
Characterisation of a Laser Wakefield
Accelerator with Ultra-Short Probe

Pulses

Dissertation

zur Erlangung des akademischen Grades
doctor rerum naturalium (Dr. rer. nat.)

vorgelegt dem Rat der Physikalisch-Astronomischen Fakultät der

Friedrich-Schiller-Universität Jena

eingereicht von Dipl.-Phys. Maria Reuter
geboren am 17.Dezember 1985 in Jena



Gutachter:

1. Prof. Dr. Malte C. Kaluza

Institut für Optik und Quantenelektronik Jena

Friedrich-Schiller-Universität Jena, Deutschland

2. Prof. Dr. Stefan Karsch

Fakultät für Physik Ludwigs-Maximilians-Universität München &

Max-Planck-Institut für Quantenoptik, Deutschland

3. Prof. Dr. Georg Pretzler

Institut für Laser- und Plasmaphysik

Heinrich-Heine-Universität Düsseldorf
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Zusammenfassung

Im Rahmen dieser Arbeit wurden Aspekte der Elektronenbeschleunigung mithilfe eines

Hochintensitätslasers in einem unterdichten Plasma untersucht. Der zugrundeliegende Be-

schleunigungsmechanismus bei dem durch den Laserpuls eine Plasmawelle erzeugt wird, die

zusammen mit dem Laserpuls durch das Medium propagiert, nennt sich Laser Wakefield

Acceleration. Aufgrund der gemeinsamen Propagation des Laserpuses und der Plasmawel-

le bewegt sich das longitudinale alternierende elektrische Feld der Plasmawelle mit nahe-

zu Lichtgeschwindigkeit, sodass Elektronen, die im Feld dieser Plasmawelle eingefangen

werden, auf relativistische Energien beschleunigt werden können. Während grundlegende

Prinzipen, wie die Entstehung der Plasmawelle, die Injektion von Elektronen in die be-

schleunigende Phase der Welle und Grenzen des Beschleunigungsprozesses bereits bekannt

sind, ist der genaue Ablauf der nichtlinearen Wechselwirkungsprozesse zwischen Laserpuls

und Plasmawelle noch nicht ausreichend erforscht. Die nichtlineare Wechselwirkung hat zur

Folge, dass kleinste Änderungen der Anfangsbedingungen zu starken Schwankungen der

Elektronenpulsparameter führen können, die sich beispielsweise in Form von Unterschieden

in beschleunigter Ladung, der Endenergie oder in Richtungsschwankugnen auswirken. Eine

zentrale Rolle spielt dabei die Position im Plasma, an der Elektronen in die Plasmawelle

injiziert werden, da diese Position die maximale Energie der Elektronen maßgeblich be-

einflusst. Die Injektion der Elektronen in die Plasmawelle an einer definierten Position ist

daher eine Möglichkeit Schuss-zu-Schuss-Schwankungen zu reduzieren und die Verwendung

der beschleunigten Elektronenpulse, z.B. als stabile Sekundärstrahlungsquelle für zeitlich

und räumlich hochauflösende Bildgebungsverfahren, zu ermöglichen. Durch die Untersu-

chung einer Methode zur kontrollierten Injektion an einem Elektronendichtesprung konnte

ein Zusammenhang zwischen den Eigenschaften des Dichtesprungs zu verschiedenen Elek-

tronenpulsparametern wie Elektronenenergie und beschleunigter Ladung rekonstruiert wer-

den, was eine anwendungsspezifische Abstimmung der Elektronenpulse durch eine gezielte

Formung des Dichtesprungs in Aussicht stellt. Nichtsdestotrotz konnten Schuss-zu-Schuss-

Schwankungen in den Elektronenparametern nicht vollständig beseitigt werden und sind

vermutlich auf die nichtlineare Evolution des Laserpusles im Plasma zurückzuführen. Für

die Stabilisierung der Wechselwirkungsprozesse sind Kenntnisse über deren Abläufe zwin-

gend notwendig, was eine Methode zur Beobachtung der Plasmawelle und des Laserpusles

erfordert. Mithilfe eines ultrakurzen Probepulses in Kombination mit einem hochauflösenden

