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Abstract

In this work, we study three-dimensional optical microcavities in terms of their resonance
modes. The optical microcavities of interest range from Möbius-strip cavities to cylindrical
and conical ring cavities as well as conical tube cavities to arrays of limaçon cavities.

In the first part, we investigate whispering-gallery type modes of dielectric Möbius-strip
cavities using FDTD-calculations. The topological properties of the Möbius strip involve the
occurrence of a geometric phase, namely the Pancharatnam phase. Based on this, we study
how the Pancharatnam phase can be manipulated by reducing the length of the part of the
strip that is twisted or by increasing the strip thickness of the Möbius-strip cavity. In doing
so, we investigate how the polarization properties and far fields of the whispering-gallery type
modes are affected. Furthermore, the Nonagon Möbius-strip cavity - a different Möbius strip
with cross sectional shape of three-fold rotational symmetry - is introduced that allows a further
manipulation of the Pancharatnam phase.
In the second part, we investigate propagating whispering-gallery type modes of cylindrical

ring cavities, conical ring cavities and conical tube cavities using FDTD-calculations and vector
diffraction theory. The propagating character of the modes enables the so-called spin-orbit in-
teraction of light. Based on this, we study how the far-field polarization is affected by the axial
morphology of the whispering-gallery type modes and by geometric properties of the cavities
such as the opening angles of conical ring and tube cavities. We apply vector diffraction theory
in order to describe a qualitative connection between the local properties of the whispering-
gallery type modes inside the cavity and the far-field polarization. In this context, we discuss
the role of diffraction and precession of the electric field vector around the cavity axis. We show
that elliptical and circular polarization states in the far field result naturally from propagating
whispering-gallery type modes in these cavities, even without inhomogeneous or anisotropic
cavity material.
In the third part, we study the far-field emission properties of linear limaçon-cavity arrays

using FDTD-calculations. Whereas the far field of an individual limaçon cavity exhibits di-
rectional emission, we investigate how this directional emission changes depending on array
properties such as distance between the cavities and number of cavities in the array. We find
that by manipulating the distance between the cavities, the directionality of the array emission
can be either further enhanced, representing the super-directionality, or even reversed, repre-
senting the directionality reversal.



Kurzbeschreibung

Diese Arbeit behandelt dreidimensionale optische Mikrokavitäten in Bezug auf ihre Resonanz-
moden. Die optische Mikrokavitäten reichen dabei von Möbiusband-Kavitäten über zylin-
drische und kegelförmige Ringkavitäten sowie kegelförmige Tube-Kavitäten bis hin zu Arrays
von Limaçon-Kavitäten.
Im ersten Teil werden flüstergalerieartige Moden von dielektrischen Möbiusband-Kavitäten

mit Hilfe von FDTD-Simulationen untersucht. Die Topologie des Möbiusbands erlaubt die
Entstehung einer geometrischen Phase und zwar der Pancharatnam-Phase. Darauf aufbauend
wird untersucht, wie die Pancharatnam-Phase durch Verkürzung der Länge des verdrehten
Anteils oder durch Erhöhung der Dicke des Möbiusbands manipuliert werden kann. Dabei
untersuchen wir, wie die Polarisation und die Fernfelder der flüstergalerieartigen Moden bee-
influsst werden. Außerdem wird die Nonagon-Möbiusband-Kavität - eine Möbiusband-Kavität
mit Querschnittsform dreifacher Rotationssymmetrie - eingeführt, die ebenfalls eine Manipula-
tion der Pancharatnam-Phase ermöglicht.
Im zweiten Teil werden propagierende flüstergalerieartige Moden in zylindrischen Ringkav-

itäten, konischen Ringkavitäten und konischen Tube-Kavitäten mittels FDTD-Simulationen
und vektorieller Beugungstheorie untersucht. Der propagierende Charakter der Moden er-
möglicht die sogenannte Spin-Richtungs-Wechselwirkung des Lichts. Darauf aufbauend wird
untersucht, wie die Fernfeldpolarisation durch die axiale Morphologie der flüstergaleriearti-
gen Moden und durch geometrische Eigenschaften der Kavitäten wie die Öffnungswinkel von
konischen Ring- und Tube-Kavitäten beeinflusst wird. Mit Hilfe vektorieller Beugungstheorie
wird ein qualitativer Zusammenhang zwischen den lokalen Eigenschaften der Moden im Inneren
der Kavität und der Fernfeldpolarisation beschrieben. Dabei wird die Rolle von Beugung und
Präzession des elektrischen Feldvektors um die Kavitätenachse diskutiert. Es wird gezeigt, dass
elliptische und zirkulare Polarisationszustände im Fernfeld unmittelbar durch propagierende
flüstergalerieartige Moden auftreten, auch ohne inhomogenes oder anisotropes Kavitätenmate-
rial.
Im dritten Teil wird die Fernfeldabstrahlung von linearen Arrays bestehend aus Limaçon-

Kavitäten mithilfe von FDTD-Simulationen untersucht. Während das Fernfeld einer einzelnen
Limaçon-Kavität gerichtete Emission aufweist, wird untersucht, wie sich diese gerichtete Emis-
sion in Abhängigkeit der Arrayeigenschaften wie dem Abstand zwischen den Kavitäten und
der Anzahl der Kavitäten ändert. Es wird gezeigt, dass die Abstrahlung des Arrays entweder
weiter verstärkt (Superdirektionalität) oder sogar umgekehrt Kavitäten werden kann (Rich-
tungsumkehr).
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1 Introduction

1.1 Optical Microcavities

For nearly three decades optical microcavities have played an important role for research and
technology [1, 2]. Optical microcavities are optical systems often made of silica or quartz in the
micrometer range that confine light to small volumes. Prominent examples of such microcav-
ities are microspheres [3–7], microtoroids [8–12] and microdisks [13–17]. These cavities allow
light waves to be guided along the equator or circumference by repeated reflections at the inside
surface. This behavior is schematically illustrated by red arrows in Fig. 1.1 (a) which shows
a microtoroid with a diameter of about 100µm [9]. The corresponding optical resonances are
referred to as whispering-gallery modes (WGMs).
Whispering-gallery modes of optical microcavities are characterized by the resonance frequency
ω and the quality factor Q which is an indicator of the life time τ of the mode. Q corresponds
approximately to the number of optical periods T = 2π/ω after which the energy stored inside
the cavity is lost to radiation [18]. This means that τ ≈ QT and, consequently, that the greater
Q is, the longer the light remains in the cavity. For example, in a microtoroid with a diameter
of about 100µm quality factors in the order of 108 were measured [9]. Considering a resonant
wavelength of λ = 1.5µm, this quality factor means that the light is confined inside the cavity
for almost 1 microsecond. Compared to the distance (300m) a light wave travels in free space
within a microsecond, it is impressive that light is confined in an object only 100 micrometers in
diameter. In larger systems the quality factors can reach values up to 1011 [19] and, therefore,
the light can be confined even longer.
Furthermore, there is a variety of deformed microdisk cavities [20–24] and micropillars [25–
27]. In particular, deformed microdisk cavities play an important role in lasing applications
when a highly directional light emission is needed. For example, this is realized using limaçon-
shaped [28–30] and spiral-shaped cavities [31, 32]. An experimental realization of a limaçon-
shaped cavity with a diameter of about 2µm [30] is shown in Fig. 1.1 (b). The limaçon shape
represents a slightly deformed circle. As a result of the deformation, the limaçon-shaped cavity
emits light predominantly into the directions indicated by the white arrows in Fig. 1.1 (b).
Apart from this, other areas of application of optical microcavities are sensing [33, 34], switches
for communication technology [35], generating optical frequency combs [36, 37], single photon
sources [38] and also optomechanics [39, 40]. Optical microcavities are also useful in other
research fields, for example in the field of quantum chaos [21, 41–43] or mesoscopic physics [44]
where they serve as experimental realizations of theoretical model systems [45].
In addition, bottle-like and tube cavities [46–54], and special cavities such as Möbius strips [55–
59] have attracted a lot of interest in recent years.
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Figure 1.1: SEM images of optical microcavities. (a) Microtoroid cavity with diameter of
about 100µm. Image adopted from [9]. The red arrows are superimposed onto the
image. (b) Top-view of a limaçon-shaped microdisk cavity with diameter of about
2µm. Image adopted from [30]. The white dashed circle and the white arrows are
superimposed onto the image. (c) Array of microdisk cavities. Image provided by
Arne Behrens from the Optical Engineering Group (Stefan Sinzinger) at Technische
Universität Ilmenau.

1.2 Motivation

The relevance for studying the three-dimensional character of whispering-gallery modes was
already demonstrated in earlier works of the author [60, 61]. In particular, the investigation of
the three-dimensional modes of a three-dimensional limaçon cavity [61] has revealed a far-field
emission directionality inclined to the plane of the resonator. Obviously, such effects can not
be observed in two-dimensional systems.
Furthermore, an important aspect of three-dimensional microcavities is that the polarization
of the three-dimensional whispering-gallery modes can change its orientation in space. At this
point, we introduce the term whispering-gallery type modes referring to the types of op-
tical resonances formed in the same way as whispering-gallery modes whereas the morphology
(pattern or shape of the field distribution) or polarization properties may change during prop-
agation inside the microcavity. For convenience, we will use the term whispering-gallery modes
synonymously.
In general, polarization evolution or successive polarization changes can involve the occurrence
of geometric phases [62–64]. In one part of this work we will study the so-called Pancharat-
nam phase [62] and how it can be manipulated in a three-dimensional microcavity, namely the
Möbius-strip cavity. The author published parts of the results in [58].
Furthermore, propagating whispering gallery-type modes in three-dimensional microcavities can
undergo the so-called spin-orbit interaction of light [65–67] where the polarization is coupled to
the propagation direction of the modes. In particular, this effect plays an important role, for ex-
ample, in whispering gallery modes of inhomogeneous and anisotropic conical tube cavities [52].
Whereas the role of weak inhomogeneities or anisotropies with respect to the polarization evolu-
tion was already investigated [52, 64], the role of the morphology of the whispering gallery-type
modes inside such cavities remained unexplored. For this reason, another part of this work will
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focus on how the morphology of the whispering gallery-type modes and geometric properties of
the cavities such as the opening angles of the conical cavities affect the polarization inside the
cavities and in the far field. The author published parts of the results in [68].
Finally, we return to the initially mentioned work of the three-dimensional limaçon cavity [61].
In order to enhance the reliability or to increase emitted energy, designing arrays of such cavi-
ties, see Fig. 1.1 (c), is a reasonable step towards photonic devices. A third part of this work will
focus on the far-field emission properties of limaçon-cavity arrays. Although the limaçon-cavity
arrays are studied in two dimensions, it sets the basis for further three-dimensional investiga-
tions. The author published parts of the results in [69].

1.3 Scope of this Work

In this work, we will investigate various realizations of whispering-gallery type resonances in
three-dimensional optical microcavities with respect to their polarization and far-field proper-
ties. The cavities of interest are dielectric Möbius-strip cavities, cylindrical and conical ring
cavities, conical tube cavities and arrays of limaçon cavities. The investigation and the results
are divided into three parts.
In the first part (chapter 3), we will investigate whispering-gallery type modes, and in

particular their polarization, of dielectric Möbius-strip cavities. The topological properties of
the Möbius strip involve the occurrence of geometric phases in the formation of the modes.
Based on this, we will study how the geometric phases can be manipulated and how this affects
the character, the polarization and far fields of the whispering galley-type modes.
In the second part (chapter 4), we will investigate propagating whispering-gallery type

modes of cylindrical ring cavities, conical ring cavities and conical tube cavities. The propagat-
ing character of the modes allows the so-called spin-orbit interaction of light to take place with
the result that elliptical or even circular polarization occurs inside the cavity as well as in the far
field. In this context, we will study how the far-field polarization depends on the morphology
of the whispering-gallery type modes along the transverse direction inside the cavity and on
geometric properties of the cavities such as the opening angles of the conical cavities.
In the third part (chapter 5), we will investigate the far-field emission properties of

limaçon-cavity arrays. Whereas the far field of an individual limaçon cavity exhibits directional
emission, we will study how this directional emission changes depending on array properties
such as distance between the cavities and number of cavities in the array.
Note that each part (chapter 3, 4 and 5) ends with a detailed summary of the investigated
questions, the used methods and the results. The conclusion at the end of this work (chapter
6) highlights the most import findings and states their relevance.
First of all, chapter 2 introduces the up to this point frequently mentioned whispering-gallery
modes and the procedure of computing the whispering-gallery modes using the finite difference
time domain (FDTD) method.
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2 Fundamentals and Computation of
Whispering Gallery Modes

2.1 The Whispering Gallery Mode

2.1.1 Why does light “whisper”? - Historical background

In 1912, Lord Raleigh investigated a phenomenon that occurred in the St. Paul’s cathedral
in London [70]. A person standing close to the wall of the dome of St. Paul’s cathedral and
speaking quietly or even whispering could be heard on the opposite side, while no sound could
be heard in the middle of the dome. The explanation was obvious. The sound waves of the
person’s speech were propagating along the wall of the dome guided by repeated reflections from
the wall. This situation is illustrated schematically in Fig. 2.1. The gray disk represents the
dome of St. Paul’s cathedral. The loudspeaker and microphone symbol represent the speaking
and listening person, respectively. The repeated reflection of the sound waves along the wall of
the dome are illustrated by red arrows. This phenomenon was called the “whispering gallery”.
Since then, the term whispering gallery is used to describe any kind of wave pattern that arise
from wave propagation along a curved interface. That is the reason why we will call optical
modes which are characterized by the waves being guided along a curved interfaces as whispering
gallery modes.

Figure 2.1: Illustration of the whispering gallery phenomenon

2.1.2 Whispering gallery mode of a dielectric disk

As an example, we like to introduce and discuss the whispering gallery mode of a dielectric disk
of radius R and refractive index nI following in part the section about whispering gallery modes
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in [18]. The dielectric disk shall be surrounded by vacuum. For the purpose of consistency, we
introduce the refractive index nII for the space outside of the the dielectric disk but we keep in
mind that nII = 1.0, see illustration in Fig. 2.2. We choose this example because the rotational
symmetry of the disk allows us to find analytical expressions for the electric and magnetic field
components of the resonant modes.
In order to describe the optical modes of the dielectric disk, we recall Maxwell’s equations for
time harmonic fields where the time dependence of the fields is according to exp (−iωt) with
ω being the frequency. According to the problem of the dielectric disk surrounded by vacuum,
there are no free charges and currents. As a result, the amplitudes of the electric E(r) and
magnetic field H(r) have to satisfy the following equations:

∇ ·B = 0, ∇×E− iωB = 0 (2.1)

∇ ·D = 0, ∇×H + iωD = 0 . (2.2)

These equations have to be valid inside and outside of the dielectric disk. Since we consider
a pure dielectric disk of linear and isotropic material, the connection between E and D, and
B and H is D = ε0εE = ε0n

2E and B = µ0µH = µ0H, respectively, where n is the position-
dependent refractive index (nI inside the disk and nII outside of it). In general, the material
parameters ε (relative permittivity) and µ (relative permeability) can be complex functions of
ω referring to gain, loss or possibly complicated dispersion relations. In our case, ε is real and
positive, and µ = 1 due to the non-magnetic material of the dielectric disk.
Inserting D = ε0n

2E and B = µ0H in the curl-equations in (2.1) and (2.2) first, then applying
the curl to the curl-equation in (2.1) and finally inserting the curl equation in (2.2) into the
first one yields:

∇2E + n2ω
2

c2 E = 0 , (2.3)

where c = 1/√ε0µ0 is the vacuum speed of light. Using the dispersion relation ω = ck yields
the so-called Helmholtz equation for the electric field

∇2E + n2k2E = 0, (2.4)

where k is the vacuum wave number. Due to the piecewise constant refractive index n, we
separate the problem into an interior and exterior region, cf. Fig. 2.2,

∇2E + n2
Ik

2E = 0 in the interior r ≤ R (2.5)

∇2E + n2
IIk

2E = 0 in the exterior r > R . (2.6)

The discontinuity of the refractive index n from nI to nII at the interface at r = R will introduce
two conditions for the electric field which we will use later in order to construct the solution for
Ez and to determine k.
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Figure 2.2: Illustration of a dielectric disk of radius R and refractive index nI surrounded by
vacuum with nII = 1.

Now, let us consider the situation of TM-polarization that is the electric field vector is per-
pendicular to the x-y-plane, E = Ezez. Due to rotational symmetry around the z-axis, it is
convenient to represent the Helmholtz equation for the Ez-component in cylindrical coordinates(

∂2

∂r2 + 1
r

∂

∂r
+ 1
r2

∂2

∂φ2

)
Ez(r, φ) = −n(r)2k2Ez(r, φ) , (2.7)

and furthermore, we we assume that the φ-dependence is given by e±imφ. The separation of
variables Ez(r, φ) = E0P (r)Φ(φ), what we have implicitly applied for the φ-dependence, yields
the equation for the radial function P (r):(

∂2

∂r2 + 1
r

∂

∂r
− m2

r2

)
P (r) = −n(r)2k2P (r) (2.8)

where m is the azimuthal mode number which gives the number of field node lines around the
circumference.
Before providing the solution for this equation, we like to make a connection to quantum
mechanics and discuss this equation regarding the confinement of one particle in a potential. In
order to do so, we need to rearrange some terms. After shifting the term −n(r)2k2P (r) to the
left hand side of the equation, subtracting k2P (r) of both sides and multiplying the equation
with −1 we obtain:

−
(
∂2

∂r2 + 1
r

∂

∂r

)
P (r) +

(
m2

r2 − k
2(n(r)2 − 1)

)
P (r) = k2P (r) . (2.9)

This equation is very similar to the time-independent single particle Schrödinger equation in
one dimension with k2 representing the eigenvalue and an effective potential [71] given by

Veff :=
(
m2

r2 − k
2(n(r)2 − 1)

)
. (2.10)

The obvious difference to the conventional Schrödinger equation is that the potential energy
term Veff depends on the eigenvalue k2. Nevertheless, this comparison will help us to better
understand the confinement of an electromagnetic wave inside the dielectric disk. For this
reason, we discuss the effective potential which is shown in Fig. 2.3. To this end, it is convenient
to introduce the dimensionless quantities VeffR2 and kR by multiplying Eq. (2.10) with R2.
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Figure 2.3: Plot of the effective potential. VeffR2 is illustrated for the example of kR = 6.5.
Azimuthal mode number and refractive indices: m = 10, nI = 2.0 and nII = 1.0.

According to basic quantum mechanical problems, we see that a potential well structure is
formed in the gray region in Fig 2.3. Inside this potential well an electromagnetic wave can be
confined. In the interior of the disk (r/R < 1) the potential well is characterized by the sum
of the angular momentum barrier m2R2/r2 and the attractive effect of the dielectric medium
represented by −(kR)2(n2

I − 1). The sudden jump of the effective potential at r/R = 1 results
from the change of refractive index (discontinuity of the permittivity). Outside the disk r/R ≥ 1,
the effective potential is only described by the angular momentum barrier since nII = 1.0. The
height of the jump at r/R = 1 is (kR)2(n2

I − 1). Thus, it depends on the frequency ω = ck

and on the change of the refractive index. As a result, the potential well will be deeper for
electromagnetic waves at higher frequencies and for a high contrast between the refractive
indices of dielectric media in the interior and exterior.
Furthermore, the interpretation in terms of quantum mechanics and potential well structures
suggests that the electromagnetic wave will escape by (electromagnetic) tunneling through the
barrier formed by the jump due to the change of the refractive index at r/R = 1 and the angular
momentum barrier outside (light orange trapezoid in Fig. 2.3). This electromagnetic tunneling
is the origin of radially outgoing waves and thus represents the mechanism of radiation loss of
the modes.
Now, we return to solving the Eq. (2.8). In order to do so, the equation is multiplied with
r2, the term −n2k2P (r) is shifted to the left hand side of the equation and the dimensionless
coordinate r̃ := n(r)kr (taking advantage of the piecewise constant n(r) ) is introduced. As a
result, we obtain the so called Bessel’s differential equation:(

r̃2 ∂
2

∂r̃2 + r̃
∂

∂r̃
+ r̃2 −m2

)
P̃ (r̃) = 0 (2.11)
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where P̃ (r̃) = P (r̃/nk). The solutions of this differential equation are the Bessel functions of
the first kind Jm, and of the second kind Ym. They both display an oscillatory behavior, but
Ym is singular at the origin r = 0. As a consequence, the radial dependence of Ez(r, φ) inside
the disk (r < R) has to be described by Jm only. Outside the resonator r > R, both Bessel
functions are physically allowed. Special linear superpositions of the Bessel functions form the
so called Hankel functions of the first H(1)

m = Jm + iYm and second H(2)
m = Jm− iYm kind. The

H
(1)
m and H(2)

m correspond to radially outgoing and incoming waves, respectively.
For sake of simplicity, we will focus on outgoing waves which represents a situation that a
resonant mode has been excited inside the resonator and the waves propagate from the interior
to the exterior. Thus, we only consider the Hankel funcions of the first kind H(1)

m .
With this set of functions Φ(φ), Jm(r̃) and H

(1)
m (r̃), a solution of the field Ez(r, φ) can be

constructed [72]:

EI
z,m(r, φ) = AI

mJm(nIk0r) exp (imφ) (2.12)

EII
z,m(r, φ) = AII

mH
(1)
m (nIIk0r) exp (imφ) , (2.13)

where the superscripts indicate the corresponding regions, cf. Fig. 2.2.
In order to find an appropriate solution for the radial function, we have to apply the boundary
conditions at the dielectric interface at r = R. The first condition constrains the electric field
component Ez(r, φ) to be continuous

EI
z(R,φ) = EII

z (R,φ). (2.14)

This equation results from the fact the tangential component of the electric field vector has to be
continuous at a dielectric interface. Ez is the only and the tangential electric field component to
the interface because the two dimensional disk can be treated as the cross section of an infinite
cylinder aligned parallel to the z-axis with wave propagation considered only in the x-y-plane.
The second condition (as consequence of ∇×H+ iωD = 0 and Stokes theorem) states that the
tangential component of the magnetic field H has to be continuous at the dielectric interface.
Since we deal with the case of TM-polarization (E = Ezez), Hφ(r, φ) or, due to µ = 1, Bφ(r, φ)
is the component we are looking for

BI
φ(R,φ) = BII

φ (R,φ). (2.15)

Bφ(r, φ) in turn can be expressed as the derivative of Ez(r, φ) with respect to r. Evaluating
∇×E− iωB = 0 in cylindrical coordinates and sorting for the Bφ(r, φ)-term yields the second
condition for the electric field:

∂

∂r
EI
z(r, φ)

∣∣∣∣
r=R

= ∂

∂r
EII
z (r, φ)

∣∣∣∣
r=R

. (2.16)

After inserting the constructed terms for EI
z and EII

z , we obtain a linear system of equations
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for the coefficients Am:  Jm(nIk0R) −H(1)
m (nIIk0R)

nIJ
′
m(nIk0R) −nIIH ′(1)

m (nIIk0R)

 · [AI
m

AII
m

]
= 0 (2.17)

which has a non-trivial solution if the determinant of the matrix vanishes:

−nIIJm(nIk0R)H ′(1)
m (nIIk0R) + nIJ

′
m(nIk0R)H(1)

m (nIIk0R) = 0, (2.18)

where the primes denote the derivative of the outer function only (chain rule has been evaluated
already). Equation (2.18) is a transcendental equation. The zeros k0 of this equation will provide
the eigenvalues k from Eq. (2.9). Since the k are related via the dispersion relation ω = ck to
the frequency ω we will refer to the dimensionless quantity k0R as the dimensionless (resonance)
frequency.
In order to find the roots of this equation, Newton’s method for finding roots can be applied.
Common computer algebra systems such as Mathematica [73] include such algorithms. As an
example, we present 3 roots of Eq. (2.18) computed in Mathematica.
It turns out that the eigenvalues k0R are complex, as displayed in table 2.1, because we solved

1 2 3
k0R 6.54236− i0.00346927 8.41507− i0.0481633 10.1799− i0.126759
Q 943 87 40

Table 2.1: First three roots of Eq. (2.18) and the corresponding quality factor Q for m = 10,
nI = 2.0 and nII = 1.0. The imaginary part of k0R represents the loss rate of the
energy stored inside the resonator and the real part describes the spectral position
of the resonance.

Maxwell’s equations for the open system of a dielectric disk surrounded by vacuum. The term
open means that the waves that leave the disk will propagate in free space towards infinity which
can be measured as the emission or radiation of the dielectric disk. Thus, the initial amount
of energy stored inside the disk resonator will decrease in time. This decrease of the stored
energy over time is described by the imaginary part of k0R. The origin of the radiation towards
infinity is the electromagnetic tunneling as discussed in two paragraphs below Eq. (2.10). In
other words, the whispering gallery modes of the dielectric disk, and also of other resonators,
are inherently leaky [74].
A common way to characterize the confinement of the mode inside the resonator is described
by the quality factor

Q = − Re[k0R]
2 Im[k0R] (2.19)

which is a measure of the life time of the resonance. The Q-factor indicates roughly the number
of periods T = 2π/ω until the amplitude of the electric field, or the intensity, is decayed by
factor of 1/e, or 1/e2, respectively. The higher the Q-factor, the longer the energy remains in
the resonator.
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Finally, we present the solution for the electric field Ez(r, φ, t):

EI
z,m(r, φ, t) = AI

mJm(nIk0r)ei(mφ−ωt) (2.20)

EII
z,m(r, φ, t) = AI

m

Jm(nIk0R)
H

(1)
m (nIIk0R)

H(1)
m (nIIk0r)ei(mφ−ωt) (2.21)

Here, we see that the negative imaginary part of the complex ω = ck0, cf. Tab. 2.1, indeed
leads to an exponential decay in time, e.g. EI

z,m(t) ∝ exp (γt) with γ = cIm(k0) < 0.
In order to visualize the final solutions, the real part of the electric field Re[Ez(r, φ)] is plotted
for the three eigenvalues given in the table 2.1. The plots are shown in Fig. 2.4 where the
upper and low row show whispering gallery modes formed by propagating and standing waves,
respectively.
The propagating waves are described by Ez(r, φ, t) in Eqs. (2.20) and (2.21) and are charac-
terized by a spiral wave pattern that arises from the counter-clockwise azimuthal propagation
inside the cavity as illustrated by the black curved arrows.
The standing waves are formed by an equal superposition of clockwise and counter-clockwise
propagating waves: Ez,stand(r, φ) = Ez(m; r, φ) + Ez(−m; r, φ). They are characterized by a
“shining star”-like wave pattern.
Furthermore, the numbering of the eigenvalues in Tab. 2.1 refers to the number of the intensity
maxima of the field distribution inside the resonator in the radial direction. Therefore, the
modes shown in Fig. 2.4 are also characterized by the radial mode number l. As an example,
the mode shown on the left-hand side is characterized by l = 1. Note that all three modes are
called whispering gallery modes since their emergence has the same physical origin.
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Figure 2.4: Examples of whispering gallery modes. Upper and lower row display whis-
pering gallery modes formed by propagating and standing waves, respectively. The
corresponding azimuthal and radial mode numbers and k0R are (from left to right):
(l = 1,m = 10, k0R = 6.54236 − i0.00346927), (l = 2,m = 10, k0R = 8.41507 −
i0.0481633), (l = 3,m = 10, k0R = 10.1799−i0.126759). refractive indices: nI = 2.0
and nII = 1.0.
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2.2 Computing Whispering Gallery Modes using FDTD

The finite-difference time-domain (FDTD) method, introduced by Kane S. Yee in 1966 [75], is
nowadays a widely used numerical technique to model electromagnetic problems. In the FDTD
method, Maxwell’s equations are replaced by finite difference equations and then solved by
numerical integrations in the time domain. The numerical procedures will not be introduced in
this section but they can be found, for example, in [76, 77].
Since FDTD calculations are used throughout this entire work, an overview of the most im-
portant concepts in order to compute whispering gallery modes shall be given. All FDTD-
calculations in this thesis are performed using the free and open-source software package
MEEP [78, 79] which is an acronym for MIT Electromagnetic Equation Propagation. In the
following sections, the steps in order to calculate the resonance frequencies, the modes and far
fields in MEEP are demonstrated using the instructive example of a dielectric disk.

2.2.1 Setting up the FDTD-cell

In the first step before running any simulation, the information about the geometry with the
corresponding materials and the region of interest have to be given to MEEP using the so-
called FDTD-cell which represents the computational experiment setup. The FDTD-cell for
the example of a dielectric disk is illustrated in Fig. 2.5. The dimension of the FDTD-cell are
sx = sy = 5 with a discretization (resolution) of 100 grid points per unit length which gives
a 500 × 500 cell. The FDTD-cell contains a pure dielectric disk of radius R = 1 with electric
permitivity ε = 4.0 (refractive index n = 2.0) embedded in vacuum (ε = 1.0). If we assume, for
example, that the simulated dielectric disk has a radius of R = 1µm, then the region of interest
is a square of 5 microns times 5 microns.
In typical electromagnetic wave problems, the waves are emitted from a source or scattered at
an obstacle and, finally, escape to infinity. In order to generate the illusion of waves escaping
to infinity using a finite FDTD-cell, special conditions at the boundaries of the FDTD-cell are
applied. In particular, in front of each boundary of the FDTD-cell a so-called perfectly matched
layer (PML) [80] is placed which are illustrated by the gray thin layers in Fig. 2.5. The PMLs
are designed to fully absorb the escaping waves without noticeable reflections. Of course, the
usage of PMLs has limitations and there are also scenarios where it fails [81, 82] but in the
situations we study here it works in the expected way.
Finally, a remark on the units of lengths and geometric dimensions in MEEP or in FDTD gen-
erally should be added. Since there is no fundamental length scale of electromagnetic problems
in dielectric media, we can contract or expand all lengths and distances without rerunning the
simulation. For example, the considered dielectric disk could also have a radius of R = 10mm
and the region of interest would then be a square of 50 millimeter times 50 millimeter. As a
result, the resonant modes would be microwaves instead of light in the visible range.
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Figure 2.5: Illustration of a FDTD-cell. See text for details.

2.2.2 Computing Resonance Frequencies

Resonance frequencies are computed in MEEP by analyzing the fields inside a resonant struc-
ture, for example a dielectric disk. In this context, the fields inside the resonant structure are
recorded over a chosen period of time and afterwards decomposed into harmonic modes by the
so-called harmonic inversion [83]. In order to analyze the fields inside the resonant structure,
the first step is, simply put, to get the fields into it. A pragmatic solution and the recommended
way in MEEP is to place an electric current source inside the resonant structure and let it emit
fields. This process is illustrated in the upper row in Fig. 2.6 (a) which shows a series of sections
of the FDTD-cell around the dielectric disk in gray and overlaid temporal snapshots of the field
component Ez. The first snap shot at the time step t0 shows the situation immediately before
the electric point Jz-source is switched on, and thus there are no fields inside the disk. The
subsequent three snapshots at tp, toff and tr show the situation when the Jz-source reached its
peak value, the Jz-source was turned off and when recording Ez afterwards. The snap shot at
tp in the upper row in Fig. 2.6 (a) shows how waves are emitted from the source whose position
is indicated by the black arrow. The source can be interpreted as an emitting antenna driven
by an oscillating electric current in the z-direction (perpendicular to the sheet).
An important point is that the source has to be turned off at some point because we want to
analyze the fields inside the resonant structure as a response to the induced fields and not the
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emitting source itself. This is realized by a Gaussian pulse profile of the Jz-current:

Jz(t) = Jz,0e
−i2πfcte−

1
2 (t−tp)2(∆f)2

, (2.22)

where Jz,0, fc, ∆f and tp are the amplitude (usually set to 1.0), the central frequency of the
Gaussian pulse, the frequency width (proportional to the inverse of the temporal width) and
the time when the Gaussian pulse reaches its peak value. With the parameters fc and ∆f we
define the frequency range f ∈

[
fc − ∆f

2 , fc + ∆f
2

]
in which we look for resonance frequencies.

In many situations, we have a rough idea of the range to look for resonances. In the given
example, we already know that a resonance frequency should be around fc = 1.00 because
kR = 2πfcR ≈ 6.28 (in MEEP units f = 1/λ and thus, k = 2π/λ = 2πf) with R = 1, cf.
first root in Tab. 2.1. Furthermore, the frequency width is ∆f = 0.5. This parameter can be
chosen freely where one should regard that the broader the frequency range, the more modes
can contribute to the recorded signal. Usually, the Jz-source is switched on hard 5 temporal
widths (5/∆f) before the peak time tp and then the source is run for further 5 temporal widths
until it is cut off at the time toff, see schematic t-Ez-diagram in Fig. 2.6 (a).
Once the source is switched off, MEEP begins to record the field Ez at the same position of the
source over a certain period of time Tn which we can choose freely. A good empiric value for Tn
is 500 periods, that is, the time corresponding to 500 times the inverse of the central frequency
fc, Tn = 500/fc, see schematic t-Ez-diagram in Fig. 2.6 (a). Note that the hard switching on
and cutting off of the source induces (according to Fourier theory) waves with high frequencies
which can show up as noise in the recorded signal. If the period of time Tn is long enough,
the waves with high frequencies can decay sufficiently so that they do not spoiler the recorded
signal noticeably.
In the last snap shot at tr in the upper row in Fig. 2.6 (a) (which displays Ez some time after
the source has been turned off) we can see that a whispering gallery mode is already formed
which is due to the fact that we centered the frequency of the Gaussian pulse profile close to
the expected resonance frequency. In general, the field pattern after turning off the source can
be more complicated and can result in a less clear signal Ez as illustrated by the pink curve in
the schematic t-Ez-diagram in Fig. 2.6 (a).
In the next and final step, the recorded signal is analyzed using the so-called harmonic inver-
sion [83] which decomposes the recorded signal Ez into harmonic modes

Ez(t)→
∑
j
aje
−i2πfjt , (2.23)

where aj and fj are the amplitudes and the resonance frequencies of the modes, respectively.
The resonance frequencies fj are complex numbers where the imaginary part is related to the
decay rate of the mode.
Basically, we could perform a Fourier transform of the signal Ez(t) and analyze its power spec-
trum

∣∣∣Ẽz(ω)
∣∣∣2 where the positions and the widths of the peaks would provide the resonance

frequencies and the decay rates of the modes, respectively. In this context, we need to pay
attention to the Fourier uncertainty which leads to a time period of recording the signal of, for
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example, Tn ∼ 1000 time units if an accuracy of the resonance frequency of δf ∼ 0.001 is re-
quired. Since we know that the recorded signal inside the resonant structure is a superposition
of harmonic modes, that is, we know the explicit form of the oscillation and decay function,
the decomposition into harmonic modes by the harmonic inversion provides results of higher
accuracy while requiring less simulation time. This is the most important advantage compared
to Fourier transform.
Let us look at the results of the harmonic inversion which are shown in the table in Fig. 2.6
(b). We see in the table that there are 6 modes found within the investigated frequency range
f ∈

[
fc − ∆f

2 , fc + ∆f
2

]
. The data in the fourth row highlighted in green correspond to the

expected mode which we already found by the analytical approach in the Sec. 2.1.2, in par-
ticular cf. kR = 2πRe(f4)R ≈ 6.5412 (R = 1) with the first root in Tab. 2.1. The real part
of this resonance frequency computed by FDTD differs only by 0.018% from the one found by
the analytical approach. Furthermore, the quality factors Q computed by FDTD and found by
the analytical approach are almost identical. Note that the error shown in the last column of
the table in Fig. 2.6 (b) describes only the uncertainty of the signal analysis of the harmonic
inversion. It is not related to errors due to, for example, finite resolution or discretization of
the circular shape of the boundary of the dielectric disk.
A final remark about the position of the source inside the dielectric disk shall be added. The
position of the source as indicated in the upper row in Fig. 2.6 (a) was chosen for a good rea-
son. Since we know that the fields of a whispering gallery modes are distributed predominately
around the boundary of the dielectric disk, a position close to the boundary is a good spot for
inducing the fields and afterwards analyzing the recorded signal.
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Figure 2.6: Illustration of how to compute resonance frequencies in MEEP. (a) Series
of temporal snap shots of Ez taken at the given time steps. Ez-values have been
scaled so that the maximum corresponds to 1.0. After the Jz-source is turned off, Ez
is recorded at the same position of Jz over a time of 500 periods. (b) The recorded
signal Ez(t) is decomposed into harmonic modes (harmonic inversion). The table
shows the results for the real and imaginary part of the frequency fj, the quality
factor Q, the absolute value of the amplitude aj and the error of the signal processing
of the harmonic inversion. The corresponding dimensionless resonance frequency kR
of the second mode (highlighted row) is kR = 2πRe(f4)R ≈ 6.5412 with R = 1., cf.
first root in Tab. 2.1.

2.2.3 Computing Modes and Far Fields

Computing the mode pattern of a whispering gallery mode, that is its spatial distribution of,
for example, the Ez-component works in very similar way as computing the resonance frequen-
cies. The first step is to excite the fields of the mode, that is, simply put, get the fields at
the resonance frequency into the resonant structure. Again, this step is realized by placing an
electric current source (Jz-source) of Gaussian pulse profile as in Eq. (2.22) inside the resonant
structure, switching on and running the source. Preferably, the Jz-source is placed at the same
position at which the signal for the harmonic inversion was recorded. In addition, we choose the
central frequency to be one of the computed resonance frequencies, for example, fc = f4 (real
part of f4). The frequency width ∆f of the Gaussian pulse profile should be at least narrower
than the range between the chosen resonance frequency and the closest one adjacent to it in
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order to avoid a noticeable excitation of spectrally adjacent modes. In the simulation we chose,
for example, ∆f = 0.01.
Next, the source has to be turned off at some point toff because we want only the fields of
the mode and not the superposition of the fields of the mode and the emitted fields of the
source. Finally, we let the simulation run for an additional period of time T+ until the mode is
completely formed and the remaining fields induced by switching off the source have decayed
away sufficiently. This process is schematically illustrated by the t-Ez-diagram in Fig. 2.7 and
visualized by the temporal snap shots of Ez in a section around the dielectric disk above the
t-Et-diagram.
Again, the snap shot at the time step t0 in Fig. 2.7 shows the situation immediately before the
source is turned on. The second and third snap shot at tp and toff show the situation of the
current Jz reaching its peak value and of turning off the source, respectively. The last snap shot
at the time step tend shows the situation at the end of the simulation after an additional period
of time T+ after switching off the source has elapsed. In the last snap shot at tend in Fig. 2.7
we can see with the naked eye that the whispering gallery mode has formed.
As indicated by the pink curve in the schematic t-Ez-diagram in Fig. 2.7 the field Ez(t), more
precisely its real part, is in very good approximation a damped harmonic oscillation of ampli-
tude |ak|, frequency ωk, phase shift φk and decay rate γk where ωk and γk are related to the real
and imaginary part of the computed resonance frequency f , respectively. This approximation
holds true as long as the frequency width ∆f of the Jz-current source is narrow enough so that
the excitation of spectrally adjacent modes can be ruled out.

Figure 2.7: Illustration of how to compute modes in MEEP. Series of temporal snap
shots of Ez taken at the given time steps. Ez-values have been scaled so that the
minimum and maximum range from −1.0 to 1.0. Schematic t-Ez-diagram shows the
the chronological sequence: t0 - switching on the Jz-source, tp - Jz reaches its peak
value, toff - switching off the Jz-source, T+ - additional time to run the simulation,
tend - mode has formed (end of simulation).
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Computing the far fields of a whispering gallery mode can be done in the same way as computing
the modes whereas simply a larger FDTD-cell is used. An example is shown in Fig. 2.8 where
the dimensions of FDTD-cell are sx = sy = 22. The inset shows the polar plot of |Ez,FF|2

averaged over one oscillation period as function of the far-field angle ϕ. The maximum value of
|Ez,FF(ϕ)|2 is scaled to 1.0. |Ez,FF(ϕ)|2 was evaluated at a distance of rFF = 10 within the range
from ϕ = 0◦ to ϕ = 359◦ in steps of ∆ϕ = 1◦. The distance of rFF = 10µm (now all lengths and
distances are interpreted in microns) lies already in the Fraunhofer far-field region [84] which
is defined by

rFh ≥ 2D
2

λ
. (2.24)

Technically, Eq. (2.24) describes the far-field region of antennas, where D and λ are the largest
dimension of the antenna and the wavelength of the radiated waves, respectively. Naturally,
we can treat the dielectric disk as a radiator like an antenna where D = 2R = and λ is
simply the resonant wavelength. With R = 1.0µm and λ = 1/f4 ≈ 0.962µm we obtain
rFh ≈ 8.32µm < rFF.

Figure 2.8: Illustration of a large FDTD-cell for far-field computation. The sizes of
the FDTD-cell are sx = sy = 22. The z-component of the electric far field Ez,FF is
computed at a distance of rFF = 10. All positions rFF lie already in the Fraunhofer
far-field region, cf. Eq. (2.24) and the description in the text below Eq. (2.24). The
inset shows the polar plot of |Ez,FF|2 averaged over one oscillation period as function
of the far-field angle ϕ. The maximum value of |Ez,FF|2 is scaled to 1.0
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Computing the far fields on this way is straightforward but also requires generally more compu-
tation time and resources. Another more elegant way to compute the far fields is the so-called
near-to-far field transformation [77] which maps the near fields (fields outside of the radiator
but in a distance smaller than rFh) into the far field region analytically. Thus it is not neces-
sary to increase the size of the FDTD-cell which saves computation time and resources. The
near-to-far field transformation can be interpreted as a fictional scattering problem at a freely
chosen contour around and outside of the radiator. We skip the derivation of the near-to-far
field transformation which is shown in [77] and present just the analytical expression for the
z-component of the electric far field which is

Ez,FF(r, ϕ) = e−ikr√
r

eiπ/4√
8πk

∮
C

[
ωµ0ez · Jeq(r′)− k

(
ez ×Meq(r′)

)
· er(ϕ)

]
eiker(ϕ)·r′ds′ , (2.25)

where r is the distance to the position in the far field and ϕ is the far-field angle. This distance
r should be greater than rFh and the corresponding position may lie outside the FDTD-cell,
see illustration in Fig. 2.9. The integration in Eq. (2.25) is performed along the near contour
C around the radiator. In two dimensions, as in the present example, the contour represents
a curve with the differential path element ds′. An important concept of the near-to-far field
transformation are the so-called equivalent electric and magnetic currents Jeq and Meq which
are given by

Jeq = nC ×H (2.26)

Meq = − nC × E , (2.27)

where nC, H and E are the unit normal vector of the near contour C pointing away from the
region enclosed by C, the magnetic and electric field vector at the contour C (near fields),
respectively. The term equivalent comes from the fact the original problem of a radiating
whispering gallery mode in the dielectric disk is transformed to an equivalent problem of fictional
sources placed along the contour C. In this context, the introduced currents are computational
fiction. These currents are not simulated in the FDTD-cell.
It is important to mention that Eq. (2.25) is represented in the frequency domain. This means
that the time-domain electric and magnetic fields in the FDTD-simulation at the near contour
C have to be Fourier-transformed. Fortunately, this can be done on the fly while we run the
simulation. The Fourier transform is realized by a discrete version which is, using the example
of Ez,C,

Ez(ω) = 1√
2π

∫
Ez,C(t)e−iωtdt ≈ 1√

2π
∑
ν

Ez,C(ν∆t)e−iων∆t∆t (2.28)

with the discrete time steps ν∆t. Since MEEP performs the time stepping of fields anyway,
computing the discrete Fourier transform along the near contour C is a relatively little additional
effort compared to increasing the dimensions of the FDTD-cell.
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Figure 2.9: Illustration of the near-to-far field transformation. The contour C surrounds
the radiator (WGM in the dielectric disk) and lies inside the FDTD cell. Along this
contour the time-domain electric and magnetic fields are Fourier-transformed on the
fly while running the simulation. The electric field component in the far field Ez,FF
is determined according to Eq. (2.25). The position in the far field rFF lies outside
of the FDTD-cell.
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3 The Möbius-strip cavity as Whispering
Gallery Mode Resonator and the Role of
Geometric Phases

Unlike in the two-dimensional case, in three dimensions the polarization of the electric field is
not fixed in space generally, e.g. pointing into or perpendicular to some two-dimensional plane,
but it may vary with propagation. To illustrate this, let us consider a ring-like whispering
gallery mode resonator which consists of a thin dielectric strip that is twisted once around
the ring axis. The TE- and TM-polarized whispering gallery mode of such a resonator are
characterized by the electric field vector being aligned parallel and perpendicular to dielectric
strip, respectively, and therefore the electric field vector is twisted around during propagation.
This simple effect allows the polarization orientation to vary in different space directions. The
eponymous example of such a twisted-strip resonator is the Möbius strip.
In mathematics, the Möbius strip is known as a two-dimensional and non-orientable surface
with only one side embedded in three-dimensional space. A standard parametric representation
of this surface is given by

rM(u, φ) =


x(u, φ)

y(u, φ)

z(u, φ)

 = R


cosφ

sinφ

0

+ u
h

2

sin φ2


0

0

1

+ cos φ2


cosφ

sinφ

0


 (3.1)

where R and h are the mean radius and the height of the strip, respectively. The lateral and
azimuthal parameter u and φ, respectively, run from −1 to 1 and from 0 to 2π. An illustration
of the Möbius strip is shown in Fig. 3.1 (a).
One way to highlight the non-orientability of the Möbius strip is to follow the direction of a
vector attached to the surface, see Fig. 3.1 (a). The blue arrows on the Möbius strip numbered
from 1 to 7 illustrate the unit vectors e‖ which point locally along the u-direction of the Möbius
strip (e‖ ‖ ∂rM/∂u). Following the blue arrows from 1 to 7, we can see how the direction of
the arrows changes from pointing away from the origin to pointing towards the origin after one
counterclockwise circulation. The direction of e‖ is reversed after one circulation. A second
circulation is needed for e‖ to point into its initial direction.
The Möbius-strip cavity in terms of a dielectric resonator is created by giving the surface a
finite thickness w which we call the wall or strip thickness. The Möbius-strip cavity of mean
radius R, strip height h and strip thickness w is illustrated in Fig. 3.1 (b). This finite strip
thickness introduces a qualitative difference to the mathematical Möbius strip. One question
that arises immediately is what role the strip thickness plays for the formation of whispering
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gallery modes in a physical realization of the Möbius strip.

