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iii

Definition IV

An impressed force is an action exerted upon a body, in order to change its state,
either of rest, or of uniform motion in a right line.

– I. Newton (1687)
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Abstract

The design of an instrument used to measure force and torque vectors that in-
tegrates a calibration system is described. The forces and torques are traced
to position, angle, voltage, electrical resistance and time references. In terms
of fundamental physical constants, the forces and torques can be traced to the
Planck constant h, the speed of light in vacuum c and the hyperfine transi-
tion frequency of Caesium ∆νCs. The measuring strategy used is based on the
principle of the electromagnetic force compensation with the calibration based
on the Kibble balance principle. Several difficulties and limitations of traditional
calibration procedures for multicomponent force and torque transducers are over-
come with this system and new features are introduced, such as the automatic
in-process calibration. A careful uncertainty analysis is used to determine the
achievable uncertainty for both force and torque measurements and identify the
limitations caused by the components of the system. A prototype used to mea-
sure forces and torques in a range of ±2.2N and ±0.11Nm with relative standard
uncertainties of 44 ppm and 460 ppm respectively is presented. Considering the
literature reviewed in this work, the system presented here exhibits the lowest
uncertainty for the multicomponent force measurement. Verifications were per-
formed by measuring a reference force generated by the weight of a calibrated test
mass. Experimental results obtained by the application of multicomponent force
and torque transducers to the Lorentz force velocimetry, micromachining and the
identification of force and torque measuring systems are shown. Improvement
possibilities for reducing the uncertainty for the force and torque measurements
with the instrument are suggested.
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Kurzfassung

Ein Gerät, das für die Messung von Kraft- und Drehmomentvektoren eingesetzt
wird und ein Kalibriersystem integriert, wird in dieser Arbeit beschrieben. Die
Kräfte und Drehmomente werden auf die Messung von Position, Winkel, elektri-
scher Spannung, elektrischem Widerstand und Zeit zurückgeführt. Hinsichtlich
fundamentaler Naturkonstanten können die Kräfte und Drehmomente auf die
Planck Konstante h, die Lichtgeschwindigkeit c und die Frequenz des Hyperfein-
übergangs von Caesium ∆νCs zurückgeführt werden. Das Messprinzip basiert auf
dem Prinzip der elektromagnetischen Kraftkompensation und die Kalibrierung
auf dem Kibble-Waagen Prinzip. Mehrere Schwierigkeiten und Einschränkungen
von traditionellen Kalibrierverfahren für Mehrkomponenten-Kraft- und Drehmo-
mentaufnehmer werden mit diesem System überwunden und neue Möglichkeiten
werden vorgeschlagen, wie z.B. die automatische Inprozess-Kalibrierung. Mithilfe
einer sorgfältigen Unsicherheitsanalyse wird die erreichbare Unsicherheit für die
Kraft- und Drehmomentmessung ausgewertet und die Einschränkungen identifi-
ziert, die durch die verschiedenen Komponenten des Systems verursacht werden.
Ein Prototyp wird vorgestellt, der die Kraft- und Drehmomentmessung im Be-
reich vom ±2.2N und ±0.11Nm mit einer relativen Standardmessunsicherheit
von 44 ppm bzw. 460 ppm ermöglicht. Weiterhin wurde das System durch die
Messung einer bekannten Kraft überprüft, die von einem kalibrierten Testge-
wicht erzeugt wird. Experimentelle Ergebnisse wurden durch die Anwendung von
Mehrkomponentenaufnehmern in der Lorentzkraft-Anemometrie, Mikrobearbei-
tung und für die Identifikation von Kraft- und Drehmomentmesssystemen erzielt.
Auf Verbesserungsmöglichkeiten für die weitere Reduzierung der Unsicherheit bei
der Kraft- und Drehmomentmessung mit dem Gerät wird eingegangen.
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Chapter 1

Introduction

The measurement of forces and torques has a fundamental importance in research
and industry [1, 2]. Although forces and torques are vector quantities, these terms
are often used in the force and torque measurement literature as a reference to
the measurement of one force or torque component. In some applications, the
simultaneous measurement of several force and torque components is necessary.
In such cases, multicomponent force and torque measuring systems are used.
This is necessary for instance in the aerospace engineering [3], to measure forces
and torques during aerodynamic tests with aircraft models in wind tunnels, in
crash tests, to measure the mechanical loads in the body of crash dummies during
tests [4], in the Lorentz Force velocimetry [5, 6], to measure the flow velocities in
liquid metal flows, in micromachining tasks [7], to measure the interaction forces
between the machining tool and the surface of the test specimen being machined,
and in biomechatronics, to reproduce sensing mechanisms of animals [8, 9].

Depending on the application, different types of force and torque transducers
are used. There are several systems available in the literature that use differ-
ent working principles [10]. For measuring both static and dynamic forces and
torques, systems based on the measurement of deformations in compliant struc-
tures or force compensation strategies are typically used. For systems that use
the measurement of deformations, several realizations can be found. Most of
them have a compliant mechanism made of aluminium, but other materials can
be used such as ceramics [11]. Strain gauges are normally used to measure the de-
formations but other systems use, for instance, optical sensors or interferometers.
This is an advantage in conditions with high electromagnetic interference (EMI).
There are also transducers based on microelectromechanical systems (MEMS),
which exhibit a very small form factor and can be integrated, for instance, in
robotic hands. For force compensation strategies, electrostactic and electromag-
netic forces are typically used. Electrostatic force compensation is normally used
for the measurement of small forces, in ranges below milinewton. The princi-
ple of electromagnetic force compensation (EMFC) is used in modern precision
scales to measure the weight force generated by masses. A multicomponent trans-
ducer based on the EMFC principle was designed and implemented in [12]. In
this transducer, the sensing element is levitated by using a control system and
the external forces and torques are compensated by electromagnetic actuators.
These systems have several advantages when compared to transducers based on
the measurement of deformations: a higher relative resolution can be achieved,
displacements of the sensing element are compensated during the measurement
and a more robust behavior can be obtained. Additionally, with this principle it
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is possible to change the dynamic behavior of the transducer by modifying the
parameters of the control system.

In order to use multicomponent transducers and obtain a traceable force and
torque measurement, these systems must be calibrated. There are several setups
used to calibrate multicomponent transducers [13]. In these systems, reference
forces and torques are generated by using deadweights, the gravity acceleration
and levers or pulleys. In this case, the force and torque measurements are trace-
able to mass, acceleration and length standards. There are also setups which
use reference force and torque transducers to provide a traceable measurement.
However, the reference transducers are usually calibrated by using deadweights
and the gravity acceleration as well. These systems are used to perform cali-
bration procedures described by standards and guidelines, such as the DIN EN
ISO 376 [14], DAkkS DKD-R 3-3 [15] and DAkkS DKD-R 3-9 [16], for the cal-
ibration of force measurement devices, the DAkkS DKD-R 3-5 [17], DIN 51309
[18] and VDI/VDE 2646 [19], for the calibration of torque measurement devices,
the ASTM F3109-16 [20], for the calibration of multicomponent force transduc-
ers, and the GTM-RL-002 for the calibration of multicomponent force and torque
transducers. Further guidelines are the OIML R60 parts 1, 2 and 3 [21–23], which
provide metrological regulations for load cells, and the VDI/VDE/DKD 2638 [24],
which contains several terms and definitions for force transducers.

A multicomponent force and torque transducer which integrates the calibra-
tion procedure was presented in [25, 26]. This system is based on the Kibble
balance [27] principle and can be used to measure forces and torques traceable to
position, angle, voltage, resistance and time standards. The Kibble balance is a
device used measure the value of the Planck constant to be adopted in the revised
version of the International System of Units (SI). This device will be used to real-
ize the kilogram unit after the redefinition of the SI, which is planned to happen
during the 26th meeting of the General Conference on Weights and Measures
(Conférence Générale des Poids et Mesures, CGPM) in 2018. An alternative to
the determination of the Planck constant and realization of the mass unit after
the redefinition of the SI is the use of silicon spheres, as investigated in the Avo-
gadro Project [28]. By using the knowledge of the Kibble balance principle in
the multicomponent transducer, deadweights and the gravity acceleration are not
necessary to perform the calibration task. Furthermore, since the calibration sys-
tem is integrated in the transducer, the calibration procedure can be performed
inside the process, without removing the transducer from the measuring setup.
With the Kibble balance the weight of mass prototypes can be determined with
a relative uncertainty near to 1× 10−8 [29, 30] and the application of this prin-
ciple to multicomponent transducers has the potential to reduce the achievable
uncertainty for both force and torque measurements.

In the present work, an extensive description of the multicomponent trans-
ducer with integrated calibration is provided, from the design of a prototype used
to measure forces and torques in a range of ±2.2N and ±0.11Nm to the veri-
fication of the integrated calibration strategy. After this introduction, or in the
second chapter, a review of the state of art for multicomponent force and torque
measurements and for Kibble balances is shown. In the third chapter, a descrip-
tion of the system with integrated calibration is provided, including the main
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components, the operational procedure, a mathematical model and the control
system design. In the fourth chapter, the measurement uncertainty for the com-
ponents of the transducer are evaluated and uncertainty budgets for the force and
torque measurements with the multicomponent transducer are described. In the
fifth chapter, verification measurements are shown, where the results provided
by traditional calibration procedures are compared with the integrated calibra-
tion. In the sixth chapter some applications for the system are shown, including
the identification of multicomponent transducers, the Lorentz force velocimetry
and micromachining. In the last chapter a conclusion with the main results of
this work is provided. In appendix A a list of commercially available off-the-
shelf (COTS) products used to obtain the results shown here is provided and
appendix B contains a list of some terms and definitions used.
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Chapter 2

Review of the state of art

In this chapter, systems used for the force measurement and weighing technology
are described with the respective measuring ranges and achievable measurement
uncertainties. A description of multicomponent force and torque transducers is
also provided with information about different implementations and calibration
methods used, including the limitations of the procedures and achievable mea-
surement uncertainties. The principle of the Kibble balance is described, the
advantages of the method are mentioned and the measurement uncertainties that
can be achieved are shown. Considerations for precision scales and Kibble bal-
ances are mentioned, including information about measurement procedures and
relevant design aspects.

2.1 Force measurement and weighing tech-
nology

There are several principles for the measurement of forces and torques available
in the literature. A description of force transducers is provided in [1, 10], includ-
ing measurements based on electrical resistance, inductance, capacitance, optical
interference, photoelasticity, hydraulic conversion, piezoelectric/magnetostrictive
transduction, electromagnetic/electrostatic force compensation and vibrating
wires or resonators. Figure 2.1 shows the measuring ranges and achieved un-
certainties for measuring forces with the electromagnetic and electrostatic force
compensation, strain gauges and the comparison with masses. This graph consid-
ers different systems available in the literature and a similar diagram is provided
in [31].

The electromagnetic force compensation (EMFC) is a method which dates
back to at least 70 years [32, 33] and is used in high precision balances. Figure 2.2
shows a weighing cell which implements this principle. It is composed by a parallel
spring mechanism attached to a lever by a coupling band. An electromagnetic
actuator with a coil and a magnet system with a permanent magnet are attached
to the lever. An aperture slit position sensor is used to measure the angle of the
lever and a counterweight is used to generate an offset force. The aperture slit
position sensor contains an LED and a dual photodiode which are not shown in
this figure. By using the position from the aperture slit position sensor, the force
generated by the electromagnetic actuator and a control system, it is possible to
compensate the weight force of the test mass applied to the weighing pan and
control the angle of the lever to any desired level. Assuming the actuator constant
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Figure 2.1: Methods for measuring forces and associated ranges
with achievable relative standard uncertainties.

is known, the force generated by the electromagnetic actuator can be determined
by measuring the electric current flowing in the coil. Commercial products can
be found in a range from 10mN up to 700N. With these devices, it is possible to
perform measurements with a relative uncertainty lower than 1 ppm for a force
range between 20mN and 50N1. Balances with a measuring range higher than
50N exhibit larger linearity errors and, for this reason, the force measurement is
performed with larger uncertainties. In [34] a microbalance was used to measure
forces in a range between 0.5 µN and 0.2mN with relative standard uncertainties
of 0.44% and 0.005% respectively.

For measuring forces in a range between 1 nN and 0.2mN, the smallest uncer-
tainties are typically achieved with the electrostatic force compensation. There
are several works in the literature that make use of this principle [31]. With
the electrostatic force balance of the National Institute of Standards an Technol-
ogy (NIST, United States of America) [35] it is possible to measure forces be-
tween 10 µN and 0.2mN with relative standard uncertainties smaller than 8 ppm.
The nanonewton force facility [36] of the Physikalisch-Technische Bundesanstalt
(PTB, Federal Republic of Germany) can be used to measure forces between 1 nN
and 1 µN with relative uncertainties below 3%. Other devices developed in the
Industrial Technology Research Institute (ITRI, Republic of China) [37], in the
Tianjin University (People’s Republic of China) [38] and also at NIST [39] use
the electrostatic force compensation as well to measure small forces.

1In order to estimate the achievable uncertainty for the measurement, the linearity error
specified in the datasheet of the devices was used.
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Figure 2.2: Electromagnetic force compensation principle used
in a weighing cell.

The smallest relative uncertainties for generating forces in a range starting
from 0.1N are achieved by using mass artifacts. These uncertainties are shown
in figure 2.1 and are identified as “subdivision of kilogram”. For forces between
10 µN and 50 kN weights determined by the international recommendation OIML
R 111-1 [40] of the International Organization of Legal Metrology can be used.
Weights of class E1 can be used to generate forces in range from 10 µN to 500N,
weights of class E2 can be used to generate forces in a range from 1 kN to 10 kN
and weights of class F1 can be used to generate forces in a range from 20 kN to
50 kN. The forces generated by single weights only are listed here and higher
forces can be generated by the combination of various weights. It is also possible
to generate smaller forces by using weights of classes E2 and F1, but the associated
uncertainties are higher. By using E1 weights for the calibration of force and mass
measuring instruments, uncertainties smaller than 0.1 ppm can be achieved.

Applications of strain gauge force transducers can be found in a range from
0.1N to 50MN. There are different types of strain gauge transducers, including
foil gauges, semiconductor gauges and thin film gauges. These principles are
used to measure forces in ranges of 5N to 50MN, 1N to 10 kN and 0.1N to 100N
[41]. Relative measuring uncertainties down to 0.02% can be achieved with strain
gauge force transducers. It is important to observe that the uncertainties listed
here are for the measurement of forces in the vertical i.e. gravity acceleration
direction.

Torque is a quantity related to the force and similar methods can be employed
for the measurement. There are also systems based on the measurement of de-
formations with strain gauges and the electromagnetic force compensation [42].
Torques generated by forces applied with a lever have the additional difficulty of
the determination of the length associated to the lever. For this reason, torques
are usually associated to measurement uncertainties higher than forces. The di-
rection of the torques generated by deadweight machines is related to the gravity
acceleration direction, which is vertical. For this reason the torques are originally
generated in the horizontal direction and, if a torque in the vertical direction is
desired, it is necessary to use mechanisms with pulleys or levers.

In this section, basic principles for measuring forces were described and the
achievable measuring uncertainties with systems available in the literature were
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shown. In the next section, a review on multicomponent transducers is provided,
which are devices used to measure forces and torques in more than one component
simultaneously.

2.2 Multicomponent force and torque mea-
surement

For some applications it is desired to measure more than one component of force
and torque vectors simultaneously and, in this case, multicomponent transducers
can be used. In this section, information about working principles and possible
realizations for such systems is provided. After that, a review on the calibration
methods available in the literature is given.

2.2.1 Measuring systems

Most of the multicomponent force and torque transducers available in the liter-
ature are based on compliant mechanisms with strain gauges. A comprehensive
analysis of such systems has already been performed in [12], with details about
the working principle of strain gauges and several implementations of multicom-
ponent transducers with structures of different types. An evaluation of the per-
formance of strain gauge transducers has already been performed in [11]. This
includes different details like the materials used for the compliant mechanism and
nonlinearities originated by the gluing of the strain gauges, or the strain gauges
itself.

A multicomponent transducer based on the electromagnetic force compen-
sation principle was presented in [12]. This transducer has several advantages
when compared to methods based on the measurement of deformations with
strain gauges. There is no displacement of the sensing element during the force
measurement, the system exhibits a more robust behavior and a better resolution
for both force and torque measurements can be achieved. This system is a basis
for the transducer developed in the present work.

2.2.2 Calibration setups

Several calibration setups for multicomponent force and torque transducers have
been presented in the literature. For instance, the Physikalisch-Technische Bun-
desanstalt (PTB) in Germany has published two calibration setups [13, 43] used
for calibrating multicomponent transducers. The first system can be used to cal-
ibrate six component force and torque transducers and has a measuring range
of up to 10 kN for the forces and 1 kNm for the torques. With this system it
is possible to measure forces and torques with a relative expanded measurement
uncertainty (k=2) of 2.2× 10−4. Figure 2.3 shows a schematic diagram with this
system. It is composed basically by a hexapod-structured reference force and
torque measurement system, the test transducer (device under test), a hexapod
actuator and a linear guide to adjust the system to different transducers. The
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Figure 2.3: Hexapod-structured calibration device for multicom-
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Figure 2.4: 2 kNm torque standard machine for superposition
with axial forces up to 1MN (PTB-2) [43].

multicomponent test transducer is fixed to the actuator and the reference trans-
ducers. With the hexapod actuator it is possible to generate force and torque
vectors. These forces and torques are measured by using the reference transducers
and the device under test. In this way the results provided by both transducers
can be compared and the test transducer can be calibrated.

The second system published by the PTB is a deadweight force/torque stan-
dard machine and can be used to calibrate two-component systems. It has a
range from 20 kN to 1MN for the force component and 20Nm to 2 kNm for
the torque component. By using this device, transducers can be calibrated with
expanded relative uncertainties (k=2) of 2× 10−5 and 3.9× 10−4 for forces and
torques respectively. A schematic diagram of this system is shown in figure 2.4.
It is a deadweight machine composed by separated load stacks for the forces and
the torques. Pressure forces and torques in the clockwise direction can be gen-
erated simultaneously. The forces are generated by a load stack and the torques
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Figure 2.5: Six-component force/torque transducer testing ma-
chine (GNU) [45].

are generated by two load stacks associated to a two-armed lever system with air
bearings. In the figure, the load stacks are indicated by simple deadweights.

Other works have addressed the calibration of multicomponent force and
torque transducers in different measuring ranges. For instance, Ferrero et al. [44]
have developed a six-component system that operates with forces up to 105 kN
and torques up to 2 kNm. This is a deadweight-based multicomponent standard
machine that uses differend mechanisms based on levers to generate the forces
and torques in the desired directions. Kim et al. [45] have developed a system
that generates forces and torques in ranges of 50N to 500N and 5Nm to 50Nm
respectively. This is also a deadweight standard machine and it is basically com-
posed by a transmitting system with levers to generate forces and torques in
three orthogonal directions simultaneously. Forces and torques in both positive
and negative directions can be generated. The working principle of this system
is shown in figure 2.5. On the left-hand side of this picture the system is used
to generate a force and a torque component in the y direction and on the right
hand side the system is used to generate a force and a torque component along
the z direction. There are load stacks of deadweights for all directions and, in
the figure, the load stacks are represented by simple weights. This figure is a
simplified version of the system and only the weights and components necessary
to generate the forces/torques in the respective directions are represented.

At the NASA Langley Research Center different calibration setups have been
designed as well. The Single-Vector Force Balance Calibration System (SVS) can
be used to calibrate six-component transducers and generate forces and torques
up to 700N and 28Nm respectively [46]. This system is shown in figure 2.6.
With this system a single weight stack is used to generated a combined force
and torque vector. Since the forces and torques are generated by using the local
gravity acceleration, the force vector is always vertical, i.e. parallel to the grav-
ity direction, and the torque vector is always horizontal, i.e. orthogonal to the
gravity direction. The orientation system is used to change the orientation of the
test transducer in space and with the force and torque generation system it is
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Figure 2.6: Single-Vector Force Balance Calibration System
(NASA-SVS) [46, 47].
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Figure 2.7: Variable Acceleration Force Calibration System
(NASA-VACS) [48].

possible change the magnitude and position of the applied force. The three-axis
accelerometer is used to measure the orientation of the multicomponent trans-
ducer in space. This information is used to determine the relative direction of the
force applied to the transducer. The two-axis accelerometer is used to determine
the orientation of the force and torque generation system in space. In this way,
the position of the force applied by the load stack can be determined. This infor-
mation is used to determine the magnitude and direction of the torque applied
to the transducer. Since the geometry of the force and torque generation system
is not symmetric, positioning errors cause different achievable uncertainties for
measuring the torques in different directions. For this reason the torque in x
direction has the highest uncertainty.

The Variable Acceleration Force Calibration System (VACS) can be used to
generate forces and torques up to 130N and 13Nm respectively [48]. This system
is shown in figure 2.7. This machine is also based on deadweights. The reference
forces and torques are generated by the gravity acceleration and the centrifugal
acceleration caused by a rotational system. By changing the rotational velocity
and the distance between the deadweight and the rotational axis it is possible to
change the magnitude of the force generated by the centrifugal acceleration. The
force orientation variation system is used to change the orientation of the test
transducer in space and, in this way, change the direction of the force and torque
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Figure 2.8: Multicomponent calibration setup with lever and
multiple mass positions (TU Ilmenau) [12].

applied to the test transducer. By changing the direction and magnitude of the
force applied to the transducer, the magnitude of the torque can be changed as
well. The accelerometer is used to determine the orientation of the test transducer
in space.

For forces and torques in the range of 0.6N and 31mNm a calibration setup
was designed at the Technische Universität Ilmenau [12]. With this system it
is possible to generate forces and torques with a relative expanded uncertainty
(k=2) of 2.1× 10−4 and 4.7× 10−3 respectively. This system uses a calibration
lever with defined positions. By placing a stainless steel sphere with known mass
and density in different positions it is possible to generate defined forces and
torques. The magnitude of the force is determined by the weight of the sphere.
The magnitude of the torque depends of the weight and position of the sphere.
By sequentially changing the orientation of the transducer in space it is possible
to change the relative direction of the force applied and calibrate all components
of the transducer successively.

Table 2.1 shows these systems with the respective relative expanded (k=2)
measurement uncertainties that can be achieved for both force and torque mea-
surements [26]. A common fact for all systems mentioned here is that the forces
and torques are realized either by deadweights or by calibrated force/torque trans-
ducers. For the systems based on deadweights there is an additional difficulty to
apply horizontal forces, which are normally generated in the vertical, i.e., gravity
acceleration direction. In this case, it is necessary to use additional mechanisms
with levers, bearings or pulleys, to conduct the forces, or rotate the force trans-
ducer in order to align the direction to be calibrated with the gravity direction.
Alternatively, the test forces by the deadweight can be generated by moving the
transducer with a known acceleration along the desired direction [48]. It is also
possible to overcome these difficulties by using calibrated force/torque transduc-
ers as measurement standards, which can operate in any orientation. However,
the force and torque transducers are usually calibrated by using deadweight ma-
chines and limited by the uncertainties obtained with these calibration systems.
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Table 2.1: Multicomponent calibration setups and relative ex-
panded measurement uncertainties (k=2).

