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On ReH-matrices and corresponding topics

R. Hildenbrandt, Department of Mathematics,
Ilmenau Technical University

1 Introduction

We are interested in ReH-matrices because they help us to solve a complex 
operations research problem (see [5], [10] and also Appendix C). However, 
these matrices themselves represent an interesting combinatorial structure. 
ReH-matrices can be initially computed by means of a simple enumeration 
(however a laborious method). Unfortunately, no formulas for explicit com-
putation are known for most elements of ReH-matrices.

ReH-matrices are defined by three positive integers n, k0, su. The num-
ber of rows and columns of such a matrix is equivalent to the number of 
restricted (unordered) partitions of su into at most n parts with summands 
not greater than k0. The elements of a row (which corresponds to a partition 
(s)) are computed as numbers of ”balanced” covers of certain ”vectors w” 
by partitions, which differ from the partition s at least as possible (divided 
by a normalizing factor) if the components of these vectors are discrete uni-
formly distributed (and in an analogous way for other distributions of the 
vectors).

In Section 3 we will introduce ”perturbed permutations”. They can be 
used to compute the elements of ReH-matrices more effectively than enu-
meration. A polynomial and sometimes an exponential dependence of the 
elements on the variables n and k0 in the case of discrete uniformly dis-
tributed components of the vectors w (and similar relationships for other 
distributions) can also be shown by means of perturbed permutations.

Limits of ReH-matrices are also significant. In Section 4 we will compute 
such limits if corresponding sequences consist of matrices of the same type.

So-called Poisson equations (Section 5) are important for applications. 
If their solutions are ”monotone” then ReH-matrices correspond to optimal 
solutions of the above mentioned operations research problem. But proofs 
for monotone solutions are very difficult, since ReH-matrices do not fulfil a 
”dominance property”, in general. We give an overview on this topic and 
present a new result using limits from Section 4.
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1.1 Notation and terminology

Let su, n and k0 be integers with n ≥ 2 and 1 ≤ k0 ≤ su < nk0. Sn;su;k0

denotes the set of the restricted (unordered) partitions of su into at most
n parts with summands not greater than k0. r is the number of partitions
of such a set. We write the elements s of Sn;su;k0 as n-dimensional vectors.
That means s = (s1, s2, · · · , sn) with s1 + s2 + · · · + sn = su and (w.l.o.g.)
s1 ≥ s2 ≥ · · · ≥ sn 1.

Furthermore, the box Bn;k0 :=
{
w ∈ Zn+|0 ≤ wi ≤ k0, i = 1, · · · , n

}
is

called the set of requirements. We assume that the requirements w are ran-
dom vectors 2 and that their components wi, (i = 1, · · · , n) are independent
and identically distributed. Let

q(w) :=
n∏
i=1

q0(wi) (1)

be a corresponding probability function where the marginal or single proba-
bilities q0(wi) are such that

q0(wi) > 0 if and only if wi ∈ {0, 1, · · · , k0} and
k0∑
j=0

q0(j) = 1. (2)

If, in particular, wi are discrete uniformly distributed then q(w) =
(

1
k0+1

)n
for all w ∈ Bn;k0 follows.

Principally, two cases in relation to the requirements have to distin-

guished:
n∑
i=1

wi ≤ su (surplus-situation) and
n∑
i=1

wi ≥ su (scarcity-situation).

3

B1
n;k0

= Bn;k0 ∩
{
w ∈ Bn;k0 |

n∑
i=1

wi ≤ su
}

and

B2
n;k0

= Bn;k0∩
{
w ∈ Bn;k0 |

n∑
i=1

wi ≥ su
}

are corresponding subsets of Bn;k0 .

For given s ∈ Sn;su;k0 and w ∈ Bn;k0 a feasible partition s′ is defined by:
1) w is covered by a permutation s

′
π of s′ in the case of the surplus-situation.

2) w should be met as much as possible in case of the scarcity-situation.

3) The ”difference” (
n∑
i=1
|si−s

′
πi |) between s and s

′
π is as a small as possible.

1However, each permutation of (s1, s2, · · · , sn) represent the same partition s.
2We use the same notations for the random vectors and their realizations.
3The equal sign in both cases is useful for the following and does not lead to contra-

dictions.
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Thus : s′(= s′(s, w)) ∈ Ân;su;k0(s, w)

=


s′ ∈ Sn;su;k0

∣∣∣∣∣∣∣∣∣∣∣∣∣

∃ s′π permutation of s′ :

wi ≤ s′πi ≤ max{si, wi}, i = 1, · · · , n if
n∑
i=1

wi ≤ su

min{si, wi} ≤ s′πi ≤ wi, i = 1, · · · , n if
n∑
i=1

wi ≥ su


(3)

and

1
2

n∑
i=1
|si − s

′
πi | =


∑
i

max{0, wi − si} if
n∑
i=1

wi ≤ su,∑
i

max{0, si − wi} if
n∑
i=1

wi ≥ su
.

We denote s∗ = s∗(s, w) ∈ Ân;su;k0(s, w) as a feasible balanced partition

with regard to s and w if
n∑
i=1

(s∗i )
2 is as small as possible. The fewer the

coordinates s∗i differ from one another, the smaller is
n∑
i=1

(s∗i )
2, since

(s∗i )
2 + (s∗j )

2 < (s∗i − x)2 + (s∗j + x)2 for 0 < x ≤ s∗i ≤ s∗j . (4)

In addition, we define B∗n;k0
(s, s∗) = {w ∈ Bn;k0 | s∗ = s∗(s, w)} as the set

of balancing requirements and B∗1n;k0
(s, s∗) = B∗n;k0

(s, s∗) ∩B1
n;k0

,
B∗2n;k0

(s, s∗) = B∗n;k0
(s, s∗) ∩B2

n;k0
.

2 Definition of ReH-matrices and their iterative
computation

At first, we want to introduced ReH-matrices. For this, let Sn;su;k0 =
{s1, s2, · · · , sr} , Bn;k0 and q as above.

ReH-matrices are matrices P ∗ = P ∗n;su;k0
= (p∗fl) f=1,··· ,r,

l=1,··· ,r
with elements

p∗fl = p∗(sl|sf ) =
∑

w:sl=s∗(sf ,w)

q(w) =
∑

w∈B∗n;k0
(sf ,sl)

q(w). (5)

(For an example, see Appendix A, a).) Thereby,

p∗fl > 0 for f = 1, · · · , r, l = 1, · · · , r, (6)

because of p∗fl ≥ q(w = sl) and (2).
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Thus, the definition of ReH-matrices includes the usage of (balanced)
transitions s∗(sf , w), f = 1, · · · , r, w ∈ Bn;k0 .

Using property (4), feasible balanced partitions for given s ∈ Sn;su;k0

and w ∈ Bn;k0 can be computed by the following iterative method. (This is
easy to prove.):

Set s∗i =


∑
i

max{si, wi} if
n∑
i=1

wi ≤ su,∑
i

min{si, wi} if
n∑
i=1

wi ≥ su
,

d =


∑
i

max{0, wi − si} if
n∑
i=1

wi ≤ su,∑
i

max{0, si − wi} if
n∑
i=1

wi ≥ su
.

(*) If d = 0, then s∗ is the desired partition (end) else:
Determine a component s∗j of s∗

such that s∗j =


max{s∗i | s∗i > wi} if

n∑
i=1

wi ≤ su,

min{s∗i | s∗i < wi} if
n∑
i=1

wi ≥ su
.

Set s∗j =


s∗j − 1 if

n∑
i=1

wi ≤ su

s∗j + 1 if
n∑
i=1

wi ≥ su
and d = d− 1.

Go to (*).
If the feasible balanced partitions (with regard to sf and all w ∈ Bn;k0)

have been computed then the elements p∗fl, l = 1, · · · , r of a ReH-matrix can
be calculated as sums of the probabilities of the requirements w, for which
feasible balanced transitions from sf to sl can be found. The computation
of ReH-matrices by means of such enumerations is a laborious method.

An important question is wether we can determine sets B∗n;k0
(sf , sl) for

given sf and sl by a more effective method than the above enumeration.
For this, an idea could be to partition B∗n;k0

(sf , sl) in relation to the
permutations of sl. In more detail, that means
B∗n;k0

(sf , sl) =
⋃

s
l(j) permutation of sl

B∗πn;k0
(sf , s

l(j)
π ), where

B∗πn;k0
(sf , s

l(j)
π ) =

{
w ∈ B∗n;k0

(sf , sl)
∣∣∣ w, sl(j)π fulfill (3)

}
. (7)

Such sets have a simple structure:
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B∗πn;k0
(sf , slπ) ={

w ∈ Zn+|wi

{
= slπia for ia ∈ Ia
∈
{

0, 1, · · · , slπib
}

for ib ∈ Ib
, Ia ∪ Ib = {1, 2, · · · , n} ,

n∑
i=1

wi ≤ su
} ⋃

{
w ∈ Zn+|wi

{
= slπia for ia ∈ Īa
∈
{
slπib

, slπib
+ 1, · · · , k0

}
for ib ∈ Īb

, Īa ∪ Īb = {1, 2, · · · , n} ,

n∑
i=1

wi ≥ su
}
,

where Ia, Ib, Īa, Īb must be determined.
(8)

However in general, it must be stated that

B∗πn;k0
(sf , s

l(j)
π )

⋂
B∗πn;k0

(sf , s
l(i)
π ) 6= ∅. (9)

If we use perturbed permutations (which will be define in the following
section) instead of the permutations themselves, then the intersection (9) is
empty.

3 Computation of ReH-matrices by means of per-
turbed permutations

A ReH-matrices (and especially, single elements of it) can be determined
more effectively if we use perturbed permutations.

Perturbed permutations ŝlπ are particularly characterized by Jo, j0, j1 in
the case of the surplus-situation and by J̄o, j̄0, j̄1 in case of the scarcity-
situation, respectively. Based on perturbed permutations ŝlπ and corre-
sponding Jo, j0, j1 or J̄o, j̄0, j̄1, we define sets of requirements B̂∗1n;k0

(sf , ŝlπ)
and B̂∗2n;k0

(sf , ŝlπ), which are subsets of B∗n;k0
(sf , sl). The sets B̂∗mn;k0

(sf , ŝlπ)
(m = 1, 2) are pairwise disjoint (regarding ŝlπ) and their union (over all per-
turbed permutations) is equal to B∗mn;k0

(sf , sl). Thus, an element p∗fl of a
ReH-matrices can be calculated as sum of the probabilities of requirements
which are elements from sets B̂∗1n;k0

(sf , ŝlπ) or B̂∗2n;k0
(sf , ŝlπ) (minus a simple

term). An example for such a calculation can be found in Appendix A, b).

Let us assume in this section that (without loss of generality) the compo-
nents of the partitions sf ∈ Sn;su;k0 and sl ∈ Sn;su;k0 are initially ordered
monotonically decreasing:
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sf1 ≥ s
f
2 ≥ · · · ≥ s

f
n and sl1 ≥ sl2 ≥ · · · ≥ sln.

Furthermore, we use the the following additional notation and symbols:

F: the number of components of sf which are not equal to 0,

L: the number of components of sl which are not equal to 0.
(10)

sf : sf1 = · · · = sfF1
> sfF1+1 = · · · = sfF2

> · · · > sfFz−1+1 = · · · = sfFz > 0(
sfi = 0 for i ≥ Fz + 1 if Fz < n

)
(11)

(with F1 < F2 < · · · < Fz = F (< Fz+1 = n for Fz < n)),

sl : sl1 = · · · = slL1
> slL1+1 = · · · = slL2

> · · ·
> sl

LJo−2+1 = · · · = sl
LJo−1

> sl
LJo−1+1 = · · · = sl

LJo
> sl

LJo+1 =

· · · = sl
LJo+1

> · · · > slLy−1+1 = · · · = slLy > 0

(0 = slLy+1 = · · · = slLy+1
= sln if Ly < n)

(12)
(with L1 < L2 < · · · < Ly = L(< Ly+1 = n for Ly < n), further-
more L0 := 0). Moreover, we define

σlJ := slLJ for J = 1, 2, . . . , y (or y + 1 for Ly < n) and so

σl1 > σl2 > · · · > σl
Jo−1 > σl

Jo
> σl

Jo+1 > · · · > σly (> σly+1 = 0
for Ly < n)

(13)

follows.
Lastly let

δ(sf , sl) = δfl :=

{
1 if sf = sl,

0 if sf 6= sl.
(14)

Below we will show how to compute the requirements w ∈ B∗n;k0
(sf , sl)

in the cases
n∑
i=1

wi ≤ su and
n∑
i=1

wi ≥ su by means of sets of perturbed permutations.

The elements p∗fl of the ReH-matrices can then be calculated in the
following way
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p∗fl = p∗1fl + p∗2fl − p
∗1,2
fl

with p∗1fl =
∑

w∈B∗1n;k0
(sf ,sl)

q(w), p∗2fl =
∑

w∈B∗2n;k0
(sf ,sl)

q(w)

and p∗1,2fl =
∑

w∈B∗1n;k0
(sf ,sl)

⋂
B∗2n;k0

(sf ,sl)

q(w) =
∑

slπ : permutation of sl
q(slπ).

(15)

At first we consider Case
n∑
i=1

wi ≤ su (the requirements can be completely

fulfilled):

Given a partition sf ∈ Sn;su;k0 and a permutation slπ of a partition
sl ∈ Sn;su;k0 , we then compare the components of sf with the components
of slπ in order of increasing slπi . More formally we state:

Definition 3.1 Let Jo ∈ {1, 2, . . . , y (or y + 1 for Ly < n)} (see (12)) and
j0 ∈ {1, 2, . . . , LJo − LJo−1}.