Figure 3.1: Illustration of the Möbius strip and the Möbius-strip cavity. (a) The blue
arrows indicate the the idea of a polarization vector being twisted around during
the propagation along the strip. (b) Möbius-strip cavity of finite strip thickness w.

Möbius strips have been experimentally realized by, for example, a wire-loaded copper cav-
ity [85], twisted crystalline ribbons [86] and direct laser writing lithography [59]. Furthermore,
the resonances of Möbius strips have been theoretically investigated for twisted electric cir-
cuits [87], in quantum mechanics [88], for twisted ladder latices [89], for metallic [56, 57] and
dielectric nanorings [55]. Besides this, the topological symmetry of the Möbius strip was inves-
tigated in coupled resonators [90], in metamaterials [91], in the polarization of focused [92–95]
and scattered light [96].
The investigation of Möbius-strip cavity and the whispering gallery modes in this thesis was
inspired by the works in [56, 57] and [55]. For this reason we use a similar setup. We will
reproduce the formation of the resonances and the explanation in terms of geometric phases as
investigated in [55]. We will extend the mentioned works by the following aspects:

1. We vary the length at which the 180◦-twist of the Möbius-strip happens and study its
impact on the system properties. We reduce this length from the total strip length (as
in the case of the standard Möbius-strip) to the order of the wavelength of the confined
WGM while the rest of resonator remains a usual ring resonator. In other words, the
described resonator of interest is a combination of a Möbius strip at reduced length and
a ring resonator. In this context, the author introduces the striking question: how much
Möbius of the cavity is needed to still preserve the Möbius resonances and what will
happen at the twisting length approaching the wavelength ?

2. We investigate the effects to the polarization of the WGM when increasing the strip
thickness of the Möbius cavity. We find a thickness regime at which the WGMs change
from Möbius-cavity-modes to usual ring-resonator modes. This transition is characterized
by an interesting polarization patterns which the author calls the “Spinning Whispering
Gallery Mode”.
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3. The author introduces a Möbius-strip-like cavity whose topology allows three circulations
of the waves in order to return to the initial direction of the polarization. This cav-
ity is called the Nonangon-Möbius-strip cavity. We find more complicated polarization
evolutions than in the case of the standard Möbius-strip cavity.

First of all, we start in Sec. 3.1 with the description of whispering gallery modes in the Möbius-
strip cavity on the basis of a simplified dielectric waveguide resonator model. For the purpose
of illustration, a comparison of the electromagnetic modes and the quantum mechanical modes
of the Möbius strip is also provided in Sec. 3.1.
In Sec. 3.2 the interpretation of the polarization evolution in terms of geometric phases will be
introduced. Furthermore, the method used for tackling the questions and aspects listed above
is explained in Sec. 3.2.
The results of the questions and aspects listed above are shown and discussed in the Secs. 3.3, 3.4,
3.5 and 3.6.
Parts of this chapter and parts of the results were published in The optical Möbius

strip cavity: Tailoring geometric phases and far fields. EPL 121, 24001 (2018) [58].

3.1 Whispering Gallery Modes of a Möbius-strip cavity

3.1.1 Simple resonator model for the Möbius-strip cavity

Before we address the key questions listed in the introduction of this chapter, we like to provide
a simple resonator model for the Möbius-strip cavity. In this context, let us consider the Möbius-
strip cavity as a planar strip wave guide of length L, height h and thickness w with periodic
boundary conditions at z = 0 and z = L, see illustration in Fig. 3.2. The azimuthal circulation
of waves around the axis of the Möbius-strip cavity shall be associated with the propagation
into the z-direction of the strip wave guide where waves that reach z = L are considered to
reenter at z = 0 (periodic boundary conditions). The non-orientability feature of the Möbius
strip is incorporated by reversing the transverse coordinates (x, y) after one circulation. Thus,
the electric field has to fulfill the following condition:

E(x, y, z) = E(−x,−y, z + L) (3.2)

Furthermore, we also have to pay attention to the reversion of the direction of the transverse
unit vectors e‖ and e⊥ after one circulation, cf. Fig. 3.1 (a). This feature is implemented into
the simple resonator model by reversing the directions of ex and ey after one circulation:

ex(z)→ −ex(z + L) (3.3)

ey(z)→ −ey(z + L) . (3.4)

Note that only the transverse directions (x and y when referring to the strip wave guide or ‖
and ⊥ when referring to the Möbius-strip cavity) are affected by the non-orientabilty of the
Möbius-strip. The longitudinal direction remains unaffected. Next, let us make an ansatz for
the transverse field of a, for example, TE-like whispering gallery mode propagating into the
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Figure 3.2: Illustration of the simple resonator model. In the first step, the Möbius-strip
cavity is treated as a planar strip wave guide of length L, height h and thickness
w with periodic boundary conditions at z = 0 and z = L. The parallel (E‖),
perpendicular (E⊥) and longitudinal (Eφ) electric field component of the Möbius
cavity are associated with the Ex, Ey and Ez component of the strip wave guide,
respectively. The non-orientability feature of the Möbius strip is incorporated by
the given Möbius-strip condition for the electric field E and the transverse unit
vectors. Afterwards in the second step, the Ex, Ey and Ez component of the strip
wave guide are associated with the E‖, E⊥ and Eφ component of the Möbius cavity,
respectively.

z-direction. We introduce the denotation TE-like because a three-dimensional dielectric wave
guide supports generally modes which are not fully transversal where both the electric and the
magnetic field exhibit a longitudinal field component into the propagation direction [97]. The
denotation “TE-like” refers to a mode with the transverse field component along the dimension
of greater extent which is the Ex-component in the present situation since h > w, cf. Fig. 3.2.
The Ey-component is assumed to be zero, Ey = 0, and therefore the transverse electric field
is Etr = Exex. The longitudinal component Ez can be derived by Gauss’ law ∇ · E = 0 after
we know the Ex-component. Furthermore, the ansatz aims to describe the fields only in the
interior of the wave guide with |x| ≤ h/2 and |y| ≤ w/2. Therefore, we choose the ansatz for
the Ex-component

Ex(x, y, z) = E0


cos

(
q πhx

)
cos

(
π
wy
)
eim

2π
L
z+iδ0 for q = 1, 3, 5, ...

sin
(
q πhx

)
cos

(
π
wy
)
eim

2π
L
z+iδ0 for q = 2, 4, 6, ...

(3.5)
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where E0, q,m and δ0 are the amplitude of the transverse component, the lateral (or axial) mode
number, the longitudinal (or azimuthal when referring to the Möbius cavity) mode number and
the initial phase, respectively. The lateral (or axial) mode number counts the number of maxima
of |Ex|2 along the height (x-direction) of the strip. Due to the thin-walled strip wave guide,
only modes with one maximum of |Ex|2 along the width (y-direction) are considered here. It
should be noted that a standing-wave whispering gallery mode can be easily constructed using
the ansatz in Eq. (3.5) by superposition of a WGM propagating into positive z-direction and
one propagating into negative z-direction. The resulting z-dependence of Ex would then yield
Ex ∝ cos

(
m2π

L z + δ0
)
. This would be an equivalent ansatz leading to the same results.

As a result of Gauss’ law ∇ ·E = ∂Ex/∂x+ ∂Ez/∂z = 0 (Ey = 0), the Ez-component yields

Ez(x, y, z) = −i πR
hm

E0


q sin

(
q πhx

)
cos

(
π
wy
)
eim

2π
L
z+iδ0 for q = 1, 3, 5, ...

q cos
(
q πhx

)
cos

(
π
wy
)
eim

2π
L
z+iδ0 for q = 2, 4, 6, ...

(3.6)

which only describes the field in the interior of the strip wave guide with |x| ≤ h/2 and |y| ≤ w/2.
Next, let us apply the Möbius-strip condition given by Eq. (3.2) in combination with Eqs. (3.3)
and (3.4) to the ansatz for Ex. Simple mathematical conversions yield the following two condi-
tions for m:

1 = −ei2πm for q = 1, 3, 5, ... (3.7)

1 = +ei2πm for q = 2, 4, 6, ... (3.8)

The first condition is fulfilled if m is half-integer and the second condition is true if m is an
integer:

m =


j + 1

2 for q = 1, 3, 5, ...

j for q = 2, 4, 6, ...
(3.9)

where j is an integer, and if we assume that m > 0, then j is an natural number. Remarkably, a
whispering gallery mode of Möbius-strip cavity can exhibit a fractional, half-integer, azimuthal
mode number for modes with odd lateral mode numbers. This additional 1

2 of the azimuthal
mode number is directly linked to the topology of the Möbius strip which is non-orientable and
therefore an additional half wave cycle along the length of the strip is required to fulfill the
resonance condition. Interestingly, whispering gallery modes with even lateral mode numbers
have integer values ofm although the topology of the Möbius strip is unchanged. The reason for
this is that modes with even q have an inherent orientation that negates the non-orientability of
the Möbius strip. This feature will become clearer when we show some example modes further
below.
The ansatz made in Eq. (3.5) has also to fulfill the Helmholtz equation, cf. Eq. (2.4), for the
electric field with E = Exex + Ezez:

∇2E + n2k2E = 0 (3.10)
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where n is the refractive index of the strip wave guide and k = ω/c. Inserting the ansatz for Ex

and for Ez into the Helmholtz equation yields the relation between k and the mode numbers
(
q
π

h

)2
+
(
π

w

)2
+
(
m

2π
L

)2
= n2k2 (3.11)

or after multiplying with R

q2
(
πR

h

)2
+
(
πR

w

)2
+m2 = n2 (kR)2 . (3.12)

In this context, the kR are the dimensionless resonance frequencies which yield discrete values
for each pair of mode numbers (q,m). A segment of the spectrum of resonance frequencies
of the Möbius-strip cavity, and in addition of a ring cavity, with the parameters R = 2.0µm,
h = 1.6µm, w = 0.4µm and n = 3.5 is shown in Fig. 3.3. The kR-values have been computed
according to Eq. (3.12). The results for the ring cavity have been obtained in the same way by
the simple resonator model where the Möbius-strip condition needs to be replaced by the ring-
strip condition with E(x, y, z) = E(x, y, z + L) which allows only integer for m but Eq. (3.12)
is still valid.
In the spectrum shown in Fig. 3.3 we can see that the Möbius-strip WGMs with half-integer m
and q = 1 (light blue data points) can be found between the two adjacent ring-strip WGMs with
integer m (red data points). This is an expected result because the azmuthal wave number of,
for example, m = 9.5 allows an additional half wave cycle to fit into the length of the Möbius-
strip compared to the ring cavity mode with m = 9.
Note the resonance frequencies of the Möbius-strip WGMs with integer m and q = 2 (dark
blue data points) are identical to the resonance frequencies of the corresponding ring cavity
modes (not shown in the spectrum). These identical resonance frequencies for the modes with
q = 2 result from the strong simplification of the strip wave guide model. We can expect
that the correct resonance frequencies of the Möbius cavity and ring modes with q = 2 should
slightly differ because of different geometry, and in particular, because of the twisting of the
dielectric strip forming the Möbius-strip cavity. Next, we like to compare the electric fields of
the Möbius-strip cavity modes with the fields of the modes of the ring-strip cavity. To this end,
the Ex-component in Eq. (3.5) will be displayed at the surface of half strip thickness which
is represented by y = 0 for the strip wave guide as illustrated in Fig.3.2. For the case of the
Möbius-strip cavity this surface is the Möbius surface represented by Eq. (3.1) (and illustrated
in Fig. 3.1) with the lateral and azimuthal parameters u and φ. For the case of a ring-strip cavity
this surface is simply a cylinder surface of radius R and height h (which can also be represented
by with lateral and azimuthal parameters u and φ ). According to the second step of the simple
resonator model, Ex(x, z) will be associated with E‖ of the Möbius-strip cavity and also of the
ring cavity. In doing so, we also associate the transverse and longitudinal coordinates x and
z with the lateral and azimuthal parameters u and φ, respectively. Furthermore, and for the
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Figure 3.3: Spectrum of resonance frequencies. Blue and red data points indicate the
resonance frequencies kR of whispering gallery modes of a Möbius-strip cavity and
a ring cavity computed according to Eq. (3.12) with the parameters R = 2.0µm,
h = 1.6µm, w = 0.4µm and n = 3.5, respectively. The distance of the data points
from the kR-axis has no physical meaning.

purpose of illustration, let us consider standing-wave patterns for E‖ and Eφ which then yield

E‖(φ, u) = E0


cos

(
q π2u

)
sin (mφ) for q = 1, 3, 5, ...

sin
(
q π2u

)
sin (mφ) for q = 2, 4, 6, ...

(3.13)

and

Eφ(φ, u) = −πR
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q sin
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cos (mφ) for q = 1, 3, 5, ...
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q π2u

)
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(3.14)

Consequently, the electric field vector can be represented by

E(φ, u) = E‖e‖(φ, u) + Eφeφ(φ, u) (3.15)

where e‖ and eφ are the unit vectors pointing into the parallel and longitudinal direction (cf.
Fig. 3.2), respectively. Note that the unit vectors e‖ and eφ are given by

e‖(φ, u) = ∂rM(φ, u)
∂u

/∥∥∥∥∂rM(φ, u)
∂u

∥∥∥∥ (3.16)

and
eφ(φ, u) = ∂rM(φ, u)

∂φ

/∥∥∥∥∂rM(φ, u)
∂φ

∥∥∥∥ (3.17)
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where rM(φ, u) is the parametric representation of the Möbius strip in Eq. (3.1) or the one of
the cylinder surface for the ring cavity given by rC(φ, u) = R(cosφ ex + sinφ ey) + u (h/2) ez.
It is important to mention that for the Möbius strip the unit vector eφ is not identical to the
azimuthal unit vector that is well-known from cylindrical coordinates.
Now, we have all the ingredients to compare the Möbius-strip cavity modes with the ring-strip
cavity modes. This comparison is shown in Fig. 3.4. First, let us look at the whispering gallery
modes with lateral mode number q = 1 which are shown in the upper row of Fig. 3.4. A striking
feature of the Möbius cavity mode that immediately catches the eye are the two adjacent red
areas highlighted by the green ellipse at the top left of Fig. 3.4. It should be emphasized that
this feature does not indicate a phase jump. A possible phase jump can be simply ruled out
by the continuously oscillatory behavior of the electric field vector E illustrated by the black
arrows along the circular trajectory at half the height of the strip which connects smoothly the
local maxima of |E‖|.
In fact, the two adjacent red areas of the Möbius cavity mode reflect the half-integer azimuthal
mode number m = 9.5. In order to further understand this, let us represent the E‖-component
not by the association Ex → E‖, as in the framework of the simple resonator model, but by
the projection of E onto the Möbius surface with E‖ = E · e‖. Due to the non-orientability of
the Möbius strip the unit vector e‖ changes its orientation from pointing away from the axis of
the Möbius cavity to pointing towards the axis after one circulation (cf. blue arrows in Fig. 3.1
(a)) where the start and the end of the circulation around the Möbius strip are indicated by the
black dashed line inside the green ellipse in Fig. 3.4. This is the reason why the two highlighted
adjacent areas at the top left of Fig. 3.4 are colored both in red although the electric field
vectors point approximately in opposite directions.
Let us assume we would remove one of the two adjacent red colored areas, and then merge the
open ends of the cavity. In other words, let us pretend that the Möbius cavity mode shown at
the top left in Fig. 3.4 would have an integer value of m. In doing so, the coloring of E‖ would
look as usual (changing from red to blue to red and so on) and like the one of a cylindrical ring
cavity. However, all electric field vectors of the wave cycle around the black dashed line would
be either pointing towards or away from the axis of the Möbius cavity. This special wave cycle
would be a distinct feature of the mode with no physical reason why it should be like this at
a certain position of the strip. Hence, the coloring of E‖ shown at the top left in Fig. 3.4 may
look suspicious but is physically correct. In this context, the position of the two adjacent red
areas is linked to the start and end of the range of the azimuthal coordinate φ. For this reason,
the position of the two adjacent red areas could be shifted arbitrarily. Furthermore, the fact
that E‖ is zero at the black dashed line (φ = 0) is a result of setting the initial phase δ0 to
δ0 = −π/2 without mentioning beforehand. For the sake of completeness, we mention that the
initial phase δ0 induces an azimuthal shift to the pattern of E‖ which can cause red-blue areas
as illustrated in Fig. A.1 in the appendix App. A.1.
Next, let us look at the whispering gallery modes with lateral mode number q = 2 which are
displayed in the lower row of Fig. 3.4. Again, a striking feature that immediately catches the
eye are the two adjacent same colored areas highlighted by the green ellipse at the bottom left
of Fig. 3.4. Interestingly, this feature appears again although the azimuthal mode number of
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the Möbius cavity mode is now an integer with m = 9 in contrast to the half integer m = 9.5
of the Möbius cavity mode with q = 1. In this context, one could have expected that this
feature of adjacent same colored areas appears only for modes with half integer m. This is
linked to another striking feature of the Möbius cavity mode with q = 2 and m = 9 where
the electric field vector in the upper (u = 0.5) and lower (u = −0.5) part of the strip are
not separated but merge each other after one circulation. This is visible at the bottom left
of Fig. 3.4 by the gray and black wave lines which illustrate the envelope of the electric field
vectors E(φ, u = +0.5) and E(φ, u = −0.5), respectively. In contrast to that, we can see at
the bottom right of Fig. 3.4 that the electric field vector in the upper (u = 0.5) and lower
(u = −0.5) part of the ring cavity remain spatially separated. The reason for the merging of
the illustrated envelopes of the electric field vectors is the non-orientability of the Möbius strip
which inverses the orientation of the transversal cross section of the strip after one circulation.
In this context, the Möbius cavity mode with q = 2 exhibits an inherent orientation due to E‖
being antisymmetric with respect to the parameter u (direction along the height of the strip)
which allows an integer number of wave cycles to fit into the length of the Möbius strip cavity
while respecting the non-orientability feature, and therefore m is an integer.
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Figure 3.4: Comparison of Möbius-strip cavity and ring-strip cavity modes. The E‖-
component is displayed at half strip thickness according to Eq. (3.13). The numbers
at the top left of each mode illustration represent the lateral and azimuthal mode
numbers (q,m). The gray and black wave lines in the lower row illustrate the
envelope of the electric field vector.

Finally, let us briefly summarize the most important points. The simple resonator model for the
Möbius-strip cavity has allowed us to find analytical expressions of the resonance frequencies as
a function of the mode numbers and geometric relations, and also analytical expressions for the
electric field of the whispering gallery modes inside the cavity. We have seen that the Möbius
cavity whispering gallery modes can have half-integer azimuthal mode numbers which result
from the non-orientability of the Möbius strip. In comparison to ring cavity modes with integer
azimuthal mode numbers, a half-integer azimuthal mode number corresponds to an additional
half wave cycle fitting into the length of the strip.
Despite the advantages in terms of simplicity of the introduced model, we like to mention,
for the purpose of completeness, its drawbacks. It lacks the description of the exterior fields
and the connection of the fields at the interface between the interior and exterior of the cavity
(boundary conditions). For this reason, the quality factors of the modes can not be computed.
Furthermore, the curvature and twisting of the Möbius strip have been neglected which also
affects the resonance frequencies and the quality factors.
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3.1.2 Results from FDTD-calculations

Fig. 3.5 (a) shows the spectrum of the dimensionless resonance frequencies kR (FDTD results)
of Möbius-cavity and ring-cavity modes for the same cavity parameters R = 2.0µm (mean
radius), h = 1.6µm (strip height), w = 0.4µm (strip thickness) and n = 3.5 (refractive index).
First of all, we notice that the kR obtained by FDTD-calculations are smaller than the kR
obtained by the simple resonator model, cf. kR-spectrum in Fig. 3.3. This can be explained by
the fact that the modes of the real Möbius-strip cavity are not restricted to the interior of the
dielectric strip. Instead, they leak into the exterior of the strip, see temporal snap shots of the
field components Ex, Ey and Ez in Fig. 3.5 (b). In the framework of the simple resonator model,
this can be interpreted as an effectively thicker strip with w̃ > w. According to Eq.(3.12), an
effectively thicker strip with w̃ > w reduces the kR.
Moreover, we notice that the quality factors Q of the Möbius-cavity modes are clearly smaller
than the Q factors of the ring-cavity modes, see the two tables on the right-hand side in Fig. 3.5
(a). This is an expected result, because the twisting of the Möbius-strip induces additional
refractive output of the modes which reduces the Q factors.
Fig. 3.5 (c) shows an illustration of the E‖-component of the Möbius-cavity mode at half strip
thickness. E‖ is computed by the projection of the electric field vector E = Exex +Eyey +Ezez
onto the Möbius-strip surface (see Eq. (3.1)), that is E‖ = E · e‖(φ, u). The result of this
projection is illustrated at the top right of Fig. 3.5 (c). The green curve superimposed onto the
illustration of E‖(φ, u) represents the trajectory of maximum intensity (max.-int. trajectory)
which connects the local maxima of E2 and also of |E‖| because of the TE-like Möbius-strip
mode.
Note that the trajectory of maximum intensity represented by (φ̃, ũ) differs slightly from a
circular trajectory which is represented by u = 0, cf. Eq. (3.1) with u = 0. The reason for this
deviation from a circular trajectory is due to the twisting of the Möbius strip which makes the
center (maximum intensity) of mode propagate at the varying radii. In particular, the mode
is pushed towards larger radii which is the reason why the trajectory of maximum intensity is
closer to the outer boundary (u = +1 for φ < π and u = −1 for φ > π) of the Möbius strip than
to the inner boundary (u = −1 for φ < π and u = +1 for φ > π), see green curve illustrated
at top right of Fig. 3.5 (c). Technically, a Möbius-strip has only one boundary curve but the
terms outer and inner refer to the parts of the boundary curve that are further away from or
closer to the axis of the Möbius strip, respectively.
In contrast, the trajectory of maximum intensity in the framework of the simple resonator model
(SRM) is represented by a circular trajectory (u = 0), see illustration of E‖(φ, u) at the bottom
right of Fig. 3.5 (c), due to the lack of the twisting.
Furthermore, we note that there is a zero of E‖ at the black dashed line (φ = 0) surrounded by
the two red-colored regions in the illustration on the left-hand side of Fig. 3.5 (c). The reason
for this is that the mode was excited by placing an electric Jz-point source at the opposite side
in the Möbius-strip cavity, see the red dot in the planar slice at y = 0 in Fig. 3.5 (b). The
placement of the source at this position ensures that (after turning off the source) a maximum of
|E‖| (and also of the intensity) is formed at the source position (φ = π) and, as a consequence, a
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zero of E‖ (and also of the intensity) is at the black dashed line. For example, placing a Jx-point
source at the center of the black dashed line would reverse the situation with the result of a
maxima of |E‖| at φ = 0 and a zero of E‖ at φ = π.
More details about the FDTD-calculations are provided in Sec. A.2 in the appendix.



3.1 Whispering Gallery Modes of a Möbius-strip cavity 35

Figure 3.5: Whispering Gallery Modes of a Möbius-strip cavity - Results from
FDTD-calculations. (a) kR-spectrum of Möbius-cavity and ring-cavity modes
for the same cavity parameters R = 2.0µm, h = 1.6µm, w = 0.4µm and n = 3.5
(ε = n2 = 12.25). The two tables show the quality factors Q. (b) Temporal snap-
shots of the field components Ex, Ey and Ez of the Möbius mode with m = 9.5
at two planar slices. All field components are scaled individually to range from −1
(minimum) to +1 (maximum). (c) Illustration of the E‖-component (E‖ = E · e‖)
at half strip thickness (Möbius-strip surface according to Eq. (3.1)) and comparison
of E‖(φ, u) obtained by FDTD-calculations (FDTD) and by the simple resonator
model (SRM). See text for details.
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3.1.3 Comparison to Möbius strips in quantum mechanics

For the purpose of deeper understanding, we would like to draw a comparison to the Möbius
strip in the context of quantum mechanics where, for example, the motion of an electron is con-
strained to a nanoscale Möbius strip. Here, the term strip represents a two-dimensional surface
embedded in three-dimensional space instead of a thin but three-dimensional strip as in the
previous section. The quantum mechanical eigenstates are obtained by solving the Schrödinger
equation and are given in [88]. This comparison is interesting because the vectorial nature of
the electromagnetic fields (E,H) in contrast to the scalar nature of the quantum mechanical
wave function ψ makes a difference in the formation of the modes.
Let us directly compare the electromagnetic modes of a dielectric Möbius-strip cavity computed
by the framework of the simple resonator model and the quantum mechanical eigenstates of an
electron constrained to a Möbius strip surface adopted from the work of Li and Ram-Mohan [88].
This comparison is shown in Fig. 3.6 where the electromagnetic modes are computed in the
framework of the simple resonator model, cf. Sec. 3.1.1. The images from the quantum me-
chanical eigenstates on the right-hand side of Fig. 3.6 were adopted from the work of Li and
Ram-Mohan [88].
The first striking difference that can we observe in Fig. 3.6 when comparing E‖ on the left-hand
side with Re(ψ) on the right-hand side is that E‖ exhibits the feature of two adjacent same
colored areas (at the black dashed line) while the illustration of Re(ψ) lacks this feature at all.
In this context, we notice in the upper row of Fig. 3.6 that the electromagnetic modes have a
half-integer azimuthal mode number m = 8.5 for q = 1 while the quantum mechanical wave
function has an integer azimuthal mode number m = 8. Interestingly, the opposite situation
regarding the azimuthal mode number is true for the mode and wave function with q = 2 as
shown in the lower row of Fig. 3.6. The reason for this different behaviors is due to slightly
different Möbius-strip conditions for the electric field and for the wave function. For the pur-
pose of simplification, let us consider the electric field at the Möbius surface described by the
azimuthal (longitudinal) and lateral (transverse) parameters φ and u. Then, the Möbius-strip
condition for the electric field is

E(φ, u) = E(φ+ 2π,−u) (3.18)

where we, in addition, have to pay attention to the reversion of the direction of the transverse
unit vectors after one circulation:

e‖(φ, u) = − e‖(φ+ 2π,−u) (3.19)

e⊥(φ, u) = − e⊥(φ+ 2π,−u) , (3.20)

cf. Fig. 3.1 (a).
In contrast to that, the Möbius-strip condition for the quantum mechanical wave function ψ is,
due to its scalar nature, just

ψ(φ, u) = ψ(φ+ 2π,−u) . (3.21)
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If we would make a similar ansatz for ψ as for E‖(φ, u) in Eq. (3.13), then it turns out that integer
azimuthal mode numbers m occur in combination with odd lateral mode numbers q = 1, 3, 5
and that half-integer azimuthal mode numbers occur in combination with even lateral mode
numbers q = 2, 4, 6. As a result, the illustrated Re(ψ) on the right-hand side in Fig. 3.6 show
an usual coloring of the wave pattern in terms of that colors change from blue to red to blue
and so on without two adjacent same colored areas.

PHYSICAL REVIEW B85, 195438 (2012)
from

PHYSICAL REVIEW B85, 195438 (2012)
from

Figure 3.6: Comparison of electromagnetic and quantum-mechanical Möbius modes.
The images of Möbius strips displaying the quantum mechanical wave function ψ
on the right-hand side are adopted from Li and Ram-Mohan [88]. The colorbars
of Re(ψ) have been added by the author. To this end, the author assumed that
the Möbius strip illustrations display Re(ψ) since Li and Ram-Mohan gave only the
general information of the displayed wave function ψ in their figures. For the purpose
of better comparability of the results, the same coloring for E‖ was used. The
numbers at the top left of each illustration represent the lateral (or transverse) and
azimuthal (or longitudinal) mode numbers (q,m). The black dashed lines indicate
the start and end of the φ-range. The illustrations of the Möbius cavity surrounding
the Möbius strip surface on the left-hand side have been omitted.
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3.2 Interpretation in terms of geometric phases

In this section we will show a different approach to understand and study the resonances of
a Möbius-strip cavity by taking into account the change of the polarization orientation. This
will be of great importance for the investigations in upcoming the Secs. 3.3, 3.4 and 3.6. To
this end, we will briefly recap the most important points of Pancharatnam’s Generalized The-
ory of Interference, and Its applications [62] where we adopt the modern mathematical frame
by Berry who reformulated Pancharatnam’s results in a more readable way [63] from today’s
perspective.
Afterwards, the method for analyzing the polarization states of the Möbius-strip whispering
gallery mode is explained.

3.2.1 The Poincaré sphere and Panchratnam’s phase

Before reviewing Panchratnam’s phase, we need to introduce how to characterize polarization
states by means of the Poincaré sphere [98]. To this end, we consider a generic elliptical
polarization of, for example, a plane wave or light beam traveling into the z̃-direction. At the
position of maximum intensity (at the center of the beam) the electric field vector E traces out
an ellipse that lies in the x̃-ỹ-plane as illustrated on the left-hand side in Fig. 3.7. The rotation
sense of the electric field vector around the z̃-axis depends on the point of view. In the situation
illustrated in Fig. 3.7, the plane wave or beam shall propagate towards the viewer looking onto
the sheet and therefore looking into the plane wave or beam. The illustrated rotation sense
corresponds to a right-hand sense. The polarization ellipse can be characterized by:

1. the orientation angle Ψ that describes the tilt of the major axis of the ellipse with respect
to the ỹ-axis and

2. the ellipticity angle χ that describes the ratio of the minor axis b to the major axis a with
tanχ = b/a.

The orientation angle Ψ ranges from −90◦ to +90◦ and the ellipticity angle χ ranges from −45◦

to +45◦ where the sign of χ is linked to the rotation sense. Right - and left-hand rotation sense
correspond to positive and negative χ, respectively.
The two parameters Ψ and χ can be mapped on the surface of a unit sphere, the so-called
Poincaré sphere. Each position on this Poincaré sphere is described by the azimuthal angle
φp = 2ψ and the elevation angle θp = 2χ, cf. blue sphere in Fig. 3.7. By means of the Poincaré
sphere, a polarization state that represents a specific ellipse traced out by the electric field vec-
tor can be illustrated as a single point on the surface of this sphere. The poles of the Poincaré
sphere represent circular polarization of right - and left-hand sense denoted by CR and CL,
respectively. The equator describes linear polarization with respect to the orientation angle.
Characteristic orientations of linear polarization with respect to the local coordinate system of
the polarization ellipse are vertical, horizontal and inclination of ±45◦ denoted by LV, LH and
L±45◦ , respectively. The points between the equator and the poles correspond to all kinds of
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elliptical polarization with increasing ellipticity towards the poles. The legend on the right-hand
side in Fig. 3.7 provides a schematic illustration of the denoted polarization states.
The gray belt around the equator of the Poincaré sphere illustrated in Fig. 3.7 represents the
region where the minor axis is less than or equal to one tenth of the major axis. The two dashed
circles of constant latitude on the Poincaré sphere correspond to an axes ratio of b/a = 0.5.
The green and red highlighted areas around the poles indicate regions where the minor axis is
greater than or equal to nine tenth of the major axis.

Figure 3.7: Illustration of the polarization ellipse and Poincaré sphere. The electric
field vector E traces out an ellipse which is characterized by the orientation angle Ψ
and ellipticity angle χ. The sign of χ corresponds the rotation sense. Polarization
states are represented by points on the Poincaré sphere with coordinates (φp, θp).

In 1956, Pancharatnam investigated the interference of polarized light beams [62]. The first
important result of his work is that the phase difference δ between two beams of polarization
states |A〉 and |B〉 can be determined by the intensity I of the superimposed beams

I = ||A〉+ |B〉|2 = 2 + 2 |〈A|B〉| cos δ (3.22)

where δ is the phase of the scalar product, δ = arg (〈A|B〉) with

〈A|B〉 = |〈A|B〉| eiδ. (3.23)

The two states |A〉 and |B〉 are defined to be in phase if 〈A|B〉 is real and positive which implies
δ = 0. In this context, the phase difference δ can be interpreted as the phase shift induced on
one of the beams in order to maximize the intensity I of the superposition.
The second important result of Pancharatnam’s work is that the connection 〈A|B〉 (which
is called Pancharatnam’s connection) is non-transitive. In order to explain this, let us for
example consider three polarization states |A〉, |B〉 and |C〉 of three different beams. The three
states shall be prepared as follows: |B〉 is in phase with |A〉 (〈A|B〉 is real and positive) and
|C〉 is in phase with |B〉 (〈B|C〉 is real and positive). This means that the intensity of the
superimposed beams with polarization states |A〉 and |B〉 is maximized as well as the intensity
of the superimposed beams with polarization states |B〉 and |C〉. It turns out that the state |C〉
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is then not necessarily in phase with |A〉 which means that the intensity of the superimposed
beams with polarization states |A〉 and |C〉 can take a different value (〈A|C〉 is not necessarily
real and positive). Pancharatnam showed that the phase δCA between the states |C〉 and |A〉
is determined by

δCA = 1
2ΓABC (3.24)

where ΓABC denotes the solid angle spanned by the geodesic triangle ABC on the Poincaré
sphere, see Fig. 3.8 (a).
Instead of considering three beams with different polarization states, we can also consider only
one beam that undergoes three successive polarization changes, namely, from |A〉 to |B〉 (which
means that |B〉 is in phase with |A〉), from |B〉 to |C〉 (|C〉 is in phase with |B〉) and returning
from |C〉 to |A′〉 of the initial polarization state where the ′-notation indicates a possible phase
shift with respect to |A〉. Due to the non-transitivity of Pancharatnam’s connection, that is

〈A|A′〉 = e−iΓABC/2 , (3.25)

the initial (|A〉) and final (|A′〉) polarization state of a beam that undergoes several transfor-
mations differ by half of the solid angle (ΓABC/2) spanned on the Poincaré sphere. We see that
this result represents the parallel transport of polarization on the Poincaré sphere, and there-
fore, Eq. (3.24) describes the corresponding geometric phase which is called the Pancharatnam
phase.
Remarkably, the phase difference in Eq. (3.24) is equivalent to the well-known example of the
Berry phase φ̃ of a spin-1

2 particle (electron) in slowly varying magnetic field [99, 100]

φ̃ = 1
2Ω(γ) (3.26)

where Ω(γ) is the solid angle spanned by the magnetic field tracing out a closed curve γ in
the parameter space. The main difference between the Berry phase φ̃ = 1

2Ω(γ) and the Pan-
charatnam phase in Eq. (3.24) is that in case of the Berry phase the physical system evolves
adiabatically along the path described by the curve γ in the parameter space whereas the Pan-
charatnam phase originates from the non-transitivity of Pancharatnam’s connection. In other
words, the Berry phase depends on the curve γ traced out in the parameter space whereas
the paths (arcs of great circles) connecting the states on the Poincaré sphere have no mean-
ing from a physical point of view. For this reason, the polarization changes can be realized
even suddenly, for example, using birefringent crystal analyzers as confirmed experimentally by
Pancharatnam [101]. Later, the Pancharatnam phase was also verified in Mach-Zender inter-
ferometry [102, 103].
Furthermore, the geometric phase according to Eq. (3.24) is not necessarily restricted to one
intermediate state |B〉 between |C〉 and |A〉. As Berry showed, an analogue of the Aharonov-
Bohm effect [104, 105] for polarized light beams can be realized on the Poincaré-sphere. In this
context of the Aharonov-Bohm effect for electrons, the magnetic flux is replaced by the solid
angle of the geodesic polygon on the Poincaré-sphere for polarized light beams. For instance, if
a beam with polarization state |A〉 is split into two beams which undergo several polarization
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changes and end in the final states |F 〉 and |F ′〉, as schematically illustrated in Fig. 3.8 (b), then
the states |F 〉 and |F ′〉 will differ in phase determined by half of the solid angle of the geodesic
polygon on the Poincaré-sphere, see illustration in Fig. 3.8 (b). The state |F ′〉 is described by
the same point F on the Poincaré sphere as the state |F 〉 but may differ in phase which is
indicated by the ′-notation. The intensity of the superimposed beams with polarization states
|F 〉 and |F ′〉 is given by

I =
∣∣|F 〉+ |F ′〉

∣∣2 = 2 + 2
∣∣〈F |F ′〉∣∣ cos δ = 2 (1 + cos δ) , (3.27)

where the phase difference δ between the two beams corresponds to one half of the solid angle
enclosed by the the geodesic polygon ACDFB on the Poincaré sphere

δ = 1
2ΓACDFB . (3.28)

Figure 3.8: Illustration of the solid angle on the Poincaré sphere. (a) ΓABC is the solid
angle of the geodesic triangle ABC on the Poincaré sphere. (b) Illustration of the
Aharonov-Bohm effect on the Poincaré sphere. The phase difference between |F 〉
and |F ′〉 is half of the solid angle Γ of the geodesic polygon ACDFB on the Poincaré
sphere. The state |F ′〉 is described by the same point F on the Poincaré sphere as
the state |F 〉 but may differ in phase as indicated by the ′-notation.

Finally, we like to resolve a confusion that might occur when comparing the Berry phase
φ̃ = 1

2Ω(γ) for the case of a spin-1
2 particle with the Pancharatnam phase in Eq. (3.24) for

light beams (photons with spin 1). Why is the geometric phase of a spin-1
2 particle system

determined in the same way as the one of a spin-1 particle system? To this end, citing Berry
provides the best explanation: “The photons can be regarded as having only two states, in
spite of being particles with spin 1, because the light is always traveling in the same direction
and for plane waves transversality permits only helicity states, in which the spin is parallel or
antiparallel to the propagation direction k.” [63].

3.2.2 Method of polarization state analysis

In order to investigate the polarization states of whispering gallery modes, we will treat them
as beam-like waves which are guided by the dielectric strip forming the Möbius-strip cavity.
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Contrary to a plane wave, the general polarization state of a beam-like wave can vary locally
and be very complicated. Longitudinal field components may occur in the generic case which
complicates the analysis. For these reasons, an important abstraction is to simplify the analysis
of the polarization states by focusing only on the polarization states at the positions where the
time-averaged squared electric field of the mode reaches a local maximum. We will simply refer
to these positions as the maximum-intensity spots.
The introduced simplification can be justified by the fact that the maximum intensity spots
contribute the most to the overall polarization state. In addition, the longitudinal field com-
ponents vanish at these spots due to the Gauss law ∇ · E = 0. At these spots, the dominant
transverse component of the electric field reaches a maximum (or a minimum) and therefore its
derivative, which is associated with the longitudinal component, vanishes.
The computed whispering gallery modes are standing waves which do not fit into the concept of a
beam-like wave due to the lack of the traveling character. We can bypass this conceptional prob-
lem because a standing wave can be interpreted as a superposition of two counter-propagating
waves with a coherent phase relation. In this context, the maximum-intensity spots of the
standing wave naturally provide the positions where to measure the polarization states of the
two counter-propagating waves. For this reason, we can apply the findings by Pancharatnam
introduced in the previous subsection.
Let us apply the results of Pancharatnam and the method of polarization state analysis to one
example of a Möbius-strip whispering gallery mode in the following.
An example of a Möbius-strip whispering gallery mode is shown in Fig. 3.9 (a). The picture on
the left-hand side in Fig. 3.9 (a) displays a temporal snapshot of E‖ (projection of the electric
field vector E parallel to the Möbius surface at half strip thickness, E‖ = E · e‖). The black
arrows represent the electric field vectors at trajectory of maximum intensity, see also Fig. 3.5
(c) and description there. The black dashed line in Fig. 3.9 (a) indicates the start (φ = 0) of
the azimuthal parameter φ in Eq. (3.1).
The picture on the right-hand side in Fig. 3.9 (a) shows the squared electric field 〈E2〉T averaged
over one optical period T = 2π/ω. We will refer to 〈E2〉T as the intensity for simplification.
The black double-headed arrows represent the orientation of the major axis of the polarization
ellipse which is just a straight line in the shown situation because of linear polarization. The
polarization ellipses are also shown around the double-headed arrows barely visible by small
line segments at the start and end of the double-headed arrows. The polarization orientation
indicated by the double-headed arrows was computed at the spots (local maxima) of maximum
intensity. We see that the doubled-headed arrows are not only parallel to the Möbius-strip
but also perpendicular to the trajectory of maximum intensity indicated by the curved red and
orange arrows. This implies the transversality of the electromagnetic field at these positions
which is an important condition in order to apply Pancharatnam’s results. Despite the fact that
the shown whispering gallery mode is a standing wave, it can be interpreted as two counter-
propagating waves with clockwise (CW) and counterclockwise (CCW) circulation sense around
the Möbius-strip cavity as indicated by the curved red and orange arrows.
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Figure 3.9: Möbius-strip whispering gallery mode and interpretation in terms of ge-
ometric phase. (a) Electric field component E‖ and intensity 〈E2〉T of a Möbius-
strip whispering gallery mode. (b) Illustration of the local coordinate systems and
the polarization orientations corresponding to the states denoted by 4 and 16 in (a).
Ψ is the angle between the major axis of the polarization ellipse (red and orange
double-headed arrow) and ez. The normal vector N of the local coordinate system
points towards the center of the Möbius cavity. (c) Schematic illustration of polar-
ization changes of the assumed CW and CCW propagating waves, and polarization
states of the Möbius-strip WGM on the Poincaré sphere. Γ is the solid angle of
the geodesic polygon of the polarization states spanning the upper hemisphere. (d)
Electric field component E‖, intensity 〈E2〉T and polarization states on the Poincaré
of a whispering gallery mode of ring cavity.