System∗ Fx Fy Fz Mx My Mz

PTB-2 [43] - - 1MN - - 2 kNm
- - (2.0 · 10−5) - - (3.9 · 10−4)

PTB-6 [13] 10 kN 10 kN 10 kN 1 kNm 1kNm 1kNm
(1.6 · 10−4) (1.4 · 10−4) (1.5 · 10−4) (2.0 · 10−4) (2.0 · 10−4) (1.6 · 10−4)

INRiM [44] 6 kN 6 kN 105 kN 2 kNm 2kNm 2kNm
(6 · 10−4) (6 · 10−4) (4 · 10−5) (1 · 10−3) (1 · 10−3) (1 · 10−3)

GNU [45] 500N 500N 500N 50Nm 50Nm 50Nm
(8.6 · 10−4) (8.6 · 10−4) (1.2 · 10−5) (8.6 · 10−4) (8.6 · 10−4) (1.7 · 10−3)

NASA-SVS [46, 47] 220N 350N 700N 11Nm 28Nm 14Nm
(2.0 · 10−4) (2.0 · 10−4) (1.8 · 10−4) (1.3 · 10−3) (4.6 · 10−4) (4.8 · 10−4)

NASA-VACS [48] 90N - 130N - 13Nm -
(1.3 · 10−2) - (7.5 · 10−3) - (8.4 · 10−3) -

TU Ilmenau [12] 0.6N 0.6N 0.6N 31mNm 31mNm 31mNm
(2.1 · 10−4) (2.1 · 10−4) (2.1 · 10−4) (4.7 · 10−3) (4.7 · 10−3) (4.7 · 10−3)

∗The names used in this description refer to the institutions where the systems were developed.

2.3 Kibble balance experiments

A comprehensive review on Kibble balances is provided in [27]. This section is
intended to give a short overview on the origin of the Kibble balance technique,
the basic operational principle and the aspects relevant for the present work.

In 1976 Brian Kibble published measurement results of the gyromagnetic ratio
of the proton γ′p obtained by using an experimental setup with a beam balance
[49]. With the technology of that time, the constant γ′p could be used to measure
magnetic fields B precisely and realize the SI ampere with an uncertainty of
about 1 ppm. In this publication, the beam balance is used in association with a
current-carrying coil to determine the magnetic field generated by a permanent
magnet. This is basically done by measuring the Lorentz force caused by the
interaction between the magnetic field and the electric current in the coil. The
current is determined by measuring the voltage drop over a resistor with known
resistance value. A water sample with protons is located in the same magnetic
field. The ratio of the precession frequency of the protons, which is measured in
the same experiment, to the magnetic field gives the gyromagnetic ratio of the
proton γ′p.

In the same publication, a different way of realizing the ampere unit of elec-
tric current is suggested. The idea is to use the same apparatus but with minor
modifications. The gradient of the magnetic flux in the coil in a direction per-
pendicular to both coil and magnetic field, which is equal to the magnetic field
multiplied by the length of the conductor Bl, is determined with two methods:
In the first method a current flows in the conductor and both Lorentz force F
and electric current i are measured. This is the same case described previously
here, but the force and current information are used to determine the product Bl
and not only the magnetic field B:

Bl =
F

i
. (2.1)
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This method is nowadays known as the weighing mode for Kibble balances. In
the second method the mechanism of the beam balance is used to move the coil
in the same direction as the force F generated in the first experiment. However,
in this case, there is no current flowing in the coil and due to the Faraday’s law
of induction there is a voltage u induced in the coil, which is proportional to the
velocity v. By measuring both induced voltage and velocity, the product Bl can
be determined again:

Bl =
u

v
. (2.2)

This method is nowadays known as the velocity mode for Kibble balances. In the
original suggestion of Brian Kibble, the results of both experiments could be used
in combination with an SI ohm derived from the calculable capacitor to realize
the SI ampere. Since this approach does not depend on the determination of
the gyromagnetic ratio of the proton, the proton sample and the system used to
measure the precession frequency are not necessary. The Josephson effect [50] and
the Quantum Hall effect [51], which were discovered in the years of 1962 and 1980
respectively, enabled the establishment of more stable standards for voltage and
electric resistance. The combination of these effects with the principle proposed
by Brian Kibble represented a new possibility to determine the Planck constant
with very low uncertainties by using a macroscopic mass. This idea is described
in the literature as the Kibble balance.

Figure 2.9 shows basic components of a Kibble balance. It is composed by a
weighing mechanism which has a balance wheel, a knife-edge, two electromagnetic
actuators with permanent magnets and a weighing pan with a mass lift. This
weighing mechanism is very similar to the mechanism used in the NIST-4 Kibble
balance [52]. One of the electromagnetic actuators is used to control the balance
during the velocity mode and the other is used to control the balance during the
weighing mode. These are the auxiliary and main actuators respectively, which
contain the auxiliary and main coils shown in figure 2.9. The permanent magnet
of the main actuator is designed in a way to generate a very uniform magnetic field
in the position of the coil. For the NIST-4 Kibble balance, this actuator has an
actuator constant of about 709NA−1. Laser interferometers are used to measure
the position and angle of the main coil and electrostatic actuators are used to
control the rotation of the weighing pan. The system is inside a vacuum chamber
and, for the case of the NIST-4, it can operate in a pressure of about 0.1mPa. A
precise determination of the local gravity acceleration is also necessary and, for
this reason, an absolute gravimeter is installed near to the instrument.

For the operation of the Kibble balance switching systems for changing be-
tween velocity mode and weighing mode are necessary. During the velocity mode
the main coil is connected to a voltage measuring system with a programmable
Josephson voltage standard (PJVS) and a digital voltmeter (DVM). The auxil-
iary coil, which is used to control the balance, is connected to a programmable
current source (PCS). By using the signal provided by the laser interferometer in
association with a control system, the angle of the balance wheel and the position
of the main coil can be controlled to any desired level in the moving range. Since
the current flowing in the auxiliary coil could generate an induced voltage in the
main coil and cause a measurement deviation, it is important to have sufficient
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distance between both electromagnetic actuators. During the weighing mode,
the main coil is connected to a programmable current source in series with a
reference resistor R. By measuring the voltage drop uR over this resistor with a
programmable Josephson voltage standard and a voltmeter it is possible to pre-
cisely determine the current i flowing in the main coil. The position of the coil
is also controlled by using a feedback strategy with the signals provided by the
laser interferometers but, in this case, the position is kept constant.

By using the local value for the gravity acceleration obtained with the absolute
gravimeter in combination with equations (2.2) and (2.1) it is possible to obtain
the following expression:

m =
1

g

uRu

Rv
, (2.3)

which relates the mass measurement with the measurement of electrical voltage,
resistance, velocity and acceleration. In this work the same idea is applied to the
force and torque measurements but, in this case, the determination of the local
gravity acceleration is not necessary as described in the next section.

There are several aspects of the Kibble balance that must be regarded for
the traceable mass measurement. There is a small difference in the value of the
actuator constant determined during the velocity mode and the value determined
during the weighing mode. This difference is caused by the currents flowing in
the coil during the weighing mode, which change the magnetic field generated
by the permanent magnet. This is known in the Kibble balance literature as
the coil-current effect [53]. During the velocity mode, if the coil is not moved
in a precise linear trajectory, voltages are induced in the coil due to movement
components in other directions. These induced voltages cause a deviation in the
measurement of the actuator constant and are not desired. These deviations are
known in the Kibble balance literature as the coil-motion effects [54]. Similar
problems are present in the multicomponent transducer presented here and these
aspects must be regarded for the force and torque measurement as well.

Several laboratories worldwide are implementing the Kibble balance tech-
nique, including the the Bureau International des Poids et Mesures (BIPM) [55,
56], the Korea Research Institute of Standards and Science (KRISS) [57], the
Laboratoire National de Métrologie et d’Essais (LNE) [58], in France, the Federal
Institute of Metrology (METAS) [59], in the Swiss Confederation, the Measure-
ment Standard Laboratory of New Zealand (MSL) [60], the National Institute of
Metrology (NIM) [61], in the People’s Republic of China, the National Institute
of Standards and Technology (NIST) [62], in the United States of America, the
National Physics Laboratory (NPL) [63], in the United Kingdom, the National
Research Council (NRC) [64], in Canada and the Ulusal Metroloji Enstitüsü
(UME) [65], in Turkey. The NRC and the NIST have published the results for
the determination of the Planck constant with lowest uncertainty by using the
Kibble balance. These laboratories have achieved uncertainties of about 9 ppb
[30] and 13 ppb [29] respectively.

The Planck-Balance [66] is a device based on the Kibble balance principle and
is being developed at the Technische Universität Ilmenau in cooperation with the
Physikalische-Technische Bundesanstalt. The main purpose of this device is the
realization of the kilogram unit after the redefinition of the SI. There are two
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versions of this balance being developed: the PB-2 which is intended to be used
for calibrating weights of class E2 and the PB-1 which is intended to be used for
calibrating weights of class E1.

The use of the Kibble balance principle for the force and torque measurement
has several advantages. It is not necessary to use mass prototypes to calibrate
the transducers, the presence and determination of the local gravity acceleration
is not necessary, the transducer can be calibrated in any orientation in space and
the calibration procedure is more practical and can be integrated in the force and
torque transducer. Furthermore, this principle has the potential to reduce the
uncertainty for both force and torque measurements.
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Chapter 3

Description of the instrument

In this chapter, a description of the system and its components is provided,
a mathematical model is derived and the control system design is explained.
The description of the system considers the main components of the instrument
and its operational procedure. Under the assumption of rigid body behavior, a
mathematical model is derived. This model is used for the control system design
and the uncertainty analysis for both force and torque measurements.

3.1 Main components and operation

The main component of the system is a levitating servo controlled element with
six position sensors and twelve voice coil actuators attached to it (figure 3.1). The
voice coil actuators are divided in two groups of six actuators each: coils I and
coils II. The system has also two operating modes, called the calibration mode and
the sensing mode. By using a multi-input multi-output (MIMO) control system,
the signals from the six position sensors and the forces generated by six voice
coil actuators of one group, it is possible to control the position and angle of the
sensing element to any desired level inside the range of motion. In the calibration
mode, coils II are used to generate the control forces and sine wave reference
trajectories are used for the position and angles. The use of a sine wave as
reference trajectory during the calibration mode has already been described in [60,

Coil group I

Coil group II

Aperture slit

Force application
interface

x z

y

(3)

(4)

(6)

(5)

(2)

(1)

Figure 3.1: The sensing element with the coils of the actuators
and the aperture slits.
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65, 67] for different Kibble balance experiments. In this mode, coils I are in a open
circuit state and are connected to the digital voltmeters only. While the sensing
element moves with the given trajectory, the voltages induced in the coils I are
measured. The calibration coefficients for the force and torque measurements can
be determined by using the amplitude of the induced voltages and the amplitude
of the linear and angular velocities, which were measured during the velocity
mode. In the sensing mode, the coils I are used to generate the control forces and
the sensing element is controlled to a constant position and angle. In this mode,
the coils II are used to generate an offset force that compensates the weight force
of the sensing element. External forces and torques acting on the sensing element
are compensated by the control system and can be determined by measuring
the currents flowing in the coils I and using the calibration factors determined
in the calibration mode. A six coil system that operates only in the sensing
mode was already described in [12, 68]. The system described in this work was
initially designed to measure forces and torques in a range of ±2N and ±0.1Nm
respectively with a maximal relative expanded measurement uncertainty (k=2)
of 1× 10−4. In order to achieve this uncertainty, all components of the system
(figure 3.2) have to fulfill specific requirements of stability and linearity and some
of them need to be measured traceable to the SI. This includes the position
sensors, the resistance standards, voltage measuring systems and time reference.
An evaluation of the achievable measurement uncertainty and a verification of
these results are provided in chapters 4 and 5 respectively.

Figure 3.2 shows all components of the transducer, including the computer,
the digital real-time controller, the driver unit and the sensing unit. The driver
unit contains the voltage-to-current (U/I) converters, measuring resistors, the
switching system and the interfaces to sensing unit and computer. The sensing
unit contains the sensing element, the voice coil actuators, the position measuring
system and the interfaces to the driver unit and the force/torque application. It
also contains a temperature measuring system for the magnet system, an air
pressure measuring system and a relative humidity measuring system, which are
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not shown in the figure.
The digital real-time controller is equipped with a 64-bit processor, two 16-bit

analog-digital conversion modules with 16 channels each, two 16-bit digital-analog
modules with 6 channels each and a digital board with 96 general purpose in-
puts/outputs. These components are listed in appendix A, as CPU-B, ADC-B,
DAC-B and GPIO-B respectively. The controller communicates with the com-
puter through an optical cable interface. With the computer it is possible to
program the controller, control the measurements and fetch the measurement
data from the controller. Both real-time computer and controller are commer-
cially available off-the-shelf products. The driver unit and the sensing unit are
development of the Technische Universität Ilmenau. In the next subsections more
details about these components are provided. Additionally, more details about
the control system operational procedure are provided later.

3.1.1 Driver unit

The task of the driver unit of the transducer is to provide the following functions
to the system:

• Interface between the real-time digital controller and the sensing unit

• Voltage to current conversion to drive the actuators

• Current to voltage conversion for the measurement of the electric current
in the actuators

• Temperature, air pressure and humidity monitoring

• Power supply and voltage regulation for some components of the system

• Switching system for changing between calibration mode and sensing mode
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Figure 3.4: Resistor board used for the current measurement.
The ruler in the left hand side shows the length in millimetres.

The driver unit was designed by using a modular concept with the objective to
simplify the assembly process of the transducer, possible system upgrades and the
system maintenance. All components are attached to the main board of figure 3.3.
That includes two voltage to current conversion modules with 6 converters each,
two resistor boards with six precision resistors each, the DAC and ADC mod-
ules of the real time controller, the sensing unit of the transducer and the power
supply. Additionally, the main board of the driver unit includes the switching
system with 18 relais, a pressure-humidity-temperature (PHT, appendix A) sens-
ing component, USB/RS232 communication interface and a microcontroller. The
microcontroller is responsible for the serial communication of the driver unit and
sensing element with the real-time controller, for the control of the switching
system, and for fetching the temperature, pressure and humidity measurements
from the PHT sensor.

Two pluggable resistor boards with six precision resistors each are used for
measuring the electrical current in the twelve voice coil actuators. Hermetically
sealed foil resistors with 4 terminal lead are used (PFR, appendix A) in this
boards. With the objective to simplify the calibration of the resistors, pluggable
boards are used. These boards were designed and assembled following guidelines
of the manufacturer. One of these resistor board is shown in figure 3.4. The
calibration of such resistor board is described in section 4.3.

The 2-pole relais used in the switching system are a special version with
low thermal electromotive force (RLY, appendix A). Several investigations and
comparisons with other relais were performed with these components to evaluate
their performance. The results are shown in [69] and the relais used in this work
exhibit the best performance achieved. The system contains 18 relais, thereof 12
are used to connect the voice coil actuators to the voltage-to-current converters
and 6 are used to connect the coils of group I or II to the voltage measuring
system with six analog-to-digital converters. The voltage-to-current converters
used in this work are the same as used in [12] but with minor changes performed
in order to improve the robustness of the system. In the modified version, possible
short-circuit points present on the first version of the converter were eliminated.
These U/I converters are grouped in two modules with six converters each. In
this way, the twelve voice coil actuators of the sensing unit can be simultaneously
used.
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Figure 3.5: Main board of the sensing unit of the multicompo-
nent transducer. Components indicated with an asterisk represent

connectors.

3.1.2 Sensing unit

The sensing unit contains the sensing element shown in figure 3.1, the magnet
systems of the electromagnetic actuators, the electronics for the position mea-
surement system, 12 temperature sensors for the magnet systems and a sensing
module for air pressure, humidity and temperature (PHT, appendix A). The
components of the sensing unit are inside a cube-shaped aluminum frame and
attached to the main board shown in figure 3.5.

The voice coil actuators of the sensing unit are based on a commercial system
already used in a previous version of the multicomponent transducer [12] (VCA,
appendix A). During some preliminary investigations performed with these com-
mercial actuators two major improvement possibilities were identified: the ac-
tuator constant of about 4.5N/A could be increased to 21N/A by reducing the
wire diameter and raising the number of turns in the coil; by changing the ma-
terial of the coil form from aluminum to a non-conducting material the voltage
noise induced in the coil could be drastically reduced. By increasing the actua-
tor constant of the actuators, the amplitude of the voltages induced in the coils
during the calibration mode could be increased. In this way, for a voltmeter with
a given absolute measurement resolution, the relative resolution for the voltage
measurement can be reduced. The new coils manufactured have about 700 turns
of insulated cooper wires with 80 µm diameter and polyoxymethylen forms. The
coil DC resistance is about 190Ω. The magnet system of the actuators con-
tain NdFeB permanent magnets. Although the original magnet systems from
the commercial actuators were used in this transducer, similar magnet systems
compatible with the coil were designed, manufactured and tested. Gold wires
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with 25 µm diameter are used to conduct the electrical current from the trans-
ducer frame to the electromagnetic actuators. The wire diameter was chosen in a
way to minimize the stiffness caused by the gold wires and to allow the maximal
current of 100mA for each actuator. This procedure is described with details in
subsection 3.2.6.

Since the strength of the magnetic field generated by the permanent magnets
depend on the temperature, a temperature sensor for each permanent magnet
was integrated in the multicomponent transducer. With the digital temperature
sensors used (TPS, appendix A) the temperature of the magnet systems can be
measured with an uncertainty of 0.1 ◦C and a resolution of 0.01 ◦C, as specified
in the component datasheet. The PHT sensor used is the same as in the main
board of the driver unit.

The position and angle measuring system has six aperture slit displacement
sensors. Each displacement sensor is composed by the aperture slit, an LED and
a differential photodiode [70]. The LED and the differential photodiode used are
shown in appendix A as LED-PS and DPD-PS respectively. Both LED and pho-
todiode are fixed to the frame of the transducer and the aperture slit is attached
to sensing element. The displacement of the aperture slit can be determined by
measuring the intensity of the light in each receiver of the photodiode. This is
done by measuring the output currents of both receivers. An electronic with
a transimpedance amplifier, which is integrated in the sensing unit of the mul-
ticomponent transducer, is used to accomplish this task. This electronic was
designed at in the Institute of Process Measurement and Sensor Technology of
the Technische Universität Ilmenau.

3.1.3 Transducer functionality

The only mechanical connection between the sensing element and the transducer
rack is given by the wires used to conduct the electric currents to the actuators.
As shown in subsection 3.2.6, these wires are responsible for a very small stiffness
in the system. As observed in section 3.2, for a stiffness equal to zero the system
has all poles in the origin of the complex plane. Physically that means a system
without a defined asymptotically stable state or configuration. This is not com-
mon for force and torque transducers, that usually have a transfer function with
a defined compliance and damping, which define a stable rest state. When all
power amplifier are in off state, the sensing element does not levitate and rests
in a position touching the rack of the transducer. Another relevant point is that,
depending on the application of the transducer, some components or modules
may be added to the sensing element in order to perform the measurement task.
These components change the mass, the inertia torque and the position of the
center of mass of the force transducer. These quantities are therefore unknown
before the transducer is started. In order to turn the transducer on and bring it
to normal operation state, a system activation routine should be executed which
is based on the following steps:

• Load a control gain set which is robust enough to bring the sensing ele-
ment to the levitating state, also when some additional mass changes its
characteristics or an external force or torque is being applied to the system.
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Figure 3.6: Control system activation routine used to levitate
the sensing element and bring the transducer into operation.

• Activate the control system and enable the output stage for the six voice
coil actuators. By doing so, the poles of the transducer are changed, and
depending on the structure of the control system some poles are even added,
in a way to define an asymptotically stable state. The system stabilizes at
the home position, where all displacement sensors have an output voltage
of zero volts.

• Run the system identification task to determine the mass, inertia torques
and position of the center of mass of the sensing element. If these parameters
are already known, it is not necessary to run the system identification task.

• Load a new set of control settings for standard operation. These control
settings depend on the load state of the sensing element and should be
designed in a way that the system’s sensitivity against mechanical distur-
bances is minimized, while its dynamic response remains compatible with
the application requirements.

The task-flow of the system activation routine is shown in figure 3.6. There
are two type of trigger signals that are responsible for executing this routine:
the system start signal and the control reset signal. For the system activation
routine two control systems must be designed and implemented: a robust control
for system initialization and an optimized control for the force/torque measure-
ment task. This problem is addressed in section 3.3, where for a single control
structure two sets of parameters determined. These sets correspond to the robust
and optimized variations of the control system. A system identification routine
responsible for determining the position of the center of mass, the inertia torques
and the mass of the sensing element should be implemented as well. This prob-
lem is addressed in section 3.3.4. In order to turn the system to power off state,
when all actuators are deactivated, a turn off signal has to be released. This
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signal executes the set down routine, which softly sets the sensing element down
and turn off the actuators. For both control design and system identification a
mathematical model is used. In the next section a description for this model is
provided.

3.2 Mathematical model

A mathematical model for the transducer is derived which can be used for the
simulation of system behavior, control system design, system identification, un-
certainty analysis and identification of improvement possibilities by means of
design changes. This model is basically composed by the mechanical hardware of
the transducer, the voice coil actuators and the position sensors. In this section
mathematical models for these components are provided and some further con-
siderations are mentioned. Initially, generic non-linear models are derived and,
under some specific assumptions, simplified linear versions for the models are
provided. At the end of this chapter a linear state-space model for the transducer
is shown.

3.2.1 Mechanical hardware

Starting point for obtaining the dynamic equations for the mechanical hardware
of the transducer is the application of 2nd Newton’s Law for both linear and an-
gular directions of the sensing element. Three main reference frames are defined
for deriving the dynamic equations of the system: the frame A, which is fixed to
the rack of the transducer, the frame B, which is fixed to the center of mass of
the sensing element, and the inertial frame I. Aditionally, the reference frame
O is defined, which is fixed to the geometric center of the sensing element and
is parallel to the frame fixed to B. This frame is used in sections 3.2.2-3.2.4 for
modelling the actuators and the position sensors. Figure 3.7 shows the reference
frames defined here. In previous work [12] no distinction was made between the
reference frames A and I and the transducer rack was assumed to be stationary to
the inertial frame. In practice, effects of ground vibrations generate accelerations
in frame A and this assumption does not hold. Furthermore, in some applica-
tions the transducer can be attached to non-stationary bodies and the distinction
between inertial frame and rack frame becomes more important.

The mathematical notation used to describe the model is the same as defined
in [71, p. xv]. The sensing element is assumed to be a rigid body with constant
mass m. The following differential equation is obtained for the linear directions
considering the inertial frame I1:⎡⎣m 0 0

0 m 0
0 0 m

⎤⎦ IẍB = IFc +
IFd +

IFg +
IFut +

IFs , (3.1)

1This procedure is described in [71, p. 1101]. The inertial frame I defined here is equivalent
to the global frame G of this literature reference.
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where IxB ∈ R3 is the position vector of the center of mass of the sensing ele-
ment, IẍB is the second derivative of this vector or the acceleration of the sensing
element, IFc ∈ R3 is the force vector related to the system’s compliance, which is
caused by the gold wires, IFd ∈ R3 is the force vector related to damping, origi-
nated by air friction and magnetic effects, IFg ∈ R3 is the vector of gravitational
force, IFut ∈ R3 is the vector containing the forces generated by the actuators
and IFs ∈ R3 contains the disturbance forces. The left superscripts I indicate
that these quantities are expressed relative to the inertial frame. For IẍB, the
double derivative is taken in the inertial reference frame as well. Forces originally
determined for the transducer reference frame B can be described in the inertial
reference frame by means of the following transform:

IF = IRB
BF , (3.2)

where IRB is the rotation matrix. There are several possibilities to define this
matrix and, in this work, it is given by three successive global rotations with
angles ϕB, θB and ψB about the axis xI , yI and zI respectively. In this way, the
roll-pitch-yaw matrix is obtained [71, p. 370]:

IRB =

⎡⎣cψBcθB cψBsθBsϕB − sψBcϕB sψBsϕB + cψBsθBcϕB

sψBcθB cψBcϕB + sϕBsψBsθB sψBsθBcϕB − sϕBcψB

−sθB cθBsϕB cϕBcθB

⎤⎦ , (3.3)

where the symbols s and c correspond to the sine and cosine trigonometric func-
tions respectively.