Abbildungssystem, welche am Institut für Optik und Quantenelektronik in Jena entwickelt

wurden, können die in räumlichen und zeitlichen Skalen von Mikrometern und Femtose-
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kunden stattfindenenden Prozesse genauer untersucht werden. Mit diesem System konnten

Charakteristika der untrennbar mit dem Beschleunigungsprozess verbundenen Magnetfel-

der in noch nie dagewesenem Detail untersucht werden. Die damit einhergehenden tieferen

Einblicke ermöglichten eine erstmalige Beobachtung von Signaturen des Magentfelds des

treibenden Laserpulses und ebnen damit den Weg zu einer indirekten Beobachtung der

Entwicklung des Laserpulses während der Wechselwirkung.
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Abstract

Within the frame of this thesis, aspects of the acceleration of electrons with high-intensity

laser pulses inside an underdense plasma were investigated. The basic acceleration mecha-

nism, which is referred to as laser wakefield acceleration relies on the generation of a plasma

wave by an intense laser pulse. Since the plasma wave co-propagates with the laser pulse,

its longitudinally alternating electric field moves with a velocity close to the speed of light

and electrons trapped in the accelerating phase of the wave can be accelerated to relativistic

energies. While basic principles such as the generation of a plasma wave, the injection of

electrons into the accelerating phase of the wave and limits to the acceleration process are

known, the exact processes occurring during the nonlinear interaction of laser pulse and

plasma wave still need to be explored in more detail. The consequence of those nonlinear

processes is a drastic change of the electron parameters – e.g. final electron energy, band-

width and pointing – through slight changes in the initial conditions. In this context, the

position in the plasma at which electrons are injected into the plasma wave plays a key role

for the maximum achievable electron energy. Therefore, the injection of electrons at a de-

fined position is a possibility to reduce shot-to-shot fluctuations and might make the electron

pulses applicable, e.g. as a stable source of secondary radiation for temporally and spatially

highly resolving imaging techniques. The investigation of controlled injection of electrons at

an electron density transition demonstrated a correlation of electron pulse parameters such

as electron energy gain and accelerated charge to the properties of the transition, and thus,

might be a promising method to generate custom designed electron pulses. Nevertheless,

shot-to-shot fluctuations in the electron parameters were still observed and are most likely

caused by the nonlinear evolution of the laser pulse inside the plasma. To further reduce

instabilities, deeper insight into these nonlinear processes is required and hence, a method

to observe the plasma wave and the laser pulse. Combining an ultra short probe pulse with

a highly resolving imaging system as successfully implemented at the institute of Optics and

Quantumelectronics in Jena, more light can be shed on these processes, which take place

on femtosecond and micrometer scales. With that system, characteristics of the magnetic

fields inextricably connected to the acceleration process could be studied in unprecedented

detail. This deeper insight allowed to observe signatures of the magnetic field of the driving

laser pulse for the first time, which paves the way for the indirect observation of the main

laser pulse during the interaction.
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1. Introduction

Within the last century, particle radiation became a main pillar of modern science and

research. The importance of particle radiation became obvious at the latest when Ernest

Rutherford developed his atomic theory based on results obtained from the scattering of

α-particles inside a gold foil [1]. Digging deeper into the structure of matter requires par-

ticle beams with higher energies, which became available due to the development of radio-

frequency (rf) accelerators [2]. With such highly energetic particle beams, the standard

model of particle physics could be investigated, which includes the experimental discovery

of quarks at SLAC in Stanford by the scattering of 7...17 giga-electronvolt (GeV) electrons at

protons in the late 1960s [3,4] and more recently, the discovery of the Higgs Boson at CERN

by colliding two proton beams with particle energies of ≈ 4 tera-electronvolt (TeV) [5].

Rf accelerators employ alternating electric fields to accelerate charged particles in a

circular or linear geometry. Since the maximum achievable electric field of this kind of

accelerators is limited to E ≈ 10...100MV/m by material break down of the accelerator

cavity, higher particle energies can only be gained when the length of the accelerator is

increased, which is connected to higher costs. The world wide largest circular accelerator

is the Large Hadron Collider (LHC) with a circumference of 27 km [6] providing 13 TeV

protons for collision experiments [7] and the longest linear accelerator with a length of 3 km

is situated at the Stanford Linear Accelerator Center (SLAC). While still in operation,

electron and positron beams could be accelerated to kinetic energies of 50GeV.