In this context, we like to illustrate the polarization orientation and determine the orientation
angle qualitatively at the positions of intensity maxima using two examples. The two schematic
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drawings shown in Fig. 3.9 (b) illustrate the local coordinate systems and the polarization ori-
entations at the positions of the intensity maxima labeled with 4 and 16, cf. Fig. 3.9 (a). The
upper and lower drawing in Fig. 3.9 (b) correspond to a position in the imagined clockwise
and counterclockwise propagating wave, respectively. The local coordinate systems are defined
by the tangent, normal and binormal unit vectors of the trajectory of maximum intensity (ap-
proximately a circular trajectory). The normal and binormal unit vector are denoted by N
(pointing towards the center of the circular trajectory) and ez (pointing upwards on the sheet).
The tangent unit vector is pointing towards the viewer looking onto the sheet. According to
the definition of the orientation angle, cf. Fig. 3.7, the illustrated polarization orientations in
Fig. 3.9 (b) have negative and positive angles for the imagined clockwise and counterclockwise
wave, respectively.
In the next step, we track the polarization changes of the clockwise and counterclockwise prop-
agating wave which is schematically illustrated in Fig. 3.9 (c). The upper and lower branch
correspond to the CW and CCW propagating wave undergoing positive and negative orienta-
tion changes, respectively. Both waves start with vertical polarization, cf. position labeled with
1 in Fig. 3.9 (a). After half a circulation around the Möbius-strip, the imagined CW and CCW
wave end in the horizontal polarization orientation and encounter each other on the opposite
side of the Möbius-strip cavity as indicated by the curved red and orange arrow in Fig. 3.9
(a). The phase difference between the interfering CW and CCW waves is determined by half
of the solid angle of the geodesic polygon spanned by the polarization states on the Poincaré
sphere, cf. Fig. 3.8 (b). The corresponding polarization states of the Möbius-strip WGM are
illustrated by red dots on the Poincaré sphere on the right-hand side in Fig. 3.9 (c). We see
that the geodesic polygon spans the upper hemisphere of the Poincaré sphere and, therefore
the solid angle Γ and the phase difference δ equal 2π and π, respectively.
Finally, we like to derive a relation between the solid angle Γ and the azimuthal mode number
m. To this end, we consider the intensity of the interfering CW and CCW propagating waves
at the position in the Möbius-strip cavity where the polarization of both waves is aligned hori-
zontally (denoted by |B〉 and |B′〉, the ′-denotation indicates a phase difference). The described
intensity I is given by

I = |eiφd |B〉+ e−iφd |B′〉|2 = 2 + 2|〈B|B′〉| cos (2φd − δ) = 2 (1 + cos (2φd − δ)) (3.29)

where φd is the phase emerging from half a circulation around the Möbius-strip cavity and δ
denotes the phase of the scalar product of |B〉 and |B′〉, cf. Fig. 3.9 (c),

δ = arg
(
〈B|B′〉

)
= Γ

2 . (3.30)

In order to form a resonance by constructive interference, the intensity has to be maximized
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which requires

2φd − δ
!= p2π (3.31)

or
φd
π
− δ

2π
!= p (3.32)

where p is an integer. The phase φd can be represented by an azimuthal wavenumber times the
traveled distance of the wave. Since we are investigating a resonance, the traveled distance of
one circulation is fixed and, therefore the phase φd can be associated as the azimuthal mode
number m times π, φd = mπ. Inserting this in Eq. (3.32) yields

m = p+ Γ
4π . (3.33)

Equation (3.33) describes the azimuthal mode number as the sum of an integer number of wave
cycles (p) and a geometric contribution from the polarization changes. An equivalent expres-
sion of Eq. (3.33) was found in [55] in the context of adiabatic theory of polarization changes.
However, this implies the limitations of slowly changing polarization states. Contrary to this,
our derivation of Eq. (3.33) based on Pancharatnam’s theory covers the more general case of
abrupt polarization changes which is crucial for the analysis in the upcoming Sec. 3.3.
If the polarization changes involve only linear polarization states with the orientation changing
from vertical to horizontal and vice verse, then the azimuthal mode number in Eq. (3.33) is half
integer. This statement is consistent with the Möbius-strip whispering gallery mode shown in
Fig. 3.9 (a) where m = 9.5.
A trivial example regarding Eq. (3.33) is when Γ = 0 holds true. This is the case for an usual
ring-cavity whispering gallery mode with integer azimuthal mode number as shown in Fig. 3.9
(d). Obviously, all polarization states are linear vertical and, therefore, they appear as a single
red dot on the Poincaré sphere.
Furthermore, Eq. (3.33) suggests that arbitrarily fractional azimuthal mode numbers m could
emerge depending on the solid angle Γ. In this context, we might ask the question: What is
the physical meaning of an arbitrarily fractional azimuthal mode number? We will approach
this question in the next section.



46 3 The Möbius-strip cavity

3.3 Manipulating the Möbius strip and the geometric phase - part I

In this section, we will manipulate the Möbius strip cavity in such a way that the twisting of
the dielectric strip, which made the polarization orientation rotate in space, is contracted to a
short segment instead of being continuously allocated along the circumference of the strip. In
other words, the manipulated cavities can be interpreted as a combination of a ring-strip and a
Möbius-strip cavity of reduced length. In this context, we ask the questions: How long may the
Möbius segment be to still preserve Möbius modes with half-integer azimuthal mode numbers?
What will happen to the half-integer azimuthal mode numbers if the Möbius segment is too
short? Will they simply drop to integer values, or can they adopt arbitrary values? Finally,
how are the polarization states effected by this manipulation?
Before presenting the results and discussing them, we introduce the representation of the ma-
nipulated the Möbius strips.

3.3.1 Manipulated Möbius strips

Similar to the parametric representation of the Möbius strip in Eq. (3.1), a manipulated Möbius
strip can be represented by

rM,α(φ, u) = R


cosφ

sinφ

0

+ u
h

2
1√

fα(φ)2 + gα(φ)2

fα(φ)


0

0

1

+ gα(φ)


cosφ

sinφ

0


 . (3.34)

The functions fα(φ) and gα(φ) describe the twisting and are defined by

fα(φ) = 1−
(
φ− π
π

)2α
(3.35)

gα(φ) = −
(
φ− π
π

)2α−1
(3.36)

where α is a positive integer representing qualitatively the shortening of the twisted segment of
the Möbius strip. We will refer to α as the twisting parameter. For example, α = 1 describes
a very similar Möbius strip as introduced in Eq. (3.1), while with increasing α > 1 the length
of the twisting segment is reduced more and more, see Fig. 3.10.
The Tab. 3.1 shows the twisting parameter α, the azimuthal range Φtw of the twisting in degree
rounded to integers and the corresponding length of the twisted segment `tw in relation to the
total length 2πR of the Möbius strip. For α ≥ 2 the Φtw was determined by the φ-range in which
the dot product of the unit vectors e‖(φ) ·ez changed from 0 to 0.95 where e‖ is the unit vector
pointing along the u-direction of the strip ( e‖ ∝ rM,α(φ, u)/∂u). The corresponding length
of the twisted segment is `tw = ΦtwR. For α = 1 the length of the twisted segment is sim-
ply 2πR because rM,1 provides a similar Möbius strip like the original representation in Eq. (3.1).
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Figure 3.10: Illustration of Möbius-strip cavities with different lengths of the twisted
segment. For α = 1 the strip is continuously twisted along its total length. For
α > 1 the strip is twisted only along the length `tw. The parameters R = 2µm
(mean radius), h = 1.6µm (strip height) and w = 0.4µm (strip thickness) apply to
all cavities. The refractive index of the dielectric strip of all cavities is n = 3.5.

α 1 2 3 4 5 6 7 8 9 10 12
Φtw 360◦ 128◦ 84◦ 64◦ 50◦ 42◦ 36◦ 32◦ 28◦ 26◦ 22◦

`tw/(2πR) 1 0.36 0.23 0.18 0.14 0.12 0.1 0.09 0.08 0.07 0.06

Table 3.1: Twisting parameter α, the azimuthal range Φtw of the twisting and the corresponding
length of the twisted segment `tw in relation to total length 2πR of the Möbius strip.

3.3.2 Results

First, the results of the FDTD-calculations of the manipulated Möbius-strip cavities will be
presented in the Figs. 3.11, 3.12, 3.13, 3.14 and Fig. 3.15 on the following pages. The Möbius-
strip cavities investigated in this section have a mean radius of R = 2µm, a strip height of
h = 1.6µm, a strip thickness of w = 0.4µm and a refractive index of n = 3.5. The presentation
of the results is divided into three parts: the investigation of i) the polarization, ii) the intensity
inside the cavities and iii) the far-field intensity. Afterwards, the results will be discussed in
Sec. 3.3.3.
Investigation of polarization states: The left columns of the Figs. 3.11, 3.12 and 3.13 show
temporal snapshots of the electric field component E‖ at the Möbius-strip parameterized by φ
and u, cf. Eq. (3.34), and located at half the strip thickness. The electric field component E‖
is given by

E‖(φ, u, τ) = E(φ, u, τ) · e‖(φ) , (3.37)

where τ is the time step when |E‖| reaches a maximum value. The e‖-vector is the unit vector
pointing along the lateral dimension of the strip (e‖ ∝ rM,α(φ, u)/∂u), cf. Fig. 3.1. The black
arrows illustrate the electric field vectors E(φ = φmax.int., u = umax.int., τ) at the time step τ

taken along the trajectory that connects the local maxima of the time averaged squared electric
field vector 〈|E(φ, u, t)|2〉T where the 〈(...)〉T -notation refers to the time average over one optical
period T = 2π/ω. For reasons of simplification, we will refer to 〈|E(φ, u, t)|2〉T as the intensity,
and therefore the trajectory connecting the local maxima of 〈|E(φ, u, t)|2〉T will be referred to
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as the maximum intensity trajectory.
The central columns in the Figs. 3.11, 3.12 and 3.13 show the time averaged squared electric
field vector 〈|E(φ, u, t)|2〉T at the same surface as for the E‖-illustration. The black double-
headed arrows represent the orientation of the major axis of the polarization ellipse at the
positions of the local maxima of 〈|E(φ, u, t)|2〉T . The orientation angle Ψ and the ellipticity χ
of the polarization ellipse are determined in the local coordinate system defined by the maximum
intensity trajectory (black dashed circle), cf. Fig. 3.9 (a) and (b). Furthermore, the polarization
ellipses are illustrated around the black double-headed arrows in the central column in the
Figs. 3.11, 3.12 and 3.13. In the case of linear polarization states, the illustrated ellipses appear
as short line segments at the start and end of the double-headed arrows.
The columns on the right-hand side in the Figs. 3.11, 3.12 and 3.13 show the Poincaré spheres
and the polarization states illustrated by red dots on the spheres. The red dots form a geodesic
polygon that encloses the solid angle Γ. The sides of the geodesic polygons are illustrated by red
dashed arcs of great circles. The white double-headed arrows on the Poincare spheres mark the
two polarization states that are highlighted by red ellipses in the central columns (illustrations
of 〈E2〉T ). These highlighted polarization states are located around the center of the twisted
segment.
Investigation of the intensity: In addition to the polarization state analysis, the Fig. 3.14
shows the intensity at the trajectory of maximum intensity. For α = 1 this trajectory is
indicated by the black dashed circle on the Möbius strip shown at the top left of Fig. 3.14. For
this example and in general, the trajectory of maximum intensity resembles approximately a
circle which is described by the azimuthal angle φ ranging from −180◦ to 180◦ where φ = 0◦

marks the center of the twisted segment, see illustration of the Möbius strip at the top left of
Fig. 3.14. The diagram at the top right in Fig. 3.14 shows as an example for α = 1 the intensity
taken along trajectory of maximum intensity from φ = −180◦ to φ = 180◦ in steps of ∆φ = 1◦.
The blue points are data from the FDTD-calculation while the blue solid line is drawn for the
purpose of illustration. The lower two rows display sections of the intensity diagrams within
the range of φ ∈ [−45◦,+45◦] for different values of the twisting parameter α. The red arrows
appearing for the first time at α = 5 mark the intensity maxima and minima near the center
of the twisted segment. These arrows indicate the merging of two adjacent intensity maxima
while α increases.
Investigation of the far-field intensity: The far-field intensity I of the Möbius-strip cavity
modes was computed using the near-to-far field transformation. The far-field intensity is given
by the norm of the Poynting vector I = |S| = |EFF ×HFF| where EFF and HFF are the electric
and magnetic field vector in the far field computed by the near-to-far field transformation. The
Fig. 3.15 shows the far-field intensity I(θ, ϕ) as a spherical plot (θ - elevation angle with respect
to the x-y-plane, ϕ azimuthal angle) for different values of the twisting parameter α. Note the
change from a rather complex far field in (a) to a roughly bidirectional far-field emission for
α ≥ 5. The bidirectional far-field emission results from the refractive output of the waves at the
strongly twisted segment of the manipulated Möbius-strip cavities as schematically illustrated
in (f).
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Figure 3.11: Results from FDTD-calculations - polarization state analysis for twisting parame-
ter α = 1, 2, 3 and 4: Left column shows temporal snap shots of the electric field
component E‖, cf. Eq. (3.37). Black arrows represent the electric field vectors
E along the trajectory of maximum intensity. Central column shows the time-
averaged squared electric field vector 〈E2〉T and the orientation of the major axis
of the polarization ellipse (black double-headed arrows) with attached polarization
ellipse (barley visible). Right column shows the Poincaré sphere and the polariza-
tion states illustrated by red dots. The darkened area illustrates the solid angle
Γ. The white double-headed arrows marks the two polarization states that are
highlighted by red ellipse in the central column.
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Figure 3.12: Results from FDTD-calculations - polarization state analysis for twisting param-
eter α = 5, 6, 7 and 8: Note the geodesic arc (indicated by the red arrow on the
Poincaré sphere for α = 6, 7 and 8) lifting from the equator of the Poincaré sphere
due to occurrence of elliptical polarization of the polarization states marked by
the white double-headed arrow. In particular, for α = 7 and 8 the corresponding
polarization ellipses at the positions highlighted by the red ellipse in central col-
umn are clearly visible. See caption of Fig. 3.11 for a general description of the
illustrations.
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Figure 3.13: Results from FDTD-calculations - polarization state analysis for twisting param-
eter α = 9, 10 and 12: Again, note the geodesic arc (indicated by the red arrow
on the Poincaré sphere for α = 9, 10 and 12) that contracts with increasing α. As
a result, the solid angle (darkened area) enclosed by the geodesic polygon of po-
larization states on the Poincaré sphere decreases. Note also that the electric field
vectors ( black arrows in the left column) and the orientations of the major axes of
the polarization ellipses (black double-headed arrows in the central column) align
more and more parallel to the axis of the Möbius-ring cavity with increasing α
(decreasing twisting length `tw). See caption of Fig. 3.11 for a general description
of the illustrations.
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Figure 3.14: Results from FDTD-calculations - intensity analysis. The diagram at the
top right shows the intensity along the trajectory of maximum intensity for the
Möbiu-strip cavity with α = 1. The trajectory of maximum intensity is illustrated
by the black dashed circle in the graphic at the top left. The two lower rows dis-
play a section of the corresponding intensity diagrams for increasing α (decreasing
twisting length `tw) within the range φ ∈ [−45◦,+45◦]. Note the red arrows which
indicate the merging of two adjacent intensity maxima with increasing α. The blue
points are data from the FDTD-calculation while the solid blue line is drawn for
the purpose of illustration.
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Figure 3.15: Results from FDTD-calculations - far-field intensity. (a) - (e) show the
far-field intensities I(θ, ϕ) of the Möbius-strip cavities modes as a function of the
elevation angle θ and the azimuthal angle ϕ for varying twisting parameter α.
Note the change from a rather complex far field in (a) to a roughly bidirectional
far-field emission for α ≥ 5. The bidirectional far-field emission results from the
refractive output of the waves at the strongly twisted segment of the manipulated
Möbius-strip cavities as schematically illustrated in (f).
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3.3.3 Discussion of the results

Let us begin with discussing the results for the solid angle Γ spanned by the geodesic polygon
of polarization states on the Poincaré sphere, cf. the darkened areas on the Poincaré spheres in
the Figs. 3.11, 3.12 and 3.13.
We like to investigate the solid angle Γ as a function of the twisting parameter α and as a func-
tion of the length `tw of the twisted segment in relation to the medium wavelength λ/n. This
ratio n`tw/λ is equivalent to the expression nkRΦtw

2π (`tw = ΦtwR and k = 2π/λ) where we use
the dimensionless resonance frequencies kR of the computed modes of the Möbius-strip cavities
to determine n`tw/λ. The results of this investigation are shown Fig. 3.16. The numbers at the
diamond symbols represent the twisting parameter α where α = ∞ corresponds to the usual
ring-strip cavity. The dashed orange line connecting the symbols is drawn for the purpose of
illustration.
First of all, we see in Fig. 3.16 that up to α = 6 the spanned solid angle Γ remains approx-
imately at 2π. As a result, the acquired geometric phase is π and therefore the whispering
gallery modes are characterized by a half-integer azimuthal mode number, here m = 9.5. This
feature is labeled with Möbius character.
Between α = 6 and α = 12 there is a thin corridor located around the vertical dashed line where
the solid angle drops rapidly from 2π to approximately zero. In particular, we see that Γ takes
fractional values for the twisting parameters α = 7, 8, 9 and 10. This results from the fact that
the geodesic polygons of the polarization states span only a fraction of the upper hemisphere of
the Poincaré sphere, cf. the Poincaré spheres in Figs. 3.12 and 3.13. According to Eq. (3.33), an
arbitrarily fractional azimuthal mode number m emerges. For example, the whispering gallery
mode in the Möbius-strip cavity with α = 7 has the mode number m = 9+4.23037/(4π) ≈ 9.34.
Here, the question is: What is the physical meaning of arbitrarily fractional azimuthal mode
numbers?
Let us approach this question using the obvious interpretation of m with the number of wave

cycles along the circumference of the Möbius-strip cavity. In case of half-integer mode numbers,
we can interpret them in such a way that the waves have to accomplish two circulations in the
cavity in order to form a resonance via fitting an integer number of wavelengths. In this context,
the arbitrarily fractional m would require more than two circulations, in fact many circulations,
of the waves to satisfy the aforementioned resonance conditions. However, this interpretation
does not go together with the Möbius topology which is still present.
A different interpretation can be deduced by investigating the intensity of the whispering gallery
modes along the maximum-intensity trajectory. Let us study what happens to the intensity
between α = 6 and α = 12. The intensity diagrams are shown in Fig. 3.14.
The diagram sections in the lower two rows of Fig. 3.14 show the intensity along the maximum-
intensity trajectory centered around the twisted segment of the strip. Starting at α = 5, the
intensity maxima nearby and the minimum at the center of the twisted segment (φ = 0) are
marked by red arrows. We see that the values of the marked intensity maxima decrease while
the value of the minimum at φ = 0◦ increases with increasing α. As a result, the two adjacent
intensity maxima and the minimum as such become more and more difficult to distinguish.
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They seem to merge to one maximum. As a result of this merging process, the number of
intensity maxima reduces from N = 19 to N = 18 and therefore an integer azimuthal mode
number can be assumed. Concluding from this, the increasing twisting parameter α (decreasing
twisting length `tw) induces a transition from whispering gallery modes with Möbius character
to whispering gallery modes with ring character (integer azimuthal mode number).

Figure 3.16: Transition between Möbius-strip modes and ring-strip modes. The num-
bers at the diamond symbols represent the twisting parameter α where α = ∞ is
associated to represent the ring-strip cavity. For α ≥ 5 (`tw/(2πR) ≤ 0.14) the
solid angle Γ enclosed by the geodesic polygon of polarization states on the Poincaré
sphere drops rapidly from 2π (Möbius character) to almost 0 (Ring character).

In this context, the fractional azimuthal mode number describes how much of the Möbius
character is still present or observable. For example, the fractional number of m = 9.34 (α = 7)
indicates that the whispering gallery mode is more a Möbius-cavity mode and less a ring-cavity
mode. A second example of m = 9 + 1.20773/(4π) ≈ 9.09 (α = 8) indicates the opposite
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situation where the whispering gallery mode is less a Möbius-cavity mode and more a ring-
cavity mode. The differences between these two examples are hard to see with the naked
eye in Fig. 3.16 (below the diagram) when comparing the twisting of the electric field vectors
highlighted by the green ellipses. Nevertheless, the polarization state analysis reveals that the
electric field vectors of WGM in the Möbius-strip cavity with α = 8 are a little bit less twisted.
Additionally, we can compare the twisting of the electric field vectors of the WGM in the
Möbius-strip cavities with α = 7 and α = 12 which are shown beneath the diagram in Fig. 3.16.
In particular, we see that the electric field vectors of the WGM in the Möbius cavity with α = 12
on the right-hand side in Fig. 3.16 point more upwards on the sheet and are less twisted than
the electric field vectors in the Möbius cavity with α = 7 on the left-hand side. As a result, the
WGM labeled with the diamond 12 symbol is predominantly a ring-cavity mode and looks very
similar to the actual ring-cavity mode that is shown as an inset in the diagram in Fig. 3.16 and
labeled with the green diamond symbol.
Regarding the far-field emission of the Möbius-strip cavity modes we find that the reduction
of the length of the twisted segment strongly affects the far-field emission. Fig. 3.15 shows a
selection of the far-field intensities of the Möbius-strip cavity modes. In Fig. 3.15 (a) we see
a rather complex far-field emission where the far-field lobes point into various directions. This
complex emission is an expected result because the Möbius-strip cavity does not have a cylinder
symmetry like a ring cavity. With increasing α (decreasing twisting length `tw) the far-field
emission changes to a predominant bidirectional emission as shown in Fig. 3.15 (b), (c), (d) and
(e). In particular for α ≥ 5 the length of the twisted segment `tw is comparable to the medium
wavelength (n`tw/λ ∼ 1) of the modes investigated here and, therefore, the twisted segment
merely induces a perturbation of the modes. This perturbation leads to refractive output of
the waves at the twisted segment as schematically illustrated in Fig. 3.15 (f) where the orange
arrows indicate the waves refracted into the direction of the predominant bidirectional emission.
The strong decrease of the Q-factors from Q = 23886 (α = 1) to Q = 127 (α = 12) results also
from the increasing perturbation of the modes with increasing α (decreasing `tw).
Next, we like to discuss the nature of the transition of the whispering gallery modes shown
in Fig. 3.16. A striking feature is that the transition from the Möbius character to the ring
character is quite sharp and occurs slightly above n`tw/λ ≈ 1 (vertical red dashed line in the
diagram in Fig. 3.16). Intuitively, we could have expected the transition to happen if the length
of the twisted segment `tw is approximately the same as the medium wavelength λ/n. This
expectation coincides with the position of the transition indicated by the vertical red dashed line
in the diagram in Fig. 3.16. The width of the transition can be linked to experienced topology
by the whispering gallery mode. What does experienced topology mean? With this term we
describe the situation where the twisting of the dielectric strip happens slow or fast enough
so the the electric field vectors follow the orientation of the strip or they do not, respectively.
If the electric field vectors can follow the orientation of the strip, then the whispering gallery
mode remains in the TE-like state where the successive changes of the polarization orientation
can be interpreted as adiabatic transport of the polarization. In the Figs. 3.11 and 3.12 we
see that below α = 6 the twisting of the strip is slow enough so that the polarization can
follow the twisted strip and thus the Möbius character of the WGM is observable (adiabatic
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situation). Above α = 10 the twisting of the strip is so fast that the polarization cannot
follow the twisted strip anymore and approximately remains pointing in the same direction
(non-adiabatic situation). As a result, the whispering gallery mode experiences a ring-strip
resonator. Within the range 6 ≤ α ≤ 10, the electric field vectors change their behavior from
following the twisted strip to pointing approximately in the same direction.
Note that the geometry of the cavities changes with increasing twisting parameter α but their
topology does not. In fact, all the cavities are still Möbius-strip cavities with the unique feature
of non-orientability. In contrast, a ring-strip cavity is orientable. In this context, we like to
make an interesting statement that a physical quantity, the medium wavelength in the present
situation, determines the topology of the cavities which is manifested in the observed azimuthal
mode number.
Finally, we like to provide an explanation of the elliptical polarization states which mainly

occurred at the transition from the Möbius modes to the ring modes. For example, the elliptical
polarization states are indicated by translucent black ellipses around the double-headed black
arrows as shown in the central column in Fig. 3.12 (c) and (d). The explanation is based on a
simplified wave guide model with the intention to provide a qualitative understanding.
The propagation of light in the Möbius-strip cavity shall be described by the propagation in
a locally straight but overall twisted and rectangular dielectric slab wave guide as illustrated
in Fig. 3.17. The wave guide of length L is aligned parallel to the z-axis and twisted by 180◦

according to the Möbius strip. The wave guide is assumed to have periodic boundary conditions
at the start and end. Due to the continuous change of the transverse orientation, we introduce
the local coordinate system (x′, y′, z′), cf. Fig. 3.17, where z′ coincides with the z-coordinate
and the transverse coordinates (x′, y′) follow the orientation of the wave guide.

Figure 3.17: Illustration of a twisted wave guide. See text for details.

The electric field vector of a time-harmonic wave propagating into the z-direction with omitting
the e−iωt-term can be described by

E(x′, y′, z) = E(x′, y′, z)eiβz = A(x′, y′)
(
c1(z)ex′(z) + c2(z′)ey′(z)

)
eiβz (3.38)
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where β is the propagation constant in the dielectric medium along the z-direction, A(x′, y′)
represents the transverse amplitude, c1 and c2 represent the coefficients corresponding to the
unit vectors ex′ and ey′ . During the propagation in the twisted strip, the direction change of
the unit vectors is described by the twisting angle θ(z):

ex′(z) =


cos θ(z)
sin θ(z)

0

 and ey′(z) =


− sin θ(z)
cos θ(z)

0

 . (3.39)

For the case of an uniformly twisted strip as illustrated in Fig. 3.17, the z-dependence of the
twisting angle is θ(z) = π

Lz.
Furthermore, we assume that the magnitude of E(x′, y′, z) changes slowly along the propagation
direction z. This assumption is associated with the so-called paraxial wave equation [106]:

− 1
2β∇

2
trE = i

∂E
∂z

(3.40)

where the index tr refers to the transverse coordinates (x′, y′). Inserting the expression for
E(x′, y′, z) in Eq. (3.38) into the paraxial wave equation yields:

1
2β
(
∇trA(x′, y′)

)(c1

c2

)
= iA(x′, y′)

(
∂

∂z

(
c1

c2

)
+ ∂θ

∂z

(
c2

−c1

))
. (3.41)

After rearranging some terms, we obtain the following equation for the polarization evolution:

i
1
β

∂

∂z

(
c1

c2

)
=

 ∇2
trA

2β2A −i 1
β
∂θ
∂z

+i 1
β
∂θ
∂z

∇2
trA

2β2A

(c1

c2

)
= P̂

(
c1

c2

)
. (3.42)

For the sake of simplicity, we make the assumption that the transverse field amplitude can be
described by:

Atr = A0 cos
(
π

w
x′
)

cos
(
π

h
x′
)

(3.43)

which actually represents the solution for the electric field distribution inside a dielectric wave
guide with perfectly conducting walls and, thus, no fields outside the wave guide. This is a
strong simplification, but nevertheless it will help us to qualitatively understand the polarization
evolution. As a result, the main-diagonal elements of the evolution matrix P̂ in Eq. (3.42)
simplify so that

P̂ =

− π2

2β2

(
1
w2 + 1

h2

)
−i 1

β
∂θ
∂z

+i 1
β
∂θ
∂z − π2

2β2

(
1
w2 + 1

h2

)
.

 (3.44)

Wee see that geometric parameters like the strip thickness w and the strip height h determine
the main-diagonal elements of the evolution matrix. The off-diagonal elements are determined
by the twisting rate ∂θ/∂z. The term 1/β, and also the parameters w and h, are in the order of
the medium wavelength. As a result, the main diagonal elements are approximately in the order
of 1. In the following, we will briefly compare the main diagonal elements with the off-diagonal
elements for two different cases.
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In the first case, we consider a slow twisting of the wave guide which occurs for example in the
Möbius strip with twisting parameter α = 1. The twisting takes place on scale much larger than
the medium wavelength yielding 1

β
∂θ
∂z � 1 and therefore the off-diagonal elements are negligible

so that

P̂α=1 ≈
(
−1 0
0 −1

)
. (3.45)

According to Eq. (3.42) the two field components along the directions of ex’ and ey′ can prop-
agate independently which accounts for the two distinct mode types TE and TM. As a result,
the changes of the polarization orientation can be interpreted as being adiabatically because
there is no interaction between the two distinct polarizations.
In the second case, we consider that the length of the twisted segment becomes comparable to
the medium wavelength which is the case for α > 5. As a result, the 1

β
∂θ
∂z -term is not negligible

anymore. Let us assume that the twisting happens on a fraction ∆L of the total length of the
strip so that 1

β
∂θ
∂z ≈ 1. Then the polarization evolution matrix yields

P̂ ≈
(
−1 −i
i −1

)
. (3.46)

According to Eq. (3.42), the two field components c1 and c2 begin to interact due to the non-
zero off-diagonal elements. As a result, elliptical polarization states can emerge because of the
phase shift of π/2 of the off-diagonal elements with respect to the main-diagonal elements. Fur-
thermore, the off-diagonal elements account for the non-adiabatic polarization changes. In this
context, the transition from the Möbius-modes to the ring-modes at n`tw/λ ≈ 1.25, cf. Fig. 3.16,
marks also the transition from the adiabatic to the non-adiabatic polarization changes.
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3.4 Manipulating the Möbius strip and the geometric phase - part II

In this section, we will investigate the polarization states of the whispering gallery modes of
the Möbius strip cavity as function of the strip thickness w. Compared to the investigation in
Sec. 3.3, increasing the strip thickness will effect the entire whispering gallery mode instead of
only the part at the (shortened) twisted segment. Similar to the situation in Sec. 3.3, we will see
a transition from the WGMs with half-integer azimuthal mode number to WMGs with integer
azimuthal mode number. In the transition regime, a whispering gallery mode with interesting
polarization states emerges what we will call the spinning whispering gallery mode.
First, the results of the FDTD-calculations of the manipulated Möbius-strip cavities with in-
creasing strip thickness w will be presented in the Figs. 3.18, 3.19, 3.20 and 3.21 on the following
pages. The Möbius-strip cavities investigated in this section have a mean radius of R = 2µm,
a strip height of h = 1.6µm, a varying strip thickness from w = 0.4µm to w = 1.2µm and
a refractive index of n = 3.5. The presentation of the results is divided into two parts: the
investigation of the polarization and the intensity inside the cavities. Afterwards, the results
are discussed in Sec. 3.4.2.

3.4.1 Results

We begin with a description of the figures on the upcoming pages. This description is almost
identical to the one in Sec. 3.3.2. The difference is that the strip thickness w is the varied
parameter.
Investigation of polarization states: The left columns of the Figs. 3.18, 3.19 and 3.20 show
temporal snapshots of the electric field component E‖ at the Möbius-strip parameterized by φ
and u, cf. Eq. (3.34), and located at half the strip thickness. The electric field component E‖
is given by

E‖(φ, u, τ) = E(φ, u, τ) · e‖(φ) , (3.47)

where τ is the time step when |E‖| reaches a maximum value. The e‖-vector is the unit vector
pointing along the lateral dimension of the strip (e‖ ∝ rM(φ, u)/∂u), cf. Fig. 3.1. The black
arrows illustrate the electric field vectors E(φ = φmax.int., u = umax.int., τ) at the time step τ

taken along the trajectory that connects the local maxima of the time averaged squared electric
field vector 〈|E(φ, u, t)|2〉T where the 〈(...)〉T -notation refers to the time average over one optical
period T = 2π/ω. For reasons of simplification, we will refer to 〈|E(φ, u, t)|2〉T as the intensity,
and therefore the trajectory connecting the local maxima of 〈|E(φ, u, t)|2〉T will be referred to
as the maximum intensity trajectory.
The central columns in the Figs. 3.18, 3.19 and 3.20 show the time averaged squared electric field
vector 〈|E(φ, u, t)|2〉T at the same surface as for the E‖-illustration. The black double-headed
arrows represent the orientation of the major axis of the polarization ellipse at the positions
of the local maxima of 〈|E(φ, u, t)|2〉T . The orientation angle Ψ and the ellipticity χ of the
polarization ellipse are determined in the local coordinate system defined by the maximum
intensity trajectory (black dashed circle), cf. Fig. 3.9 (a) and (b). Furthermore, the polariza-
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tion ellipses are illustrated around the black double-headed arrows in the central column in the
Figs. 3.18, 3.19 and 3.20. In the case of linear polarization states, the illustrated ellipses appear
as short line segments at the start and end of the double-headed arrows.
The columns on the right-hand side in the Figs. 3.18, 3.19 and 3.20 show the Poincaré spheres
and the polarization states illustrated by red dots on the spheres. The red dots form a geodesic
polygon that encloses the solid angle Γ. The sides of the geodesic polygons are illustrated by
red dashed arcs of great circles.
Investigation of the intensity: In addition to the polarization state analysis, the Fig. 3.21
shows the intensity at the trajectory of maximum intensity. For w1 = 0.4µm this trajectory is
indicated by the black dashed circle on the Möbius strip shown at the top left of Fig. 3.21. For
this example and in general, the trajectory of maximum intensity resembles approximately a
circle which is described by the azimuthal angle φ ranging from −180◦ to 180◦. The diagram
at the top right in Fig. 3.21 shows as an example for w1 = 0.4µm the intensity taken along
trajectory of maximum intensity from φ = −180◦ to φ = 180◦ in steps of ∆φ = 1◦. The blue
points are data from the FDTD-calculation while the blue solid line is drawn for the purpose
of illustration. The lower two rows display sections of the intensity diagrams within the range
of φ ∈ [−45◦,+45◦] for different values of the strip thickness w. The values for w are given in
micrometers. The red arrows in the lower two rows mark the intensity maxima and minima near
the azimuthal position of φ = 0. These arrows indicate the merging of two adjacent intensity
maxima while the strip thickness w increases.
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Figure 3.18: Results from FDTD-calculations - polarization state analysis for varying strip
thickness w: The values of w are given in micrometers. Left column shows tem-
poral snap shots of the electric field component E‖, cf. Eq. (3.47). Black arrows
represent the electric field vectors E along the trajectory of maximum intensity.
Central column shows the time-averaged squared electric field vector 〈E2〉T and
the orientation of the major axis of the polarization ellipse (black double-headed
arrows) with attached polarization ellipse (barley visible). Right column shows the
Poincaré sphere and the polarization states illustrated by red dots. The darkened
area illustrates the solid angle Γ. Note the emerging spiral-like behavior of the
electric field vectors in the left column with increasing w.
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Figure 3.19: Results from FDTD-calculations - polarization state analysis for varying strip
thickness w: The values of w are given in micrometers. Note the more pronounced
spiral-like behavior of the electric field vectors in the left column compared to the
results shown in Fig. 3.18. Also note the geodesic arcs lifting from the equator
of the Poincaré sphere (right column) due to occurrence of elliptical polarization.
In particular, for w7 = 0.920 the polarization ellipses are clearly visible in central
column. Furthermore, note the difference between the polarization ellipses and
orientations for w7 = 0.920 highlighted by the red ellipses in the central column:
linear polarization pointing in the same direction (upper red ellipse) and elliptical
polarization with varying orientation (low red ellipse). See caption of Fig. 3.18 for
a general description of the illustrations.
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Figure 3.20: Results from FDTD-calculations - polarization state analysis for varying strip
thickness w: The values of w are given in micrometers. Note the disappearance
of the spiral-like behavior of the electric field vectors in the left column with in-
creasing strip thickness w. Also note in the central column that the polarization
orientation is not fixed despite the ring-type modes. See caption of Fig. 3.18 for a
general description of the illustrations.
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Figure 3.21: Results from FDTD-calculations - intensity analysis. The diagram at the
top right shows the intensity along the trajectory of maximum intensity for the
Möbiu-strip cavity with strip thickness w = 0.4. The trajectory of maximum
intensity is illustrated by the black dashed circle in the graphic at the top left.
The two lower rows display a section of the corresponding intensity diagrams for
varying strip thickness w within the range φ ∈ [−45◦,+45◦]. Note the red arrows
which indicate the merging of two adjacent intensity maxima with increasing strip
thickness w. The blue points are data from the FDTD-calculation while the solid
blue line is drawn for the purpose of illustration. The values of the strip thickness
w are given in micrometer.
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3.4.2 Discussion of the results

Again, we investigate the solid angle Γ spanned by the geodesic polygon of polarization states on
the Poincaré sphere (cf. the darkened areas on the Poincaré spheres in Figs. 3.18, 3.19 and 3.20)
as a function of the strip thickness w in relation to the medium wavelength λn = λ/n where λ
denotes the vacuum wavelength. This ratio nw/λ is equivalent to the expression nkRw/(2πR)
(k = 2π/λ) where we use the dimensionless resonance frequencies kR of the computed modes
of the Möbius-strip cavities to determine nw/λ. The results of this investigation are shown in
Fig. 3.22. The labels wi at the diamond symbols correspond to the values of the strip thickness
given in the Figs. 3.18, 3.19 and 3.20. The orange dashed line connecting the symbols is drawn
for the purpose of illustration.
First of all, we see in the diagram in Fig. 3.22 that up to nw/λ ≈ 0.78 the solid angle Γ remains
approximately at 2π. As a result, the acquired geometric phase is φgeo = Γ/2 = π which leads
according to Eq. (3.33) to whispering gallery modes with half-integer azimuthal mode numbers,
e.g. m = 9.5. This feature is associated with the Möbius character.
The corresponding polarization states of the WGMs for w1, w2, w3 and w4 are illustrated by red
dots on the Poincaré spheres in Fig. 3.18 (a), (b), (c) and (d). The polygon of the polarization
states (red dots) encloses the upper hemisphere and thus Γ = 2π. Furthermore, we observe
a change from an uniform distribution of the polarization states (red dots) along the equator
in Fig. 3.18 (a) to a distribution characterized by an increasing accumulation of the red dots
around the vertical polarization state with increasing strip thickness w as shown in Fig. 3.18
(b), (c) and , in particular, in (d). This behavior is very similar to what we have seen in Sec. 3.3,
for example, in Fig. 3.11 with increasing twisting parameter. Moreover, we see on the left-hand
side in Fig. 3.18 (b), (c) and (d) that the electric field vectors of the WGMs form an remarkable
pattern where the electric field vectors are spinning around the maximum-intensity trajectory.
This feature is more pronounced with increasing strip thickness and results from the emerging
ring-cavity mode (with integer azimuthal mode number) as we will see further below.
Now, we look again at the diagram in Fig. 3.22 and see that between nw/λ ≈ 0.78 and
nw/λ ≈ 0.82 the solid angle Γ drops rapidly from 2π to approximately zero. In particular,
we see that Γ takes arbitrary fractional values for the strip thicknesses w5, w6, w7 and w8 as
highlighted by the green, blue, red and pink symbol. The corresponding polarization states are
illustrated on the Poincaré spheres in Fig. 3.19 where the geodesic polygon of the polarization
states encloses less than the upper hemisphere. In particular, the Poincaré spheres in Fig. 3.19
show that the geodesic trajectories (red dashed arcs) which connect the polarization states de-
tach from the equator more and more with increasing strip thickness but with the exception of
the vertical polarization state. The red dots lifted from the equator represent elliptical polar-
ization states which are illustrated by translucent ellipses in the central column of Fig. 3.19.
In addition, we find that the majority of the polarization states shown on the Poincare spheres
in Fig. 3.19 is elliptically polarized with an increasing ellipticity along the direction from the
vertical polarization state to the horizontal polarization state. This behavior is different from
what we have seen in Sec. 3.3, for example in Fig. 3.12 and Fig. 3.13. The difference is that the
increasing strip thickness affects the entire Möbius-strip cavity and, therefore, all polarization
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states whereas the shortening of the twisted segment (increasing twisting parameter α) affects
only the polarization in the twisted segment.
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Figure 3.22: Transition between Möbius-strip cavity modes and ring-cavity modes.
Upper diagram shows the solid angle Γ spanned by the polygon of polarization
states on the Poincaré sphere as a function of the strip thickness w in relation
to the medium wavelength λn = λ/n. The symbols represent the data while the
dashed line is drawn for the purpose of illustration. For w > w4 (w4 = 0.905µm)
the solid angle Γ drops rapidly from 2π (Möbius character) to 0 (Ring character).
The lower pictures show planar slices of the electric field component Ez of two
modes overlaid with the geometry of the cavity in gray. Ez is given in arbitrary
units. The planar slices are indicated by translucent planes in the insets of the
upper diagram. The white and black circles drawn inside the cross sections (see
planar slices) illustrate the inner torus of major radius R and minor radius w/2
inside the Möbius strip cavity. All Möbius-strip cavities have the same mean radius
R = 2µm, strip height h = 1.6µm and refractive index n = 3.5. w1 = 0.4µm and
w12 = 1.2µm.