The rotational equation of motion for the transducer can be expressed as [71,
p. 1072]:

BM =
B
L̇+ B

IωB × BL , (3.4)

where B
IωB is the angular velocity of the sensing element with respect to the

inertial frame I and expressed in the reference frame B. The angular momentum
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of the sensing element is given by:

BL = BI B
IωB (3.5)

The symbol
B
L̇ represents the time derivative of the angular momentum BL

taken in the reference frame B. The mass moment matrix BI ∈ R3×3 of the
transducer is determined for the reference frame B, whose origin is fixed to the
center of mass, and can be expressed as:

BI =

⎡⎣Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz

⎤⎦ (3.6)

Since this matrix is time-invariant, the following expression is obtained for
the derivative of the angular momentum:

B
L̇ = BI B

Iω̇B (3.7)

With (3.5) and (3.7), the expression (3.4) can be rewritten as:

BI B
Iω̇B = − B

IωB ×
(
BI B

IωB

)
+ BMc +

BMd +
BMut +

BMs (3.8)

The torque vector BMc ∈ R3 is related to the system’s compliance and BMd ∈
R3 is related to the damping torques. BMut ∈ R3 is the torque vector generated
by the actuators and BMs ∈ R3 is the total disturbance torque. By defining

B
IωB =

[
ωx ωy ωz

]T (3.9)

the following equation can be obtained:

B
IωB ×

(
BI B

IωB

)
=

−

⎡⎣(Iyy − Izz)ωyωz + Iyz(ω
2
z − ω2

y) + ωx(ωzIxy − ωyIxz)
(Izz − Ixx)ωzωx + Ixz(ω

2
x − ω2

z) + ωy(ωxIyz − ωzIxy)
(Ixx − Iyy)ωxωy + Ixy(ω

2
y − ω2

x) + ωz(ωyIxz − ωxIyz)

⎤⎦ (3.10)

The differential equation that relates the angles ϕB, θB and ψB with the
angular rotation B

IωB can be obtained through the same process described in [71,
p. 385]: ⎡⎣ϕ̇B

θ̇B
ψ̇B

⎤⎦ =

⎡⎣1 sinϕB tan θB cosϕB tan θB
0 cosϕB − sinϕB

0 sinϕB sec θB cosϕB sec θB

⎤⎦ B
IωB (3.11)

The position IxA and rotation matrix IRA of the transducer frame are as-
sumed to be predefined. The equations (3.1), (3.8) and (3.11) describe the motion
of the sensing element of the multicomponent force and torque transducer. Since
the range of motion in the angular directions ϕB, θB and ψB is smaller than
2mrad, it is possible to perform a linearization of the dynamic equations of the
system with the objective to obtain a simple model with a tolerable error. This
process is described in the next section.
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Model simplification for the mechanical hardware

A simple linear model for the mechanical hardware of the multicomponent trans-
ducer is desired to simplify the control design, the system identification and the
analysis of the system. This model can be obtained by establishing some as-
sumptions, performing a linearization of the equations (3.3), (3.10) and (3.11)
and using the results with equations (3.1) and (3.8).

By assuming very small rotations of the reference frame B relative to the
inertial frame, or in other words assuming that ϕB, θB and ψB are near to zero,
the rotation matrix (3.3) can be written as an identity matrix and the following
expression is obtained for (3.1):⎡⎣m 0 0

0 m 0
0 0 m

⎤⎦ IẍB = BFc +
BFd +

BFg +
BFut +

BFs , (3.12)

Due to the symmetry of the sensing element, the components Ixy, Ixz and Iyz
of the inertia matrix (3.6) are relatively small and can be assumed equal zero:

Ixy = 0 , Ixz = 0 , Iyz = 0 (3.13)

Also due to the geometry of the sensing element, the components Ixx, Iyy and
Izz have a very similar magnitude. In this way it is reasonable to assume that the
component (3.10) of the equation (3.8) is equal to zero and the following linear
expression is obtained:

BI B
Iω̇B = BMc +

BMd +
BMut +

BMs (3.14)

By using the same assumption of small rotations, the equation (3.11) can be
written as

I
ϕ̇B =

⎡⎣ϕ̇B

θ̇B
ψ̇B

⎤⎦ =

⎡⎣1 0 0
0 1 0
0 0 1

⎤⎦ B
IωB (3.15)

In order to obtain a single system of differential equations for the hole sys-
tem, which will be used for the state-space representation, the following vector is
defined:

x =

⎡⎢⎢⎣
IxB
IẋB
IϕB
I
ϕ̇B

⎤⎥⎥⎦ (3.16)

with this vector the following linear state-space model that considers the six
degrees of freedom of the sensing element can be obtained:

ẋ = Ax+Bu (3.17)
y = Cx (3.18)
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where u ∈ R6 represents the inputs of the system and can be written as

u = uc + ud + ug + uut + us (3.19)

with the following components:

uc =

[
BFc
BMc

]
,ud =

[
BFd
BMd

]
,ug =

[
BFg

03×1

]
,

uut =

[
BFut
BMut

]
,us =

[
BFs
BMs

]
(3.20)

The system matrix A is given as

A =

⎡⎢⎢⎣
03×3 I3 03×3 03×3

03×3 03×3 03×3 03×3

03×3 03×3 03×3 I3
03×3 03×3 03×3 03×3

⎤⎥⎥⎦ (3.21)

where In is an identity matrix of size n. The input matrix B is given as

B =

⎡⎢⎢⎣
03×3 03×3
1
m
I3 03×3

03×3 03×3

03×3
BI−1

⎤⎥⎥⎦ (3.22)

The vector y comprises the angle and center of mass position of the sensing
element:

y =

[
IxB
IϕB

]
, (3.23)

and the output matrix C is given as

C =

[
I3 03×3 03×3 03×3

03×3 03×3 I3 03×3

]
. (3.24)

In order to obtain a complete model for the transducer it is still necessary to
model the forces and torques included in these equations, which are given by the
vectors uc, ud, ug, uut and us. Furthermore, it is also necessary to relate the
output of the aperture slit position sensors to the vector y. These aspects are
described in the next subsections of this chapter.

3.2.2 Actuators’ forces and torques

There are twelve voice coil actuators present in the system. Figure 3.8 shows a
drawing with one of these actuators, which are basically composed by a permanent
magnet, a magnetic flux guide and a coil mounted in a form. Such a voice coil
actuator should ideally generate only a force component along its geometrical
axis of symmetry and generate no torque component about any point over this
axis. The magnitude of the force is theoretically proportional to the current.
However, due to imperfections in both coil and magnetic field, in a real case
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Figure 3.8: Cutaway drawing of voice coil actuator used in the
system. In the left hand side, the actuator is shown with its per-
manent magnet, the magnetic flux guide and the coil. In the right
hand side, the coil is rotated with an angle θz about the z axis.
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there is a force and a torque vector generated by the actuator and the magnitude
of the forces and torques depend not only on the electrical current flowing in
the coil, but also on the relative position and angle of the coil to the magnet
system [72]. Additionally, there is a temperature dependency of the magnetic
field generated by the magnetic material [73], which also affects the forces and
torques. Since the current flowing in the coil also affects the magnetic field, the
force and torques generated by the coil are not a simple proportional function of
the electrical current. This is known as the coil-current effect [53].

The forces and torques generated by the actuators are described here as a
function of the electrical current, the position and angle of the coil relative to
the permanent magnet and the temperature. The directions of the forces and
torques are determined initially for the reference frame C, which is stationary to
the frame B. The origin of C is indicated in figure 3.8. The force generated by
a voice coil is given as

CFu = Fu(i,
DxC ,

DϕC , Tms)

⎡⎣fuxfuy
fuz

⎤⎦ 1√
f 2
ux + f 2

uy + f 2
uz

(3.25)

and the torque relative to C is given as

CMu =Mu(i,
DxC ,

DϕC , Tms)

⎡⎣mux

muy

muz

⎤⎦ 1√
m2

ux +m2
uy +m2

uz

. (3.26)

The magnitude of the force and torque vectors is given by Fu ∈ R and Mu ∈ R
respectively and the directions are described by the coordinates fux, fuy, fuz,
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Figure 3.9: Magnitude of the force generated by the voice coil
actuator as a function of the axial and radial position [26].

mux, muy and muz ∈ R. The variable i ∈ R contains the current flowing in
the voice coil actuator, DxC ∈ R3 contains the position of the reference point C
relative to the coordinate frame fixed to the magnet system at D and DϕC ∈ R3

contains the angle of the coil also relative to the coordinate frame fixed to D.
The temperature distribution in the magnet system is assumed to be uniform and
equal to Tms ∈ R+.

The position of the coil relative to the magnet system frame D is given as:

DxC = DRA
ARI

(
IxC − IxD

)
(3.27)

where the position of the point C, which is fixed to the coil, relative to the inertial
reference frame is given by

IxC = IxB + IRB
BxC (3.28)

and the position of the point D, which is fixed to the magnet system, relative to
the inertial reference frame is given by

IxD = IxA + IRA
AxD (3.29)

The relative angle DϕC is determined through the rotation matrix DRC ac-
cording to the process described in [71, p. 435]

DRC = DRA
ARI

IRB
BRC (3.30)

where the matrices DRA and BRC are time-invariant, IRB is given by equa-
tion (3.3) and, as described in the last section, the matrix ARI is predefined.

Figure 3.9 shows a measurement result with the relative deviation of the force
generated by a coil as a function of both radial and axial displacements. This
information is used in order to determine the function Fu, which is contained in
equation (3.25), for the voice coil actuators.

Equations (3.25) and (3.26) contain the force and torque generated by a voice
coil actuator described in the reference frame C. Since the forces and torques in
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equation (3.17) are described in the reference frame B, the following transforma-
tions are necessary:

BFu = BRC
CFu (3.31)

BMu = BRC
CMu +

BxC ×
(
BRC

CFu

)
(3.32)

The rotation matrix BRC is used to transform a vector from the reference
frame C to the frame B. It can be described in a similar way as (3.3), but in this
case the transformation matrix is static. The vector BxC contains the position
coordinates of the coil relative to reference frame B.

With the objective to obtain a relatively simple model for the system that
can be used for the design of the control system and system identification, a
simplified version of the model for the voice coil actuators is obtained under some
assumptions.

Model simplification for the actuators

It is known that, due to the design of the voice coil actuator, the force generated
in the axial direction has the highest magnitude. It is possible to assume that
only a force component in this direction is generated. Furthermore, as described
in [12], the position and angle dependency of the forces generated by the actuators
is relatively small and can be neglected. In fact, during the sensing mode, the
position and angle of the sensing element are kept constant by the control system
and, in theory, there is no measurement deviation caused by this position and
angle dependency. By using these assumption, the following expression for the
force generated by the voice coil actuator can be obtained:

CFu =

⎡⎣ 0
kBl(i, Tms)i

0

⎤⎦ , (3.33)

where kBl is the actuator constant of the actuator, which depend on the temper-
ature of the permanent magnet and the current flowing in the coil. The influence
of the current flowing in the coil in the actuator constant is described in the
literature as the coil-current effect (section 2.3). Furthermore, for this simplified
model, the torques generated by the voice coil actuator are also neglected, i.e.

CMu = 03×1 . (3.34)

In publications about Kibble balances [27] this actuator constant is usually
given as the direct product of the magnetic flux B by the conductor length l. In
these balances the magnet system is designed in a way to produce a magnetic
field as uniform as possible in the region occupied by the coil, and the range of
motion of the coil during the velocity mode is normally several millimeters. For
instance, the coil of the NIST-4 can move more than 40mm during the velocity
mode [52]. This is not the case for the magnet system used in this work, and the
magnetic flux density here is not as uniform as in traditional Kibble balances.
For this reason, the calibration factor of the electromagnetic actuator is given by
kBl, which corresponds to the integration of a non-uniform magnetic flux density
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h

l
d

Figure 3.10: Dimensional parameters l, h and d of the sensing
element.

B along the axial direction. Since the range of motion of the coil is much lower
here (90 µm) the design requirements of the magnet system are lowered and a
non-uniform B can be tolerated [26].

The sensing element of the transducer contains 12 voice coil actuators in dif-
ferent positions and orientations. In order to obtain the magnitude and direction
of the forces and torques generated by these actuators in the sensing element, the
equations (3.31) and (3.32) have to be evaluated for all coils. The total forces
and torques in the sensing element are given by the following expressions:

BFut =
12∑
k=1

BFuk (3.35)

BMut =
12∑
k=1

BMuk (3.36)

where the vectors BFuk and BMuk represent the individual forces and torques
generated by the voice coil actuators. With the equations (3.35) and (3.36), the
expression for uc in (3.20) can be evaluated. The relative position and angle
of the coils to the frame B, which is fixed to the center of mass of the sensing
element, is given in table 3.1. This information is necessary for the evaluation of
equations (3.31) and (3.32). In this table, the quantities xG, yG and zG indicate
the position of the geometric center of the sensing element also expressed in the
reference frame B. The following additional quantities are present in this table:

l1 = l + yG; l2 = l − yG; l3 = l − zG

l4 = l + zG; l5 = l − xG; l6 = l + xG

d1 = d+ xG; d2 = d+ yG; d3 = d+ zG

d4 = d− xG; d5 = d− yG; d6 = d− zG

The dimensions l and d are defined as shown in figure 3.10. The forces and
torques generated by the twelve voice coil actuators are related to the currents
by the following expression:

uc = TcKiic, (3.37)

where the vector

ic =
[
iI1 iI2 ... iI6 iII1 iII2 ... iII6

]T (3.38)
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Table 3.1: Position and angle of the voice coil actuators relative
to the sensing element.

Position Angle

Actuator BxC
ByC

BzC
BϕC

BθC
BψC

I-1 −d1 −l1 −zG 0 0 −90◦

I-2 −d1 l2 −zG 0 0 −90◦

I-3 −xG −d2 l3 0 0 0
I-4 −xG −d2 −l4 0 0 0
I-5 l5 −yG −d3 90◦ 0 0
I-6 −l6 −yG −d3 90◦ 0 0

II-1 d4 −l1 −zG 0 0 90◦

II-2 d4 l2 −zG 0 0 90◦

II-3 −xG d5 l3 180◦ 0 0
II-4 −xG d5 −l4 180◦ 0 0
II-5 l5 −yG d6 −90◦ 0 0
II-6 −l6 −yG d6 −90◦ 0 0

comprises the currents in each voice coil actuator. The subscripts of the vector
components associate the current values to the voice coil actuators as shown in
figure 3.1. The matrix Ki is diagonal and contains the twelve values for the
actuator constant:

Ki = diag (kBl−I1, ..., kBl−I6, kBl−II1, ..., kBl−II6) . (3.39)

The transformation matrix

Tc =
[
Tc−I Tc−II

]
(3.40)

is composed by the following matrices:

Tc−I =

⎡⎢⎢⎢⎢⎢⎢⎣
1 1 0 0 0 0
0 0 1 1 0 0
0 0 0 0 1 1
0 0 −l3 l4 −yG −yG

−zG −zG 0 0 −l5 l6
l1 −l2 −xG −xG 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ (3.41)

Tc−II =

⎡⎢⎢⎢⎢⎢⎢⎣
−1 −1 0 0 0 0
0 0 −1 −1 0 0
0 0 0 0 −1 −1
0 0 l3 −l4 yG yG
zG zG 0 0 l5 −l6
−l1 l2 xG xG 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ (3.42)

The matrix Tc is used to describe the directions of the generated forces/torques
in the reference frame B of the sensing element fixed to the center of mass.
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Since the dynamic equations of the system are derived for the center of mass,
it is necessary to express the matrix Tc in this way. However, for most of the
applications of the multicomponent transducer, it is desired to measure the forces
and torques relative to some geometric reference. The expression of the forces
and torques for the geometric center of the sensing element is possible by using
the following transformation matrix:

Tco =
[
Tco−I Tco−II

]
(3.43)

By evaluating the following expression the forces and torques generated by
the voice coil actuators can be determined for the geometric center of the sensing
element:

uco = TcoKiic (3.44)

The matrix Tco is composed by the following matrices:

Tco−I =

⎡⎢⎢⎢⎢⎢⎢⎣
1 1 0 0 0 0
0 0 1 1 0 0
0 0 0 0 1 1
0 0 −lI3 lI4 0 0
0 0 0 0 −lI5 lI6
lI1 −lI2 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ (3.45)

Tco−II =

⎡⎢⎢⎢⎢⎢⎢⎣
−1 −1 0 0 0 0
0 0 −1 −1 0 0
0 0 0 0 −1 −1
0 0 lII3 −lII4 0 0
0 0 0 0 lII5 −lII6

−lII1 lII2 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ (3.46)

The parameters lI1,...,lI6 and lII1,...,lII6 have approximately the same value as
l. However, they represent the real values of this quantities for the different coils.
This distinction was performed in the matrix uco only, and not for the matrix
uc, because these matrices are used for different objectives. The matrix uc is
used for the design and implementation of the control system and the precise
determination of the parameter l for the coils is not necessary. The matrix uco is
used for the determination of the forces and torques measured and the parameter
l has be known with the uncertainty required.

As explained in section 3.1, the measurement of the induced voltages in coils I
during the calibration mode is necessary. In the next subsection, a model for the
determination of the voltages induced in the voice coil actuators based on the
relative movement of coil and permanent magnets is provided.

3.2.3 Induced voltages in the actuators

Due to the Faraday’s law of induction, a movement of the coil of the actuators
causes an induced voltage in the coil. If we assume that the coil moves ideally
along its geometric axis, the induced voltage depends only on the velocity in this
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direction. However, as described in [54], in a real case there is a velocity compo-
nent in all directions which affect the induced voltage. Additionally, temperature
changes affect the magnetic field generated by the permanent magnet and also
the induced voltage.

The induced voltage is described here as a function of the velocity of the
movement, the relative position and angle of the coil to the magnet system and
the temperature of the magnet system:

uu(
DẋC ,DωC ,

DxC ,
DϕC , Tms) (3.47)

where DẋC contains the velocity of the point C of the coil relative to the reference
frame fixed to D and DωC contains the angular velocity of the coil with respect
to the frame D and expressed in this same frame. The determination of the
quantities DxC and DϕC was explained in the previous section.

The velocity of the point C relative to the point D is given by

DẋC =
D
ṘI

(
IxC − IxD

)
+ DRI

(
IẋC − IẋD

)
(3.48)

The time derivative of the rotation matrix DRI is given by

D
ṘI = Dω̃I

DRI (3.49)

where Dω̃I is the angular velocity matrix. As described in [71, p. 695], for an
angular velocity vector

ω =

⎡⎣ω1

ω2

ω3

⎤⎦ (3.50)

the angular velocity matrix is given by:

ω̃ =

⎡⎣ 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

⎤⎦ (3.51)

The angular velocity of the inertial frame relative to the reference frame fixed
to the magnet system at D, whose determination is necessary in order to evaluate
the equation (3.49), is given by

DωI = −D
IωD = −DRA

A
IωA (3.52)

For the evaluation of the equation (3.47) it is also necessary to determine the
angular velocity of the coil relative to the magnet system:

DωC = D
IωC − D

IωD = D
IωB − D

IωA = DRB
B
IωB − DRA

A
IωA (3.53)

The model shown here for the induced voltages in the actuators considers the
movement of the coil relative to the magnet system in the six degrees of freedom
simultaneously. However, during the calibration mode, the sensing element is
moved in the six degrees of freedom separately. By considering this aspect it is
possible to obtain a simplified version of the model for the induced voltages.
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Model simplification for the induced voltages

During the calibration mode, in order to determine the calibration factors for the
multicomponent transducer, the sensing element is moved with a sine wave ref-
erence trajectory in the six degrees of freedom. For the movement in x direction,
the following voltages are obtained for the actuators 1 and 2 of the coil group I:

uI1 = uI10 sin(ω0t) = kBl−I1x0ω0 sin(ω0t) (3.54)
uI2 = uI20 sin(ω0t) = kBl−I2x0ω0 sin(ω0t) (3.55)

where x0 represents the amplitude of motion, ω0 represents the frequency of
motion and t represents the time. For the movement in y direction, the following
voltages are obtained for the actuators 3 and 4 of the coil group I:

uI3 = uI30 sin(ω0t) = kBl−I3y0ω0 sin(ω0t) (3.56)
uI4 = uI40 sin(ω0t) = kBl−I4y0ω0 sin(ω0t) (3.57)

where y0 represents the amplitude of motion. For the movement in z direction,
the following voltages are obtained for the actuators 5 and 6 of the coil group I:

uI5 = uI50 sin(ω0t) = kBl−I5z0ω0 sin(ω0t) (3.58)
uI6 = uI60 sin(ω0t) = kBl−I6z0ω0 sin(ω0t) (3.59)

where z0 is the amplitude of motion. For the successive angular motion of the
levitating element in the directions ϕ, θ and ψ, the following expressions for the
induced voltages can be obtained:

uI1l = uI1l0 sin(ω0t) = kBl−I1lI1ψ0ω0 sin(ω0t) (3.60)
uI2l = −uI2l0 sin(ω0t) = −kBl−I2lI2ψ0ω0 sin(ω0t) (3.61)
uI3l = −uI3l0 sin(ω0t) = −kBl−I3lI3ϕ0ω0 sin(ω0t) (3.62)
uI4l = uI4l0 sin(ω0t) = kBl−I4lI4ϕ0ω0 sin(ω0t) (3.63)
uI5l = −uI5l0 sin(ω0t) = −kBl−I5lI5θ0ω0 sin(ω0t) (3.64)
uI6l = uI6l0 sin(ω0t) = kBl−I6lI6θ0ω0 sin(ω0t) (3.65)

for the amplitudes of motion ϕ0, θ0 and ψ0.
The following expressions for the determination of the actuator constant for

the six voice coil actuators of the group I can be obtained by using the equa-
tions (3.54)-(3.59):

kBl−I1 =
uI10
x0ω0

, kBl−I2 =
uI20
x0ω0

(3.66)

kBl−I3 =
uI30
y0ω0

, kBl−I4 =
uI40
y0ω0

(3.67)

kBl−I5 =
uI50
z0ω0

, kBl−I6 =
uI60
z0ω0

(3.68)
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The following equations can be obtained for determining the parameters
lI1,...,lI6, which are necessary for the traceable torque measurement:

lI1 =
uI1l0

kBl−I1ψ0ω0

, lI2 =
uI2l0

kBl−I2ψ0ω0

(3.69)

lI3 =
uI3l0

kBl−I3ϕ0ω0

, lI4 =
uI4l0

kBl−I4ϕ0ω0

(3.70)

lI5 =
uI5l0

kBl−I5θ0ω0

, lI6 =
uI6l0

kBl−I6θ0ω0

(3.71)

For the implementation of the control system and the integrated calibration, it
is necessary to measure the position and angle of the sensing element. In the next
section a mathematical model for the position measurement with the aperture slit
sensors is provided.

3.2.4 Position measurement

As explained in the section 3.1.2, the position and angle measuring system is
composed by six aperture slit position sensors. Figure 3.11 shows this system.
Each aperture slit sensor is composed by a LED, a dual photodiode and the aper-
ture slit itself. The LED and the dual photodiode are fixed to the frame of the
transducer and the aperture slit is fixed to the sensing element. The aperture
slit is located between the LED and the dual photodiode. The movement of the
aperture slit in the measurement direction causes a change in the light intensity
received by each photodiode. This light intensity is given by the intersection
between the radiant sensitive areas and the LED light shown in figure 3.11. By
measuring the current in each photodiode, which is proportional to the light in-
tensity, and calculating the difference between these currents, it is possible to
determine the displacement of the aperture slit in the measurement direction.
The current in each photodiode is amplified by using a transimpedance electron-
ics and measured with a digital voltmeter. The output voltages for the upper and
bottom photodiodes are given by uup and ubot respectively. The position signal is
given by the voltage difference ups = uup − ubot, which is proportional to the cur-
rent difference. Since the sensitivity of the photodiodes and the luminous efficacy
of the LED depends on the temperature, there is a temperature dependency of
the voltage difference. The effects of the temperature dependency in the position
measurement can be reduced by compensating the changes in the voltage differ-
ence by using the sum of the voltages, or the total light intensity received by the
photodiodes. The displacement information provided by the six aperture slits is
used to determine the position and angle of the sensing element relative to the
reference frame A. For modeling the aperture slit position sensor, two additional
reference frames are defined. The reference frame E, is fixed to the center of the
aperture slit, and the reference frame F , which is fixed to the dual photodiode.
The position of both frames is shown in figure 3.11. The output of the sensors
depend on the position FxE and angle FϕE of the aperture slit relative to F and
the temperature Tps. This output is given as:

ups = kps(
FxE,

FϕE, Tps)
FyE , (3.72)



40 Chapter 3. Description of the instrument

Glass
window

Glass
window

Aperture
Slit

LED

Dual
photodiode

x
z

y

Measurement direction

Transverse
directions

LED
light

Slit

Radiant 
sensitive

area

E
F

Figure 3.11: Position sensor with LED, aperture slit and dual
photodiode [70]. On the right hand side the dual photodiode with
the projection of the slit and the light from the LED is shown.
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Figure 3.12: Light received by the dual photodiode after a linear
or angular displacement of the aperture slit in different directions.

where kps represents the sensitivity of the aperture slit position sensor and FyE
is the displacement in the measurement direction.