(i) If
sfi ≤ slπi for any slπi ≤ σ

l
Jo+1,

4 (a1)

sfi ≤ slπi for LJo − LJo−1 − j0 elements of the
set

{
slπ1

, · · · , slπn |s
l
πi = σlJo

}
(a2)

and sfi > slπi for j0 elements of the set{
slπ1

, · · · , slπn |s
l
πi = σlJo

}
, (a3)

we then refer to a (Jo, j0)-perturbation of the relation ”≤” be-
tween sf and sl

π.

(ii) ŝlπ with

ŝlπi =

 slπi + 1 for sfi > slπi = σlJo (a4)
(see (a3) from Definition 3.1),

slπi otherwise (a5)

is called a (Jo, j0)-perturbed permutation with respect to sf .

(iii) Ŝf ,l
π (Jo, j0) is the set of all (Jo, j0)-perturbed permutations ŝlπ of per-

mutations slπ of sl, for which a (Jo, j0)-perturbation of the relation ”≤”
between slπ and sf is present.

(iv) Ŝf ,l
π =

⋃
(Jo,j0)

Ŝf,lπ (Jo, j0) is the set of perturbed permutations in the case

of the surplus-situation.
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Thus,
n∑
i=1

ŝlπi = su+ j0 follows for ŝlπ ∈ Ŝ
f,l
π (Jo, j0).

Definition 3.2 Ŝf ,l
π (Jo, j0, j1) denotes the subset of Ŝf,lπ (Jo, j0), where

j1 + j0 is the number of i’s with:
sfi ≥ ŝlπi = σlJo + 1 (a6)

for all elements ŝlπ of this subset.
(Obviously, j1 ∈ {0, 1, · · · , LJo−1 − LJo−2} if σlJo = σlJo−1 − 1 and

j1 = 0 if σlJo < σlJo−1 − 1.) (a7)

Example: Let n = 8, su = 25, ko = 6,
sf = (6, 4, 4, 4, 3, 2, 2, 0)T , sl = (4, 4, 4, 3, 3, 3, 2, 2)T . Then for instance
s
l(1)
π = (4, 4, 3,2, 3, 4, 3, 2)T , where Jo = 3, j0 = 1, j1 = 2

and s
l(2)
π = (4, 3, 3,2, 3, 4, 4, 2)T , where Jo = 3, j0 = 1, j1 = 3 are elements of

Ŝf,lπ .

Lemma 3.1 Given a set Ŝf,lπ (Jo, j0, j1) and let ŝl ∈ Zn

with


ŝlj = slj for j ∈ {1, 2, · · · , LJo−1} or

j ∈ {LJo−1 + j0 + 1, · · · , n} (a8)
ŝlj = slj + 1(= σlJo + 1) for j ∈ {LJo−1 + 1, · · · , LJo−1 + j0}. (a9)

Then ŝ ∈ Zn is an element of the set Ŝf,lπ (Jo, j0, j1) if and only if ŝ fulfils
the following conditions regarding sf and ŝl:

(i) ŝ is a permutation of ŝl,

(ii) sfi ≤ ŝi if ŝi ≤ σlJo , (a10)

(iii) sfi<ŝi for LJo−1 − LJo−2 − j1 elements of the set{
ŝ1, · · · , ŝn|ŝi = σlJo + 1

}
if σlJo + 1 = σlJo−1, (a11)

(iv) sfi ≥ ŝi for j0 + j1 elements of the set{
ŝ1, · · · , ŝn|ŝi = σlJo + 1

}
. (a12)

PROOF. Obviously, (i) is a necessary condition for ŝ ∈ Ŝf,lπ (Jo, j0, j1).
1. (⇒): Let ŝlπ ∈ Ŝ

f,l
π (Jo, jo, j1) be given.

Condition (a10) is valid for ŝlπi ≤ σ
l
Jo+1 according to (a1) and for ŝlπi = σlJo

according to (a2) and (a4).

The condition (a11) is fulfilled for the remaining LJo−1 − LJo−2 − j1
components ŝlπi equal to σlJo + 1 according to the definition of j1 (see (a6)).

Condition (a12) is valid according to (a6).

4Clearly, if Jo = y (or = y + 1 for Ly < n) this case does not exist.
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2. (⇐): Now, let ŝ be a permutation of ŝl satisfying (a10), (a11) and
(a12).

A permutation slπ of sl may then be constructed in the following way:

slπi =

 ŝi − 1 for jo components ŝi = σlJo + 1 ≤ sfi
(which thus also satisfies (a12)),

ŝi otherwise.
(16)

We show that slπ fulfils the conditions from Definition 3.1:

Condition (a1): This follows from (a10) (specifically
for ŝlπi ≤ σ

l
Jo+1(< σlJo)).

Condition (a2): According to the definition of ŝl (and (12)) ŝi = σlJo is
valid for LJo−LJo−1− j0 components. Only (a10) can be present in Lemma
3.1 for these components, which means sfi ≤ ŝi (see also (16)). (a2) then
follows.

Then (a12) (and (12)), the definition of ŝl (see (a9)) and (16) yield (a3).

Vice versa, the permutation slπ leads to ŝ, according to (a4) and (a5).
Reconsidering (a12) and (a11) we can conclude that, ŝlπ is an element of the
set Ŝf,lπ (Jo, jo, j1). �

Together Definitions 3.1, 3.2 and Lemma 3.1 obviously yield:

Lemma 3.2 Let Ŝf,lπ (J1
o , j

1
0 , j

1
1) and Ŝf,lπ (J2

o , j
2
0 , j

2
1) (with respect to sf ) be

given and assuming J1
o 6= J2

o or j1
0 6= j2

0 or j1
1 6= j2

1 .

Then, Ŝf,lπ (J1
o , j

1
0 , j

1
1)
⋂
Ŝf,lπ (J2

o , j
2
0 , j

2
1) = ∅ follows.

PROOF.

Case J1
o 6= J2

o : For perturbed permutations from Ŝf,lπ (J1
o , j

1
o , j

1
1) or Ŝf,lπ (J2

o , j
2
o , j

2
1),

respectively different σlJ1
o

and σlJ2
o

have been increased by 1 (see Defi-
nition 3.1, (a4) and (a5)).

Case J1
o = J2

o and j1
o 6= j2

o : Perturbed permutations of Ŝf,lπ (J1
o , j

1
o , j

1
1) and

Ŝf,lπ (J2
o , j

2
o , j

2
1) have then different numbers of components with value

σlJ1=2
o

, since different numbers of components have been increased by
1 (see Definition 3.1).

Case J1
o = J2

o , j
1
o = j2

o and j1
1 6= j2

1 : Perturbed permutations of Ŝf,lπ (J1
o , j

1
o , j

1
1)

and Ŝf,lπ (J2
o , j

2
o , j

2
1) have different numbers of components for which

(a11) or (a12) from Lemma 3.1 is valid. �

Definition 3.3 Let an element ŝlπ from a set Ŝf,lπ (Jo, j0, j1) be given.

Then the set of all w ∈ Bn;k0 which fulfil the properties:

9



(i) wi ∈ {0, 1, . . . , ŝlπi} if sfi = ŝlπi ≤ σ
l
Jo

(a13)

(ii) wi ∈ {0, 1, . . . , ŝlπi = σlJo + 1} and w with at most j1 coordi-
nates wi = σlJo + 1

if sfi ≥ ŝlπi = σlJo + 1, (a14)

(iii) wi = ŝlπi otherwise (a15)

is denoted by B̂∗1n;k0
(sf , ŝlπ).

Remark 3.1 Properties (a14) and (a13) show that the increase of compo-
nents of value σlJo by 1 in order to determine (Jo, j0)-perturbed permutations
for B̂∗1n;k0

(sf , ŝlπ) is in fact not necessary in the case σlJo + 1 < σlJo−1, since
the last inequality implies that j1 = 0 because of (a7). However, this method
leads to clearer and more uniform representations of the Definitions 3.1, 3.2,
3.3 and so on, so that distinctions in certain cases in the representations are
not necessary.

Lemma 3.3 Let an element ŝlπ from a set Ŝf,lπ (Jo, j0, j1) be given. In
addition, let w ∈ B̂∗1n;k0

(sf , ŝlπ).

Then, the case ”otherwise” in Definition 3.3 is valid if

sfi < ŝlπi or (a16)

sfi ≥ ŝlπi >
{
σlJo−1 if σlJo + 1 = σlJo−1,

σlJo if σlJo + 1 < σlJo−1.
(a17)

PROOF.

Case ŝlπi ≤ σlJo : The inequality sfi ≤ ŝlπi follows according to (a10) from
Lemma 3.1.
sfi = ŝlπi(≤ σ

l
Jo

) can be found in (a13) of Definition 3.3.
sfi < ŝlπi belongs to ”otherwise” in this definition.

Case ŝlπi = σlJo + 1: sfi ≤ ŝlπi(= σlJo + 1) can be found in (a14) of Definition
3.3.
sfi < ŝlπi belongs to ”otherwise” in this definition.

Case ŝlπi > σlJo + 1: This means ŝlπi >
{
σlJo−1 if σlJo + 1 = σlJo−1,

σlJo if σlJo + 1 < σlJo−1.

If we have in addition sfi ≥ ŝlπi , then (a17) is valid and if we have
sfi < ŝlπi , then (a16) is valid. �

Lemma 3.4 Let a set B̂∗1n;k0
(sf , ŝlπ) be defined according to Definition 3.3.

Then there exist exactly
(
jo + j1
jo

)
requirements w ∈ B̂∗1n;k0

(sf , ŝlπ), which

satisfy the cases
n∑
i=1

wi ≤ su and
n∑
i=1

wi ≥ su simultaneously.
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PROOF.
Case σlJo + 1 = σlJo−1 : (j1 > 0 is possible in this case, see Definition 3.2).

If the components of slπ and the (Jo, jo)-perturbed permutation ŝlπ from
Ŝf,lπ (Jo, jo, j1) (with respect to sf ) are compared, then

ŝlπi > slπi may only be possible if sfi ≥ ŝlπi = σlJo + 1 (*1)
(see also Definition 3.3)

is valid according to (i) and (ii) of Definition 3.1.

The condition (a14) from Definition 3.3

sfi ≥ ŝlπi = σlJo + 1 is valid for exactly jo + j1 components ŝlπi (*2)

according to Lemma 3.1, (a12).

In relation to (a14) from Definition 3.3 let

wi = σlJo + 1 for j2 coordinates wi where j2 ≤ j1. (*3)

From (*3) and (*1) (refer also to (*2)) and Definition 3.3 it follows that
n∑
i=1

wi ≤ j2(σlJo + 1) + [jo + (j1 − j2)]σlJo +
∑

i: if not sfi ≥ŝlπi=σ
l
Jo

+1

slπi

=
n∑
i=1

slπi + (j2 − j1) = su+ (j2 − j1) ≤ su. (*4)

The equation
n∑
i=1

wi = su is only correct, if j2 = j1 in (*4) and all wi are as

large as possible, according to Definition 3.3. This means that, in relation
to (a14), j1 coordinates wi are equal to σlJo + 1 and j0 coordinates wi are
equal to σlJo (see also (*2)).

Thus, exactly
(
jo + j1
jo

)
different requirements w satisfy the cases

n∑
i=1

wi ≤

su and
n∑
i=1

wi ≥ su simultaneously.

Case σlJo + 1 < σlJo−1 : j1 = 0 follows according to Definition 3.2.
Hence, in relation to (a14), it is impossible that wi = σlJo + 1 (for any i

with sfi ≥ ŝlπi = σlJo + 1).

Since
(
jo + 0 = jo

jo

)
= 1, there is only one possibility, in which all

coordinates wi from Definition 3.3 are as large as possible, which then implies
n∑
i=1

wi = su. �

Remark 3.2 Probabilities of w from Lemma 3.4 are added in order to com-
pute p∗1fl and also p∗2fl . Therefore, these probabilities must be subtracted once
from p∗1fl + p∗2fl for the determination of p∗fl in (15).
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Theorem 3.5 Let sf ∈ Sn;su;k0 and sl ∈ Sn;su;k0 be given. Then we have:

B∗1n;k0
(sf , sl) =

⋃
ŝlπ ∈ Ŝ

f,l
π

B̂∗1n;k0
(sf , ŝlπ) if sf 6= sl and

B∗1n;k0
(sf , sl) =

⋃
ŝlπ ∈ Ŝ

f,l
π

B̂∗1n;k0
(sf , ŝlπ)

⋃
{w ∈ Bn;k0 | wi ≤ s

f
i , i = 1, ..., n}

if sf = sl.

PROOF.
1. (⇒): Let a requirement w ∈ B∗1n;k0

(sf , sl) with
n∑
i=1

wi < su be given.

The easy case in which wi ≤ sfi for i = 1, ..., n, so that a permutation slπ
of sl, sf and w satisfy (3), is only possible if sfi = slπi for i = 1, ..., n. In
consequence we have to add {w ∈ Bn;k0 | wi ≤ s

f
i , i = 1, ..., n} in the second

set-equality.

Now, let slπ 6= sf be a permutation of sl such that slπ, s
f and w satisfy

(3). The implication

wi ≥ sfi ⇒ slπi = wi (thus also slπi ≥ s
f
i ) (*1)

follows from (3) (case
n∑
i=1

wi ≤ su).

Next we consider the iterative method from Section 2 in case
n∑
i=1

wi ≤ su:

Since s∗j = s∗j −1 for s∗j = max{s∗i | s∗i > wi}, components of different per-
mutations of sl (which, together with sf and w, satisfy (3)), differ by at most
1. (Different components are only possible if j with s∗j = max{s∗i | s∗i > wi}
is not unique in the final iteration steps). In more detail, slπi0 can be differ-
ent if:

slπi0
= min{slπi | s

f
i > slπi ≥ wi} (*2)

and if i1 exists so that

sfi1 ≥ s
l
πi1

= slπi0
+ 1 > wi1 . (*3)

(Then slπi1
could be reduced by 1 instead of slπi0 + 1(= s∗j ) in the final iter-

ation steps if the iterative method from Section 2 is used.)