Similarly to the transition observed for the increasing twisting parameter in Sec. 3.3.3, the
transition in the present situation is also characterized by the merging of two adjacent intensity
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maxima along the maximum-intensity trajectory. This feature is shown in Fig. 3.21 where we
see in the two rows of diagram segments that the intensity values of the two adjacent intensity
maxima around φ = 0◦ decrease while the value of the minimum at φ = 0◦ increases with in-
creasing strip thickness w. In particular, the lower row in Fig. 3.21 shows that the two adjacent
intensity maxima around φ = 0◦ become more and more difficult to distinguish which is clearly
visible for w7 = 0.920 and w8 = 0.925. Finally, for the strip thickness of w9 = 0.950 the two
adjacent maxima have merged and as a result the whispering gallery mode has an integer value
of the azimuthal mode number and therefore it represents the WGM of an usual ring resonator.
This behavior is associated with the ring character in Fig. 3.22.
Intuitively, we could have expected that above a certain strip thickness in relation to the medium
wavelength the whispering gallery modes change from Möbius character to ring character. The
expected strip thickness should approximately be in the order of the wavelength. For this rea-
son, the transition around nw/λ = 0.80 meets our expectations. By changing the strip thickness
w while keeping the height h and the mean radius R constant, the volume of the Möbius-strip
cavity increases. As a consequence, the volume of the inner torus lying inside the Möbius-strip
cavity also increases. The material of this inner torus is not affected by the twisting of the
dielectric strip.
The pictures below the diagram in Fig. 3.22 show a temporal snap shot of planar slices at y = 0
of the electric field component Ez of two modes overlaid with the relative dielectric permittivity
(representing the geometry) in gray. The additionally drawn white and black circles at the cen-
ters of the cross sections of the cavities indicate this torus volume. We see on the left-hand side
that the indicated cross sectional area of the inner torus with major radius R and minor radius
w/2 covers only a fraction of the cross sectional area of the shown electric field distribution. For
a thin Möbius-strip cavity, this means that the electric field vector can rotate by 180◦ around
the propagation direction after one circulation of the imagined clockwise and counterclockwise
propagating waves which leads to the observed Möbius-strip modes. In contrast to that, we see
on the right-hand side that a major part of the electric field is covered by the cross sectional area
of the indicated torus. For a thick Möbius-strip cavity, this means that the imagined waves can
propagate predominantly inside the inner torus without undergoing a rotation of the electric
field vector which leads to usual ring-cavity modes. Accordingly, a thick Möbius-strip cavity can
be interpreted just as a perturbed torus cavity. In this context, we can note that the two cases
of a thin (nw/λ ≈ 0.4) and a thick (nw/λ ≈ 1.0) Möbius-strip cavity are easy to understand
because either the polarization orientation is following the orientation of the dielectric strip or
it approximately remains pointing into the same direction, respectively.
Remarkably, we find that the polarization states of the thicker Möbius-strip modes shown on
the Poincaré spheres in Fig. 3.20 contract to almost a straight line along a section of the equator
centered a the vertical polarization orientation state. An explanation is that the twisting of a
thick dielectric strip still affects the polarization orientation, and therefor we see a slight tilt
of the polarization orientation visible at the double-headed arrows in the central column in
Fig. 3.20.
Finally, let us investigate the change of the quality factors Q of the modes when increasing
the strip thickness w. The data for the strip thickness and quality factor are summarized in
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Tab. 3.2. We see that with increasing thickness from w = 0.4µm to w = 0.910µm the quality
factors Q also increase. This is reasonable because the outer radius Rout = R+w/2 for x < 0 of
the Möbius-strip cavity (see planar slices in Fig. 3.22) increases with increasing thickness w and,
therefore, the whispering gallery modes can propagate at an effectively increased radius R̃ > R.
Generally, an increased radius R of an optical microcavity enhances the confinement due to
an increased tunneling barrier for the electromagnetic waves, see the effective potential Veff in
Fig. 2.3 in the fundamentals chapter. Remarkably, in the transition region 0.915 ≤ w ≤ 0.950
where the modes change from Möbius-cavity modes (Möbius character, half-integer m = 9.5)
to ring-cavity modes (ring character, integer m = 9) the quality factors drop slightly which
implies that the energy is stored for a shorter period of time in the cavity during the transition.
The reason of the reduced quality factors in the transition region is the change from m = 9.5
to m = 9.0 which slightly reduces the tunneling barrier for the electromagnetic waves, see the
effective potential Veff in Fig. 2.3, which in turn increases the decay rate of the energy stored in
the cavity (decreased Q). After the transition for w ≥ 1.0µm the quality factors increase again
for the same reason of an effectively increased radius R̃ > R of the cavity.
The general decrease of the kR with increasing strip thickness w (second column in Tab. 3.2)
has two reasons. The first one is the increasing resonant wavelength due to the thicker cavity
and, therefore, decreasing resonance frequency kR, see also Eq. 3.12 in the framework of the
simplified resonator model for the Möbius-strip cavity where kR depends on the inverse of w.
In addition, the change from m = 9.5 to m = 9.0 contributes also to the decrease of kR.

w kR log10(Q)
0.4 (w1) 3.71661 4.64
0.8 (w2) 3.18268 4.95
0.9 (w3) 3.10356 5.15

0.905 (w4) 3.09987 5.23
0.910 (w5) 3.0956 5.53
0.915 (w6) 3.09189 4.80
0.920 (w7) 3.08808 4.85
0.925 (w8) 3.08444 5.06
0.950 (w9) 3.06583 4.83
1.0 (w10) 3.02726 4.96
1.1 (w11) 2.95711 5.29
1.2 (w12) 2.89609 6.94

Table 3.2: Strip thickness w in micrometer, dimensionless resonance frequencies kR and the
logarithm of the quality factors Q of the modes shown in the Figs. 3.18, 3.19 and 3.20.
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3.5 The Spinning Whispering Gallery Mode

As mentioned in the previous section, a special behavior of the electric field vectors occurs at the
transition from the Möbius character to the ring character within the range from nw/λ ≈ 0.78
to nw/λ ≈ 0.82. In this section, we will discuss this behavior in more detail. The eponymous
term of this subsection will be introduced further below.
First, we again look at the illustration of the WGMs in the left column of Fig. 3.19 where the
electric field vectors show a spiral-like behavior. Note that this spiral-like behavior emerges
in addition to the elliptical polarization states and should not be confused with them. For
example, Fig. 3.20 (a) shows that these spirals can be formed without elliptical polarization.
For reasons of better visualization, the maximum-intensity trajectories of the WGMs describing
approximately a circle shall be transformed into a straight line as illustrated in Fig. 3.23 (a).
This transformation corresponds to the representation in the local coordinate system (x′, y′, z′)
of an imagined counterclockwise propagating wave where z′ is the longitudinal (azimuthal) co-
ordinate and (x′, y′) are the transverse coordinates, see the drawn coordinate system on the
left-hand side in Fig. 3.23 (a). The first example on the right-hand side in Fig. 3.23 (a) cor-
responds to the thin Möbius-strip cavity with strip thickness w1 = 0.4µm. We see that the
electric field vectors start pointing into the x′-direction at z′ = −πr̃, and then they point par-
allel to y′-direction at z′ = 0, and finally they point again into the x′-direction at z′ = πr̃. The
polarization changes are characterized by a smooth rotation according to the twisting of the
dielectric strip.
Fig. 3.23 (b) provides a comparison of the polarization changes along the maximum-intensity
trajectory of the WGMs at the transition from the Möbius-character to the ring character where
the colored symbols correspond to the symbols of the data points in Fig. 3.22. We see in all four
illustrations in Fig. 3.23 (b) that the electric field vectors show a spiral-like behavior visibly by
several complete rotations around the z′-axis as highlighted by the red arrows. Interestingly,
these rotations occur only around the position at z′ = 0. This feature is an important hint for
the upcoming interpretation. Before that, it shall be emphasized that due to this highlighted
spinning of the electric field vector, the author introduces the denotation of the Spinning Whis-
pering Gallery Mode.
Now, we look again at the intensity analysis shown in Fig. 3.21. Besides the merging of the two
highlighted maxima, we see also in the two rows of the diagram segments that the intensity does
not go to zero (except for w = 1.2) as one would expect with ordinary standing wave patterns.
This behavior could be caused by either a propagating WGM or by an interaction of two modes.
The clockwise or counterclockwise propagation of the observed whispering gallery modes can
easily be ruled out because the intensity shows clear features of a standing wave. This is visible,
for example, at the central column in Fig. 3.19 (c) where the upper red ellipse marks a region
where we see white stripes between the dark green intensity maxima. In contrast to that, the
lower red ellipse in Fig. 3.19 (c) marks the region around z′ = 0 where the intensity does not go
to zero. Thus, we suppose that the spinning whispering gallery modes are formed
by an interaction of two modes, the Möbius mode with m = 9.5 and the ring mode
with m = 9.
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Figure 3.23: Polarization changes along the maximum-intensity trajectory in the
transition region. (a) For the purpose of better visualization, the electric field
vectors along the maximum-intensity trajectory are rearranged along a straight line
which corresponds to the representation in the local coordinate system (x′, y′, z′).
(b) Note the spinning of the electric field vectors as indicated by the red arrows.
The colored diamond symbols correspond to the data points in Fig. 3.22.

A simple form of an interaction can be modeled by linear superposition of the Möbius mode
and the ring mode. The electric field vector of the ring mode along the maximum-intensity
trajectory can by described by

Ering = A0 cos
(
βr(z′ + πr̃)

)
ex′ (3.48)
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and the electric field vector of the Möbius mode by

EMöbius = A0 cos
(
βM(z′ + πr̃)

)
eM(z′) (3.49)

where eM(z′) is the unit vector following the orientation of the dielectric strip forming the
Möbius cavity. It is represented by

eM(z′) = cos
(
(z′ + πr̃)/(4πr̃)

)
ex′ + sin

(
(z′ + πr̃)/(4πr̃)

)
ey′ . (3.50)

A0 represents a constant amplitude, and βr and βM are the propagation constants with βr =
m2π/(2πr̃) = 9/r̃ and βr = m2π/(2πr̃) = 9.5/r̃. The electric field vector of the supposed linear
superposition with the coefficients a and b then yields

Er,M = aEring + bEMöbius (3.51)

where the coefficients a and b are complex in the generic case with a = |a|eiφa and b = |b|eiφb .
In this context, φb − φa describes the phase difference between the two modes.
The squared electric field vector of the linear superposition as measure of the intensity yields

|Er,M( z′)|2 = |aEring + bEMöbius|2 (3.52)

= A2
0
(
|a|2 cos

(
βr(z′ + πr̃)

)2 + |b|2 cos
(
βM(z′ + πr̃)

)2
+ (ab∗ + ba∗) cos

(
βr(z′ + πr̃)

)
cos

(
βM(z′ + πr̃)

)
cos

(
(z′ + πr̃)/(4πr̃)

) )
(3.53)

where the asterisk denotes the complex conjugation.
In order to verify the superposition hypothesis, we will compare |Er,M|2 with the intensity along
the maximum-intensity trajectory obtained from the FDTD-calculations using the example of
the spinning WGM in the Möbius-strip cavity with w = 0.920µm, cf. Fig. 3.19 (c). The values
for a and b could be obtained by fitting the curve of |Er,M|2 to the results from the FDTD-
calculation, but they can also be deduced in a simple way based on the following considerations.
The data point corresponding to w = 0.920µm and marked by the red symbol Fig. 3.22 is above
Γ/(2π) = 0.5 and, therefore, we assume that EMöbius contributes a little more to Er,M than Ering.
We interpret this little more contribution by choosing |a| to be less than |b|, e.g. |a| = 0.8 and
|b| = 1.
The phase difference between a and b is simply set to π/2 because we observed elliptical polar-
ization states at the transition. As a result, we obtain a = 0.8 and b = exp (iπ/2).
The results of |Er,M|2 based on the above mentioned considerations and the numerical results
from the FDTD calculation are shown in the diagram Fig. 3.24. The blue data points connected
by the blue line represent the numerical (num.) results (intensity along maximum-intensity tra-
jectory) of the WGM in the Möbius-strip cavity with w = 0.920µm. The orange line represents
the theoretical (theo.) results computed according to Eq. (3.53) with a = 0.8, b = 1 exp (iπ/2),
r̃ = 2, βr = 9/r̃ and βM = 9.5/r̃. The constant amplitude A0 was used to normalize the maxi-
mum value of |Er,M|2 to 1.0. The longitudinal coordinate z′ can be represented by z′ = r̃φ.
We observe a good agreement between the numerical and theoretical results, especially at the
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start (φ = −180◦) and at the end (φ = 180◦) of the maximum-intensity trajectory. The de-
viations around φ = 0◦ could be due to the fact that the global phase difference between the
coefficients a and b is different from π/2 or that the phase difference could vary locally because
we see that the deviations continuously increase from φ = ±180◦ to φ = 0◦.
As a conclusion from this analysis, we see that the modes at the transition can approximately
be described by a superposition of Möbius-strip cavity whispering gallery modes and ring-cavity
whispering gallery modes. Accordingly, the arbitrary fractional mode numbers resulting from
the Γ-values between 0 and 2π can be interpreted, similarly to what we have seen in Sec. 3.3.3,
as a composition of the whispering gallery mode from a Möbius mode and a ring mode.
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Figure 3.24: Comparison of the intensities along the maximum-intensity trajectory.
The blue data points correspond to the numerical results (num.) for w = 0.920µm,
cf. Fig. 3.21. The orange line represents the theoretical (theo.) results computed
according to Eq. (3.53).
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3.6 Outlook: The Nonagon Möbius Cavity

As we have seen in the previous sections, for example in Sec. 3.2, the polygon of the polarization
states on the Poincaré sphere spanned the upper hemisphere and, therefore, the geometric phase
of φgeo = π appeared. This is equivalent to the explanation that clockwise or counterclockwise
propagating waves inside the Möbius-strip cavity have to accomplish two circulations in order
to fulfill the constructive interference condition. In this context, we raise the following question.
Is it possible to make the waves propagate three times around a Möbius-strip cavity in order to
fulfill the constructive interference condition? Furthermore, how will this affect the azimuthal
mode number?

Figure 3.25: Illustration of the Nonagon Möbius cavity. (a) Comparison of the standard
Möbius-strip cavity and the Nonagon Möbius cavity. The Nonagon Möbius strip
cavity has the mean radius R = 2µm, the strip height h = 0.845µm and the
strip thickness w = 0.4µm. (b) Parametric plot of the Nonagon Möbius surface
according to Eq. (3.56) for the same R and h.
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First of all, a different Möbius-strip cavity has to be designed to ensure such a triple circulation
of the waves. The design of such a cavity introduced in the following is an idea of the author.
This idea of a different Möbius-strip cavity is based on the standard Möbius-strip cavity as
illustrated on the left-hand side in Fig. 3.25 (a). We see that the orientation of the local
coordinate system (x′, y′) in the cross section of the dielectric strip is rotated by 180◦ degree
after one circulation which is illustrated by the sequence (following the curved arrow) of cross
sections taken at the planar slices illustrated in blue. The rectangular cross section has 2-fold
rotational symmetry. Thus, a cross section with 3-fold symmetry would be the logical step
towards a different Möbius-strip cavity. Technically, a triangular cross section fulfills the 3-fold
symmetry requirement, but it turned out that the inner torus volume, cf. Sec. 3.4.2 and the
pictures below the diagram in Fig. 3.22, inside a triangular Möbius-strip cavity is too large with
respect to the entire volume of the cavity. As a result, the WGM propagates inside this inner
torus volume without being affected sufficiently by the rotation of the cross section.
The desired cross section with 3-fold symmetry and leading to less inner torus volume was
found by trial and error. It turned out that an irregular nonagon which can be composed by
3 rectangles and one equilateral triangle filling the space between the rectangles is the desired
cross section. It is illustrated on the upper right-hand side in Fig. 3.25 (a) where the three red
dashed lines indicate the equilateral triangle. Due to the name of the cross section, the author
introduces the Nonagon Möbius cavity. This cavity is twisted in such a way that the orientation
of the local coordinate system (x′, y′) of the cross section is rotated by 240◦ or −120◦ after one
circulation which is illustrated by the sequence of cross sections taken at the planar slices shown
in blue on the right-hand side in Fig. 3.25.
Similarly to the Möbius-strip cavity, an parametric representation of the corresponding two
dimensional surface of the Nonagon Möbius cavity embedded in three dimensions is

r(u, φ) = r0(φ) + u (h+ htri/3)v(φ) (3.54)

= Rer(φ) + u (h+ htri/3)
(
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)
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)
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where h and htri are the height of the rectangle and the equilateral triangle, respectively.
Furthermore, the factor of 2/3 in the cosine and sine terms accounts for the twisting of 240◦

after one circulation, and the minus in front of the sine term is due to the chosen chirality
of the twisting. The lateral u and the azimuthal parameter φ range from 0 to 1 and from 0
to 6π, respectively. The φ-range can be split into three branches determined by φ ∈ [0, 2π],
φ ∈ (2π, 4π] and φ ∈ (4π, 6π] which are highlighted by different colors in Fig. 3.25 (b). The
branches represent the surfaces of half strip thickness where the term strip refers to the rectangle
in the cross section.
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In the next step, we will investigate a whispering gallery mode of the Nonagan Möbius cavity.
The results are shown in Fig. 3.26.

Figure 3.26: Results for the WGM (kR = 3.52039, Q = 9655) of a Nonagon Möbius cavity
(R = 2.0µm, h = 0.845µm, w = 0.4µm and refractive index n = 3.5). (a) and
(b) show the electric energy density E∗ ·D/2 and the z-component of the electric
field Ez at different slices through the Nonagon Möbius cavity. E∗ ·D/2 and Ez
are displayed in arbitrary units. (c) shows the intensity distribution at half strip
thickness, the polarization orientation vectors with attached polarization ellipses
and the projection of the polarization states (red dots) on the the Poincareé sphere
for each branch of the Nonagon-Möbius-cavity. The blue line on the Poincaré
spheres represents a curve that spans 2/3 of the solid angle of upper hemisphere.
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First, we look at the electric energy density E∗ ·D/2 and the electric field component Ez at
the planar slice at z = 0 displayed in Fig. 3.26 (a). In the electric energy density plot on
the left-hand side we see a zigzag-structure of the dark blue regions. This indicates that the
whispering gallery mode is located in different branches of the cavity. Furthermore, we see
on the right-hand side that the WGM is closer to or further away from the origin (center of
the cavity) at certain positions which also indicates the localization of the WGM in different
branches of the cavity. In order to better visualize this, we look at the panel in Fig. 3.26 (b)
which shows the electric energy density at the two planar slices at x = 0 and y = 0. These slices
are indicated by the two red dashed lines on the left-hand side in Fig. 3.26 (a). The numbers
at the black dashed lines in Fig. 3.26 (b) correspond to the branches of the Nonagon Möbius
cavity, cf. Fig. 3.25 (b).
In the x = 0-slice of the electric energy density shown in Fig. 3.26 (b), we see that the WGM is
mainly located in the two branches 1 and 3 during the circulation around the cavity while the
branch 2 remains almost empty. The y = 0-slice shows a similar situation where the WGM is
located in the branches 1 and 2 while branch 3 remains empty. Note that the y = 0-slice shows
E∗ ·D/2 between two main maxima, cf. left-hand side in Fig. 3.26 (a) where the main maxima
are connected by the green dashed circular line. The zigzag structure of E∗ ·D/2 visible on the
left-hand side in Fig. 3.26 (a) results from the fact that the major part of the WGM is located
in the branches 1 and 3 while a minor part is located in the branches 1 and 2.
In the next step, we analyze the polarization states of the whispering gallery mode in the
Nonagan Möbius cavity. To this end, the squared electric field averaged over one optical period
〈|E(φ, u, t)|2〉T at the three different branches and the polarization ellipses at the local maxima
of 〈|E(φ, u, t)|2〉T are illustrated in the upper row in Fig. 3.26 (c). We see that the double-
headed black arrows representing the orientation of the major axis of the polarization ellipses
follow the orientations of all branches, and we see also that the WGM is elliptically polarized
in all three branches. In order to analyze this more quantitatively, we look at the illustration
of the polarization states on the Poincaré spheres shown in the lower row in Fig. 3.26 (c).
In particular, the polarization states of the first branch determined by φ ∈ [0, 2π] accomplish a
full revolution around the Poincaré sphere on a curve located above the equator. This confirms
the Möbius-like charater of the cavity. Furthermore, the polarization states on the Poincaré
sphere are very close to the blue curve which represents the curve spanning 2/3 of the solid
angle of the upper hemisphere. As a result, the geometric phase acquired after one circulation
in the first branch is

φgeo = 1
2Γ = 1

2
2
32π = 2π

3 . (3.57)

This result is exactly what we would have expected if the resonance is formed after three
circulations of the waves. Obviously, from a geometric point of view regarding the trajectory on
Poincaré sphere the polarization states need to be elliptically polarized to fulfill this condition.
According to Eq. (3.33), this corresponds to fractional azimuthal mode number. In the context
of the Nonagon Möbius cavity, this fractional azimuthal mode number has to be interpreted
differently as for example in Sec. 3.3.3. In the present situation, we can not argue that the
whispering gallery mode undergoes a transition from a Möbius mode to to ring mode as in
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Sec. 3.3.3. Here, we argue that the fractional azimuthal mode number refers the changes of the
polarization orientations during the circulation of the waves. In this context, the polarization
of a three dimensional wave field, for example a whispering gallery mode in a Nonagon Möbius
cavity, is a further degree of freedom (in contrast to 2D where the polarization orientation is
fixed in space) and therefore certain changes of this degree of freedom manifest in a fractional
mode number.
Remarkably, the polarization states of the second and third branch shown on the Poincaré
spheres in Fig. 3.26 (c) deviate in part strongly from the results of the first branch and from
our first expectations. The polygons of the polarization states on the Poincaré spheres of the
branches 2 and 3 enclose less than 2/3 of the upper hemisphere. In addition, the polarization
states show higher ellipticity. At this point, we like to finish this outlook section about the
Nonagon Möbius cavity and leave the more complicated polarization changes of whispering
gallery modes for further research.
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3.7 Summary and Conclusion

In this chapter, we have investigated whispering gallery modes and their polarization states in
Möbius-strip cavities of different geometries realized by a varying length of the twisted segment,
an increasing strip thickness and a cross section of three-fold rotational symmetry. In doing so,
we have examined the following questions and aspects:

1. What happens to the polarization of the whispering gallery mode when the length of the
twisted segment of the strip becomes shorter and shorter?

2. What happens to the polarization of the whispering gallery mode when the dielectric strip
forming the Möbius-strip cavity becomes thicker and thicker?

3. A Möbius-strip is known for its non-orientability which requires two circulations around
the Möbius-strip in order to return to the initial orientation of, for example, the surface
normal vector of the strip. Based on this, are there Möbius-strip-like cavities which
require three circulations and what are the polarization properties of the corresponding
whispering gallery modes?

In order to investigate the polarization states of the whispering gallery modes, we have intro-
duced and applied the concept of only analyzing the polarization states of the WGM at the
positions of local maxima of the mode’s intensity inside the cavity. Due to Gauss’ law, the
electric field vector is fully transverse at these positions which allows the representation of the
polarization states on the so-called Poincaré sphere. Although the mentioned concept is a strong
abstraction of the whispering gallery modes since we have analyzed the polarization states only
at certain positions, it allows to investigate the polarization changes and to characterize the
effects on the whispering gallery modes. In this context, the formation of a whispering gallery
mode with lateral mode number q = 1 in a Möbius-strip cavity involves a geometric phase,
namely the so-called Pancharatnam phase. The Pancharatnam phase corresponds to half the
area of the geodesic polygon (or half the solid angle) formed by the polarization states on
the Poincaré sphere. An important fact of the Pancharatnam phase is that the polarization
changes between two different polarization states may occur suddenly and do not require nec-
essarily adiabaticity. In combination with the mentioned abstraction, this allows to investigate
the polarization states of the whispering gallery mode even if they undergo sudden changes.
In the investigation dedicated to the first question above, we have analyzed the polar-
ization states and their changes of a whispering gallery mode in a Möbius-strip cavity where
the length of the twisted segment of the strip became shorter and shorter. Overall, we have
observed a transition from Möbius-strip cavity whispering gallery modes to modes known from
usual ring cavities.
Starting with a Möbius-strip cavity where the length of the twisted segment equals the total
length of the strip, we have seen that the polarization states of the WGMs are distributed
uniformly along the equator of the Poincaré sphere and therefore the geodesic polygon of po-
larization states (or the solid angle) enclosed the upper hemisphere which corresponds to an
acquired geometric phase of π. As a result, azimuthal mode numbers are half integer. By re-
ducing the length of the twisted segment more and more, we have seen that the distribution of
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the polarization states along the equator of the Poincaré sphere changed from a uniform distri-
bution to one with increased concentration of polarization states around and towards the linear
vertical polarization state. The upper hemisphere was still enclosed by the geodesic polygon of
polarization states until a certain length of the twisted segment. The corresponding whispering
gallery modes have been denoted with Möbius modes or modes of Möbius character. Further-
more, we have found a small range of the twisted segment length where the enclosed solid angle
on the Poincaré sphere changed from 2π to almost zero with a few fractional values in between.
As a result, the acquired geometric phase is a fractional multiple of π, and this in turn leads
to fractional azimuthal mode numbers. The interpretation of an arbitrarily fractional mode
number is that it describes if the corresponding mode is more similar to a Möbius-strip mode or
to a ring mode which occurred below this small range of the twisted segment length. In other
words, the fractional part of the azimuthal mode number is a measure of the additional degree
of freedom of the whispering gallery mode due to changes of the polarization orientation.
The quality factors of the Möbius-strip cavity modes were strongly affected by the shortening
of the length of the twisted segment. Due to the strongly twisted segment and the resulting
refractive output of the waves the quality factors decreased from an initial value of about 20000
to a value of about 100. The far fields were dominated by this refractive output at the twisted
segment and exhibited a bidirectional far-field emission.
In the investigation dedicated to the second question above, we have analyzed the
polarization states and their changes of a whispering gallery mode in a Möbius-strip cavity
of increasing strip thickness. Again, we have observed a transition from Möbius-strip cavity
whispering gallery modes to modes known from usual ring cavities. In contrast to reducing the
length of the twisted segment, the transition induced by changing the strip thickness affects all
polarization states of the WGM and not only those in the twisted segment. In this context, we
have seen that during the transition the polarization states on the Poincaré sphere changed in a
different way compared to the investigation of twisted segment length. A majority of the points
on the Poincaré sphere lifted from the equator and formed approximately a circular trajectory
on a tilted plane. The corresponding whispering gallery modes exhibited an interesting polar-
ization behavior along the trajectory of maximum intensity inside the cavity and have been
denoted by spinning whispering gallery modes. These spinning whispering gallery modes and
their elliptical polarization states have been explained by an interaction of a Möbius-strip mode
and a ring mode. In this context, the resulting fractional azimuthal mode number again de-
scribes if the corresponding mode is more similar to a Möbius-strip mode (e.g. 9.25 ≤ m ≤ 9.5)
or to a ring mode (e.g. 9 ≤ m < 9.25). Finally, we have found that there is torus volume inside
each Möbius-strip cavity. This inner torus volume remains unaffected by the twisting of the
dielectric strip and it is the reason for the emerging ring mode with increasing strip thickness.
The quality factors of the Möbius-strip cavity modes increased generally with increasing strip
thickness. During the transition from Möbius-cavity modes to ring-cavity modes the quality
factors drop slightly and then they increased again with increasing strip thickness.
In the investigation dedicated to the third question above, a so-called nonagon Möbius-
strip cavity has been introduced which is characterized by its cross section forming an irregular
nonagon with three-fold rotational symmetry. The aim of this special cavity shape was to allow
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a triple circulation of the waves around the cavity in order to return to the initial polarization
orientation. We have seen that the corresponding whispering gallery modes were distributed in
different branches of the nonagon Möbius-strip cavity. By analyzing the branches of the nonagon
Möbius-strip cavity individually, we have found that the polarization states of a WGM in one
of the three branches fulfilled our expectations in such a way that the polygon of polarization
states on the Poincaré sphere enclosed two third of its upper hemisphere which corresponds to
an acquired geometric phase of φgeo = 2π/3. This in turn indicates a triple circulation of the
waves around the cavity. The polarization states of the other two branches exhibited a more
complex behavior. Overall, the third part of the investigation in this chapter was an outlook
and therefore, further research is required in order to gain more insight in to the polarization
states of whispering gallery modes in Möbius-strip-like cavities.
In conclusion, it should be emphasized that in three-dimensional whispering gallery modes the
polarization is a further degree of freedom of the electromagnetic wave. In contrast to the
two-dimensional case where the polarization orientation of a WGMs is fixed in space (TE- or
TM-modes), in three dimensions the polarization orientation and also the ellipticity can vary
during the propagation. Whispering gallery modes that undergo polarization changes in such
a way that a non-zero solid angle is enclosed by the polygon of polarization states on the
Poincaré sphere can be characterized by a fractional azimuthal mode number. In this context,
the fractional mode number refers to the accomplished polarization changes and indicates that
a geometric phase was acquired. In other words, the fractional part of the mode number can be
interpreted as an additional mode number which describes the polarization degree of freedom.
For example, an usual ring-cavity mode has an integer azimuthal mode number and the polar-
ization orientation does not undergo any changes. In contrast to that, a Möbius-strip cavity
mode has an half-integer azimuthal mode number due to the fact the polarization orientations
accomplish a full revolution around the equator of the Poincaré sphere. In this context, the
fractional part of the mode number can reach a maximum of 1/2 because this corresponds to
the maximum of the accomplished polarization changes on the Poincaré sphere.
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4 Spin-orbit Interaction in Ring and Conical
Whispering Gallery Mode Resonators and
the Role of Precession and Diffraction

The so-called spin-orbit interaction of light describes the inherent interaction between the polar-
ization (spin) degrees of freedom and the spatial (orbital) degrees of freedom [65]. The spatial
degrees of freedom of light correspond to the propagation of the waves and are associated with
the wavevector and momentum. The polarization degrees of freedom correspond to the direc-
tion of the electric and magnetic field. The term spin (instead of polarization) is used in the
terminology of modern physics because in the context of quantum mechanics the right-hand and
left-hand circular polarization of light correspond to the two spin states of photons (positive
and negative helicity).
In order to get a quick insight into the topic of spin-orbit interaction of light, let us consider
the example of light propagating in a thin optical fiber (or a thin dielectric wave guide), see
Fig. 4.1. In Fig. 4.1 (a) light propagates into the positive z-direction inside the optical fiber.
Due to the strong spatial confinement along the transverse direction (x-direction) longitudinal
components of the electric field phase-shifted by π/2 emerge. As a result, the evanescent field
above and below the optical fiber is circularly polarized with the electric field E rotating in the
x-z-plane. Reversing the propagation direction of the light in the optical fiber, see Fig. 4.1 (b),
reverses the rotation sense of the electric field above and below the optical fiber. This inherent
coupling between the polarization of light and its propagation direction (spin-orbit interaction)
occurs in many situations where the intensity of a light wave changes significantly on a length
scale of the order of the wavelength along the transverse direction.
Such strong wavelength-scale intensity gradients in order to generate the spin-orbit interaction
of light can be realized, for example, in tightly focused beams [107], in waveguides [108] and
also in whispering gallery mode resonators [109]. In particular, the spin-orbit interaction of
light can be used for spin(polarization)-dependent coupling of light into an optical fiber when
placing a dipol emitter (realized by a Gold nanoparticle) above the fiber [108].
An important point is that spin-orbit interaction of light occurs only for propagating waves.
Obviously, there is no spin-orbit interaction in standing waves. This is where we will extend the
previous polarization state analysis in chapter 3 and pay special attention to the phase-shifted
longitudinal electric field components that emerge due to the strong transverse confinement of
the propagating whispering gallery modes.
The motivation of the upcoming investigation is to find the connection between the local polar-
ization states of the propagating whispering gallery mode inside a dielectric strip resonator and



84 4 Rings and Conical Tube Cavities

the polarization states in the far field. To this end, we will study whispering gallery modes of
rotational invariant cavities such as ring-strip cavities and cone-like cavities. This allows us to
provide an analytical model based on diffraction theory that explains fundamental properties
of the far fields and supports the results from the FDTD-calculations.

Figure 4.1: Inherent coupling between the polarization of light and its propagation
direction. (a) Light propagates into the positive z-direction inside the optical fiber.
The strong spatial confinement along the transverse direction causes longitudinal
components of the electric field phase-shifted by π/2. The evanescent field above
and below the optical fiber is circularly polarized. Note that the electric field E is
spinning around an axis transverse to the propagation direction (transverse spin of
light [66, 110]). (b) Reversing the propagation direction of the light in the optical
reverses the rotation sense of the electric field above and below the optical fiber.

The following two aspects and questions will be studied in this chapter:

1. What role does the morphology (pattern or shape of the field distribution) of the whisper-
ing gallery mode play for the far-field polarization states? In this context, we will study
the far-field polarization states for the different axial mode numbers of the WGMs.

2. What influence does the local inclination of the dielectric strip have on the far-field po-
larization states? In this context, we will study the far-field polarization states of the
WGMs in conical ring resonators where the orientation of the dielectric strip is inclined
with respect to the axis of the ring.

Beforehand, we like to introduce the concept of spin-orbit coupling of light in more details
using the example of a whispering gallery mode of a dielectric strip ring cavity in Sec. 4.1.
Furthermore, we will present a method to obtain the far-field polarization states of WGMs of
ring cavities by the means of vector diffraction theory in Sec. 4.2. In this case, the far fields
can be calculated analytically.
The results of the questions and aspects listed above are shown and discussed in the Secs. 4.3, 4.4
and 4.5. In particular, the vector diffraction theory applied to whispering gallery modes of
conical ring cavities in Sec. 4.4.3 reveals that the precession of the electric field around the cavity
axis plays an important role for the far-field polarization states. In Sec. 4.4.4 will compare the
effects of diffraction and precession for the far-field polarization states.
Parts of this chapter and parts of the results were published in Spin-orbit interaction

of light in three-dimensional microcavities. Physical Review A 102, 043524 (2020) [68].



4.1 Spin-orbit Interaction in Whispering Gallery Modes of Ring Cavities 85

4.1 Spin-orbit Interaction in Whispering Gallery Modes of Ring
Cavities

Let us analyze the polarization of a whispering gallery mode in a dielectric strip ring cavity as
illustrated in Fig. 4.2. The illustrated ring cavity is formed by bending a thin dielectric strip of
refractive index n, height h and strip thickness d. The mean radius R describes the distance in
the x-y-plane from the origin (center of the ring) to half of the strip thickness. In this example,
we consider a TE-like WGM where the electric field vector is mostly aligned parallel to the
lateral dimension of dielectric strip (parallel to the z-axis).

Figure 4.2: Illustration of a cylindrical ring cavity and an azimuthally counterclock-
wise propagating whispering gallery mode.

The electric field vector of an azimuthally counterclockwise propagating TE-like WGM can be
described approximately by

ETE(r, φ, z, t) ≈ Eφ(r, z, t)eφ + Ez(r, z, t)ez = (Aφ(r, z)eφ +Az(r, z)ez) ei(mφ−ωt) (4.1)

where the ei(mφ−ωt)-term indicates the azimuthally counterclockwise propagation. In the fol-
lowing, the time dependence according to e−iωt will be omitted for the reason of simplified
notation. Furthermore, the radial component Er is neglected because of the TE-like character
due to a dominant Ez-component. On the other hand, we keep the longitudinal component Eφ
because it will play an important role if the WGM undergoes a strong confinement in the trans-
verse direction as we will see below. The longitudinal component Eφ(r, z, t) and the transverse
component in Eq. (4.1) are linked via Gauss’ law. Let us consider a linear dielectric medium
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without free electric charges (and time-harmonic fields), then Gauss’s law reads:

∇ (ε(r)E(r)) = 0 (4.2)

where ε(r) is the dielectric permittivity of an inhomogeneous material in the general case. For
the purpose of generalization, we would like to analyze the role of inhomogeneities although we
will investigate only homogeneous materials later on. Evaluating the chain rule in Eq. 4.2 and
sorting the terms yields:

∇ ·E = −1
ε

(∇ε) ·E. (4.3)

This equation states that the divergence of the electric fields does not vanish in inhomogeneous
materials (in contrast to vacuum or homogeneous materials). The expressions ∇·E and (∇ε) ·E
can be separated into longitudinal (`) and transversal (tr) components which leads to following
equation:

∂`E` + ∂`ε

ε
E` = −

(
∇tr ·Etr + 1

ε
(∇trε) ·Etr

)
(4.4)

where ∂` denotes the derivative with respect to the longitudinal coordinate. In Eq. (4.4) we see
that the longitudinal field component E` and its derivative depend on

1. ∇tr ·Etr which can be interpreted as the transverse confinement of the WGM and

2. the material inhomogeneities represented by ∂`ε and ∇trε.

Now, we insert Eq. (4.1) into Eq. (4.4) and evaluate the derivatives using cylindrical coordinates
at fixed r = R where the longitudinal coordinate corresponds to the φ-coordinate (∂` → 1

R
∂
∂φ)

and the transverse coordinates correspond to (r, z). After rearranging some terms, the Eφ-
component reads:

Eφ = R

m (1 + ξ2) (i− ξ)
(
∇tr ·Etr + 1

ε
(∇trε) ·Etr

)
(4.5)

= R

m
√

1 + ξ2 e
i(π2 +arctan(ξ))

(
∇tr ·Etr + 1

ε
(∇trε) ·Etr

)
(4.6)

where the introduced parameter ξ = 1
m
∂φε
ε describes the material change or inhomogeneity

along the (longitudinal) φ-direction.
In Eq. (4.6) we see that the confinement term ∇tr · Etr and the transverse inhomogeneity
contribute to the magnitude of Eφ whereas the longitudinal inhomogeneity parameter ξ causes a
phase shift of Eφ. Interestingly, the azimuthal mode number m also appears in the denominator
of the parameter ξ. This implies that the experienced phase shift depends reciprocally on the
azimuthal mode number m. Most importantly, the longitudinal component Eφ is phase shifted
by π/2 with respect to the transverse components in the absence of a longitudinal inhomogeneity
(ξ = 0). To this end, let us consider a resonator of homogeneous material and TE-like WGM
with a dominant Ez-component, that is Etr ≈ Ezez, then the longitudinal component is :

Eφ,TE = ei
π
2
R

m

∂Ez
∂z

= i
R

m

∂Ez
∂z

. (4.7)
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As a result, the electric field vector of an azimuthally propagating WGM reads

ETE =
(
Azez + i

R

m

∂Az
∂z

eφ
)
ei(mφ−ωt). (4.8)

Equation (4.8) looks quite simple but it contains several important information for the polar-
ization state of the WGM. First of all, Eφ is directly related to the derivative of Ez with respect
to the transverse coordinate z. Generally speaking, this means that a strong confinement will
cause a strong Eφ-component. Furthermore, the fraction R/m which can be linked to reso-
nance wavelength via a simplified resonance condition (multiples of wavelength matching the
circumference) reveals that the Eφ-component is only relevant if the Ez-component changes at
least on the scale of the wavelength. An equivalent interpretation is that the longitudinal com-
ponent is linked inversely to the azimuthal momentum of the WGM described by the azimuthal
mode number m according to Eq. (4.1). In addition, the phase shift represented by i indi-
cates elliptical polarization. An important characteristic is that the polarization ellipse spans
a plane that contains the direction of propagation. In the framework of spin-orbit interaction
this is associated with the transverse spin of light [66, 110]. To this end, let us calculate the
electric contribution of the spin density of light (according to the so-called democracy [111] or
dual-symmetry formalism [112, 113]) which is given by

sE = 1
4ω Im [ε0E∗ ×E] (4.9)

where the asterisk denotes the complex conjugation. The spin density sE describes the angular
momentum density of the rotating electric field.
Evaluating Eq. (4.9) for the electric field of the whispering gallery mode in Eq. (4.8) yields

sE = − 1
4ω

R

m

∂A2
z

∂z
er . (4.10)

We see that the spin density sE of the whispering gallery mode points into the radial direction,
and therefore it is transverse to the propagation direction (azimuthal direction). This is referred
to as the transverse spin of light or transverse spin angular momentum. In contrast, a plane
wave with circular polarization represented by its electric field E = E0 (ex + iey) ei(kz−ωt) has a
longitudinal spin density because the electric field is rotating (spinning) around the propagation
direction. In other words, the polarization ellipse spans a plane that is perpendicular to the
direction of propagation.
The rotating (spinning) electric field vector for the example of a azimuthally counterclockwise
propagating WGM inside a dielectric ring resonator is illustrated in Fig. 4.3 (a). The left-
hand side of Fig. 4.3 (a) shows the ring resonator with three trajectories at different heights
indicated by white dashed arcs. The pictures on the right-hand side of Fig. 4.3 (a) display
the electric field vectors represented by purple arrows along these trajectories. For the pur-
pose of better visualization, the trajectories in the pictures on the right-hand side are shown
as straight lines instead of the corresponding circular segments. First of all, we look at the
rather simple case of propagation at the trajectory with z = 0. The corresponding electric field
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vectors are shown in the middle picture on the right-hand side. The electric field vectors follow
a sinusoidal curve and are always transverse to the direction of propagation and, therefore, this
behavior resembles ordinary wave propagation of linear polarization as known from plane waves.

Figure 4.3: Illustration of the spinning of the electric field. (a) Illustration of the spin-
ning electric field at three different trajectories of a counterclockwise propagating
WGM. (b) Reversing the propagation direction of a whispering gallery mode from
counterclockwise (+m) to clockwise (−m) reverses the handedness of the polariza-
tion.

The more interesting situations are displayed in the upper and lower picture on the right-hand
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side of Fig. 4.3 (a). We see that the electric field vector is spinning around the radial axis as
the WGM propagates along the trajectory. This spinning results from the occurrence of the
longitudinal component phase-shifted by π/2 and, therefore, it represents elliptical polarization
where the polarization ellipse spans a plane that contains the direction of propagation. The
spinning of the electric field vector as illustrated in the upper and lower picture of Fig. 4.3 (a)
is associated with the transverse spin of light.
Furthermore, we notice that the rotation sense of the spinning of the electric field vectors shown
in the upper image is opposite to the one in the lower image. In other words, the WGM has
elliptical (or circular) polarization of opposite handedness for z < 0 and z > 0, respectively,
which is equivalent to opposite spin momenta. We emphasize that this inherent spatial splitting
of polarization of opposite handedness (opposite spin momenta) inside the resonator is the origin
of the spatial splitting of polarization handedness in the far field which we will study later.
An important point of the transverse spin of light is that its orientation depends on the direction
of wave propagation. In Eq. (4.10) we see that reversing the propagation direction of the
whispering gallery mode by replacing m with −m (from counterclockwise to clockwise) reverses
the direction of the spin density. This represents a fundamental form of the so-called spin-orbit
interaction of light where the orbital momentum represented bym acts on the polarization state
(spin momentum).
The propagation direction dependent handedness of the polarization is schematically illustrated
in Fig. 4.3 (b). The left-hand side of Fig. 4.3 (b) shows an azimuthally counterclockwise (+m)
propagating WGM and a polarization ellipses at the indicated position in the upper half of
the ring cavity. The polarization ellipse lies in a plane spanned by the vectors eφ and ez. By
applying the right-hand rule according to the illustrated rotation sense, the thumb should point
towards the viewer. Therefore, the illustrated polarization ellipse corresponds to right-hand
elliptical polarization. On the right-hand side of Fig. 4.3 (b) we see an azimuthally clockwise
propagating WGM (−m) and a polarization ellipse of the opposite rotation sense. By applying
the right-hand rule again according to the illustrated rotation sense, the thumb should now
point away from the viewer. Therefore, the illustrated polarization ellipse corresponds to left-
hand elliptical polarization.
Finally, we return to Eq. (4.6) and investigate under which conditions the WGM can show

circular polarization. This requires the longitudinal and transverse components to be of the
same magnitude, |Eφ| ' |Etr|. For the sake of simplicity, the longitudinal inhomogeneity ξ is
omitted and the following conditions can be deduced from Eq. (4.6):

1
2π

λ

n

∇tr ·Etr
|Etr|

!= 1 or 1
2π

λ

n

|∇trε|
ε

!= 1 (4.11)

where the term R/m was approximated by λ/2πn which results from the well known resonance
condition that an integer multiple of the medium wavelength has to match the circumference
2πR = mλ/n. The first condition in Eq. (4.11) corresponds to a strong confinement of light
along the transverse direction where the electric field, and therefore the intensity, changes sig-
nificantly on the scale of the medium wavelength λ/n.
The second condition of Eq. 4.11 is fulfilled if the transverse material gradient changes on the
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scale of the medium wavelength λ/n by a factor of 2πε. For example, a material with an average
permittivity of ε = 1.44 (n = 1.2) has to change by the factor of roughly 9 on the wavelength
scale in order to fulfill this condition. This corresponds to very strong material inhomogeneities
and intuitively this seems unrealistic for a pure dielectric material. Although such strong ma-
terial gradients can occur at the interfaces of different materials but they are localized at the
interfaces. For this reason, the investigation in this chapter will focus on elliptical and circular
polarization inside the cavities that result from the transverse confinement of the whispering
gallery modes.

4.2 Vector Diffraction Theory for Whispering Gallery Modes of Ring
Cavities

In this section we will calculate the far-field polarization states of the WGMs confined in thin-
walled ring cavities. Of particular interest is the relation between the local polarization of the
WGM inside ring cavity and the far-field polarization states.
In order to describe the far-field polarization states, a diffraction model is introduced where the
dielectric strip forming the ring cavity is treated as an aperture that diffracts the local fields of
the WGM into the far field. For the sake of simplicity, the diffracting aperture is approximated
by the cylindrical surface at half strip thickness. The specific choice of the surface in the frame-
work of this diffraction model will not affect the outcome. As we will see further below, basic
properties of the far-field polarization states can be derived without even knowing the fields at
a specific surface.
According to the vector-equivalent of Kirchhoffs’ diffraction formula [114], also known as Huy-
gens’principle for vector fields [106], the electric field vector in the far field is given by

EFF = 1
4πi

eikrFF

rFF
k×

∫∫
S

[
c

k
k×

(
n′ ×B(x′)

)
− n′ ×E(x′)

]
exp (−ik · x′)da′ , (4.12)

where rFF, c, k and k, n′, B(x′), E(x′), x′ and da′ are the distance from the origin to the
position in the far field, the vacuum speed of light, the wave vector in the far field and its norm,
the unit normal vector of the surface S (diffracting aperture), the magnetic field vector at this
surface, the electric field vector at this surface, the vector pointing onto a position at surface
S and the differential area element, respectively. The diffracting surface S and the geometric
relations are illustrated in Fig. 4.4 for the example of a cylindrical surface.
Before evaluating the diffraction formula in Eq. (4.12), we can make some simplifications. To
this end, let us consider the example of a TE-like WGM in a cylindrical ring cavity. This allows
us to get rid of the terms involving the magnetic field. The magnetic field vectorB is represented
using Maxwell’s equations, in particular, BTE = iω∇ × ETE and the curl is evaluated at the
surface of half strip thickness (r = R) using cylindrical coordinates which yields

1
iω
BTE =

[ 1
R

∂Ez
∂φ
− ∂Eφ

∂z

]
er +

[
∂Er
∂z
− ∂Ez

∂r

]
eφ + 1

R

[
∂

∂r
(REφ)− ∂Er

∂φ

]
ez . (4.13)
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The Er-component and its derivatives in Eq. (4.13) are neglected due to the dominant Ez-
component of the TE-like WGM. Furthermore, all derivatives with respect to r are considered
to vanish because the field components at the surface S shall reach their maximum in the radial
direction (center of the WGM).

Figure 4.4: Illustration of the diffracting surface S and the geometric relations. Each
position x′ on the cylinder surface is the starting point of an outgoing spherical
wave (Huygens’ principle) with the amplitude determined by the whispering gallery
mode. EFF is the electric field vector of the outgoing wave in the far field with
distance rFF from the origin, (θ, ϕ) represent the far-field angles.

