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ABSTRACT
We present a setup for time-resolved spectroscopic ellipsometry in a pump–probe scheme using femtosecond laser pulses. As a probe, the
system deploys supercontinuum white light pulses that are delayed with respect to single-wavelength pump pulses. A polarizer–sample–
compensator–analyzer configuration allows ellipsometric measurements by scanning the compensator azimuthal angle. The transient ellip-
sometric parameters are obtained from a series of reflectance-difference spectra that are measured for various pump–probe delays and
polarization (compensator) settings. The setup is capable of performing time-resolved spectroscopic ellipsometry from the near-infrared
through the visible to the near-ultraviolet spectral range at 1.3 eV–3.6 eV. The temporal resolution is on the order of 100 fs within a delay
range of more than 5 ns. We analyze and discuss critical aspects such as fluctuations of the probe pulses and imperfections of the polarization
optics and present strategies deployed for circumventing related issues.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0027219., s

I. INTRODUCTION

Ellipsometry is a well-established method to obtain thin-film
properties and material optical constants, which, in particular,
allows gaining insights into the electronic structure of materials.
Achieving a temporal resolution below a nanosecond in an ellip-
sometry experiment is not possible through standard ellipsometer
technology but requires different approaches such as streak-camera
detection1 or pump–probe schemes.2–6 Although streak cameras in
principle allow time-resolved measurements even with continuous-
wave white light sources, this approach is still very limited in terms
of temporal resolution and suffers from high noise levels. The
pump–probe technique has historically been restricted mostly to
single-wavelength probes and, in the case of ellipsometry, has suf-
fered from experimental instabilities and related uncertainties. Con-
sequently, time-resolved optical spectroscopy at solids has largely
been carried out through transient reflectance and transmittance

measurements.2,6,7 Two main problems have remained for the cor-
rect determination of transient optical constants and, subsequently,
a better understanding of excited solids: On one hand, a bare tran-
sient reflectance or transmittancemeasurement in principle does not
allow distinction between changes in absorption (extinction coeffi-
cient) and refractive index. On the other hand, single-wavelength
probes leave too many degrees of freedom open in order to reliably
apply physical models. As an example, it is impossible to properly
distinguish whether a rise in absorption, measured at a single wave-
length in the bandgap of a semiconductor, is caused by bandgap col-
lapse, free charge carriers, or activated defects. Model assumptions
need to be applied, often blindly, and cannot be proven correct or
wrong. These principal limitations become particularly challenging
when different scattering and relaxation processes occur simultane-
ously and need to be distinguished.8,9 Access to a complex-valued
response function is necessary. Obtaining complex reflectance
spectra (including amplitude and phase shift) directly is only
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possible for frequencies not higher than the THz range by, e.g.,
time-domain spectroscopy.10 For visible (VIS) light, a workaround
is pump–probe measurements with at least two different angles of
incidence.11–14 Later, actual ellipsometry with narrow-wavelength-
band probes was successfully applied.15–17 Nowadays, commercial
laser technology has matured sufficiently to make supercontinuum
generation (SCG) in transparent crystals a versatile broadband opti-
cal probe with femtosecond laser pulses.18,19 This opens the path for
ultrafast pump–probe spectroscopic ellipsometry.

In recent years, the development of time-resolved ellipsome-
try has been approached through various schemes, employing either
imaging techniques20–23 or spectroscopic means, 24,25 in some cases
with interferometric detection schemes.26 Others have focused on
transient circular dichroism, even employing heterodyne detection
schemes, but did not aim for full ellipsometric information.27,28

The related fields of application reach from spectroscopy of excited
charge carriers, phonons, and many-body effects,21,29–32 over shock
waves,26 tomelting andmaterial ablation.20,22,33 However, reports on
successful experiments using spectroscopic time-resolved ellipsom-
etry are rare, pointing at a gap between proof-of-principal capabil-
ities of reported setups and their practical ability to reliably gener-
ate high-quality spectroscopic–ellipsometry data from pump–probe
experiments. In this paper, we present a setup for pump–probe ellip-
sometry with femtosecond white light pulses ranging from near-
infrared (NIR) through the visible (VIS) to the near-ultraviolet
(NUV). It is capable of obtaining pump-induced transient changes
in the linear optical response of a wide range of materials and sam-
ple types. We detail the setup and related data-reduction schemes
and discuss limitations and extensions.

The setup presented here, and its further developments, is avail-
able for the international scientific community as a user instrument
at the Extreme Light Infrastructure (ELI) Beamlines facility in the
Czech Republic, with access granted based on an open application
procedure.34

II. EXPERIMENTAL SETUP
A. Components and measurement scheme

A scheme of the setup for time-resolved ellipsometry is shown
in Fig. 1. The pump–probe system is based on an amplified
titanium–sapphire femtosecond laser with its fundamental mode at
800 nm and a repetition rate of 1 kHz [Coherent Astrella (35 fs, max.
6 mJ) or Spectra-Physics/Femto-Lasers Femtopower (20 fs, max.
4 mJ)]. A fraction of about 1 μJ of the fundamental beam (exact
pulse energy can be set by using an attenuator) is taken for supercon-
tinuum generation (SCG, see Sec. II B 2 for details). The generated
ultrashort broadband pulses are used as a probe beam. The main
part of the pulse energy is applied as a pump beam, typically after
wavelength conversion by means of second or third harmonics gen-
eration (HG). An optical parametric amplifier (OPA) will enable
the target wavelength to be freely selected in a wide spectral range
from 200 nm to 2600 nm (Light Conversion, TOPAS). The pump
pulses are propagated through a delay line based on a 1m-long high-
performance motorized linear stage (Newport IMS-LM-S), which
gives up to 6.67 ns of pump–probe delay, adjustable with a tempo-
ral resolution of about 3 fs (500 nm bidirectional repeatability of the
delay-line stage).

FIG. 1. Schematic view of the setup for time-resolved ellipsometry. The output
of an amplified titanium–sapphire laser is split (BS) to provide white light probe
pulses created by supercontinuum generation (CaF2) and pump pulses that can
be converted by means of second or third harmonic generation (HG) or, in the
future, optical parametric amplification (OPA). The pump pulses are delayed by a
1 m-long delay line (DL) and focused onto the sample by a lens (L). The probe
pulses are collimated and focused by 90○ off-axis parabolic mirrors. The focused
beam passes a broadband wiregrid polarizer (P) before reaching the sample. After
reflection off the sample (S), the white light is collimated by a lens (L), goes through
the compensator (CR) and analyzer (A), and is then guided to and focused onto
the spectrometer entrance by mirrors. Each individual white light pulse is detected
through a spectrometer with a charge-coupled-device (CCD) camera. The chop-
per wheels (250 Hz, 500 Hz) allow proper detection of the reflectance-difference
spectra.