Possible relationships between slπi0
(in (*2)) and certain sfi , wi, s

l
πi can

be:

sfi = slπi = slπi0
> wi or (*4)

sfi > slπi = slπi0
+ 1 = wi or (*5)

sfi > slπi = wi > slπi0
+ 1. (*6)

12



With regard to Definition 3.1, we now use slπi0 (from (*2)) as σlJo ,

and the number of i0, for which (*2) is satisfied, as j0.

With the help of (*1), ..., (*5) we can show that (Jo, jo) is a perturbation
of the relation ”≤” between sf and slπ:

(a1): slπi ≤ σ
l
Jo+1(< σlJo) can only be possible if (*1) is valid,

from which slπi ≥ s
f
i follows,

(a2) and (a3): slπi = σlJo is only valid if (*2) and (*4) are valid,

then (a3) follows from (*2) and (a2) from (*4).

So, ŝlπ with

ŝlπi =

{
slπi + 1 if (*2) is satified for i = i0,

slπi otherwise
is a (Jo, jo)-perturbed permutation of slπ with respect to sf .

With regard to Definition 3.2, we set j1 equal to the number of i2’s
for which (*5) is satisfied. Thus, ŝlπ ∈ Ŝ

f,l
π (Jo, jo, j1).

Finally, we show that w is an element of B̂∗1n;k0
(sf , ŝlπ) (see Definition

3.3):

(a13): mainly follows from (*4) and (*1) with slπi = sfi ≤ slπi0 ,

(a14): mainly follows from (*2), (*3) and (*5)

(considering the previous determination of ŝlπ),

(a15): mainly follows from (*1) and (*6).

2. (⇐): Let w ∈ B̂∗1n;k0
(sf , ŝlπ), ŝlπ ∈ Ŝ

f,l
π (Jo, j0, j1).

If wi ≤ sfi for i = 1, ..., n, then s∗(sf , w) = sf (= sl) follows immediately.

Now, let i exist with wi > sfi .

We will show that the iterative method from Section 2 (case
n∑
i=1

wi ≤ su),

initially leads to ŝlπ and further to a slπ (as in (16)). This means that
s∗(sf , w) = sl.

At first, we note that∑
i:sfi <wi

(wi − sfi ) =
∑

i:slπi<s
f
i

(sfi − s
l
πi) (*7)

is a necessary condition for s∗(sf , w)(= slπ) = sl. According to the
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iterative method from Section 2, differences between sfi and wi, in the cases
that sfi < wi, are used in order to reduce sfj to certain slπj in the cases that

sfj > wj (where slπ is a permutation of sl = s∗(sf , w)).

We prove that (*7) is valid:

sfi < wi is only possible in the case (a15) of Definition 3.3 where wi = ŝlπi .
Thus, ∑

i:sfi <wi

(wi − sfi ) =
∑

i:sfi <ŝ
l
πi

(ŝlπi − s
f
i ) (*8)

follows.

According to (a4) (together with (a3)), and since
n∑
i=1

sfi =
n∑
i=1

sli = su,∑
i:sfi <ŝ

l
πi

(ŝlπi − s
f
i ) =

∑
i:ŝlπi<s

f
i

(sfi − ŝ
l
πi) + jo (*9)

is valid and ∑
i:ŝlπi<s

f
i

(sfi − ŝ
l
πi) + jo =

∑
i:slπi<s

f
i

(sfi − slπi) (*10)

follows for slπ as in (16).

So, (*8), (*9) and (*10) imply (*7).

Lastly, the consideration of the following cases show that the iterative

method from Section 2, case
n∑
i=1

wi ≤ su, initially leads to ŝlπ (from this

theorem) and then to a slπ (as in (16)):

• Case sfi < wi:
According to the iterative method (and also according to (3)) it follows
in this case that wi = ŝlπi(= slπi), which corresponds to (a15).

• Case sfi = wi:
In this case the iterative method leads to sfi = slπi , which corresponds
to the relevant cases of Definition 3.3 (sfi = slπi = ŝlπi).

• Case sfi > wi >

{
σlJo−1 if σlJo + 1 = σlJo−1,

σlJo if σlJo + 1 < σlJo−1

:

This means slπi = wi(= ŝlπi) which corresponds to (a17) (partial case
of (a15)). Because the values sfi are reduced to wi using the iterative
method.
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• Case sfi > wi and wi ≤
{
σlJo−1 if σlJo + 1 = σlJo−1,

σlJo if σlJo + 1 < σlJo−1

≤ sfi :

Initially, sfi are reduced to σlJo + 1 using the iterative method, which
corresponds to ŝlπi from (a14). So j0 units remain, which can be used to
further reduce the j0 parts of the value σlJo+1 by 1 (if wi ≤ σlJo) (which
then corresponds to ŝlπi from Definition 3.3, (a13) with sfi = σlJo).

• Case sfi > wi and wi < sfi <

{
σlJo−1 if σlJo + 1 = σlJo−1,

σlJo if σlJo + 1 < σlJo−1

:

In this case the iterative method can not reduce components sfi (see
also (*7), (*8), (*9) and (*10)). So we have slπi = sfi (= ŝlπi) as also in
(a13).

�

Theorem 3.6

Let ŝl,1π ∈ Ŝf,lπ and ŝl,2π ∈ Ŝf,lπ be given with ŝl,1π 6= ŝl,2π . (*1)

Then, B̂∗1n;k0
(sf , ŝl,1π )

⋂
B̂∗1n;k0

(sf , ŝl,2π ) = ∅.

(Furthermore, in the case sf = sl we have
B̂∗1n;k0

(sf , ŝlπ)
⋂
{w ∈ Bn;k0 | wi ≤ si, i = 1, ..., n} = ∅.)

PROOF. Let w1 be an element of the set B̂∗1n;k0
(sf , ŝl,1π ), w2 an element

of B̂∗1n;k0
(sf , ŝl,2π ) and ŝl,1πio 6= ŝl,2πio according to (*1). In order to show that

w1 6= w2 we have to consider 3 cases.

Case 1: ŝl,1πio > sfio

From Definition 3.3 it follows that

w1
πio

= ŝl,1πio (in particular, see (a15) and (a10)),

w2
πio

 = ŝl,2πio if ŝl,2πio > sfio ,

≤ ŝl,2πio if ŝl,2πio ≤ s
f
io

Thus, w1
πio
6= w2

πio
.

Case 2:
sfio ≥ ŝ

l,2
πio > ŝl,1πio and σlJ1

o
≥ σlJ2

o
(*2)

The relationship ŝl,1πio ≤ σ
l
J1
o

is not possible according to (*2), Defini-
tion 3.3 and in particular (a10), Lemma 3.1

Hence, it remains to consider the case ŝl,1πio ≥ σJ1
o

+ 1. For requirements
w1 ∈ B̂∗1n;k0

(sf , ŝl,1π ) we have w1
πio
≤ ŝl,1πio and with regard to (*2) we get

ŝl,2πio > (ŝl,1πio ≥ σJ1
o

+ 1 ≥) σJ2
o

+ 1.
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Thus, w2
πio

= ŝl,2πio is valid according to Definition 3.3 (see (a15) together
with (a17)) and so w1

πio
6= w2

πio
.

Case 3:
sfio ≥ ŝ

l,2
πio > ŝl,1πio and σlJ1

o
< σlJ2

o
(*3)

In this case there exists i1 with sfi1 > sl,1πi1 = ŝl,1πi1 − 1 = σlJ1
o

(*4)
according to (a3) and (a4).

Regarding ŝl,2π and i1 either
sl,2πi1 ≥ σ

l
J2
o

(*5a)
or
σlJ2

o
> sl,2πi1 ≥ s

f
i1

(see also (a1)) (*5b)
is valid.

Relations (*4),(*5a) and σlJ1
o
< σlJ2

o
lead to

sl,2πi1 ≥ σ
l
J2
o
> σlJ1

o
= ŝl,1πi1 − 1 = sl,1πi1 (*6a)

and (*4) and (*5b), respectively to
sl,2πi1 ≥ s

f
i1
> ŝl,1πi1 − 1 = sl,1πi1 = σlJ1

o
. (*6b)

Because of (*6a) and (*6b) it follows that
sl,2πi1 > sl,1πi1 = σlJ1

o
(*7)

(where io = i1 is possible).

Since sl,2π is a permutation of sl,1π

there exists i2 (i2 6= i1) with sl,2πi2 = sl,1πi1 (= σlJ1
o
≤ σlJ2

o
− 1). (*8)

Furthermore, sfi2 ≤ ŝ
l,2
πi2

= sl,2πi2 is valid (see also (a1)). (*9)

If ŝl,1πi2 > ŝl,2πi2 (≥ sfi2) then w1
i2

= ŝl,1πi2 > ŝl,2πi2 ≥ w
2
i2

follows according to Definition 3.3 and Lemma 3.3. Thus
w1
i2
6= w2

i2
. (*10)

In addition, if ŝl,1πi2 ≤ ŝ
l,2
πi2

(= sl,2πi2 = sl,1πi1 ) (see also (*8) and (*9)),
we can conclude again in a similar way for the two possible subcases:
sl,1πi2 = sl,2πi2 and sl,1πi2 < sl,2πi2 , with sl,2π as a permutation of sl,1π .
There exists i3 (i3 6= i2 ∧ i3 6= i1) with sl,2πi3 = sl,1πi2 (≤ σlJ1

o
≤ σlJ2

o
− 1) and

so on. Since the numbers of parts of sl,2π and sl,1π are finite, we can conclude
that w1

im
6= w2

im
for a certain m analogous to (*10).

(Finally, the Definition 3.3 of B̂∗1n;k0
(sf , ŝlπ) and Lemma 3.3 directly yields

B̂∗1n;k0
(sf , ŝlπ)

⋂
{w ∈ Bn;k0 | wi ≤ si, i = 1, ..., n} = ∅ if sf = sl.) �

We now compute the probability of requirements w ∈ B∗n;k0
(sf , sl) in the

case
n∑
i=1

wi ≤ su using Definition 3.3, Theorem 3.5 and Theorem 3.6:
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p∗1fl =
∑

ŝlπ∈Ŝ
f,l
π

∑
w∈B̂∗1n;k0

(sf ,slπ)

q(w)

+ δfl ∗
∑

w∈{w∈Bn;k0
| wi≤sfi , i=1,...,n}

q(w).
(17)

In the case of discrete uniformly distributed requirements, Definition
3.3 yields:

∑
w∈B̂∗1n;k0

(sf ,ŝlπ)

q(w) = 1
(k0+1)n

 ∏
i:ŝlπi=s

f
i ≤σlJo

(ŝlπi + 1)

(
(σlJo + 2)j0+j1 −

(
j0 + j1
j1 + 1

)
(σlJo + 1)j0−1 − · · · −

(
j0 + j1
j0 + j1

)
(σlJo + 1)0

)]

and δfl ∗
∑

w∈{w∈Bn;k0
| wi≤sfi , i=1,...,n}

q(w) = δfl ∗ 1
(k0+1)n

n∏
i=1

(sfi + 1).

(18)

It remains to consider the case
n∑
i=1

wi ≥ su (the requirements cannot

be completely fulfilled):

The considerations are analogous to the case
n∑
i=1

wi ≤ su. Therefore, we

only present definitions, lemmas and theorems in this part of the section
but no corresponding proofs, which would be very similar to the proofs in
the other case.

Given a partition sf ∈ Sn;su;k0 and a permutation slπ of a partition
sl ∈ Sn;su;k0 , we then compare the components of sf with the components
of slπ in order of decreasing slπi . More formally we state:

Definition 3.4 Let J̄o ∈ {1, 2, . . . , y} and j̄o ∈ {1, 2, . . . , LJ̄o − LJ̄o−1}.

(i) If
sfi ≥ slπi for any slπi ≥ σ

l
J̄o−1

, 5 (b1)

sfi ≥ slπi for LJ̄o − LJ̄o−1 − j̄o elements of the
set

{
slπ1

, · · · , slπn |s
l
πi = σl

J̄o

}
(b2)

and sfi < slπi for j̄o elements of the set{
slπ1

, · · · , slπn |s
l
πi = σl

J̄o

}
, (b3)

17



we then refer to a (J̄o, j̄o)-perturbation of the relation ”≥” be-
tween sf and sl

π.

(ii) ŝlπ with

ŝlπi =


slπi − 1 for sfi < slπi = σl

J̄o
(b4)

(see (b3) from Definition 3.4),
slπi otherwise (b5)

is called a (J̄o, j̄o)-perturbed permutation of the (J̄o, j̄o)-perturbed
partition ŝl with respect to sf .

(iii) ˆ̄Sf ,l
π (J̄o, j̄0) is the set of all (J̄o, j̄0)-perturbed permutations ŝlπ of per-

mutations slπ of sl, for which a (J̄o, j̄0)-perturbation of the relation ”≥”
between slπ and sf is present.

(iv) ˆ̄Sf ,l
π =

⋃
(J̄o,j̄0)

ˆ̄Sf,lπ (J̄o, j̄0) is the set of perturbed permutations in case of

the scarcity-situation.

Thus,
n∑
i=1

ŝlπi = su− j̄0 follows for ŝlπ ∈ ˆ̄Sf,lπ (J̄o, j̄0).

Definition 3.5 ˆ̄Sf ,l
π (J̄o, j̄0, j̄1) denotes the subset of ˆ̄Sf,lπ (J̄o, j̄0), where

j̄1 + j̄0 is the number of i’s with:
sfi ≤ ŝlπi = σl

J̄o
− 1 (b6)

for all elements ŝlπ of this subset.