As a result, the φ - and z - components of the magnetic field are omitted. The remaining
radial component does not vanish because it depends on the dominant Ez-component but the
radial component of the magnetic field is irrelevant for the diffraction formula because of the
n′ ×B-term in Eq. (4.12) which vanishes since the normal vector of the surface S points into
the radial direction, n′ ‖ er. As a result, the simplified diffraction formula for the electric vector
in the far field reads

EFF ∝ k×
∫∫

S
n′ ×E(x′) exp (−ik · x′)da′ . (4.14)

Now, let us evaluate the simplified diffraction formula using the example of TE-like WGM in a
cylindrical ring cavity. The cylinder surface S of radius R and height h can be parameterized
by

x′(φ′, u′) = Rer(φ′) + u′hez , (4.15)

where the azimuthal and lateral parameter φ′ and u′ run from 0 to 2π and from −1/2 to +1/2,
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respectively. The differential area element is

da′ =
∣∣∣∣∂x′∂φ′

× ∂x′
∂u′

∣∣∣∣ dφ′du′ = hRdφ′du′ . (4.16)

The electric field vector of a TE-like azimuthally counterclockwise propagating WGM at the
surface S, cf. Eq. (4.8), is represented by (omitting the TE-index)

E(x′) = E(φ′, z′) = Eφ(φ′, z′)eφ(φ′) + Ez(φ′, z′)ez (4.17)

=
(
Aφ(z′)eφ(φ′) +Az(z′)ez

)
eimφ

′ =
(
i
R

m

∂Az(z′)
∂z′

eφ(φ′) +Az(z′)ez
)
eimφ

′ (4.18)

=
(
i
R

mh

∂Ãz(u′)
∂u′

eφ(φ′) + Ãz(u′)ez
)
eimφ

′ (4.19)

where in the last step the dimensionless parameter u′ = z′/h was substituted. Furthermore,
we introduce the angles (ϕ, θ) of spherical coordinates, cf. Fig. 4.4, in order to describe the
direction of k in the far field by

k = k(ϕ, θ) = k (cos θ cosϕex + cos θ sinϕey + sin θez) . (4.20)

Thus, we have brought together all ingredients for the diffraction formula and now we can
evaluate it:

EFF ∝ k×
∫∫

S
e′r ×E(x′) exp (−ik · x′)da′ (4.21)

= k×
∫ +1/2

−1/2

∫ 2π

0
er(φ′)×

(
i
R

mh

∂Ãz(u′)
∂u′

eφ(φ′) + Ãz(u′)ez
)
eimφ

′
e−ik·x

′
hRdφ′du′ (4.22)

= k(ϕ, θ)×K(ϕ, θ) = Eϕeϕ + Eθeθ (4.23)

where we introduced the notationK(ϕ, θ) for the diffraction integral. In addition, we know that
the electric field vector in the far field is fully transverse. For this reason, the decomposition into
the Eϕ - and Eθ - component is introduced where eϕ and eθ are the corresponding unit vectors of
the spherical coordinate system. The step-by-step evaluation of the diffraction integral K(ϕ, θ)
is presented in the appendix, see App. B.2.1 for more details. It turns out that the integrals
with respect to φ′ and u′ separate and that they have a closed form. We proceed with showing
the results for Eϕ and Eθ:

Eϕ(ϕ, θ) = hR exp (imϕ) exp
(
−iπ2m

)
Jm

(
k̃1
)(

Âz(k̃2) k̃
2
1 −m2

mk̃1
sin θ −∆ cos θ

)
(4.24)

Eθ(ϕ, θ) = hR exp (imϕ) exp
(
−iπ2 (m+ 1)

)
Âz(k̃2)

Jm−1
(
k̃1
)
− Jm+1

(
k̃1
)

2 (4.25)

where Jm denote the Bessel-functions of the first kind which result from the φ′-integration with
the elevation angle dependent k̃1 = kR cos θ and k̃2 = kh sin θ. The Âz(k̃2) and ∆ correspond
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to the following expressions:

Âz(k̃2) =
∫ 1/2

−1/2
Ãz(u′) exp (−ik̃2u

′)du′ (4.26)

∆ = i

m

R

h
Ãz(u′) exp

(
−ik̃2u

′
)∣∣∣∣u
′
2=1/2

u′1=−1/2

= 2R
mh

Ãz(1/2) ·


sin
(
k̃2/2

)
for q = 1, 3, 5, ...

i cos
(
k̃2/2

)
for q = 2, 4, 6, ...

(4.27)

where Eq. (4.26) describes the Fraunhofer diffraction of a single slit of height 1 being illuminated
with a wave front represented by its amplitude Ãz(u′) at the slit. In this situation, the Ãz(u′)
is the amplitude of the axially confined WGM. As a result of the strong confinement, the
magnitude of Ãz(u′) decays fast to zero beyond the boundaries as we will see in the next section,
and therefore, Âz(k̃2) can be considered as the Fourier-transform of Ãz(u′). This conclusion
does not surprise since it is well known from the context of Fourier-optics [115] that the far-field
pattern Âz(k̃2) is determined by the Fourier-transform of the fields at the aperture.
The term ∆ in Eq. (4.27) describes the contribution of the amplitude at the boundaries and
depends on the axial mode number q. It results from integration by parts of ∂Ãz(u′)/∂u′, cf.
Eq. (4.19).
Finally, the orientation angle of the major axis Ψ, the ellipticity χ and the handedness (rotation
sense of the electric field vector) σ of the polarization ellipse in the far field are linked to the
far-field components by [98]

tan 2Ψ = 2ν
1− ν2 cos δ (4.28)

sin 2χ = 2ν
1 + ν2 sin δ (4.29)

σ = sign(δ) (4.30)

where
ν = |Eϕ|/|Eθ| (4.31)

represents the ratio of the magnitudes of the far-field components and

δ = Arg(Eϕ/Eθ) (4.32)

is the phase difference between these components. The Eqs. (4.28), (4.29) and (4.30) describe
the geometric properties of the polarization ellipse that is traced out by the real part of the
electric far-field vector Re (EFF) during one optical period, see illustration on the right-hand
side in Fig. 4.5.
The orientation angle Ψ ranging from −90◦ to +90◦ describes the orientation of the major
axis of the polarization ellipse with respect to the local z̃-axis, cf. Fig. 4.5. The ellipticity
angle χ describes the ratio of minor to major axis of the polarization ellipse where χ = 0◦,
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0◦ < |χ| < 45◦ and |χ| = 45◦ correspond to linear, elliptical and circular polarization, respec-
tively. The handedness σ is linked to the sign of the phase difference and describes the rotation
sense of the real part of EFF tracing out the ellipse with respect to the direction of −k (looking
towards the origin from the far field). Left-handed and right-handed polarization states are
denoted by σ = +1 and σ = −1, respectively. Linear polarization is described by σ = 0.

Figure 4.5: Illustration of the geometry and the far-field polarization ellipse. (left)
Illustration of the geometry, (ϕ, θ) are the far-field angles. (right) Illustration of the
polarization ellipse, orientation angle Ψ, ellipticity angle χ and handedness σ.

Let us briefly review what has been achieved so far. The far-field polarization states char-
acterized by Ψ, χ and σ are linked to the far-field components Eϕ and Eθ according to the
Eqs. (4.28), (4.29) and (4.30). The far-field components in turn are linked to the field am-
plitudes inside the ring cavity by the diffraction formula in Eq. (4.21) in combination with
Eq. (4.19). To be precise, the far-field components are linked to the dominant amplitude Ã(u′)
and its derivative. Therefore, we only need to know Ã(u′) and the resonance wavelength in
order to compute the far-field polarization states.
Interestingly, under a certain condition we do not even need to know Ã(u′) exactly but only a
rough behavior of it. This condition is that Ã(u′) decays fast enough to zero beyond or at the
boundaries at u′ = ±1/2 so that |Ã(±1/2)| can be neglected compared to its maximum value
of Ã(u′). As we will in Sec. 4.3.1, this is approximately the case for WGMs with axial mode
number q = 1 and q = 2. As a result, the Eqs. (4.24) and (4.25) for the far-field components
can be simplified by neglecting the term ∆ in Eq. (4.24). This yields

Eϕ(ϕ, θ) = hR exp (imϕ) exp
(
−iπ2m

)
Jm

(
k̃1
)
Âz(k̃2)(kR cos θ)2 −m2

mkR
tan θ (4.33)

Eθ(ϕ, θ) = hR exp (imϕ) exp
(
−iπ2 (m+ 1)

)
Âz(k̃2)

Jm−1
(
k̃1
)
− Jm+1

(
k̃1
)

2 (4.34)

where k̃1 = kR cos θ was inserted in the fraction in Eq. (4.33). We see that both far-field
components Eϕ and Eθ are proportional to the Fourier-transform Âz which cancels out in
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ν = |Eϕ|/|Eθ| and in the phase difference δ = Arg(Eϕ/Eθ). This allows us to compute the far-
field polarization quantities Ψ (orientation angle), χ (ellipticity) and σ (handedness) analytically
without explicitly knowing the far-field pattern described by Âz.
As an example, we compute Ψ, χ and δ as a function of the elevation angle θ according to the
Eqs. (4.28), (4.29) and (4.32) for a WGM with resonant wavelength of λ ≈ 662nm (k = 2π/λ),
m = 24, q = 1 (anticipated results from Sec.4.3.1) and for the following geometric parameters
of the ring cavity: n = 1.5, R = 2µm, h = 2µm and d = 0.2µm. The results are shown in
Fig. 4.6 (a).

L

R

Figure 4.6: Far-field polarization properties of a WGM in a ring cavity. (a) Diagram
shows the orientation angle Ψ, the ellipticity angle χ and the phase difference δ as a
function of the far-field elevation angle θ. The lower (θ < 0) and upper (θ > 0) half
space is characterized by polarization states of opposite handedness (spatial splitting
of polarization handedness in the far field). (b) Ellipticity at fixed elevation angle
θ = −15◦ as function of the coefficient c, cf. Eq. (4.35).
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We see that the orientation angle Ψ of the far-field polarization ellipse is constantly zero which
means that the major axis of the polarization ellipse is aligned vertically with respect to the
local coordinate system (x̃,z̃), cf. Fig. 4.5. For small elevation angles |θ| < 5◦ the polariza-
tion orientation nearly coincides with the global z-axis (ring-axis). The origin for this constant
alignment of the polarization ellipse is the constant phase relation of |δ| = π/2 between Eϕ

and Eθ which in turn originates from the phase shift of π/2 of the longitudinal component
Eφ with respect to Ez inside the ring cavity. The phase relation δ can be read directly from
the Eqs. (4.33) and (4.34) because the arguments of the second exponential functions differ
from each other by iπ/2. The sign of the phase difference is determined by the tan θ-term in
Eq. (4.33) and therefore we see, respectively, a negative and positive phase difference for nega-
tive and positive elevation angles θ in Fig. 4.6 (a). As a result, the fields in the upper (θ > 0)
and lower (θ < 0) half-space show right-handed and left-handed polarization, respectively, as
indicated by the blue ellipses. This feature is referred to as the spatial splitting of polarization
handedness in the far field.
The increasing magnitude of the ellipticity χ with increasing elevation angle θ results from the
increasing Eϕ-component due to the tan θ-term in Eq. (4.33) which in turn is a result from
Eφ ∼ ∂Ez/∂z inside the resonator transferred to the far field.
We like to emphasize that the spatial splitting of polarization handedness in the far field is
an intrinsic feature of azimuthally clockwise or counterclockwise propagating WGMs. Further-
more, we see in Eq. (4.33) that reversing the propagating direction of the WGM in the ring
cavity by changing m to −m reverses the sign of Eϕ (exponential terms depending on m of Eϕ
and Eθ cancel out in the phase difference δ). As a result, the propagation direction of the WGM
determines the handedness of the far-field polarization states. The spin-orbit interaction of a
WGM can be observed by the polarization handedness in the far field. This allows to detect
the propagation direction of the whispering gallery modes inside the ring cavity by measuring
the polarization handedness in the far field.
Finally, we like to point out that elliptical polarization states and the corresponding polarization
handedness in the far field can only be observed from propagating but not standing WGMs.
A standing whispering gallery mode (in the sense of a standing wave) can be interpreted as
a superposition of two azimuthally counterclockwise and clockwise counterpropagating waves.
Due to the spin-orbit interaction of light, the opposite polarization handedness of the counter-
clockwise and clockwise propagating WGM, cf. Fig.4.3 (b), will cancel each other and form
linear polarization. In order to describe this more generally, let us consider an azimuthally
counterclockwise propagating WGM (+m) superimposed with an azimuthally clockwise prop-
agating WGM (−m) whose amplitude is weighted by the factor c. The electric far-field vector
of this superposition is

EFF,c = (Eϕ,+m + cEϕ,−m) eϕ + (Eθ,+m + cEθ,−m) eθ (4.35)

where the indices +m and −m indicate a counterclockwise and clockwise propagation, respec-
tively. The terms Eϕ,−m and Eθ,−m are obtained by replacing m with −m in Eqs. (4.33)
and (4.34). According to Eq. (4.29) we compute the ellipticity χ as a function of the amplitude
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coefficient c. The results are shown in the diagram in Fig. 4.6 (b). We see that the ellipticity
in the far field at the elevation angle θ = −15◦ is maximum for the case of a fully propagating
WGM (c = 0) and that χ decreases with increasing coefficient c. In the case of a fully standing
WGM (c = 1), the ellipticity is zero which represents linear polarization.

4.3 Cylindrical ring cavities - results and discussion

In this section, we will investigate the role of the transverse morphology of whispering gallery
modes in cylindrical ring cavities. The transverse morphology of a whispering gallery mode
is characterized by the axial mode number q that counts the number of local maxima of, for
example, |Ez|2 along the height of the ring cavity in case of a TE-like WGM.
At first, we will investigate the transverse morphology and the polarization states of WGMs
inside the dielectric strip of the ring cavity. Afterwards, we will study the far-field polarization
states depending on the transverse morphology of the WGMs.

4.3.1 Mode analysis

We begin with investigating the behavior of the electric field of a whispering gallery mode
confined in a ring cavity. We only study TE-like whispering gallery modes where due to the
thin-walled structure of the ring the transverse electric field Etr can mainly be characterized
by the axial field component, Etr ≈ Ezez. The results of this investigation are presented in
Fig. 4.7.
The left hand side of Fig. 4.7 (a) illustrates a dielectric strip ring cavity of mean radius
R = 2.0µm, strip thickness d = 0.2µm, height h = 2.0µm and refractive index n = 1.5.
The illustrated geometry is overlaid with a horizontal ring-shaped slice at z = 0 of the Ez-
component of a WGM. In addition, the slice at x = 0 shows the vertical distribution of Ez.
The WGM is characterized by the radial ` = 1, azimuthal m = 24 and axial q = 1 mode number
and propagates in counterclockwise rotation sense around the z-axis as indicated by the thick
white curved arrow on the left-hand side in Fig. 4.7 (a). The rotation sense results from the
fact that the problem was computed using cylindrical coordinates where the field components
are separated according to E(r, φ, z) = f(r, z)eimφ and, therefore, the WGM represents an az-
imuthally counterclockwise propagating wave.
The right hand side of Fig. 4.7 (a) shows the vertical distributions of Ez inside the dielectric
strip for WGMs with the axial mode numbers q = 1, 2, 3 and 4. The field dependence of the ver-
tical confinement is similar to the situation in a Fabry-Pérot resonator where light is reflected
back and forth between two interfaces, in our case the bottom and top interface of the ring
resonator, and finally forms a standing wave. The dimensionless resonance frequencies kR, the
quality factors Q and the resonant vacuum wavelengths λ of the modes with the axial mode
numbers q = 1, 2, 3 and 4 are summarized in the table shown in Fig. 4.7 (a). All modes have
the same azimuthal mode number m = 24.
In the next step, we will analyze qualitatively the polarization states of the whispering gallery
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modes inside the dielectric strip of the ring cavity. The results are displayed on the right-hand
side of Fig. 4.7 (b) which shows the z-dependence of the transverse Ez (blue) and the longitu-
dinal component Eφ (orange and green) at half strip thickness (r = R, see also the r-z-slices
on the left-hand side) of two whispering gallery modes with axial mode numbers q = 1 and
q = 2. The orange and green curve of Eφ correspond to different time steps t1 and t1 + T/4,
respectively, where t1 is the time step of Ez reaching the maximum of its magnitude.
In the diagrams on the right-hand side of Fig. 4.7 (b) we see immediately the general feature that
the longitudinal component Eφ reaches the maximum of its magnitude a quarter period T/4
later than Ez. This results from the fact that the longitudinal component Eφ is phase shifted
by π/2 with respect to the transverse component Ez according to Eq. (4.7) (Eφ ∼ i∂Ez/∂z).
At this point, we like to stress that the phase shift of π/2 arises in propagating waves only. The
longitudinal component of standing waves will be in phase with the transverse component due
to the superposition of counterclockwise and clockwise propagating waves.
As a result of the phase shifted Eφ-component, the polarization state of the WGM is charac-
terized by elliptical polarization in the generic case which are indicated by red ellipses inside
the diagrams on the right-hand side in Fig. 4.7 (b) where R (right-hand) and L (left-hand)
denote the handedness of the elliptical polarization. As an example, we discuss the polariza-
tion state of the WGM with q = 1. The red ellipses in the diagram on the right-hand side of
Fig. 4.7 (b) show that the upper (z > 0) and lower (z < 0) part of the WGM is characterized
by right-hand and left-hand elliptical polarization, respectively, whereas the center at z = 0
is linearly polarized. This distribution of opposite polarization handedness of the WGM with
q = 1 is a direct consequence of Gauss’s law ∇·E = 0 which makes the longitudinal component
exhibit the opposite symmetry of Ez due to Eφ ∼ ∂Ez/∂z. We point out that the polarization
ellipse lies in a plane that is spanned by eφ and ez and, therefore, contains the direction of
azimuthal propagation inside the ring. As a result, the electric field vector spins around the
radial direction (transverse spin of light). This behavior was already described in Sec. 4.1 and
is illustrated in Fig. 4.3.
For the sake of completeness, we point out that the polarization of the WGM with q = 2 is more
complex than the case of q = 1 but is has similar features. As indicated in the diagram for q = 2
on the right-hand side in Fig. 4.7 (b), 4 regions of alternating opposite elliptical polarization
are equally distributed along the height of the ring cavity. This results in 4 regions of opposite
polarization where the electric field vector is spinning in the same fashion (transverse spin of
light) as shown in Fig. 4.3 for the case of q = 1.
Finally, we discuss the morphology of the mode in the context of the polarization. According
to Eq. (4.7), WGMs with higher axial mode numbers should exhibit stronger longitudinal field
components because of the stronger confinement which makes Ez change faster with respect to
the transverse coordinate z. Indeed, we see in the diagrams on the right hand side in Fig. 4.7
(b) that the maximum of the magnitude of Eφ/Ez,max of the WGM with q = 2 is around
0.3 whereas the one for the WGM with q = 1 is slightly below 0.15. As a result, the WGM
with q = 2 exhibits stronger elliptical polarization states. We shall keep this in mind for the
upcoming investigation of the far-field polarization states.
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Figure 4.7: Results from FDTD-calculation - WGM analysis. (a) Illustration of the ring
cavity and the field distribution of Ez of an counterclockwise propagating WGM
with q = 1. Panels on the right hand side show a temporal snap shot of Ez at the
indicated slice for different axial mode numbers q. (b) left-hand side: Temporal
snap shots of Eφ and Ez for q = 1 and q = 2. Snap shots of Eφ are taken a quarter
period later. right-hand side: Eφ(z) and Ez(z) at half strip thickness (r = R) for
WGMs with q = 1 and q = 2.
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4.3.2 Far-field polarization states

In the following, we will investigate the far-field polarization states and the far-field patterns
of the WGMs with axial mode numbers q = 1, 2, 3 and 4 shown in Fig. 4.7. The results are
shown in Fig. 4.8. The inset in the upper left corner of Fig. 4.8 illustrates the situation: the
electric field vector in the far field EFF and its components Eϕ and Eθ have been computed in a
distance of rFF = 50µm from the origin. The angles (ϕ, θ) represent the azimuthal and elevation
angle of the far field, respectively, and coincide with the angles from spherical coordinates. The
components Eϕ and Eθ are given by the projection of EFF onto the local coordinate axes x̃
(Eϕ = EFF · eϕ) and z̃ (Eθ = EFF · eθ), respectively.
The left-hand side of Fig. 4.8 shows polar plots of |EFF|2 which illustrate the far-field patterns
of the WGMs of axial mode numbers q = 1, 2, 3 and 4. For the sake of simplicity, we will
refer to |EFF|2 as the far-field intensity. Because of the rotational symmetry around the ring
axis (z-axis), the ϕ-dependence of all far-field components is exp (±imϕ) and, therefore, we
only focus on the θ-dependence. The far-field intensity has been calculated within the range of
θ = ±45◦ in steps of ∆θ = 1◦.
In the polar plots on the left-hand side of Fig. 4.8 we can see that the axial mode number q
corresponds directly to the number of far-field lobes. This connection results from the fact that
the fields inside the dielectric strip are diffracted into the far field and, therefore, the shape of
the far-field pattern is mainly determined by the Ez-component of the WGM inside the ring
cavity, cf. Eq. (4.26).
The right-hand side of Fig. 4.8 shows several examples of polarization ellipses at the indicated
elevation angles θ when looking from the far-field position towards the ring cavity. The polar-
ization ellipses are drawn with respect to the local coordinates system (x̃, z̃) and the data points
represent a sequence of temporal snapshots of the electric far-field vector EFF = (Eϕ, Eθ) taken
over one oscillation period T = 2π/ω. The horizontal and vertical on the sheet correspond to
the x̃ - and z̃ - axis of the local coordinate system, respectively. The red arrows point to the
first snapshot whereas the gaps in the dashed lines connecting the data points mark the end of
the oscillation period. The dashed lines are drawn for the purpose of illustration.
We begin the discussion of the far-field polarization states with the WGM with axial mode num-
ber q = 1, see blue-framed box on the right-hand side in Fig. 4.8 where the polarization ellipses
at the maximum of the far-field intensity (θ = 0◦) and at two additional angles θ = ±11◦ are
provided. We find slightly left-handed elliptical polarization at θ = −11◦, linear polarization at
θ = 0◦ where the polarization ellipse forms a straight line and slightly right-handed elliptical
polarization at θ = +11◦. The intensity maximum of the lobe at θ = 0◦ is linearly polarized
because z = 0 represents a symmetry (mirror) plane at which the left-handed and right-handed
far-field polarization states compensate each other and result in linear polarization.
The WGM with q = 1 shows spatial splitting of the polarization handedness in the far field
which results from the inherent spatial splitting of polarization of opposite handedness inside
the ring cavity as discussed in Sec. 4.2 and displayed in Fig. 4.6. Similar results of separation
of the far-field polarization handedness have been observed for scattering of surface plasmons
at nanostructures as studied in [116].
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Figure 4.8: Results from FDTD-calculations: Far-field patterns and polarization el-
lipses. Polar plots of |EFF(θ)|2 of modes with q = 1, 2, 3, 4 and examples of polar-
ization ellipses observed at the indicated elevation angles θ.

Furthermore, we find that the orientation angle of all polarization ellipses is the same, namely
Ψ = 0◦, with respect to the local z̃-axis. This behavior meets our expectations because of two
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reasons. The first one is that the dominant component of the polarization inside the ring cavity
is Ez and, therefore, the electric field vector E inside the dielectric strip is aligned parallel to
ring axis. In the far field the Ez-component corresponds to a projection of Eθ in the local
coordinate system of the far field. The second reason is that the phase difference between the
far-field components Eϕ and Eθ is π/2 as explained in Sec. 4.2 and displayed in Fig. 4.6. This
phase difference of Eϕ and Eθ results from the phase difference of Eφ and Ez inside the ring
cavity and is transferred to the far field.
The far-field polarization states of the WGMs with axial mode numbers q = 2 and q = 3, see
green-framed and black-framed boxes on the right-hand side in Fig. 4.8, show the same features
of i) splitting of the polarization handedness in the far field and ii) orientation of the polarization
ellipses characterized by Ψ = 0◦. They differ in the strength of the ellipticity which increases
with increasing q because of the increased transverse confinement inside the ring cavity. We
emphasize that the far field of the WGM with q = 2 is unique because it has two lobes of
opposite handedness without a linear polarization state in between. Technically, there is linear
polarization state but with negligible intensity. For this reason, the far field of q = 2 is a prime
example for the spatial splitting of polarization handedness.
Finally, we discuss the far-field polarization states of the WGM with q = 4 as shown in the
red-framed box on right-hand side of Fig. 4.8. We find 4 lobes of alternating polarization
handedness and different ellipticities. The polarization states of the lobes in the lower (θ < 0)
half-space have the opposite handedness compared to the ones in the upper (θ > 0) half space.
From this example we can learn that spatial splitting of the polarization handedness in the
far field describes the situation that the two half spaces have opposite polarization handedness
independent from the polarization handedness of the individual lobes. By only looking at the
results for the WGMs with q = 1, 2 and 3 we could have concluded that generally the lower half
space is elliptically left polarized while the upper half space is elliptically right polarized.
Furthermore, we see in the red-framed box on the right-hand side in Fig. 4.8 that the outer
lobes at θ = ±23◦ exhibit almost circular polarization whereas the inner lobes at θ = ±8◦ show
less ellipticity. This result coincides with the findings in Sec. 4.2 which state that the magnitude
of the ellipticity increases with increasing elevation angle θ as shown in Fig. 4.6. In this context,
we see that the ellipticity of the inner lobes is comparable to one of the lobes of the WGM with
q = 2, see green-framed box, because they appear at similar elevation angles.
Moreover, we find that the inner lobes are tilted with respect to the local z̃-axis, thus Ψ 6= 0.
According to Eq. (4.28), this tilt indicates a phase difference of δ ≶ π/2 between the Eϕ and
Eθ component. At first glance, this tilt is unexpected because according to Eq. (4.7) the phase
difference between Eφ and Ez (which is transferred to the far field) inside the cavity results
from Gauss’ law and should be independent of the morphology of the mode. It turns out that
the WGM with q = 4 has non-negligible radial components of the electric field and, therefore,
Eq. (4.7) needs to be amended by a radial amplitude Ar which in turn will make the diffraction
integrals derived in Sec. 4.2 more complicated. This should also affect the phase difference
between the Eϕ and Eθ component.
In the last step of the analysis of the far-field polarization states, we characterize the polar-

ization states of the entire far field, and not only a certain elevation angles. For this purpose,
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the corresponding Ψ, χ and |EFF(θ)|2 values as a function of the far-field angle θ are presented
on the Poincaré sphere as shown in Fig. 4.9. The Poincaré sphere is described by the azimuthal
angle ϕp and the elevation angles of the sphere θp, see Fig. 3.7 in Sec. 3.2. These angles are
linked to the orientation angles Ψ and the ellipticity χ by ϕp = 2Ψ and θp = 2χ, respectively.
In addition to the properties of the polarization ellipse, we will use also the far-field intensity to
characterize the polarization states. The far-field intensity is illustrated by the radial distance
rp = |EFF|2 from the origin of the sphere. Its dependence on the far-field elevation angle θ is
color-encoded with blue, white and red representing θ < 0, θ = 0 and θ > 0, respectively. The
far-field polarization states were calculated within the range from θ = −33◦ up to θ = +33◦ in
steps of ∆θ = 1◦.
We briefly review the characterization of the polarization states on the Poincaré sphere: the
equator describes linear polarization states with respect to their orientations. Some character-
istic orientations are given by 2Ψ = 0, 2Ψ = π and 2Ψ = ±π/2 which represent linear vertical
(LV), linear horizontal (LH) and linear inclination of ±45◦ (L45◦), respectively. The poles
describes the two circular polarization states: right-handed circular (CR) at 2χ = +π/2 and
left-hand circular (CL) at 2χ = −π/2. The states between the equator and the poles represent
elliptical polarization with increasing ellipticity towards the poles.
The illustration of Ψ, χ and |EFF(θ)|2 on the Poincare spheres in Fig. 4.9 underlines and con-
firms the above discussed results of spatial separation of polarization handedness and increasing
ellipticity with increasing far-field elevation angle θ.
For example, we see that the far-field polarization states of the q = 1-mode (blue-framed
Poincaré-sphere) change from slightly left-handed to slightly right-hand polarization with lin-
ear polarization at the lobe maximum at LV. All polarization states are aligned vertically with
respect to the local coordinate system (x̃, z̃).
The far-field polarization states of the q = 2-modes (green-framed Poincaré-sphere) are either
left-handed or right-handed elliptically polarized with varying intensity but constant vertical
orientation. Furthermore, the two lobes of opposite handedness are spatially separated visible
by blue and red points in the lower and upper hemisphere, respectively. The red and blue
points at the intensity maxima of the lobes correspond to the polarization ellipses shown in the
green-framed box in Fig. 4.8.
The far-field polarization states of the q = 3-modes illustrated on the black-framed Poincaré-
sphere in Fig. 4.9 show a similar feature of spatial polarization handedness compared to the
ones with q = 2 but with increased ellipticity at the intensity maxima of the red and blue lobes.
Furthermore, there is an additional linearly polarized lobe with its maximum at θ = 0◦.
The far-field polarization states of the q = 4-modes illustrated on the red-framed Poincaré-
sphere in Fig. 4.9 display a more complex behavior. The characteristic feature is that lobes
with both left-handed and right-handed elliptically polarization can be observed in the upper
(θ > 0) and also lower (θ < 0) half-space visible by blue and red points in the upper and lower
hemisphere. In addition, we see that the polarization states of the lobes’ maxima marked by
θ = −8◦ and θ = 8◦ are slightly off the longitude passing trough LV which indicates non-zero
orientation angles, see also the polarization ellipses inside the red-framed box in Fig. 4.8.
We like to emphasize that the advantages of the illustration of the far-field polarization states
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on the Poincaré spheres in Fig. 4.9 are to investigate the polarization states for further depen-
dencies, for example, the inclination angle of the dielectric strip of the cavity with respect to
its axis which awaits us in the next section.

Figure 4.9: Far-field polarization states. Poincaré spheres of polarization show far-field
polarization states of whispering gallery modes for different axial mode numbers
within the given range of the far-field elevation angle θ. The orientation angle
Ψ increases along the longitudes from LV (linear vertical, Ψ = 0◦) to LH (linear
horizontal, Ψ = 90◦). The ellipticity χ increases along the latitudes from the equator
(χ = 0◦) to the poles (|χ| = 45◦).
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4.4 Conical ring cavities - results and discussion

In this section, we will investigate the role of an inclined orientation of the dielectric strip with
respect to cavity axis (z-axis). Thus, we will study the WGMs in conical ring cavities. The
motivation behind this study is to understand more complex systems such as cone-shaped mir-
cotube cavities created by rolling-up thin dielectric layers as investigated in, e.g., [52]. In this
context, the 3D conical ring cavities investigated in the following will serve as a model system
for more complex systems in order to provide a qualitative understanding.
We will begin with the analysis of the whispering gallery modes confined inside conical ring
cavities. Following this, the far-field polarization states will be discussed and an analytical ex-
pression is derived based on the diffraction theory in Sec. 4.2. The derived analytical expression
provides a qualitative understanding of the obtained results. Furthermore, we like to remark
that only WGMs with axial mode number q = 2 are subject of investigation in the following
because of their interesting feature of two distinct and oppositely polarized far-field lobes, cf.
Fig. 4.9.

4.4.1 Mode analysis

We begin with investigating the behavior of the electric field of a whispering gallery mode
confined in a conical ring cavity as function of the opening angle of the cone 2γ where γ is the
inclination angle of the dielectric strip with respect to the ring axis. Again, we focus on TE-like
modes where the transverse electric field Etr is mainly determined by the component parallel
to the strip, that is Etr ≈ E‖e‖. The results are presented in Fig. 4.10.
The left hand side of Fig. 4.10 (a) illustrates the conical dielectric strip ring cavity of mean radius
R = 2.0µm (at z = 0), strip height h = 2.0µm, strip thickness d = 0.2µm, inclination angle
γ = 15◦ and refractive index n = 1.5. The illustrated geometry is overlaid with horizontal ring-
shaped slice at z = 0 showing the E‖-component where E‖ = E ·e‖ = cos(γ)E ·ez− sin(γ)E ·er.
The WGM is characterized by the radial `r = 1, azimuthal m = 24 and axial mode number
q = 2 with a vacuum wavelength of λ ≈ 656nm (kR = 19.149) and quality factor of Q = 310.
The WGM propagates in counterclockwise direction around the z-axis as indicated by the thick
white curved arrow. As explained in Sec. 4.3.1, the counterclockwise propagation results from
the representation of the electric field E(r, φ, z) = f(r, z)eimφ due to the usage of cylindrical
coordinates in the FDTD-calculations.
The two images to the right of the illustrated geometry show a temporal snap shot of the
r-z-slice of E‖ and Eφ through the dielectric strip. The temporal snap shot of Eφ is taken a
quarter optical period T later. The two arrows labeled with upper and lower in the upper image
indicate the directions in which the two far-field lobes point. The two images on the right-hand
side in Fig. 4.10 (a) show a comparison of the r-z-slices of E‖ at γ = 0◦ and at γ = 15◦ where
the slice of γ = 15◦ has been rotated clockwise by 15 degrees.
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Figure 4.10: Results from FDTD-calculations - WGM analysis. (a) Illustration of the
geometry, r-z-slices of E‖ and Eφ of WGM with q = 2 (γ = 15◦) and comparison
of E‖ at γ = 0◦ and γ = 15◦. (b) Diagrams show E‖ and Eφ along the z′-axis
for γ = 0◦, 5◦, 10◦, 15◦. The dimensionless resonance frequency kR and the quality
factor Q of the modes are summarized in the table on the right-hand side. All
conical ring cavities have the same mean radius R = 2µm, strip height h = 2µm,
strip thickness d = 0.2µm and refractive index n = 1.5.
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The two diagrams in Fig. 4.10 (b) show the components E‖ and Eφ for 4 inclination angles
γ = 0◦, 5◦, 10◦ and 15◦ as a function of the z′-coordinate at half strip thickness, cf. the upper
slice in Fig. 4.10 (a). First of all, we see in Fig. 4.10 (b) that both distributions E‖(z′) and
Eφ(z′) are shifted more towards the broader end of the conical ring cavity with increasing γ.
Next, we see in Fig. 4.10 (b) that the maxima and minima are shifted into the negative z′-
direction as indicated by the black arrows. Furthermore, we see that the distance between the
minimum and maximum of E‖ reduces and that the graph of E‖ decays faster to zero for z′ > 0
with increasing γ. In other words, the characteristic length scale of the transverse confinement
along the z′-axis decreases. This is clearly visible in the comparison of E‖(z′) at γ = 0◦ and
γ = 15◦ as shown on the right-hand side in Fig. 4.10 (a). The characteristic length scales of the
transverse confinement are indicated by the black double-headed arrows.
As a result of the reduced characteristic length scales of the transverse confinement, the longi-
tudinal component Eφ has to increase due to Eφ ∝ ∂E‖/∂z

′. The increasing Eφ-component
and its increasing maximum value is visible in the right diagram in Fig. 4.10 (b) and indicated
by the black tilted arrow. For example, the graph of Eφ at γ = 15◦ (red curve) exhibits the
highest maximum (because of the strongest confinement). We shall keep this relation between
confinement and the Eφ-component in mind because as we will see and argue later, the increased
Eφ-component inside the resonator will lead to an increased Eϕ-component in the far field.
Furthermore, we see in diagram on left-hand side in Fig. 4.10 (b) that the maximum of the
graph of E‖ at γ = 15◦ (red curve) is shifted by a larger distance than its minimum compared
to the graph at γ = 0◦ (blue curve) as indicated by a longer and a short black arrow, respec-
tively. As a consequence, the region around the maximum is stretched while the region around
the minimum is compressed compared to situation at γ = 0◦. The stretched and compressed
part of E‖ (red curve) results in a locally reduced and enhanced longitudinal component, re-
spectively, visible on the graphs of Eφ on the right-hand side of Fig. 4.10 (b). As a result,
the corresponding elliptical polarization states inside the resonator wall (dielectric strip) show
locally reduced and enhanced elliptitcity. Again, we shall keep this in mind because it will be
relevant for the polarization states of the two far-field lobes.

4.4.2 Far-field polarization states

Based on the mode analysis in the previous section, we proceed with discussing the far-field
polarization states of whispering gallery modes with axial mode number q = 2.
First, we discuss three examples of far fields from conical ring resonators with inclination angles
γ = 5◦, 10◦ and 15◦ with respect to the ring axis. The results are shown in Fig. 4.11 (a). The
upper row displays polar plots of |EFF(θ)|2 which illustrate the far-field patterns. The inset on
the left-hand side illustrates the geometry. The lower row presents the corresponding far-field
polarization states on the Poincaré sphere. On the left-hand side in Fig. 4.11 (a) we see that
the inclination of γ = 5◦ of the dielectric strip induces a weak asymmetry of the lobes of the
far-field pattern while the shape is almost preserved compared to the situation of γ = 0◦, cf.
Fig. 4.8.
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Figure 4.11: Far-field patters and polarization states of WGMs with q = 2 in con-
ical ring cavities (a) Polar plots of |EFF(θ)|2 and Poincaré spheres illustrat-
ing the polarization states. (b) Polarization states at maxima of |EFF(θ)|2 of
the upper (red points) and lower (blue points) lobes for the inclination angles
γ = 0◦, 2◦, 4◦, 5◦, 6◦, 8◦, 10◦, 15◦ (from left to right). The dimensionless resonance
frequencies kR and the quality factors Q of the corresponding modes are summa-
rized in the table in Fig. B.1 in the appendix. The orientation angle Ψ increases
along the longitudes from LV (linear vertical, Ψ = 0◦) to LH (linear horizontal,
Ψ = 90◦). The ellipticity χ increases along the latitudes from the equator (χ = 0◦)
to the poles (|χ| = 45◦).

Furthermore, we see on left hand side of Fig. 4.11 (a) that the distribution of the polarization
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states shown on the Poincaré sphere is slightly shifted along the equator of the sphere compared
to the situation of γ = 0◦, cf. the green-framed illustration in Fig. 4.9. This shift indicates an
overall tilt of the polarization orientation, that is Ψ > 0.
In addition, we see in the center and on the right-hand side of Fig. 4.11 (a) that the higher incli-
nation angles γ = 10◦ and γ = 15◦ cause a stronger asymmetry of the far-field pattern |EFF(θ)|2

visible at the deformation of the lower lobe and a strong increase of the far-field intensity at
θ = 0◦ for γ = 15◦. Furthermore, the distributions of the corresponding polarization states on
the Poincaré spheres shift further along the equator of the sphere indicating a further overall
increasing orientation angle Ψ. Moreover, we see on the Poincaré spheres in Fig. 4.11 (a) that
the polarization states of the upper (red data points) and lower lobes (blue data points) change
in different ways with increasing γ. For example, the maximum of the upper lobe (represented
by the red point closest to the sphere and marked by a black arrow) shifts more and more along
the latitude while the maximum of the lower lobe (represented by the blue point closest to the
sphere and also marked by a black arrow) gets more and more closer to the south pole with
increasing γ.
In order to further characterize the role of the inclination angle γ, we now focus on the polar-
ization states at the maxima of the lower and upper lobes and illustrate them as a function of
the inclination angle γ. The corresponding polarization states are presented by red and blue
points on the Poincaré sphere in Fig. 4.11 (b). For the purpose of better visualization, all
|EFF(θmax,upper,lower)|2-values at the maxima of the lobes have been normalized to 1.0. The
inclination angle takes the following values γ = 0◦, 2◦, 4◦, 5◦, 6◦, 8◦, 10◦ and 15◦ where γ = 0◦

corresponds to the red and blue points directly below and above LV, respectively. The direction
of increasing γ is indicated by the red and blue curved arrow on the Poincaré sphere. The start
and end of each arrow corresponds to γ = 0◦ and γ = 15◦, respectively.
On the Poincaré sphere in Fig. 4.11 (b) we see that the polarization states of the upper lobe’s
maxima (red points) evolve from slightly right-handed elliptically polarized above LV to a state
of increased ellipticity but high orientation angle of Ψ ≈ 55◦ as illustrated by the strongly tilted
polarization ellipse on the right to the Poincaré sphere. In contrast, the polarization states
at the lower lobe’s maxima (blue points) evolve from slightly left-handed elliptically polarized
below LV to almost circular polarization as illustrated by the polarization ellipse on the right-
hand side which forms almost a circle. By recalling the arguments at the end of Sec. 4.4.1, the
different ellipticities of the upper and lower lobes can be explained. We found in Sec. 4.4.1 an
asymmetric distortion of the electric fields of the WGM where the stretched and compressed
part of E‖ inside the resonator result in a locally reduced and enhanced longitudinal component
Eφ, respectively, cf. the graphs of Eφ in Fig. 4.10 (b). As a result, the corresponding elliptical
polarization states inside the dielectric strip show locally reduced and enhanced elliptitcity.
Based on the diffraction model introduced in Sec. 4.2, the properties of the polarization states
inside the (conical) ring cavity are transferred to the far field. In this context, we can think in
a way that the upper lobe (red points on the Poincaré sphere in Fig. 4.11 (b) ) with reduced
ellipticity emerges from the upper part of the WGM (cf. arrow labeled with upper in Fig. 4.10
(a)) characterized by less ellipticity inside the dielectric strip (stretched part of E‖). In the
same way, the lower lobe (blue points on the Poincaré sphere in Fig. 4.11 (b)) with enhanced
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ellipticity emerges from the lower part of the WGM (cf. arrow labeled with lower in Fig. 4.10
(a)) characterized by higher ellipticity inside the dielectric strip (compressed part of E‖).
Furthermore, the increased Eφ-component inside the ring-cavity leads to an increased Eϕ-
component in the far field and, therefore, the far-field ellipticity χ increases with increasing γ
in the generic case.
In hindsight, we could have expected that the whispering gallery modes and the far-field po-
larization states will exhibit an asymmetry because the (mirror) symmetry of the ring cavity
at z = 0 is broken by choosing an inclination angle |γ| > 0. In this context, the asymmetry of
the polarization states of the lower and upper lobes results from the asymmetric distortion of
E‖ and Eφ inside conical ring cavity due to the inclination of the dielectric strip with respect
to the z-axis.
To briefly summarize, the polarization states of the upper and lower lobes are both character-
ized by an increase of ellipticity and orientation angle with increasing inclination angle γ. The
upper lobes lobes exhibit a stronger increase of the orientation angle while the lower lobes show
an increased ellipticity. The different ellipticties result from the asymmetric distortion of the
confined whispering gallery mode. The general increase of the orientation angle Ψ with increas-
ing inclination angle γ will be discussed in the next section. To this end, the vector diffraction
theory in Sec. 4.2 will be applied to whispering gallery modes of conical ring cavities.

4.4.3 Vector Diffraction Theory for Whispering Gallery Modes of Conical Ring
Cavities

In order to explain the general increase of the polarization orientation Ψ with increasing incli-
nation angle γ, we need to recall the vector diffraction model as described in Sec. 4.2. In this
context, the electric far-field vector is given by the simplified diffraction formula

EFF ∝ k×
∫∫

S
n′ ×E(x′) exp (−ik · x′)da′ , (4.36)

where k, n′, E(x′), x′ and da′ are the wave vector in the far field, the unit normal vector of
the surface S (diffracting aperture), the electric field vector at this surface, the vector pointing
onto a position at surface S and the differential area element, respectively, see illustrations
in Fig. 4.12. Due to the inclined cavity wall (inclination angle γ) with respect to the z-axis
the unit normal vector n′ has now a component into the z-direction and yields (omitting the
′-notation)

n = cos γ er + sin γ ez. (4.37)

As a result, the n×E-term in Eq. (4.36) splits into two terms:

n×E = cos γ er ×E + sin γ ez ×E , (4.38)

where the first term on right-hand side resembles the term at a cylindrical ring surface multiplied
by cos γ, cf. Eq. (4.21). The second term on the right-hand side in Eq. (4.38) arises due to
the inclination of the cavity wall. Since the axis of the conical ring cavity coincides with
the z-axis and since the WGM is propagating azimuthally counterclockwise around the z-axis
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the term ez × E can be interpreted as the electric field vector precessing around the z-axis.
This precession is illustrated by the thick red arrows at the conical surface in Fig. 4.12 where
the light red ring represents the trajectory of maximum intensity of the whispering gallery
mode propagating azimuthally counterclockwise around the z-axis. During this propagating
the electric field vectors (thick red arrows) point with the inclination of γ towards the z-axis.