A precise and simple mathematical description for the position measuring
system is desired. However, several aspects of the LEDs, the dual-photodiodes
and the geometry of the problem complicate the modeling procedure. The LEDs
emit light in a range between −120◦ to 120◦, and the intensity of the light emitted
depends on the direction. The sensitivity of the dual photodiodes also depends
on the direction of the light received. As shown in figure 3.12, the aperture slit
can move in all six degrees of freedom. In this figure, gray and black colors
represent the LED light before and after the movement respectively. Depending
on the direction, this movement can affect the light intensity received by the
photodiodes and the position measurement. For the movement in +x direction
there is a reduction in the light intensity received by the photodiodes. Since this
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Figure 3.13: Sensitivity of the position sensor as a function of
the displacement in transverse and measurement directions.

reduction is theoretically equal for both diodes, there is no change in the zero-
position indication. However, this change in the light intensity causes a variation
in the sensitivity of the position measurement system. For a movement in +y
direction the upper photodiode receives clearly more light than the photodiode
on bottom. Since this is the measurement direction, this change is desired. There
is also a change in the overall light intensity/direction, which causes a variation
in the sensitivity of the position sensor. A variation in z direction of the slit
causes in theory no change in the light intensity received by the photodiodes.
This is valid for small changes in position, when the slit width is larger than the
width of the photodiode sensitive area. A rotation θx in x direction or θy in y
direction causes in theory no change in the light intensity difference received by
the diodes. However, changes in the sensitivity of the position sensor are possible.
A rotation θz in z direction can cause changes in both light intensity difference
and overall light intensity in the dual photodiode. A measurement result with kps
as a function of the displacement in x and y directions is shown in figure 3.13.
This result was obtained by positioning the aperture slit with a high-precision
two axis linear stage (appendix A, LS2A) and measuring the currents flowing
in the photodiodes. In this figure, it is possible to observe the change in the
sensitivity of the position sensors predicted during the analysis with figure 3.12.
In figure 3.11 the LED and the dual photodiode are assumed to be in perfect
position and alignment. In reality, the relative position and angle between these
components are determined by manufacturing and assembling tolerances. These
aspects of the position sensors increase the complexity of the model.

With the objective to identify the effects of the nonliniearities of the aperture
slit sensors in the position and angle measurements, preliminary experiments were
performed with a laser interferometer by using same measuring setup described
in section 4.1. These experiments showed that the nonlinearities in both position
and angle measurement can be approximated with a third order polynomial. This
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information can be used to obtain a simplified model for the aperture slit sensors,
which is described in the next section.

Simplified model for position and angle measurement

A simple mathematical representation for the position sensors is desired for the
design and implementation of the control system. Results of preliminary exper-
iments performed with the multicomponent transducer showed that the follow-
ing mathematical description for the sensor has the necessary precision and is
compatible with some practical requirements. Each aperture slit position sensor
provides the position in one coordinate. The position and angle of the geometric
center O of the sensing element, without considering the nonlinearities and tem-
perature dependency of the position sensor, can be determined with the following
expression:

yp = TpoKpups (3.73)

where the vector

ups =
[
ups1 ups2 ups3 ups4 ups5 ups6

]
(3.74)

contains the output voltages of each position sensor. The matrix with the gains
of the position sensors, which relates the voltage measurements to the position
measurements, is given by:

Kp = diag(Kp1, . . . , Kp6) (3.75)

The components of this matrix are defined as:

Kp1 =
1

kps1(FxE = FxE0,
FϕE = FϕE0, Tps = Tcal)
... (3.76)

Kp6 =
1

kps6(FxE = FxE0,
FϕE = FϕE0, Tps = Tcal)

where FxE0 and FϕE0 represent the position and angle of the aperture slits when
all six position sensors have an output voltage equal to zero and Tcal is the temper-
ature of these sensors during the determination of the parameters Kp1, . . . , Kp6.

The matrix Tpo relates the six output positions of the aperture slit sensors to
the position and angle of the sensing element. The position is measured relative
to the geometric center of the sensing element. This center is defined by the point
where the three axes of the sensing element intersect. By assuming small angular
movements and doing a linear approximation, this matrix is given as:

Tpo =

⎡⎢⎢⎢⎢⎢⎢⎣
1 0 0 0 h −l
1 0 0 0 h l
0 1 0 −l 0 h
0 1 0 l 0 h
0 0 1 h 0 −l
0 0 1 h 0 l

⎤⎥⎥⎥⎥⎥⎥⎦

−1

(3.77)
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where the parameters h and l are shown in figure 3.10. The vector yp contains
the three position coordinates and angles of the sensing element relative to the
rack of the transducer:

yp =

[
Ax̂O
A
ϕ̂O

]
=

[
x̂ ŷ ẑ θ̂x θ̂y θ̂z

]T
(3.78)

As described previously, the position sensors have a nonlinear behavior. These
nonlinearities cause cross-talk and deviations in the position coordinates and
angles of yp. For this reason, the components of this vector are indicated with
carets. This behavior can be described by using the following equation with a
third-order approximation:

AyO =

[
AxO
AϕO

]
= Kp1yp1 +Kp2yp2 +Kp3yp3 (3.79)

where the vectors yp1, yp2 and yp3 are given as:

yp1 =
[
x̂ ŷ ẑ θ̂x θ̂y θ̂z

]T
(3.80)

yp2 =
[
x̂2 ŷ2 ẑ2 θ̂2x θ̂2y θ̂2z

]T
(3.81)

yp3 =
[
x̂3 ŷ3 ẑ3 θ̂3x θ̂3y θ̂3z

]T
(3.82)

The vector AyO contains the corrected position and angle coordinates. A
practical problem is found when trying to determine the matrices Kp, Tpo, Kp1,
Kp2 and Kp3 precisely. In order to determine the parameters of these matrices the
system has to be in operation and the parameters can be measured, for instance,
by using a laser interferometer. However, these matrices are necessary in order to
properly start the operation of the transducer. The following strategy is used in
this case: the matrices Kp and Tpo are estimated by using the geometric properties
of the transducer and the properties of the LEDs and photodiodes of the position
sensors. With both matrices it is possible to start the operation of the transducer
without knowing the parameters of matrices Kp1, Kp2 and Kp3. Although the
system is in operation and the sensing element is levitating, the position and angle
coordinates are not defined accurately. After that, a calibration of the position
and angle measuring system is performed and these matrices are determined.
This calibration procedure is described with details in section 4.1.

The position and angle given by the vector AyO are determined for the ge-
ometric center of the sensing element. However, the position and angle in the
dynamic equations of the system (3.17) and (3.18) are given for the center of mass
of the sensing element. For this reason it is necessary to determine the position
and angle of the sensing element for the center of mass as well. This is possible
by using the following transformation:

AxB = AxO − ARB
BxO (3.83)

AϕB = AϕO (3.84)
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where the vector with the coordinates of the geometric center expressed in the
reference frame B is given as:

BxO =
[
xG yG zG

]T (3.85)

By defining
AyB =

[
AxB
AϕB

]
(3.86)

and assuming that the angles of the sensing element relative to the transducer
rack are very small, so that

ARB =

⎡⎣ 1 − AψB
AθB

AψB 1 − AϕB

− AθB
AϕB 1

⎤⎦ , (3.87)

the following expression can be obtained for determining the angle and center of
mass position of the sensing element relative to the reference frame fixed to the
rack of the transducer:

AyB = T−1
bo (AyO − yG) , (3.88)

where the matrix Tbo is given by:

Tbo =

⎡⎢⎢⎢⎢⎢⎢⎣
1 0 0 0 zG −yG
0 1 0 −zG 0 xG
0 0 1 yG −xG 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦ (3.89)

and the vector yG is given as:

yG =
[
xG yG zG 0 0 0

]T (3.90)

Since the equations (3.17) and (3.18) contain the position and angle of the
sensing element for the inertial frame of reference, the following transformations
are necessary:

IxB = IxA + IRA
AxB (3.91)

IϕB = IϕA + AϕB (3.92)

The angle of the transducer rack relative to the inertial frame is also assumed
to be very small, so that:

IRA =

⎡⎣ 1 − IψA
IθA

IψA 1 − IϕA

− IθA
IϕA 1

⎤⎦ (3.93)

With the results from equations (3.91) and (3.92) it is possible to determine
the vector y as defined in (3.23). The vectors IxA and IϕA represent the position
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and angle of the transducer rack relative to the inertial frame. These quanti-
ties are very often unknown and assumed to be constant. This assumption is
reasonable for most of the applications, when the transducer is fixed to some
stationary reference. However, for some applications this is not the case and the
accelerations of the transducer rack have to be regarded. A further simplification
is possible, which can be used to make the control system design procedure even
simpler. The position of the sensing element relative to the transducer rack is
limited to ±90 µm in all direction. For this small range of motion, the product of
the angles IϕA, IθA and IψA with the position coordinates can be neglected and
the equation (3.91) is equal to:

IxB = IxA + AxB (3.94)

With this approximation and the equation (3.92) the following expression can
be obtained:

y = ys +
AyB (3.95)

where, as described previously, y is the position and angle of the sensing element
relative to the inertial reference frame, ys is the position and angle of the trans-
ducer rack relative to the inertial reference frame and AyB is the position and
angle of the sensing element relative to the transducer rack, which represents the
position and angle measured with the aperture slit sensors.

In order to obtain a complete model for the multicomponent transducer it
is still necessary to model the forces generated by the gravity acceleration and
the forces and toques generated by the metallic wires. Additionally, some further
considerations are necessary, such as the damping effects in the system. These
aspects are described in the next subsections.

3.2.5 Effects of gravity acceleration

The local gravity acceleration acting in the system is responsible for generating
a force in the center of mass of the sensing element. The magnitude of this force
is given by the product of the mass of the sensing element with the magnitude
of the local gravity acceleration. The force direction is parallel to the gravity
acceleration. Since the state space model given by equations (3.17) and (3.18) is
derived for the center of mass of the sensing element, there is no torque generated
by the gravity force in the system.

The input vector ug of the system, which is responsible for the gravity force
contribution, is given as:

ug = mg
[
γx γy γz 0 0 0

]T (3.96)

where the variables γx, γy and γz indicate the direction of the gravitational force
expressed in the inertial reference frame I. This direction is given in a way that:√

γ2x + γ2y + γ2z = 1 (3.97)
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wires used to transmit the electrical current to the electromagnetic
actuators. The ruler in the left hand side shows the length in

centimetres.

3.2.6 Metallic wires

Thin wires are used to transmit the electric current from the frame of the trans-
ducer to the coils of the actuators. The stiffness of these wires is responsible for
causing restoring forces and torques when the sensing element is moved. Offset
forces and torques can also be generated by these wires, which are caused by
a pretension. Assuming that, during a measurement task, the pretension in the
wires is constant and the position and angle of the sensing element do not change,
there is no deviation caused in both force and torque measurements by the stiff-
ness of the wires. This is the case for several applications of the multicomponent
transducer. However, for some specific applications, such as the micromachining,
the sensing element has to be moved during the force measurement task. For this
reason it is desired to minimize the stiffness caused by the wires. Since the stiff-
ness is related to the sensitivity of the transducer [74], a low stiffness for the wires
is also an advantage for the resolution of both force and torque measurement.

A mathematical model for the stiffness of the wires is derived with the ob-
jective to estimate the restoring forces generated. The wires are fixed to both
transducer frame and sensing element. The tip fixed to the sensing element can
move in all six degrees of freedom. In the real case the stiffness of the wires
depends on several aspects, such as the geometry of the wires, the direction of
movement, the exact material of the wire and the temperature. In the multicom-
ponent transducer the wires are bent in the form shown in figure 3.14. A model
based on the linear beam theory is proposed here to estimate the maximal stiff-
ness for each wire. It uses the expression for the elastic deflection at the free end
of a cantilever beam loaded with a force at the same end. The model proposed
here is given by:

cmax =
3

l3s
EIa , (3.98)

where E is the Young’s modulus for the material, ls is the effective length of the
wire, which is defined here as the half of the wire length l = 20mm

ls =
l

2
, (3.99)
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Figure 3.15: Fusing current and maximal relative force (Fmax =
2N) as a function of the wire diameter. The maximum operating
current of 100mA is indicated with a dashed line. Only diameters

from commercially available wires are displayed.

and Ia is the second moment of area for the cross section of the wire, which is
given as

Ia =
π

64
D4

wire . (3.100)

The quantity Dwire is the diameter of the wire. The maximal force generated
by the wires, which is given by the maximal displacement for the sensing element
of ∆x = 90 µm, is estimated to be:

Fwires = nwirescmax∆x (3.101)

where nwires = 24 is the number of wires used. Two materials are typically used
as conductors in precision scales: gold and cooper. The Young’s modulus for
these materials are given as 81GPa and 117GPa respectively. The length of the
wires is predetermined in the initial design of the transducer and the diameter
can be freely chosen. The stiffness of the wires can be minimized by reducing
the diameter. However, by reducing the diameter, the electrical resistance of the
wires increases and, for the maximal current of 100mA, there is a bottom limit
for the wire diameter where the wire fusing occurs. The fusing current, which
was evaluated in [75], is related to the diameter by the following expression:

Ifuse =M
A

l
=
πM

4l
D2

wire , (3.102)

with the metal constant M equal to 4.685µA/m for gold and 6.314µA/m for
cooper. Figure 3.15 shows both fusing current for each wire and the maximal
overall force generated by the wires as a function of the wire diameter. In this fig-
ure, only wire diameters for commercial products are shown (GCW, appendix A).
It can be observed that, for a fusing current of 100mA, the minimum possible
diameter is 25 µm. For both gold and copper wires the maximum force caused
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by the wires has a order of magnitude of 10 µN/N. The previous version [12] of
the EMFC multicomponent transducer was equipped with 100µm wires and, by
reducing this diameter, the stiffness was reduced by a factor of about 100. The
change in the electrical resistance of the metallic wires was from 0.043Ω to about
1.0Ω. This change is very small relative to the coil resistance of about 200Ω.

For the mathematical model used in the design of the control system the
forces and torques generated by the wires will be neglected. In this case, the
input vector uc of the system, which represents the compliance term, is given as:

uc = 06×1 (3.103)

3.2.7 Further considerations

There are further aspects of the multicomponent transducer which must be con-
sidered in the mathematical model, including the voltage-to-current converters,
the damping caused by eddy currents induced in the sensing element and effects
of ground vibrations.

The voltage-to-current (U/I) converters are the same as developed in [12] and
the performance of these converters was extensively evaluated in that work. A
diagram with the frequency response of the converters [12, p. 65] shows that, for
frequencies below 1 kHz, the gain of the transfer function is constant. Since the
operation range for both force and torque measurements is under 100Hz, the U/I
converters can be modeled as a constant gain.

The sensing element of the multicomponent transducer is made of aluminum.
When this sensing element moves, interaction forces between the aluminum parts
and the magnetic field from the permanent magnets arise. These forces are caused
by the interaction between eddy currents flowing in the sensing element and the
magnetic field of the permanent magnet. They depend on the velocity of the
sensing element and have an opposite direction relative to the movement. The
effects of these damping forces generate measurement deviations for measuring
dynamic forces, when the sensing element is moving with relative high velocities.
These damping forces are neglected in the mathematical model presented here.
A further contribution to the damping of the system is the air friction with the
sensing element of the transducer [76]. These effects of damping will also be
neglected for the model used for the control system design. In this case, the
input vector ud, which represents the damping term, is given as:

ud = 06×1 (3.104)

Ground vibrations also affect the measurement of forces and torques and can
be included in the model if desired by using the variable ys of equation (3.95). An
extensive description of ground vibrations is given in [77], with typical frequency
and amplitude ranges together with different causes for the vibrations.

3.2.8 The plant

In the previous sections, mathematical models for the main components of the
multicomponent transducer were described, including the mechanical hardware,
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the electromagnetic actuators and the optical position sensors. Figure 3.16 shows
a block diagram with these components. The main equations for the mechani-
cal hardware of the transducer are given by (3.17) and (3.18). The expression
describing the forces and torques generated by the voice coil actuators is given
by (3.37) and the model for the position and angle measurement with the aperture
slit sensors is described by (3.95) together with (3.88), (3.79) and (3.73). The
symbol s represents the complex variable used for the Laplace transform and 1/s
represents an integrator in s-domain.

In order to derive this model, rigid body behavior was assumed for the sensing
element and the angular motions were assumed to be smaller than 2mrad. The
inertia matrix of the sensing element was assumed to be diagonal and the linear
movement of the sensing element relative to the transducer rack was assumed to
be smaller than 90 µm. Several other assumptions were applied to the voice coil
actuators and the position sensors, which are described in sections 3.2.2 and 3.2.4
respectively. The stiffness of the metallic wires used to transmit the electric
current to the actuators and the damping effects in the system were neglected.
This model is a basis for the control system design and system identification
procedure described in the next section.

3.3 Control system

In this section a description of the control system design and the system identifica-
tion routine is provided. Basically two controllers are used in the multicomponent
transducer: a robust controller responsible for levitating the sensing element dur-
ing the system activation routine and an optimized used for the precise force
and torque measurement. The system identification routine is necessary for the
determination of some parameters required for the optimized controller. Mea-
surements results showing the achievable force and torque resolution with the
control systems are shown. An overview on the implementation of hybrid control
systems is also provided with an example of mixed position and force control,
used for performing surface micromachining tasks.

3.3.1 Design and implementation

The plant model for the multicomponent transducer described in the last section
is used for the design of the control system. By applying a Laplace transform to
the state-space equations of the mechanical hardware shown in (3.17) and (3.18),
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the following equation can be obtained:

y(s) = Gg(s)u(s) , (3.105)

where the matrix transfer function Gg(s) is given by:

Gg(s) =
1

s2

⎡⎢⎢⎢⎢⎢⎢⎣

1
m

0 0 0 0 0
0 1

m
0 0 0 0

0 0 1
m

0 0 0
0 0 0 1

Ixx
0 0

0 0 0 0 1
Iyy

0

0 0 0 0 0 1
Izz

⎤⎥⎥⎥⎥⎥⎥⎦ (3.106)

This matrix has six elements on its diagonal, which have the following format:

Gi(s) =
1

ais2
(3.107)

where ai ∈ R represents the mass m of the sensing element for i = 1, 2 or 3 and
the inertia moments Ixx, Iyy and Izz for i = 4, 5 and 6 respectively.

By considering the matrix transfer function Gg(s), the control system can be
designed for the six degrees of freedom separately. In this way there is no need to
address the MIMO control system design directly. This problem is reduced to six
SISO control design tasks, that can be accomplished by using classic methods of
the linear control theory. This simplifies not only the design of the control system,
but also its implementation and the system identification task. Furthermore, the
outputs and inputs of the matrix transfer function Gg(s) are expressed in metre
(or radian) and newton (or newton metre) respectively, being directly related to
the position and angle of the sensing element and the applied forces and torques.
That makes the implementation and analysis of the control system more intuitive.

In order to implement the control system designed with (3.106), it is nec-
essary to use the results from (3.37) for the voice coil actuators and and
from (3.88), (3.79) and (3.73) for the position sensors. This is necessary for
the determination of the forces and torques generated by the electromagnetic
actuators and the position and angle of the sensing element. However, to obtain
these equations the position of the center of mass of the sensing element relative
to its geometric center was assumed to be known. This represents a practical dif-
ficulty because this position changes when some external component is attached
to the sensing element. For this reason the coordinates of the center of mass of
the sensing element have to be determined by means of an identification routine,
which is described in subsection 3.3.4.

Figure 3.17 shows a block diagram with the structure of the control system
for one degree of freedom. In order to control the system a PID control strategy
is adopted:

Hi(s) = âi

(
KP +KI

1

s
+KD

N

1 +N/s

)
, (3.108)

where KP , KI and KD correspond to the proportional, integral and derivative
gains respectively and N is a filter constant. With this control system it is
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Figure 3.17: Structure of the control system for one degree of
freedom.

possible to stabilize the transducer’s dynamics, regulate its time performance
and compensate the external forces and torques simultaneously. Furthermore,
its straightforward structure simplifies the parallel implementation for the six
degrees of freedom. The variables âi for i = 1, 2, ..., 6 are an estimation for ai
and, for the next steps, they are assumed to be equal.

Two variables are treated as system outputs for the control design: the posi-
tion or angle y and the controller output uc. As inputs, the controller reference
ysp, the force or torque to be measured us, the gravitational force ug (for an an-
gular direction ug = 0) and the position or angle disturbance ys are considered.
The following equations can be obtained for both system outputs:

(1 +GiHi)y = GiHiysp +Gi(ug + us)− ys (3.109)

(1 +GiHi)uc = Hi(ysp + ys)−GiHi(ug + us) (3.110)

By substituting (3.107) and (3.108) in (3.109) and (3.110), the following trans-
fer functions can be obtained:

y(s)

ysp(s)
=

(KP +KDN)s2 + (KPN +KI)s+KIN

s4 +Ns3 + (KP +KDN)s2 + (KPN +KI)s+KIN
(3.111)

uc(s)

ys(s)
=

ais
2((KP +KDN)s2 + (KPN +KI)s+KIN)

s4 +Ns3 + (KP +KDN)s2 + (KPN +KI)s+KIN
(3.112)

The transfer function (3.111) corresponds to the position or angle as a func-
tion of the controller reference. The frequency response of this transfer function
contains several characteristics of the system’s performance, such as the system’s
damping and natural frequency. These parameters are used in section 3.3.2 as
constraints for the control optimization problem. The transfer function (3.112)
describes the controller output as a function of the position or angle disturbance.
This transfer function is a measure for the system’s sensitivity against position
or angle disturbances in the displacement sensor, such as ground vibrations and
electromagnetic noises.

As described in subsection 3.1.3, there are two control strategies that must be
implemented for the system: A robust controller for the control system activa-
tion routine and an optimized controller for normal system operation. Since the
controller for normal system operation is executed after an identification task,
it is reasonable to assume for the control system design that the position of the
center of mass, the inertia torques and the mass of the sensing element are known.
That means the assumptions used to obtain equations (3.111) and (3.112) hold
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and these equations can be used to design the controller for normal system op-
eration. Through these equations, the disturbance sensitivity of the system can
be minimized as described in subsection 3.3.2. However, for the controller used
during the system activation more care should be taken. In this case, the exact
values for the position of the center of mass, the inertia torques and the mass of
the sensing element are unknown and the assumptions used in order to obtain
equations (3.111) and (3.112) do not hold anymore. More specifically, the center
of mass of the sensing element relative to its geometric center and the variables ai
for i = 1, ..., 6 are not exactly known, and the simple closed-loop control structure
of figure 3.17 together with these transfer functions are not valid anymore. The
design of the controller for system activation is addressed in section 3.3.3.

3.3.2 Controller for normal system operation

The closed loop transfer function of the multicomponent transducer relating the
inputs and outputs (3.111) is exclusively determined by the control system pa-
rameters. These parameters can be freely chosen during the control design task
in order to adjust the system’s performance. For that, performance indicators
should be properly defined considering the operational requirements of the mul-
ticomponent transducer.

