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Abstract

The relation between the spectra of operator pencils with unbounded
coefficients and of associated linear relations is investigated. It turns out
that various types of spectrum coincide and the same is true for the Weyr
characteristics. This characteristic describes how many independent Jor-
dan chains up to a certain length exist. Furthermore, the change of this
characteristic subject to one-dimensional perturbations is investigated.

1 Introduction

In this paper we study the relation between the spectrum of operator pencils
and that of linear relations. Operator pencils are often used to model partial
differential-algebraic equations

d
dtEx(t) = Ax(t), Ex(0) = Ex0, (1)

which can be viewed as coupled equations of partial differential equations subject
to linear constraints.

Here the operators E and A are between Banach spaces X,Y and typically
E is bounded and A is closed and densely defined [15, 22, 35]. There are
many examples from mechanics and electro-dynamics where partial differential-
algebraic equations (1) can be derived.

Qualitative properties of the solution of a classical Cauchy problem are usu-
ally described by the spectral properties of the generator. Similarly, the spec-
trum of the operator pencil

A(λ) := λE −A

describes qualitative properties of the solutions of (1).
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For this reason we study in this paper the spectrum of operator pencils
and investigate the change of the spectral properties under small perturbations.
Here small means small in rank. In the remainder we always restrict ourselves
to the following class of operator pencils λE −A:

The spaces X and Y are Banach spaces,

the operator E : X → Y is bounded,

the operator A : X ⊃ domA→ Y is closed and densely defined and

there exists µ ∈ C with µE −A maps domA bijectively to Y.

(2)

These assumptions are motivated by abstract differential-algebraic equations
see e.g. [15, 22, 35]. The spectrum σ(A) of an operator pencil A(λ) := λE − A
is the complement of the set of all resolvent points ρ(A),

σ(A) := (C ∪ {∞}) \ ρ(A),

where µ ∈ C is in ρ(A) if (µE − A)−1 exists and is a bounded, everywhere
defined operator. Furthermore, ∞ is a resolvent point if E has a bounded and
everywhere defined inverse and A is bounded. Operator pencils with resolvent
points are called regular. In particular, if (2) holds, then ρ(A) 6= ∅, which is
due to the Closed Graph Theorem and A is a regular operator pencil. It is easy
to see that the resolvent set ρ(A) is open (with respect to the topology of the
compactification of C). A complex number λ is in the point spectrum σp(A)
if ker(λE − A) 6= {0} and ∞ ∈ σp(A) if kerE ∩ domA 6= {0}. We say that
λ ∈ C is in the essential spectrum σe(A) if A(λ) is not a Fredholm operator.
Furthermore, ∞ ∈ σe(A) if E|domA is not a Fredholm operator.

In this note we tudy the spectrum of operator pencils subject to two types
of perturbations: For u,w ∈ Y and v′, w′ in the dual space X ′

Â(λ) = A(λ) + λuv′ − uw′ and Â(λ) = A(λ) + λuv′ − wv′. (3)

The above perturbations are small in the sense that they have either a one-
dimensional range or a kernel of co-dimension one. In finite dimensional spaces
i.e. X = Cn and Y = Cn the above perturbations are called rank-one perturba-
tions and A(λ) = λE−A with E,A ∈ Cn×n is called matrix pencil. In this case,
the change of spectral properties pencils, is well-investigated [5, 6, 7, 9, 21, 25].
Recently, the change of the spectrum of self-adjoint operators in Hilbert spaces
under perturbations (3) with v′ = 0 or u = 0 was described in [19, 20].

In [24] the authors studied the change of various types of essential spectra
of operator pencils under compact perturbations in the sense of linear relations
which includes (3). However, therein it was assumed that X and Y are Hilbert
spaces and that A is bounded.

The essential spectrum of operator pencils is also studied under the name
S-essential spectrum, see [1, 28] for related perturbation results and [27] for an
overview.

In this paper we focus on the change of eigenvalues of the operator pencil and
its associated root subspaces Rλ(E,A). The definition of these root subspaces
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is based on the notion of Jordan chain for operator pencils from [30]. If we
collect all Jordan chains up to a certain length k ≥ 1 in the subspace Rk

λ(E,A)
then we trivially have Rk

λ(E,A) ⊆ Rk+1
λ (E,A). More importantly, the spectral

structure of the pencil at λ can characterized using the numbers

wk(λ;E,A) := dim
Rk
λ(E,A)

Rk+1
λ (E,A)

, k ≥ 1.

The collection of these numbers for all k ≥ 1 and all eigenvalues λ is called the
Weyr characteristic of the operator pencil. This characteristic was introduced in
[41] for matrices and studied by many authors [2, 32, 37]. It was later generalized
to a special class of matrix pencils in [29], see also [14].