The ellipsometric part of the setup, including the sample
interaction point, is built on a two-circle goniometer (Huber
Diffraktionstechnik GmbH), allowing reflectance and transmittance
experiments at variable angles of incidence at the sample. A photo-
graph of the equipped goniometer is depicted in Fig. 2. While the
narrow-band pump pulses are focused onto the sample by a lens,
the broadband probe pulses are focused by a 90○ off-axis parabolic

FIG. 2. Photograph of the setup goniometer. Labels and beam schematics are
similar to Fig. 1. The positions of probe focusing mirror and wiregrid polarizer are
fixed (right side). The sample holder can be rotated to allow a variable angle of
incidence (center). Probe collimation, compensator, and analyzer are placed on a
rotatable arm (left side). The reflected light is guided by mirrors to the spectrometer.
The pump beam is focused through a lens and reflected by a D-shaped flat mirror
(post-mounted from the top) in order to maintain an incidence angle close to the
probe. A monitoring camera helps adjusting the spatial overlap of pump and probe
(top right in the picture).
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mirror to avoid chromatic dependencies (aberrations and chirp, see
Sec. II B below). The focused white light passes through a broad-
band wiregrid polarizer (Thorlabs) before it is reflected off the sam-
ple. The reflected white light is collimated by a lens and guided
through a compensator (superachromatic quarterwave plate, B.
Halle Nachf. GmbH) and a prism analyzer (calcite Glan-type polar-
izer, Altechna). The polarizers and the compensator are mounted
on motorized rotation stages (Thorlabs), which again are placed
on tip-rotation stages to facilitate multi-axis alignment (Newport).
Plane mirrors guide the light to a spectrometer (prism spectrome-
ter, Entwicklungsbüro Stresing, or grating spectrometer, Princeton
Instruments) equipped with a charge-coupled-device (CCD) cam-
era (1024 × 64 pixel2, dynamic range 10 000: 1, Hamamatsu Pho-
tonics/Entwicklungsbüro Stresing) working in full vertical binning
mode at the 1 kHz readout rate. While the prism spectrometer pro-
vides coverage of a wide spectral range, its spectral resolution toward
the NIR is rather poor. Hence, the interchangeable-grating spectro-
graph is used whenwell-resolved spectra in a given spectral range are
of interest. Importantly, every change of the sample angle requires
readjusting the plane mirrors between the sample goniometer and
the spectrometer. Alternatively, a glass fiber can be used to guide the
light to the spectrometer. However, coupling into the glass fiber is
very alignment-sensitive and prone to losses.

In the described Polarizer–Sample–Compensator–Analyzer
(PSCA) configuration, we measure the transient spectra for a series
of different settings “i” of the polarization optics. In the standard
case, the azimuthal angle of the compensator αi is varied, while
the polarizer and analyzer are kept fixed35 at ±45○. The rotating
compensator scheme (PSCRA) has several advantages.36 The main
reason to prefer rotation of the compensator is that no polariz-
ers need to be rotated. Rotating polarizers is problematic from two
aspects: First, both the white light pulses are partially polarized37,80

and the detection is polarization-dependent due to the potential
grating and mirrors. Second, rotating a prism polarizer (in our
case the analyzer) induces a beam deviation manifested mainly as
a parallel shift.38 These problems are circumvented in the rotating
compensator mode.

We do not use the transient polarization-dependent intensity
spectra Ii(E,Δt) directly but rather the reflectance-difference spectra,

(
ΔR(E,Δt)
R0(E)

)

i
= (

Rp
(E,Δt)
R0(E)

− 1)
i
, (1)

where R0(E) and Rp(E, Δt) are the reflectances as a function of pho-
ton energy E for the steady and pumped states, respectively, and
Δt is the pump–probe delay. The reason for this strategy is that
the individual white light probe pulses vary among each other in
both intensity and spectrum. Hence, the light source is not stable
within the time of one revolution of the polarization-optical com-
ponents (here, the compensator). This distinguishes pump–probe
ellipsometry from conventional stationary ellipsometry instruments.
Fluctuations of the white light spectra are caused by laser fluctu-
ations (SCG is a highly nonlinear process) and the movement of
the CaF2 crystal used for SCG (see Subsection II B 2 below). Fur-
thermore, kHz CCD-readout inevitably comes with high noise lev-
els, and the warm-up of the CCD camera during the fast readout39

additionally affects the level of background counts, which increases

FIG. 3. Schematic representation of the two-chopper scheme with 1 kHz laser
pulse repetition. The pump beam is chopped with frequency f 1 = 250 Hz and the
probe with f 2 = 500 Hz. This creates four phases of pump and probe (P1), pump
only (P2), probe only (P3), and dark (P4).

the absolute number of measured intensity counts. We circum-
vent these problems by applying a two-chopper scheme, as depicted
in Fig. 3 (cf. also Fig. 1). The pump is guided through a chop-
per wheel running at f 1 = 250 Hz, while the probe passes through
a chopper wheel running at f 2 = 500 Hz. Repeatedly, four dif-
ferent subsequent intensity signals are measured: pump and probe
(P1), pump only (P2), probe only (P3), and dark (P4). Hence, at
any time, background-corrected, or even luminescence-corrected,
or even luminescence-corrected pump and probe spectra [Rp(E, Δt)
≡ IP1(E, Δt) − IP2(E, Δt)] as well as probe only spectra [R0(E) ≡ IP3(E,
Δt) − IP4(E, Δt)], are obtained for each compensator angle αi and
pump–probe delay Δt. Thus, the detection scheme is similar to a
multi-channel lock-in amplifier system. The obtained reflectance-
difference spectra are processed together with reference ellipsometry
spectra to obtain the time-resolved ellipsometric parameters (see
Sec. IV below).

The two-chopper strategy is very effective because the described
fluctuation effects occur mostly on time scales larger than a few
milliseconds. Intrinsically, it makes the measurement also immune
against long-term changes of the probe–pulse spectrum (e.g., due to
slightly changed laser pulse compression) and enables reliable mea-
surement over many hours. Commonly, we scan the delay line for
a certain compensator angle and not vice versa because it allows
faster measurements with our motorized stages. A typical scan of
36 compensator angles, 200 delay steps, and integration over 1000
four-pulse sequences can be run in about 9 h. Control of all motor-
ized devices (motorized stages, shutters, choppers, and detector) and
data acquisition are carried out by an in-house developed software
written in LabView. We refer also to Refs. 31, 32, and 40 for short
descriptions of the setup with partly different details.

B. Detailed aspects
1. Optical components for femtosecond spectroscopy

Propagation of a spectrally broad femtosecond pulse through
materials such as glass introduces a spectral chirp due to group-
velocity dispersion.41 In order to minimize chirping of the (white
light) probe pulses, reflective optics and a wiregrid polarizer on
a thin glass support are chosen before the sample. Furthermore,
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a wiregrid polarizer tolerates angular deviations within a range of
at least ±5○ without a significant drop of performance. Hence, in
contrast to prisms, it can safely be used in the focused beam. All
thick prisms (compensator and analyzer) are placed in the colli-
mated beam behind the sample, so their dispersion does not affect
the temporal resolution of the experiment. Nevertheless, the SCG
crystal and the support of the wiregrid induce a chirp of a few hun-
dred femtoseconds between 2.0 eV and 3.6 eV; this corresponds
roughly to propagation through 3 mm of glass. As long as the mea-
surements are carried out with a sufficiently dense pattern of delay
steps, this chirp can be removed retroactively: The true zero-delay is
obtained individually for each photon energy, and correct spectra
are reconstructed even on chirp-affected short time scales. Typi-
cally, we define the zero-delay by the maximum slope of the pump-
induced changes. This assignment is practically arbitrary. An exam-
ple using an even polynomial to describe the energy dependence of
the chirp is shown in Fig. 4. It should be noted that the discussed
chirp does not significantly affect the temporal resolution as long as
dispersion delay calculated for a given wavelength channel (pixel of
the CCD camera) does not exceed the pulse duration. It can be safely
assumed that each individual spectral component of the SCG probe
approximately maintains the pulse length of the seed pulse.42,43 The
temporal broadening of the pump pulses due to chirp induced by
the focus lens, filter, and potentially by a waveplate is rather small.
On one hand, the laser output can be negatively pre-chirped; on
the other hand, the rather narrow spectral bandwidth of the pump
pulses reduces the problem compared to the probe pulses. Beyond