The signal to noise ratio of the measured force and torque signals is of major
importance for the system. This is because the noise of the measured signal
is a limitation to the transducer’s resolution. The system has numerous noise
sources that contribute to the resulting noise in the output signal, such as ground
vibrations, electromagnetic fields and electric noise. The influences of the noise
present in the position sensors are described by the transfer function (3.112), and
can be reduced by minimizing the following position noise amplification factor:

fG ≜
1

ai
lim
s→∞

uc(s)

ys(s)
= KP +KDN (3.113)

This position noise amplification factor is defined in a way that it doesn’t
depend on the mass or inertia torques of the sensing element. This factor is an
upper limit for the gain of the frequency response of (3.112). Figure 3.18 contains
both this frequency response and the position noise amplification factor.

Further relevant performance characteristics of the multicomponent trans-
ducer are the system’s eigenfrequency and damping. The eigenfrequency is re-
lated to the frequency bandwidth of the measurable forces and torques. If the
frequency spectrum of the signal to be measured is in a frequency interval in
the range of the transducer’s eigenfrequency and above, the measured signal will
be distorted. The frequency response of the multicomponent transducer with its
eigenfrequency are shown in figure 3.19. The system’s damping ratio is an addi-
tional factor that should be regarded. It is a measurement for the system’s signal
overshoot and is also determined by evaluating the frequency response of (3.111).

Since the measurement signal noise is a limiting factor for the transducer
resolution, it is reasonable to design the control system in a way that the posi-
tion noise amplification factor remains as low as possible. Therefore, the control
system design is written as an optimization problem where the position noise
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amplification factor is minimized:

min fG(KP , KD, N) = KP +KDN (3.114)
for ωmin

c ≤ ωc(KP , KI , KD, N) ≤ ωmax
c (3.115)

ζmin ≤ ζ(KP , KI , KD, N) (3.116)

Values for the eigenfrequency ωc and the damping ζ are defined as constraints
for the problem, in a way that the transducer dynamics stay compatible with the
frequency bandwidth of the forces to be measured. This optimization problem is
solved by defining a finite discrete search domain for the control parameters KP ,
KI , KD and N , and evaluating the system’s position noise amplification factor,
eigenfrequency and damping for every combination of control parameters in this
search domain. This is a simple and feasible method, since the evaluation of
the performance indicators can be executed relatively fast by means of efficient
computer algorithms. Table 3.2 contains control gains which were determined
by using this method for different nominal values of natural frequencies ωN

c and
ζmin = 0.7. ωmin

c and ωmax
c were defined equal to 0.99ωN

c and 1.01ωN
c respectively,

what corresponds to a variation of ±1% for ωc.
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Table 3.2: Control parameters for ζmin = 0.7.

ωN
c [Hz] KP KI KD N

5 872.241 521.383 42.0347 129.056
10 3852.11 384.322 89.0471 300.897
20 14757.4 1474.07 166.798 551.455
30 31357.7 19215.1 254.978 791.611
40 59876.8 5983.82 385.521 1230.35
50 93113.8 9306.87 450.628 1449.98
60 137366 13731.2 543.162 1852.55
70 188954 706829 684.829 2258.82
80 227361 255701 748.574 2256.16

3.3.3 Controller for the system activation

For the system activation routine a robust controller should be designed that
stays stable and exhibits a reasonable settling time for different transducer load
states. Since this controller is not used for force and torque measurements itself,
the output signal noise is not regarded during the control system design.

When some external device is attached to the sensing element, its mass, inertia
torques and the position of the center of mass change. If these changes are not
regarded in the control system design and the center of mass coordinates for the
sensing element, as well as the control parameters ai for i = 1, 2, ..., 6, are not
updated, a coupling between the dynamic equations of the system arises.

In order to design the control system, the following approach was used: a
controller for one degree of freedom was designed in a process similar to the
method explained in section 3.3.2, but without defining the control system design
as an optimization problem. In this case, a robust controller was designed by
using the root locus method. The stability and robustness of this controller for
the system with the coupling can be analyzed by means of computer simulations
and later verified by performing experiments with the transducer prototype. If
the system with the implemented set of control gains doesn’t exhibit the necessary
robustness, a new set of parameters is determined in an iterative process.

Because of the problem’s complexity, designing the robust controller by ana-
lytic approaches is not as simple as the design problem considered in section 3.3.2.
The fact that methods based on inspection and trial and error may not lead to
an optimal solution is not a problem in this case, because the robust controller
is only employed during the system initialization process and the identification
task.

3.3.4 Parametric system identification

The parametric system identification is a task performed during the system acti-
vation routine of the transducer and is responsible for identifying the mass, the
position of the center of mass and the inertia torques of the sensing element. The
system identification task is divided in three steps: in the first step, the mass
of the sensing element is determined by means of a static measurement. In this
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process, the direction of the gravity force can be obtained as well. In the second
step, the position of the center of mass is determined, and in the third step, the
inertia torques of the body are measured. For the steps two and three, dynamic
identification methods are employed.

When the sensing element is levitating and only the gravity force and the
forces/torques of the controller are actuating in the system, a static behavior can
be assumed. The following equation can be obtained:

0 = uc + ug (3.117)

This equation gives a relationship between the gravity force actuating in the
sensing element and the currents in the actuators:

ug = −TcKiic (3.118)

The following expressions for determining the mass of the sensing element
based on the measured currents can be obtained:

m =
|F⃗ |
|⃗g|

=
1

g

√
(kBl−I1iI1 + kBl−I2iI2)2 + ...+ (kBl−I5iI5 + kBl−I6iI6)2 (3.119)

where |F⃗ | and |⃗g| represent the magnitude of the force measured and local gravity
acceleration respectively. Since only the group I of voice coil actuators is activated
for controlling the position and angle of the sensing element, there are only six
currents in this expression. The direction of the gravity force can be determined
as well:

γx =
kBl−I1iI1 + kBl−I2iI2

mg
(3.120)

γy =
kBl−I3iI3 + kBl−I4iI4

mg
(3.121)

γz =
kBl−I5iI5 + kBl−I6iI6

mg
(3.122)

For determining the position coordinates of the center of gravity of the sens-
ing element, another identification method was used. This method is shown in
figure 3.20, with an example for the y coordinate of the center of gravity. In this
example, a value ŷG for the position coordinate of the center of mass is assumed
and the body is oscillated in the x direction. During this oscillation the torque
Tz is measured and this is done for different values of ŷG. When the assumed
position for the center of mass ŷG is equal to the position of the center of mass
yG, the generated torque Tz is equal to zero. This could also be done by oscil-
lating the levitating body in the z direction and measuring the torque Tx. This
procedure is analogous for determining the coordinates x and z of the center of
mass.

By determining the position of the center of mass of the sensing element,
the parameters xG, yG and zG are known and the equations of sections 3.2.2
and 3.2.4 can be used to determine the forces generated by the electromagnetic
actuators and the position and angle of the sensing element. The matrix transfer
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Figure 3.20: Principle of the identification procedure used to
determine the position of the center of mass of the sensing element.

function (3.106) becomes valid and the six degrees of freedom of the system are
decoupled. For the three angular directions, the system has the following closed
loop transfer function:

GCi =
y(s)

ysp(s)
=

(KP+KDN)s2+(KPN+KI)s+KIN
ai
âi

(s4+Ns3)+(KP+KDN)s2+(KPN+KI)s+KIN
(3.123)

with i = 4, 5 and 6. In this case, a4 = Ixx, a5 = Iyy and a6 = Izz, and the
quantities â4, â5 and â6 have a known initial value that is equal to the inertia
torque of the sensing element for the unloaded state.

The inertia torques Ixx, Iyy and Izz can be determined by measuring the
frequency response of the transfer function (3.123) for the directions θx, θy and
θz separately. The measured frequency response for the direction i is given as
|ĜCi(jω)|, and the inertia torque in this direction can be determined by finding
an ai that minimizes the following quadratic error:

εi =

∫ ωmax

ωmin

(|ĜCi(jω)|−|GCi(jω)|)2dω (3.124)

where |GCi(jω)| is the frequency response of the analytic transfer function (3.123).
ωmin and ωmax comprise the interval of frequencies in which this identification
procedure is applied.

By performing these three identification steps, the system parameters are de-
termined and the optimized controller can be implemented in the multicomponent
transducer. In the next section, the system’s measurement resolution is analyzed
for the sets of control parameters presented in table 3.2.

3.3.5 Implementation results

The behavior of the multicomponent transducer was analyzed for the control
parameters shown in table 3.2. Figures 3.21 and 3.22 show the main results
obtained, where the standard deviation of the force and torque measurement
is evaluated for the different sets of control parameters. In these figures, both
original and filtered signals are displayed. A simple moving average was used
for filtering the signals, and the filter order was chosen in a way that the filter
cut frequency matches the transducer natural frequency. These results show
that original and filtered signals differ in about one order of magnitude, and
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Figure 3.21: Standard deviation of the force signal relative to
the measuring range for the x direction as a function of the natural

frequency ωc.
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Figure 3.22: Standard deviation of the torque signal relative to
the measuring range for the z direction as a function of the natural

frequency ωc.

the achievable type A standard uncertainty depends on the natural frequency of
the system. For ωc = 80Hz, a relative standard deviation of about 30 ppm for
the force and 20 ppm for the torque can be achieved, and for ωc = 5 Hz, these
standard deviations are reduced to 1.1 ppm and 0.7 ppm respectively.

The dependence of the standard deviation of the measurement signal on the
position noise amplification factor fG is shown in figure 3.23. All measurements
contained in this figure were performed for a system’s natural frequency equal to
10 Hz, and both original and filtered signals are displayed. These results confirm
the hypotheses that the position noise amplification factor fG correlates with the
standard deviation of the measurement signal, and the possibility to improve the
type A standard uncertainty by minimizing fG.

3.3.6 Hybrid position and force control

As described in [7], a multicomponent transducer based on the principle of the
electromagnetic force compensation [12] was used to perform a surface microma-
chining task and simultaneously measure the contact forces and torques between
the engraving tool and the surface to be processed. This transducer is very similar
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Figure 3.23: Standard deviation of the force signal relative to the
measuring range for the x direction as a function of the position
noise amplification factor. Measurements performed for eigenfre-

quency ωc = 10Hz.
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Figure 3.24: Control systems implemented in the multicompo-
nent transducer for performing the micromachining tasks.

to the instrument described here, but it does not contain the calibration system
and can only operate in the sensing mode. In order to accomplish the micro-
machining task, two types of control systems were used for the different degrees
of freedom: for the linear motion in the direction of the tool tip axis, a force
control system was implemented to regulate the contact force, and for the other
five directions, position and angle control systems were used. By controlling the
contact force, the penetration depth of the engraving tool is changed and, with
the position/angle control system, the engraving tool can be moved according to
a specified path.

Figure 3.24 contains the engraving tool with a reference frame fixed to its
tip. On the right hand side of this figure, the structures of both control systems
are shown. The control plant is represented by the transfer function Gi(s), where
i = 1, ..., 6 indicates the degree of freedom considered. The degrees of freedom 1, 2
and 3 correspond to the linear directions x, y and z respectively, and the degrees of
freedom 4, 5 and 6 correspond to the angular directions θx, θy and θz respectively.
The position/angle controller, which is implemented for all directions excluding
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z, is a simple feedback control strategy with a PID controller:

Hip(s) = KPip +KIip
1

s
+KDip

1

Nips+ 1
(3.125)

where KPip, KIip, KDip and Nip correspond to the gains of the position control
system. For controlling for contact force between the specimen and the engraving
tool a force feedback combined with a position feedback control system was used
in a similar way as suggested in [78]. The transfer function Hip(s) for the position
controller is the same as shown in equation (3.125) and the transfer function for
the force feedback is given as:

Hif (s) = KPif +KIif
1

s
+KDif

1

Nifs+ 1
(3.126)

where KPif , KIif , KDif and Nif correspond to the gains of the force feedback
controller. The results obtained for this application of the multicomponent trans-
ducer are described in section 6.3.
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Chapter 4

Evaluation of the measurement
uncertainty

The traceable force and torque measurements with the multicomponent trans-
ducer with integrated calibration depend on the traceable position, angle, voltage,
resistance and time measurements. In this chapter, the calibration of these single
components is described with the determination of the respective measurement
uncertainties. This information is used to determine an uncertainty budget for
the system and identify the biggest uncertainty contributions to the force and
torque measurements.

4.1 Position and angle measurement

As described in the previous chapter, during the velocity mode the levitating
element moves with a sine wave reference trajectory and the determination of
the amplitude of movement is fundamental for the traceable force and torque
measurements. For this reason, the position and angle measuring system with
the aperture slits, which is integrated in the multicomponent transducer, must
be calibrated. A description on this calibration procedure is provided in this
section, together with the compensation of nonlinearities and cross-talk effects.
Additionally, several aspects for the traceable position measurement with laser
interferometer based techniques is shown.

The matrices Kp1, Kp2 and Kp3 of equation (3.79), which are used in the
mathematical model of the aperture slit sensors, must be determined for the ac-
curate position and angle measurement [79]. With the objective to determine the
components of these matrices, the measuring setup of figure 4.1 is used. It is com-
posed by a triple beam laser interferometer (TBLI, appendix A), a plane mirror,
the multicomponent transducer and a two-axis linear stage (LS2A, appendix A).
This measuring setup is inside a climate chamber with controlled temperature,
and a table with pneumatic vibration isolation system is used to avoid effects of
ground vibrations. In the configuration of figure 4.1 the transducer is assembled
with the z direction pointing down along the vertical direction. With this setup
it is possible to mount the transducer with the directions x and y also parallel
to the vertical or laser direction. This is necessary in order to obtain the full
calibration matrix of the transducer considering all components. The linear stage
with two axis is used to determine deviations caused by assembly imperfections
of the plane mirror. With this stage it was possible to determine that the mirror
has a tilt of about 270µrad relative to the horizontal direction. Measurement
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Figure 4.1: Experimental setup used for the calibration of the
position measuring system.
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after calibration and gray color before calibration. From up to
down: movement in x, y, z, θx, θy and θz directions. A sine
wave function with frequency of 0.5Hz and amplitude of 90 µm or
340 µrad was used as reference trajectory. For the movement in z
direction the error relative to the reference trajectory is plotted.
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Figure 4.3: Temperature measured inside the multicomponent
transducer.
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Figure 4.4: Deviation between the position measurement with
the aperture slit sensor and the laser interferometer.

deviations caused by imperfections in the stage are considerably smaller than the
measured tilt and could be neglected. For measuring the cross talk between the
different position components this tilt can cause a maximal error of 24 nm. Fig-
ure 4.2 shows measurements performed with the transducer mounted as shown
in figure 4.1. With the triple beam laser interferometer, the displacement of the
mirror along the z direction and the angles θx and θy can be measured. The re-
sults shown here are for six measurements performed considering the z direction.
In these measurements, the sensing element of the transducer was moved in all
directions. For the directions x, y, θx, θy and θz, the cross talk of the position
measurement system was determined and for the z direction the calibration was
performed. The transducer was also mounted with the x and y axes parallel
to the laser direction and these measurements were repeated. The information
obtained was used to determine the matrices Kp1, Kp2 and Kp3. In figure 4.2,
measurements in gray color were performed before the calibration and measure-
ments in black color were performed after the calibration. The reduction of the
cross talk in directions x, y, θx and θy can be observed in this figure. For the
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Figure 4.5: Repeatability for the position amplitude measure-
ment with the laser interferometer.

z direction, nonlinearities in the position transducer were compensated and the
original measurement deviation of about 11% could be eliminated.

The system was moved with sine wave trajectory with an amplitude of about
32µm and frequency 10Hz. With the objective to evaluate the uncertainty for
the position measurement during the calibration mode, the amplitude of the
movement was measured by using both integrated position sensor and laser in-
terferometer. The temperature was measured inside the transducer and, in order
to obtain the results shown here, a temperature compensation was applied. The
measurements were repeated for 60 h with a time interval of about 10min be-
tween each measurement. Figure 4.3 shows the temperature measured inside the
transducer. For the first half of the measurements, the ambient temperature
was controlled at 20 ◦C and, for the second half, 23 ◦C. The temperature inside
the transducer is about 2.4 ◦C higher than the ambient temperature. Figure 4.4
shows the relative deviation between the position measurement with the laser
interferometer and the aperture slit sensors. A standard deviation of 34 ppm
was obtained for this measurements. This value is not considering the first 21
measurements performed after the temperature change. Several aspects influence
the uncertainty for the position and angle measurement with the aperture slit
sensors. For the traceable position measurement with the aperture slit sensors it
is important to have a stable mechanical hardware. Deformations of the aperture
slit or changes in mechanical connections can change the calibration parameters
for the position measurement.

The laser interferometer can not only be used for measuring the nonlinear-
ities and cross coupling in the position sensors. It is also possible to measure
the position of the sensing element during the velocity mode in order to obtain a
traceable position measurement. The repeatability of the position measurement
with the laser interferometer can be evaluated by using the measurement result
shown in figure 4.5. For this measurement an experimental setup very similar to
the system shown in figure 4.1 was used, but with a one-beam laser interferometer
(SBLI, appendix A). In these measurements the sensing element was moved with
a sine-wave trajectory, with 36 µm amplitude and 10Hz frequency. The relative
deviation for the determination of the translation amplitude is shown in figure 4.5.
The measurements were repeated several times and a standard deviation smaller
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Figure 4.6: Procedure used for the traceable measurement of the
laser frequency for the laser interferometer.

than 25 ppm was obtained. This standard deviation is used to quantify the mea-
surement repeatability for the translation amplitude. The uncertainty for the
angle measurement with the laser interferometer was analyzed as well. Although
a one-beam laser interferometer was used, the angle measurement was possible
by moving the transducer with the linear stage. In this case, the positioning
precision of the linear stage is relevant for the angle determination. According to
datasheet information, the linear stage is equipped with an optical linear encoder
capable of measuring the position with an uncertainty smaller than 1 µm. For the
moving range of 20mm used during the measurements, that represents a maximal
relative uncertainty of 50 ppm. An additional difficulty for measuring the angle
with the laser interferometer and plane mirror is the maximal range of motion.
Angles up to 0.43′ with a repeatability of 450 ppm can be measured with this
setup. This repeatability was experimentally determined by using a procedure
similar to the determination of the repeatability for the translation amplitude.

Some other important aspects must be regarded for the position measure-
ment with the laser interferometer. Since the position of the geometric center
of the sensing element is measured, it is necessary to align the beam with this
point in order to avoid measuring deviations caused due to Abbe error. The laser
frequency of the laser interferometer must be stable and known within the un-
certainty level required. Since the measurements are performed in air, it is also
necessary to determine the laser wavelength for these conditions. The measure-
ment of the laser frequency and the determination of the laser wavelength in air
are described in the next sections.

4.1.1 Measurement of the laser frequency

The frequency of the laser source used in the laser interferometer has to be pre-
cisely determined in order to obtain a traceable position measurement. The fre-
quency was measured by using a wavelength meter (WLMET, appendix A), which
was previously calibrated by using a calibrated reference HeNe laser (HENEL, ap-
pendix A). This procedure is shown in figure 4.6. The frequency fref of the refer-
ence laser was previously determined in a measurement performed with an optical
frequency comb (FRCMB, appendix A) and its value is 473 612 541MHz± 2MHz.

The frequency of the laser interferometer was measured by using this proce-
dure. Table 4.1 shows the measurement results, with the frequency of the ref-
erence laser, the wavemeter readouts for both interferometer and reference laser
and the frequency of the laser interferometer. The uncertainty contributions are



66 Chapter 4. Evaluation of the measurement uncertainty

Table 4.1: Uncertainty budget for the laser frequency measure-
ment.

Quantity Value Standard
uncertainty Distribution Uncertainty

contribution

fref 473 612 541MHz 2MHz square 12%

f̂int 473 612 321MHz 4MHz square 44%

f̂ref 473 612 097MHz 4MHz square 44%

fint 473 612 765MHz 7MHz

also shown in this table. The frequency of the laser interferometer was measured
equal to 473 612 765MHz± 7MHz.

The laser frequency of the interferometer can be determined by using the
following expression:

fint = fref
f̂int

f̂ref
(4.1)

where f̂int and f̂ref are the readouts of the wavelength meter.

4.1.2 Laser wavelength determination in air

Since the measurements are performed in air, the laser wavelength λ for the laser
interferometer has to be determined for this condition. This is done by evaluating
the air refractive index n as in [80] and using the following equation to determine
the laser wavelength in air:

λ =
c

nfint
(4.2)

where c = 299 792 458m/s is the speed of light in vacuum and fint is the laser
frequency as determined in the previous section. The refractive index depends on
the laser frequency, the air temperature, the relative humidity, the air pressure
and the concentration of CO2. Two methods are used to determine the refractive
index with this information: the Ciddor and the Edlén equations. Table 4.2 shows
the uncertainty for the determination of the refractive index and wavelength in
air by using both methods. These uncertainties were obtained by using the Guide
to the Expression of Uncertainty in Measurement [81] and neglecting correlations
between the random variables related to the physical quantities. The uncertain-
ties of both equations were neglected as well. The temperature, the relative
humidity and the air pressure are measured by using the integrated PHT module
of the sensing unit. The uncertainties for the measurement by using this sensor
are also shown in table 4.2. For the concentration of CO2 an estimated value of
3500µmol/mol with a rectangular uncertainty distribution and limit half-width
of 3000µmol/mol is used. The laser wavelength has an uncertainty contribution
smaller than 1.2 ppm for the position measurement with the laser interferometer
in air.
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Table 4.2: Determination of the measurement uncertainty for
the air refractive index.

Contribution
Quantity Standard uncertainty Ciddor Edlén

Temperature 1.15 ◦C 84.8% 89.2%
Laser Frequency 7MHz 0.0% 0.0%
Relative humidity 17.3% 3.6% 2.9%
Air pressure 115Pa 7.4% 7.9%
Concentration of CO2 1730µmol/mol 4.2% -

nCiddor 1.12× 10−6

nEdlén 1.09× 10−6

λCiddor 0.71 pm
λEdlén 0.69 pm

The position measured with the laser interferometer is basically obtained by
using the following expression:

xint =
λ

2
nfringes (4.3)

where nfringes ∈ R is the interpolated number of fringes measured with the laser
interferometer. For this expression, the offset path difference between the laser
beams reflected by reference mirror and measurement mirror was neglected. The
quantity nfringes has an uncertainty contribution of type A and it is assumed to
have a relative standard uncertainty equal to 25 ppm, which is the value obtained
with the result shown in figure 4.5. In this way, the combined standard uncer-
tainty for the measurement of the position amplitude with the laser interferometer
can be determined. The measurement of the fringes is the biggest uncertainty
contribution and the standard uncertainty is equal to 25 ppm as well. For the
angle amplitude measurement with the laser interferometer and linear stage a
combined standard uncertainty of 453 ppm is obtained considering the maximal
range of motion of 0.43′. The relative standard uncertainty for the angle ampli-
tude measurement is bigger than the uncertainty for the translation amplitude by
a factor of almost 20. This uncertainty can be improved by using retroreflectors
instead of a plane mirror, in a way to increase the range of motion and reduce
the relative measurement repeatability. A two-beam laser interferometer can be
used as well to eliminate uncertainty contributions from the linear stage.

4.2 Voltage measurement

The measurement of the induced voltages in the coils is necessary during the
calibration mode and the measurement of the voltage drop in the resistors is
necessary during the sensing mode. There are basically two possibilities for the
voltage measurement used in this work: the use of the analog to digital converters



68 Chapter 4. Evaluation of the measurement uncertainty

Digital RT
controller

16 Ch. ADC Board 1

Computer

16 Ch. ADC Board 2GPIB

Channel
selector
switch

GPIB

Voltage
calibrator

Programmable
Josephson

voltage standard

Measurement in situ

Figure 4.7: Experimental setup used for the calibration of the
voltage measuring system.