One of the main results of this paper is that the Weyr characteristic of the
operator pencils A(λ) = λE − A and Â(λ) = λÊ − Â related by (3) changes
according to

|wk(λ;E,A)− wk(λ; Ê, Â)| ≤ 1. (4)

Similar results have been obtained previously for pencils in finite dimensions
in [21, 25], for matrices in [36], and for operators in [11, 26]. The bound (4)
can be used to bound the number of eigenvalues and their multiplicities after
low-rank perturbations. Another question emerging from this is the possibility
of eigenvalue assignment using only a certain (structured) class of rank-one
perturbations. This problem is of high interest in the field of circuit redesign
problems outlined in [39] and studied in further detail in [23, 25]. In this context,
the rank-one perturbations (3) correspond to capacitors which are inserted in a
given circuit with the aim of improving some of its properties.

The proof of (4) in finite dimensions are based on invariant factors and their
perturbations and, hence, cannot be applied here. We follow a different approach
which is based on a recent perturbation result on the Weyr characteristic of
linear relations from [31]. Linear relations are just subspaces of X ×X, which
allow a rich spectral theory, see e.g. [3, 10, 16]. Here we associate with an
operator pencil A(λ) = λE −A the two subspaces

ker[A,−E|domA] and ran
[
E|domA

A

]
,

which are called, for obvious reasons, the kernel and the range representation,
see also [13]. As an important step on the way to prove (4), we show in Theo-
rem 4.5 below that the Weyr characteristic of the operator pencil which satis-
fies (2) coincides with the corresponding Weyr characteristic for the range and
the Weyr characteristic for the kernel representation. This result is of indepen-
dent interest and will be very useful in a further study of spectral properties of
operator pencils with unbounded coefficients.

2 Linear relations

Linear relations are subspaces of X × X, where X is a Banach space. Here
subspaces are not necessarily closed. If the subspace is closed in X ×X, then
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it is called closed linear relation. For an introduction to linear relations see e.g.
[3, 10, 16]. A frequently used linear relation is the graph of a linear operator A
in X defined on it’s domain domA ⊂ X,

graphA := {(x,Ax) ∈ X ×X | x ∈ domA}.

It is very common to simplify notation by identifying A with its graph. That
is, we understand A as a linear relation which is in fact given by graphA. As
an example, consider the identity IX on the vector space X. If the underlying
space is clear from the context, we prefer to briefly write I. Then with the above
identification we have

I = {(x, x) ∈ X ×X | x ∈ X}.

Let L,M be linear relations in X, then their sum, product and inverse is
defined as

L+M := {(x, y1 + y2) | (x, y1) ∈ L, (x, y1) ∈M},
ML := {(x, z) | (x, y) ∈ L, (y, z) ∈M},
L−1 := {(y, x) | (x, y) ∈ L}.

Note that the sum and product are associative. Furthermore, the kernel, do-
main, range and multi-valued part of a linear relation L are given by

kerL := {x ∈ X | (x, 0) ∈ L}, mulL := kerL−1,
domL := {x ∈ X | (x, y) ∈ L for some y ∈ X}, ranL := domL−1.

There is a well developed spectral theory for closed linear relations, see e.g.
[8, 17, 18]. Starting point for a spectral theory for closed linear relations is the
same as for operators: The expression L − λI which is usually abbreviated as
L − λ. With the above operations we obtain

L − λ = {(x, y − λx) | (x, y) ∈ L}

and obviously, together with L, also L−λ and, thus, (L−λ)−1, are closed linear
relations. We call λ ∈ C a resolvent point if

mul (L − λ)−1 = {0}, and dom (L − λ)−1 = X,

or, equivalently,

ker(L − λ) = {0}, and ran (L − λ) = X.

In this case, (L − λ)−1 is a linear operator defined on X and it is closed (see
above). The Closed Graph Theorem implies that (L − λ)−1 is the graph of a
bounded operator or, using the above identification, (L − λ)−1 is a bounded
linear operator.
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Furthermore, ∞ is called a resolvent point if

mulL = {0}, and domL = X.

The set of all resolvent points of a closed linear relation L will be denoted by
ρ(L). It is a subset of the extended complex plane C ∪ {∞}. Its complement
in C ∪ {∞} is the spectrum σ(L). Furthermore, we say that λ ∈ C is in the
point spectrum σp(L) if ker(L − λ) 6= {0} and ∞ ∈ σp(L) if mulL 6= {0}. A
complex number λ is in the essential spectrum σe(L) if L−λ is not a Fredholm
relation, i.e., either L − λ has a non-closed range, or at least one of the two
spaces ker(L − λ) and X

ran (L−λ) has infinite dimension. Moreover, ∞ ∈ σe(L)

if either domL is non-closed or at least one of the two spaces mulL and X
domL

has infinite dimension.
Linear relations L with non-empty resolvent set admit a specific representa-

tion as the range of a 2× 1 and as the kernel of a 1× 2 operator matrix having
entries built out of the identity operator and the resolvent (L − µ)−1 for some
µ ∈ ρ(A). This is the content of the following proposition which was in parts
already obtained in [8].