Figure 4.12: Illustration of the diffracting surface S and the geometric relations. Each
position x′ on the conical surface is the starting point of an outgoing spherical
wave (Huygens’ principle) with the amplitude determined by the whispering gallery
mode. The thick red arrows illustrate the electric field vectors precessing around
the z-axis. EFF is the electric field vector of the outgoing wave in the far field with
distance rFF from the origin, (θ, ϕ) represent the far-field angles.

In order to describe this precession, let us assume that the electric field vector at the surface S
is represented by

E = E(x) = E(φ, u) =
∑

j=r,φ,z
Ej(φ, u)ej =

∑
j=r,φ,z

Aj(u)eimφej . (4.39)

Furthermore, let us evaluate the derivative of E(φ, u) with respect to φ:

∂E
∂φ

= imE +
∑

j=r,φ,z
Ej
∂ej
∂φ

= imE + ez ×E , (4.40)

where the derivative of the unit vectors er, eφ and ez with respect to φ represents the precession
of the moving frame of the WGM (spanned by er, eφ and ez) around the z-axis. Usually, one
describes the precession of unit vectors around an axis by the derivatives of the vectors with
respect to time. Since we consider time-harmonic fields here, the progress of the azimuthal
coordinate φ corresponds to time. For this reason, the term

∑
j=r,φ,z Ej

∂ej
∂φ describes the pre-

cession of the electric field vector around the z-axis and equals ez ×E.
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As a result, we can replace ez × E in Eq. (4.38) by
(
− imE + ∂E

∂φ

)
obtained by rearranging

Eq. (4.40) and insert this into the diffraction formula in Eq. (4.36) which then yields (returning
to the ′-notation)

EFF ∝ k×
[

cos γ
∫∫

er(φ′)×E(x′) e−ik·x′da′ + sin γ
∫∫ (

− imE(x′) + ∂E(x′)
∂φ′

)
e−ik·x

′da′
]
.

(4.41)
In Eq. (4.41) we see that the electric field vector in the far field has two contributions. The
first contribution on the right-hand side of the equation resembles the diffraction of the WGM
at a cylinder surface of a ring cavity multiplied with cos γ, cf. Eq. (4.21) in Sec. 4.2. The
second contribution results from the precession of the electric field vector around the z-axis. In
order to discuss the effects of the precession of the electric field vector around the z-axis, let
us simplify the second contribution by integration by parts with respect to φ′. To this end, we
evaluate the integration of the second summand of the second contribution of the right-hand
side in Eq. (4.41). This yields

∫∫
∂E(x′)
∂φ′

e−ik·x
′da′ =

∫ +1/2

−1/2

∫ 2π

0

∂E(x′)
∂φ′

e−ik·x
′
s(u′)dφ′du′

=
∫ +1/2

−1/2

(
E(x′) e−ik·x′

)∣∣∣∣2π
0︸ ︷︷ ︸

=0

s(u′)du′ −
∫ +1/2

−1/2

∫ 2π

0
E(x′) e−ik·x′

(
− ik · ∂x

′

∂φ′

)
s(u′)dφ′du′

= + i

∫∫ (
k · ∂x

′

∂φ′

)
E(x′) e−ik·x′da′ , (4.42)

where the differential area element is da′ = |∂x′/∂φ′ × ∂x′/∂u′|dφ′du′ = s(u′)dφ′du′ and s(u′)
represents the norm of the non-unit normal vector which depends only on u′ since the problem
is rotation invariant with respect to φ′. The underbraced term in the second line of Eq. (4.42)
vanishes because the whispering gallery mode is considered to be a stationary wave field and
therefore the orientation of the electric field vector is the same after one circulation of the wave
and its phase differs by a multiple of 2π (resonance condition). At this point, we note that for
spiral whispering gallery modes in bottle or tube cavities, see e.g. [46, 117, 118], the situation
can be more complicated because the underbraced term will not vanish necessarily. This implies
that the far field depends on the start and end of the spiral trajectory.
Finally, we insert the result of Eq. (4.42) into the diffraction formula in Eq. (4.41) which then
yields:

EFF(θ, ϕ) ∝

k(θ, ϕ)×
[

cos γ
∫∫

er ×E(u′, φ′) e−ik·x′da′ − i sin γ
∫∫ (

m− k · ∂x
′

∂φ′

)
E(u′, φ′) e−ik·x′da′

]
= k(θ, ϕ)×

(
cos γ Kring(ϕ, θ)− i sin γ Kprec(ϕ, θ)

)
, (4.43)

where we introduced the notations Kring and Kprec for the contributions representing the ring
diffraction and precession, respectively. In the third line in Eq. (4.43) we see that the con-
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tribution resulting from the precession Kprec acquires and an additional phase of π/2 due to
the prefactor i with respect to the ring diffraction contribution Kring. Next, let us derive the
far-field components Eϕ and Eθ by

Eϕ = EFF · eϕ = cos(γ)Eϕ,ring + i sin(γ)Eϕ,prec (4.44)

Eθ = EFF · eθ = cos(γ)Eθ,ring + i sin(γ)Eθ,prec , (4.45)

where the notations Eϕ,ring, Eθ,ring and Eϕ,prec, Eθ,prec refer to the contribution from ring
diffraction and precession, respectively. First of all, we see in Eqs. (4.44) and (4.45) that the
additional terms i sin(γ)Eϕ,prec and i sin(γ)Eθ,prec are phase-shifted by π/2 with respect to the
diffraction terms cos(γ)Eϕ,ring and cos(γ)Eθ,ring. These additional terms arise from the preces-
sion of the electric field vector inside the conical ring cavity around the ring axis (z-axis) and,
therefore, play an important role if γ 6= 0◦. As a result, the far-field components Eϕ and Eθ will
undergo a phase change. This phase change increases with increasing γ due to the sin γ-terms
in Eqs. (4.44) and (4.45). We may assume that the phase of Eϕ and Eθ will change in a different
way because Eϕ,prec and Eθ,prec will take different values in the generic case, respectively. As a
consequence, the phase δ between Eϕ and Eθ will change also. In this context, let us discuss
qualitatively the differences to the far field of WGMs in cylindrical ring cavities where the phase
δ between Eϕ and Eθ was ±π/2 and, therefore, the orientation angle of the polarization in the
far field remained at Ψ = 0◦, cf. Fig. 4.6 (a) and Eq. (4.28). According to Eq. (4.28), the
orientation angle Ψ is directly related to the phase δ. As explained above, the precession of the
electric field vector of WGMs in conical ring cavities induces a phase shift so that |δ| 6= π/2
and, therefore, we observe an increase of the orientation angle Ψ with increasing γ in Fig. 4.11
(b).
We like to point out that these arguments just presented above provide a qualitative expla-
nation of the results shown in Fig. 4.11 (b). In order to compute exact orientation angles Ψ,
the diffraction integrals in Eq. (4.43) need to be solved. Unfortunately they do not have a
closed form as the diffraction integrals for the cylindrical ring cavity because the integrations
with respect to φ′ and u′ do not factorize which is demonstrated in Sec. B.2.2 in the appendix.
Nevertheless, we like to point out that the strength of the modified diffraction model for conical
ring cavities is the connection between local properties of the WGMs (precession of the electric
field vector) and the properties of the far-field polarization states (orientation angle).
Let us briefly summarize the most important findings so far. The far-field polarization states
of the upper and lower lobes change in a different way with increasing inclination γ. The polar-
ization states of both lobes undergo a tilt of the orientation angle Ψ. This tilt arises from the
precession of the electric field vector around the z-axis of the conical ring cavity. The different
changes of the ellipticities χ of the far-field polarization states of the upper and lower lobe result
from the asymmetric distortion (due to the inclination of the dielectric strip ) of the E‖ - and
Eφ - component of the whispering gallery mode inside the conical ring cavity. These findings
will help us to better understand the far-field polarization states of more complex systems such
as conical tube cavities which will be investigated in Sec. 4.5.
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4.4.4 Precession vs. Diffraction

Another important point that should be discussed is the interesting term µ = m − k · ∂x′
∂φ′

in the second line of Eq. (4.43). Let us evaluate it step by step. First of all, we see that
this term contains the azimuthal mode number m of the whispering gallery mode. Since we
consider an azimuthally counterclockwise propagating wave the azimuthal mode number m
can be associated with the angular momentum around the axis of the cavity (z-axis). This
association is based on the following consideration. The angular momentum L is known to be
defined by L = r × p where r is the position vector of a particle with the linear momentum
p. For a beam-like wave the angular momentum is defined by Lbeam = 〈r〉 × 〈k〉 [65] where
〈r〉 is the beam center and the mean wave vector 〈k〉 is associated with the momentum of the
beam-like wave.
In the context of an azimuthally propagating whispering gallery mode in conical ring cavity,
the beam center and the mean wave vector can be approximated by 〈r〉 ≈ Rer and 〈k〉 ≈ kφeφ,
respectively. The azimuthal propagation constant kφ can be approximated by kφ ≈ m

nR (deduced
from the rough condition of how many medium wavelengths have to fit into the circumference
of the cavity). As a result, we obtain the mentioned association L = ‖L‖ ∝ m.
Next, we can see that the term µ depends on the wave vector k in the far field which can be
associated with momentum of the outgoing wave in the far field. The derivative of x′ with
respect to φ′ yields a vector pointing into the direction of eφ. As a result, the scalar product
k · ∂x′

∂φ′ determines which portions of the WGM inside the conical ring cavity contribute to the
momentum in the far field. Overall, the term µ = m − k · ∂x′

∂φ′ determines the strength of the
precession of the electric field vector of the WGM around the cavity axis. Since this precession
is the reason for the tilt of the orientation angle of polarization states in the far field, the
connection between the angular momentum of the WGM and the (linear) momentum of the
outgoing wave in the far field represented by µ can be interpreted within the framework of the so-
called spin-orbit interaction of light where the spin momentum of light (polarization) interacts
with orbital momenta (angular orbital momentum around the z-axis, linear momentum in the
far-field).
Next, let us make an approach in order to determine the role of µ more precisely. In particular,
let us evaluate the role of precession in the limit of large m. As we will see, that is can be
associated with ray limit. First, we evaluate the derivative of x with respect to φ (omitting the
′-notation) which yields

∂x
∂φ

= R

(
1− u h

R
sin γ

)
eφ = Rf̃(u)eφ , (4.46)

where we used x(φ, u) = Rer(φ) + uh (cos γ ez − sin γ er(φ)). Now, the scalar product in the
term µ can be represented by

k · ∂x
∂φ

= kRf̃(u) cos Ω , (4.47)

where Ω is the angle between eφ and k. We see that the dimensionless (resonance) frequency
kR appeared of which we will take advantage in the following. In this context, let us treat the
conical ring cavity as a planar strip wave guide with period boundary conditions similarly to
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the simple resonator model for the Möbius-strip cavity in Sec. 3.1.1. From this model we adopt
the relation between kR and the mode numbers q and m in Eq. (3.12):

q2
(
πR

h

)2
+
(
πR

w

)2
+m2 = n2 (kR)2 , (4.48)

which is transformed to

kR = m

n

√
1 + 1

m2

(
qπR

h

)2
+ 1
m2

(
πR

w

)2
. (4.49)

We can see that in the limit of large m (m→∞) kR will grow approximately linearly with m:

kR ≈ m

n
. (4.50)

As a result, the term µ yields

µ ≈ m− m

n
f̃(u) cos Ω ∝ m. (4.51)

As a consequence of the latter, the precession term Kprec in Eq. (4.43) will grow linearly with
m in the limit of large m. In other words, the precession is directly proportional to the angular
momentum of the whispering gallery mode in the limit of large m.
Next, let us try to compare the contribution from the diffraction Kring and the one from
precession Kprec. As already stated earlier, the integrals in Kring can not be solved in a closed
form but as pointed out the Kring resembles the diffraction from a ring cavity. Let us for
the purpose of simplification adopt the results of the far fields of ring cavities in Sec. 4.2. In
particular, we adopt the result for the far-field component Eϕ in Eq. (4.33)

Eϕ(ϕ, θ) ∝ Jm (kR cos θ) (kR cos θ)2 −m2

mkR
tan θ (4.52)

and perform also the transition to large m where kR is replaced by m/n which yields

Eϕ(ϕ, θ) ∝ Jm
(
m

cos θ
n

)((cos θ
n

)2
− 1

)
tan θ . (4.53)

In the same way, the result for Eθ in Eq. (4.34) can be adopted which is skipped here since
it yields a similar expression. As a result, we can state using a rough approximation that the
norm of diffraction term Kring is

‖Kring‖ ∝∼ Jm
(
m

cos θ
n

)
. (4.54)

Next, an approximation in the limit of large m for the integrals in the precession term Kprec

is needed. Again, we can expect that the integrals in Kprec do not have a closed-form solution
because the integrations with respect to φ′ and u′ do not factorize, see Sec. B.2.2 in the appendix
for more details. However, due to the cylinder symmetry of the cone-like ring cavity one could
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expect that the solution of the integrals in Kprec should be linked somehow to Bessel functions.
Probably, the solution could be a complicated function of Bessel functions. Let us assume that
the norm of Kprec could be expressed by

‖Kprec‖ ∝∼ mG
(
Jm

(
m

cos θ
n

))
(4.55)

where G represents the complicated function that we do not know. As a result, the ratio of
‖Kprec‖ and ‖Kring‖ yields

‖Kprec‖
‖Kring‖

∝∼ m
G
(
Jm

(
m cos θ

n

))
Jm

(
m cos θ

n

) . (4.56)

If we are lucky and the function G can be expressed by a series of Bessel functions or even only
by the Bessel function itself, then we see immediately that the precession term will dominate
in the limit of large m. Actually, we can expect that the precession term should dominate for
large m. Why is that? The limit of large m corresponds to the limit of short wave lengths
which leads us, according to the central concept of ray-wave correspondence [119], to the ray
picture. In the ray picture, diffraction should play a minor role since it is an inherent wave
phenomenon. Therefore, the dominating precession term in the limit of large m is a reasonable
result. As a consequence, we can expect that the tilt of the orientation angle of the far-field
polarization becomes more pronounced with increasing m.
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4.5 3D conical tube cavities - Results and discussion

In this section, we will investigate the modes and far-field polarization of application-oriented
structures such as complex conical tube cavities. These resonator geometries are inspired by
similar structures with regions of varying wall thickness which are created by rolling-up a
material layer as investigated, for example, in [47, 52, 120], or by an etching process [51]. In
the following, we can profit from the results and knowledge acquired in the Secs. 4.3 and 4.4
when discussing the modes and far-field polarization states. In this context, we are interested
in how the modes and far-field polarization states depend on the properties of the confining
profile and on the inclination γ of the tube wall with respect to the tube axis. Furthermore,
we will focus again on q = 2-modes because ot their interesting feature of two distinct far-field
lobes of opposite polarization handedness.
We begin with introducing the geometry of the conical tube cavity which is illustrated in
Fig. 4.13 (a). The conical tube cavities considered here are characterized by a mean diameter
D0 = 6µm, a total height hT = 20µm, a simple wall thickness d = 0.1µm, a refractive index
of n = 1.5 and two different profiles of the confining region as illustrated on the right-hand
side in Fig. 4.13 (a). The illustrated confining region is just an additional layer of material
which ensures the axial confinement. The confining profiles are characterized by the profile
thickness dp and the profile height hp. The chosen parameters are inspired by the experimental
realizations of cone-shaped microtubes in [52].
Note that by rolling up a circular-shaped membrane, see for example [52, 120], the resulting
geometries are much more complicated than the conical tube cavity illustrated in Fig. 4.13
(a). The axial confinement in these complicated structures can be calculated by the means of a
photonic quasi-Schrödinger equation, see [48, 120, 121]. In this context, the confinement profiles
illustrated in Fig. 4.13 (a) serve as an abstraction of complicated tube geometries. We argue
that the way in which the axial confinement is realized is less important. It is more important
that the field components of the whispering gallery mode can undergo an asymmetric distortion
and that the electric field vector can precess around the tube axis.
Let us look at some examples of modes confined in the conical tube cavity with a rectangular (rp)
and a triangular (tr) profile. Fig. 4.13 (b) shows r-z-slices of the Eφ-component at a segment
of the conical tube cavity for different configurations of confining profiles. The left-hand side of
Fig. 4.13 (b) shows two examples of the Eφ-component of a whispering gallery mode with axial
mode number q = 2 confined in conical tube cavity with inclination angle γ = 12◦ and with
two different rectangular profiles. These profiles differ in the thickness where rp 1 has half the
thickness as the one of rp 2. The corresponding parameters are dp = 0.1µm and hp = 2.0µm
for rp 1, and dp = 0.2µm and hp = 2.0µm for rp 2. On the left-hand side of Fig. 4.13 (b) we see
that mode confined in rp 1 exhibits axial propagation into the negative z-direction as indicated
by the black arrow. This axial propagation represents an additional loss channel of the energy
stored by the WGM. In contrast to that, the Eφ-distribution of the WGM confined in rp 2
shown in the lower slice represents clearly an axially confined mode without axial propagation
downwards the cone. Regarding the inclination of γ = 12◦, the profile rp 1 is simply too thin in
order to provide a sufficient axial confinement. In this context, we found that the far-field data
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is very noisy, see Fig. B.6 in the appendix. As a result, stable far-field polarization states could
not have been obtained. We shall keep this in mind when discussing the far-field polarization
states further below.

confining region rectangular profile (rp)

triangular profile (tp)

rp 1

rp 2

tp 1

tp 2

tp 3

tp 2

Figure 4.13: Geometry and modes of conical tube cavities. (a) Illustration of the struc-
ture of the conical tube cavity with rectangular and triangular confining profile. (b)
Comparison of r-z- slices of the Eφ-component for different profile configurations:
Slices on the left show Eφ in the conical tube cavity with rectangular profiles (rp).
Slices on the right show Eφ in the conical tube cavity with triangular profiles (tp).
The dimensionless resonance frequencies kR and quality factors Q are summarized
in the table. All modes have the azimuthal mode number m = 30.

On the right-hand side of Fig. 4.13 (b) we see four examples of the Eφ - component of whispering
gallery modes with q = 2 confined in a conical tube cavity with different triangular profiles and
different inclination angles γ. The upper three slices show profiles with inclination angle γ = 5◦
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while the lowest slice shows an example of γ = 15◦. These profiles tp 1, tp 2 and tp 3 differ
in the profile height hp with hp, tp 1 = 6µm, hp, tp 2 = 4µm and hp, tp 3 = 2µm while having
the same profile thickness dp = 0.2µm. Furthermore, we can see that the characteristic length
scale of the transverse confinement of the modes decreases with decreasing profile height hp
as indicated by the black double-headed arrows. This implies an increasing confinement and,
as a result, an increasing longitudinal component Eφ with decreasing profile height hp. For
this reason, we should expect far-field polarization states of higher ellipticity for profiles with
reduced profile height. In addition, we see a similar confinement of the Eφ-component in the
lowest z-r-slice for tp 2 and γ = 15◦ on the right-hand side of Fig. 4.13 (b). Concluding from
this, we also should expect far-field polarization states of higher ellipticity for higher inclination
angles. We shall keep also this in mind for discussing the far-field polarization states.
In the next step, we will investigate the far-field polarization states of whispering gallery

modes with axial mode number q = 2 confined in conical tube cavities with different confining
profiles. For reasons of better visualization, we focus on the polarization states at the intensity
maxima of the upper far-field lobes. The results are shown in Fig. 4.14 where the far-field
polarization states of the intensity maxima are illustrated on the Poincaré sphere. The different
colors of the data points correspond to different configurations of the confining profiles (rp 1,
rp 2, tp 1, tp 2, tp 3) of conical tube cavities. The parameters of the profiles are listed in the
legend on the right to the Poincaré sphere. The values of the parameters are given in µm. The
upper and lower hemisphere show the polarization states at the maxima of the far-field intensity
of the upper and lower lobes, respectively. The inclination angles γ of the tube cavities increase
along the direction indicated by the white arrow. The data points closest to the longitude of
LV correspond to the case of γ = 0◦.
First of all, we see on the upper hemisphere of the Poincaré sphere in Fig. 4.14 the general
but differently pronounced feature of increasing ellipticity and orientation angle with increasing
inclination angle γ visible by the evolution of the data points along the longitude (increasing el-
lipticity towards CR) and latitude (increasing orientation angle towards L+45◦). The increasing
orientation angle with increasing inclination angle γ results from the precession of the electric
field vector around the tube axis (z-axis) according to Eq. (4.43) as explained in Sec. 4.4.2. The
increasing ellipticity with increasing inclination angle γ results from the enhanced confinement,
that is, reduced characteristic length scale of the transverse confinement which can be induced
either by the profile or by the inclination of the tube cavity.
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rp 1
rp 2
tp 1
tp 2
tp 3

 hp=2, dp=0.1, d=0.1

 hp=2, dp=0.2, d=0.1

 hp=6, dp=0.2, d=0.1

 hp=4, dp=0.2, d=0.1

 hp=2, dp=0.2, d=0.1

Figure 4.14: The Poincaré sphere illustrates the polarization states at the maxima of |EFF(θ)|2
of the upper and lower lobes of q = 2-modes for different confining profiles of
conical tube cavities. The orientation angle Ψ increases along the longitudes from
LV (linear vertical, Ψ = 0◦) to LH (linear horizontal, Ψ = 90◦). The ellipticity χ
increases along the latitudes from the equator (χ = 0◦) to the poles (|χ| = 45◦).
See text for details.

Let us discuss now the results of the rectangular profile (rp) in more detail. The corresponding
far-field polarization states are shown by red and orange data points on the Poincaré sphere
in Fig. 4.14. The red data points correspond to a configuration with dp = 0.1µm and indicate
a slight and very weak increase of the orientation angle Ψ and ellipticity χ, respectively, with
γ ranging from γmin = 0◦ to γmax = 8◦ in steps of 2 degree. Far-field polarization states for
higher inclination angles γ > 8◦ could not have been obtained because the WGMs exhibited
axial propagation downwards into the direction of the broader end of the conical tube cavity as
explained above, see also the upper z-r-slice of Eφ on the left-hand side of Fig. 4.13 (b). The
orange data points in Fig. 4.14 correspond to a configuration with dp = 0.2µm and indicate
increased orientation Ψ and elliptcity χ, respectively, with increasing γ. The orange arrow
marks far-field polarization state which corresponds to the WGM shown in the lower slice on
the left-hand side in Fig. 4.13 (b). Due to the enhanced transverse confinement of the WGMs
in profile rp 2 compared to rp 1, the far-field polarization states exhibit significantly higher
orientation angles Ψ and higher ellipticity χ.
Next, we will discuss the results of the triangular profiles (tp) represented by the green, blue,
and magenta data points on the Poincaré sphere. The three triangular profiles differ in the
profile height hp, cf. Fig. 4.13 (b). We see on the Poincaré sphere in Fig. 4.14 that the profiles
tp 1 (green data points) and tp 2 (blue data points) provide similar far-field polarization states,
in particular, for smaller inclination angles γ (data points close to the longitude passing LV).
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With increasing γ, the polarization states of the profile tp 2 exhibit an increasing ellipticity. In
order to explain this slight differences, let us look at the whispering gallery modes shown on the
right-hand side in Fig. 4.13 (b) which correspond to the two data points marked by the green and
blue arrow on the left-hand side on the Poincaré sphere in Fig. 4.14. The Eφ-distributions of tp
1 and tp 2 in Fig. 4.13 (b) look very similar but differ slightly in the characteristic length scale
of the transverse confinement as indicated by the black double-headed arrows. The reduced
length scale of the transverse confinement of the mode in the profile tp 2 causes an increased
longitudinal component, and as a result, an increased ellipticity in the far field. The slightly
stronger confinement of the WGM at tp 2 can be explained by the reduced profile height h(tp 2)

p

< h
(tp 1)
p .

Furthermore, we see on the Poincaré sphere in Fig. 4.14 that the profile tp 3 (magenta data
points) provides polarization states with significantly higher orientation and ellipticity com-
pared to the profile tp 1 and the rectangular profiles. In particular, the polarization states of tp
3 (magenta data points) evolve strongly towards the circular polarization at CR with increasing
γ where γ ranges from γ

(tp 3)
min = 0◦ to γ(tp 3)

max = 6◦ in steps of 1 degree. The strong increase
of the ellipticity induced by the profile tp 3 results from an enhanced axial confinement of the
whispering gallery mode as shown on the right-hand side of Fig. 4.13 (b). The enhanced axial
confinement in turn results from the further reduced profile height of the triangular profile. In
addition, the Eφ distribution of tp 3 shown in Fig. 4.13 (b) clearly differs from the one of tp 2
and exhibits a stronger distortion visible at the red region being further compressed compared
to the one of tp 2. As a consequence of the stronger confinement of the mode at the profile
tp 3 and, therefore, further increased longitudinal component, the corresponding far-field po-
larization state marked by the magenta arrow on the Poincaré sphere in Fig. 4.14 is close to
right-handed circular polarization.
Due to the nature of the triangular shape, the triangular profiles provide an additional inclina-
tion angle γpr determined by tan γpr = dp/hp. To further characterize the role of the additional
inclination provided by the triangular profiles γpr, we introduce an effective inclination that is
the sum of γ and γpr, γeff = γ + γpr. For example, we compare the Eφ-distribution of tp 3 at
γ = 5◦ and Eφ of tp 2 at γ = 15◦ which are shown in the lowest two slices on the right-hand side
of Fig. 4.13 (b). First, we notice that the confinement of both distributions looks very similar.
For example, the distortion of the red regions of tp 3 and tp 2 shows the similar feature of being
pulled towards the axis of the cone-like cavity. As a result, the corresponding far-field polar-
ization states indicated by the magenta and second blue arrow (on the right) on the Poincaré
sphere in Fig. 4.14 have high ellipticities with χ(tp 3) > χ(tp 2) because the confinement of tp 3
is slightly stronger resulting from the further reduced profile height h(tp 3)

p < h
(tp 2)
p .

Furthermore, we see on the Poincaré-sphere in Fig. 4.14 that the two polarization states marked
by the magenta and blue arrow on the right have similar orientation angles (their longitudes
are close) whereas the one of tp 2 is slightly greater. This can be explained by the fact that the
effective inclination of tp 2 at γ = 15◦ is greater than tp 3 at γ = 5◦ . The corresponding profile
inclinations of tp 3 at γ = 5◦ and tp 2 at γ = 15◦ are γ(tp 3)

pr ≈ 6◦ and γ(tp 2)
pr ≈ 3◦, respectively.

As a result, the effective inclinations are γ(tp 3)
eff ≈ 11◦ and γ(tp 2)

eff ≈ 18◦ with γ(tp 2)
eff > γ

(tp 3)
eff .

We briefly summarize the most important findings. First of all, the overall increased orientation
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angles Ψ and ellipticities χ of the far-field polarization states of the WGMs at the triangular
profiles result from an enhanced precession of the electric field vector around the axis of the
conical tube cavity and an enhanced axial confinement, respectively. The triangular profiles pro-
vide an additional profile inclination γpr which adds to the wall inclination γ. As a result, the
effective inclination γeff > γ enhances the precession of the electric field vector. In accordance
with the diffraction model in Eq. (4.43) in Sec. 4.4.2, the increased inclination angle causes an
increased orientation angle Ψ of the far-field polarization. The stronger confinement provided
by triangular profiles with reduced profile heights causes an increased longitudinal component
inside the resonator wall. As a result, the far-field polarization states have increased ellipticities
χ.
Finally, we discuss our results in the context of the experimental and theoretical results from
the work of Ma et al. [52]. They investigated whispering gallery modes in conical tube cavities
created by rolling-up inhomogeneous dielectric layers with weak anisotropy. They also observed
an increase of the orientation angles Ψ and of the ellipticities χ of the far-field polarization
states. The theoretical explanation given in their work is based on “a non-cyclic optical geo-
metric phase acquired in a non-Abelian evolution” [52] which also takes the precession of the
electric field vector of the WGM around the tube axis into account. Furthermore, they describe
a spin-orbit interaction based on anisotropic and inhomogeneous materials. As a result, the
geometric phase acquired causes the increase of the far-field polarization orientation angle and
the ellipticity.
Our explanation of the increasing orientation angles Ψ and ellipticity χ of the far-field polariza-
tion states is based on diffraction theory and reveals that the far-field polarization states depend
sensitively on the axial confinement of the WGMs and on the inclination of the cavity wall with
respect to its axis. In particular, we provide analytical expressions that link the local properties
of the WGMs inside the cavity to the far-field polarization states. The spin-orbit interaction
due to the strong axial (transverse) confinement of the WGMs is the origin of the elliptical (and
circular) polarization inside the cavity and also in the far field. Most importantly, we found
that the far-field polarization states depend on the observation angle θ and on the transverse
morphology (axial mode number, asymmetric distortion of the fields) of the confined mode. In
this context, the axial mode number determines the number of far-field lobes and therefore the
pronouncedness of the spatial splitting of the far-field lobes.
We point out that our results are valid for homogeneous and isotropic cavities. The situation
of anisotropic or inhomogeneous materials can be described by Eq. (4.6) where, for example,
an additional term appears due to an inhomogeneity. As a result, the longitudinal component
Eφ inside the resonator depends on the confinement given by ∂Ez/∂z and on the material in-
homogeneity given by ξ and (∇trε) ·Etr. These terms contribute to the longitudinal component
inside the cavity wall and can increase its magnitude with increasing (∇trε) ·Etr or can provide
a phase shift due to the ξ-term in Eq. (4.6). The theory used in [52] is based on weak anisotropy
and inhomogeneity, and for this reason we argue that these contributions to the longitudinal
component should play a minor role.
According to the author’s comprehension, the far-field polarization states are mainly affected
by the axial confinement of the WGM and the precession of the electric field vector provided
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by inclined wall geometries. The results suggest that geometric phases do not play a role here.

4.6 Summary and Conclusion

In this chapter, we have investigated the morphology of azimuthally propagating whispering
gallery modes and their far-field polarization states for three types of cavities: ring cavities,
conical ring cavities and conical tube cavities. In doing so, we have examined the following
questions:

1. What role does the morphology (pattern or shape of field distribution, axial mode number)
of the whispering gallery mode play for the far-field polarization states?

2. What influence does the local inclination of the dielectric strip have on the far-field po-
larization states?

In the first two sections of this chapter, we have investigated whispering gallery modes in ring
cavities formed by a dielectric strip. By means of diffraction theory we have derived analytical
expressions showing that the spatial splitting of polarization handedness in the far field is an
inherent property of azimuthally propagating WGMs and results from the so-called spin-orbit
interaction of light. In particular, in the case of WGMs with axial mode numbers q = 1 and
q = 2 the spatial splitting of polarization handedness is even approximately independent from
the lateral field distribution inside the ring cavity. Furthermore, the numerical results obtained
by FDTD-calculations have revealed that the far-field patterns of WGMs with axial mode num-
bers q = 2, 3 and 4 are characterized by distinct far-field lobes of opposite and alternating
polarization handedness where the number of far-field lobes corresponds to the axial mode
number. Additionally, we have seen that the maxima of the outermost far-field lobes appear at
increasing elevation angles θ with increasing axial mode number q, and as a result, the ellipticity
of the polarization states at the maxima of the far-field lobes increases also. These effects result
from the increasing transverse confinement of the WGM inside the ring cavity with increasing
axial mode number.
In the third section of this chapter, we have investigated whispering gallery modes with axial
mode number q = 2 in conical ring cavities where the wall of the cavity represented by the
dielectric strip was inclined by an angle γ with respect to the ring axis (z-axis). The reason
for focusing only on WMGs with q = 2 is that these modes provide distinct far-field lobes of
opposite polarization handedness. As a result of the inclination of the cavity wall, the field dis-
tributions of the WGMs shifted towards the broader end of the conical ring cavity. In addition
to that, we have observed an asymmetric distortion of the field distributions. This distortion is
characterized by a stronger and weaker shift of the upper and lower (towards the broader end)
part of the field distributions, respectively. In other words, the upper part was locally stretched
while the lower part was compressed. Furthermore, the overall length scale of the transverse
confinement decreased with increasing inclination γ. We have seen that as a result of the
asymmetric distortion, the polarization states of the upper and lower far-field lobes exhibited
different ellipticities with strongly increased ellipticity of the polarization states of the lower
lobes. The ellipticity of the polarization states of both lobes increased compared to the far-field
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lobes of the WGMs from ring cavities studied in the first two sections because the overall length
scale of the transverse confinement decreased, and therefore the spin-orbit interaction increased.
In addition, we have seen that the orientation angle of the far-field polarization states increased
with increasing inclination of the cavity wall. Again, we have found analytic expressions by
means of diffraction theory which link the local properties of the whispering gallery modes to
the far-field polarization states. In particular, we have shown that the orientation angles of far-
field polarization states are linked to the precession of the electric field vector of the whispering
gallery mode propagating around the cavity axis.
In the fourth section of this chapter, we have investigated whispering gallery modes with axial
mode number q = 2 in conical tube cavities where the axial confinement of the WGMs was
realized by a confining profile formed by an additional layer of material. This simplified cavity
geometry served as a model system for complex tube geometries created by rolling up thin
material layers. In particular, we have investigated the polarization states at the maxima of
the upper far-field lobes as a function of the inclination of the wall of the tube cavity and the
confining profile. In this context, the role of different confining profiles has been examined. We
have found that the knowledge gained from the results of the conical ring cavities can also be
applied to the tube cavities. In particular, we have seen that the orientation angle of the far-field
polarization increased with increasing inclination of the wall of the tube cavity resulting from
the precession of the electric field vector around the cavity axis and that the lengths scale of
the transverse confinement decreased with increasing inclination of the wall. The latter caused
an increasing ellipticity of the far-field polarization states. Furthermore, we have found that
the geometry of the confining profile plays a crucial role. We have seen that WGMs confined in
triangular profiles exhibit far-field polarization states of strongly pronounced orientation angles
and ellipticities even at small inclinations of the wall of the tube cavity. The reason for this lies
in an effectively increased inclination angle of the cavity wall provided by the triangular profile.
This in turn increases the precession of the electric field vector and reduces the length scale of
the transverse confinement further.
The most important findings from the entire investigation in this chapter are that the transverse
morphology of azimuthally propagating whispering gallery modes affects the pronouncedness
of the spatial splitting of the polarization handedness in the far field and that the far-field
polarization properties (ellipticity and orientation angle) are linked to the two local properties
of the WGMs, namely, the asymmetric distortion of the fields along the transverse direction
and the precession of the electric field vector around the cavity axis. This differs fundamentally
from the explanation provided in [52] which is based on geometric phases resulting from a non-
Abelian polarization evolution due to anisotropy and inhomogeneities of the cavity material.
The author emphasizes that the strength of the explanation provided here in this thesis is that
a connection between local properties of the WGMs and far-field polarization states was estab-
lished. Although the investigated cavities in this chapter are homogeneous and lack material
anisotropy, the effects of asymmetric distortion of the fields along the transverse direction as a
result of an inclined cavity wall and the precession of the electric field vector around the cavity
axis can be expected to occur also in asymmetric cavities with inhomogeneities and material
anisotropy.
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5 Far-field Properties of Deformed Microcavity
Arrays

Shortly after the first realization of a circular microdisk cavity [13], intensive research has been
carried out in the field of deformed microcavities [20–24]. The goal was to overcome the isotropic
emission of the circular microdisk and instead obtain directional far-field emission which is cru-
cial for designing and constructing lasing devices.
Among many cavity types by now, well-known representatives of deformed microcavities are the
bow-tie cavity [122], the stadium cavity [123], the spiral cavity [124], the shortegg cavity [125]
and, in particular, the limaçon cavity [126, 127] which provides a combination of highly direc-
tional far-field emission and high quality factors [28]. This makes the limaçon cavity a favored
candidate for a microlaser.
In order to enhance the reliability or to increase the emitted energy of a microlaser cavity,
designing arrays of such cavities is a reasonable step, see Fig. 5.1 (a). Based on this, we will
investigate linear arrays of identical limaçon cavities as schematically illustrated in Fig. 5.1 (b).
In particular, we will study how the far-field emission changes depending on array properties
such as distance between the cavities and number of cavities in the array. Intuitively, we can
expect that the far-field emission of the individual limaçcon cavity will be amplified by the
collective behavior of the cavities in the array. But this is only one part of the story. As we
will see, there is a surprising result.

Figure 5.1: Microcavity arrays. (a) SEM image of an array of microdisk cavities. Image
provided by Arne Behrens from the Optical Engineering Group (Stefan Sinzinger)
at Technische Universität Ilmenau. (b) Schematic of an array of limaçon cavities
with cavity-center spacing D.

Beforehand, we will start with an introduction of the limaçon cavity in Sec. 5.1 and present a
characteristic mode with directional far-field emission which is the basis of the investigation of
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the array emission. Subsequent to this, we will study the modes and far-fields of a limaçcon-
cavity array on the basis of some examples in Sec. 5.2. The results of the array far-field emission
properties are shown and discussed in the Secs 5.2 and 5.4.
Parts of this chapter and parts of the results were published in Super-directional

light emission and emission reversal from micro cavity arrays. Physical Review Research 1,
33171 (2019) [69].

5.1 The limaçon cavity

First of all, we briefly introduce the limaçon cavity and present important far-field characteristics
of the whispering gallery modes of this cavity.
The boundary shape of the limaçon, also known as the limaçon of Pascal, is given in polar
coordinates (r, φ) by

r(φ) = R · (1 + δ cosφ) (5.1)

where R is the mean radius of the cavity and δ is the deformation parameter. Fig. 5.2 illustrates
the boundary shape of the limaçon for R = 1.0 and δ = 0.43. In addition, Fig. 5.2 shows a
circle of radius R = 1.0 shifted by δR = 0.43 along the x-axis in order to provide a comparison
between these two shapes. We see that the limaçon with the given parameters represents a
slightly deformed circle. Note that the origin of the coordinate system does not coincide with
the center of the limaçon shape.

Figure 5.2: Shape of limaçon and circle. The circle is shifted by Rδ along the positive
x-axis.

The deformation parameter of δ = 0.43 is chosen because this value provides highly directional
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far-field emission of the limaçon-cavity modes [28]. For this reason, we will use this parameter
value throughout the upcoming investigations.
Similar to the (circular) dielectric disk cavity introduced in Sec. 2.1.2, the limaçon cavity sup-
ports also modes that are confined by repetitive reflections of the waves along its boundary
(whispering gallery modes). An example of a limaçon-cavity mode with dimensionless resonance
frequency kR = 7.0411 (k = 2π/λ with vacuum wavelength λ) and quality factor Q = 2875
obtained by FDTD-calculations (MEEP [78]) is shown in Fig. 5.3 (a). We see that the major
part of the field pattern is distributed along the interface in the interior of the limaçcon cavity.
For this reason, we refer to this mode as a whispering-gallery-like mode.
The characteristic feature of this mode shows up in the far field. Therefore, we look at the
Ez-field pattern in the exterior of the cavity which is shown in Fig. 5.3 (b). The color scale of
Ez was enhanced in brightness and contrast in order to better visualize the field in the exterior
of the cavity. For this reason, the cavity is blackened in Fig. 5.3 (b). The dashed rectangle
around the blackened cavity corresponds to the region shown in Fig. 5.3 (a).
We see in Fig. 5.3 (b) that the emission of the limaçon cavity is characterized by a pronounced
emission into the forward direction (upwards on the sheet) as indicated by the three black ar-
rows above the cavity. The inset on the right hand side of Fig. 5.3 (b) shows the polar plot of
the far-field intensity which confirms the strong emission into the forward direction at θ = 0◦.
Note that the coordinate system and the cavity are rotated by 90 degrees counterclockwise so
that the x-axis points now upwards on the sheet. Furthermore, we see two minor side lobes
pointing at θ ≈ ±150◦, and one weaker lobe pointing into the backward direction at θ = 180◦.
These types of far fields are referred to as directional far fields because a major part of the
energy stored in the cavity is emitted into one direction. In contrast to that, the whispering
gallery modes of the circular dielectric disk cavity exhibit an isotropic far-field emission.
Qualitatively and in a simplified picture, the directional far-field can be explained by the clock-
wise and counterclockwise traveling waves which form this standing wave pattern and which are
refracted increasingly at interface positions where the curvature of the interface changes. As a
result of this specific geometry, the modes of the limaçon cavity provide directional far fields.
The general feature of directional far fields can also be explained in the ray picture or by so-
called billiards for light, see for example [128]. The slight deviation of the limaçon from the
circular shape induces a chaotic ray dynamics with the result that light rays can be incident at
the interface below the critical angle of total internal reflection χc = arcsin (1/n). As a result,
these rays are partly refracted according to Snell’s law. An analysis of the phase space spanned
by the azimuthal position φ of the incident ray and the angle of incidence χ reveals that this
refraction occurs at certain positions φ and at certain angles χ within the so-called leaky re-
gion leading to a directional far-field emission for large cavities [28]. Using an extended ray
dynamics, the directional far-field emission can also be explained for wavelength-scale cavities
(kR ∼ 7) [30].



128 5 Limaçon-cavity Arrays

Figure 5.3: Example mode and far field of the limaçon cavity. Result from FDTD-
calculations (MEEP). (a) Ez-field of one limaçon-cavity mode with (dimensionless)
resonance frequency kR = 7.0411 and quality factor Q = 2875. The refractive
index of the cavity is n = 3.0. (b) Brightness - and contrast-enhanced Ez-field
in the exterior of the limaçon cavity. Inset shows the polar-plot of the far-field
intensity. Note that the coordinate systems in (a) and (b) are rotated by 90 degrees
counterclockwise with respect to the coordinate system in Fig. 5.2.

5.2 Limaçon-cavity arrays

In this section, we will investigate the situation of several limaçon cavities arranged to a linear
array with equal inter-cavity spacing d as illustrated in Fig. 5.4 (a) for the example of 5 cavities.
Each limaçon cavity is aligned in such a way that the main far-field emission lobe of the mode
introduced in Sec. 5.1 with kR = 7.0411, cf. Fig. 5.3, points into the positive x-axis. If the
inter-cavity spacing d is large enough compared to the resonant wavelength, then we shall expect
an overall array emission resulting from linear superposition of the individual limaçon-cavity
modes. This situation will be investigated in Sec. 5.2.1. If the inter-cavity spacing d becomes
smaller in relation to the resonant wavelength, then the evanescent coupling between adjacent
cavities will likely affect the overall array emission. This situation is examined in more details
in Sec. 5.2.2.
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An array of optical microcavities can be considered as a system of coupled oscillators of which
we know that the resonant frequency of the individual oscillator splits into N frequencies of the
coupled system of N oscillators (excluding degeneracies) and that the splitting increases with
increasing coupling strength. To this end, Martí Bosch computed using COMSOL [129] the
(dimensionless) resonance frequencies kR of a limaçon array composed of 5 cavities within a
small spectral range centered around the resonance frequency (kR)0 = 7.0425 of the individual
limaçon-cavity mode. Note that the resonance frequency (kR)0 = 7.0425 computed using
COMSOL corresponds to the same mode shown in Fig. 5.3 but the value of the frequency
differs slightly from the one computed using MEEP ((kR)0,MEEP = 7.0411) due to different
discretization of the geometry in COMSOL and MEEP.
The diagram in Fig. 5.4 (b) shows the dimensionless resonant frequencies kR (computed using
COMSOL) of a limaçon array composed of 5 cavities as a function of the inter-cavity spacing d
in relation to the mean radius R and also as a function of the inter-cavity spacing d in relation
to the resonant vacuum wavelength λ0 ((kR)0 = 2πR/λ0 with R = 1.0). As expected, we see
in Fig. 5.4 (b) that the splitting increases with increasing coupling strength where in our case
the coupling strength corresponds reciprocally to the inter-cavity spacing d. Furthermore, the
frequency splitting exhibits 10 resonant frequencies of the array due to 5 pairs of symmetric
and anti-symmetric array modes whereas the pairs are hardly visible.
Based on the d/λ0-scale we can distinguish two regimes. The first one is called the weak coupling
regime which is characterized by the fact that the resonant frequencies do not split. Technically,
the splitting is too small to be visualized properly in this diagram. The second regime is the
strong coupling regime where the term strong accounts only for the fact that the coupling causes
a splitting of the resonant frequencies independent of its actual extent. The border between
the two regimes at d/λ0 = 1.0 and d/R ≈ 0.875 is introduced at this position because the
evanescent coupling mechanism between two adjacent cavities happens approximately in the
range of one wavelength distance. Later on in Sec. 5.3 when investigating far-field properties,
we will recognize the border between the weak and strong coupling regime more clearly.
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Figure 5.4: Geometry and resonant frequencies of an array composed of 5 limaçon
cavities. (a): Illustration of the limaçon-cavity array. R, ry, d, D and θ are the
mean radius, semi-major axis , inter-cavity spacing, cavity-center spacing and the
far-field angle, respectively. (b) Resonant frequencies kR of an array composed of 5
Limaçon cavities. COMSOL-calculation of the resonant frequencies conducted and
data provided by Martí Bosch, see text for details.