(ADC-B, appendix A) of the real-time controller and the use of a precision digi-
tal voltmeter (DVM, appendix A). With the ADC all voltages can be measured
simultaneously, however problems of nonlinearities limit the achievable uncer-
tainty for the measurement. The multichannel voltage measurement with the
digital voltmeter is possible by using a measurement scanner but, in this case,
the simultaneous measurement is not possible. There are three main aspects
for the voltage measurement with these devices which contribute to the over-
all measurement uncertainty: the measurement resolution, the linearity of the
instrument and the long-term stability.

The voltage measuring system integrated in the real-time controller is com-
posed by two boards with 16 successive-approximation-register (SAR) analog to
digital converters each. Each converter has a measuring resolution of 16 bits
and the measuring ranges can be adjusted to ±5V, ±10V or 0V to 10V. The
minimal theoretical resolution which can be achieved for one sample is approx-
imately 153µV. By using oversampling techniques, such as described in [82],
this resolution can be improved to 3µV. In order to obtain a consistent voltage
measurement, it is necessary to calibrate these ADCs. The following expression
is used to describe each converter:

ui = aiûi + bi (4.4)

where ûi is the output of the ADC, ai is the linear gain of the converter, bi is
the offset and ui is the calibrated voltage. The measuring setup of figure 4.7
is used to determine the coefficients ai and calibrate the voltage measuring sys-
tem of the real-time controller. This setup is composed by a voltage calibrator
(VCAL, appendix A), a channel selector switch (MCSCN, appendix A), the real-
time controller and a computer. The voltage calibrator was previously calibrated
by using a programmable Josephson voltage standard system. This system uses
the conventional value of the Josephson constant KJ−90 to represent the unit volt
[83]. With the computer all devices can be controlled automatically and the mea-
surement data can be acquired. Figure 4.8 shows experimental results obtained
with this setup. For each measurement a calibration of the ADC channels was
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Figure 4.8: Deviation of the gain ai for the ADC channels of
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Figure 4.9: Deviation of the analog-to-digital converter relative
to the digital voltmeter.

performed by using defined voltage levels between −10V and 10V in steps of
1V. The deviations of the calibration parameters ai for the 16 channels of the
ADC board 2 are shown in figure 4.8. These deviations are relative to the mean
values of all measurements performed. A maximal deviation of about 12.5 ppm
was obtained for the channel 14. For the measurement procedure used in the
multicomponent transducer it is not necessary to determine the offset voltages of
the instruments. For this reason the coefficients bi of equation (4.4) are not mea-
sured here. However, by using the same procedure, it is also possible to determine
these coefficients for other applications.

The results of figure 4.8 can be used to evaluate the time stability of the ana-
log to digital converters of the integrated voltage measuring system. A further
aspect which is very relevant is the linearity of the converters. This linearity was
evaluated by using an experimental setup very similar to the system shown in
figure 4.7, however, instead of the voltage calibrator, a programmable signal gen-
erator was used to generate a reference voltage level. Since for this experiment
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Figure 4.10: Repeatability for the measurement of the induced
voltage amplitude with the digital voltmeter.

no traceable voltage measurement is necessary, this signal generator was not pre-
viously calibrated. Voltage levels in a range of −0.1V to 0.1V were measured
with the ADC and a precision digital voltmeter. Figure 4.9 shows the measure-
ment results obtained for 5000 voltage levels uniformly distributed in the range
mentioned. In this figure, the deviation of the measurements obtained with both
instruments is shown as a function of the voltage level applied. Deviations with
a sawtooth wave format in a range from −180µV to 180µV can be observed. For
the ranges of ±5V and ±1V this represents a relative deviation of 36 ppm and
180 ppm respectively. These values for the linearity deviation are consistent with
information from the device datasheet.

Another possibility for the voltage measurement is using the digital voltmeter
DVM listed in appendix A. Such device has been used in several fields of measur-
ing technology and its performance has been evaluated since several years. This
device is also employed in Kibble balance experiments [52]. With this instru-
ment it is possible to measure voltages with a relative uncertainty smaller than
10 ppm for the voltage range of 0.1V and 6.3 ppm for the voltage range of 1V.
These uncertainty values are determined by the specifications in the datasheet of
the digital voltmeter and already consider the aspects of stability, linearity and
resolution. For the measurement of the induced voltages in the electromagnetic
actuators a different method is used. The induced voltages have a sine wave form
and the amplitude of these voltages is determined by fitting a sine wave function
to the data measured. Figure 4.10 shows measurement results obtained with this
procedure. The voltage measured has originally a frequency of about 10Hz and
an amplitude of about 49mV. With this measurement result it is possible to
evaluate the repeatability for the determination of the induced voltage ampli-
tude, which is approximately 21.5 ppm. In order to obtain the uncertainty for
the induced voltage amplitude, the repeatability is combined with the 10 ppm of
the voltmeter and the value obtained is approximately 24 ppm.

4.3 Resistance measurement

The traceable current measurement is a requirement for the force and torque
measurement with the multicomponent transducer. The current measurement
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Figure 4.11: Measuring setup for the calibration of the resistor
board of the multicomponent transducer.

is performed by measuring the voltage drop caused by the currents in reference
resistors. For this reason it is necessary to calibrate the resistors used in the
system and determine the uncertainties for the respective values of electrical
resistance.

Two resistor boards composed by six resistors each are used for the measure-
ment of twelve electrical currents. By using the Ohm’s law:

Vk = Rkik , (4.5)

where k = {1, ..., 6} correspond to the resistors of the board 1 and k = {7, ..., 12}
correspond to the resistors of the board 2. If the electrical resistance Rk is known,
the electrical current ik can be determined by measuring the voltage Vk. It is
known that external temperature differences and self-heating caused by the elec-
trical current change the electrical resistance. Additionally to this temperature
dependency, the resistance values are also subject to a time drift. According
to information provided by the manufacturer of the resistors, these components
have a stabilization time of about four weeks after mounting on a printed circuit
board. In this time period, deviations of the resistance value of some ppm can
be observed. The electrical resistance of each resistor is given as:

Rk = Rcal
k (1 + αT(∆T ) + αi(∆i) + αt(∆t)) (4.6)

The quantity Rcal
k describes the resistance value obtained during the calibra-

tion and the quantities ∆T , ∆i and ∆t are the temperature, electrical current and
time differences between calibration and measurement conditions. The functions
αT, αi and αt describe the dependency of the electrical resistance on external
temperature changes, self-heating due to electrical current and time respectively.
The oil filled and hermetically sealed resistors used exhibit a very low air pressure
and humidity dependency and, for this reason, these effects are neglected.

The measuring setup of figure 4.11 was used to calibrate the resistor boards of
the multicomponent transducer. It is composed by a calibrated reference resistor,
a digital voltmeter (DVM, appendix A), a programmable current source (PCS,
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Figure 4.12: Relative deviation of the resistance measured in the
resistors during a self heating test for a current step of 100mA.

appendix A), a switching system with a scanner (MCSCN, appendix A) and four
relays. The resistor board is located inside a polystyrene box for temperature
isolation together with a heating system. In this way, it is possible to perform
the calibration of the resistors in conditions very similar to the normal operation
during the force/torque measurement with the transducer. The resistor board is
connected to the scanner, which is used to select one of the six resistors to be
calibrated. The measurement is performed with a four-terminal sensing method
and the current-carrying/voltage-sensing electrodes are separated. The PCS,
the reference resistor and the resistor to be calibrated are connected in series.
With two relays it is possible to invert the direction of the current flowing in
the resistors. This is performed in order to eliminate effects caused by thermal
electromotive forces generated in the voltage-sensing circuit. The voltage drop in
both reference resistor and test resistor have to be measured. This is done with
a digital voltmeter connected to two relays. During the calibrations a current
i = 1mA was generated by the PCS. The voltage measured in the test resistor k
for a positive current direction is given by:

V +
k = a1VRk + V0 = a1R

cal
k i+ V0 (4.7)

The calibration factor of the DVM is given by a1, V0 is an offset voltage, which
includes thermal electromotive forces generated in the voltage-sensing circuit and
VRk is the voltage drop in the test resistor caused by the current. The voltage
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Figure 4.13: Values measured for the voltage ratio coefficient
rVk of the six resistors.

measured in the same resistors for the negative current direction is given by:

V −k = −a1VRk + V0 = −a1R
cal
k i+ V0 (4.8)

The following voltages are measured for the reference resistor Rref in positive
and negative current directions respectively:

V +
ref = a1VR + V0 = a1Rrefi+ V0 (4.9)

V −ref = −a1VR + V0 = −a1Rrefi+ V0 (4.10)

By using equations (4.7), (4.8), (4.9) and (4.10), the following expression can
be obtained for the determination of the electrical resistance Rcal

k :

Rcal
k =

V +
k − V −k

V +
ref − V −ref

Rref = rVkRref (4.11)

The reference resistor is the same type as the resistors of the resistor board
but it has a nominal value of 100Ω. Its electrical resistance also depends on the
temperature, electrical current and time:

Rref = Rcal
ref(1 + αT,ref(ΔT ) + αi,ref(Δi) + αt,ref(Δt)) (4.12)

Finally, by using equations (4.6), (4.11) and (4.12), the following expression
which describes the resistance value during the current measurement task can be
obtained:

Rk = rVkR
cal
ref(1 + α̂T,ref + α̂i,ref + α̂t,ref)(1 + α̂T + α̂i + α̂t) (4.13)

The quantities α̂T,ref , α̂i,ref and α̂t,ref represent the evaluation of the functions
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Table 4.3: Resistance values and respective uncertainties for the
resistor board 1.

Quantity Value Standard
uncertainty Distribution Uncertainty

contribution

rVk from figure 4.13 2× 10−8 normal 1.1%
Rcal

ref 100.000 177 4Ω 0.000 001 0Ω normal 0.0%
α̂T,ref 0.000 000 00 0.000 000 23 rectangular 1.5%
α̂i,ref 0.000 000 00 0.000 000 00 rectangular 0.0%
α̂t,ref 0.000 000 00 0.000 000 92 rectangular 23.6%
α̂T 0.000 000 00 0.000 000 69 rectangular 13.3%
α̂i 0.000 000 00 0.000 001 15 rectangular 36.9%
α̂t 0.000 000 00 0.000 000 92 rectangular 23.6%

R1 10.000 287Ω 0.000 019Ω
R2 10.000 292Ω 0.000 019Ω
R3 10.000 363Ω 0.000 019Ω
R4 10.000 176Ω 0.000 019Ω
R5 10.000 312Ω 0.000 019Ω
R6 10.000 380Ω 0.000 019Ω

αT,ref , αi,ref and αt,ref for the measurement conditions during calibration of the
resistor board and the quantities α̂T, α̂i and α̂t represent the evaluation of the
functions αT, αi and αt for the measurement conditions during transducer opera-
tion. With this measurement procedure the resistance values of the test resistors
are traced exclusively to the reference resistor Rref . The determination of the cal-
ibration coefficients of the DVM and the traceable current measurement are not
required in order to measure the resistance values. It is only necessary to mea-
sure the voltage ratio coefficient rVk for each resistor, which is a dimensionless
quantity, and estimate how much the operation and calibration conditions differ.
The resistance value of the reference resistor is given in a calibration certificate
with a respective uncertainty.

According to the calibration certificate, the reference resistor was originally
calibrated at 19.95 ◦C± 0.01 ◦C with a current of 1mA. During the calibration,
a value Rcal

ref = 100.000 177 4(10)Ω was obtained for the electrical resistance and
a temperature dependency of about 0.4 ppm/K was identified. Since the current
used during the calibration of the reference resistor is the same for the calibration
of the resistor board, measurement deviations caused by self-heating can be ne-
glected, i.e. α̂i,ref ≈ 0. During the calibration of the resistor board the reference
resistor was at 20 ◦C± 1 ◦C and, in this way, |α̂T,ref |≤ 0.4 ppm. During the cali-
bration of the reference resistor a deviation of about 0.4 ppm/week was observed
and, for a stabilization time of four weeks, a maximal deviation |α̂t,ref |≤ 1.6 ppm
is expected.

With the objective to determine the influences of self-heating in the resistor
board a measurement was performed. Each resistor was submitted to a current
step of 100mA, which is the maximal current allowed during the operation of the
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Figure 4.14: Setup used for the traceable time measurement.

multicomponent transducer, for two hours and the resistance value was deter-
mined by measuring the voltage drop. Figure 4.12 shows the relative resistance
deviation in ppm for the six resistors. For these measurements, the deviations
caused by the electrical current are smaller than 2 ppm. With this information,
the parameter α̂i is assumed to have a magnitude smaller than 2 ppm. The volt-
age ratio rVk was measured for the resistors mounted in the resistor board and the
values obtained are shown in figure 4.13. These measurements were performed
at the temperature TR = 34.5 ◦C for the resistor board. For each resistor, the
electrical resistance was measured 792 times in measurements repeated with a
period of about 50 s. The uncertainties shown in figure 4.13 were determined by
calculating the standard uncertainty for the mean values of the data sets and
expanding these uncertainties by a factor of 3. The ambient temperature was
changed with the objective to evaluate the temperature dependency and a max-
imal value of 0.4 ppm/K was observed. Maximal temperature deviations of 3 ◦C
are expected between calibration and measurement conditions and the parameter
α̂T is assumed to have a magnitude smaller than 1.2 ppm. Effects caused by time
drifts are also assumed be in a range of 1.6 ppm for the resistors of the resistor
board.

With all this information it is possible to determine the resistance values
and the respective measurement uncertainties for the resistors according to the
equation (4.13). The values obtained for the six resistor of the board 1 are
shown in table 4.3. For this determination, the variables rVk and Rcal

ref were
assumed to have a normal distribution with standard uncertainties obtained from
measurements and a calibration certificate respectively. The variables related to
the measurement conditions were assume to have a rectangular distribution.

4.4 Time measurement

A time measuring system is used to obtain a traceable time measurement, which
is a requirement for the multicomponent force and torque measurements. Fig-
ure 4.14 shows the setup used for the time measurement. It is composed by a GPS
assisted frequency reference (GPSFR, appendix A), a stable frequency reference,
a frequency counter (FCTR, appendix A) and the digital real-time controller used
to control the levitating element of the multicomponent transducer. The GPS
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Table 4.4: Uncertainty budget for the determination of the fre-
quency of movement.

Quantity Value Standard uncertainty Contribution

fGPS 10 000 000.00Hz 0.03Hz 99.8%
fcal 9 999 999.834Hz 0.002Hz 0.0%
fRT 4999.963 68Hz 0.000 31Hz 0.2%
ω̂ 10Hz - -

ω 9.999 927 19Hz 0.000 000 62Hz

frequency reference is used to calibrate the stable frequency reference, which con-
tains a ultra stable timebase with temperature control. This is done by measuring
the fGPS = 10MHz output frequency signal from the GPS reference. This fre-
quency has an uncertainty of 5 ppb. The stable frequency reference has an aging
rate smaller than 20 ppb per year and a turn-on stability of 5 ppb. This frequency
reference is integrated in the frequency counter, which is used to measure the loop
frequency of the real-time controller. A clock signal with nominal frequency of
5 kHz is generated by the real-time controller and measured with the counter.
For a nominal frequency of movement ω̂, the real frequency of movement ω can
be determined by using the following expression:

ω = ω̂
fRT
5 kHz

fcal
fGPS

(4.14)

where fcal is the frequency of the GPS assisted reference measured with the
counter and fRT is the frequency of the real-time controller also measured with
the counter. Table 4.4 shows the uncertainty budget for the determination of
the frequency of movement during the velocity mode. The frequency can be
determined with a relative standard uncertainty of about 62 ppb.

4.5 Further considerations

In order to obtain a traceable force and torque measurement with the multicompo-
nent transducer some other considerations are necessary. This includes variations
in temperature, air pressure and humidity, the coil-current effect in the electro-
magnetic actuators and the inductive coupling between the coils. Variations in
the temperature cause a change in the actuator constant of the electromagnetic
actuators. If these changes are very small between the calibration mode and the
sensing mode, these influences can be neglected. In case of significant tempera-
ture changes, the integrated temperature sensors can be used to compensate the
variations of the actuator constant. The air density depends on the pressure,
relative humidity and temperature. Variations in these quantities cause changes
in the buoyancy force in the sensing element. These changes can cause mea-
surement deviations in the force and torque measurements and the integrated air
pressure, relative humidity and temperature sensors can be used to detect them.
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The influences of the coil-current effect and the inductive coupling between the
coils are described in the next sections.

4.5.1 Coil-current effect

The coil-current effect is well-known for Kibble balance experiments and is de-
scribed with details in [53]. This effect causes a current dependency of the actu-
ator constant, which is given as:

kBl = kBl0(1 + kcci) (4.15)

Measurement results obtained with the multicomponent transducer show that
the coil-current effect is a relevant source of deviation for both force and torque
measurements. These measurements are presented in section 5.2. The strategy
used in this case is to measure the magnitude of kcc in order to implement a
compensation strategy. This quantity can be determined by using the weight
force generated by a test mass of unknown value in association with different
offset forces generated by the coils of group II. This procedure is described with
details in the following.

Assuming the transducer is operating in sensing mode, as described in sec-
tion 3.1, the coils I are used to control the position and angle of the sensing
element and the coils II are used to generate offset forces. If the test mass is not
used, there is no constant current flowing in coils I. For any of these coils we have
theoretically:

i = 0 (without mass) . (4.16)

When the test mass is placed on the sensing element, coils I automatically com-
pensate the weight force generated by the test mass. Electrical currents flowing
in the coils are responsible for compensating the weight of the test mass:

i = iw (with mass) . (4.17)

The coils II can also be used to generate an additional force in order to com-
pensate the weight of the levitating element and cause an offset force, which is
compensated by the coils I. In this case, the following currents flows in a coil of
group I for the conditions without and with test mass:

i = ioff (with offset) (4.18)
i = ioff + iw (with offset and mass) . (4.19)

It is important to observe that, if the axis of the coil is perpendicular to the
gravity acceleration direction, equation (4.19) is not valid.

The magnitude of the force generated by the same coil in the cases (4.18)
and (4.19) is given as:

Foff = kBl0(1 + kccioff)ioff (4.20)
Foff + Fw = kBl0(1 + kcc(ioff + iw))(ioff + iw) (4.21)
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Figure 4.15: Measurement performed to determine i2w + 2ioffiw
as a function of the offset current.

By combining both equations, the following expression can be obtained:

Fw

kBl0

= iw + kcc(i
2
w + 2ioffiw) (4.22)

Equation (4.22) is the basis for the method used to determine kcc. Since Fw

is a force generated by the weight of a test mass, its value is assumed to be
very stable. For small temperature deviations it is also possible to assume a
constant value for the actuator constant kBl0. By using different values for the
offset current ioff , the current iw changes. There is a special case when the offset
current ioff has a magnitude equal to the half of the current iw magnitude and
the term i2w + 2ioffiw is equal to zero. In this case ioff = ioff0, iw = iw0 and

iw0 = − 1

ioff0
=

Fw

kBl0

(4.23)

Figure 4.15 shows the term i2w + 2ioffiw as a function of the offset current.
This is a measurement result performed with a prototype of the transducer and
this result was obtained for the coil 1 of group I. In this figure, a dashed line
containing a linear fit for the points measured and another dashed line for the
zero values are shown. Both lines cross at ioff = −8.6515mA.

With this procedure the ratio Fw/kBl0 can be determined without measur-
ing the force Fw or the actuator constant kBl0. By using (4.22) and (4.23) the
following expression can be obtained:

kcc =
iw0 − iw

i2w + 2ioffiw
(4.24)

Figure 4.16 shows measurement results used to determine the coil-current
parameter kcc for the coil 1 of group I. 66 measurements were performed for dif-
ferent levels of offset current. The coil-current parameter was measured equal to
7.01(65)mA−1 for this actuator. For the coil 2 of the group I the same measure-
ment was performed and the value obtained is 10.84(51)mA−1. The standard
deviation for the mean value of the measurements was used for the determina-
tion of the measurement uncertainty. The electrical currents were determined
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Figure 4.16: Measurements used to determine the coil-current
parameter kcc for the coil 1 of group I. The value for kcc, which is
the mean value of the measurements, indicated with a dashed line.

by measuring the voltage drop on the same resistors described in section 4.3 by
using the digital voltmeters described in section 4.2. With these equipment the
measurement uncertainties obtained are much lower than the uncertainties of kcc.
The uncertainty contributions of the procedure described to determine iw0 were
neglected as well. By comparing the values for iw0 obtained with this procedure
with values obtained by the measurement of Fw and kBl0, deviations smaller than
50 ppm were obtained. These deviations are three orders of magnitude smaller
than the uncertainty for kcc.

4.5.2 Inductive coupling between coils

During the calibration mode the sensing element of the multicomponent trans-
ducer is moved with a sine wave reference trajectory by using the actuators of
the group II and the voltages induced in the coils of group I are measured simul-
taneously (section 3.1). The alternating currents flowing in the coils II generate
induced voltages in the coils I as well. These voltages cause a measurement devia-
tion in the determination of the actuator constant. Due to the inductive coupling
between the coils the following dependency arises:

ûind0 = uind0(1 + kicω
2
0) , (4.25)

where uind0 is the induced voltage caused by the movement of the coil in the
magnetic field and ûind0 is this voltage added to the induced voltage caused by
the inductive coupling, which is the measured voltage. This causes the following
dependency of the actuator constant on the frequency of movement:

k̂Bl0 = kBl0(1 + kicω
2
0) (4.26)

Figure 4.17 shows a measurement result used to determine the inductive cou-
pling coefficient kic for the coil 1 of group I. For this coil the coefficient was
measured equal to −0.311(10)µrad−2. This value was determined by fitting a
function with the same format as equation (4.26) to the data shown in figure 4.17
by using the method of least squares. The uncertainty value was determined
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Figure 4.17: Measurements used to determine the effect of in-
ductive coupling in the voice coil actuators.

by performing this fitting to different subsets of the data set and observing the
variations in kic. For the coil 2 of group I this value was measured equal to
−0.290(10)µrad−2 by using the same method.

4.6 Uncertainty budged

In this section the uncertainty for the force and torque measurement with the mul-
ticomponent transducer is determined. For this determination, the mathematical
model for the transducer, which is described in section 3.2, and the individual
uncertainty contributions explained in this chapter are used.