An alternative accelerator concept is based on the acceleration of charged particles in

plasma, which can provide strong electric fields due to local charge separations on microm-

eter (µm) scales. In 1979, laser wakefield acceleration (LWFA) was proposed [8], which

involves a charge separation propagating with a velocity close to the speed of light c, in

which charged particles can be accelerated over distances longer than the extent of the qua-

sistatic accelerating field itself. This propagating charge separation is referred to as plasma

wave or wakefield, which in longitudinal direction manifests itself as a periodic electron den-

sity distribution with a periodically alternating electric field with a wavelength λp ∝ 1/
√
ne

where ne is the electron density of the ambient plasma. In this acceleration scheme, the

plasma wave is generated by an intense laser pulse, which expels electrons from its regions

of highest intensity. Due to the generated charge separation, the electrons return to their

origin and start to oscillate with the plasma frequency ωp ∝ √
ne and with a fixed phase

relation given by the correlated excitement by the driving laser pulse. Since the phase of
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the plasma wave propagates with the group velocity of the laser pulse, electrons can be

accelerated inside one plasma wave period over centimetre (cm) distances without leaving

the accelerating structure, which has a longitudinal extent of λp = 2πc/ωp. Note that the

plasma wave is most efficiently generated when the longitudinal extent of laser pulse given

by its pulse duration τL fits into one half-cycle of the plasma wave period, i.e., τL . λp/(2c).

In this case, the laser pulse is fully embedded in the plasma wave’s electron density peaks

leading to quasi-resonant excitement. As a rule of thumb, the maximum electric field pro-

vided by a plasma wave can be estimated with E0 [GV/m]= 9.6 × 10−8
√

ne[cm−3] [9, 10].

With ne = 5× 1018 cm−3, fields on the order of 200GV/m can be generated, which is three

orders of magnitude larger than those fields provided by rf accelerators.

Since in the 1980s the requirements for this acceleration concept could not be met by state

of the art lasers, an alternative scheme where the plasma wave is driven by a highly energetic

electron bunch was suggested in 1985 [11] and in 1988, the acceleration of electrons to

relativistic energies – that is kinetic energies larger than the electrons rest energy E = mec
2 –

was demonstrated [12]. However, this acceleration scheme still relies on rf accelerated driver

bunches and thus, no improvement in size or cost of the accelerator was yet achieved.

With the development of chirped pulse amplification (CPA) in 1985 [13] higher laser

powers became available leading to the first LWFA experiments in the self-modulated

regime [14–17] where a laser pulse with pulse durations in the picosecond (ps) regime

τL > λp/(2c) is modulated in the generated plasma wave. However, in this long pulse

regime usually broadband electron spectra are generated. In 2002, the nonlinear broken

wave regime [18], was investigated theoretically. Here, a highly intense (I ≫ 1018 W/cm2),

resonant laser pulse generates quasi monoenergetic electron bunches. Though not exactly

matching the theoretically required laser parameters, quasi monoegergetic electron bunches

with kinetic energies between ≈70MeV and ≈170MeV were demonstrated independently

by three groups in 2004 [19–21]. In the following years, the energy of quasi monoegergetic

electron bunches could be boosted into the GeV-regime [22–24]. Moreover, with the injec-

tion of accelerated electrons into a second independent but synchronised LWFA stage [25]

significantly higher electron energies might be achieved in the near future. Through the ac-

celeration in independent stages, the decrease of laser intensity through natural diffraction

and the transfer of laser energy to the plasma can be compensated. In the process of laser

wakefield acceleration, coherent secondary electromagnetic radiation can be emitted. While

the wavelength of this radiation depends on the energy of the emitting electrons [26, 27],

coherence is given when the electron bunch duration is shorter than the emitted wave-

length [28]. Simultaneously, the pulse duration of the electron bunch determines the pulse

duration of the emitted radiation. As electron pulses as short as a few femtoseconds (fs)
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can be generated by LWFA [29, 30], this radiation can potentially be used for high reso-

lution imaging, which is relevant in many disciplines of science such as physics, biology,

chemistry and medicine. A development towards application was advanced by e.g. [31, 32],

where the application of Betatron radiation for medial imaging was investigated. The re-

duced size and costs of a high-power laser system with respect to the rf accelerators makes

particle accelerators available for research in universities and possible future applications in

hospitals.