In the following, we give a brief overview of the array modes based on a few examples and
introduce the procedure of the array mode excitation in MEEP. In particular, an important
point is to test and verify the excitation method used in MEEP.
Three examples of array modes are shown in Fig. 5.5 (a), (b) and (c) with an inter-cavity
spacing of d/R = 0.45. These modes have been calculated with COMSOL [129] whereas Martí
Bosch conducted the COMSOL-calculations and provided the displayed images of the modes.
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We see that the mode in Fig. 5.5 (a) is a symmetric mode with respect to the black dashed
line (x-axis). The mode shown below in (b) is anti-symmetric with respect to the black dashed
line. The third array mode displayed in Fig. 5.5 (c) is also a symmetric mode with respect to
the black dashed line. Its field distribution is characterized by the two cavities adjacent to the
central one being almost empty in the context of lacking electric field whereas only the central
and the outermost cavities are excited.
The mode shown in Fig. 5.5 (d) is the same symmetric mode as displayed in (a) but it was
calculated using the FDTD-software package MEEP. The reason why this mode is shown again
is to test and verify the excitation method used in MEEP. In order to excite modes in MEEP,
the electromagnetic fields have to reach the resonant structures from sources by propagating
into or through the resonant structures. This results from the fact that MEEP solves Maxwell’s
equations in time domain in contrast to the frequency-domain solver used in COMSOL. This
excitation can be realized in many different ways by sources that are placed outside or inside the
resonant structures. In the situation shown in Fig. 5.5 (d), electric point sources were placed
inside the cavities at the positions marked by black crosses and arrows. These point sources
sit on the mirror axis of each cavity in order to symmetrically excite the cavities. As we see
from the field distribution in Fig. 5.5 (d), the symmetric array mode can be excited with this
procedure. More technical details about the mode excitation procedure are described in the
Sec. C in the appendix.
At first glance, the array modes shown in Fig. 5.5 look like putting together symmetric or
anti-symmetric modes of individual limaçon cavities. Indeed, the differences between the field
distribution inside the cavities of, for example, the symmetric array mode shown in Fig. 5.5
(d) and the individual Limaçon cavity mode shown in Fig. 5.3 are very difficult to see with the
naked eye. Later on in Sec.5.2.2 we will highlight and discuss the differences between the array
modes and the individual limaçon cavity mode.
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Figure 5.5: Examples of array modes at d/R = 0.45. (a) - (c): Three examples of array modes
calculated with COMSOL [129], calculations conducted and images provided by
Martí Bosch. from top to bottom: symmetric mode, anti-symmetric mode and
another symmetric mode where the outermost cavities have opposite phase w.r.t.
the central one. (d): same symmetric array mode as shown in (a) calculated with
MEEP [78] and excited with point sources marked by black crosses and arrows.
Note that resonant frequencies in MEEP differ slightly from COMSOL due to the
different discretization of the geometry.
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5.2.1 Array modes and far fields of weakly coupled cavities

In the weak coupling regime where the inter-cavity spacing d is just as large or even larger than
the resonant wavelength, we shall assume that the evanescent coupling of adjacent cavities in the
array by mutual energy exchange is negligibly small. As a result, the overall field distribution
of the array should look like the superposition of individual limaçcon-cavity modes. First of all,
we will verify this assumption using the example of the symmetric array mode at d/R = 1.0.
The Ez-component of the array mode outside the cavities is shown in Fig. 5.6 where the color
range was enhanced in brightness and contrast in order to better visualize the emission of the
array. For this reason, the cavities appear black. The inset with the dashed frame shows
the Ez-component inside the cavities in a properly scaled color range. We see that array emits
predominantly into the forward direction (upwards on the sheet) characterized by a plane-wave-
like pattern above the limaçon array. Below the limaçon array, we see a fragmented pattern
which suggests partial destructive interference from the waves traveling into the backward
direction (downwards on the sheet). As a result, the intensity of the array emission into the
backward direction is reduced compared to the emission into the forward direction. This is
confirmed by the corresponding far-field intensity shown in the polar-plot inset on the right-
hand side in Fig. 5.6 with the dominant major lobe pointing into the direction of θ = 0◦.

Figure 5.6: Symmetric array mode. Brightness - and contrast - enhanced Ez-field of the
array modes outside the cavities at d/R = 1.00. The inset with a dashed frame
displays the Ez-field inside the cavities. The inset on the right hand side shows the
corresponding far-field pattern.

If we look on the field pattern to the left of the outermost cavity on the left-hand side in Fig. 5.6,
then we see two beam-like wave patterns highlighted by the translucent ellipse pointing towards
the lower left corner of the image. This looks very similar to the wave pattern of the individual
limaçon cavity mode show in Fig. 5.3. Furthermore, we see that the overall field pattern to the
left of the outermost cavity on the left hand-side in Fig. 5.6 is very similar to the field pattern
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shown in Fig. 5.3. Concluding from the similar wave patterns and from the fact that the ratio
d/λ0 is slightly larger than 1.0, we can state that the overall field distribution of the symmetric
array mode is the linear superposition of the individual limaçon-cavity modes.
A quantitative analysis aiming to describe the far fields will be conducted in the next step.
Starting from the point that the field distribution of the array Ez,array can be approximated by
the superposition of the individual cavities yields:

Ez,array ≈
N∑
n=1

αnEz,n(x, y − yn), (5.2)

where αn is the amplitude of the field distribution of the n-th cavity Ez,n(x, y − yn) with yn =
(n− 1)D representing the shift along the y-axis, cf. Fig. 5.4 (a). For the sake of completeness,
we like to mention that a similar expression like Eq. (5.2) can be formulated for the magnetic
field components Hx and Hy of the mode which are not shown here.
Since we are interested in the far field of the array, we will compute its electric field component
EFF
z,array in the following. It turns out that calculating the far field of an array of identical

optical microcavities is the same problem as the situation of an array of identical and emitting
antennas. As known from antenna theory, the far field of an array of identical non-interacting
emitters is obtained by the far field of one individual emitter multiplied by the array factor [84].
As a result, the z-component of the electric far field yields

EFF
z,array(θ) ∝ EFF

z (θ)AF(θ) = EFF
z (θ)

N∑
n=1

αne
−ikD(n−1) sin θ, (5.3)

where EFF
z is the electric far field component of one individual resonator, θ denotes the far-field

angle with respect to the x-axis, cf. inset of Fig. 5.4 and the sum over the phase-weighted
amplitudes represents the array factor AF(θ). In the present situation, the array factor AF(θ)
represents a complex-valued far-field pattern emitted from a linear chain of isotropic light
sources. Generally, it can describe the complex-valued far-field pattern of any array of isotropic
radiators.
In a first step, we will compare the far-field angle-dependent pattern of the array factor with
the far-field pattern of one individual limaçon cavity in order to visualize and understand the
effect of the array factor. Fig. 5.7 (a) shows three examples of the squared absolute value of
the array factor for arrays of N = 2, 5 and 10 emitters and the far-field intensity of one limaçon
cavity within the θ-range of ±30◦. The inter-cavity distance is d/R = 1.0. For the reason of
better visualization, the maximum values of all far-field patterns have been scaled to 1.0.
We can see in Fig. 5.7 (a) that, for example, the width of the central lobe at θ = 0◦ of the
array factor pattern decreases with increasing numbers of resonators in the array. In other
words, the far-field pattern of the array factors becomes sharper with increasing N . As a result,
we expect that the far-field pattern of the limaçon array will be sharper showing increased
directionality compared to the single limaçon cavity. Furthermore, the lobes of the array factor
pattern determine the far-field lobes of the array. As a result, minor or side lobes of the far-field
pattern of one individual limaçcon cavity can disappear mostly in the array far field as long as
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the minor lobes are not aligned at the far-field angles of high absolute values of the array factor
pattern.
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Figure 5.7: Array factors and far fields (a) Far-field intensity of a single limaçon cavity (FF1)
compared to the absolute values of the squared array factors for arrays ofN = 2, 5, 10
cavities (|AF2|2, |AF5|2, |AF10|2). (b) Comparison of far-field intensities computed
by FDTD-calculations and the array factor model (AF), see text for details.

These features are clearly visible in the far-field patterns of limaçon arrays of different resonator
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numbersN = 1, 2, 5 and 10 as shown in Fig. 5.7 (b). The solid lines in the diagram correspond to
the far-field intensity of the array computed in MEEP using the near-to-far field transformation.
The dashed lines represent the far-field intensity computed using Eq. (5.3), that is, multiplying
the far field of one limaçon cavity with the array factor where the mode amplitudes αn in each
limaçon cavity have been set to 1.0 because of an in-phase and simultaneous excitation of all
cavities. As mentioned above, we see in Fig. 5.7 (b) that the width at the half maximum intensity
of the central far-field lobe of one limaçon cavity reduces from ∆θN=1 ≈ 15◦ to ∆θN=10 ≈ 2◦

of the array composed of N = 10 limaçon cavities as indicated by the black bar. In addition,
we observe that the first side lobes of the single-cavity far field are reduced in intensity and
slightly shifted towards the central lobe as indicated by the black arrows. The reduction and
shift result from the fact that only the lobes supported by the array factor will be visible in the
far field. This is why the side lobes shift to θ = ±18◦ where the major maxima of the array
factor pattern are located, cf. Fig. 5.7 (a).
Finally, we see in Fig. 5.7 (b) that the results from the array factor model (AF, dashed lines) are
in good agreement with the numerical solution from the FDTD-calculation using the near-to-far
field transformation (solid lines). The slight differences result from the approximation made in
Eq. (5.2) and should disappear with increasing inter-resonator distance d.
We briefly summarize the most important facts so far. The array mode of weakly coupled
limaçon cavities was described by the linear superposition of the modes of the individual cavities.
The array far-field pattern was obtained by the array factor model inspired from antenna theory.
We observed an increased directionality of the array far field compared to the single-cavity far
field as a result of the sharper central main lobe and intensity-reduced side lobes.

5.2.2 Array modes and far fields of strongly coupled cavities

In the strong coupling-regime, we can presume that the mutual energy exchange between ad-
jacent cavities will play an important role and that, for example, the formed symmetric array
mode could be more complex than the linear superposition of the corresponding individual
cavity modes. Thus, we expect that the approximation made in Eq. (5.2) is not valid anymore
and, as a result, the array far field should deviate from the array factor model described by
Eq. (5.3).
In the following, we will examine this presumption by investigating the array modes and far
fields using an array composed of N = 5 limaçon cavities as an example.
First of all, we discuss two examples of array modes which are shown in Fig. 5.8. The given
inter-cavity distances of d/R = 0.44 in (a) and d/R = 0.34 in (b) are chosen because the array
far fields show characteristic features at these d/R-values. Later on in Sec. 5.3, we will pay
special attention to these characteristics but for the moment, we treat them just as examples
for the purpose of illustration.
The Figs. 5.8 (a) and (b) show the Ez-component of the modes outside the cavities where the
color range was enhanced in brightness and contrast in order to better visualize the emission of
the array. For this reason, the cavities appear black. The insets with the dashed frame show
the Ez-field inside the cavities in a properly scaled color range.
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At the first glance, we see that the array emissions shown in Fig. 5.8 (a) and (b) differ in
their main emission direction as indicated by black arrows. The array shown in Fig. 5.8 (a)
emits predominantly into the forward direction where we see a plane-wave-like pattern above
the limaçon array. The fragmented pattern visible below the limaçon array suggests partial
destructive interference from the waves traveling into the backward direction. As a result, the
intensity of the emission into the backward direction is reduced. The strongly pronounced for-
ward emission of the array is confirmed by the corresponding far-field intensity shown in the
polar-plot inset on the right-hand side with the dominant major lobe pointing into the direction
of θ = 0◦.
Compared to the situation of the weakly-coupled cavities with d/R = 1.0 shown in Fig. 5.6 in
Sec. 5.2.1, the forward emission of the array with d/R = 0.34 shown in Fig. 5.8 (a) is more
pronounced while the backward emission is slightly reduced. We can see this by comparing the
sizes of the peaks pointing into the θ = 180◦-direction in the polar plots of the far-field intensity
shown in Fig. 5.8 (a) and in Fig. 5.6. The red marker in the polar plot of the far-field intensity
in Fig. 5.8 (a) indicates the size of the corresponding peak from Fig. 5.6.
The situation shown in Fig. 5.8 (b) represents the opposite case where we see a fragmented
pattern above the limaçon array indicating partial destructive interference of waves traveling
into the forward direction, and in addition, we see a plane-wave-like pattern below the array
indicating a strong emission into the backward direction as indicated by the black arrows. As a
result, we obtain a reduced and a pronounced emission into the forward and backward direction,
respectively, which is also confirmed by the polar plot of the far-field intensity shown in the
inset on the right-hand side.
In particular, we notice in Fig. 5.8 (a) and (b) that the Ez-field pattern in the space outside
of the outermost cavities changes significantly at the given characteristic inter-cavity spacings.
The changes of the field patterns are highlighted by translucent ellipses in Fig. 5.8 (a) and (b).
We see that both side lobes highlighted by the magenta and green ellipse change their orien-
tation and size when the inter-cavity spacing changes. Moreover, we see that both highlighted
side lobes in Fig. 5.8 (a) and (b) look differently from the corresponding Ez-field pattern of
the weakly-coupled array with d/R = 1.00 shown in Fig. 5.6 which in turn was similar to the
individual limaçon cavity Ez-field pattern.
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Figure 5.8: Comparison of array modes in the strong-coupling regime. (a) and (b)
show the brightness- and contrast-enhanced Ez-component of the array modes out-
side the cavities at two different inter-cavity spacings. The insets with a dashed
frame display the Ez-field inside the cavities. The insets on the right-hand side
show the corresponding far-field intensity |Ez,FF|2. Translucent ellipses highlight
the differences of the Ez-field at the outermost cavities.

In the next step, we will investigate the array far fields of these example modes shown in Fig. 5.8
in more detail. In this context, we attempt to reproduce the calculated far-field patterns
by the means of the array factor model according to Eq. (5.3). To this end, the complex-
valued amplitudes αn, cf. right-hand side in Eq. (5.3), for each cavity are determined by
finding the absolute values of the amplitudes |αn| and the phases φn of Ez according to Ez,n =
|αn| cos (ωt+ φn). This approach is illustrated in Fig. 5.9 (a). The Ez-fields were recorded over
one period T = 2π/ω at the positions marked by black circles in Fig. 5.9 (a) and then the
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|αn| and φn were determined by fitting the recorded signal of Ez in each cavity to the assumed
behavior of Ez,n = |αn| cos (ωt+ φn).
Resulting from this, the array factor AF(θ) in Eq. (5.3) can be computed with the amplitudes
αn = |αn|eiφn . By multiplying the array factor with the far field of the individual limaçon
cavity we obtain the far field of the array. The results are shown in Fig. 5.9 (b) and (c). The
diagrams on the left-hand side in (a) and (b) show the far-field intensities computed by the
array factor model (AF-model) and the FDTD-calculation as function of the far-field angle θ.
For the purpose of better visualization of the far fields, the polar plots of the far-field intensities
are provided on the right-hand sides in Fig. 5.9 (b) and (c).
At the first glance, we see in Fig. 5.9 (b) that the far field computed by the AF-model (blue
curve) can reproduce most of the far-field peaks of the far field computed by FDTD (orange
curve). In particular, we see that the main far-field lobe into the θ = 0◦-direction is predicted
correctly. In contrast, the minor lobes of the AF-model, especially, the three lobes centered
around θ = 180◦ show a little to much intensity with respect to the FDTD-calculations.
We find a similar situation in Fig. 5.9 (c) where all far-field peak positions of the FDTD-
calculation (orange curve) are correctly reproduced by the AF-model. However, we can clearly
see that the sizes of the lobes centered around θ = 0◦ and θ = 180◦ are not correctly predicted
by the AF-model. In particular, the AF-model clearly underestimates the emission into the
backward direction because the blue peaks centered around θ = 180◦ are approximately three
times smaller than the orange peaks.
From these two examples we see that the array factor model, even with knowing the amplitudes
αn, fails to reproduce characteristic features such as the strongly pronounced forward emission
at d/R = 0.34 and the reversal of the main emission direction at d/R = 0.44. This suggests that
the change of the array far field has to arise from the change of the individual cavity far-field.
This result does not really surprise us since we already presumed that the coupling between the
cavities should play an important role. Later on in Sec. 5.3.1 an approach will be introduced
that takes the coupling between the cavities into account in order to predict the characteristic
array far-field features.
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Figure 5.9: Comparison of array far fields. (a) Illustration of the approach of determining
the amplitudes |αn| and phases φn of each cavity. (b) and (c) show a comparison
of the array far-field intensity computed by the array factor model (AF-model)
according to Eq. (5.3) and by the FDTD-calculations (FDTD) using the near-to-far
field transformation.

Finally, we study the differences in mode pattern between the array modes and the individual
limaçon cavity mode in order to substantiate the found properties of the array as shown in
Fig. 5.8. For this purpose, the intensity of the individual limaçon-cavity mode E2

z,Limaçon (defined
by the squared electric field averaged over one optical period) is subtracted from the intensity
of the limaçon-array mode E2

z,array in each cavity. Note that the intensity in each cavity of the
array mode and the intensity of the individual limaçon cavity mode were scaled to a maximum
value of 1.0 for the purpose of better visualization. The differences of the mode patterns are
shown in Fig. 5.10.
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The three panels in Fig. 5.10 (a), (b) and (c) show the mode pattern differences only inside the
cavities where the space between the cavities is not shown. In other words, Fig. 5.10 highlights
characteristic features of the array modes displayed in a color scale ranging from cyan and blue
(mode pattern of individual limaçon is more pronounced) through white (no difference) to red
and yellow (mode pattern of limaçon array is more pronounced).

Figure 5.10: Differences of mode patterns. (a), (b) and (c) show the difference in intensity
between the limaçon array mode in each cavity and the individual limaçon cavity
mode. The intensity in each cavity of the array mode and the intensity of individual
limaçon cavity mode were scaled to a maximum value of 1.0. The space between
the cavities of the array is not shown.

The difference in mode patterns for the weak-coupling regime are displayed in Fig. 5.10 (a). We
see that in each cavity is a different but weak mode-pattern difference visible by the appearance
of only light blue and light red regions. This means that the mode pattern in each cavity of
the array is very similar to the one of the individual limaçon cavity. This in turn indicates
that the array mode in the weak-coupling regime can be approximated by the superposition of
individual limaçcon-cavity modes which meets our expectations.
Fig. 5.10 (b) shows the mode pattern difference for the strong-coupling regime at d/R = 0.44
where we observed a reversal of the main emission direction of the array, cf. Fig. 5.8 (b). We



142 5 Limaçon-cavity Arrays

immediately notice the red and yellow regions close to the boundary inside each cavity. This
indicates a pronounced contribution of the array mode. Especially, the regions highlighted by
the blue ellipses are important in order to understand the pronounced array emission into the
backward direction.
When looking at the array emission, for example around the limaçon cavity in the center of the
array, displayed in Fig. 5.8 (b), we can see that the waves traveling into the backward direction
emerge from the space between two adjacent cavities where the black arrows begin and from the
bottom of the cavity as highlighted by the smaller and translucent arrows. Here, we argue that
the pronounced array emission into the backward direction highlighted by the long black arrows
in Fig. 5.8 (b) arises from waves that leave the limaçon cavities at the positions highlighted by
the blue ellipses in Fig. 5.10 (b). However, we see in Fig. 5.10 (b) that the difference of the mode
patterns does not exceed a value of 0.1 which corresponds to a 10% change of the mode pattern
which leads us to the following question. Why should such a relatively small change of the mode
result in a reversal of the main emission direction? Fortunately, partial destructive interference
into the forward direction visible by the fragmented wave pattern above the limaçon array in
Fig. 5.8 (b) favors the pronounced emission into the backward direction. In this context, we
argue that mode pattern differences highlighted by the magenta ellipses in Fig. 5.10 (b) and
also the mode pattern differences at the top of the cavities correspond to an extra emission into
the forward direction which causes the partial destructive interference observed in Fig. 5.8 (b)
The difference of the mode pattern for the case of the limaçon array with d/R = 0.34 where we
observed strongly-pronounced emission into the forward direction is displayed in Fig. 5.10 (c).
We see that the mode pattern difference is much less pronounced than in Fig. 5.10 (b) but we
can notice similar features which can help to understand the array emission shown in Fig. 5.8
(a) using the same argumentation as before. When looking at the array emission, for example
around the limaçon cavity in the center of the array displayed in Fig. 5.8 (a), we can see that
the waves traveling into the forward direction emerge from the space between two adjacent
cavities and from the top of the cavity. Here, we argue that the pronounced array emission
into the forward direction highlighted by the black arrows in Fig. 5.8 (a) arises from waves that
leave the limaçon cavities at the positions highlighted by the magenta ellipses in Fig. 5.10 (c).
Furthermore, there are less pronounced regions of the mode pattern difference in the upper part
of the cavities of the array shown in Fig. 5.10 (c) compared to the cavities in Fig. 5.10 (b).
This means that the array mode pattern of (c) inside the cavities is more similar to the mode
pattern of the individual limaçon cavity mode and, therefore, the regions highlighted by red
ellipses provide an additional emission into the forward direction. We see also that the regions
highlighted by the blue dashed ellipses are much less pronounced compared the corresponding
regions in (b) which results in a reduced emission into backward direction.
At this point, it should be emphasized that further research using phase-space analysis is al-
ready going on in order to understand the coupling mechanism, see [130]. This could help to
gain a deeper understanding of the correlation between the changes of the mode pattern and
the emission direction.
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5.3 Results of the array far-field investigation

In the following, we will study the far fields of the limaçon-cavity arrays as a function of the
inter-resonator distance d for the symmetric array mode shown and discussed in the previous
section. First, we show some examples of far fields and discuss them qualitatively. Afterwards,
we introduce a figure of merit in order to quantify the directionality.
Fig. 5.11 shows 9 examples of far-field patterns of a N = 5-array at different cavity spacings.

Figure 5.11: Results of far-field intensities of a N = 5-limaçon array. Polar plot diagrams show
the far-field intensity I(θ) = |Ez,array(θ)|2. The far-field intensities for each d/R-
value have been scaled to a maximum value of 1.0. From left to right and from top
to bottom the inter-resonator distance is reduced. Remarkably, at d/R = 0.4 the
main emission direction is reversed (directionality reversal).

The diagrams show polar plots the far-field intensity as a function of the angle θ (cf. Fig. 5.3
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(b) for the definition of θ). The far-field intensities were computed using the near-to-far field
transformation in the FDTD-calculations. The distance to the far-field location rFF in the
near-to-far field transformation was set to rFF = 1000R. For reasons of better visualization, all
far-field intensities have been scaled to a maximum value of 1.0.
From left to right and from top to bottom the inter-resonator distance is reduced starting at
d/R = 1.0 and ending at d/R = 0.2 in steps of ∆d/R = 0.1. In the first column of Fig. 5.11
we see that the first three far-field patterns are almost identical. This fulfills our expectations
because the values of d/R = 1.0, d/R = 0.9 and d/R = 0.8 correspond to the weak coupling
regime as discussed in Sec. 5.2.1.
In the second column of Fig. 5.11 we see that the size of the backward lobes increases as well
as the sizes of the backward side lobes with further decreasing inter-resonator distance.
In the third column of Fig. 5.11 we find a remarkable result. We see that a reversal of the main
emission direction from θ = 0◦ to θ = 180◦ occurs at a inter-resonator distance of d/R = 0.4. By
decreasing the distance further, the emission is reversed again at d/R = 0.30 and, in addition,
the backward lobe is now less pronounced compared to the one shown at d/R = 1.0. This
indicates an increased emission into the forward direction which is another remarkable result.
In order to characterize the far fields in a quantitative way, the far-field emission ratio fr is
introduced by

fr := f+ − f−
f+ + f−

, (5.4)

where f+ =
∫ 10◦
−10◦ I(θ)dθ and f− =

∫ 190◦
170◦ I(θ)dθ represent the within a small range accumulated

intensity emitted into the forward and backward direction, respectively. The far-field emission
ratio describes the directionality of the far-field emission and ranges from −1 to 1. The def-
inition of the far-field emission ratio fr is inspired by the far-field directionality defined, for
example, in [131]. Negative values of fr correspond to the situation that more energy is emitted
into the backward direction than into the forward direction. Accordingly, positive fr-values
indicate that the emission into forward direction is dominant. For fr = 0, the far-field emission
is bidirectional.
Furthermore, we introduce the following terms. The first one is the directionality reversal
which describes the situation that the main emission direction changes from forwards to back-
wards visible at fr changing its sign from plus to minus. The feature is highlighted because the
original far field of the single limaçon cavity is characterized by a dominant emission into the
forward direction.
The second term is the super-directionality which describes the situation that the emission
into the forward direction is increased compared to the forward emission observed in the weak
coupling regime or even without coupling. This feature is visible if fr exceeds its value at
d/R = 1.0.
Using the far-field emission ratio fr, we now investigate the far-field characteristics of the sym-
metric limaçon array mode as a function of the inter-resonator distance d/R. The results of
fr(d/R) for different numbers of cavities in the array are shown in Fig. 5.12. The symbols corre-
spond to data points from the FDTD-calculations whereas the lines are drawn for the purpose
of visualization.
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Figure 5.12: Far-field emission ratio. Colored lines show the far-field emission ratios of
arrays composed of N = 2, 3, 4, 5, 6 and 10 limaçon cavities. The gray dashed line
represents the emission ratio calculated from the array factor model (AF) according
to Eq. (5.3), see text for details.

First of all, we can distinguish three different regimes of the behavior of the curves in Fig. 5.12.
The first one corresponds to the situation where the coupling between the resonators is too weak
or negligible and the far field is determined by the linear superposition of individual limaçon
cavities. This situation can be found at d/R & 0.8. We see that all colored data points above
d/R & 0.8 are very close to the gray dashed line and seem to converge towards it. The gray
dashed line represents the results calculated from the array factor model according to Eq. (5.3)
for N = 10 where the far field of the individual limaçon-cavity mode was used for all inter-
resonator distances and only the array factor was evaluated as function of d/R. As a result,
the gray line remains at a constant fr-value since the array factor has a mirror-symmetry with
respect to θ = 0◦ which in turn does not change the ratios of the accumulated intensities into
the forward and backward direction with varying d/R.
The second regime is characterized by a decrease of the far-field emission ratio with decreasing
d/R. Depending on the number of the cavities, the emission ratio takes even negative values
which is labeled with directionality reversal and describes the situation where the intensity emit-
ted into the backwards direction exceeds the one emitted into the forward direction. We like
to highlight this result because finding microcavties with uni-directional emission, in particular
for microlasers, was the motivation for investigating deformed microcavities. In this context,
the reversal of the initial emission direction is a remarkable result.
The third regime appears directly after the second one at further decreasing d/R. The corre-
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sponding far-field emission ratios increase rapidly and even exceed the gray line. This situation
is labeled with super-directionality which indicates that more intensity is emitted into the for-
ward direction compared to the situation of the mostly uncoupled cavities as it is the case at
d/R & 0.8.
Furthermore, we presume that the collective behavior of the cavities could saturate since the
difference between fr of N = 10 and fr of N = 6 is very small.
Moreover, we find that the feature of directionality reversal depends on the number N of li-
maçon cavities in the array. For example, we see that an array composed of N = 5 cavities
shows directionality reversal where as the N = 2-array does not. Why is that?
A closer look onto the N = 2-curve in Fig. 5.12 reveals that despite the missing directionality
reversal of 2 resonators, the behavior the curve is similar to the one of 5 cavities but less pro-
nounced. Indeed, we see that the emission ratio of the N = 2-array decreases with decreasing
d/R until a certain point indicating that the accumulated intensity emitted into the backward
direction increases. In addition, we see also that the emission ratio of the N = 2-array slightly
exceeds the gray line with further decreasing d/R which indicates a less pronounced super-
directionality compared to the N = 5-array.
If we assume that the coupling between the cavities is the reason for directionality reversal and
super-directionality, then we could suppose that these features already emerge for the case of
two cavities but could be suppressed or masked. This assumption leads us to an amended array
factor model which will be introduced in the next section.

5.3.1 Amended Array Factor Model

By means of the amended array factor model (AAFM), we attempt to answer the question why
the N = 5-array shows the feature of directionality reversal, but the N = 2-array does not.
The amended array factor model represents an improvement of the array factor model intro-
duced in Sec. 5.2.1. The aim of this amended array factor model is to take the coupling between
the cavities into account. Furthermore, the AAFM shall provide a simplified way of predict-
ing far-field features such as super-directionality or directionality reversal. In this context, the
word simplified means that only the fields between two adjacent cavities are used to predict the
far-field properties of, for example, an array composed of N = 10 cavities. This leads us to the
following question: Is the coupling between two cavities sufficient to describe an array of 10 ?
Intuitively, we would affirm this question because we already spotted this behavior in Fig. 5.12.
In the framework of the amended array factor model the field distribution Ez,n and the far field
EFF
z,array of the individual cavity mode in Eq. (5.3) is replaced with the corresponding fields Ec

z

and EFF,c
z,array of the coupled cavities. This is illustrated in Fig. 5.13.

The most important point of the AAFM is that Ec
z represents only the fields at the central cou-

pling region and omits all fields outside this region as illustrated in Fig. 5.13 for the example
of an array of N = 4 cavities. As a result, the far fields of the array within the framework of
the amended array factor model can be described by:

EFF,c
z,array(θ) ∝ EFF,c

z (θ)
N∑
n=1

e−ikD(n−1) sin θ , (5.5)
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where EFF,c
z (θ) is the electric far field computed by the near-to-far field transformation using

the fields at the upper and lower side (purple dashed lines) of the coupling region (gray region),
see Fig. 5.13. For the sake of simplicity, the coefficients αn inside the array factor, cf. Eq. (5.3),
are set to 1.0. An immediate drawback of this simplification is that only symmetric array modes
can be investigated within the framework of this model.
Regarding the near-to-far field transformation we encounter the problem of not closed contour
lines as indicated by the purple dashed lines in Fig. 5.13. As a result, the entire far field within
the range of θ ∈ [−180◦,+180◦] can not be computed. Fortunately, we do not need the entire
far field but only small ranges of ∆θ = ±10◦ with respect to θ = 0◦ and θ = 180◦, respectively.
For this reason, we work around the problem by computing separately the far field into the
forward and backward direction. On one hand, we lose at lot of information about the far fields
outside the defined ranges but on the other hand, we are interested in the far-field emission
ratio fr, cf. Eq. (5.4) where the small θ-range is sufficient.

near-to-far-field transformation 
into forward direction

near-to-far-field transformation 
into backward direction

coupling
region

n. to ff. trans.

Figure 5.13: Illustration of the amended array factor model. Ec
z represents the field

affected by the coupling of 2 adjacent cavities as highlighted by the gray region
(coupling region). The purple dashed lines at the upper and lower side of the gray
rectangle mark the contours which are used for the near-to-far field transformation
(n. to. ff. trans.).

In the next step, we will demonstrate the amended array factor model for the examples of
arrays composed of N = 2 and N = 3 cavities as shown in Fig. 5.14, and N = 4 and N = 5
resonators as shown in Fig. 5.15. We give a general description of both figures: The upper
images in (a) and (b) of Fig. 5.14 and Fig. 5.15 display the Ez-field distribution of the array
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mode. There are two types of regions highlighted and labeled. The edge regions describe the
start and end of the array and the coupling region refers to the space between two adjacent
cavities. The coupling regions are delimited by black dashed lines. The purple dashed lines
mark the contours at which the fields are evaluated for the near-to-far field transformation. The
chosen inter-resonator distances given in the lower left corner of each field distribution image
correspond to the minima of the emission ratio fr, cf. Fig. 5.12 and thus represent the situation
of maximum emission into the backward direction.
The two diagrams below the mode plots show the far-field intensity as a function of the far-field
angle θ within a range of ∆θ = ±30◦ around the forward direction (left-hand side) and around
the backward direction (right-hand side). The blue curves represent the far-field intensity of
the entire array computed by the FDTD-calculations and the red curves are calculated by the
means of the amended array factor model, cf. Eq. (5.5) and illustration in Fig. 5.13. The
highlighted areas beneath the red curves within a range of ∆θ = ±10◦ refer to accumulated
far-field intensity in order to calculate the emission ratio, cf. Eq. (5.4).
Now, we discuss the results in more detail one after the other and start with the N = 2-array
as shown in Fig. 5.14 (a).
We notice in Fig. 5.14 (a) that the far-field intensity computed by means of the AAFM (red
curve) reproduces the full array far field (blue curve) for the forward direction shown on the
left-hand side. On contrast to that, the far-field intensities into the backward direction on the
right-hand side differ significantly at least in the sizes of the lobes while the positions of the
lobes are almost identical. Remarkably, we find that the central far-field lobe computed by the
AAFM into the backward direction is approximately twice as high as the one of the full array
far field and, furthermore, it is slightly higher than the central far-field lobe into the forward
direction on the left-hand side. From this we conclude that the coupling between the cavities
represented by Ec

z causes the directionality reversal in the far field. However, we have seen in
Fig. 5.12 that the N = 2-array lacks the feature of directionality reversal. The presumption
was that the directionality reversal could be suppressed or masked. In Fig. 5.14 (a) we see that
the N = 2-array has one coupling region and two edge regions where we argue that those edge
regions mask the directionality reversal from the coupling region. Concluding from this, we
shall expect that once the number of coupling regions exceeds the number of edge regions the
directionality reversal should come into sight.
In Fig. 5.14 (b) we see the results of the N = 3-array which are similar to the results just
discussed above. The far field intensities into the forward direction of the AAFM and the full
array FDTD-calculations on the left hand-side show a good agreement while the results into
the backward direction on the right-hand side differ in the sizes of the lobes. Nevertheless, we
see that the intensity from the AAFM reproduces the shapes of the lobes into the backward
direction of the full array far field much better compared to the situation shown in (a). Also
we find that the highlighted area on the right-hand side of (b) is larger than the one on the
left-hand side indicating a directionality reversal. However, the full array far field (blue curves)
still does not show this feature which refers to the masking effect from the edge regions.
Nevertheless, the computed far fields from the AAFM are consistent with the feature of the
mode pattern inside the coupling region which is hard to see with the naked eye. For this
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reason, the black arrows in Fig. 5.14 (a) and (b) indicate waves propagating downwards into
the backward direction.
In the situation displayed in the intensity diagrams in Fig. 5.15 (a) we find the opposite case
with regard to the agreement between the far-field intensities of the AAFM and the one of
the full array FDTD-calculations. The emission into the forward direction represented by the
curves on the left-hand side differs significantly in the sizes and shapes of the lobes. Further-
more, we see on the left-hand side of Fig. 5.15 (a) that the intensity computed by the AAFM
does not reproduces some features of the full array far field as indicated by black arrows. In
contrast to that, the far-field intensities into backward direction on the right hand side show a
good agreement. For example, the sizes of the full array far-field lobes are reproduced almost
correctly by the AAFM. In addition, the directionality reversal predicted by the AAFM is now
more pronounced since the area beneath the central lobe on the right-hand side is larger than
the one on the left-hand side. Furthermore, the directionality reversal is now also observed for
the full array since the central lobe into backward direction is slightly wider than the one into
the forward direction.
Next, we discuss the results of the N = 5-array shown in Fig. 5.15 (b). Remarkably, we see
in the intensity diagrams that the full array far field and the far field from the AAFM into
the backward direction shown on the right-hand side are almost identical. Even the small side
lobes are correct in size and position as indicated by the black arrows. The AAFM describes
the emission into the backward direction precisely for the present case. This indicates that the
edge regions are less relevant.
Contrary to that, there are significant differences between the far fields into the forward direc-
tion as shown in the left-hand side in Fig. 5.15 (b). The far-field intensity from the AAFM
lacks some small features as indicated by black arrows compared to the full array far field.
At least, both the AAFM and the full array computation describe the directionality reversal
visible at the large central lobe into the backward direction (right-hand side) compared to the
smaller one into the forward direction (left-hand side).
Moreover, we now see clearly in the mode plots in Fig. 5.15 (a) and (b) waves propagating
into backward direction (downwards on the sheet) which is consistent with the results from the
amended array factor model.
The fact that the AAFM describes the forward emission of the N = 2-array precisely and
backward emission less precisely while the opposite situation is true for the N = 5-array is a
surprising result. The reason behind this is still unclear and, thus, further research or modifi-
cations of the array factor model are required.
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Figure 5.14: Demonstration of the amended array factor model. (a) and (b) show the
mode plots of the N = 2-array and N = 3-array, respectively, and comparison
of the corresponding far-field intensities computed by the amended array factor
model (red curves) and by full FDTD-calculations (blue curves.)
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Figure 5.15: Demonstration of the amended array factor model. (a) and (b) show the
mode plots of the N = 4-array and N = 5-array, respectively, and comparison
of the corresponding far-field intensities computed by the amended array factor
model (red curves) and by full FDTD-calculations (blue curves.)
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Finally, we test the amended array factor model in order to find out which coupling region with
respect to the number N of cavities in the array is the best to predict the far-field emission
ratio of an array composed of N = 10 cavities. To this end, we apply the fields of the coupling
region taken from N = 2, 3, 4 and N = 5 cavities in the framework of the amended array factor
model according to Eq. (5.5) and calculate the emission ratio as a function of the inter resonator
distance d/R. The results are shown in Fig. 5.16. The red curve represents the exact emission
ratio of a N = 10-array as already presented in Fig. 5.12 and the gray dashed line represents
the results from the (standard) array factor model according to Eq. (5.3) (also cf. Fig. 5.12).
We see in Fig. 5.16 that the emission ratio of the N = 2-array (black curve) dips slightly
below zero at d/R ≈ 0.58 which indicates quite weak but at least visible directionality reversal
compared to the black curve in Fig. 5.12. The difference between the far-field emission ratio
computed in the framework of the amended array factor model and the full FDTD-calculations
lies in the emission by the edge regions, cf. Fig. 5.14 (a). As a result, we can verify the
presumption that the directionality reversal is masked by the emissions of the edge regions for
the case of the N = 2-array.
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Figure 5.16: Results of the amended array factor model. Far-field emission ratios com-
puted according to Eq. (5.5), see also Fig. 5.13. The red data points correspond
to the exact emission ratio of a N = 10-array computed by the full FDTD-
calculations. The gray dashed line represents the emission ratio calculated from
the array factor model according to Eq. (5.3).

Furthermore, we see in Fig. 5.16 that with increasing number N the directionality reversal and
super-directionality become more and more pronounced. The edge regions become less relevant
for the overall array far field with increasing number N of cavities in the array which also
supports the masking presumption.
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The best agreement in terms of directionality reversal between the exact emission ratio of a
N = 10-array (red curve) and the results from the AAFM is obtained when the field in the
coupling region Ec

z was taken from a N = 4-array (blue curve). However, the best agreement
regarding the super-directionality is obtained for Ec

z taken from a N = 5-array (green curve)
which on the other hand shows a too strongly pronounced directionality reversal at d/R ≈ 0.44
compared to the exact solution (red curve) and compared to the one of N = 4-array (blue
curve). The over-pronounced directionality reversal of the N = 5-array emission ratio could
result from the simplification made that the amplitudes αn of each cavity have been set to 1.0
within the framework of the amended array factor model.

5.4 Outlook: resonance dependence

Up to this point, we were focused only on one specific limaçon-cavity mode. Despite the fact
that the limaçon cavity provides many modes with highly directional far fields, each mode has
a different far field. As a results, we expect that the far-field emission ratio will depend on
the chosen cavity mode. The following investigation represents an outlook to what should be
examined in more detail in further research.
We will study the far-field emission ratio of four limaçon-cavity modes using three additional far-
field examples which all provide directional emission into the forward direction. These modes
and their far-field intensities are shown in Fig. 5.17 (a). The mode in the upper left corner
labeled with 1 is the mode which we were focused on in the previous sections. The other three
modes labeled with 2,3 and 4 were selected due to their far fields which are characterized by
one dominant lobe into the forward direction and similar minor and side lobes. Intuitively, we
could presume that similar far-field characteristics of the individual cavity could lead to similar
emission-ratio characteristics of the array emission. In the following, we attempt to verify this
presumption.
The results of the far-field emission ratios fr of arrays with N = 5 as a function of the inter-
resonator distance are shown in Fig. 5.17 (b) where the labels of the fr-curves correspond to
the labels of the modes in (a). We find that the far-field emission ratios of the modes labeled
with 1 (black) and 2 (blue) show directionality reversal. In particular, we see that the far-field
emission ratio labeled with 2 (blue curve) shows a much more pronounced directionality reversal
at slightly above d/R ≈ 0.2 compared to the one labeled with 1.
We assume that the strongly pronounced directionality reversal of the array far-field emission
ratio labeled with 2 (blue curve in Fig. 5.17 (b)) results from the stronger far-field lobe into
the backward direction of the individual limaçon cavity far field, cf. top right in Fig. 5.17 (a).
The far-field lobe into the backward direction of the individual limaçcon-cavity mode labeled
with 2 (red arrow in the upper right corner of Fig. 5.17 (a)) is much stronger pronounced than
the one of the individual limaçon cavity far field labeled with 1 (top left in Fig. 5.17 (a)). This
assumption is supported by the fact the far-field intensities of the individual limaçon cavity
labeled with 3 and 4 shown in Fig. 5.17 (a) do not have a pronounced lobe into the backward
direction (see red arrows) and that the corresponding array far-field emission ratios displayed
in Fig. 5.17 (b) (red and orange lines) do not show directionality reversal at all.
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Figure 5.17: Resonance dependence of the far-field emission ratio, (a) Collocation of 4
individual limaçon-cavity modes and their far fields. (b) Comparison of emission
ratios of N = 5-limaçon arrays for the 4 different modes shown in (a).

Furthermore, we find that the feature of super-directionality is clearly pronounced in the array
emission ratio labeled with 1 (black curve in (b)) and only slightly pronounced in the array
emission ratio labeled with 3 (orange curve in (b)). The missing super-directionality of the
array emission ratio labeled with 2 seems counter-intuitive because the corresponding individual
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limaçcon far field (shown in (a)) has similar features as the one labeled with 1 (shown in (a))
regarding the major lobes into the forward direction and the minor lobes into the backward
direction. At the moment, the reason for this behavior is unclear and, therefore, further research
is required.
Finally, we like to outline an idea for a technical application based on the results shown in
Fig. 5.17 (b). The idea is to design a bidirectional light source made of a linear array of N = 5
limaçon cavities with equal and fixed inter-resonator distances of d/R = 0.2. If the array is
excited at the corresponding resonance frequency of the mode labeled with 1 in (a) then we
will observe dominant emission into forward direction with fr ≈ +0.6. Switching the resonance
frequency to the one of the mode labeled with 2 in (a) will result in a dominant emission into
backward direction with fr ≈ −0.4.
We finish this outlook section with a few questions left for further research:

1. What type of limaçon-cavity mode will lead to a directionality reversal in the array far
field? What are the characteristics?