Proposition 2.1. Let L be a closed linear relation in a Banach space X with
µ ∈ ρ(L) \ {∞} and λ ∈ C. Then

L − λ = ran
[

(L−µ)−1

I+(µ−λ)(L−µ)−1

]
= ker[I + (µ− λ)(L − µ)−1,−(L − µ)−1]. (5)

If ∞ ∈ ρ(L) then there exists a bounded operator L : X → X such that L− λ =
graph(L− λ).

Proof. As agreed above, we identify operators with its graphs,

(L − µ)−1 = {(x, (L − µ)−1x) | x ∈ X}

and, hence,

L − µ = {((L − µ)−1x, x) | x ∈ X}. (6)

This implies

L − λ = L − µ+ (µ− λ) = {((L − µ)−1x, x+ (µ− λ)(L − µ)−1x) | x ∈ X},

which shows the first equation in (5). Moreover, every element in L−λ is of the
form ((L−µ)−1x, x+ (µ−λ)(L−µ)−1x) for some x ∈ X, hence it is contained
in ker[I+(µ−λ)(L−µ)−1,−(L−µ)−1]. The opposite inclusion is clear if λ = µ,
see (6). Let in the following λ 6= µ and assume that (x, y) ∈ X × X is in the
kernel on the right-hand side of (5). Then

x+ (µ− λ)(L − µ)−1x = (L − µ)−1y. (7)

Rearranging terms we find

x = −(µ− λ)(L − µ)−1x+ (L − µ)−1y = (L − µ)−1(y − (µ− λ)x)
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and hence there exists z ∈ X such that x = (L−µ)−1z. If we plug this into (7)
we obtain

(L − µ)−1(I + (µ− λ)(L − µ)−1)z = (L − µ)−1y.

Therefore, for some ẑ ∈ ker(L − µ)−1 it holds

y = (I + (µ− λ)(L − µ)−1)z + ẑ = (I + (µ− λ)(L − µ)−1)(z + ẑ).

Further, x = (L − µ)−1z = (L − µ)−1(z + ẑ). Hence, (x, y) is in the set on the
left-hand side in (5).

3 The spectrum of the operator pencil and its
kernel and range representations

If in (1) A and E are bounded operators (or matrices) and if, in addition, E
is boundedly invertible, then the multiplication by E−1 from the left (from the
right) leads to a standard Cauchy problem with generator E−1A (resp. AE−1).
If E is no longer invertible, this procedure can be repeated, where the inverse
and the multiplication are in the sense of linear relations. In particular, one
easily computes E−1A = ker[A,−E] and AE−1 = ran [EA ]. For obvious reasons,
E−1A is called the kernel and AE−1 the range representation, [13].

Some extra care is needed for unbounded A : X ⊃ domA → Y . For un-
bounded A (and bounded E) the linear relation ran [ EA ], or, to be more precise,

ran
[
E|domA

A

]
, has domain domA and it is a subspace of Y × Y .

For unbounded A (and bounded E) the linear relation ker[A,−E] is a subset
of domA×X. It is the goal to relate the spectrum of ker[A,−E] to the spectrum
of the operator pencil A(λ) = λE − A. In order to define spectrum for the
expression ker[A,−E], it has to be a subset of the Cartesian product of the
same space, that is, one has to restrict ker[A,−E] to domA×domA. Moreover,
together with the graph norm of A, domA turns into a Banach space. This is
the content of the following.

Let the operator pencil A(λ) = λE − A satisfies (2). We consider the re-
striction E|domA of E to domA and its inverse,

E|−1domA = {(Ex, x) | x ∈ domA}.

A short calculation reveals that

E|−1domAA = {(x, z) ∈ domA× domA : (x, y) ∈ A, (y, z) ∈ E|−1domA}
= {(x, z) ∈ domA× domA : Ax = Ez, z ∈ domA} (8)

= ker[A,−E|domA] ⊂ domA× domA (9)

AE−1 = {(x, z) ∈ Y × Y : (x, y) ∈ E−1, (y, z) ∈ A}
= {(x, z) ∈ Y × Y : x = Ey, z = Ay, y ∈ domA} (10)

= ran
[
E|domA

A

]
⊂ Y × Y
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and, again, the above representations are called the kernel and range represen-
tation of the operator pencil A(λ) = λE − A, respectively, see, e.g., [8]. The
subspace E|−1domAA is a subspace of domA× domA. In what follows, we equip
domA with the graph norm

‖x‖A := ‖x‖+ ‖Ax‖, x ∈ domA.

The following representation of the kernel and the range representation uses
a resolvent point of the corresponding operator pencil. It is adopted here to
linear pencils, for similar considerations see, e.g., [10, Corollary 1.10.6].