As described in section 3.1, during the sensing mode the coils I of the multi-
component transducer are used to control the sensing element and compensate the
external forces and torques applied to it. By using equation (3.44) it is possible
to determine the measured forces and torques for the x, y and z directions:

Fx = kBl−I1iI1 + kBl−I2iI2 (4.27)
Fy = kBl−I3iI3 + kBl−I4iI4 (4.28)
Fz = kBl−I5iI5 + kBl−I6iI6 (4.29)
Tx = −lI3kBl−I3iI3 + lI4kBl−I4iI4 (4.30)
Ty = −lI5kBl−I5iI5 + lI6kBl−I6iI6 (4.31)
Tz = lI1kBl−I1iI1 − lI2kBl−I2iI2 (4.32)

where the actuators constants kBl−I1, . . . , kBl−I6 and the parameters lI1, . . . , lI6 are
given by the equations (3.66)-(3.71). The following expressions can be obtained
which are used to determine the forces and torques measured with the multicom-
ponent transducer based on the position, angle, voltage, electrical resistance and
time measurements:

Fx =
uI10
x0ω0

uR1

R1

+
uI20
x0ω0

uR2

R2

(4.33)

Fy =
uI30
y0ω0

uR3

R3

+
uI40
y0ω0

uR4

R4

(4.34)
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Fz =
uI50
z0ω0

uR5

R5

+
uI60
z0ω0

uR6

R6

(4.35)

Tx = − uI3l0
ϕ0ω0

uR3

R3

+
uI4l0
ϕ0ω0

uR4

R4

(4.36)

Ty = −uI5l0
θ0ω0

uR5

R5

+
uI6l0
θ0ω0

uR6

R6

(4.37)

Tz =
uI1l0
ψ0ω0

uR1

R1

− uI2l0
ψ0ω0

uR2

R2

(4.38)

The coil-current effect and the inductive coupling, which are described in sec-
tions 4.5.1 and 4.5.2 respectively, also have to be considered for the determination
of the measured forces and torques. For the force measurement in x direction and
for the torque measurement in z direction, the following expressions can be ob-
tained by combining (4.33) and (4.38) with (4.25) and (4.15):

Fx =
ûI10
x0I1ω0

uR1

R1

1 + kccI1(uR1/R1)

1 + kicI1ω2
0

+
ûI20
x0I2ω0

uR2

R2

1 + kccI2(uR2/R2)

1 + kicI2ω2
0

(4.39)

Tz =
ûI1l0
ψ0ω0

uR1

R1

1 + kccI1(uR1/R1)

1 + kicI1ω2
0

− ûI2l0
ψ0ω0

uR2

R2

1 + kccI2(uR2/R2)

1 + kicI2ω2
0

(4.40)

Equations (4.39) and (4.40) represent the measurement model for the force
and torque measurements respectivelly. These equations are used to determine
the measurement uncertainty using the standard method described in the guide
to the expression of uncertainty in measurement (GUM, [81]). For this uncer-
tainty estimation, the cross-correlation between the variables is neglected as per-
formed in [84]. Tables 4.5 and 4.6 on page 83 contain the uncertainty budgets
for the force and torque measurements respectively. In each table the measure-
ment uncertainty is determined for three conditions: the design specifications,
the setup 1 and the setup 2. The system was originally designed to measure
forces and torques in a range of 2N and 0.1Nm with maximal relative expanded
uncertainty (k=2) of 1× 10−4 for both force and torque measurements. The un-
certainty values used for the design specifications have already been published
in [26]. In the measurement with the setup 1 the voltages are measured with
the analog-to-digital converters of the real-time controller and the position and
angle are measured with the aperture slit sensors. For the setup 2 the voltages
are measured with a precision digital voltmeter and the position and angle are
measured with a laser interferometer.

For the force measurement with the setup 1, a relative standard uncertainty
of 0.13% can be achieved for the range of 2.2N. That represents a standard
uncertainty of about 2.9mN. The biggest uncertainty contribution in this case
is the uncertainty for the induced voltage measurement. This high uncertainty
is caused by the nonlinearities of the analog-to-digital converters shown in fig-
ure 4.9. The induced voltage is a sine-wave function with a frequency of 10Hz and
amplitude of 49mV. For the standard uncertainty determination, the peak-to-
peak amplitude of 98mV is considered. The maximal deviation of 180µV caused
by the nonlinearities in the voltage measurement represent a relative standard
uncertainty of 0.18%. Experimental results show that the repeatability for the
induced voltage measurement with the analog-to-digital converters is smaller than
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40 ppm and, for this reason, this uncertainty contribution is neglected in the in-
duced voltage measurement. The second biggest uncertainty contribution for the
force measurement with the setup 1 is caused by the voltage drop measurement.
This uncertainty is also caused by the nonlinearities of the analog-to-digital con-
verters. For the setup 2, relative and absolute standard uncertainties of 44 ppm
and 97 µN are obtained for the force measurement respectively. The uncertainty
contributions related to measuring resistor, movement frequency, inductive cou-
pling and coil-current effect are the same for both setups. The measurement
uncertainty is reduced by using the digital voltmeter and the laser interferometer
to measure the induced voltage amplitude, the voltage drop and the translation
amplitude more precisely. In this case, the biggest uncertainty contribution is the
inductive coupling between the actuators and the second biggest contribution is
the coil-current effect. The measurement of the translation amplitude and the
induced voltage amplitude are the third and fourth biggest contributions respec-
tively. For the torque measurement an additional difficulty is given by the angle
measurement using the laser interferometer. As described in section 4.1, the range
of motion is limited to 124µrad and a relative standard uncertainty of 453 ppm
is obtained for the angle measurement with the laser interferometer. Although
the angle measurement with the aperture slit position sensors exhibits a much
better repeatability, the measurement uncertainty is limited by the uncertainty
obtained with the laser interferometer, which is used to calibrate the aperture slit
sensors. For this reason, the standard uncertainty for the rotation amplitude is
the same for both setups. The limitation in the amplitude of movement causes a
reduction in the induced voltage amplitude during the calibration mode. For the
torque measurement with the setup 1 a relative standard uncertainty of 0.75% is
obtained for a torque of about 0.11Nm, which represents a standard uncertainty
of 0.82mNm. The biggest uncertainty contribution in this case is the measure-
ment of the induced voltage amplitude. The measurement uncertainty for the
induced voltage amplitude in the torque measurement is obtained by assuming
that the absolute standard uncertainty for this quantity remains constant and is
the same for both force and torque measurements. For the torque measurement
with the setup 2 a relative and absolute standard uncertainties of 460 ppm and
51µNm are obtained respectively. The biggest uncertainty contribution in this
case is the angle measurement with the laser interferometer. The second biggest
contribution is caused by the induced voltage amplitude. This uncertainty is also
obtained by assuming that the absolute standard uncertainty for this quantity is
the same for both force and torque measurements.

For the force measurement, the measurement uncertainty obtained is smaller
than all systems listed in table 2.1. However, several changes can be performed
in the system with the objective to improve the uncertainty for both force and
torque measurements. That includes the elimination of the inductive coupling
in the system by means of a design changes, the minimization of the coil-current
effect by measuring the coil-current coefficient with a better uncertainty, the im-
provement of the range of motion of the system to reduce the relative uncertainty
of both translation amplitude and induced voltage amplitude and the improve-
ment of the induced voltage amplitude by raising the actuator constant. In order
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Table 4.5: Uncertainty budget for the force measurement.

Design specification Setup 1 Setup 2
Description Variable Value σrel Cont. Value σrel Cont. Value σrel Cont.

Induced voltage amp. ûI10, ûI20 37mV 27 ppm 7.5% 49mV 0.18% 96.0% 49mV 24ppm 15.2%
Voltage drop uR1, uR2 0.5V 40 ppm 16.5% 0.5V 360 ppm 4.0% 0.5V 10 ppm 4.2%
Translation amplitude x0I1, x0I2 30 µm 34ppm 45.8% 36µm 34ppm 0.0% 36 µm 25ppm 16.6%
Measuring resistor R1,R2 10Ω 10 ppm 1.0% 10Ω 1.9 ppm 0.0% 10Ω 1.9 ppm 0.0%
Movement frequency ω0 10Hz 10 ppm 4.1% 10Hz 60 ppb 0.0% 10Hz 60 ppb 0.0%
Inductive coupling kicI1,kicI2 - - - −0.3 µrad−2 3.2% 0.0% −0.3 µrad−2 3.2% 41.4%
Coil-current coefficient kccI1,kccI2 - - - 7mA−1 9.3% 0.0% 7mA−1 9.3% 22.6%

Force measurement Fx 2N 50 ppm 2.2N 0.13% 2.2N 44 ppm

Table 4.6: Uncertainty budget for the torque measurement.

Design specification Setup 1 Setup 2
Description Variable Value σrel Cont. Value σrel Cont. Value σrel Cont.

Induced voltage amp. ûI1l0, ûI2l0 37mV 27 ppm 7.5% 8.4mV 1.05% 99.6% 8.4mV 140 ppm 4.6%
Voltage drop uR1, uR2 0.5V 40 ppm 16.5% 0.5V 360 ppm 0.0% 0.5V 10 ppm 0.0%
Rotation amplitude ψ0 580µrad 34 ppm 45.8% 124µrad 453 ppm 0.4% 124 µrad 453 ppm 94.8%
Measuring resistor R1,R2 10Ω 10 ppm 1.0% 10Ω 1.9 ppm 0.0% 10Ω 1.9 ppm 0.0%
Movement frequency ω0 10Hz 10 ppm 4.1% 10Hz 60 ppb 0.0% 10Hz 60 ppb 0.0%
Inductive coupling kicI1,kicI2 - - - −0.3 µrad−2 3.2% 0.0% −0.3 µrad−2 3.2% 0.4%
Coil-current coefficient kccI1,kccI2 - - - 7mA−1 9.3% 0.0% 7mA−1 9.3% 0.2%

Torque measurement Tz 0.1Nm 50ppm 0.11Nm 0.75% 0.11Nm 460 ppm
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to improve the uncertainty for the torque measurement, the changes listed in
section 3.2.4 can be performed, including the use retroreflectors instead of a
plane mirror, in a way to increase the range of motion and reduce the relative
measurement repeatability, and the use of a two-beam laser interferometer to
eliminate uncertainty contributions from the linear stage.
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Chapter 5

Verification of the results

With the objective to verify the integrated calibration used in the multicomponent
transducer, the force measurement based on this procedure is compared with the
force measurement based on traditional calibration procedures, which use dead-
weights. A description of the measuring setup is provided here and measurement
results are shown.

5.1 Description of the measuring setup

A sketch of the measuring setup used to perform the verifications is shown in
figure 5.1. A picture of the same setup is shown in figure 5.2. It is composed by
the multicomponent transducer with integrated calibration, a load changer with
a test mass, a laser interferometer and a two-axis linear stage. The test mass is an
aluminum ring with 35 g and has three positions which can be used to place addi-
tional masses. For the measurements performed here, three stainless steel spheres
with about 14 g each were used. The laser interferometer was used for the trace-
able position measurement. The two-axis linear stage was used to adjust the
position of the sensor relative to the laser beam in order to perform the traceable
position and angle measurement as described in section 4.1. This measuring setup
is in air inside a climate chamber with controlled temperature. The test masses
were determined by doing comparison measurements with a calibrated 50 g E1
reference weight. For these measurements, an analytical balance (appendix A,
SMAB) with resolution of 0.01mg and maximal linearity deviation of 0.1mg was
used and air buoyancy corrections were performed. Table 5.1 contains the un-
certainty budget for the determination of the mass of the aluminum ring. The
relative standard uncertainty of the force generated by this mass is about 2.4 ppm.
For the stainless steel spheres uncertainties with the same magnitude were ob-
tained. The local gravity acceleration was measured by the Federal Agency for
Cartography and Geodesy of Germany (BKG) equal to 9.810 140 3(18)ms−2. For
the adjustment of the laser verticality an alcohol pool was used as reflector as
described in [27]. The intensity of the laser beam was used as indicator for the
verticality during the adjustment. With this method, the angle of the laser can
be adjusted relative to the gravity acceleration direction with a maximal devi-
ation of 1.5′. The E1 reference weight used to perform the measurements has
a relative standard uncertainty of 0.35 ppm. The measurement of air pressure,
temperature and humidity are necessary during the calibration of the test weight
and also during the verification measurements. These uncertainties are listed in
table 5.1 as well. Since the measurement of these quantities is performed by using



86 Chapter 5. Verification of the results

Laser interferometer

Test mass

Weighing pan with mirror

Load changer

Multicomponent transducer 

x
z y

Two axis linear stage 

Figure 5.1: Sketch of verification setup with the test mass, load
changer and laser interferometer.

Figure 5.2: Picture of the verification setup. Contact between
test weight and load changer defined by V-groove and sphere.
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Table 5.1: Uncertainty for the weight force generated by the test
mass.

Description Standard
uncertainty∗

Uncertainty
contribution

Gravity acceleration 0.18 ppm 0.5%
Laser verticality ≤1.5′ 0.2%
Balance readout for 35 g test mass∗∗ 1.64 ppm 45.5%
Balance readout for 50 g E1 weight∗∗ 1.15 ppm 22.4%
Mass of 50 g E1 weight 0.35 ppm 2.0%
Air pressure during 35 g test mass calibration 0.09% 1.0%
Relative humidity during 35 g test mass calibration 6.3% 0.2%
Temperature during 35 g test mass calibration 2.2% 6.0%
Air pressure during measurements 0.12% 4.4%
Relative humidity during measurements 19.0% 0.8%
Temperature during measurements 1.4% 3.4%
Density of 50 g E1 weight at 20 ◦C 0.58% 10.8%
Aluminum density at 20 ◦C 4.30% 2.8%

Force generated by test mass 2.4 ppm
∗All standard uncertainties are relative, except for the laser verticality
∗∗The balance readout contributions are determined by linearity deviations

different instruments at different conditions, the uncertainties obtained are not
equal. Additionally, the determination of the density for both aluminum weight
and the stainless steel E1 weight are necessary. These quantities are determined
with uncertainties of 4.3% and 0.58% respectively. The uncertainty of the alu-
minum weight is relatively high because the exact composition of the alloy used
is unknown and an estimation was used. The uncertainty for the E1 weight was
extracted from the OIML R 111-1 international recommendation [40].

The biggest contributions for the measurement uncertainty of the force gen-
erated by the test mass are given by the balance readout deviations. For the
test mass and the E1 weight these contributions are 45.5% and 22.4% respec-
tively. The third and forth biggest contributions are given by the density of the
E1 weight and the temperature measurement during the test mass calibration,
which are 10.8% and 6.0% respectively. The remaining contributions represent
15.3% of the total uncertainty budget.

5.2 Experimental results

Figure 5.3 shows measurement results obtained with the experimental setup of
figure 5.1. For each measurement, a calibration routine was performed and the
weight of the test mass was measured by using the load changer. During the
calibration mode, the position of the sensing element and the induced voltages
were measured with the laser interferometer and the digital voltmeter, as per-
formed in setup 2 of table 4.5. The measurements were repeated 634 times, and
the results obtained have a standard deviation of 40 ppm and a mean value of
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Figure 5.3: Relative deviation for the force measurement with
the multicomponent transducer using the integrated calibration.
The weight force of the test mass Fmax is approximately 756mN.
The measurements were repeated 634 times and the mean value
and standard deviation obtained are 2.2 ppm and 40 ppm respec-

tively.

Figure 5.4: Temperature, air humidity and pressure variation
during measurement for verification of the multicomponent trans-
ducer with a test mass. The temperature for the four magnet
systems of the actuators responsible for generating forces in the x
direction is shown. The reference to the actuators are the same as

used in table 3.1 on page 35.
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Figure 5.6: Relative variation of the actuator constant kBl as a
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to 22.1 ◦C.

2.2 ppm. For the total test mass of 77 g that represents 30 µN and 1.7 µN respec-
tively. Relative to a force of 2N, the standard deviation obtained is equal to
15 ppm and the mean-value deviation is 0.8 ppm. The temperature of the magnet
systems of the actuators, the air humidity and the pressure were measured with
the integrated sensors, which are described in section 3.1.2. Figure 5.4 shows the
measurement results obtained with these sensors. The temperature for the four
magnet systems of the actuators responsible for generating forces in the x direc-
tion are shown. These are the actuators 1 and 2 of the coils I and II. Since the
coils of group II are responsible for compensating the weight force of the sensing
element, the electrical currents flowing in these coils are higher. That causes a
higher power dissipation and, for this reason, the temperature of these actuators
is about 0.5 ◦C higher. Temperature deviations higher than 1 ◦C were observed
during the measurements. The air pressure and relative humidity also changed
in a range of about ±5mbar and ±10% during the measurements.

Figure 5.5 shows the coil current effect for the case when no compensation
is used. For these measurements, the same procedure for obtaining the results
of figure 5.3 was performed, but different offset forces were generated with the
coils II. For an offset force of 378mN, the deviation in the force measurement is
near to zero. This force is the half of the weight force generated by the test mass
and, for this reason, it is near to zero. This behavior is known for traditional
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Kibble balance experiments [53]. Measurement deviations up to 100 ppm can be
caused due to the coil-current effect.

The temperature dependency of the actuator constant, which is described in
section 3.2.2, was evaluated by using the same experimental setup. Figure 5.6
shows the results obtained. In these measurements, the actuator constant of the
coil 1 of group I was measured by using the calibration mode of the multicompo-
nent transducer. Measurements were performed inside a climate chamber at tem-
peratures of 22.1 ◦C and 25 ◦C. A temperature dependency of about −900 ppm/K
was obtained and this value is similar to the results expected.
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Chapter 6

Applications of the system

In this chapter, examples for the application of multicomponent transducers are
provided, including the dynamic and static identification of other multicomponent
force and torque transducers, the determination of flow velocities in liquid metals
by using the Lorentz force velocimetry and the force and torque measurement in
micromachining.

6.1 Identification of force and torque trans-
ducers1

The characterization of the behavior of force and torque transducers is a re-
quirement for the precise measurement of forces and torques. As described in
chapter 2, there are several measuring principles for these quantities available,
with corresponding implementations and prototypes. Two examples are the mea-
surement of deformations in compliant mechanisms with strain gauges and the
electromagnetic force compensation (EMFC). The performance of these systems
has been extensively evaluated regarding aspects such as the linearity and dy-
namic response. There are well-known methods for consistently analyzing one-
component force measurement systems [11, 86, 87], however, when considering
multicomponent force and torque transducers, more attention should be taken
[72]. With the additional measuring components, new requirements for adjusting
the position and orientation of the transducer are introduced. Furthermore, the
coupling between the different measuring components must be considered and,
for the torque components, the center of the measuring axes, which can differ
from the geometrical center of the transducer due to manufacturing tolerances,
must be identified. The identification of multicomponent force transducers has
been addressed in the literature and several technics have been presented. For
instance, as described in section 2.2.2, the use of deadweights and automated load
changers are principles applied to one component transducers that were success-
fully adapted to multicomponent force measuring systems [13, 72, 88, 89]. Other
identification technics, such as the shape from motion method, are dedicated to
multicomponent transducers [90, 91]. In this section, an experimental setup for
identifying multicomponent transducers is described and used for characterizing
the dynamic and static behavior of a test transducer. The main component of
this setup is the multicomponent transducer based on the electromagnetic force
compensation presented in [12]. The system adopted for the tests is a force and

1Part of the content of this section has been published by the author in [85].
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Figure 6.1: Experimental setup used for the identification of
multicomponent force and torque transducers.

torque transducer based on strain gauges, which is capable of measuring forces
and torques in three orthogonal directions simultaneously [88]. A further ob-
jective of this setup is to verify numerical simulations used for describing the
dynamic and static behavior of the test transducer.

6.1.1 Experimental setup

The experimental setup used for the identification tasks is presented in figure 6.1.
The multicomponent transducer, which is described in [12], is the main compo-
nent of the experimental setup. This multicomponent transducer is similar to
the system described in chapter 3, but it does not include the calibration system
and was designed for measuring forces and torques in a higher range. This trans-
ducer can be used to generate force and torque vectors with arbitrary magnitude,
direction and time behavior. The line of action of the forces generated can be
changed as well and, in this way, the forces can be applied directly to the center
of the transducer under test without generating a torque in the coordinate system
of this transducer. The transducer to be tested is coupled to the multicompo-
nent transducer by a rigid coupling. The relative position and angle between the
systems can be adjusted in six degrees of freedom with a single-axis linear stage
(LS1A, appendix A), a two-axis linear stage and a three-axis tilt table. These
adjustment directions are shown in figure 6.1. While this system was used only
with one type of test transducer, it can be adapted to any multicomponent force
and torque transducer that has a similar measuring range.

The sensing element of the multicomponent transducer is shown in figure 6.2.
The voice coil actuators are used to generate the dynamic and static forces for
the identification process. These actuators are also responsible for generating an
offset force to compensate the weight of the sensing element. As an example, a
pair of forces F1 and F2 is shown in figure 6.2. With these forces it is possible to
generate a force in the x direction with the magnitude

Fx = F1 − F2 , (6.1)
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Figure 6.2: Sensing element and test transducer.

and a torque in the z direction with the magnitude

Tz = F1l1 − F2l2 . (6.2)

The torque component is calculated for the torque center of the test trans-
ducer. In case the parameters l1 and l2 are unknown, they can be identified by
generating linearly independent combinations of F1 and F2 and measuring the
output torque Tz of the test transducer. In this way, the following linear system
of equations is obtained: ⎡⎢⎢⎢⎣

T 1
z

T 2
z
...
T n
z

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
F 1
1 −F 1

2

F 2
1 −F 2

2
...
F n
1 −F n

2

⎤⎥⎥⎥⎦
[
l1
l2

]
(6.3)

where n represents the amount of measurements and combinations for the forces
F1 and F2. This overdetermined system of equations can be solved by using the
ordinary least squares method. The solution is given by the following expression:

l =
(
F TF

)−1
F TT (6.4)

In this equation l ∈ R2 represents the vector containing the parameters l1 and
l2, F ∈ Rn×2 is the matrix with the combinations of forces and T ∈ Rn is the
vector with the measured torques.

With this system it is possible to generate arbitrary test signals, such as the
chirp signal, the maximum length binary sequence (MBLS) [92] and signal patters
given by calibration guidelines for force transducers, like the DAkkS-DKD-R 3-3,
published by the national accreditation body for the Federal Republic of Germany
[15]. The forces and torques are generated and measured simultaneously by using
a real-time controller equipped with eighteen analog-to-digital converter (ADC)
input channels and six digital-to-analog converter (DAC) output channels. Six
ADC channels are used for measuring the electrical output signals of the test



94 Chapter 6. Applications of the system

Figure 6.3: Model used for the finite element simulations of the
multicomponent transducer.

transducer which are proportional to the applied forces and torques, six ADC
channels are used for measuring the electrical signals related to the position and
angles of the sensing element and six ADC channels are used for measuring the
current flowing in the voice coil actuators with the help of measurement resistors.
These current signals are used to determine the forces and torques generated by
the multicomponent transducer. The reference signals for the forces and torques
are generated by the six DAC channels. Since the six output signals from the test
transducer are measured simultaneously, it is possible to identify interferences and
cross-talk between the components. The force and torque vectors generated by the
multicomponent transducer are resulted from the sum of the forces and torques
generated by the six voice coil actuators, in a way to freely change the direction
of the forces and torques actuating in the test transducer. An additional feature
of the presented system is the possibility to measure the linear and rotational
stiffness of the test transducer by using the position and angle signals provided
by the six aperture slit position sensors together with applied forces and torques.

6.1.2 Simulation model

Force and torque transducers are used in several branches of science, industry and
commerce. Depending on the specific application, additional elements have to be
attached to the transducer to perform the measurement task. For example, in the
Lorentz force velocimetry, which is described in section 6.2, permanent magnets
have to be mounted in the sensing element in order to measure the interaction
forces between a liquid metal flow and the static magnetic field generated by the
permanent magnet. Depending on the mass of the element attached, the eigenfre-
quency of the system can suffer a significant change and, when measuring dynamic
forces, it is fundamental to track these changes to determine the frequency re-
sponse of the transducer. In order to easily predict these changes, a simulation
model of the transducer can be used. The experimental setup presented here can
be applied not only for the identification of force and torque transducers, but also
for validating numerical models that describe these systems. With a consistent
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numerical model it is possible to identify how design changes and measurement
conditions influence the static and dynamic behavior of the transducer. This is
important not only for the application of force and torque transducers, but also
for the design of new systems.

By using a finite element analysis software, a model for the current experimen-
tal setup considering both multicomponent and test transducers was implemented
(figure 6.3). This model was used to perform a harmonic analysis and identify
the frequency response of the test transducer with the multicomponent trans-
ducer coupled to it, while generating dynamic forces and torques. The model of
the test transducer could be verified by comparing results from both simulations
and measurements.