FIG. 4. Example of a retroactive correction of the probe chirp. Left-hand panels
show the Müller matrix element S [cf. Eq. (4)] from a ZnO sample as directly
obtained from the experiment; right-hand panels: after chirp removal by applying
an even polynomial function (black line). For better visibility, bottom panels show
the difference ΔS to the steady-state values. The figures also give an impression
of the temporal bandwidth. The artifact around 1.55 eV originates from the scat-
tered light off the edge of an ND filer inside the spectrometer (see the text) and
needs to be excluded in further data evaluation.

chirping, lenses can induce further distortions that may affect the
temporal resolution. Prepulses can arise if focusing lenses are illumi-
nated spatially homogeneously.44 In the present setup, such effects
are of minor relevance because all beams have approximately Gaus-
sian spatial profiles. The major sources affecting temporal resolution
are discussed in Sec. II B 4.

2. Broadband transient spectroscopy
As introduced, the standard crystal used here for SCG is fluorite

CaF2. Several other materials can be used, 18 and Al2O3 is prob-
ably the most established one. However, the advantage of CaF2 is
that its white light continuum reaches out to about 340 nm in the
NUV, while for sapphire, for example, it hardly exceeds 400 nm. The
disadvantage of CaF2 is its low thermal conductivity, and for this
reason, it has to be translated continuously to prevent laser dam-
age in the crystal window. This is done by an in-house developed
motorized stage that translates the crystal in a circular pattern. This
stage is mounted on a tip-rotation alignment stage as these align-
ment degrees of freedom are critical to avoid periodic variations of
the SCG.

The supercontinuum white light still contains a significant
component of the seed laser pulse, which is intense enough to easily
saturate the CCD camera at the respective wavelengths. Removing
this broad 800 nm line without simultaneously affecting other spec-
tral regions of the supercontinuum is a challenging task. Currently
available commercial (transmission) notch filters exhibit blocking
bands, which are too narrow to effectively suppress the broad fun-
damental beam around 800 nm.Moreover, these filters typically also
cut the NUV beyond at most 360 nm. Multi-layer reflection filters
have similar limitations. The filters of choice are mostly colored-
glass filters. In particular, the transmission of BG40 glass reaches
comparably close to the 800 nmwithout cutting the UV, even further
than BG39 glass, which is often used.24 BG42, KG1, KG3, or KG5
glass on the other hand does not provide enough contrast to sup-
press the remaining 800 nm sufficiently without shifting the cutoff
to shorter wavelengths. All mentioned colored-glass filters essen-
tially cut all wavelengths longer than the 800 nm seed. However,
it is possible to use the supercontinuum white light at wavelengths
that are both shorter and longer than the seed. A way to this is cov-
ering only a part of the CCD camera inside the spectrometer by a
neutral-density (ND) filter. This way, the usable spectrum can be
extended in the NIR direction down to ∼950 nm. The spectrum con-
tains the diffracting imprint of the physical edge of the half-inserted
filter (cf. Fig. 4), which could be optimized by a customized, nonlin-
early gradedNDfilter. Alternative color filters are chemical solutions
that, however, degrade over time.

The best position for the filters is often a trade-off between
keeping the chirp to a minimum (favoring filters after the sam-
ple) and protecting the sample from the strong residual 800 nm
component in the probe spectrum (requiring a filter before the
sample).

3. Pump pulse generation
To optimize the excitation condition for various samples and

experimental designs, the setup allows a flexible choice of the pump
wavelength. Aside from the 800 nm fundamental beam of the laser,
the second (400 nm) and third (267 nm) harmonics can be gen-
erated by frequency doubling and mixing in beta-barium-borate
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(BBO) crystals (Eksma Optics). The advantage of this option is
its simplicity and relatively high conversion efficiency. As a more
universal alternative, an OPA (Light Conversion, TOPAS) will be
available that allows the wavelength of the pump beam to be var-
ied between 200 nm and 2600 nm. The conversion efficiency varies
significantly for different wavelengths, and some spectral windows
exhibit very low output intensity. Notably, the currently available
range can also be extended toward the IR down to 12 μm by the use
of difference-frequency generation (DFG, also Light Conversion).

4. Spot size and temporal bandwidth
The typical spot size that we achieve for the probe beam is

around d ≈ 100 μm in terms of 1/e2 diameter [Fig. 5 (a)]. In the
literature, spot sizes are often given as the full-width at half max-
imum (FWHM), which in our case would be ∼60 μm and include
only 76% instead of 95% of the intensity along one dimension.81 The
pump spot is deliberately not perfectly focused on the sample sur-
face to ensure that an approximately homogeneously pumped area
is probed. Typically, the pump spot is set to be at least twice the size
of the probe. The pump–probe overlap can be pre-adjusted using
a camera before the strength of the transient signal is optimized.
Pump and probe spot sizes are determined by knife-edge scans in
the direction vertical to the plane of incidence. Exact pump power,
polarization, and spot size are set by a gradient ND filter, a halfwave
plate, and by adjusting the position of the focusing lens, respectively.

FIG. 5. (a) Knife-edge scan of the focused probe spot at the sample perpendicular
to the incidence plane; all are wavelengths integrated. The fit assuming a Gaussian
beam profile yields a 1/e2 diameter d of about 100 μm. (b) Schematic view onto the
incidence plane illustrating the pump (blue) and probe (green) beams with different
focal spot sizes on the sample. The wavefronts (parallel lines) are not parallel due
to different angles of incidence (θpump/probe) and result in different times for the
pump and probe pulses to sweep over the probed area (deff).