Lemma 3.1. Let A(λ) = λE−A satisfy (2) and let µ ∈ ρ(A) \ {∞}. Then for
λ ∈ C

AE−1 − λ = ran

[
E(A− µE)−1

IY + (µ− λ)E(A− µE)−1

]
, (11)

E|−1domAA− λ = ker
[
IdomA + (µ− λ)(A− µE)−1E|domA, −(A− µE)−1E|domA

]
.

(12)

Further, AE−1 − λ is closed in Y × Y and the linear relation E|−1domAA − λ is
closed in domA× domA equipped with the graph norm.

Proof. The linear relation AE−1−λ is closed if and only if AE−1−µ is closed.
We have from (10)

AE−1 − µ = ran

[
E|domA

A

]
− µ = {(Ex, (A− µE)x : x ∈ domA}.

A substitution x = (A− µ)−1z, z ∈ Y , gives

AE−1 − µ = ran

[
E(A− µE)−1

IY

]
, (13)

which is, by the boundedness of the linear operator E(A− µE)−1, obviously a
closed subspace of Y × Y . Finally, (11) follows from

AE−1 − λ = (AE−1 − µ) + (µ− λ).

We show (12). Equation (8) gives

E|−1domAA− µ = {(x, y − µx) ∈ domA× domA : Ax = Ey}
= {(x, y − µx) ∈ domA× domA : Ax− µEx = E(y − µx)}
= {(x, z) ∈ domA× domA : (A− µE)x = Ez}
= {((A− µE)−1Ez, z) : z ∈ domA} (14)

= ran

[
(A− µE)−1E

IdomA

]
. (15)
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The linear operator (A − µE)−1E is a bounded operator in domA equipped
with the graph norm ‖ · ‖A as for x ∈ domA it holds

‖(A− µE)−1Ex‖A ≤ ‖(A− µE)−1E‖‖x‖+ ‖A(A− µE)−1E‖‖x‖
= ‖(A− µE)−1E‖‖x‖+ ‖E + µE(A− µE)−1E‖‖x‖
≤M‖x‖ ≤M‖x‖A,

where the constant M is given by the sum of the operator norm of the bounded
operators (A−µE)−1E and E+µE(A−µE)−1E considered as operators with
respect to the norms in X and Y . Hence (A − µE)−1E is a bounded operator
from domA into domA with respect to the graph norm. From (15) we see that
E|−1domAA− µ is a closed subspace in domA× domA equipped with the graph
norm. Moreover, it shows µ ∈ ρ(E|−1domAA) and we have(

E|−1domAA− µ
)−1

= {(z, (A− µE)−1Ez) : z ∈ domA}

and (12) follows from Proposition 2.1.

In the following proposition we relate the kernels and ranges of an operator
pencil with those of its kernel and range representation.

Proposition 3.2. Let A(λ) = λE − A satisfy (2) with µ ∈ ρ(A) \ {∞}. Then
for all λ ∈ C it holds

ker(E|−1domAA− λ) = kerA(λ), ker(AE−1 − λ) = (A− µE) kerA(λ),
(16)

ran (AE−1 − λ) = ranA(λ), ran (E|−1domAA− λ) = (A− µE)−1ranA(λ).
(17)

Furthermore,

mul (E|−1domAA) = kerE ∩ domA, dom (E|−1domAA) = (A− µE)−1ranE|domA,
(18)

mul (AE−1) = A(kerE ∩ domA), dom (AE−1) = EdomA. (19)

Proof. Obviously, one has

E|−1domAA− λ = (E|−1domAA− µ) + (µ− λ)

and (14) implies

E|−1domAA− λ = {((A− µE)−1Ez, z + (µ− λ)((A− µE)−1Ez) : z ∈ domA}.
(20)

Thus,

ker(E|−1domAA− λ) = ker(IdomA + (µ− λ)(A− µE)−1E|domA)

= ker((A− µE) + (µ− λ)E|domA)

= kerA(λ).

8



Furthermore, (11) implies

ran (AE−1 − λ) = ran (IY + (µ− λ)E(A− µE)−1)

= ran ((A− µE)(A− µE)−1 + (µ− λ)E(A− µE)−1)

= ran ((A− µE) + (µ− λ)E)

= ranA(λ).

We show the remaining two equations in (16) and (17). Relations (20) and (11)
yield

ran (E|−1domAA− λ) = ran (IdomA + (µ− λ)(A− µE)−1E|domA)

= (A− µE)−1ranA(λ),

ker(AE−1 − λ) = ker(IY + (µ− λ)E(A− µE)−1)

= (A− µE) kerA(λ).

The remaining statements on the domains and the multi-valued parts in (18)
and (19) follow from (8), (10), (13), and (15).