(Obviously, j̄1 ∈ {0, 1, · · · , LJ̄o+1 − LJ̄o} if σl
J̄o
− 1 = σl

J̄o+1
and

j̄1 = 0 if σl
J̄o
− 1 > σl

J̄o+1
.) (b7)

Lemma 3.7 Given a set ˆ̄Sf,lπ (J̄o, j̄0, j̄1) and let ŝl ∈ Zn

with


ŝlj = slj for j ∈ {1, 2, · · · , LJ̄o − j̄o} or

j ∈ {LJ̄o + 1, · · · , n} (b8)
ŝlj = slj − 1(= σl

J̄o
− 1) for j ∈ {LJ̄o − j̄o + 1, · · · , LJ̄o}. (b9)

Then ŝ ∈ Zn is an element of the set ˆ̄Sf,lπ (J̄o, j̄0, j̄1) if and only if ŝ fulfils
the following conditions regarding sf and ŝl:

5Clearly, if Jo = 1 this case does not exist.
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(i) ŝ is a permutation of ŝl,

(ii) sfi ≥ ŝlπi if ŝi ≥ σlJ̄o , (b10)

(iii) sfi>ŝi for LJ̄o+1 − LJ̄o − j̄1 elements of the set{
ŝ1, · · · , ŝn|ŝi = σl

J̄o
− 1
}

if σl
J̄o
− 1 = σl

J̄o+1
, (b11)

(iv) sfi ≤ ŝi for j̄o + j̄1 elements of the set{
ŝ1, · · · , ŝn|ŝi = σl

J̄o
− 1
}
. (b12)

Together Definitions 3.4, 3.5 and Lemma 3.7 obviously yield:

Lemma 3.8 . Let ˆ̄Sf,lπ (J̄1
o , j̄

1
o , j̄

1
1) and ˆ̄Sf,lπ (J̄2

o , j̄
2
o , j̄

2
1) (with respect to sf ) be

given and assuming J̄1
o 6= J̄2

o or j̄1
o 6= j̄2

o or j̄1
1 6= j̄2

1 .

Then, ˆ̄Sf,lπ (J̄1
o , j̄

1
o , j̄

1
1)
⋂ ˆ̄Sf,lπ (J̄2

o , j̄
2
o , j̄

2
1) = ∅ follows.

Definition 3.6 Let an element ŝlπ from the set ˆ̄Sf,lπ (J̄o, j̄o, j̄1) be given.

Then the set of all w ∈ Bn;k0 which fulfil the properties:

(i) wi ∈ {ŝlπi , ŝ
l
πi + 1, . . . , ko} if sfi = ŝlπi ≥ σ

l
J̄o

(b13)

(ii) wi ∈ {ŝlπi = σl
J̄o
− 1, ŝlπi + 1, . . . , k0} and w with at most j1 coordi-

nates wi = σl
J̄o
− 1,

if sfi ≤ ŝlπi = σl
J̄o
− 1, (b14)

(iii) wi = ŝlπi otherwise (b15)

is denoted by B̂∗2n;k0
(sf , ŝlπ).

Remark 3.3 Properties (b14) and (b13) show that the reduction of compo-
nents of value σl

J̄o
by 1 in order to determine (J̄o, j̄o)-perturbed permutations

for B̂∗2n;k0
(sf , ŝlπ) is in fact not necessary in the case σl

J̄o
− 1 > σl

J̄o+1
, since

the last inequality implies that j̄1 = 0 because of (b7). However, this method
leads to a clearer and more uniform representation of the Definitions 3.4,
3.5, 3.6 and so on, so that distinctions in certain cases for the representa-
tions are not necessary.

Lemma 3.9 Let an element ŝlπ from a set ˆ̄Sf,lπ (J̄o, j̄o, j̄1) be given. In
addition, let w ∈ B̂∗2n;k0

(sf , ŝlπ).

Then, the case ”otherwise” in Definition 3.6 is valid if

sfi > ŝlπi or (b16)

sfi ≤ ŝlπi <

{
σl
J̄o+1

if σl
J̄o
− 1 = σl

J̄o+1
,

σl
J̄o

if σl
J̄o
− 1 > σl

J̄o+1
.

(b17)
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Theorem 3.10 Let sf ∈ Sn;su;k0 and sl ∈ Sn;su;k0 be given. Then we have:

B∗2n;k0
(sf , sl) =

⋃
ŝlπ ∈ ˆ̄Sf,lπ

B̂∗2n;k0
(sf , ŝlπ) if sf 6= sl and

B∗2n;k0
(sf , sl) =

⋃
ŝlπ ∈ ˆ̄Sf,lπ

B̂∗2n;k0
(sf , ŝlπ)

⋃
{w ∈ Bn;k0 | wi ≤ s

f
i , i = 1, ..., n}

if sf = sl.

Theorem 3.11

Let ŝl,1π ∈ ˆ̄Sf,lπ and ŝl,2π ∈ ˆ̄Sf,lπ be given with ŝl,1π 6= ŝl,2π .

Then, B̂∗2n;k0
(sf , ŝl,1π )

⋂
B̂∗2n;k0

(sf , ŝl,2π ) = ∅.

(Furthermore, in the case sf = sl we have
B̂∗2n;k0

(sf , ŝlπ)
⋂
{w ∈ Bn;k0 | wi ≥ s

f
i , i = 1, ..., n} = ∅.)

According to Definition 3.6, Theorem 3.10 and Theorem 3.11

p∗2fl =
∑

ŝlπ∈ ˆ̄Sf,lπ

∑
w∈B̂∗2n;k0

(sf ,ŝlπ)

q(w)

+ δfl ∗
∑

w∈{w∈Bn;k0
| wi≥sfi , i=1,...,n}

q(w)
(19)

follows.

In the case of discrete uniformly distributed requirements, Definition 3.6
yields:

∑
w∈B̂∗2n;k0

(sf ,ŝlπ)

q(w) = 1
(k0+1)n

 ∏
i:ŝlπi=s

f
i ≥σlJ̄o

(k0 + 1− ŝlπi)

(
(k0 − σlJ̄o + 2)j̄o+j̄i −

(
j̄o + j̄1
j̄1 + 1

)
(k0 − σlJ̄o + 1)j̄o−1 − · · · −

(
j̄o + j̄1
j̄o + j̄1

)
(ko − σlJ̄o + 1)0

)]

and δfl ∗
∑

w∈{w∈Bn;k0
| wi≥sfi , i=1,...,n}

q(w) = δfl ∗ 1
(k0+1)n

n∏
i=1

(k0 + 1− sfi ).

(20)

Theorem 3.12 Elements p∗fl of ReH-matrices can be calculated by:
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p∗fl = p∗1fl + p∗2fl − p
∗1,2
fl ,

where p∗1fl is computed as in (17), p∗2fl as in (19) and p∗1,2fl =
∑

slπ : permutations of sl
q(slπ).

In particular, in the case of discrete uniformly distributed requirements
(18) and (20) can be used to compute elements p∗fl.

In addition, we would like to note the following. (20) (together with (18)
and Theorems 3.6, 3.10) implies that the numbers of elements in the sets
B∗n,k0

(sf , sl) are polynomials in k0 as well as elements p∗fl of the correspond-
ing ReH-matrices multiplied by (k0 + 1)n in the case of discrete uniformly
distributed requirements. It is more difficult to show that the numbers of el-
ements in the sets B∗n,k0

(sf , sl) are either polynomials or sums of exponential
functions and polynomials in n as well as elements p∗fl of the correspond-
ing ReH-matrices multiplied by (k0 + 1)n in the case of discrete uniformly
distributed requirements. As you can see in [10], Theorem 4.5.1.

4 Limits of ReH-matrices

If we want to determine limits of elements from ReH-matrices, there are two
approaches:

a) Let sf and sl be partitions of a given su. Then we could consider
lim
n→∞

p∗(sl(n)|sf (n)) for arbitrary but fixed k0 ≥ max
i

{
sfi , s

l
i

}
, where

sf (n), sl(n) ∈ Sn;su;k0 and all positive components of sf (n) (sl(n))
are equal to the positive components of sf (sl).

(21)
If n ≥ su, then all Sn;su;k0 (n = su, su+ 1, · · · ) have the same number
of elements and the corresponding ReH-matrices all have the same
numbers of rows and columns. Sets Sn;su;k0 with n > su are called
sets of sparse partitions.

b) If s ∈ Sn;su;k′0
with k′0 = max

i
{si}, then let

s̄ = (k0, · · · , k0)T − s for a given k0 ≥ k′0. (22)

(Hence, s̄ is a partition of s̄u = n k0 − su.)

Now, let n, s̄u, s̄f ∈ S
n;s̄u;k′f0

, s̄l ∈ Sn;s̄u;k′l0
be given and let

sf (k0) = (k0, · · · , k0)T − s̄f , sl(k0) = (k0, · · · , k0)T − s̄l, where
k0 ≥ max

{
k′f0 , k

′l
0

}
. Then we could consider lim

k0→∞
p∗(sl(k0)|sf (k0)).
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If k0 ≥ s̄u then all Sn;su;k0 with su = n k0 − s̄u (k0 = s̄u, s̄u +
1, · · · ) have the same number of elements and the corresponding ReH-
matrices all have the same numbers of rows and columns. Sets Sn;su;k0

with k0 > s̄u are called sets of heavy partitions.

In more detail,
− Sets Sn;su;k0 with k0 > s̄u and n > s̄u are called sets of

non-truncated heavy partitions,
− Sets Sn;su;k0 with k0 > s̄u and n ≤ s̄u are called sets of

truncated heavy partitions.
6

Please note that limits with only su → ∞ are not possible since su is
limited by nk0, see Section 1.1.

Now, let us consider the two cases in more detail. a) Let η = | {i | si > 1} |
for given s ∈ Sn;su;k0 where n >

(=)su. Furthermore, let sf and sl be partitions

of given su with (w.l.o.g.) sf1 ≥ sf2 ≥ · · · ≥ sf
ηf

and sl1 ≥ sl2 ≥ · · · ≥ sl
ηl

.

Then sl is called a monotone successor of sf if ηf ≥ ηl and sfi ≥ sli for
i = 1, · · · , ηl(ηf ). If sf (n), sl(n) are given as in (21) then,
lim
n→∞

p∗(sl(n)|sf (n)) =
0 if sl is not a monotone successor of sf ,

(q0(0) + q0(1))ηf−ηl
∑

slπ∈Slηf

∏
i:sfi >s

l
πi
≥2

q0(slπi)
∏

i:sfi =slπi≥2

(q0(sfi ) + · · ·+ q0(k0))

if sl is a monotone successor of sf

where Slηf =
{
sπ ∈ Zηf+ | sπ is a permutation of

(sl1, s
l
2, · · · , slηl , 0, · · · , 0)T ∈ Zηf+ with sfi ≥ sπi for i = 1, · · · , ηf

}
.

(See [8], [11] or[10], Section 4.4.2)

b) This case requires additional properties of the probability functions
q. Let qk0 denote probability functions corresponding to Bn;k0 (where n is
fixed). Then we assume that

lim
k0→∞

qk0
0 (k0 − w̄i) = 0 for w̄i = 0, 1, . . . and (23)

∃ c(k0) (with 1 > c(k0) > 0) : ∃ lim
k0→∞

q
k0
0 (k0−w̄i)
c(k0) 6= 0 for w̄i = 0, 1, . . . .

(24)

(The limits lim
k0→∞

q
k0
0 (·)
c(k0) are unique. But they can differ by a constant multi-

ple in relation to c(k0).)

6A more detailed classification of sets of restricted partitions can be found in [6].
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Definition 4.1 Let sf ∈ Sn;su;k0 be a heavy partition.
Then sl ∈ Sn;su;k0 is called an essential partition respecting sf if sl = sf or
if sl 6= sf and a permutation slπ of sl exists such that sfj0 < slπj0

for exactly

one j0 and sl = s∗(sf , w), where wi =
{
slπi if i = j0
0 if i 6= j0 (i ∈ {1, 2, · · · , n}) .

Such a corresponding permutation slπ is also called essential.

If
B∗1πn,k0

(sf , slπ) = B1
n,k0
∩B∗πn,k0

(sf , slπ) and
B∗2πn,k0

(sf , slπ) = B2
n,k0
∩B∗πn,k0

(sf , slπ) (see(7))
(25)

then Definition 4.1 and (8) yield the following lemma.

Lemma 4.1 Let Sn;su;k0 be a set of heavy partitions. Furthermore, let slπ
be an essential permutation respecting sf ∈ Sn;su;k0 with sfj0 < slπj0

. Then,

B∗1πn,k0
(sf , slπ) =

{
w ∈ B1

n;k0
|wi
{

= slπi if i = j0
∈
{

0, 1, · · · , slπi
}

if i 6= j0 (i ∈ {1, 2, · · · , n})

}
.

Theorem 4.2 (Limits of ReH-matrices with regard to sets of heavy parti-
tions) Let Sn;su;k0 be sets of heavy partition where su is represented by
su = nk0 − s̄u, s ∈ Sn;su;k0 by s = (k0, · · · , k0)T − s̄ with fixed n(≥ 2) and
s̄u(≥ 2). Finally, let given probability functions qk0 fulfill (23) and (24)

for certain c(k0) and let q0
0(w̄i) := lim

k0→∞
q
k0
0 (k0−w̄i)
c(k0) .

Then, lim
k0→∞

1
c(k0)(p∗(sl(k0)|sf (k0))− δ(sl(k0), sf (k0))) =

0 if sl(k0) is not an essential partition respecting sf (k0), 7

−
∑

i:s̄fi ≥1 8
(q0

0(s̄fi − 1) + · · ·+ q0
0(0)) +

∑
slπ(k0)∈Slẽ

q0
0(s̄lπj0 ) if sf (k0) = sl(k0),

∑
slπ(k0)∈Slẽ

q0
0(s̄lπj0 ) if sl(k0) is an essential partition respecting sf (k0)

and sl(k0) 6= sf (k0)

where δ(sl(k0), sf (k0)) =
{

1 if sf (k0) = sl(k0)
0 if sf (k0) 6= sl(k0)

and

Slẽ is the maximal set of essential permutations slπ(k0) such that the
following conditions are valid for all pairs slaπ (k0)( 6= sf (k0)) ∈ Slẽ, slbπ (k0)( 6=

7Clearly, sl(k0) is a essential partition respecting sf (k0) for all k0 = s̄u + 1, s̄u + 2, · · ·
or for no k0.