The temporal bandwidth of the experiment depends critically
on the probe spot size at the sample and the difference in the angles
of incidence (θ) of the pump and probe beams: Under oblique angle
(measured from the surface normal), the probe spot is elongated on
the sample and becomes deff = d/cos(θprobe). One end of the spot
on the sample is probed at a time tsweep = sin(θprobe)deff/c0 earlier
than the other end (c0 being the speed of light). This is the time it
takes the probe pulse to sweep over the sample. The same is true for
the pump pulse, which arrives from a different angle θpump as illus-
trated in Fig. 5(b). In our setup, the difference between the pump
and the probe angle is ∼6○, e.g., θpump = 54○ and θprobe = 60○. This
leads to a continuous shift between pump and probe arrival at dif-
ferent sites within the spot on the sample, which again worsens the
temporal resolution. We can approximately estimate the effective
temporal bandwidth as the convolution of two Gaussian intensity
profiles at time I ∝ 2−(2t/τ)

2
: One describes the laser pulse with a

FWHM duration τpulse. The second one with length τspot parame-
terizes the temporal difference of pump and probe sweeping over
the probe spot area on the sample. For the convolution, it holds
τeff =

√
τ2pulse + τ

2
spot. With an elongated FWHM probe spot size of

120 μm (corresponding to a 100 μm 1/e2 probe spot diameter and
θprobe = 60○) and an angle difference of 6○ between the pump and
the probe, we get τspot ≈ 11 fs. With τpulse ≈ 35 fs, we can estimate τeff
≈ 37 fs. Under the same conditions, a pump–probe off-angle of 20○

would result in τspot ≈ 44 fs and τeff ≈ 56 fs. Similarly, the temporal
bandwidth also increases with a larger probe spot diameter. It should
be mentioned that a temporal bandwidth of τeff ≈ 37 fs in terms of
FWHM corresponds to 63 fs in terms of 1/e2 width. With regard to
this comparison, it seems that spot sizes and temporal bandwidth are
probably often underestimated in the literature.

Finally, it should be mentioned that the temporal resolution of
the experiment could be improved by decreasing the entrance slit
of the spectrometer. In our setup, the probe spot is imaged without
magnification onto the entrance slit of the spectrometer, and the dis-
cussed oblique sweep direction of the spot at the sample (direction
of the plane of incidence) is imaged perpendicular to the spectrom-
eter entrance slit. Hence, the width of the entrance slit ultimately
determines deff.

III. CALIBRATION
Operating the setup requires wavelength and ellipsometric cali-

bration. Wavelength calibration is typically done either with a series
of narrow bandpass filters (used in combination with the broadband
prism spectrometer) or holmium- or didymium-doped glasses (for
the grating spectrometer with a higher spectral resolution). Usu-
ally, the wavelength calibration has to be repeated after each sample
exchange and subsequent optimization of coupling the light into the
spectrometer.

The ellipsometric calibration consists of two basic steps:45–47

First finding zero azimuthal angles of the polarizers and the com-
pensator and second obtaining the compensator properties for each
wavelength. The zero angles are determined through reflectance
measurement off a silicon wafer (with a native oxide layer) close to
Brewster’s angle. For convenience, we remove all elements but one
(e.g., polarizer) at the time from the beam path. In general, placing a
broadband depolarizer before the polarizer, or replacing the SCG by
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a reference xenon lamp, is useful for the calibration routines. Both
polarizers have sufficient performance to be treated as ideal (extinc-
tion ratios <5 ⋅ 10−4 for the wiregrid polarizer and 2 ⋅ 10−6 for the
prism analyzer). It should be noted that prior to all measurements,
all rotatable polarization optics are aligned with respect to both the
tilt of the optics against the rotation axis and the tilt of the rotation
axis. This can be done by tracking the back reflection of an alignment
laser at a rather long distance.

An ideal quarterwave-compensator can be described by a Jones
matrix,48

Ĵcomp
=
⎛

⎝

1 0

0 eiδ
⎞

⎠
, (2)

with retardance δ = 90○ between the two linear-polarization com-
ponents parallel and perpendicular to the fast axis. However, simple
zero-order quarterwave plates fulfill δ = 90○ only for a single wave-
length. Achromatic waveplates for broadband spectroscopy consist
of a series of birefringent plates. The superachromatic compensator
used here consists of six birefringent plates with inclined relative
orientation of their individual optic axes. Therefore, the orienta-
tion of the waveplate’s fast axis depends on the wavelength. How-
ever, the retardance is close to 90○ between 310 nm and 1100 nm,
being exactly 90○ at three particular wavelengths. Another typical
non-ideality of achromatic compensator slabs is oscillations occur-
ring in their spectral dependence.49–51 Additionally, polarization-
dependent reflection losses can induce a slight linear dichroism.52,53

Different approaches for a Jones matrix description of non-ideal
compensators have been proposed to describe retardance, poten-
tial dichroism, optical activity, and other effects38,54–56 (see also
Appendix B). Here, as the orientation of the fast axis is wavelength-
dependent, it is reasonable to allow complex-valued off-diagonal
entries for the Jones matrix. This way, the Jones matrix can include a
rotation. Hence, the nominal zero-angle of the compensator is arbi-
trary, and its true, wavelength-dependent zero-angle is imprinted in
the Jones matrix. It turns out that a description by a symmetric Jones
matrix with complex off-diagonal entries is the best-suited one for
our purposes,

Ĵcomp
=
⎛

⎝

1 tan(ψoffdiag)eiδoffdiag

tan(ψoffdiag)eiδoffdiag tan(ψdiag)eiδdiag
⎞

⎠
. (3)

This was confirmed by reference measurements of the compensator
using a commercial ellipsometer. Consequently, four calibration
parameters have to be obtained for each wavelength to character-
ize the real compensator. Intrinsically, a potential off-angle of or
a rotation by the analyzer could also be imprinted into those cal-
ibration parameters. A more detailed discussion can be found in
Appendix B.

Example compensator revolutions and wavelength-dependent
Jones matrix entries for the non-ideal compensator are shown in
Fig. 6. Typically, the compensator calibration is repeated before
every measurement by performing a quick scan of the compensator
in the setting used for the measurement. This allows a fine calibra-
tion of the compensator based on a reference measurement of the
sample at a commercial stationary ellipsometer. It should be noted
that multiple forth and back reflections in the compensator cannot
affect the transient experiment as long as the compensator is placed
behind the sample.

FIG. 6. (a) Exemplary data and fit as carried out for the calibration of the compen-
sator. Data were obtained with SCG white light pulses on a silicon sample with a
native oxide layer at θprobe = 70○. Data for 3.3 eV are shown along with modeled
intensities. The legend displays azimuthal angles of the polarizer (P) and ana-
lyzer (A). (b) Typical spectra of the obtained Jones-matrix entries to describe the
imperfect compensator in the setup.

IV. DATA REDUCTION
The detection system allows individual spectra to be cap-

tured at a 1 kHz rate, and four subsequent spectra are required
to obtain a reflectance-difference spectrum (cf. Fig. 3). Still, the
data quality depends on statistical fluctuations, and in general,
accumulating several hundred reflectance-difference spectra per
data point is required. Obtaining the median instead of the mean
ΔR/R0 of all accumulations for every wavelength channel is more
robust but increases computational efforts and, hence, the dead
time during data readout. In our case, it has proven advantageous
to compute the mean values after clearing the data from out-
liers by neglecting the highest and lowest values in bands of 10%
or 15%.