Corollary 3.3. Let A(λ) = λE −A satisfy (2). Then for all λ ∈ C

dim ker(A(λ)) = dim ker(AE−1 − λ) = dim ker(E|−1domAA− λ).

Further, ranA(λ) is closed if and only if ran (AE−1 − λ) is closed and this is
true if and only if ran (E|−1domAA− λ) is closed. Furthermore,

codim ran (A(λ)) = codim ran (AE−1 − λ) = codim ran (E|−1domAA− λ).

Below, we describe the relation between the spectrum of operator pencils
and the associated linear relations. For related results see [24, 34].

Proposition 3.4. Let A(λ) = λE −A satisfy (2) then

σ(A) = σ(AE−1) = σ(E|−1domAA), (21)

σp(A) = σp(AE
−1) = σp(E|−1domAA), (22)

σe(A) = σe(AE
−1) = σe(E|−1domAA). (23)

Proof. The assertions (21), (22) and (23) for the finite spectrum are immediate
from Proposition 3.2 and Corollary 3.3.

We prove (21) for the spectral point ∞. If ∞ ∈ ρ(A) then E is invertible
and A is bounded. Hence, AE−1 = graph(AE−1) which implies mul (AE−1) =
{0} and dom (AE−1) = Y . Thus, ∞ ∈ ρ(AE−1). If ∞ ∈ ρ(AE−1) then
dom (AE−1) = Y implies that E is surjective. It is also injective. Indeed, if
there exists x ∈ X with Ex = 0 and x 6= 0 then mul (AE−1) = {0} gives
Ax = 0. Hence, for all λ ∈ C it holds

(λE −A)x = 0. (24)
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Together with ρ(A) 6= ∅ we conclude x = 0. Hence, E is also injective and,
thus, E−1 is a bounded operator. Since AE−1 = graph(AE−1) is the graph
of a bounded operator also A = AE−1E is bounded and then, by (18), ∞ ∈
ρ(E|−1domAA).

If ∞ ∈ ρ(E|−1domAA) then by (18) the operator E|domA is injective and (A−
µE)−1ranE|domA = dom (E|−1domAA) = X implies that domA = X, which is
then already bounded by the Closed Graph Theorem. Furthermore, (A−µE)−1

is then an isomorphism between Y and X and (18) shows the surjectivity of E.
Hence, E is invertible which means ∞ ∈ ρ(A).

We show (22). If ∞ ∈ σp(A) then there exists x ∈ kerE ∩ domA with
x 6= 0. As Ax = 0 implies (24) for all λ ∈ C, we have Ax 6= 0 and, by (19),
∞ ∈ σp(AE−1).

If ∞ ∈ σp(AE
−1) then, by (19), kerE ∩ domA 6= {0} and (18) implies

∞ ∈ σp(E|−1domAA). Finally, since mul (E|−1domAA) = kerE ∩ domA, ∞ ∈
σp(E|−1domAA)is equivalent to ∞ ∈ σp(A) .

It remains to show (23). If ∞ /∈ σe(A) then E|domA is Fredholm. Hence, by
(19), dom (AE−1) = E(domA) = ranE|domA is closed, finite co-dimensional
and dim mulAE−1 ≤ dim(kerE ∩ domA) <∞. Therefore, ∞ ∈ σe(AE−1).

If ∞ /∈ σe(AE
−1) then ranE|domA = domAE−1 is closed with finite co-

dimension and the dimension of mul (AE−1) = A(kerE ∩ domA), cf. (19), is
finite. As A is injective on kerE ∩domA (see (24) above), also kerE ∩domA is
of finite dimension and E|domA is Fredholm. Hence, also (A− µE)−1E|domA is
Fredholm and in particular, by (18), dom (E|−1domAA) = ran (A−µE)−1E|domA

is closed and finite co-dimensional and mul (E|−1domAA) = kerE|domA is finite
dimensional. Hence, ∞ /∈ σe(E|−1domAA).

Finally, if ∞ /∈ σe(E|−1domAA) then, by (18), (A−µE)−1E|domA is Fredholm
and therefore also E|domA implying that ∞ /∈ σe(A).

4 Weyr characteristic of operator pencils and
linear relations

In this section we consider the point spectrum of operator pencils and its asso-
ciated representations. In the study of the point spectrum of linear operators
or matrices the Weyr characteristic is a measure for the size of the kernels of
(Z−λ)n, where Z is the operator/matrix under investigation and λ is the eigen-
value (see, e.g., [37, 38]). In the following we introduce this characteristic also
for linear relations and operator pencils, see, e.g., [17].

Definition 4.1. Let L be a linear relation in a vector space X. The root sub-
spaces of order k ≥ 0 at λ ∈ C are given by

Rk
λ(L) := ker(L − λ)k, Rλ(L) :=

∞⋃
j=1

Rj
λ(L)
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and the root subspaces at ∞ are given by

Rk
∞(L) = kerL−k, R∞(L) :=

∞⋃
j=1

Rj
∞(L).