8This is a finite number of i since s̄u is fixed.
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sf (k0)) ∈ Slẽ: j0a 6= j0b, (where sf (k0)j0a < slaπ (k0)j0a and sf (k0)j0b <
slbπ (k0)j0b) or slaπ (k0)j0a 6= slbπ (k0)j0b if j0a = j0b. 9

Proof:
Let us denote
p∗(sl(k0)|sf (k0)) =

∑
w∈B∗n,k0

(sf (k0),sl(k0))

qk0(w) =
∑

w∈B∗1
qk0(w)+

∑
w∈B∗2

qk0(w),

where the following abbreviations B∗1 = B∗1n,k0
(sf (k0), sl(k0)) and

B∗2 = B∗2n,k0
(sf (k0), sl(k0)) are used.

At first, we consider w ∈ B∗2 : The scarcity-situation implies (see (3)) that
a permutation slπ(k0) of sl(k0) exists with w ≥ slπ(k0).
Hence, B∗2 ⊆ {w ∈ Bn;k0 | wi ≥ k0 − s̄u for i = 1, · · · , n}, which can be
used to conclude the following:∑

w∈B∗2
qk0(w) ≤

[
qk0

0 (k0 − s̄u) + qk0
0 (k0 − s̄u+ 1) + · · ·+ qk0

0 (k0)
]n
. (*1)

Furthermore,

lim
k0→∞

1
c(k0)

∑
w∈B∗2

qk0(w)

≤ lim
k0→∞

[
q
k0
0 (k0−s̄u)
c(k0) + · · ·+ q

k0
0 (k0)
c(k0)

] [
qk0

0 (k0 − s̄u) + · · ·+ qk0
0 (k0)

]n−1

= 0,
(*2)

since the limit of the first factor (a finite sum) exists according to (24) and
the limit of the second factor (a power of a finite sum) is equal to 0 according
to (23). Thus, it remains to consider

lim
k0→∞

1
c(k0)p

∗(sl(k0)|sf (k0)) = lim
k0→∞

1
c(k0)

∑
w∈B∗1

qk0(w).

Case 1: Let sl(k0) not be an essential partition respecting sf (k0).

If B∗1πn,k0
(sf (k0), slπ(k0)) 6= ∅ then B∗1πn,k0

(sf (k0), slπ(k0)) ={
w ∈ Zn+|wi

{
= slπ(k0)ia for ia ∈ Ia
∈
{

0, 1, · · · , slπ(k0)ib
}

for ib ∈ Ib
, Ia ∪ Ib = {1, 2, · · · , n} ,

n∑
i=1

wi ≤ su
}

where |Ia| ≥ 2 (for any permutation slπ(k0) of sl(k0)) according to Lemma
4.1 and (8). Thus,
lim
k0→∞

1
c(k0)

∑
w∈B∗1πn,k0

(sf (k0),slπ(k0))

qk0(w)

9A corresponding statement, but only regarding sets of non-truncated heavy partitions,
can be found in [8], [11] or[10], Section 4.4.3. In this case, the term ”sl is a restricted
monotone successor of sf” is equivalent to ”sl is essential respecting sf”. Unfortunately,
the statement in the references above includes a representation, which is not fully correct.
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= lim
k0→∞

q
k0
0 (slπ(k0)ia1

)

c(k0)

∏
ia∈Ia\ia1

qk0
0 (slπ(k0)ia)

∏
ib∈Ib

[
qk0

0 (0) + qk0
0 (1) + · · ·+ qk0

0 (slπ(k0)ib)
]

= lim
k0→∞

q
k0
0 (k0−s̄lπia1

)

c(k0)

∏
ia∈Ia\ia1

qk0
0 (k0−s̄lπia )

∏
ib∈Ib

[
qk0

0 (0) + qk0
0 (1) + · · ·+ qk0

0 (slπ(k0)ib)
]

= 0
according to (24), (23) and since qk0

0 (0) + qk0
0 (1) + · · ·+ qk0

0 (slπ(k0)ib) ≤ 1.
lim
k0→∞

1
c(k0)

∑
w∈B∗1

qk0(w)

≤ lim
k0→∞

1
c(k0)

∑
slπ(k0):B∗1πn,k0

(sf (k0),slπ(k0))6=∅

∑
w∈B∗1πn,k0

(sf (k0),slπ(k0))

qk0(w) = 0

follows.

Case 2a: Let sl(k0) be an essential partition respecting sf (k0)
and sf (k0) 6= sl(k0).

We partition B∗1 = B∗1a ∪B∗1b with
B∗1a = {w ∈ B∗1 | all permutations slπ(k0) of sl(k0) satisfying (3)

are not essential},
B∗1b = {w ∈ B∗1 | permutation slπ(k0) of sl(k0) satisfying (3)

exists which is essential}.
Analogously to Case 1, it follows, that lim

k0→∞
1

c(k0)

∑
w∈B∗1a

qk0(w) = 0.

Now, let slπ(k0) be an essential permutation respecting sf (k0) ∈ Sn;su;k0

with sf (k0)j0 < slπ(k0)j0 and ∆ = slπ(k0)j0 − sf (k0)j0 = s̄fj0 − s̄
l
πj0

. Then,

lim
k0→∞

q
k0
0 (slπ(k0)j0 )

c(k0)

∏
i∈{1,2,··· ,n}\{j0}

[
qk0

0 (0) + qk0
0 (1) + · · ·+ qk0

0 (max
{
slπ(k0)i −∆, 0

}
)
]

≤ lim
k0→∞

1
c(k0)

∑
w∈B∗1b∩B∗πn,k0

(sf (k0),slπ(k0))

qk0(w)

≤ lim
k0→∞

q
k0
0 (slπ(k0)j0 )

c(k0)

∏
i∈{1,2,··· ,n}\{j0}

[
qk0

0 (0) + qk0
0 (1) + · · ·+ qk0

0 (slπ(k0)i)
]
.

Hence,

lim
k0→∞

q
k0
0 (slπ(k0)j0 )

c(k0)

∏
i∈{1,2,··· ,n}\{j0}

[
1− qk0

0 (k0 −min
{
s̄lπi + ∆, k0

}
+ 1)− · · · − qk0

0 (k0)
]

≤ lim
k0→∞

1
c(k0)

∑
w∈B∗1b∩B∗πn,k0

(sf (k0),slπ(k0))

qk0(w)

≤ lim
k0→∞

q
k0
0 (slπ(k0)j0 )

c(k0)

∏
i∈{1,2,··· ,n}\{j0}

[
1− qk0

0 (k0 − s̄lπi + 1)− · · · − qk0
0 (k0)

]
.

The limit of the product is equal to 1, since finite sums are subtracted
from 1 in the factors (see also (23)). Then,

lim
k0→∞

1
c(k0)

∑
w∈B∗1b∩B∗πn,k0

(sf (k0),slπ(k0))

qk0(w) = lim
k0→∞

qk0
0 (slπ(k0)j0)
c(k0)

= q0
0(s̄lπj0 )

(*3)
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follows according to (24). Finally, lim
k0→∞

1
c(k0)

∑
w∈B∗1b

qk0(w) =
∑

slπ(k0)∈Slẽ

q0
0(s̄lπj0 )

is right by reason of the following facts. On the one hand, we have[
B∗1b ∩B∗πn,k0

(sf (k0), slaπ (k0))
]
∩

[
B∗1b ∩B∗πn,k0

(sf (k0), slbπ (k0))
]

= ∅ for

slaπ (k0) ∈ Slẽ, s
lb
π (k0) ∈ Slẽ. On the other hand, if slaπ (k0)j0a = slbπ (k0)j0b

and j0a = j0b then the equivalence
w ∈ B∗1b ∩ B∗πn,k0

(sf (k0), slaπ (k0)) ⇔ w ∈ B∗1b ∩ B∗πn,k0
(sf (k0), slbπ (k0)) is

valid, except for certain w with a finite number of wi with slaπ (k0)i < wi ≤
slbπ (k0)i or slaπ (k0)i ≥ wi > slbπ (k0)i, respectively.

Case 2b: Let sf (k0) = sl(k0).

Similar considerations as in Case 2a lead to

lim
k0→∞

1
c(k0)

∑
s
f
π(k0): essential perm. resp. sf (k0),

s
f
π(k0)6=sf (k0)

∑
w∈B∗1πn,k0

(sf (k0),sfπ(k0))

qk0(w)

=
∑

sfπ(k0)∈Slẽ

q0
0(s̄fπj0 ).

(*4)
If sfπ(k0) = sf (k0) then we have

B∗1πn,k0
(sf (k0), sf (k0)) = {w ∈ B1

n;k0
| wi ≤ sf (k0)i, i = 1, 2, · · · , n}. Hence,

lim
k0→∞

1
c(k0)

 ∑
w∈B∗1πn,k0

(sf (k0),sf (k0))

qk0(w)− 1


= lim

k0→∞
1

c(k0)

[ ∏
i∈{1,2,··· ,n}

(qk0
0 (0) + qk0

0 (1) + · · ·+ qk0
0 (sf (k0)i = k0 − s̄fi ))− 1

]

= lim
k0→∞

1
c(k0)

 ∏
i:s̄fi ≥1

(1− qk0
0 (k0 − s̄fi + 1)− · · · − qk0

0 (k0))− 1


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= lim
k0→∞

1
c(k0)

− ∑
i:s̄fi ≥1

(qk0
0 (k0 − s̄fi + 1) + · · ·+ qk0

0 (k0))

+
∑

i1,i2:i1 6=i2,

s̄
f
i1
≥1,s̄

f
i1
≥1

(qk0
0 (k0 − s̄fi1 + 1) + · · ·+ qk0

0 (k0))(qk0
0 (k0 − s̄fi2 + 1) + · · ·+ qk0

0 (k0))

−
∑

i1,i2,i3:i1 6=i2 6=i3 6=i1,

s̄
f
i1
≥1,s̄

f
i2
≥1,s̄

f
i1
≥1

∏
j∈{1,2,3}

(qk0
0 (k0 − s̄fij + 1) + · · ·+ qk0

0 (k0))

+− · · · (−1)|
{
i | s̄fi ≥1

}
| ∏
i:s̄fi ≥1

(qk0
0 (k0 − s̄fi + 1) + · · ·+ qk0

0 (k0))


= lim

k0→∞
1

c(k0)(−
∑

i:s̄fi ≥1

(qk0
0 (k0 − s̄fi + 1) + · · ·+ qk0

0 (k0)) (using (23) and (24))

= −
∑

i:s̄fi ≥1 10
(q0

0(s̄fi − 1) + · · ·+ q0
0(0)).

(The limits of the products are equal to 0, since the factors are finite sums
and using (23) and (24).)
Together with (*4) this proves Case 2b and therefore also the theorem. �
10

Remark 4.1 Take the same assumption as in Theorem 4.2.

(i) In addition, let n > s̄u. Then,

lim
k0→∞

1
c(k0)(p∗(sl(k0)|sf (k0))− δ(sl(k0), sf (k0)))

= −
∑

i:s̄fi ≥2

(q0
0(s̄fi − 1) + · · ·+ q0

0(0)) if sf (k0) = sl(k0).

(26)

(ii) If n = s̄u then (26) is valid for sf (k0) 6= (k0 − 1, · · · , k0 − 1)T and
sf (k0) 6= (k0, k0 − 1, · · · , k0 − 1, k0 − 2)T .

(iii) For y ∈ Zn+ we define the vector y[i1; i2] by

yi[i1; i2] :=


yi + 1 for i = i1,
yi − 1 for i = i2,
yi otherwise.

(27)

Let the partitions of the sets Sn;su;k0 = {s1(k0), · · · , sr(k0)} be num-
bered according to (partial) dominance (or in other words majoriza-
tion) ordering. That implies

sf ∈ Sn;su;k0 is a direct predecessor of sl ∈ Sn;su;k0 if and only if

10An example can be found in Appendix B.
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∃ i1, i2 : (sli1 ≥ s
l
i2

) ∧ (sl = sf [i2; i1]) (where sy1 ≥ s
y
2 ≥ · · · ≥ s

y
n

for y = 1, 2).11

If n > s̄u then the matrix lim
k0→∞

1
c(k0)(P ∗(k0)−I) is a triangular matrix.

These statements can be proved directly. Alternatively, (i) and (iii) fol-
lows from results for non-truncated heavy partitions.
Please note that (i) means

∑
slπ(k0)∈Slẽ

q0
0(s̄lπj0 ) =

∑
i:s̄fi =1

q0
0(0).

5 Poisson equations and the monotonicity of their
solutions

In the following we introduce Poisson (vector) equations, where correspond-
ing matrices are ReH-matrices minus identity matrices. Based on the par-
titions, which characterize the rows of a ReH-matrix, we will compute the
right-hand-sides of the equations. Poisson equations are important in con-
nection with application problems (see Appendix C). If the solutions of our
Poisson equations are ”monotone” then transitions into feasible balanced
partitions are optimal decisions for the operations research problem (see [8],
[11] or [10], Section 4.6.). We conjecture that the solutions of all Poisson
equations with ReH-matrices are monotone. It is easy to prove the con-
jecture for a small number of Poisson equations where the corresponding
ReH-matrices satisfy the conditions of dominance (see Appendix D) and
the right-hand-sides of the equations are monotone. However, ”most” ReH-
matrices do not fulfil these conditions. In this case it is very difficult to show
the monotonicity of the solutions. 12 Never the less, we can use limits von
ReH-matrices in order to show the monotonicity for certain subsets of Pois-
son equations. Results regarding sets of sparse partitions or non-truncated
heavy partitions are stated in the following. It is possible to expand these
results to certain subsets of truncated heavy partitions.