Further data improvement can be achieved with smoothing fil-
ters such as approximation by moving polynomials57 or, with even
better results, using kernel regression methods.58 Such filters can
be applied to both raw intensity data and to processed ellipsomet-
ric data. Furthermore, it can be useful to interpolate at the same
time to an equidistant wavelength or a photon-energy grid. Thereby,
spectral weighting can be controlled in subsequent modeling of the
obtained ellipsometry spectra.58

In order to compute ellipsometric data, we use the Müller cal-
culus and invert the linear system of equations by Moore–Penrose
pseudo-inversion of a coefficient matrix that describes the polariza-
tion setup.59,60 Details on how to compute the Müller matrix of a
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pseudo-isotropic sample,

⎛
⎜
⎜
⎜
⎝

1 −N 0 0
−N 1 0 0
0 0 C S
0 0 −S C

⎞
⎟
⎟
⎟
⎠

, (4)

from a series of intensity values Ii measured at different settings of
the polarization optics (here, compensator azimuthal angle αi) are
discussed in Appendix A. The computation is applied independently
for each wavelength channel and accounts for the above-detailed
description of the real compensator. For the ellipsometric angles Ψ
and Δ, it holds48

Ψ =
1
2
tan−1(

√
C2 + S2

N
), (5)

Δ =
1
2
tan−1(

S
C
), (6)

where 0○ ≤ Ψ ≤ 90○ and Δ ∈ (90○, 270○) if C < 0 and Δ ∈ (0○, 90○) ∪
(270○, 360○) if C > 0.

As mentioned above, we do not directly use the reflection
intensity values Ii(E, Δt) but the reflectance-difference signal. Con-
sequently, we require a reference steady-state ellipsometry mea-
surement (using a commercial ellipsometer) from the studied sam-
ple taken under the same conditions.61 Using the reference Ψ0(E)
and Δ0(E), we can compute pseudo-intensity spectra I0i (E), which
express the intensity of reflected light for each setting of the
polarization optics “i” (e.g., compensator azimuth αi) when the

FIG. 7. Example for data reduction for a silicon sample with a 3 nm native oxide
layer. Shown are data for E = 3.227 eV. (a) Normalized intensity I0 (see the
text) depending on the compensator azimuthal αi as obtained from the reference
measurement. Here, Ψ0 = 31.601○ and Δ0 = 172.76○. (b) Measured reflectance-
difference ΔR/R0 (symbols) and regression (line) for Δt = 375 fs after excitation by
800 nm pump pulses. The transient values are Ψ = 31.597○ and Δ = 172.52○.

unpolarized light of unit intensity [Stokes vector (1,0,0,0)T] is inci-
dent at each wavelength. Consequently, for the computation of the
transient ellipsometric parameters, Ii(E, Δt) is replaced by

Ii(E,Δt) = I0i (E)(1 + (
ΔR(E,Δt)
R0(E)

)

i
). (7)

By this means, raw reflectance-difference data can be reduced
to transient ellipsometry data. Figure 7 provides an example of
reflectance-difference data ΔR/R0 for a complete revolution of the
compensator (αi = 0, . . ., 360○). We refer again to Appendix A for
details on the computation.

The next step in data reduction is the correction of the probe
chirp as described in Sec. II B above (see also Fig. 4). In the final
step, ellipsometric data are normally interpolated to an equidistant
energy grid. An example of transient spectroscopic ellipsometry data
after this last correction is shown in Fig. 8. In principle, the rotat-
ing compensator also allows obtaining depolarization information,

FIG. 8. Exemplary transient spectroscopic ellipsometry data from a UV-excited
35 nm-thick c-plane oriented ZnO thin film on SiO2 at θprobe = 60○ during the
first picosecond. The color encodes the changes with respect to the reference
steady-state spectra at negative delays that are shown as black lines.
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FIG. 9. Reflectance-difference spectra before the pump pulse arrives (negative
Δt) for the estimation of the ΔR/R0 accuracy by its deviation from zero. Various
measurements (here, 100 spectra) at different compensator angles and delays are
shown piled up in different gray tones. The red lines illustrate +1 and −1 times the
averaged absolute values. In the central part of the spectrum, the accuracy can be
estimated to ±3 ⋅ 10−3. It becomes worse with vanishing light intensity as limited
here by a BG40 colored-glass filter (Thorlabs FGB 37). The measurements were
repeated over 500 four-pulse sequences.

which can be an indicator for changes that happen faster than the
temporal bandwidth or features beyond the spectral resolution of
the experiment.

A. Uncertainty estimation
Due to the modulation scheme of the experiment, the influ-

ence of systematic errors (such as uncertainties due to the imper-
fect polarization optics) on the difference spectra of the ellipsomet-
ric parameters is largely suppressed. The remaining uncertainty is
estimated by means of Monte Carlo simulations for a given con-
figuration (i.e., samples Ψ0 and Δ0, wavelength, a set of compen-
sator angles, and quality of the reflectance-difference signal) using
largest estimated uncertainty values for each parameter and intensity
value Ii. This stochastic approach allows the combined systematic
and stochastic uncertainties to be estimated. An example can be
found in Ref. 31. Potentially erroneous input parameters are, e.g., the
Jones-matrix entries that describe the compensator, the ellipsomet-
ric reference spectra, or the measured reflectance-difference spectra.
Furthermore, non-idealities such as, e.g., polarizer imperfections can
be included but, in our experience, hardly affect the result. As illus-
trated by Fig. 9, the uncertainty of the reflectance-difference signal
can be estimated from measurements at negative delays, i.e., mea-
surements of the not-yet-excited sample with the probe pulse hitting
the sample before the pump. While it increases toward the ends of
the accessible spectral range, an uncertainty of at most ±3 ⋅ 10−3 can
be estimated in large parts of the spectrum.

V. DATA EVALUATION
Directly accessing the material’s dielectric function (DF) is only

possible if a homogeneous sample is probed. This requires that

a homogeneous (non-layered) material without surface layers has
been homogeneously excited by the pump. This can be fulfilled by a
bulk sample or an absorbing film if the probe’s penetration depth is
much smaller than the film thickness. In those cases, the pseudo-DF
⟨ε⟩ can be directly computed from Ψ and Δ,

⟨ε⟩ = sin2(θprobe)
⎛

⎝
1 + (

1 − ρ
1 + ρ

tan(θprobe))
2
⎞

⎠
, (8)

where the ellipsometric ratio ρ is given as the ratio of the complex
reflection coefficient for s and p polarization,

ρ =
rp
rs
= tan(Ψ) e−iΔ. (9)

In other cases, rigorous modeling of the ellipsometry spectra is
required for each delay as in any ellipsometric investigation.48 With-
out further prior knowledge of the shape of the DF, numerical model
DFs can be obtained from simple wavelength-by-wavelength fits or
using Kramers–Kronig-consistent B-spline functions.62 Both need
to be applied in a transfer matrix calculus.63,64

Still, pump–probe experiments at solids will often excite only
surface-near regions of the sample. Ignoring the respective excita-
tion gradient in the sample can lead to considerable artifacts. Use-
ful strategies to circumvent this problem are to either investigate
thin films on a substrate that is transparent for the pump beam31

or to study cases where the penetration depth of the pump beam
is much larger than that of the probe.32 If this is not possible, rig-
orous modeling of the depth-depending excitation is required, and
ambipolar diffusion needs to be taken into account.65 Lateral motion
of charge carriers can be investigated by time-resolved imaging
ellipsometry.23

VI. DISCUSSION
The 1 kHz repetition rate of the system represents a good com-

promise between important features. It is low enough to allow a
shot-to-shot readout and high enough to reduce the overall exper-
imental time also for experiments when a large number of expo-
sures are necessary. At the same time, 1 ms is a sufficiently long
time between exposures for a complete relaxation of most of the
solid-state processes. This is a principle requirement for the present
experimental setup.