Nevertheless, the applicability of electron beams generated by LWFA requires stability

and controllability of the electron bunch parameters. A possibility to improve the control-

lability of the acceleration process is controlled injection of electrons into the accelerating

phase of the plasma wave. Several injection schemes including ionisation injection [33–37],

colliding pulse injection [38–40], density downramp injection [41–43] and density transi-

tion injection1 [44–49] have been investigated already. In the first successful experiments

employing density transition injection, tunable quasi monoenergetic electron bunches were

generated [47, 48]. Nevertheless, electron energies as high as demonstrated in the self in-

jected regime are not within reach yet. Within the frame of this thesis, controlled injection

at an electron density transition is investigated using a variety of diagnostics, which help to

understand the injection and subsequent acceleration process. The results obtained might

be applied to stabilise the electron pulse parameters and thus, pave the way to generate

electron pulses with reproducible parameters in the GeV regime in a controlled manner.

To further reduce instabilities in laser wakefield accelerators, the evolution of the laser

pulse and the plasma wave has to be understood in detail. The direct observation of the

processes is challenging due to the small temporal and spatial scales of the order of fs

and µm, respectively. Nevertheless, optical probing with a synchronised probe beam is a

powerful tool to look inside the accelerating structure [29, 50–52]. Here, a fraction of the

main laser pulse is used to back-light the interaction; usually in a transverse (probe beam

beam propagates under 90➦ with respect to the main beam) or longitudinal (probe beam

co-propagates with the main beam) geometry.

In a longitudinal geometry, a reference and a probe pulse are imaged onto a spectrometer

where the detected spectral interference pattern is determined by the relative phase of the

two pulses. With one pulse trailing (probe) and one pulse preceding (reference) the main

pulse, the phase difference is introduced by the density modulation of the plasma wave,

which by varying the delay of the trailing probe pulse could be deduced at different positions

behind the main pulse [53, 54]. In a similar setup but with a chirped trailing pulse, the

structure of the plasma wave could be visualised in a single shot through Fourier domain

1Also referred to as shockfront injection.
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holography [50]. Nevertheless, due to the intrinsic time integration of this method – caused

by the co-propagation of main and probe pulse leading to a temporal average over the whole

interaction time – temporally resolved data of the interaction cannot be detected, i.e., the

evolution of the plasma wave cannot be investigated.

With the introduction of an angle > 0◦ between the probe and the pump pulse’s direc-

tions of propagation, temporal resolution can be achieved with a sufficiently short probe

pulse [55] and can be optimised by probing under 90◦ with respect to the direction of prop-

agation of the main pulse. The first temporally resolved snapshots of the plasma wave were

detected in this geometry with a probe pulse of 8.5 fs duration [29]. Simultaneously, po-

larimetry measurements allowed for the deduction of the magnetic fields present during the

acceleration processes. However, the relatively low laser power of ≈ 16 tera-watts (TW) in

this experiment had to be compensated by an increased electron density to achieve optimum

acceleration conditions, which in consequence decreases the plasma wavelength. Therefore,

the temporal and spatial resolution were not sufficient to resolve sub-plasma wavelength

features.

With the Jeti-laser system of the Institute of Optics and Quantum Electronics in Jena

delivering ≈ 30TW laser pulses, the acceleration of electrons in lower electron densities

and thus, plasma waves with longer wavelengths of the order of 10µm is possible. Never-

theless, sub-plasma wavelength resolution requires a probe pulse duration of the order of

τprobe < λp/(2c) and is thus, still not possible with the original pulse duration of ≈ 30 fs.

Therefore, an ultrashort probe beam was developed, which relies on spectral broadening

and temporal compression of a fraction of the main pulse [51]. With these ultrashort pulses

and a technique called shadowgraphy, new insight into the accelerating structure could

be obtained [52]. Within the frame of this thesis, polarimetry measurements are combined

with high-resolution shadowgraphy to investigate the evolution of the strong magnetic fields

present in the process of laser wakefield acceleration in unprecedented detail. While so far,

only the magnetic fields of the plasma wave and the accelerated electrons could be mea-

sured [29,56–58], in the present study, an influence of the strong magnetic fields of the laser

pulse on the probe pulse’s state of polarisation was observed, which is an important step

towards the indirect observation of the evolution of the main laser pulse.