At first we introduce vectors γ: Let a set of restricted partitions
Sn;su;k0 = {s1, s2, · · · , sr} and a probability function q be given. Then,

γl :=
n∑
i=1

sli∑
wi=0

(sli − wi) q0(wi), l = 1, ..., r

γ = (γ1, · · · , γr)T .
(28)

11This is equivalent to permutations sfπ of sf and slπ of sl exist such that
1
2

∑
i

| sfπi
− slπi

| = 1 and
∑
i

(sfi )2 >
∑
i

(sli)
2. (See [12], Marshall, A.W. and Olkin,

I.,Chapter 1. A., B. and Chapter 5. D. and see also [6].)
12Methods as mathematical induction, estimations of the solutions or the use of certain

properties (see [10], Lemma 4.6.4 for instance) are so fare not successful to prove the
conjecture.
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(γl = 1
2

1
k0+1

n∑
i=1

(sli)
2+R(n; su; k0) follows in the case of discrete uniformly

distributed requirements, where R(n, su, k0) is independent of sl. (See [7],
3.3.1, Lemma 3.12 and Remark b).)

Definition 5.1 Let a set of restricted partitions Sn;su;k0 = {s1, s2, · · · , sr}
and a probability function q be given. Further on let P ∗ be the corresponding
ReH-matrix and γ as in (28). The vector equations

g(−1, ...,−1)T + (P ∗ − I)ν = −γ′
(with variables (g, ν) ∈ R×Rr and where I is the identity matrix and γ′ any
affine transformation of γ with γ′ = α γ + β(1, ..., 1)T , α > 0) are called
Poisson equations.

Such a equation does have solutions. We have any choice for one νl. Then
the values of the remaining variables are unique (for instance, see the proof
of Theorem 2.4.8 in [13] and Lemma 2.3.2 in [10]).

Definition 5.2 Let a set of restricted partitions Sn;su;k0 = {s1, s2, · · · , sr}
and a probability function q be given. The solution of a corresponding Pois-
son equation is called monotone in ν (in relation to the partial order, see
Remark 4.1, (iii)) if:
sf ∈ Sn;su;k0 is a (direct) predecessor of sl ∈ Sn;su;k0 ⇒ νf > νl.

We known from literature (see [8], [11] or [10], Section 4.6.) that Poisson
equations have monotone solutions for ReH-matrices, which are either based
on

a) sets Sn;su;k0 with 2 or 3 partitions or on sets with 4 partitions for
discrete uniformly distributed requirements, respectively

b) m-totally ordered sets Sn;su;k0 = {s1, s2, · · · , sr} (that means, only, sf

is a direct predecessor of sf+1 for f = 1, 2, · · · , r − 1)

(Corresponding ReH-matrices fulfil the dominance property, see Ap-
pendix D)

c) sets Sn;su;k0 of sparse partitions with sufficiently large n > su
(and where the sets of requirements have the same marginal probability
function q0 for all n, where wi, (i = 1, · · · , n) are independent and
identically distributed and (2) is additionally assumed)

d) sets of non-truncated heavy partitions Sn;su=nk0−s̄u;k0 with arbitrary
but fixed s̄u, n(> s̄u) and sufficiently large k0 > s̄u
(where the probability functions qk0 fulfil (23) and (24) for certain
c(k0)).
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c) and d) can be proved by means of equation systems which are related
to the Poisson equations, where limits of ReH-matrices are used. The corre-
sponding solutions are vectors which include generalized harmonic numbers
(in relation to the distribution of requirements):

c) ν((1, 1, · · · , 1, 0, 0, · · · , 0)T ) := 0, ν(s) =∑
i:si≥2

(
q0(1)

q0(0)+q0(1) + q0(1)+q0(2)
q0(0)+q0(1)+q0(2) + · · ·+ q0(1)+q0(2)+···+q0(si−1)

q0(0)+q0(1)+···+q0(si−1)

)
,

s ∈ Sn;su;k0 , s 6= (1, 1, · · · , 1, 0, 0, · · · , 0)T

d) ν((k0, · · · , k0, k0 − 1, · · · , k0 − 1)T ) := 0,
ν(s) =

∑
i:s̄i≥2

( q0
0(1)

q0
0(0)+q0

0(1)
+ q0

0(1)+q0
0(2)

q0
0(0)+q0

0(1)+q0
0(2)

+ · · ·

+ q0
0(1)+q0

0(2)+···+q0
0(s̄i−1)

q0
0(0)+q0

0(1)+···+q0
0(s̄i−1)

)

(where s̄ as in (22) and q0
0(s̄i) := lim

k0→∞
q
k0
0 (k0−s̄i)
c(k0) ).

Now, we want to prove the monotonicity of the solutions of the Poisson
equations, which are based on sets of truncated heavy partitions Sn;su=nk0−s̄u;k0

with n = s̄u and sufficiently large k0(> s̄u).
For this we use related equation systems which include limits of ReH-
matrices:

g0 (−1, · · · ,−1)T + lim
k0→∞

1
c(k0)

(P ∗(k0)− I) ν = − lim
k0→∞

1
c(k0)

γ′ (29)

(with g0 = lim
k0→∞

1
c(k0) g, g = g(k0)).

We will show that the solutions of these equations are qualitatively dif-
ferent from the expressions in d). Please note, that these approach cannot
be transferred to the remaining cases of sets of truncated heavy partitions
with n < s̄u.

Firstly, we present an affine transformation of γ(s), which straightly
depends only on s̄ and the distribution of the requirements (but not on s):

γ(s) =
n∑
i=1

si∑
wi=0

(si − wi) q0(wi) =
n∑
i=1

k0∑
wi=0

(si − wi) q0(wi)

−
∑

i:si<k0−1

k0∑
wi=si+1

(si−wi) q0(wi) + (s̄u−
∑

i:si<k0−1

(k0− si)) q0(k0)

=
n∑
i=1

si
k0∑

wi=0
q0(wi)−

n∑
i=1

k0∑
wi=0

wi q0(wi) +
∑

i:si<k0−1

k0−1∑
wi=si+1

(wi − si) q0(wi)

+
∑

i:si<k0−1

(k0−si) q0(k0)+ s̄u q0(k0)−
∑

i:si<k0−1

(k0−si) q0(k0)

= su−
n∑
i=1

k0∑
wi=0

wi q0(wi) +
∑

i:si<k0−1

k0−1∑
wi=si+1

(wi − si) q0(wi) + s̄u q0(k0)
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=
∑

i:si≤k0−2

k0−1∑
wi=si+1

(wi − si) q0(wi) + R̄(n, su, k0, q), where

R̄(n, su, k0, q) = su−
n∑
i=1

k0∑
wi=0

wi q0(wi) + s̄u q0(k0) is independent of

s. We define

γ′(s) :=
∑

i:si≤k0−2

k0−1∑
wi=si+1

(wi − si) q0(wi) =
∑

i:s̄i≥2

s̄i or (s̄i−1)∑̄
wi=1

(s̄i − w̄i) q0(k0 − w̄i),

s 6= (k0 − 1, · · · , k0 − 1)T

0, s = (k0 − 1, · · · , k0 − 1)T

(30)

where s̄i := k0 − si. Then

γ0(s̄) :=


lim
k0→∞

1
c(k0) γ

′(s) =
∑

i:s̄i≥2

s̄i or (s̄i−1)∑̄
wi=1

(s̄i − w̄i) q0
0(w̄i),

s̄ 6= (1, · · · , 1)T

0, s̄ = (1, · · · , 1)T

(31)
If we use γ0(s̄) from (31) in the equation system (29) and fixing

ν(s̄r) = 0, where sr = (k0 − 1, · · · , k0 − 1)T , the following system remains

g0 (−1, · · · ,−1)T +
r−1∑
l=1

lim
k0→∞

1
c(k0)

(
p∗(sl(k0)|sf (k0))

− δ(sl(k0), sf (k0))
)
ν(s̄l) = −γ0(s̄f ), f = 1, · · · , r − 1.

(32)

Theorem 5.1 Let Sn;su=n(k0−1);k0
, k0 = n + 1, n + 2, · · · be certain sets

of truncated heavy partitions with fixed n(≥ 2) . Furthermore, let Bn;k0 be
the corresponding sets of requirements, where for any k0, the requirements
wi, (i = 1, · · · , n) are independent and identically distributed and (2) is
fulfilled. In addition, let the corresponding given probability functions qk0

fulfill (23) and (24) for certain c(k0). Finally, let P ∗(k0) be the corre-
sponding ReH-matrices. Then, g0 = n q0

0(0) q0
0(1)

n q0
0(0)+q0

0(1)
, ν((1, · · · , 1)T ) := 0,

ν(s̄) =
∑

i:s̄i≥2

(
q0
0(1)

q0
0(0)+q0

0(1)
+ q0

0(1)+q0
0(2)

q0
0(0)+q0

0(1)+q0
0(2)

+ · · ·

+ q0
0(1)+q0

0(2)+···+q0
0(s̄i−1)

q0
0(0)+q0

0(1)+···+q0
0(s̄i−1)

)
+

(1−(1+ 1
2

+···+ 1
η

)n) q0
0(0) q0

0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))
, s̄ 6= (1, · · · , 1)T

(where s̄ is as in (22), q0
0(s̄i) := lim

k0→∞
q
k0
0 (k0−s̄i)
c(k0) , η = | {i | s̄i > 1} |)

are solutions of the equation system (32).

Proof:
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We use the following notation in relation to partitions:
s(= s(k0)) = (k0, · · · , k0, k0 − 1, · · · , k0 − 1, k0 − s̄n−η+1, · · · , k0 − s̄n)T

where 2 ≤ s̄i for i ∈ {n− η + 1, n− η + 2, · · · , n},
η∑

h=1

s̄n−h+1 ≤ s̄u(= n) and

| {i | si = k0 − 1} | = s̄u −
η∑

h=1

s̄n−h+1, | {i | si = k0} | =
η∑

h=1

s̄n−h+1 − η.

(*1)

Let s1(k0) := (k0, · · · , k0, k0 − s̄u)T ,
sr−1(k0) := (k0, k0−1, · · · , k0−1, k0−2)T and sr(k0) := (k0−1, · · · , k0−1)T .
Furthermore, we introduce
νi(s̄i) := q0

0(1)

q0
0(0)+q0

0(1)
+ q0

0(1)+q0
0(2)

q0
0(0)+q0

0(1)+q0
0(2)

+ · · ·+ q0
0(1)+q0

0(2)+···+q0
0(s̄i−1)

q0
0(0)+q0

0(1)+···+q0
0(s̄i−1)

for s̄i ≥ 2,

γ0(s̄i) :=
s̄i or (s̄i−1)∑̄

wi=1
(s̄i − w̄i) q0

0(w̄i) for s̄i ≥ 2 (see (31))

γ0(0) = γ0(1) := 0.

Since ν((1, · · · , 1)T ) = 0, we have to prove the equation (see (32))

−g0 +
r−1∑
l=1

lim
k0→∞

1
c(k0)

(
p∗(sl(k0)|s(k0))

−δ(sl(k0), s(k0))
)
ν(s̄l) = −γ0(s̄) (*2)

(where g0 and ν(·) as in Theorem 5.1) for any partitions s(k0). Please
note that lim

k0→∞
1

c(k0)p
∗(sl(k0)|s(k0)) = 0 if sl(k0) is no essential partition

respecting s(k0) (see Theorem 4.2). Hence, we can replace the sum over
l = 1, · · · , r − 1 in (*2) by a sum over the essential partitions respecting
s(k0).

Case: s(k0) /∈
{
s1(k0), sr−1(k0), sr(k0)

}
From Definition 4.1 together with the iterative method from Section 2

and (*1) it follows that
s′(= s′(k0)) = (k0, · · · , k0, k0 − 1, · · · , k0 − 1, k0 − s̄n−η+1, k0 − s̄j−1, k0 −
s̄′j , k0 − s̄j+1, k0 − s̄n)T with s̄′j < s̄j are essential respecting s(k0) and no
other essential partitions, different from s(k0) itself, exist. For s(k0) the
numbers of the components k0 and k0 − 1 are determined by (*1). If s̄′j ≥ 2
then η′ = η, otherwise η′ = η − 1.