A. Limitations
The ultimate limit to data quality is determined by the pulse-to-

pulse fluctuations within the set of four subsequent white light pulses
in the pump and probe, pump only, probe only, and dark sequences.
Figure 10 shows an example of these fluctuations by illustrating the
moving standard deviation of four subsequent pulses. In the cen-
ter of the spectral probe range, the moving standard deviation is
similar to the ΔR/R0 noise shown in Fig. 9. The resulting ellipsomet-
ric sensitivity limit depends crucially on the configuration at which
the sample is measured. As in any ellipsometry measurement, sen-
sitivity increases close to Brewster’s angle, while the reflected light
intensity may decrease (and noise might increase). Sensitivities bet-
ter than 0.1○ in Ψ and 1○ in Δ have been achieved by accumulating
over 400 four-pulse sequences. A slight improvement in data quality
can in general be achieved by averaging the reflectance-difference
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FIG. 10. Example of pulse-to-pulse fluctuations for about 4000 subsequent pulses
collected (a maximum of 4000 spectra can be buffered in the camera before acqui-
sition has to be interrupted for the readout) in a straight-through configuration. The
CCD camera inside the prism spectrometer box was half-covered by a neutral-
density filter; no other filter was placed into the beam. Outlier spectra deviating
more than 10% from the median intensity around 2.4 eV have been removed. (a)
Intensity counts for individual spectra (gray lines) and their mean (bold red line).
No background correction has been applied. (b) Relative moving standard devia-
tion of every four subsequent pulses (gray lines) as well as their mean (bold red
line). Fluctuations are the strongest at energies above but close to the 800 nm
seed.

spectra that are obtained at each series of four subsequent pulses,
rather than calculating the reflectance-difference information from
averaged intensities IP1, IP2, IP3, and IP4.19 Nonlinearity in the CCD-
camera response should not affect the measurement to first order
as rather small intensity changes at the detector are obtained at any
time.

Limitations with regard to the temporal resolution of the exper-
iment have been discussed in Sec. II B. It should be added that in
practice, the main limiting factors, i.e., geometrical overlap on the
sample and temporal cross correlation of pump and probe pulses
are often of similar magnitude. In the current configuration of the
setup, the effective temporal resolution varies between 100 fs and
200 fs. In general, the meaning of a polarized light pulse ultimately
changes for few-cycle pulses, where the compensator-induced retar-
dance causes the polarization to vary between the beginning, cen-
ter, and end of a pulse.66 Such an effect cannot be resolved in the

current setup, even if the temporal resolution would approach a few
fs. It would be interpreted as depolarization.

A rather general question is whether Kramer–Kronig relations
remain valid at arbitrarily short time scales or if causality needs to
be questioned.67,68 In this context and within the scope of a linear
DF as investigated here, it is interesting to consider if the instru-
ment would in principle allow us to measure negative ε2 values, i.e.,
stimulated emission. In general, ε2 is related to an advanced Green’s
function; 69 hence, negative ε2 means that a photon is emitted prior
to arrival of the triggering photon. This again typically requires a
coherent field as, e.g., in a laser cavity. In contrast, that is normally
not the case in a pump–probe reflection experiment. However, for
a very short time, negative ε2 has also been derived for a retarded
response, and gain-based models have been successfully applied to
transient reflection data.70 With correctly carried out chirp correc-
tion, all experiments that were performed with the present setup
revealed a Kramer–Kronig-consistent response. We can presently
conclude that the mentioned aspects are likely to become only rele-
vant when the temporal resolution approaches few-cycle pulses, i.e.,
beyond the capabilities of the present setup.

The present setup utilizes a rather slowly rotating compensator
stage. Because of this, the measurement strategy is based on ensur-
ing that a consistent series of measurements at different compen-
sator azimuthal angles is reliably obtained even though the individ-
ual measurements are carried out with long time intervals between
them. The alternative strategy would be to use a fast-spinning com-
pensator and capture the spectral intensities during its fast revolu-
tions. Such an approach would also waive the necessity for using
reference spectra from a conventional ellipsometer.

Finally, we do not consider effects of intensity fluctuations of
the pump pulses, which are typically within less than 10%. Due to
the nonlinearity between pump power and pump-induced changes,
tracking of the pump power would only help if all detected probe
pulses are saved independently and later assigned or selected accord-
ing to a constant pump power at the time. It should further be men-
tioned that light scattered from the pump beam (if it is in the mea-
sured spectral range) is only statistically filtered out. This requires
negligible fluctuations within the four-pulse sequences. Problems
can arise, e.g., when dust particles on the sample surface cause a
strong detrimental stray-light signal.

B. Prospective upgrades
A number of improvements and extensions to the setup can be

implemented in the future:

● A second, coupled CCD camera can be used to capture a ref-
erence signal to each individual white light pulse by splitting
off a portion of the probe beam. This could ultimately beat
the above-mentioned problems induced by white light fluc-
tuations. Implementation of a spectrometer scheme using
the same prism for two light paths and cameras has been
initiated.

● In order to extend and stabilize the SCG, different media
and seed wavelengths can be used. SCG seeded by shorter
wavelengths can shift the usable wavelengths further toward
the UV but requires good filters to remove the strong
remaining seed (see Sec. II B above). However, SCG by
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mid-infrared wavelengths can also range similarly far into
the UV.18 Available alternative media comprise a water-
jet and a gas-filled hollow-core fiber (UltraFast Innovations
GmbH). The latter could even enable frequency doubling of
the entire SCG spectrum. However, it requires pulse com-
pression, which is challenging if the spectrum shall not be
cut in the UV. Finally, to extend the spectral range of time-
resolved ellipsometry to the vacuum–UV range, another
setup is being developed at ELI beamlines.71,72

● The sample goniometer can be equipped with a cryostat
or heat cell to allow low-/high-temperature measurements.
Alternatively, other sample environments (liquid or gas
cells) could be employed. In all cases, effects of windows
have to be examined carefully.

● For samples with slowly relaxing processes (e.g., phase
changes triggered by the laser pulses that do not return
within 1 ms), subsequent light pulses should pump and
probe separate but adjacent points on the sample. This
would require rapid sample movement22,33 and appears
more feasible than a significant reduction of the repetition
rate by, e.g., chopper wheels.

● The chirp of the probe pulse is corrected retroactively. In
principle, a deformable mirror or a pulse shaper could com-
pensate the chirp actively.73 This can be important, e.g., for
very sensitive and fast processes that are altered by the first
arriving long-wavelength part of the probe pulse.

