence of nonnegative integers
e=(e1,...,em—1) such that |e |=Y, c <" e and d <’ e if and only if
Y = > max{c;,d;} — max{cy,ds},
or
Y > > max{e;,d;} — max{csy1,dpq1}

Equivalently,
m m
Y = Z max{c;,d;} or’Y > max{cy,d;} + Z max{c;, d;}.
i=2 i=3

Lemma Appendix A.4 ([3, Lemma 4.7]). Given two finite sequence of non-
negative integers a = (ai,...,am,) and b = (by,...,by), let x; = min{a;,b;},
1 <i<m. Let (ri,r2...) = (a1,...,am), ($1,82...) = (b1,...,bm), and
y; = min{r;, s;}, ¢ > 1. Then
(Y1,...) = (X1, -y Tm).
Analogously we can prove Lemma Appendix A.5.

Lemma Appendix A.5. Given two finite sequence of nonnegative integers
a=(ay,...,am) and b = (by,...,by), let X; = max{a;,b;}, 1 < i < m. Let
(ri,72,...) = (a1, am), (s1,82,...) = (b1,...,bm), and Y; = max{r;, s;},
1> 1. Then

Y1,...)=(X1,..., Xm).

Lemma Appendix A.6 ([3, Lemma 4.6]). Given two sequences of nonnega-
tive integers a = (a1,...,am) and b = (by,...,by,) such that a # b, let

¢ =max{i : a; #b;},
f=max{ie {1,...,0} : a; <bi_1}, f=max{i€{l,....0} : bj<a;_1}.
Let (r1,7r,...) = (a1,...,am), (51,82,...) = (b1,...,bm), 70 = 50 = m,
x=min{i : r; # s;},
e=min{i >z —1: s;41 >1r41}), € =min{i>z—1: rip 1 > si11}

Then
€e=ar, 6/ = bf/.
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Remark Appendix A.7. From Lemmas Appendiz A.5 and Appendiz A.6,
we have Y-, max{r;, s;} — max{e,e’} = > max{a;,b;} — max{ay, by }. If
[ < [, then max{af,bs} > max{as,bp'} and, if f > f’, then max{ap bp} >
max{ays,bp }. Therefore

m

Zmax{ri, si} —max{e, e’} = Zmax{ai, b;} —max{as, by} > 0.

i>1 i=1

From Lemmas Appendix A.3-Appendix A.6 and 5.9, we obtain Lemma
Appendix A.8.

Lemma Appendix A.8. Let X,Y > 0 be nonnegative integers and let A =
(A1, As,...), B=(B1,Bs,...) be partitions such that A #+ B.
Let x = min{i : A; # B;},

e = mm{z Z r—1: Bi+1 Z Ai+1}7 6/ = mln{z € {Z Z r—1: Ai+1 Z Bi+1}.
Let Z be an integer such that Z > max{Ay, B1}.

1. There ezists a partition G = (G1,Ga,...) such that| G |= X, (Z,Ay,...) £ (Z+
1,G1,...) and (Z,By,...) £ (Z+1,G1,...) if and only if

X < Z min{A4;, B;} + max{e, e'}.

i>1

2. If there exists a partition E = (Ey,Ea,...) such that | E |= Y, (Z —
l,El,...) Z(Z,Al,) and (Z—l,El,) A(Z,Bl,) then

Y > ZmaX{Ai, B;} — max{e, €'}.
i>1
3. If
Y = ZmaX{Ai, B;} — max{e, €'}.
i>1
then there exists a partition E = (Ey, Ea,...) such that | E |=Y, (Z —
l,El,...) Z (Z,Al,...) and (Z*l,El,) Z (Z,Bl,...).

Lemma Appendix A.9. Let mq,...,my,, My,..., M, and x be integers such
that

n n
ZmiS:chMi and m; < M;, 1<i<n.
i=1 i=1
Then, there exist integers x1,...,x, such that

n
in:x and m; <x; < M;, 1<1i<n.
i=1

And, if my > --->my, and My > -+ > M, then x1 > -+ > x,.
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Proof. Let k =min{j >0 : « <3>3, M; + 3., m;}. Then k <n.

If k=0, then z = >_1" , m;. Define z; = m;, 1 <i < n. Then zq,...,z,
satisfy the conditions.

If £ > 0, then

k—1 n k n
i=1 i=k i=1

i=k+1

Define
k—1 n
rp=x— 3y Mi— 3 g M
r,=m;, k+1<i<n.

It is clear that >, 2; = x and that m; < z; < M; for 1 < i < k—1 and
kE+1<i<n.From (A.1l), we obtain my < z < M.
Ifmy >--->myand My > --- > My, then 1 > -+ > 251 and 241 >
-+ > x,. Moreover, xy_1 = Mj_1 > Mg > xp > mi > Mpy1 = Ty 1-
O
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