Furthermore, the Weyr characteristic of L is given by

wk(L;λ) := dim
Rk
λ(L)

Rk−1
λ (L)

, k ≥ 1.

Obviously, the Weyr indices are well defined since Rk−1
λ (L) ⊆ Rk

λ(L) for all
k ≥ 1. Moreover, it holds (see Section 2)

Rk
∞(L) = mulLk and Rk

λ(L) = Rk
0(L − λ).

We introduce the Weyr characteristic for operator pencils. It is based on
the root subspaces which are built up by Jordan chains, see [30] or [33]. We say
that (x1, . . . , xk) ∈ (domA)k, k ≥ 1, is a Jordan chain of length k at λ ∈ C if

(A− λE)x1 = 0, (A− λE)x2 = Ex1, . . . , (A− λE)xk = Exk−1 (25)

and (x1, . . . , xk) is a Jordan chain of length k at ∞ if

Ex1 = 0, Ex2 = Ax1, . . . , Exk = Axk−1. (26)

With the above notion we introduce the root subspaces of the operator pencil
A(λ) = λE −A as follows

Rk
λ(E,A) := {x ∈ domA | x = xk fulfills (25)}, Rλ(E,A) :=

∞⋃
j=1

Rj
λ(E,A),

Rk
∞(E,A) := {x ∈ domA | x = xk fulfills (26)}, R∞(E,A) :=

∞⋃
j=1

Rj
∞(E,A).

From (25) we obtain

Rk
λ(E,A) = Rk

0(E,A− λE). (27)

Rewriting (25) gives

Ax1 = λEx1, Ax2 = E(x1 + λx2), . . . , Axk = E(xk−1 + λxk),

which is equivalent to

(x1, λx1), (x2, x1 + λx2), . . . , (xk, xk−1 + λxk) ∈ E|−1domAA

(see (9)). This and (27) shows

Rk
λ(E,A) = ker(E|−1domAA− λ)k = Rk

0(E|−1domAA− λ) = Rk
λ(E|−1domAA), k ≥ 1.
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Similarly one shows with (26)

Rk
∞(E,A) = Rk

∞(E|−1domAA), k ≥ 1.

The Weyr characteristic of the regular operator pencil A(λ) = λE−A is defined
as

wk(A;λ) := wk(E|−1domAA;λ), k ≥ 1.

For equivalent definitions for pencils in finite dimensional spaces, see [14, 29]
and for matrices, see [2, 32, 37].

Lemma 4.2. Let A(λ) = λE −A satisfy (2). Then for all λ ∈ C

Rk
λ(AE−1) = ERk

λ(E|−1domAA), k ≥ 1

and
Rk
∞(AE−1) = ARk

∞(E|−1domAA), k ≥ 1.

Proof. Assume without restriction that λ = 0. If y ∈ Rk
0(AE−1) then there

exists y1, . . . , yk ∈ Y and x1, . . . , xk ∈ domA satisfying

(Ex1, Ax1) = (y1, 0), . . . , (Exk, Axk) = (yk, yk−1), y = yk.

Then

Ax1 = 0, Ax2 = Ex1, . . . , Axk = Exk−1, y = Exk

which is, by (9), xk ∈ Rk
0(E|−1domAA) and hence y ∈ ERk

0(E|−1domAA). The
converse implication is clear. If y ∈ R∞(AE−1) then there exists y1, . . . , yk ∈ Y
and x1, . . . , xk ∈ domA satisfying

(Ex1, Ax1) = (0, y1), . . . , (Exk, Axk) = (yk−1, yk), y = yk.

Hence,

Ex1 = 0, Ax1 = y1 = Ex2, . . . , Axk−1 = Exk y = Axk

which means that xk ∈ Rk
∞(E|−1domAA) and hence y = Axk ∈ Rk

∞(E|−1domAA).
The converse is clear.

Lemma 4.3. Let L be a linear relation in a vector space X. For all k ≥ 1 there
exists a linear injection

ιk :
Rk+1
λ (L)

Rk
λ(L)

→ Rk
λ(L)

Rk−1
λ (L)

.

In particular, wk+1(L;λ) ≤ wk(L;λ) for all k ≥ 1.

12



Proof. Assume without restriction that λ = 0. Let [xk+1] ∈ Rk+1
0 (L)
Rk

0 (L)
with

[xk+1] 6= 0. Then there exist x1, . . . , xk ∈ X \ {0} such that

(xk+1, xk), . . . (x1, 0) ∈ L.

Hence xk ∈ Rk
0(L) \Rk−1

0 (L). The mapping ιk is defined by

ιk([xk+1]) = [xk] and ιk(0) = 0.