VII. SUMMARY
In summary, we have presented a setup for time-resolved spec-

troscopic ellipsometry with a sub-picosecond temporal resolution.
While the setup is not a perfect ellipsometer, it is very sensitive to
any transient changes in the ellipsometric parameters and so uti-
lizes polarization-dependent reflectance-difference spectra to obtain
transient ellipsometric spectra. We have detailed critical compo-
nents of the setup and strategies to combine (i) broadband spectral
probing, (ii) ultrafast pump–probe techniques, and (iii) ellipsom-
etry. The capabilities and limitations were discussed and example
data are presented. First experiments were carried out with the
setup in its present or an earlier state.31,32 The setup is available for
users through open access at the ELI Beamlines facility in the Czech
Republic.34

ACKNOWLEDGMENTS
We gratefully acknowledge experimental support by Md Ziaul

Hoque, Miroslav Kloz, and Martin Přeček, as well as valuable dis-
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APPENDIX A: DIRECT LINEAR REGRESSION
FOR ELLIPSOMETRIC DATA REDUCTION

In order to compute Müller matrix elements from measured
intensity values, we utilize Moore–Penrose pseudo-inversion of a
setup-related matrix for each photon energy independently.

1. General formalism
We assume unpolarized light [Stokes vector S⃗0 = (I0, 0, 0, 0)T]

incident on a polarization state generator [Müller matrix M̂prep], i.e.,
a polarizer followed by a compensator or, in our case, only a polar-
izer. The light is reflected off the sample (M̂sample) and propagates
through a polarization state analyzer (M̂det), i.e., a compensator fol-
lowed by an analyzer. A partial measurement “i” at a certain photon
energy and given azimuthal angles of the polarizer, analyzer, and
compensator(s) yields intensity Ii, which is the first element of the
Stokes vector behind the polarization state analyzer. It holds

Ii = ∑
j,k=1,...,4

Mdet,i
1k Msample

kj Mprep,i
j1 . (A1)

The Müller matrices M̂prep
= M̂comp1M̂pol and M̂det

= M̂anaM̂comp2

representing the polarization optics shall include rotations of the
respective elements as well as their imperfections such as, e.g., the
wavelength-dependent retardance of the compensator(s). In our
case, no compensator exists before the sample and M̂comp1 reduces
to an identity matrix. If the polarizer and analyzer are kept at fixed
azimuthal angles of ±45○, it holds

M̂pol/ana
=
1
2

⎛
⎜
⎜
⎜
⎝

1 0 ±1 0
0 0 0 0
±1 0 1 0
0 0 0 0

⎞
⎟
⎟
⎟
⎠

. (A2)

Individual measurements “i” may still differ by, e.g., the azimuthal
angle of the compensator and, hence, M̂det,i. The Müller matrix of a
compensator that induces a retardance δ (for an ideal quarterwave
plate, δ = 90○) set to an azimuthal angle αi reads

M̂comp
(αi) = R̂−1(αi) M̂comp R̂(αi), (A3)

M̂comp
=

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 1 0 0
0 0 cos(δ) sin(δ)
0 0 − sin(δ) cos(δ)

⎞
⎟
⎟
⎟
⎠

, (A4)

R̂(αi) =
⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 cos(2αi) sin(2αi) 0
0 − sin(2αi) cos(2αi) 0
0 0 0 1

⎞
⎟
⎟
⎟
⎠

. (A5)

Here, M̂comp
= M̂comp

(αi = 0) and R̂(αi) are coordinate rotation
matrices.48 However, we describe the real, imperfect compensator by
its (αi-independent) Jones matrix Ĵcomp and generate the respective
Müller matrix using

M̂comp
= ÂĴcomp

⊗ Ĵcomp*Â−1, (A6)
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Â =
⎛
⎜
⎜
⎜
⎝

1 0 0 1
1 0 0 −1
0 1 1 0
0 −i i 0

⎞
⎟
⎟
⎟
⎠

, (A7)

where Ĵ ⊗ Ĵ∗ is the direct tensor product of the Jones matrix and its
complex conjugate.

We can rewrite Eq. (A1) by reshaping M̂sample as 1 × 16 row
vector M⃗sample

and introducing a 16 × 1 column vector M⃗setup,i
such

that

Msample
4(k−1)+j =M

sample
kj , (A8)

Msetup,i
4(k−1)+j =M

det,i
1k Mprep,i

j1 , (A9)

Ii = M⃗
sampleM⃗setup,i

. (A10)

An ellipsometry measurement consists of n individual mea-
surements “i” with different azimuthal angles of certain polarization
elements, e.g., the compensator. Hence, we obtain n intensity val-
ues Ii, which we store in a 1 × n row vector I⃗ and define a 16 × n
matrix M̂setup

such that every ith column is given by M⃗setup,i
from

Eq. (A9) above, for the respective partial measurement “i.” Now, we
get a simple matrix equation covering all partial measurements, i.e.,

I⃗ = M⃗sampleM̂setup
, (A11)

which needs to be inverted. Inversion of the non-squared
matrix M̂setup

is mathematically equivalent to solving the least
squares problem for Eq. (A11). We write the sum of squared
errors, SSE, as

SSE = (I⃗ − M⃗sampleM̂setup
)
2
. (A12)

The SSE is minimized if its derivative with respect to M⃗sample

(Jacobian) turns zero,

dSSE

dM⃗sample = 2M⃗
sampleM̂setupM̂setup T

− 2I⃗M̂setup T
= 0, (A13)

⇔

M⃗sample
= I⃗M̂setup T

(M̂setupM̂setup T
)
−1
. (A14)

Hence, we obtain all 16 Müller matrix elements of the sample by
this so-calledMoore–Penrose pseudo-inverse.74 It is mathematically
equivalent to obtaining the Fourier coefficients from the intensity
evolution upon rotating a polarization element and compute the
ellipsometric angles from them.

Pseudo-inversion of M̂setup
and, hence, inversion of the matrix

(M̂setupM̂setup T
) are only possible if the latter has a full rank, i.e.,

rank(M̂setup
) = 16. This condition is fulfilled if four linearly inde-

pendent polarization states are prepared (cf. M̂prep,i) and probed
(cf. M̂det,i). This requires two compensators. However, the formal-
ism can be adapted if not all 16 Müller matrix elements need
to be obtained independently and in the case of, e.g., only one
compensator.

2. Reduction for (pseudo-)isotropic samples
For isotropic samples or samples with at least orthorhom-

bic symmetry with their main axes aligned parallel to the labora-
tory coordinate system, the Müller matrix without the presence of
depolarization reduces to

M̂sample
=

⎛
⎜
⎜
⎜
⎜
⎝

Msample
11 Msample

12 0 0
Msample

12 Msample
11 0 0

0 0 Msample
33 Msample

34
0 0 −Msample

34 Msample
33

⎞
⎟
⎟
⎟
⎟
⎠

=Msample
11

⎛
⎜
⎜
⎜
⎝

1 −N 0 0
−N 1 0 0
0 0 C S
0 0 −S C

⎞
⎟
⎟
⎟
⎠

. (A15)

Hence, only four independent variables exist, and the 16 dimensions
of Eq. (A11) reduce to four,

I⃗iso =Msample
11 (1,N,C, S)M̂setup, iso

, (A16)

where Msample
11 represents both light intensity and (unpolarized)

reflectance or transmittance of the sample. Now, M̂setup, iso
is a 4 ×

n matrix, the ith column of which consists of the following column
vector:

M⃗setup, iso,i
=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

Mdet,i
11 Mprep,i

11 +Mdet,i
12 Mprep,i

21

−Mdet,i
11 Mprep,i

21 −Mdet,i
12 Mprep,i

11

Mdet,i
13 Mprep,i

31 +Mdet,i
14 Mprep,i

41

Mdet,i
13 Mprep,i

41 −Mdet,i
14 Mprep,i

31

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (A17)

It follows, subsequently, for the ellipsometric parameters,

Msample
11 (1,N,C, S) = I⃗M̂setup, iso T

(M̂setup, isoM̂setup, iso T
)
−1
. (A18)

M̂setup, iso
has a full rank of 4 if four linearly independent polariza-

tions are either prepared or probed. Hence, using only one compen-
sator is sufficient. A non-depolarizing sample, i.e., N2 + C2 + S2 = 1,
allows in principle reducing the data reduction to a rank-3 problem.