2. At what distance does the directionality reversal occur? Can it be predicted?

3. Is directionality reversal of the far-field emission an inherent feature of arrays composed
of deformed cavities?

5.5 Summary and Conclusion

In this chapter, we have investigated the far-field emission of linear arrays of identical limaçon
cavities. In particular, we have investigated the role of the distance between the cavities (inter-
cavity distance) with respect to the far-field emission of one specific symmetric array mode. In
doing so, one particular mode of the individual limaçon cavity with directional emission was
selected and its change in the far-field emission when arranging several limaçon cavities to a
linear array was analyzed.
In order to characterize the change of the far-field emission, the so-called (far-field) emission
ratio has been introduced. The emission ratio describes the amount of energy emitted into
forward direction within a small angular range in relation to the amount of energy emitted into
the opposite (backward) direction as well within a small angular range. In case of an individual
limaçon cavity, the forward direction corresponds to the direction of the main emission charac-
terized by the dominant far-field lobe.
In the first step, we have investigated the array-modes and their far-field emission for inter-
cavity distances comparable or greater than the resonant wavelength. This rough range of the
inter-cavity distance was referred to as the weak coupling regime because within this range the
modes of two adjacent limaçon cavities of the array are supposed to interact barely. This weak
interaction of adjacent cavities of the array was accompanied and confirmed by a non-noticeable
spitting of the array mode frequencies. We have found that the angular width of the main lobe
of the far field decreased further and further with increasing number of limaçon cavities in the
array. This finding is an expected result because in the weak coupling regime the array mode
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can be approximated as a linear superposition of the individual limaçon cavity mode and, thus,
the far field of the array can be represented as the far field of the individual limaçon-cavity
mode modulated by the so-called array factor. In this context, an array of (limaçon) cavities
acts as an antenna array. The array factor generates the decreasing width of the far-field lobes
with increasing number of radiating elements in the array. Furthermore, we have found that the
far-field emission ratio remains constant within the weak coupling regime. Again, this can be
explained by the array factor whose absolute value is symmetrical with respect to the far-field
angle θ.
In the second step, we have investigated the array-modes and their far-field emission for inter-
cavity distances smaller than the resonant wavelength. This range of the inter-cavity distance
was referred to as the strong coupling regime because within this range the modes of two adja-
cent limaçon cavities of the array are supposed to interact by mutual energy exchange due to
evanescent coupling. As a result of this interaction, the strong coupling regime is characterized
by an increasing splitting of the array mode frequencies with decreasing inter-cavity distance.
The most striking result of the strong coupling regime was a reversal of the far-field emission
directionality (directionality reversal). In particular, we have found that decreasing the inter-
cavity distance led to a reduction of the emission ratio until a certain point where the emission
ratio became negative. This quantitative description corresponds to the situation that more
energy is emitted into the backward direction than into the forward direction which was the
initial main emission direction of the individual limaçon-cavity mode.
In addition to that, a second striking feature, the super-directionality, occurred by further de-
creasing the inter-cavity distance. In particular, we have found that the emission ratio increased
rapidly below the small window of the directionality reversal and then even exceeded the emis-
sion ratio value of the weak coupling regime. This quantitative description corresponds to the
situation that the collective action of the limaçon array shows increased directionality, that is,
a stronger pronounced emission into the forward direction.
These both striking features depend on the number of cavities N in the array. In particular,
the directionality reversal occurred only for N ≥ 4 which could have not been explained by
the array factor. To this end, an amended array factor model (AAFM) was introduced. In the
framework of the AAFM the far field of the array mode is represented by the near-to-far field
transformed fields inside the coupling region (space between two adjacent cavities) modulated
by the array factor. In this way, the action of the array is represented by the array factor and
the information of the coupling of adjacent cavities is also included. Using the AAFM we have
found that the feature of directionality reversal is already present in arrays composed of two
and three cavities but masked by the emission from the edge regions of the array. Naturally
the emission from the edge regions of the array became less relevant with increasing number N
of cavities in the array.
A qualitative comparison of the mode patterns inside the limaçon cavities of the array at the
inter-cavity distances of directionality reversal and super-directionality with the corresponding
mode patterns at the weak coupling regime revealed that relatively small changes of the array
mode pattern inside the cavities compared to the individual cavity mode pattern triggered the
two striking features. In particular, the areas of the array mode patterns triggering the two
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striking features could have been localized close to the opposing cavity interfaces in the coupling
region of two adjacent cavities. This important finding is the basis for further investigations in
the framework of phase-space analysis of the array modes and the coupling between adjacent
cavities using the Husimi-transformation, see for example [132]. A first step towards the inves-
tigation of coupling in the framework of phas-space analysis was shown in [130].
A currently ongoing research subject (not shown in this work) is to understand and reproduce
the directionality reversal and super-directionality of a limaçon cavity array using ray simu-
lations. Whereas the far-field emission of an individual limaçon cavity is mainly determined
by the unstable manifold [28], the question is which role the unstable manifold plays in an
array of cavities. A hypothesis is that the unstable manifold could be deformed or certain
regions of it could be populated differently due to the coupling. Furthermore, upon submission
another hypothesis emerged that points towards so-called marginally unstable periodic orbits
(MUPOs) [133–135] of rays in the limaçon cavities found by Marika Federer in her master’s
thesis [136]. It should be emphasized that the findings in this chapter are the basis of the just
mentioned further research subjects.
Finally, we have found that the occurrence of the directionality reversal and super-directionality
depend on the chosen mode of the limaçon cavity. It turned out that other modes with a similar
or even higher far-field directionality lack these two striking features at all. The question why
certain modes show or lack the directionality reversal and super-directionality is also left for
further research. The next step to investigate this question would be to study the phase-space
representations of the array modes using the Husimi-transformation and to spot the mechanism
that triggers these two striking effects when changing the inter-cavity distance.
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6 Conclusion

In this thesis, we have studied various realizations of whispering-gallery type resonances in
three-dimensional optical microcavities with respect to their polarization and far-field proper-
ties.
In the first part (chapter 3), whispering-gallery type modes of dielectric Möbius-strip

cavities have been investigated using FDTD-calculations. The whispering-gallery modes of thin
Möbius-strip cavities exhibit half-integer azimuthal mode numbers which result from an addi-
tionally acquired geometric phase of π, namely the Pancharatnam phase corresponding to half
the solid angle enclosed on the Poincaré sphere of polarization due to successive changes of the
polarization states from vertical to horizontal and back again to vertical orientation.
Based on this, we have shown that the Pancharatnam phase φgeo can be manipulated to arbi-
trary values in the range between π and 0 by either reducing the length of the part of the strip
that is twisted or by increasing the strip thickness of the Möbius-strip cavity. In both cases, a
transition from Möbius-strip whispering-gallery modes of half-integer azimuthal mode number
(φgeo = π) to ring-like modes of integer azimuthal mode number (φgeo = 0) was observed.
The arbitrary values of the geometric phase between π and 0 and the corresponding fractional
azimuthal mode numbers represent the reduced degree of freedom of the polarization of the
whispering-gallery type modes.
Furthermore, the Nonagon Möbius-strip cavity - a different Möbius cavity of cross sectional
shape with three-fold rotational symmetry - was introduced. This special cavity allows its cross
section to be twisted by multiples of 120 degree in contrast to the conventional Möbius-strip
cavity which is twisted by 180 degree. As a result, a geometric phase of π/3 was found. This
concept of the introduced Möbius cavity can be easily extended to cross sectional shapes with
n-fold rotational symmetry which provides another way to manipulate the Pancharatnam phase.
These results highlight how topological properties and geometric phases can be manipulated in
dielectric Möbius-strip cavities.
In the second part (chapter 4), we have investigated propagating whispering-gallery type

modes of cylindrical ring cavities, conical ring cavities and conical tube cavities using FDTD-
calculations. In addition, vector diffraction theory was applied.
The so-called spin-orbit interaction of light is the fundamental mechanism that couples the
handedness of the polarization inside the cavity as well as in the far field to the propagation
direction of the whispering-gallery mode. It is the propagating character of the modes that al-
lows this the spin-orbit interaction to take place, in contrast to the standing whispering-gallery
type modes considered in the first part.
We have found that, in general, the ellipticity and the orientation angle of the far-field polariza-
tion depend on the confinement as well as the morphology of the whispering-gallery type modes
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along the transverse direction and on the precession of the electric field vector around the axis of
the cavity, respectively. This connection between the local properties of the whispering-gallery
modes inside the cavity and the far-field polarization was revealed by means of vector diffraction
theory. In addition, the diffraction causes that the ellipticity and the orientation angle of the
far-field polarization depend on the observation angle in the far field. The spatial splitting of
the polarization handedness in the far field is a direct result of the spin-orbit interaction of
light.
These findings suggest that the ellipticity and the orientation angle of the far-field polarization
can be controlled by the geometric profile of the cavity realizing the transverse (axial) confine-
ment and the inclination of the cavity wall with respect to the cavity axis, respectively. Most
importantly, the results show that elliptical and circular far-field polarization states result nat-
urally from propagating whispering-gallery type modes in three-dimensional ring and conical
microcavities without inhomogeneity or anisotropy of the cavity material. This is an important
statement that differs fundamentally from the explanations based on geometric phases resulting
from a non-Abelian polarization evolution due to anisotropy and inhomogeneities of the cavity
material, see for example [52].
Finally and as further research subject, the discovered connection between the local properties
of the whispering-gallery type modes and the far-field polarization could be applied to propa-
gating whispering gallery-type modes in Möbius-strip cavities. In this context, the question is
how geometric phases affect the ellipticity and the orientation angle of the far-field polarization.
In the third part (chapter 5), the far-field emission properties of limaçon-cavity arrays

were investigated using FDTD-calculations. The directional far-field emission of a limaçon-
cavity mode leads to directed far-field emission of an array of limaçon cavities when exciting
the symmetric array mode. An advantage of the emission from the limaçon array is that the
far-field lobes become sharper (reduced angular width) due to the collective action of the array
which is a well-known situation from antenna arrays. By manipulating the distance between
the cavities in the array, the directionality of the array emission can be either further enhanced,
representing the super-directionality, or even reversed, representing the directionality reversal.
This behavior can be relevant for application of photonic devices with switchable bidirectional
emission.
In particular, the finding of the two striking features of super-directionality and directional-
ity reversal shows the relevance for further research of coupled deformed optical microcavities.
Whereas the far-field emission of an individual limaçon-cavity mode is mainly dominated by
the unstable manifold, the question is which role the unstable manifold plays in the presence
of coupling in an array of limaçon cavities. At the moment, this question is still open.
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A The Möbius-strip cavity as Whispering
Gallery Mode Resonator - Additional
Material

A.1 Simple Resonator Model of the Möbius-strip cavity - Additional
Material

Figure A.1: Illustration of the parallel component of the electric field of the Möbius-
cavity mode as a function of the initial phase. The two adjacent red colored
areas on the left-hand side (highlighted by the green ellipse) are due to an initial
phase of δ0 = π/2. These two particular areas transform into a partially blue-red
colored area depending on δ0. The azimuthal position of these unusual colored
areas is linked to the start of the range of the azimuthal parameter φ indicated by
the black dashed line. The numbers in brackets at the left represent the lateral and
azimuthal mode numbers (q,m), see explanations in Sec. 3.1.1.
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A.2 Möbius-strip cavity - FDTD-setup and additional Data

Figure A.2: FDTD-setup and results from harmonic inversion analysis. (a) shows the
setup of the FDTD-cell at planar slices z = 0 and y = 0. Sizes of the FDTD-cell
are sx = sy = 15 and sz = 5 with a discretization (resolution) of 25 grid points per
unit length which gives a 375× 375× 125 cell. The parameters of the Möbius-strip
cavity are the mean radius R = 2.0, the strip height h = 1.6, the strip thickness
w = 0.4 and the dielectric permitivity ε = 12.25 (refractive index n = 3.5). Pa-
rameters R, h and w are interpreted in microns. (b) The table shows the results
from the harmonic inversion analysis of the Ez-field component recorded over a
time of 500/fc (MEEP-units) and emitted from a Jz-current point source placed at
the position of the red dot as indicated in the y = 0-slice in (a). The Jz-current
is characterized by a Gaussian pulse profile with the center frequency fc = 0.26
and frequency width ∆f = 0.1. The table contains the real MEEP-frequency (fre-
quency), the imaginary frequency, the quality factor Q = −0.5frequency/imag.freq.,
the dimensionless resonance frequency Re[kR] = 2πfrequencyR, the wavelength in
nanometers λ = 1000/frequency and the azimuthal and lateral mode numbers (m, q)
(determined after exciting and analyzing the modes).
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Example of a MEEP-script file for computing a mode of Möbius-strip cavity

(reset-meep)

; 0. define computional parameters if needed, e.g.

;(set! force-complex-fields? true) ; for time averaged poynting

; 1. define cell parameters

(define sx 15) ; size of cell in X

(define sy 15) ; size of cell in Y

(define sz 5)

(define Reso 25) ; resolution of cell

(define dpml (/ 15 Reso)) ; thickness of PML-> 15 Pixels

; 2. define geometry parameters and geometry functions

(define r_0 2.0) ; middle radius

(define b 1.6) ; height of the strip

(define w 0.4) ; thickness of the strip

(define nMo 3.5) ; refractive Index

(define EpsMo(* nMo nMo)) ; epsilon

; 3. define source parameters and source functtions

(define Source_Comp Ez) ; Component of source e.g Ez= TE-Mode

(define Source_Center (vector3 (* -1.0 r_0) 0 0 )) ; Center

; of the source/harminvAnalysis

(define fcen 0.29576 ) ; center frequency of gaussian source

(define df 0.01) ; frequency width of gaussian source

(define TP 50) ; run simulation for TP Periods

(define Ttotal (/ TP fcen)) ; total time of simulation

; Moebius strip defined by 3 parameters (u,v,w):

; -1 <= u <= 1; 0<= v <= 2 pi; -0.5 <= w <= 0.5;

; 1. moebius strip surface (u,v)

(define ds (* 0.0175 r_0)) ; tolerance

(define d (* 5 0.025)) ; short side of the block ds <= d along v-direction

(define s_min 0)

(define s_max (* 2 pi r_0))

(define (x_c s) (* r_0 (cos (/ s r_0)) ) ) ; x of center of block

(define (y_c s) (* r_0 (sin (/ s r_0)) ) )
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; tangent and normal vectors at (u=0,v)

(define (tvec_u s) (vector3

(* b 0.5 (cos (/ (/ s r_0) 2)) (cos (/ s r_0)))

(* b 0.5 (cos (/ (/ s r_0) 2)) (sin (/ s r_0)))

(* b 0.5 (sin (/ (/ s r_0) 2)) ) ) ) ; tangent vector along u

(define (tvec_v s) (vector3

(* -1 r_0 (sin (/ s r_0 )) )

(* r_0 (cos (/ s r_0) ) )

0) ) ; tangent vector along v

(define (nvec s) (vector3-cross (tvec_u s) (tvec_v s) ) ) ; normal vector

(define (obj-func s)

(make block

(center (vector3 (x_c s) (y_c s) 0 ) )

(size b d w)

(e1 (tvec_u s))

(e2 (tvec_v s))

(e3 (nvec s))

(material (make medium (epsilon EpsMo) ) )))

(define obj-lst ’()) ; initialise the objeckt list

(define (s-loop spa spa-max dspa) ; innerloop

(if (<= spa spa-max)

(begin

(set! obj-lst (append obj-lst (list (obj-func spa))))

(s-loop (+ spa dspa) spa-max dspa))))

(s-loop s_min s_max ds)

; 4. set geometry lattice

(set! geometry-lattice (make lattice (size sx sy sz)))

; 5. set geometry

(set! geometry obj-lst)

; 6. set sources

(set! sources (list

(make source (src (make gaussian-src (frequency fcen) (fwidth df)))

(component Source_Comp)

(center Source_Center))))

; 7. set PML layers and Resoltion

(set! pml-layers (list (make pml (thickness dpml))))

(set! resolution Reso)
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;8. defining output-functions for the E-field

(define u_min -1)

(define u_max 1)

(define du 0.05)

(define dv 0.01745)

(define v_min 0)

(define v_max (- (* 2 pi) dv ) )

(define (x_SF0 u v) (* (+ r_0 (* u (/ b 2) (cos (/ v 2)) )) (cos v)) )

; x of surface (w=0) x_SF= (1+u/2 * cos (v/2))*cos(v)

(define (y_SF0 u v) (* (+ r_0 (* u (/ b 2) (cos (/ v 2)) )) (sin v)) )

; y of surface (w=0) y_SF= (1+u/2 * cos (v/2))*sin(v)

(define (z_SF0 u v) (* u (/ b 2) (sin (/ v 2))) )

; z of surface (w=0) z_SF= u/2 sin(v/2)

(define (rvecSF0 u v) (vector3 (x_SF0 u v) (y_SF0 u v) (z_SF0 u v) ))

(define (innerloop u umax delu v) ; means E-field inside the mobius strip

(if (<= u umax) (begin (print "Ex Ey Ez at SF0: "

(get-field-point Ex (rvecSF0 u v) )" "

(get-field-point Ey (rvecSF0 u v) )" "

(get-field-point Ez (rvecSF0 u v) ) "\n")

(innerloop (+ u delu) umax delu v))))

(define (get_E_at_SF0 v vmax delv) (if (<= v vmax)

(begin (innerloop u_min u_max du v) (get_E_at_SF0 (+ v delv) vmax delv))))

; 9. run simulation and output

(run-sources+ Ttotal (at-beginning output-epsilon))

(run-until (/ 1 fcen)

(to-appended "ExEyEz" (at-every (/ 1 fcen 4) output-efield))

(at-every (/ 1 fcen 20)

(lambda () (get_E_at_SF0 v_min v_max dv ) )))

; ### end of file ###
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Figure A.3: Field components of a Möbius-strip cavity mode at planar slices. Param-
eters of the Möbius-strip cavity: mean radius R = 2.0, strip height h = 1.6, strip
thickness w = 0.4 and dielectric permitivity ε = 12.25 (refractive index n = 3.5).
Parameters R, h and w are interpreted in microns, cf. Fig. A.2 (a). (a), (b) and
(c) show temporal snap shots of the field components Ex, Ey and Ez of the mode
with azimuthal mode number m = 7.5 (see j = 3-row in table in Fig. A.2 (b) for
more details) at the planar slices z = 0, y = 0 and x = 0 of the FDTD-cell. Values
of the field components are scaled so that the minimum and maximum (over all
components) range from −1.0 to 1.0.
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Figure A.4: Field components of a Möbius-strip cavity mode at planar slices. Param-
eters of the Möbius-strip cavity: mean radius R = 2.0, strip height h = 1.6, strip
thickness w = 0.4 and dielectric permitivity ε = 12.25 (refractive index n = 3.5).
Parameters R, h and w are interpreted in microns, cf. Fig. A.2 (a). (a), (b) and
(c) show temporal snap shots of the field components Ex, Ey and Ez of the mode
with azimuthal mode number m = 9.5 (see j = 5-row in table in Fig. A.2 (b) for
more details) at the planar slices z = 0, y = 0 and x = 0 of the FDTD-cell. Values
of the field components are scaled so that the minimum and maximum (over all
components) range from −1.0 to 1.0.
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A.3 Möbius-strip cavities of varying thickness - Additional Data

Figure A.5: Data from MEEP-calculations of Möbius-strip cavities of varying thick-
ness. Parameters of the Möbius-strip cavities: mean radius R = 2.0, strip height
h = 1.6, varying strip thickness w and dielectric permitivity ε = 12.25 (refractive
index n = 3.5). Parameters R, h and w are interpreted in microns. Table shows
the strip thickness w, the real and imaginary part of the resonance frequency, the
quality factor Q rounded to integers, the dimensionless resonance frequency Re[kR],
the resonant wavelength in nanometers and the ratio of the strip thickness to the
medium wavelength. The rows indicated by the w1, w2 and so on show the data of
the modes investigated in Sec. 3.4.
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Figure A.6: Field components of a Möbius-strip cavity mode at planar slices. Param-
eters of the Möbius-strip cavity: mean radius R = 2.0, strip height h = 1.6, strip
thickness w = 0.905 (w4, kR = 3.09987 cf. table in Fig. A.5) and dielectric permi-
tivity ε = 12.25 (refractive index n = 3.5). Parameters R, h and w are interpreted
in microns, cf. Fig. A.2 (a). (a), (b) and (c) show temporal snap shots of the field
components Ex, Ey and Ez at the planar slices z = 0, y = 0 and x = 0 of the
FDTD-cell. Values of the field components are scaled so that the minimum and
maximum (over all components) range from −1.0 to 1.0.
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Figure A.7: Field components of a Möbius-strip cavity mode at planar slices. Param-
eters of the Möbius-strip cavity: mean radius R = 2.0, strip height h = 1.6, strip
thickness w = 0.920 (w7, kR = 3.08808 cf. table in Fig. A.5) and dielectric permi-
tivity ε = 12.25 (refractive index n = 3.5). Parameters R, h and w are interpreted
in microns, cf. Fig. A.2 (a). (a), (b) and (c) show temporal snap shots of the field
components Ex, Ey and Ez at the planar slices z = 0, y = 0 and x = 0 of the
FDTD-cell. Values of the field components are scaled so that the minimum and
maximum (over all components) range from −1.0 to 1.0.
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Figure A.8: Field components of a Möbius-strip cavity mode at planar slices. Param-
eters of the Möbius-strip cavity: mean radius R = 2.0, strip height h = 1.6, strip
thickness w = 1.0 (w10, kR = 3.02726 cf. table in Fig. A.5) and dielectric permi-
tivity ε = 12.25 (refractive index n = 3.5). Parameters R, h and w are interpreted
in microns, cf. Fig. A.2 (a). (a), (b) and (c) show temporal snap shots of the field
components Ex, Ey and Ez at the planar slices z = 0, y = 0 and x = 0 of the
FDTD-cell. Values of the field components are scaled so that the minimum and
maximum (over all components) range from −1.0 to 1.0.
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B Cylindrical and Conical Ring Cavities -
Additional Material

B.1 Cylindrical and conical ring cavities - Additional Data and
FDTD-setup

Figure B.1: Data from MEEP-calculations of cylindrical and conical ring cavities.
Parameter of the cavities in micrometers: mean radius R0 = 2, (slant) height
h = 2, thickness d = 0.2 and refractive index n = 1.5. First column: inclination
γ in degree. Second and third columns: Real and imaginary part of the resonance
frequency. MEEP-frequencies have the unit of reciprocal length. Forth column:
Quality factor Q = −Re(freq)/(2Im(freq)) rounded to integers. Fifth column: Di-
mensionless resonance frequency Re(kR) = 2πRe(freq)R with R = R0 = 2µm.
Sixth column: Resonant wavelength λ in nanometers. Seventh column: azimuthal
and axial mode number (m, q). Gray rows show data of TE-like WGMs with q = 2.
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Figure B.2: Setup of the FDTD-computation cell and results. FDTD calculations were
performed using cylindrical coordinates (rotation symmetry around z-axis). Sizes
of the FDTD cell: sz = sr = 55 with a discretization (resolution) of 100 grid points
per unit length which gives a 5500× 5500 cell. The gray rectangle above the origin
of coordinates represents a ring cavity of mean radius R0 = 2, height h = 2.0,
thickness d = 0.2 and refractive index n = 1.5. The illustrated magnification of the
ring cavity shows the Ez-component of a WGM with mode numbers m = 24 and
q = 2 at a MEEP-frequency of f = 1.53866. The upper part of the cell displays
the Ez,FF-component of the electric field in the far field (values rescaled to make
them visible compared to Ez in the ring cavity). The Far-field intensity |EFF|2 is
computed at the black dashed arc with ‖rFF‖ = 50 in the range of θ ∈ [−45◦, 45◦]
in steps of ∆θ = 1◦. |EFF|2 is displayed as a polar plot on the left-hand side. Gray
box on the right-hand side displays the far-field components Eθ and Eϕ over one
oscillation period (21 time steps).
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Figure B.3: Setup of the FDTD-computation cell and results. FDTD calculations were
performed using cylindrical coordinates (rotation symmetry around z-axis). Sizes
of the FDTD cell: sz = sr = 55 with a discretization (resolution) of 100 grid points
per unit length which gives a 5500 × 5500 cell. The gray tilted rectangle above
the origin of coordinates represents a conical ring cavity of mean radius R0 = 2,
slant height h = 2.0, thickness d = 0.2, inclination γ = 15◦ and refractive index
n = 1.5. The illustrated magnification of the cavity shows the Ez-component of a
WGM with mode numbers m = 24 and q = 2 at a MEEP-frequency of f = 1.52386.
The upper part of the cell displays the Ez,FF-component of the electric field in the
far field (values rescaled to make them visible compared to Ez in the ring cavity).
The Far-field intensity |EFF|2 is computed at the black dashed arc with ‖rFF‖ = 50
in the range of θ ∈ [−45◦, 45◦] in steps of ∆θ = 1◦. |EFF|2 is displayed as a polar
plot on the left-hand side. Gray box on the right-hand side displays the far-field
components Eθ and Eϕ over one oscillation period (18 time steps).
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B.2 Diffraction Formulas for Cylindrical and Conical Ring Cavities

The material in this appendix section provides the step-by-step evaluation of the diffraction
formulas for the cylindrical and conical ring cavities which have been skipped in the Secs. 4.2
and 4.4.2.
The starting point in both cases is the simplified diffraction formula for the electric field in the
far field EFF, cf. Eq. (4.14), with

EFF(ϕ, θ) ∝ k(ϕ, θ)×
∫∫

S
n′ ×E(x′) exp (−ik(ϕ, θ) · x′)da′ = k(ϕ, θ)×K(ϕ, θ) , (B.1)

where k, n′, E(x′), x’ and da′ are the wave vector in the far field, the unit normal vector of the
diffracting surface S, the electric field vector at the diffracting surface S, the position vector
pointing onto S and the differential area element of S, respectively. The angles ϕ and θ are the
azimuthal and the elevation angle of the far field, for example cf. Fig. 4.4 in Sec. 4.2.

B.2.1 Diffraction Formulas for Cylindrical Ring Cavities

In Sec. 4.2 the simplified diffraction formula for the electric field in the far field EFF has been
evaluated until the following point:

EFF ∝ k×
∫∫

S
n′ ×E(x′) exp (−ik · x′)da′ (B.2)

= k×
∫ +1/2

−1/2

∫ 2π

0
er(φ′)×

(
i
R

mh

∂Ãz(u′)
∂u′

eφ(φ′) + Ãz(u′)ez
)
eimφ

′
e−ik·x

′
hRdφ′du′ (B.3)

= k(ϕ, θ)×K(ϕ, θ) , (B.4)

where the parametric representation of the cylindrical ring surface is given by

x′(u′, φ′) = Rer(φ′) + hu′ez (B.5)

and the wave vector is given by

k = k(ϕ, θ) = k (cos θ cosϕex + cos θ sinϕey + sin θez) . (B.6)

The scalar product k · x′ yields

k · x′ = kR cos θ cos
(
φ′ − ϕ

)
+ kh sin θ u′ = k̃1 cos

(
φ′ − ϕ

)
+ k̃2u

′ (B.7)

which separates into two terms depending on φ′ and u′. Now, we have all the ingredients
in order to evaluate the components Kx, Ky and Kz of the diffraction integral K. After
evaluating the cross products in Eq. (B.3) and inserting the representation of the unit vectors
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er = cosφ′ex + sinφ′ey and eφ = − sinφ′ex + cosφ′ey, the Kx, Ky and Kz yield

Kx = hR

∫ 2π

0
sinφ′eimφ′e−ik̃1 cos(φ′−ϕ)dφ′

∫ 1/2

−1/2
Ãz(u′)e−ik̃2u′du′ (B.8)

= hR Φ̂s
(
k̃1, ϕ

)
· Âz

(
k̃2
)

(B.9)

Ky = −hR
∫ 2π

0
cosφ′eimφ′e−ik̃1 cos(φ′−ϕ)dφ′

∫ 1/2

−1/2
Ãz(u′)e−ik̃2u′du′ (B.10)

= −hR Φ̂c
(
k̃1, ϕ

)
· Âz

(
k̃2
)

(B.11)

Kz = hR

∫ 2π

0
eimφ

′
e−ik̃1 cos(φ′−ϕ)dφ′

∫ 1/2

−1/2
Ãφ(u′)e−ik̃2u′du′ (B.12)

= i
R2

m

∫ 2π

0
eimφ

′
e−ik̃1 cos(φ′−ϕ)dφ′

∫ 1/2

−1/2

∂Ãz(u′)
∂u′

e−ik̃2u′du′ (B.13)

= R2

m
Φ̂1
(
k̃1, ϕ

)
·
(
− k̃2Âz

(
k̃2
)

+ iÃz(u′)e−ik̃2u′
∣∣∣∣u
′
2=1/2

u′1=−1/2

)
(B.14)

where the connection to the longitudinal component Aφ(z′) = i(R/m)(∂Az(z′)/∂z′) was used
and Ãφ(u′) = i(R/mh)(∂Ãz(u′)/∂u′) was integrated by parts in the last line.
Next, let us rearrange the integrals denoted by Φ̂s

(
k̃1, ϕ

)
, Φ̂c

(
k̃1, ϕ

)
and Φ̂1

(
k̃1, ϕ

)
using the

substitution φ′ = φ+ ϕ and applying angle sum identities of sine and cosine which yields

Φ̂s
(
k̃1, ϕ

)
= eimϕ

(
cosϕ Is + sinϕ Ic

)
(B.15)

Φ̂c
(
k̃1, ϕ

)
= eimϕ

(
cosϕ Ic − sinϕ Is

)
(B.16)

Φ̂1
(
k̃1, ϕ

)
= eimϕI1 (B.17)

where the introduced denotations Is, Ic and I1 represent the following integrals

Is =
∫ 2π

0
sinφ eimφe−ik̃1 cosφdφ = −e−i

π
2m

m

k̃1
Jm

(
k̃1
)

(B.18)

Ic =
∫ 2π

0
cosφ eimφe−ik̃1 cosφdφ = e−i

π
2 (m+1)

Jm+1
(
k̃1
)
− Jm−1

(
k̃1
)

2 (B.19)

I1 =
∫ 2π

0
eimφe−ik̃1 cosφdφ = e−i

π
2mJm

(
k̃1
)

(B.20)

which in turn can be solved analytically using the Jacobi-Anger expansion [137] with

eiz cosφ =
+∞∑

n=−∞
ei
π
2 nJn(z) einφ , (B.21)

where the Jn denote the Bessel functions of the first kind.
Finally, the expression for Is, Ic and I1 are inserted into Φ̂s

(
k̃1, ϕ

)
, Φ̂c

(
k̃1, ϕ

)
and Φ̂1

(
k̃1, ϕ

)
which in turn are inserted into Kx, Ky and Kz. As a result, the far-field components Eϕ and
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Eθ are

Eϕ = EFF · eϕ = (k×K) · eϕ = −K · eθ = (Kx cosϕ+Ky sinϕ) sin θ −Kz cos θ

= hReimϕe−i
π
2mJm

(
k̃1
)(

Âz
(
k̃2
) k̃2

1 −m2

mk̃1
sin θ −∆ cos θ

)
(B.22)

Eθ = EFF · eθ = (k×K) · eθ = K · eϕ = −Kx sinϕ+Ky cosϕ

= hReimϕe−i
π
2 (m+1)

Jm−1
(
k̃1
)
− Jm+1

(
k̃1
)

2 Âz
(
k̃2
)

(B.23)

where ∆ corresponds to the amplitude at the upper and lower boundary

∆ = i

m

R

h
Ãz(u′)e−ik̃2u′

∣∣∣∣u
′
2=1/2

u′1=−1/2
(B.24)

= 2R
mh

Ãz(1/2) ·


sin
(
k̃2/2

)
for q = 1, 3, 5, ...

i cos
(
k̃2/2

)
for q = 2, 4, 6, ...

(B.25)

B.2.2 Diffraction Formulas for Conical Ring Cavities

In Sec. 4.4.2 the diffraction formula for the electric field in the far field EFF has been evaluated
until the following point

EFF(θ, ϕ) ∝

k(θ, ϕ)×
[

cos γ
∫∫

er ×E(u′, φ′) e−ik·x′da′ − i sin γ
∫∫ (

m− k · ∂x
′

∂φ′

)
E(u′, φ′) e−ik·x′da′

]
= k(θ, ϕ)×

(
cos γ Kring(ϕ, θ)− i sin γ Kprec(ϕ, θ)

)
, (B.26)

where γ is the inclination angle of the diffracting surface with respect to the z-axis, cf. Fig. 4.12.
The parametric representation of the conical frustum surface (diffraction surface) is

x′(φ′, u′) = Rer(φ′) + u′he‖ = Rer(φ′) + u′h
(
cos γ ez − sin γ er(φ′)

)
(B.27)

=
(
R− u′h sin γ

)
er(φ′) + u′h cos γ ez , (B.28)

where e‖ = − sin γ er + cos γ ez is the unit vector pointing along the slant height of the conical
frustum, cf. gray box in Fig. 4.12, and as a result, the differential area element da′ yields

da′ =
(
R− u′h sin γ

)
dφ′du′ . (B.29)
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The scalar produced k · x′ yields using the representation of the unit vector er = cosφ′ex +
sinφ′ey:

k · x′ = k
(
R− u′h sin γ

) (
cos θ cosϕ cosφ′ + cos θ sinϕ sinφ′

)
+ u′hk cos γ sin θ

= k̃1 cos
(
φ′ − ϕ

)
+ cos γ k̃2u

′ − sin γ kh cos θ cos
(
φ′ − ϕ

)
u′

= k̃1 cos
(
φ′ − ϕ

)
+ cos γ k̃2u

′ − sin γ k̃1
h

R
cos

(
φ′ − ϕ

)
u′ , (B.30)

where the third term on right-hand side in the second and third line does not separate into
individual expressions of φ′ and u′.
Furthermore, let us express the electric field vector of the TE-like whispering gallery mode at
the conical frustum surface by a parallel and an azimuthal component which yields

E(φ′, u′) = E‖(φ′, u′)e‖(φ′) + Eφ(φ′, u′)eφ(φ′)

=
(
Ã‖(u′)e‖(φ′) + Ãφ(u′)eφ(φ′)

)
eimφ

′
. (B.31)

Moreover, the term m− k · ∂x′
∂φ′ yields

µ = m− k · ∂x
′

∂φ′
= m− kR

(
1− u′ h

R
sin γ

)
sin(φ′ − ϕ) cos θ . (B.32)

Next, let us decompose Kring and Kprec into their Cartesian components. In doing so, the ex-
pression for E(φ′, u′) at the conical frustum surface is inserted into the second line of Eq. (B.26)
and the cross products are evaluated using the representation of the unit vectors er = cosφ′ex+
sinφ′ey and eφ = − sinφ′ex + cosφ′ey. The x-, y- and z-component of Kring and Kprec yield

Kx,ring =
∫∫

cos γ Ã‖(u′) sinφ′eimφ′e−ik·x′da′ (B.33)

Ky,ring = −
∫∫

cos γ Ã‖(u′) cosφ′eimφ′e−ik·x′da′ (B.34)

Kz,ring =
∫∫

Ãφ(u′)eimφ′e−ik·x′da′ (B.35)

Kx,prec =
∫∫

µ
(
sin γ Ã‖(u′) cosφ′ + Ãφ(u′) sinφ′

)
eimφ

′
e−ik·x

′da′ (B.36)

Ky,prec =
∫∫

µ
(
sin γ Ã‖(u′) sinφ′ − Ãφ(u′) cosφ′

)
eimφ

′
e−ik·x

′da′ (B.37)

Kz,prec = −
∫∫

µ cos γ Ã‖(u′)eimφ
′
e−ik·x

′da′ . (B.38)

Let us evaluate the Kx,ring for the purpose of demonstration. After inserting the expanded
expression for k · x′ into Eq. (B.33), we obtain

Kx,ring = hR cos γ
∫ 1/2

−1/2
Ã‖(u′)Fx(u′)e−i cos γ k̃2u′du′ , (B.39)
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where the function Fx(u′) hides the integration over φ′ with

Fx(u′) =
(

1− u′ h
R

sin γ
)∫ 2π

0
sinφ′eimφ′e−ik̃1(1−sin γ h

R
u′) cos(φ′−ϕ)dφ′ . (B.40)

The integrand of Fx(u′) could be further simplified and rearranged using again the Jacobi-
Anger expansion, cf. Eq. (B.21), which would lead to something like Fx(u′) ∝ Jm (g(u′)) with
g(u′) = k̃1

(
1− sin γ hRu

′
)
. However, this rearrangement of the integrand of Fx(u′) does not get

us much further because the integrations in Eq. (B.39) with respect to φ′ (hidden in Fx) and u′

do not factorize. For this reason, we can not derive such analytical expressions for Eϕ and Eθ
as in the case of the cylindrical ring cavities (γ = 0) where at least the integration over u′ could
be identified as the Fourier-transform of the amplitude at the diffracting surface. In Eq. (B.39)
the situation is more complicated because Fx(u′) causes a modulation of the amplitude Ã‖(u′).
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B.3 Conical Tube Cavities - Additional Material

B.3.1 Rectangular Profile 1 (rp 1)

Figure B.4: Data from MEEP-calculations of conical tube cavities. Parameter of the
tube cavities in micrometers: mean radius R0 = 3, total (slant) height h = 20,
profile height hp = 2, thickness d = 0.1, profile thickness dp = 0.1 and refractive
index n = 1.5. First column: inclination γ in degree. Second and third columns:
Real and imaginary part of the resonance frequency. Forth column: Quality factor
Q = −Re(freq)/(2Im(freq)) rounded to integers. Fifth column: Dimensionless
resonance frequency Re(kR) = 2πRe(freq)R with R = R0. Sixth column: Resonant
wavelength λ in nanometers. Seventh column: azimuthal and axial mode number
(m, q). Gray rows show data of TE-like WGMs with q = 2.
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Figure B.5: Compilation of additional data. Left column: temporal snap shots of Ez and
Eφ where t1 represents the time of Ez reaching its maximum value, snap shot of Eφ
is taken a quarter period later. Central column: Far-field intensity as function of the
elevation angle θ, cf. Fig. B.3. Right column: Illustration of far-field polarization
states on the Poincaré sphere.
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Figure B.6: Compilation of additional data. Left column: temporal snap shots of Ez and
Eφ where t1 represents the time of Ez reaching its maximum value, snap shot of Eφ
is taken a quarter period later. Central column: Far-field intensity as function of the
elevation angle θ, cf. Fig. B.3. Right column: Illustration of far-field polarization
states on the Poincaré sphere. Note the axial propagation of the waves into negative
z-direction as indicated by black arrows in the left column for γ = 10◦ and γ = 12◦
which causes noisy far fields and noisy far-field polarization states.
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B.3.2 Rectangular Profile 2 (rp 2)

Figure B.7: Data from MEEP-calculations of conical tube cavities. Parameter of the
tube cavities in micrometers: mean radius R0 = 3, total (slant) height h = 20,
profile height hp = 2, thickness d = 0.1, profile thickness dp = 0.2 and refractive
index n = 1.5. First column: inclination γ in degree. Second and third columns:
Real and imaginary part of the resonance frequency. Forth column: Quality factor
Q = −Re(freq)/(2Im(freq)) rounded to integers. Fifth column: Dimensionless
resonance frequency Re(kR) = 2πRe(freq)R with R = R0. Sixth column: Resonant
wavelength λ in nanometers. Seventh column: azimuthal and axial mode number
(m, q). Gray rows show data of TE-like WGMs with q = 2.
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Figure B.8: Mode-field components, far-field intensity and far-field polarization
states. Data of WGMs with q = 2, see table in Fig. B.7 and its caption text
for parameters and resonance frequencies. Left column: temporal snap shots of Ez
and Eφ where ts represents the time step of Ez reaching its maximum value, snap
shot of Eφ is taken a quarter period later. Central column: Far-field intensity as
function of the far-field elevation angle θ. Right column: Illustration of far-field
polarization states on the Poincaré sphere.
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B.3.3 Triangular Profile 1 (tp 1)

Figure B.9: Data from MEEP-calculations of conical tube cavities. Parameter of the
tube cavities in micrometers: mean radius R0 = 3, total (slant) height h = 20,
profile height hp = 6, thickness d = 0.1, profile thickness dp = 0.2 and refractive
index n = 1.5. First column: inclination γ in degree. Second and third columns:
Real and imaginary part of the resonance frequency. Forth column: Quality factor
Q = −Re(freq)/(2Im(freq)) rounded to integers. Fifth column: Dimensionless
resonance frequency Re(kR) = 2πRe(freq)R with R = R0. Sixth column: Resonant
wavelength λ in nanometers. Seventh column: azimuthal and axial mode number
(m, q). Gray rows show data of TE-like WGMs with q = 2.
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Figure B.10: Mode-field components, far-field intensity and far-field polarization
states. Data of WGMs with q = 2, see table in Fig. B.9 and its caption text
for parameters and resonance frequencies. Left column: temporal snap shots of
Ez and Eφ where ts represents the time step of Ez reaching its maximum value,
snap shot of Eφ is taken a quarter period later. Central column: Far-field intensity
as function of the far-field elevation angle θ. Right column: Illustration of far-field
polarization states on the Poincaré sphere.
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B.3.4 Triangular Profile 2 (tp 2)

Figure B.11: Data from MEEP-calculations of conical tube cavities. Parameter of the
tube cavities in micrometers: mean radius R0 = 3, total (slant) height h = 20,
profile height hp = 4, thickness d = 0.1, profile thickness dp = 0.2 and refractive
index n = 1.5. First column: inclination γ in degree. Second and third columns:
Real and imaginary part of the resonance frequency. Forth column: Quality factor
Q = −Re(freq)/(2Im(freq)) rounded to integers. Fifth column: Dimensionless res-
onance frequency Re(kR) = 2πRe(freq)R with R = R0. Sixth column: Resonant
wavelength λ in nanometers. Seventh column: azimuthal and axial mode number
(m, q). Gray rows show data of TE-like WGMs with q = 2.
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Figure B.12: Mode-field components, far-field intensity and far-field polarization
states. Data of WGMs with q = 2, see table in Fig. B.11 and its caption text for
parameters and resonance frequencies. Left column: temporal snap shots of Ez
and Eφ where ts represents the time step of Ez reaching its maximum value, snap
shot of Eφ is taken a quarter period later. Central column: Far-field intensity as
function of the far-field elevation angle θ. Right column: Illustration of far-field
polarization states on the Poincaré sphere.
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B.3.5 Triangular Profile 3 (tp 3)

Figure B.13: Data from MEEP-calculations of conical tube cavities. Parameter of the
tube cavities in micrometers: mean radius R0 = 3, total (slant) height h = 20,
profile height hp = 2, thickness d = 0.1, profile thickness dp = 0.2 and refractive
index n = 1.5. First column: inclination γ in degree. Second and third columns:
Real and imaginary part of the resonance frequency. Forth column: Quality factor
Q = −Re(freq)/(2Im(freq)) rounded to integers. Fifth column: Dimensionless res-
onance frequency Re(kR) = 2πRe(freq)R with R = R0. Sixth column: Resonant
wavelength λ in nanometers. Seventh column: azimuthal and axial mode number
(m, q). Gray rows show data of TE-like WGMs with q = 2.
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Figure B.14: Mode-field components, far-field intensity and far-field polarization
states. Data of WGMs with q = 2, see table in Fig. B.13 and its caption text for
parameters and resonance frequencies. Left column: temporal snap shots of Ez
and Eφ where ts represents the time step of Ez reaching its maximum value, snap
shot of Eφ is taken a quarter period later. Central column: Far-field intensity as
function of the far-field elevation angle θ. Right column: Illustration of far-field
polarization states on the Poincaré sphere.
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C Limaçon-cavity arrays - Additional Material

C.1 Exciting the symmetric array modes in MEEP

The excitation of the symmetric array modes in MEEP was realized by placing electric point
sources at the mirror axis of each cavity, see the positions inside the cavities marked by black
crosses and arrows in Fig. 5.5 (d). Then, all point sources were switched on simultaneously and
started to run an electric current (Jz-component) with a Gaussian profile

Jz(t) ∝ e−i2πfcte−
1
2 (t−tpeak)2(∆f)2

. (C.1)

As a result, a TM-polarized (Ez-component) wave packet is emitted with its center frequency fc
tuned to the individual limçon-cavity mode frequency f0,MEEP = 1.12062 ((kR)0,MEEP = 7.0411)
and a frequency width set to ∆f = ∆fMEEP = 0.01. After the sources were turned off (a time
period T+ = 5/∆f after the peak at tpeak was reached), the FDTD-simulation was running for
an additional time of 100 periods (in MEEP-time units). The result of this process is what we
see in Fig. 5.5 (d) which looks exactly like the mode computed in COMSOL (by Martí Bosch)
and shown in Fig. 5.5 (a). Due to the finite frequency width ∆f and the symmetric source
configuration, the symmetric array mode is excited.
The relation between the frequencies fMEEP used in the MEEP-simulations and the dimension-
less frequencies kR used in the analytical expressions is given by kR = 2πfMEEPRMEEP where
RMEEP = 1.0 since the mean radius of the limaçon cavity is assumed to be R = 1.0µm.
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