It is indeed linear and injective since ι([xk+1]) = [xk] = 0 implies that xk ∈
Rk−1

0 (L) and therefore xk+1 ∈ Rk
0(L) and hence [xk+1] = 0.

Next, we show that the Weyr characteristic of the kernel and range repre-
sentations of an operator pencil coincide. This is one the main results. For this,
we introduce the notion of the singular subspace. It is given by

Rc(L) := R0(L) ∩R∞(L).

We recall a result from [12, Theorem 4.3].

Proposition 4.4. Let L be a linear relation in a vector space X. Then for all
λ, µ ∈ C ∪ {∞} with λ 6= µ it holds Rc(L) = Rλ(L) ∩Rµ(L). In particular, if
µ ∈ ρ(L) we have Rµ(L) = {0} and Rc(L) = {0}.

Theorem 4.5. Let A(λ) = λE−A satisfies (2). Then for all λ ∈ C∪{∞} the
following Weyr indices coincide for all k ≥ 1

wk(E|−1domAA;λ) = wk(A;λ) = wk(AE−1;λ).

Proof. Again, we consider only the case λ = 0. The first equation holds by
definition. The assumption (2) yields the existence of some µ ∈ ρ(E,A) and
hence by Proposition 3.4, µ ∈ ρ(E|−1domAA). Now Proposition 4.4 gives

{0} = Rc(E|−1domAA) = R0(E|−1domAA) ∩R∞(E|−1domAA).

As kerE|domA = mul (E|−1domAA) ⊆ R∞(E|−1domAA) and by (18)

R0(E|−1domAA) ∩ kerE|domA ⊆ R0(E|−1domAA) ∩R∞(E|−1domAA) = {0}

and hence E is injective on Rk
0(E|−1domAA). Now, the second equation follows

from Lemma 4.2

wk(AE−1; 0) = dim
Rk

0(AE−1)

Rk−1
0 (AE−1)

= dim
ERk

0(E|−1domAA)

ERk−1
0 (E|−1domAA)

= dim
Rk

0(E|−1domAA)

Rk−1
0 (E|−1domAA)

= wk(E|−1domAA; 0).
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5 Weyr indices under one-dimensional pertur-
bations

In this section we investigate one-dimensional perturbations of regular operator
pencils based on the underlying kernel and range representations. We derive
formulas for the change of the Weyr characteristic from a combination of Theo-
rem 4.5 and a recent perturbation result for linear relations [31]. The following
notion of perturbations for linear relations was used in [4, 31].

Definition 5.1. Let k ∈ N. The subspaces L,M ⊆ X × X are called one-
dimensional perturbations of each other, if

dim(L,M) := max

{
dim

L
L ∩M

, dim
M
L∩M

}
= 1.

In the special case where L and M are graphs of closed operators, i.e. L =
graphA,M = graph Â and µ ∈ ρ(A)∩ ρ(Â) then Definition 5.1 is equivalent to

dim ran ((A− µ)−1 − (Â− µ)−1) = 1

and Ax = Âx for all x ∈ domA ∩ dom Â.
In the following we consider two types of perturbations of the regular oper-

ator pencil A(λ) = λE−A. Let u,w ∈ Y and v′, w′ ∈ X ′ where X ′ denotes the
space of all continuous linear functionals on X. Then we consider

Â(λ) = A(λ) + λuv′ − wv′. (28a)

Â(λ) = A(λ) + λuv′ − uw′, (28b)

In the proposition below, we show that the above perturbations are one-
dimensional perturbations of their kernel or their range representation.

Proposition 5.2. Let A(λ) = λE−A satisfy (2). Let u,w ∈ Y , v′ ∈ X ′. Then

dim(AE−1, (A+ wv′)(E + uv′)−1) ≤ 1. (29)

Furthermore, if u ∈ Y and v′, w′ ∈ X ′ then

dim(E|−1domAA, (E|domA + uv′)−1(A+ uw′)) ≤ 1. (30)

Proof. Assume that v′ 6= 0. There exists x0 ∈ domA such that X = ker v′ u
span {x0}. The same for domA gives the decomposition

domA = (ker v′ ∩ domA) u span {x0}. (31)

Using the definition of the range representation and (31), we find

L := AE−1 = ran [EA ] = [EA ] (ker v′ ∩ domA) + span
{(

Ex0

Ax0

)}
,

M := ran
[
E+uv′

A+wv′

]
= [EA ] (ker v′ ∩ domA) + span

{(
Ex0+uv

′(x0)

Ax0+wv
′(x0)

)}
.

14



This implies [EA ] (ker v′ ∩ domA) ⊆ L ∩M. Hence

dim
L

L ∩M
≤ 1 and dim

M
L∩M

≤ 1. (32)

To prove (30) we assume that u 6= 0. By (9)

L := E|−1domAA = ker[A,−E|domA],

M := (E|domA + uv′)−1(A+ uw′) = ker[A+ uw′,−E|domA − uv′].

where we used that dom (A+ uw′) = domA. Since u 6= 0 we have

L ∩M = {(x, y) ∈ E|−1domAA | v
′(y) = w′(x)}.