The present thesis is structured as follows:

Chapter 2 covers the theoretical background needed to understand the presented ex-

periments and results. At the beginning, laser pulses are described mathematically, followed

by the principles of laser matter interaction. Here, the interaction of a single electron as

well as a plasma with electromagnetic waves is explained. Subsequently, laser wakefield

acceleration – the subject of this thesis – is illuminated in detail including 1D and 3D mod-
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els describing the limit on the electron energy gain. Moreover, topics investigated in the

following chapters – controlled injection of electrons into the plasma wave, wavebreaking,

Betatron oscillations and the influence of magnetic fields in a plasma on a probe pulse – are

discussed at the end of the chapter.

In Chapter 3, the setup and data analysis are described. After a brief overview of the

experimental setup, the Jeti40-laser parameters and the gas targets are introduced. This

is followed by a detailed description of the diagnostics and the corresponding data analysis

methods.

In Chapter 4, the acceleration of electrons injected at a density transition is investi-

gated. The beginning of the chapter covers the characteristics of the electron density profile

around the transition. Subsequently, wavebreaking in the transition region is discussed.

The influence of the injection method on the electron energy distributions as well as the

transverse beam profile is described in great detail.

Chapter 5 is devoted to high resolution shadowgraphy in combination with polarimetry

measurements. In this context, the change of polarisation of the probe pulse under the

influence of both the azimuthal magnetic fields of the plasma wave and the accelerated

electrons as well as the strong oscillating field of the pump laser pulse is studied.

Chapter 6 provides a brief summary and outlook.
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2. Theory of Laser Wakefield Acceleration

In this chapter, the theory necessary to analyse and understand the experimental findings

described in this thesis as well as the underlying physical processes are introduced. After a

short mathematical description of laser pulses, aspects of their interaction with matter are

explained leading to the concept of laser wakefield acceleration. This is followed by selected

topics, which go beyond the acceleration process and are related to the following chapters.

A short introduction to particle in cell (PIC) simulations, which are commonly used for the

numerical description and investigation of laser particle acceleration completes this chapter.

2.1 Gaussian Laser Pulses

The intensity at the position of the focus of a laser pulse – a crucial parameter for the

experiments discussed in later sections – can be expressed in terms of the laser’s energy, pulse

duration and beam radius, which can be determined experimentally.

As a fundament of electromagnetism, the Maxwell equations (Eq. (2.1)) 1 describe the

dynamics of electric ~E and magnetic ~B fields as well as their interaction with charged particles

[59, 60]

~∇ · ~E = ρ
ǫ0

~∇ · ~B = 0

~∇× ~E = −∂ ~B
∂t

~∇× ~B = 1
c2
∂~E
∂t

+ µ0
~j.

(2.1)

The constants ǫ0 and µ0 are the vacuum permittivity and permeability respectively, which

are related to each other via the vacuum speed of light ǫ0µ0c
2 = 1. The current density

~j and the charge density ρ vanish in vacuum. Introducing the vector potential ~A and the

scalar electric potential φ, the electric and the magnetic fields can be expressed as

~E = −∂
~A
∂t

− ~∇φ,

~B = ~∇× ~A.
(2.2)

One possible solution of the Maxwell equations in vacuum is a linearly polarised plane

wave (Eq. (2.3)), which – without loss of generality – propagates along x. The corresponding

1Note, that ~∇× denotes the curl and ~∇· the divergence of a vector field while ~∇ represents the gradient
of a scalar field.
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electric and magnetic fields read

~E(x, t) = Emax sin(Φ(x, t))~ey,
~B(x, t) = Bmax sin(Φ(x, t))~ez,

(2.3)

where Emax and Bmax are the amplitudes of the electric and the magnetic fields, respectively,

which in vacuum are coupled through Bmax = Emax

c
. The phase is given by Φ(x, t) =

ωLt − |~kL|x + Φ0 where the carrier frequency ωL and wave vector ~kL are related to the

wave’s wavelength as λL = 2πc
ωL

= 2π

|~kL|
and Φ0 is a constant phase shift. A single plane wave

infinitely extends in all directions.