3. Reduction for (pseudo-)isotropic samples
with depolarization

The simplest approach to depolarization is a sample Müller
matrix, Eq. (A15), that takes a shape similar to

Msample
11

⎛
⎜
⎜
⎜
⎝

1 −Ñ 0 0
−Ñ 1

1+D 0 0
0 0 C̃ S̃
0 0 −S̃ C̃

⎞
⎟
⎟
⎟
⎠

, (A19)

where D (D ≥ 0) is a measure of depolarization such that Ñ2 + C̃2

+ S̃2 = 1
(1+D)2 ≤ 1. This matrix is obtained by adding the Müller

matrix of an ideal depolarizer, scaled by D, to Eq. (A15) and renor-
malize the entire Müller matrix. The respective Ñ, C̃, and S̃ values in
(A19) differ from N, C, and S in (A15) because they relate to a depo-
larizing sample. It holds X̃ = X/(1 + D), where X stands for N, C,
and S.
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In general, there exist now five independent parameters in the
linear regression, and Eqs. (A16) and (A17) change to

I⃗ =Msample
11 (1, Ñ, C̃, S̃,

1
1 +D

)M̂setup, iso, dep
, (A20)

where now M̂setup, iso, dep
is a 5 × nmatrix, and its ith column reads

M⃗setup, iso, dep,i
=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

Mdet,i
11 Mprep,i

11

−Mdet,i
11 Mprep,i

21 −Mdet,i
12 Mprep,i

11

Mdet,i
13 Mprep,i

31 +Mdet,i
14 Mprep,i

41

Mdet,i
13 Mprep,i

41 −Mdet,i
14 Mprep,i

31

Mdet,i
12 Mprep,i

21

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (A21)

Equation (A18) changes accordingly.
However, if the polarizer is fixed at ±45○ or, such as in the mea-

surements, the second column of the sample Müller matrix is not
accessed at all, the approach of Appendix A 2 is sufficient. The degree
of polarization is then expressed by

DOP =
√
N2 + C2 + S2. (A22)

It should be noted that Ψ and Δ are to first order unaffected by
depolarization, i.e., Eqs. (5) and (6) intrinsically involve only the
non-depolarizing part of the Müller matrix, which corresponds to
replacing (N, C, S) by (N, C, S)/DOP.

APPENDIX B: JONES MATRIX OF AN IMPERFECT
COMPENSATOR

Here, we discuss some of the most important literature refer-
ences about compensator imperfections and consider symmetries of
Jones matrices used to describe real compensators in comparison
with the approach used here [Eq. (3)]. The symmetries are com-
pared with regard to the relation of the absolute value and the phase
angle of the off-diagonal elements and real or complex values of the
diagonal elements. As described in Secs. III and IV, the absolute
intensity is an arbitrary parameter. Hence, no attention is given to
the norm of the respective Jones matrices. Neither of the wavelength
dependencies is considered further here.

Plenty of literature can be found on the topic of compensator
non-idealities, e.g., Refs. 38, 45, 54, 75, and 76. As mentioned above,
the main imperfections are in the wavelength dependence of their
retardance (especially for usage as quarterwave plates) 45,47,77 and in
the orientation of the fast/slow axis (for broadband achromatic com-
pensators, which consist of more than two plates).45,46 Further non-
idealities include dichroism (e.g., by polarization-dependent reflec-
tion losses),52,53 optical activity,78 and the above-mentioned spectral
oscillations.49–53 Spectral oscillations can even cause depolarization
if the spectral bandwidth of the experiment is too large (i.e., the
spectral resolution to low).79 An appropriate description requires a
Müller matrix approach.47

In the most general way, a compensator can be described by six
independent parameters,38,54

Ĵcomp
= (

1 tan(ψ12)eiδ12

tan(ψ21)eiδ21 tan(ψ22)eiδ22
), (B1)

where ψ12,21,22 ≈ 45○ and δ22 ≈ π/2 for a quarterwave plate. In prac-
tice, proper identification of all six parameters without accidentally
assigning other setup non-idealities to the compensator is difficult.

The Jones matrix of an ideal compensator was shown in Eq. (2)
above and contains only one parameter (retardance δ). The first
minimal adaptation is represented by45

Ĵcomp
= (

1 0
0 tan(ψC)eiδ

). (B2)

Effectively, linear dichroism is described if ψC ≠ 45○. Hence,
polarization-dependent reflection losses can be captured in this way.

A particular effect that has been investigated is optical activ-
ity.55,75,78 To first order, a compensator with optical activity can be
described as follows (optical-activity coefficient γC):

Ĵcomp
= (

1 −iγC(1 − e+iδ)
iγC(1 − eiδ) eiδ

)

≡ (
1 tan(ψoffdiag)eiδoffdiag

− tan(ψoffdiag)eiδoffdiag eiδdiag
). (B3)

Accordingly, the Jones matrix is complex-valued anti-symmetric.
Optical activity is inherent to quartz crystals. Such are not used in the
present setup, and the shown Jones matrix representation Eq. (B3)
does not apply.

Another approach for composite compensators consists in a
description based on an ideal compensator plus rotation (here, by
angle αC).56 It results in an asymmetric Jones matrix,

Ĵcomp
= (

cos(αC) sin(αC)
− sin(αC) cos(αC)

)(
1 0
0 eiδ)

≡ (
1 − tan(αC)eiδ

tan(αC) eiδ
). (B4)

In a PSCA system as the present setup, αC can be effectively
expressed by (or formally not distinguished from) an azimuthal
offset angle of the analyzer.

The presently applied Eq. (3) is close to a rotated compensator
with linear dichroism [Eq. (B2)],

Ĵcomp
= (

1 tan(ψoffdiag)eiδoffdiag

tan(ψoffdiag)eiδoffdiag tan(ψdiag)eiδdiag
)

≅ (
cos(αC) sin(αC)
− sin(αC) cos(αC)

)(
1 0
0 tan(ψC)eiδ

)(
cos(αC) − sin(αC)
sin(αC) cos(αC)

).

The ≅ holds because the description Eq. (3) (first line here) contains
four free parameters, not only three (δ, ψC, and αC). In conclusion,
the description applied here incorporates four free parameters that
effectively describe polarization-dependent reflection losses, orien-
tation (rotation) of the fast/slow axis, exact induced retardance,
and one more free parameter that captures, e.g., an additional rota-
tion. The wavelength-dependent orientation of the fast/slow axis and
retardance are imprinted in the Jonesmatrix elements, as can be seen
in Fig. 6.
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