This implies (32).

In Proposition 5.2 it is shown that the perturbation given by (28a) (or (28b))
produces a one dimensional perturbation of the corresponding range represen-
tations, cf. (29), (resp. of the corresponding kernel representations, cf. (30)).
But a perturbation given by (28a) (or (28b)) can produce a two dimensional
perturbation if one considers the corresponding kernel representation (resp. the
corresponding range representation). This is the content of the following exam-
ple.

Example 5.3. Consider X = Y = C2 and E = A = [ 0 0
0 0 ] ∈ C2×2, u = v = ( 1

0 )
and w = ( 0

1 ). Furthermore, we write v∗, w∗ for the functionals v′, w′ which is
the complex-conjugate vector transposed. Then

(A+ uw∗)(E + uv∗)−1 = ran

[
1 0
0 0
0 1
0 0

]
= span

{(
1
0
0
0

)
,

(
0
0
1
0

)}
,

which is a two-dimensional subspace, whereas AE−1 has dimension zero, i.e.
(29) does not hold for arbitrary rank-one perturbations. Similarly,

(E + uv∗)−1(A+ wv∗) = ker
[
0 0 −1 0
1 0 0 0

]
= span

{(
0
1
0
0

)
,

(
0
0
0
1

)}
,

which is a two-dimensional perturbation of E|−1domAA = C4.

In the proposition below, we recall bounds for the Weyr characteristic of
linear relations with trivial singular subspace under one-dimensional perturba-
tions [31, Corollary 4.6].

Proposition 5.4. Let L and M be linear relations in a vector space X with
Rc(L) = Rc(M) = {0}, dim(L,M) ≤ 1 and Weyr characteristics w(L;λ) =
(wi(L;λ))i≥1 and w(M;λ) = (wi(M;λ))i≥1. Then for all k ≥ 1 and all λ ∈
C ∪ {∞} for which wk(L;λ) is finite, it holds

|wk(L;λ)− wk(M;λ)| ≤ 1.
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The following result is the main result of this paper. It describes the maximal
change of the Weyr characteristic of a regular operator pencil under rank-one
perturbations. This result was obtained for matrix pencils in [25] based on [21,
Lemma 2.1]. It is interesting to note that the same result is true for matrices A
and E, where E equals the identity, see [36] and also [11, 26, 40].

Theorem 5.5. Let A(λ) = λE − A satisfies (2) and consider Â(λ) = λÊ −
Â given by (28) with Weyr characteristics w(E,A;λ) = (wi(E,A;λ))i≥1 and

w(Ê, Â;λ) = (wi(Ê, Â;λ))i≥1. If, in addition, Â(λ) is regular and wk(E,A;λ)
is finite for some k ≥ 1 and λ ∈ C ∪ {∞} then∣∣∣wk(Ê, Â;λ)− wk(E,A;λ)

∣∣∣ ≤ 1, (33)

| dimRk
λ(Ê, Â)− dimRk

λ(E,A)| ≤ k. (34)

Proof. If Â(λ) is given by (28a), then ÂÊ−1 = (A + wv′)(E + uv′)−1 is a
one-dimensional perturbation of AE−1 by Proposition 5.2. Note that the reg-
ularity of λE − A and λÊ − Â implies with Proposition 4.4 that Rc(AE−1) =
Rc(ÂÊ−1) = {0}. Invoking Proposition 5.4, the Weyr characteristics satisfy for
all k ≥ 1 and all λ ∈ C ∪ {∞}

|wk((A+ wv′)(E + uv′)−1;λ)− wk(AE−1;λ)| ≤ 1.

By Theorem 4.5, we have

wk(AE−1;λ) = wk(E,A;λ) and wk(ÂÊ−1;λ) = wk(Ê, Â;λ).

If Â(λ) is given by (28b), then Ê|−1domAÂ = (E|domA + uv′)−1(A+ uw′) is a
one-dimensional perturbation of E|−1domAA and Proposition 4.4 implies

Rc(E|−1domAA) = Rc(Ê|−1domAÂ) = {0}.

Hence, by Proposition 5.4 and Theorem 4.5,

|wk(E + uv′, A+ uw′;λ)− wk(E,A;λ)|
= |wk((E + uv′)−1(A+ uw′);λ)− wk(E|−1domAA;λ)| ≤ 1.

The inequality (34) follows from (33) and

dimRk
λ(E,A) = dimR1

λ(E,A) + . . .+ dim
Rk
λ(E,A)

Rk−1
λ (E,A)

= w1(E,A;λ) + . . .+ wk(E,A;λ).
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