6.1.3 Results for a strain gauge transducer

The measurement setup presented here was used to identify the frequency re-
sponse of the multicomponent test transducer based on strain gauges. Figure 6.4
shows the measured frequency response for the linear and angular directions, rep-
resenting the transducer’s dynamic response for the force and torque measure-
ment respectively. Some characteristics of the system, such as eigenfrequency
and damping, can be evaluated through this figure. These measurements were
performed with chirp test signals for the forces and torques, and the frequency
responses shown here were determined by using the output force/torque signals
of the test transducer and the forces and torques generated by the multicom-
ponent transducer. Additionally, the linearity of the static behavior of the test
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Figure 6.5: Hysteresis measured in the strain gauge force trans-
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gerated by factor 20.

transducer was investigated. Figure 6.5 contains the measurement results of the
transducer’s hysteresis for the x direction. In order to perform this measurement,
static force levels were applied to the transducer in a way to generate cycles of
loading and unloading. Two measurements with maximal forces of 100mN and
200mN were performed. For these measurements, the hysteresis was responsible
for an maximal relative error of about 0.3%. For the axis y and z, a similar hys-
teresis effect was observed in the test transducer. The stiffness of this transducer
could also be measured for the y axis and a value of 12.8 kNm−1 was obtained.
Simulations were performed with the objective to determine the stiffness for the
same direction and a value of 11.1 kNm−1 was obtained.

Since the direction of the forces and torques generated by the EMFC trans-
ducer can be freely changed, it is possible to execute an identification procedure
similar to the shape-from-motion [90, 91]. The main difference between the orig-
inal method and the procedure executed in this work is that, instead of rotating
the transducer to change the direction of the acting force, which is the grav-
itational force, the test transducer is maintained in a static position and the
identification force is generated in different directions. In this way the moving
mechanism for rotating the test transducer is not required. Figure 6.6 shows a
measurement result for this identification method, where forces with magnitude
of about 0.16N were generated in different directions. In this figure three circles
over the planes yz, xz and xy are shown, that were produced by rotating the
identification force around the axis x, y and z respectively. These circles indicate
if the test transducer exhibits any sort of deviation when combined forces from
different components are generated.

The results obtained with the simulation model could be verified by comparing
them with the measurements. Table 6.1 contains the eigenfrequencies of the test
transducer obtained from both measurements and simulations. The magnitude
of the error between the results is also shown in this table and a maximal error of
1.9Hz was observed. The results shown here are for the first mode of vibration.
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Table 6.1: Eigenfrequencies determined with the multicompo-
nent transducers by means of measurements and simulations.

Direction Measurement Simulation Deviation Magnitude

x 79.8 Hz 79.5 Hz 0.3 Hz
y 35.9 Hz 37.8 Hz 1.9 Hz
z 79.9 Hz 79.5 Hz 0.4 Hz
θx 10.2 Hz 10.0 Hz 0.2 Hz
θy 43.8 Hz 45.1 Hz 1.3 Hz
θz 8.7 Hz 10.1 Hz 1.4 Hz

6.2 Lorentz force velocimetry2

The Lorentz force velocimetry is a contactless technique for the measurement
of flow velocities in liquid metal flows [93]. In this technique, the interaction
forces between a liquid metal flowing and a permanent magnet are measured
and this information is used to determine the velocity of the flow and the flow
rate. Figure 6.7 shows an example of a Lorentz force flowmeter. It is basically
composed by a force transducer with a permanent magnet attached to it. For
a liquid metal with conductivity σ and a magnet with dipole moment m, the
following relationship between the force magnitude F caused in the permanent
magnet and the flow velocity magnitude v can be obtained [5]:

F ∼ µ2
0σvm

2L−3 (6.5)

where L is the distance between the center of the magnet and the liquid metal.
For the derivation of this relationship it was originally assumed that the fluid
occupies a semi-infinite region in space.

Multicomponent force and torque transducers can be used in the Lorentz force
velocimetry as described in [94]. In this way, both direction and magnitude of the
flow velocity can be obtained. An important aspect for the multicomponent mea-
surement in the Lorentz force velocimetry is the determination of the application
point for the forces in the permanent magnet. This information is fundamental

2Part of the content of this section has been published by the author in [6].
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for the interpretation of the information obtained with the torque measurement.
The application point for the forces is defined here as the magnetic center of the
permanent magnet.

While the forces and torques measured by the multicomponent transducer are
relative to a reference frame fixed to the transducer center, the forces actuating
in the permanent magnet are generated in the magnetic center (figure 6.8). In
order to determine the torque actuating in this magnetic center, the following
calculation can be performed:

Tz = Ts − (F⃗ × d⃗) · e⃗z (6.6)

where Tz is the z-component of the torque generated by the interaction between
the magnetic field and the liquid metal flow, Ts is the z-component of the torque
measured by the multicomponent transducer, F⃗ ∈ R3 is the Lorentz force and
d⃗ = (∆xm,∆ym, 0) is a vector with the distance between the magnetic center
and transducer center. For determining this distance, an experimental setup
composed basically by the force measuring system, the permanent magnet and
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In this setup the magnet system is coupled to the force transducer,
as shown in the picture on the right hand side. The disc has
a diameter of 100mm and the external dimensions of the cross-

shaped magnet are 45mm× 45mm× 15mm.

a rotating disc is used (figure 6.9). With this setup it is possible to generate a
Lorentz force vector F⃗ with known direction and determine the position coor-
dinates of the magnetic center relative to the transducer center. This is done
by changing the position of the magnet relative to the rotating disc as shown in
figure 6.9. For the points 1 and 2 shown in this figure, the following relationship
can be obtained:

Tz1 = Ts1 + Fp1∆ym (6.7)
Tz2 = Ts2 + Fp2∆xm (6.8)

where Fp1 and Fp2 represent the magnitude of the force vectors F⃗p1 and F⃗p2

respectively. For the center of the rotating disc, the following relationship can be
obtained:

Tzc = Tsc (6.9)

As shown in [95], the z-component of the torque is constant for a region near
to the disc’s center. Assuming that the points 1 and 2 are inside this region, the
torques Tzc, Tz1 and Tz2 are equal and the unknown parameters ∆xm and ∆ym
can be determined with the equations (6.8) and (6.7) respectively:

∆xm =
Tzc − Ts2

F2

(6.10)

∆ym =
Tzc − Ts1

F1

(6.11)

where Tzc, Ts1, Ts2, F1 and F2 are measured quantities. Figure 6.10 shows the
measured Lorentz force vector in the x−y plane. This measurement was executed
by scanning an area of 8mm by 8mm over the disc’s surface. By analyzing this
figure the center of the disc can be determined and the points for executing
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the calibration can be defined. Finally, the parameters ∆xm = 0.467mm and
∆ym = 6.408mm were determined and the position of the center of the cross
shaped magnet with respect to the transducer center could be identified.

The cross-shaped permanent magnet identified was used to perform a measure-
ment task in a continuous casting model. This model is the mini-LIMMCAST
facility at the Helmholtz Zentrum Dresden Rossendorf (HZDR). The mini-
LIMMCAST has an acrylic glass mold with 210mm height, 140mm length
and 55mm depth, which is shown in figure 6.11. The walls of the mold have
a thickness of about 7.4mm. For these measurements, the area of the mold
was discretized in a regular grid. By using a two-axis linear stage the position
of the transducer and magnet can be changed and the measurements can be
performed for each point. Measurement results obtained by scanning an area
of 145mm× 160mm are shown in figure 6.12. For these measurements, a grid
spacing of 5mm was used, resulting in a total of 990 points. The air gap between
the magnet and the mold was approximately 1mm.

In figure 6.12 two measurement results are presented: in the left hand side the
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tangential force magnitude Fxy and direction is shown and in the right hand side
the magnitude of the torque in normal direction Tz is shown. The force informa-
tion can be used to determine the velocity and direction of the flow. The flow
velocity is higher near to the output of the submerged entry nozzle. The mea-
surement results are similar to the expected flow structure shown in figure 6.11.
A similar study was performed in [94], where results obtained with the Lorentz
force velocimetry were compared with results obtained with ultrasonic doppler
velocimetry (UDV). The measurement results obtained with both experiments
exhibited a good correlation. In [6] comparisons between results obtained with
Lorentz force velocimetry and computational fluid dynamics also show a good cor-
relation. As described in the same publication, the torque information in normal
direction can be used to determine the vorticity of the velocity field.

6.3 Micromachining3

Micromachining methods are of great importance for the fabrication of microelec-
tromechanical systems [96, 97] and mechanical components with high accurate
micron-scale structures [98]. There are several known methods for micromachin-
ing, such as micro-milling, laser processing, electrochemical etching and micro-
scratching. For some of these technics, it is an advantage to determine the forces
involved in the fabrication process and how they affect the results obtained [99–
101]. These information are not only important for a better understanding of the
machining method itself, but also for eventually improving it.

Micro scratching experiments were performed by using the multicomponent
transducer. With this system the scratching process and the force measurement
were performed simultaneously. To accomplish this task, a force control system

3Part of the content of this section has been published by the author in [7].
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Figure 6.14: Test specimens used for the micromachining tasks.
From left to right: hardened steel alloy (polished), silicon and

glass. The scale shown is in micrometers.

for regulating the machining forces was implemented. This control system is de-
scribed with details in subsection 3.3.6. Experiments were performed with spec-
imens of three materials: polished steel, glass and silicon. The results obtained
were evaluated with a nanopositioning and nanomeasuring machine.

6.3.1 Experimental setup for micromachining

The experimental setup used to perform the surface micromachining tasks is pre-
sented in figure 6.13. The main component of this setup is the multicomponent
force and torque transducer, which is described in [12]. This system is a previ-
ous version of the multicomponent transducer developed in this work, which is
described in section 3. With this system it is possible to perform the microma-
chining task itself and simultaneously measure the forces and torques involved
in the process. A chuck used for mounting the engraving tool is attached to the
sensing element of the multicomponent transducer. For obtaining these results,
a boron nitride (PCBN) engraving tool with conical shape was used. The whole
system is mounted on a precision measurement table. Different types of test
specimens can be attached to the system with the help of a support. As shown
in figure 6.14, three types of material were analyzed as test specimens: hardened
steel alloy (polished), silicon and glass. A further component of the measurement
system is the automated linear stage used to move the transducer vertically. In
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Table 6.2: Specifications of the multicomponent force and torque
transducer used for performing the micromachining tasks [12].

Specification Value

Force measurement range ±7N
Torque measurement range ±0.35Nm
Force measurement resolution 10 µN
Torque measurement resolution 0.3 µNm
Range of linear motion ±0.2mm
Range of angular motion ±4mrad
Linear positioning resolution 1 nm
Angular positioning resolution 20 nrad

this way it is possible to adjust the vertical position of the transducer for pro-
cessing specimens of different shape. The specifications of the multicomponent
force and torque transducer are shown in table 6.2. The resolution limits of the
current experimental setup for the force, torque, position and angle measurement
are given by these specifications.

6.3.2 Results for micromachining

Figures 6.15 and 6.16 contain the measured normal and tangential forces for
engraving a logo of the German Research Foundation (Deutsche Forschungsge-
meinschaft, DFG) with a size of approximately 30 µm × 70 µm on the polished
steel surface. This logo was available as a set of 2D coordinates and, in order
to execute the micromachining task, the path of the machining tool was defined
by linear interpolation. Figure 6.17 contains the path of the tool over time. Ad-
ditionally, figure 6.18 contains the measured forces and torques over the time.
For this experiment a normal force of 20mN was used and, for the tangential
directions, a maximum force of about 7mN was measured. The whole task was
performed in approximately 8min with a velocity of 0.86 µm/s for the tool tip.
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The results shown in figure 6.14 were obtained by optically scanning the test
specimens with a nanopositioning and nanomeasuring machine [102, 103] using
a focus sensor [104]. Although the system employed during the micro-scratching
has a positioning and angular resolution of respectively 1 nm and 20 nrad, the
results shown here are in the scale of micrometres. The main reason for this
limitation in the processing resolution is the boron nitride engraving tool used,
which is not suitable for executing machining tasks with structures in the order
of nanometres.

It was shown that, with the multicomponent transducer, structures with the
size of some micrometers can be machined in polished steel, silicon and glass
surfaces. For the microprocessing tasks considered, forces with the magnitude of
millinewtons were measured. The system presented here exhibits a high potential
for improvement concerning the machining tool used and the position and angle
measuring system of the multicomponent force transducer. With an engraving
tool with a smaller diamond tip, it would be possible to reduce the size of the
structures to be machined, and with a laser interferometric system for the posi-
tion and angle measurement, the positioning resolution could be reduced while
providing a traceable measurement [105]. In this way, the application spectrum
of the current system can eventually be extended to the fabrication of nanoscale
structures in surfaces, such as already performed with atomic-force microscopes
[106, 107].
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Chapter 7

Conclusions

In this chapter, the main results obtained are reviewed and an outlook with
improvement possibilities for multicomponent force and torque transducers is
provided. The main results obtained include the contribution of this work to
the state of the art of multicomponent force and torque measurement and the
different applications considered. The improvement possibilities suggested involve
the reduction of the uncertainty for the force and torque measurement with the
instrument by performing design changes.

7.1 Main results

The design of an instrument used to measure three force and three torque com-
ponents simultaneously was described here. The system is based on the elec-
tromagnetic force compensation and Kibble balance principles and was designed
with the objective to simplify the calibration procedure and improve the measure-
ment of forces and torques. With the system proposed here, it is not necessary
to derive the force and torque quantities from the mass and gravity acceleration
measurements. Instead, the forces and torques are derived from the measurement
of electrical voltage, electrical resistance, position, angle and time. In this way,
the multicomponent force and torque transducer can be calibrated in conditions
where the local gravity acceleration is unknown or inexistent, as well as for any
orientation in space. Since the calibration procedure is integrated in the trans-
ducer, it is more practical and simpler to perform. Additionally, the system is an
alternative to traditional calibration methods for force and torque transducers,
which use deadweights, and lower measurement uncertainties can be achieved.

A careful uncertainty analysis was performed with the objective to determine
the uncertainties for both force and torque measurements. This involves the cal-
ibration of the measuring equipment used and the determination of the single
uncertainty contributions. Some compensation strategies were implemented in
order to provide a traceable force and torque measurement with the uncertainty
specified, including the coil-current effect and the inductive coupling between the
coils. The uncertainty analysis was performed for different configurations, involv-
ing the use of internal aperture slit position sensors or laser interferometers, for
the position and angle measurement, and the use of analog-to-digital converters
from the real-time controller or precision voltmeters, for the voltage measurement.
The lowest uncertainty determined is for the force measurement by using the laser
interferometer for position and angle measurement and the digital voltmeter for
the voltage measurement. For a force of 2.2N a relative expanded uncertainty
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(k=2) of 88 ppm was obtained. For the torque measurement, a relative expanded
uncertainty (k=2) of 920 ppm was obtained considering a torque of 0.11Nm.

Verifications were performed with the multicomponent transducer by compar-
ing results obtained with the integrated calibration procedure with results from
traditional calibration methods based on deadweights and the local gravity ac-
celeration. During these verifications, the weight force generated by a test mass
of 77 g was measured with a relative standard uncertainty lower than 43 ppm.
Measurement deviations caused by the coil-current effect and the temperature
dependency of the actuator constant were also evaluated.

The application of multicomponent transducers to the identification of force
and torque transducers, to the Lorentz force velocimetry and in micromachin-
ing was described and measurement results for these applications were provided.
For the Lorentz force velocimetry, the results were obtained by using a strain-
gauge multicomponent transducer and can be improved by using the instrument
described here. A further application for the multicomponent transducer is the
biomechatronics. This field involves the development or improvement of mecha-
tronic products based on the knowledge acquired in biology. Force and torque
measurements can be applied to biomechatronics for the investigation of biological
systems and processes. The information obtained can be used in the development
of new methods or in the design of new devices. An example for this application
is the use of force and torque transducers to the investigation of tactile sensing
mechanisms based on vibrissae, which are used by some animals of the mammal
class [8, 9].

Table 7.1 shows the main differences of the system described here in com-
parison with a previous version of the multicomponent transducer based on the
electromagnetic force compensation principle, which is presented in [12]. The
main improvement relative to the previous system is the integration of the cali-
bration procedure. In order to implement the integrated calibration and obtain
the desired measurement uncertainty, it was necessary to increase the actuator
constant of the voice coil actuators, to change the material of the coil forms, to
change the amplifier electronics for the position sensors, to perform some mod-
ifications in the design of the transducer to enable the adjustment of all voice
coils, to change the wires used to transmit the electrical current, to add six actu-
ators to the sensing element, to add a switching system to the transducer and to
use 18 additional analog-to-digital converters and 6 additional digital-to-analog
converters. Another improvement is the integration of a temperature measuring
system for the magnet systems of the actuators, which can be used to compensate
the temperature dependency of the magnetic field generated by the permanent
magnets. This compensation is important if the transducer suffers temperature
changes during the sensing mode. The air pressure and air humidity measur-
ing systems can be used to determine changes in the air density, which cause a
change in the buoyancy force generated in the sensing element. The pluggable
resistance modules simplify the calibration and investigation of the resistors used.
The use of modules and interfaces also simplifies possible system upgrades and
the replacement of faulty components. The measuring range for both force and
torque measurements was reduced with the objective to design a multicompo-
nent transducer for applications with forces and torques smaller than 2.2N and
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Table 7.1: Comparison between the multicomponent force and
torque transducers from [12] and this work.

Transducer feature Previous version [12] This version

Integrated calibration Not present Present
Temperature compensation Not present For 12 magnets
Actuator constant (kBl) 4.5N/A 20N/A
Material of coil forms Aluminum Polyacetal
Amplifier for position sensors Bridge Transimpedance
Air pressure measurement Not present Present
Relative humidity measurement Not present Present
Pluggable resistance modules Not present Present
Adjustment of all voice coils Not possible Possible
Wires for current transmission 100µm cooper 25 µm gold
Number of voice coil actuators 6 12
Integrated switching system Not present Present
AD converters used 12 30
DA converters used 6 12
Force measurement range 7N 2.2N
Torque measurement range 0.35Nm 0.11Nm
Achievable relative uncertainty∗ 210 ppm 88 ppm
∗Relative expanded measurement uncertainty (k=2)

0.11Nm respectively. With all changes performed, the relative expanded un-
certainty (k=2) for the force measurement could be reduced from 210 ppm to
88 ppm.

7.2 Outlook

Based on the results obtained with the prototype of the system, improvement pos-
sibilities for the multicomponent transducer can be identified. A change in the
mechanical hardware of the transducer with the objective to reduce the amount
of parts and focus in a monolithic design can provide a more stable behavior and
simplify the assembling processes. For instance, with a more stable mechanical
hardware, the relative position between the aperture slits suffers less variation
and the integrated position measuring system can be improved. The electromag-
netic actuators used can also be improved by changing the permanent magnet
design [27] in order to obtain a more uniform gradient for the magnetic field. The
material of the permanent magnet can also be changed to reduce the temperature
dependency of the magnetic field strength. The distance between the actuators
can be increased with the objective to eliminate effects caused by the inductive
coupling. The mechanical compliance caused by the metallic wires can also be
reduced by using thinner wires or by changing the design of the transducer in a
way to avoid the use of the wires. For some applications it is desired to reduce
the form factor of the transducer in order to have a miniaturized design. This is
possible by changing the mechanical design and reducing the size of the different
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components of the transducer. By using an integrated position and angle measur-
ing system based on laser interferometer, the uncertainty for the determination
of the actuator constants can be reduced. The multicomponent transducer can
also be improved by integrating a more suitable multi-channel voltage measuring
system. These improvement possibilities are suggested as further work for reduc-
ing the uncertainty for the force and torque measurements with multicomponent
transducers.
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Appendix A

Use of commercially available
products

In this appendix references to specific commercial products, processes, or services
used during the work are provided. These references do not constitute or imply
any endorsement, recommendation, or favoring by the author of this work.

Table A.1: List of commercially available off-the-shelf products
used in this work.

Reference Product description Manufacturer

CPU-B DS1006 processor board dSPACE GmbH
ADC-B DS2004 high-speed A/D board dSPACE GmbH
DAC-B DS2102 high-resolution D/A board dSPACE GmbH
GPIO-B DS4003 digital I/O board dSPACE GmbH
PFR VHA518-11Z 4 terminal resistor Vishay Precision Group, Inc.
RLY G6AK-274P-STLT-5V low signal relay OMRON Corporation
VCA LA13-12-000B voice coil actuator BEI Kimco
PHT MS8607-02BA01 PHT combination sensor TE Connectivity Ltd.
TPS TSYS01 digital temperature sensors TE Connectivity Ltd.
LED-PS L9337-2 infrared LED Hamamatsu Photonics K.K.
DPD-PS SFH 221 silicon differential photodiode Osram Licht AG
TBLI SP 2000 TR triple-beam interferometer SIOS Meßtechnik GmbH
SBLI SP 500 laser interferometer SIOS Meßtechnik GmbH
HENEL Stabilized HeNe Laser SL 03 SIOS Meßtechnik GmbH
DVM 3458A digital multimeter, 8 1/2 digit Keysight Technologies, Inc.
FCTR 53131A Counter with option 012 Keysight Technologies, Inc.
PCS 3245A universal source Hewlett-Packard Company
GPSFR RS-CGGO10 GPS frequency reference INWAVE AG
LS2A LS-110 linear translation stage Physik Instrumente GmbH & Co.KG
LS1A M-403.4PD precision translation stage Physik Instrumente GmbH & Co.KG
GCW Gold and cooper wires in different diameters Goodfellow Cambridge Ltd.
SMAB ME235S semi micro analytical balance Sartorius AG
VCAL 5720A multifunction calibrator Fluke Corporation
FRCMB FC1500-250-WG optical frequency comb Menlo Systems GmbH
WLMET WLM-VIS integrated wavelength meters Menlo Systems GmbH
MCSCN High-precision scanner 2024 PREMA Präzisionstechnik GmbH
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Appendix B

Terms and definitions

In this appendix a list of some terms defined in the literature and used in this
work are mentioned.

The term multicomponent transducer, used here as a reference to
multicomponent force and torque measuring instruments, is present in the
VDI/VDE/DKD 2638 guideline [24]. In the force and torque measurement
literature, such devices are also referred to as multicomponent sensors or similar
terms.

Further terms used here are force (113-03-14), torque (113-03-26), resis-
tance (131-12-04), time (113-01-03), electric current (121-11-13), position
vector (102-03-15) and angle (102-03-29), from the International Electrotechni-
cal Vocabulary (IEC 60050) [108]. This literature reference contains many other
terms used in this work.

The following terms are defined in the International Vocabulary of Metrology
[109] and the definitions are reproduced here:

quantity “property of a phenomenon, body, or substance, where the property
has a magnitude that can be expressed as a number and a reference”

measurement “process of experimentally obtaining one or more quantity values
that can reasonably be attributed to a quantity”

measurand “quantity intended to be measured”

indication “quantity value provided by a measuring instrument or a measuring
system”

measurement uncertainty “non-negative parameter characterizing the disper-
sion of the quantity values being attributed to a measurand, based on the
information used”

calibration “operation that, under specified conditions, in a first step, estab-
lishes a relation between the quantity values with measurement uncertain-
ties provided by measurement standards and corresponding indications with
associated measurement uncertainties and, in a second step, uses this infor-
mation to establish a relation for obtaining a measurement result from an
indication”

measurement standard “realization of the definition of a given quantity, with
stated quantity value and associated measurement uncertainty, used as a
reference”
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measurement result “set of quantity values being attributed to a measurand
together with any other available relevant information”

resolution “smallest change in a quantity being measured that causes a percep-
tible change in the corresponding indication”

measurement repeatability “measurement precision under a set of repeata-
bility conditions of measurement”

measurement precision “closeness of agreement between indications or mea-
sured quantity values obtained by replicate measurements on the same or
similar objects under specified conditions”

repeatability condition of measurement “condition of measurement, out of
a set of conditions that includes the same measurement procedure, same
operators, same measuring system, same operating conditions and same
location, and replicate measurements on the same or similar objects over a
short period of time”

metrological traceability “property of a measurement result whereby the re-
sult can be related to a reference through a documented unbroken chain of
calibrations, each contributing to the measurement uncertainty”

measurement procedure “detailed description of a measurement according to
one or more measurement principles and to a given measurement method,
based on a measurement model and including any calculation to obtain a
measurement result”

measurement principle “phenomenon serving as a basis of a measurement”

measurement method “generic description of a logical organization of opera-
tions used in a measurement”

measurement model “mathematical relation among all quantities known to be
involved in a measurement”
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