If we additionally apply Remark 4.1 (ii) and recall the definition of Slẽ
in Theorem 4.2 then we can replace the left side of equation (*2) in the
following way

32



−g0 −
∑

i:s̄i≥2
(
s̄i∑
s̄′i=1

q0
0(s̄′i − 1)) ν(s̄)

+
∑

j:s̄j≥2

s̄j−1∑
s̄′j=2

q0
0(s̄′j) ν((0, · · · , 0, 1, · · · , 1, s̄n−η+1, s̄j−1, s̄

′
j , s̄j+1, s̄n)T )

+ (q0
0(1) + q0

0(0)) ν((0, · · · , 0, 1, · · · , 1, s̄n−η+1, s̄j−1, s̄j+1, s̄n)T )
}

= −g0 −
∑

j:s̄j≥2
(
s̄j−1∑
s̄′j=0

q0
0(s̄′j)) (

∑
i:s̄i≥2

νi(s̄i) +
(1−(1+ 1

2
+···+ 1

η
)n) q0

0(0) q0
0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))
)

+
∑

j:s̄j≥2

s̄j−1∑
s̄′j=2

q0
0(s̄′j) (

∑
i:s̄i≥2

νi(s̄i)− νj(s̄j) + νi(s̄′j) +
(1−(1+ 1

2
+···+ 1

η
)n) q0

0(0) q0
0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))
)

+ (q0
0(1) + q0

0(0)) (
∑

i:s̄i≥2
νi(s̄i)− νj(s̄j) +

(1−(1+ 1
2

+···+ 1
η−1

)n) q0
0(0) q0

0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))
)

}

(reorganizations of the sum:)

= −g0 −
∑

j:s̄j≥2
(
s̄j−1∑
s̄′j=0

q0
0(s̄′j))

(1−(1+ 1
2

+···+ 1
η

)n) q0
0(0) q0

0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))

+
∑

j:s̄j≥2

s̄j−1∑
s̄′j=2

q0
0(s̄′i)

(1−(1+ 1
2

+···+ 1
η

)n) q0
0(0) q0

0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))

+
∑

j:s̄j≥2
(q0

0(1) + q0
0(0))

(1−(1+ 1
2

+···+ 1
η−1

)n) q0
0(0) q0

0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))
)

-
∑

i:s̄j≥2

s̄j−1∑
s̄′j=2

q0
0(s̄′j) (νj(s̄j)− νj(s̄′j)) + (q0

0(1) + q0
0(0)) νj(s̄j)


= − n q0

0(0) q0
0(1)

n q0
0(0)+q0

0(1)
+ η (q0

0(1) + q0
0(0))

1
η
n q0

0(0) q0
0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))

−
∑

i:s̄j≥2

s̄j−1∑
s̄′j=2

q0
0(s̄′j) (

q0
0(1)+q0

0(2)+···+q0
0(s̄′j)

q0
0(0)+q0

0(1)+···+q0
0(s̄′j)

+
q0
0(1)+q0

0(2)+···+q0
0(s̄′j+1)

q0
0(0)+q0

0(1)+···+q0
0(s̄′j+1)

+ · · ·+ q0
0(1)+q0

0(2)+···+q0
0(s̄j−1)

q0
0(0)+q0

0(1)+···+q0
0(s̄j−1)

)

+(q0
0(1) + q0

0(0)) ( q0
0(1)

q0
0(0)+q0

0(1)
) + · · ·+ ( q

0
0(1)+q0

0(2)+···+q0
0(s̄j−1)

q0
0(0)+q0

0(1)+···+q0
0(s̄j−1)

)
}

= 0−
∑

j:s̄j≥2

s̄j∑
s̄′j=2

(q0
0(0) + q0

0(1) + · · ·+ q0
0(s̄′j − 1))

q0
0(1)+q0

0(2)+···+q0
0(s̄′j−1)

q0
0(0)+q0

0(1)+···+q0
0(s̄′j−1)
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= −
∑

j:s̄j≥2

s̄j∑
s̄′j=2

(q0
0(1) + · · ·+ q0

0(s̄′j − 1))

= −
∑

j:s̄j≥2

s̄j−1∑
wj=1

(s̄j − wj) q0
0(wj) = −γ0(s̄).

Case: s(k0) = s1(k0) = (k0, · · · , k0, k0 − s̄u)T

From Definition 4.1 together with the iterative method from Section 2
and (*1) it follows that
s′(= s′(k0)) = (k0, · · · , k0, k0 − 1, · · · , k0 − 1, k0 − s̄′n)T with 1 < s̄′n < s̄u,
(k0−1, · · · , k0−1)T and (k0−1, · · · , k0−1, k0−2, k0)T are essential respecting
s(k0) and no other essential partitions, different from s(k0) itself, exist. The
numbers of the components k0 and k0 − 1 are determined by (*1).

If we additionally apply Remark 4.1 (ii) and recall to the definition of
Slẽ in Theorem 4.2 then we can replace the left side of equation (*2) in the
following way

−g0 − (
s̄u∑
s̄′n=1

q0
0(s̄′n − 1)) ν(s̄)

+
s̄u−1∑
s̄′n=2

q0
0(s̄′n) ν((0, · · · , 0, 1, · · · , 1, s̄′n)T )

+ q0
0(1) ν((1, · · · , 1)T ) + q0

0(0) ν((0, 1, · · · , 1, 2)T )

= −g0 − (
s̄u∑
s̄′n=1

q0
0(s̄′n − 1)) (νn(s̄u) + (1−n) q0

0(0) q0
0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))
)

+
s̄u−1∑
s̄′n=2

q0
0(s̄′n) (νn(s̄′n) + (1−n) q0

0(0) q0
0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))
)

+ q0
0(0) (νn(2) + (1−n) q0

0(0) q0
0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))
)

= −g0 + (1−n) q0
0(0) q0

0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))
(−

s̄u−1∑
s̄′n=0

q0
0(s̄′n) +

s̄u−1∑
s̄′n=2

q0
0(s̄′n) + q0

0(0))

−
s̄u−1∑
s̄′n=2

q0
0(s̄′n)(νn(s̄u)− νn(s̄′n))− q0

0(0)(νn(s̄u)− νn(2))− q0
0(1)νn(s̄u)

= − n q0
0(0) q0

0(1)

n q0
0(0)+q0

0(1)
+ (1−n) q0

0(0) q0
0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))
(−q0

0(1))
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−
s̄u−1∑
s̄′n=2

q0
0(s̄′n) ( q

0
0(1)+q0

0(2)+···+q0
0(s̄′n)

q0
0(0)+q0

0(1)+···+q0
0(s̄′n)

+ q0
0(1)+q0

0(2)+···+q0
0(s̄′n+1)

q0
0(0)+q0

0(1)+···+q0
0(s̄′n+1)

+ · · ·+ q0
0(1)+q0

0(2)+···+q0
0(s̄u−1)

q0
0(0)+q0

0(1)+···+q0
0(s̄u−1)

)

−q0
0(1) ( q0

0(1)

q0
0(0)+q0

0(1)
+ · · ·+ q0

0(1)+q0
0(2)+···+q0

0(s̄u−1)

q0
0(0)+q0

0(1)+···+q0
0(s̄u−1)

)

−q0
0(0) ( q0

0(1)+q0
0(2)

q0
0(0)+q0

0(1)+q0
0(2)

+ · · ·+ q0
0(1)+q0

0(2)+···+q0
0(s̄u−1)

q0
0(0)+q0

0(1)+···+q0
0(s̄u−1)

)

= − q0
0(0) q0

0(1)

q0
0(0)+q0

0(1)

−
s̄u∑
s̄′n=2

(q0
0(0) + q0

0(1) + · · ·+ q0
0(s̄′n − 1)) q0

0(1)+q0
0(2)+···+q0

0(s̄′n−1)

q0
0(0)+q0

0(1)+···+q0
0(s̄′n−1)

+ q0
0(0) q0

0(1)

q0
0(0)+q0

0(1)

= −
s̄u∑
s̄′n=2

(q0
0(1) + · · ·+ q0

0(s̄′n − 1)) = −
s̄u−1∑
wn=1

(s̄u− wn) q0
0(wn) = −γ0(s̄)

Case: Let s(k0) = sr−1(k0) = (k0, k0 − 1, · · · , k0 − 1, k0 − 2)T

In this case, we only have lim
k0→∞

1
c(k0)(p∗(sr−1(k0)|sr−1(k0))− 1) 6= 0 and

lim
k0→∞

1
c(k0)(p∗(sr(k0)|sr−1(k0)) 6= 0 according to Theorem 4.2.

Sr−1
ẽ =





k0 − 1
k0

k0 − 1
k0 − 1

...
k0 − 1
k0 − 2


,



k0 − 1
k0 − 1
k0

k0 − 1
...

k0 − 1
k0 − 2


, · · · ,



k0 − 1
k0 − 1
k0 − 1

...
k0 − 1
k0

k0 − 2


,



k0 − 2
k0 − 1
k0 − 1

...
k0 − 1
k0 − 1
k0




for

s(k0) = sr−1 leads to

lim
k0→∞

1
c(k0)(p∗(sr−1(k0)|sr−1(k0))− 1)

= −
(
(n− 2)q0

0(0) + q0
0(1) + q0

0(0)
)

+
(
(n− 2)q0

0(0) + q0
0(0)

)
.

Then, (*2) has the representation

−g0 − q0
0(1) ν(s̄r−1) = −γ0(s̄r−1) = −q0

0(1) for s̄ = s̄r−1.

If we insert the corresponding expressions for g0 and ν(s̄r−1) then the
equation
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− n q0
0(0) q0

0(1)

n q0
0(0)+q0

0(1)
− q0

0(1)
(

q0
0(1)

q0
0(0)+q0

0(1)
− (n−1) q0

0(0) q0
0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))

)
= −q0

0(1)

is true.

Case: Let s(k0) = sr(k0) = (k0 − 1, · · · , k0 − 1)T

In this case, we only have lim
k0→∞

1
c(k0)(p∗(sr−1(k0)|sr(k0))) 6= 0 and

lim
k0→∞

1
c(k0)(p∗(sr(k0)|sr(k0)− 1) 6= 0 according to Theorem 4.2.

Sr−1
ẽ =





k0

k0 − 1
k0 − 1
k0 − 1

...
k0 − 1
k0 − 2


,



k0 − 1
k0

k0 − 1
k0 − 1

...
k0 − 1
k0 − 2


, · · · ,



k0 − 1
k0 − 1
k0 − 1

...
k0 − 1
k0

k0 − 2


,



k0 − 1
k0 − 1
k0 − 1

...
k0 − 1
k0 − 2
k0




for

s(k0) = sr leads to

lim
k0→∞

1
c(k0)(p∗(sr−1(k0)|sr(k0))) = n q0

0(0). Then, (*2) has the represen-

tation

−g0 + n q0
0(0) ν(s̄r−1) = −γ0(s̄r) = 0 for s̄ = s̄r−1 and

− n q0
0(0) q0

0(1)

n q0
0(0)+q0

0(1)
+ n q0

0(0)
(

q0
0(1)

q0
0(0)+q0

0(1)
− (n−1) q0

0(0) q0
0(1)

(q0
0(0)+q0

0(1)) (n q0
0(0)+q0

0(1))

)
= 0

is true. �

Corollary 5.2 Let the same assumptions as in Theorem 5.1 be valid. Fur-
thermore, let sf (k0) = (k0, · · · , k0)T − s̄f be direct predecessors of sl(k0) =
(k0, · · · , k0)T − s̄l, k0 = n + 1, n + 2, · · · (see Remark 4.1 (iii)). Then,
ν(s̄l) < ν(s̄f ) is valid for all solutions of the equation system (32).

This statement results from simple computations using the formulas of
Theorem 5.1 for ν(s̄f ) and ν(s̄l) (see Appendix F).

Corollary 5.3 Let the same assumptions as in Theorem 5.1 be valid. Then,
the solutions of the Poisson equations (see Definition 5.1) with regard to sets
Sn;n(k0−1);k0

, are monotone for sufficiently large k0.

Main idee of the Proof:
If (g, ν) ∈ R×Rr is a solution of a Poisson equation (see Definition 5.1)

then (g̃ = g
c(k0) , ν) is a solution of a system

g̃(−1, ...,−1)T + 1
c(k0)(P ∗ − I)ν = − 1

c(k0)γ
′ (c(k0) 6= 0).
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The result of Corollary 5.3 follows then from Corollary 5.2 and the solu-
tion behavior of a sequence of linear vector equations for which the coefficient
matrices and the right-hand-sides each tend towards a limit (there it is im-
portant that the inequalities ν(s̄l) < ν(s̄f ) are strict inequalities in Corollary
5.2).
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Appendices

A An example of a ReH-matrix and its computation using
perturbed permutations

a) Let n = 4, su = 13, k0 = 5 and let the requirements be discrete
uniformly distributed. Then, |B4;5| = 64 and S4;13;5 include the elements

s1 =


5
5
3
0

 , s2 =


5
5
2
1

 , s3 =


5
4
4
0

 , s4 =


5
4
3
1

 , s5 =


5
4
2
2

 , s6 =


5
3
3
2

 ,

s7 =


4
4
4
1

 , s8 =


4
4
3
2

 , s9 =


4
3
3
3

.

For example, let wl1 =


1
1
4
2

 , wl2 =


2
4
4
4

. Then, we have:

i) s∗(s4, wl1) = s8, where s
8(1)
π =


4
3
4
2

 or s
8(2)
π =


3
4
4
2

 fulfil (3),

ii) s∗(s4, wl2) = s8, where s
8(3)
π =


2
4
4
3

 or s
8(4)
π =


2
4
3
4

 fulfil (3).

The ReH-matrix

P ∗4;13;5 = 6−4



180 46 81 258 83 198 39 213 198
16 280 24 196 206 174 64 258 78
21 39 245 144 90 163 163 242 189
12 48 28 428 84 177 72 240 207
12 48 28 72 441 201 24 383 87
12 48 28 72 114 543 24 230 225
12 48 28 192 78 156 316 274 192
12 48 28 60 114 252 36 530 216
12 48 28 60 114 252 36 158 588


can then be computed using the iterative method from Section 2.

b) Now, we want to determine an element of P ∗4;13;5 (for example p∗49),
with the help of perturbed permutations (see Section 3).

If f = 4, l = 9 then (10), ..., (13) yield F = L = 4,
F1 = 1, F2 = 2, F3 = 3, F4 = Fz = 4; z = 4,
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L1 = 1, L2 = Ly = 4; y = 2,
moreover, σ9

1 = s9
L1

= s9
1 = 4, σ9

2 = s9
L2

= s9
4 = 3.

Case
n∑

i=1

wi ≤ su : Sets of perturbed permutations

(see Definitions 3.1, 3.2)

Tabular presentation of the quantities:
s4 s

9(1)
π ŝ

9(1)
π s

9(2)
π ŝ

9(2)
π s

9(3)
π ŝ

9(3)
π s

9(4)
π ŝ

9(4)
π

5 4 3 + 1 3 + 1 3 + 1
4 3 + 1 4 3 + 1 3 + 1
3 3 3 4 3
1 3 3 3 4
Jo 2 2 2 2
jo 1 1 2 2
j1 1 1 0 0

Hence, Ŝ4,9
π (2, 1) = Ŝ4,9

π (2, 1, 1) =




4
4
3
3

 (= ŝ
9(1)
π = ŝ

9(2)
π )

,

Ŝ4,9
π (2, 2) = Ŝ4,9

π (2, 2, 0) =




4
4
4
3

 (= ŝ
9(3)
π ),


4
4
3
4

 (= ŝ
9(4)
π )

, Ŝ4,9
π =




4
4
3
3

 ,


4
4
4
3

 ,


4
4
3
4


.

Computations of sets B̂∗14;5(s4, ŝ
9(.)
π ) (see Definition 3.3):

B̂∗14;5(s4, ŝ
9(1)
π ) =


w

∣∣∣∣∣∣∣∣ w =


w1

w2

w3

3

 with w3 ∈ {0, 1, 2, 3} and wj ∈ {0, 1, ..., 4}

for j = 1, 2 with at most one coordinate wj = 4,


and |B̂∗14;5(s4, ŝ

9(1)
π )| = (52 − 1)4 = 96,

B̂∗14;5(s4, ŝ
9(3)
π ) =

 w

∣∣∣∣∣∣∣∣ w =


w1

w2

4
3

 with wj ∈ {0, 1, 2, 3} for j = 1, 2


and |B̂∗14,5(s4, ŝ

9(3)

π) | = 42 = 16,

B̂∗14,5(s4, ŝ
9(4)
π ) =

 w

∣∣∣∣∣∣∣∣ w =


w1

w2

w3

4

 with wj ∈ {0, 1, 2, 3} for j = 1, 2, 3


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and |B̂∗14,5(s4, ŝ
9(4)
π )| = 43 = 64.

Case
n∑

i=1

wi ≥ su : Sets of perturbed permutations

(see Definitions 3.4, 3.5)

Tabular presentation of the quantities:
s4 s

9(1)
π ŝ

9(1)
π s

9(2)
π ŝ

9(2)
π s

9(3)
π ŝ

9(3)
π s

9(4)
π ŝ

9(4)
π

5 4 3 3 3
4 3 4 3 3
3 3 3 4 - 1 3
1 3 - 1 3 - 1 3 4 - 1
J̄0 2 2 1 1
j̄0 1 1 1 1
j̄1 0 0 1 1

Hence, ˆ̄S4,9(2, 1) = ˆ̄S4,9(2, 1, 0) =




4
3
3
2

 (= ŝ
9(1)
π ),


3
4
3
2

 (= ŝ
9(2)
π )

,

ˆ̄S4,9(1, 1) = ˆ̄S4,9(1, 1, 1) =




3
3
3
3

 (= ŝ
9(3)
π = ŝ

9(4)
π )

, ˆ̄S4,9 =




4
3
3
2

 ,


3
4
3
2

 ,


3
3
3
3


.

Computation of sets B̂∗24;5(s4, ŝ
9(.)
π ) (see Definition 3.6):

B̂∗24,5(s4, ŝ
9(1)
π ) =

 w

∣∣∣∣∣∣∣∣ w =


4
3
w3

w4

 with wj ε {3, 4, 5} for j = 3, 4


|B̂∗24,5(s4, ŝ

9(1)
π )| = 32 = 9,

B̂∗24,5(s4, ŝ
9(2)
π ) =

 w

∣∣∣∣∣∣∣∣ w =


3
w2

w3

w4

 with w2 ε {4, 5}, wj ε {3, 4, 5} for j = 3, 4


|B̂∗24,5(s4, ŝ

9(2)
π )| = 2 · 32 = 18,

B̂∗24,5(s4, ŝ
9(3)
π ) =


w

∣∣∣∣∣∣∣∣ w =


3
3
w3

w4

 with wj ε {3, 4, 5} for j = 3, 4 and

with at most one coordinate wj = 4


|B̂∗24,5(s4, ŝ

9(3)
π )| = 32 − 1 = 8.
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Finally, in the case of discrete uniformly distributed requirements, we
have

p∗49 = p∗149 + p∗249 − p
∗1,2
49

= 6−4(96 + 16 + 64 + 9 + 18 + 8− 4)

= 6−4 · 207
(see (17), (19), (15) and Lemma 3.4).

B An example for limits of elements in ReH-matrices

We want to consider the limit lim
k0→∞

1
c(k0)(p∗(sf (k0)|sf (k0)) − 1)) for

sf (k0) =

k0 − 1
k0 − 2
k0 − 3

, where corresponding probability functions qk0 are

given and fulfil (23) and (24) for certain c(k0).

Then Sfẽ =


k0 − 2
k0 − 1
k0 − 3

 ,

k0 − 2
k0 − 3
k0 − 1

 (or Sfẽ =


k0 − 2
k0 − 1
k0 − 3

 ,

k0 − 3
k0 − 2
k0 − 1

,

respectively).

lim
k0→∞

1
c(k0)(p∗(sf (k0)|sf (k0))− 1))

= −
[
((q0

0(0)) + (q0
0(1) + q0

0(0)) + (q0
0(2) + q0

0(1) + q0
0(0))

]
+q0

0(1) + q0
0(1) = −3q0

0(0)− q0
0(2)

follows according to Theorem 4.2.

C The origin of ReH-matrices

The theory of Stochastic Dynamic Distance Optimal Partitioning prob-
lems (SDDP) (see [5], [7], [10]) can be applied to cost-optimal repeated
conversions of machines in successive stages and also to the effective use of
manpower in different work places, where probability functions model future
requirements.

Optimal solutions of such problems can, for example, be determined by
iterativ methods which use Poisson equations: g (−1, · · · ,−1)T +(P−I)ν =
−γ with variables (g, ν) ∈ R×Rr) and where I is the identity matrix, P a
matrix of transition probabilities, γ average one-step reward functions (the
last two correspond to a chosen decision, in general). See, for example [13],
Section 2.4.2.1 or [14], Section 8.6.

Because such solution methods require an enormous amount of storage
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space, one is interested in heuristics and useful characteristic properties of
the solutions.

If all ”distance costs” for SDDP problems are equal (in other words, the
costs of converting machines/ all distance costs between two work places are
identical, we conjecture that transitions into ”balanced” partitions (”states”)
(see Section 1.1) are optimal. The corresponding matrices P are called ReH-
matrices. The conjecture is true if and only if all corresponding Poisson
equations have monotone solutions. (See introduction of Section 5.)

D The condition of dominance

Let P = (pfl) f=1,··· ,r,
l=1,··· ,r

be a stochastic matrix. Then the dominance con-

dition means that
l̄∑
l=1

p1l ≥
l̄∑
l=1

p2l ≥ · · · ≥
l̄∑
l=1

prl for l̄ = 1, 2, · · · , r, see [2].

E An examples regarding Theorem 5.1

Let S4;su=4(k0−1);k0

=

s1 =


k0

k0

k0

k0 − 4

 , s2 =


k0

k0

k0 − 1
k0 − 3

 , s3 =


k0

k0

k0 − 2
k0 − 2

 , s4 =


k0

k0 − 1
k0 − 1
k0 − 2

 , s5 =


k0 − 1
k0 − 1
k0 − 1
k0 − 1


,

k0 = 5, 6, · · · be given.
Using (31) we get the following equation system for (32)

−1 −
3∑
i=0

q0
0(i) q0

0(3) 0 q0
0(2) + q0

0(0)

−1 0 −
2∑
i=0

q0
0(i) 0 q0

0(2) + q0
0(0)

−1 0 0 −2
1∑
i=0

q0
0(i) 2

1∑
i=0

q0
0(i)

−1 0 0 0 −q0
0(1)

−1 0 0 0 4q0
0(0)




g0

ν1

ν2

ν3

ν4

 = −γ0,

γ0 =


3q0

0(1) + 2q0
0(2) + q0

0(3)
2q0

0(1) + q0
0(2)

2q0
0(1)

q0
0(1)
0

 which includes that ν5(= ν(s̄5)) = 0.

This system has the solution: g0 = 4 q0
0(0) q0

0(1)

4 q0
0(0)+q0

0(1)
,

ν1 = q0
0(1)

q0
0(0)+q0

0(1)
+ q0

0(1)+q0
0(2)

q0
0(0)+q0

0(1)+q0
0(2)

+ q0
0(1)+q0

0(2)+q0
0(3)

q0
0(0)+q0

0(1)+q0
0(2)+q0

0(3)
+ (−3) q0

0(0) q0
0(1)

(q0
0(0)+q0

0(1)) (4 q0
0(0)+q0

0(1))

ν2 = q0
0(1)

q0
0(0)+q0

0(1)
+ q0

0(1)+q0
0(2)

q0
0(0)+q0

0(1)+q0
0(2)

+ (−3) q0
0(0) q0

0(1)

(q0
0(0)+q0

0(1)) (4 q0
0(0)+q0

0(1))

ν3 = 2 q0
0(1)

q0
0(0)+q0

0(1)
+ (−5) q0

0(0) q0
0(1)

(q0
0(0)+q0

0(1)) (4 q0
0(0)+q0

0(1))
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ν4 = q0
0(1)

q0
0(0)+q0

0(1)
+ (−3) q0

0(0) q0
0(1)

(q0
0(0)+q0

0(1)) (4 q0
0(0)+q0

0(1))
= q0

0(1)

4q0
0(0)+q0

0(1)
.

F Proof of Corollary 5.2

Let
sf = (k0, · · · , k0, k0−1, · · · , k0−1, k0− s̄n−ηf+1, k0− s̄n−ηf+2, · · · , k0− s̄n)T

with s̄n−ηf+1 ≤ s̄n−ηf+2 ≤ · · · ≤ s̄n and sl = sf [j′; i′] (with j′ > i′). Then
the following cases must be considered (see Remark 4.1 (ii)):

a) sfi′ = k0, s
f
j′ = k0 − 2

b) sfi′ = k0, s
f
j′ < k0 − 2

c) sfi′ = k0 − 1, sfj′ < k0 − 2

d) sfi′ < k0 − 1, sfj′ < sfi′ − 1(< k0 − 3)

.
If t(η) = −

(1−(1+ 1
2

+···+ 1
η

)n) q0
0(0) q0

0(−1)

(q0
0(0)+q0

0(−1)) (n q0
0(0)+q0

0(−1))
then

η1 < η2 ⇔ t(η1) < t(η2). (*1)

Obviously,
s̄1
i > s̄2

i ⇔ νi(s̄1
i ) > νi(s̄2

i ), where s̄2
i > 0 (*2)

and
0 < b1 < b2, 0 < b3 ⇒

b1
b2
<
b1 + b3
b2 + b3

(*3)

.
Case a): implies that s̄fi′ = 0, s̄fj′ = 2, s̄li′ = 1, s̄lj′ = 1 and ηl = ηf − 1.

Then ν(s̄f ) > ν(s̄l) ⇔ q0
0(1)

q0
0(0)+q0

0(1)
− t(ηf ) > −t(ηf − 1).

Case a1): ηf = 1:
q0
0(1)

q0
0(0)+q0

0(1)
− t(1) > 0 ⇔ q0

0(1)

q0
0(0)+q0

0(1)
>

(n−1) q0
0(0) q0

0(1)

(q0
0(0)+q0

0(1))(n q0
0(0)+q0

0(1))

⇔ q0
0(1)(n q0

0(0) + q0
0(1)) > (n− 1) q0

0(0) q0
0(1) is true.

Case a2): ηf > 1: q0
0(1)

q0
0(0)+q0

0(1)
− t(ηf ) > −t(ηf − 1)

⇔ q0
0(1)

q0
0(0)+q0

0(1)
−

n

ηf
q0
0(0) q0

0(1)

(q0
0(0)+q0

0(1))(n q0
0(0)+q0

0(1))
> 0

⇔ q0
0(1)(n q0

0(0) + q0
0(1)) > n

ηf
q0

0(0) q0
0(1) is true.

Case b): implies that s̄fi′ = 0, s̄fj′ > 2, s̄li′ = 1, s̄lj′ = s̄fj′ − 1 and ηl = ηf .

Then ν(s̄f ) > ν(s̄l) ⇔ νj
′
(s̄fj′) > νj

′
(s̄fj′ − 1) is true according to (*2).
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Case c): implies that s̄fi′ = 1, s̄fj′ > 2, s̄li′ = 2, s̄lj′ = s̄fj′−1 and ηl = ηf +1.
Then
ν(s̄f ) > ν(s̄l) ⇔ νj

′
(s̄fj′)− t(η

f ) > q0
0(1)

q0
0(0)+q0

0(1)
+νj

′
(s̄fj′−1)− t(ηf −1) ⇔

q0
0(1)+q0

0(2)+···+q0
0(s̄f

j′−1)

q0
0(0)+q0

0(1)+···+q0
0(s̄f

j′−1)
− t(ηf ) > q0

0(1)

q0
0(0)+q0

0(1)
− t(ηf − 1) is true according to

(*2) and (*3).

Case d): implies that s̄fi′ > 1, s̄fj′ > s̄fi′ + 1, s̄li′ = s̄fi′ + 1, s̄lj′ = s̄fj′ − 1 and
ηl = ηf .
Then ν(s̄f ) > ν(s̄l) ⇔ νi

′
(s̄fi′) + νj

′
(s̄fj′) > νi

′
(s̄fi′ + 1) + νj

′
(s̄fj′ − 1) ⇔

q0
0(1)+q0

0(2)+···+q0
0(s̄f

j′−1)

q0
0(0)+q0

0(1)+···+q0
0(s̄f

j′−1)
>

q0
0(1)+q0

0(2)+···+q0
0(s̄f

i′ )

q0
0(0)+q0

0(1)+···+q0
0(s̄f

i′ )
is true according to (*3). �
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