Waist and Rayleigh length. In contrast to plane waves, the energy of a Gaussian

beam is confined in transverse direction (cf. Fig. 2.1(a)). A Gaussian beam propagating in

x-direction has its strongest ~E- and ~B-fields on the axis of symmetry, i.e., y = z = 0 and a

1/e beam radius given by

w(x) = w0

√

1 +
x2

x2R
(2.4)

where w0 = w(0) is the beam radius in the focus, which is referred to as waist and

xR =
πw2

0

λL
, (2.5)

is the Rayleigh length representing the distance from the waist at which the intensity of the

laser pulse is halved, which is equivalent to w(±xR) =
√
2w0.

Pulse duration. Besides the confinement in transverse direction, a laser pulse addition-

ally exhibits a temporal envelope. Therefore, a Gaussian shape with the 1/e pulse duration

τ0 is assumed. Strictly speaking, a Gaussian beam with a Gaussian temporal envelope is

not an exact solution of the Maxwell equations anymore. However, it is a good approxima-

tion if τ0 ≫ 1
ωL

and becomes exact in the limit τ0 → ∞. In the paraxial approximation,

which holds for small diffraction angles θdiff ≈ w0

xR
≪ 1, the electric and magnetic fields of

a Gaussian laser pulse can be expressed as [61, 62]

~E(x, y, z, t) =

E0
︷ ︸︸ ︷

Emax
w0

w(x)
e
−(

t−x/c
τ0/2

)2
e
− y2+z2

w(x)2 sin

(

Φ(x, t)− | ~kL|(y2 + z2)

2R(x)
+ Ξ(x)

)

~ey,

~B(x, y, z, t) = Bmax
w0

w(x)
e
−(

t−x/c
τ0/2

)2
e
− y2+z2

w(x)2

︸ ︷︷ ︸

B0

sin

(

Φ(x, t)− | ~kL|(y2 + z2)

2R(x)
+ Ξ(x)

)

~ez,

(2.6)

where E0 and B0 are the envelopes of the electric and magnetic fields, respectively. The
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Figure 2.1 Laser pulse with a Gaussian temporal envelope represented by its electric field. (a)
Two-dimensional profile of a Gaussian laser pulse propagating in x-direction. The direction of
polarisation is ~ey. (b) One-dimensional field profile (orange line) and field envelope (black line).
The FWHM and the 1/e pulse duration are illustrated as double arrows.

terms R(x) = x
(
1 + (xR

x
)2
)
and Ξ = arctan( x

xR
) describe the curvature of the wave fronts

and the Gouy phase.

Spectrum. As a consequence of the finite pulse duration, the laser pulse exhibits a finite

spectral bandwidth in frequency space. Fourier transforming the time dependent terms of

Eq. (2.6) using the longitudinal coordinate t̃ = t− x/c gives

∫ ∞

−∞
dt̃ e

−( t̃
τ0/2

)2
sin(ωLt̃+ Φ0)e

−iωt̃ =
i
√
π

4
τ0 e

−iΦ0 (e−
1
16

(τ20 (ω+ωL)
2 − e−

1
16
τ20 (ω−ωL)

2

) . (2.7)

The term e−
1
16

(τ20 (ω+ωL)
2) is neglected for the following discussion as only positive frequencies

have a physical relevance. With (ω − ωL) = ∆ωL, the spectral bandwidth can be extracted

from the exponent. From e−
1
16
τ20∆ω

2 !
= 1

e
follows the time-bandwidth product τ0∆ωL = 4 for

1/e parameters and accordingly, τFWHM∆ωL = 4 ln 2 for full width half maximum (FWHM)

parameters. The 1/e and the FWHM pulse durations are illustrated in Fig. 2.1(b).

Intensity. The laser intensity is given by the absolute of the temporally averaged

Pointing vector ~S = 1
µ0
~E× ~B and can be expressed in terms of the electric field (Eq. (2.6)) [59]

IL(x, y, z, t) = ǫ0c〈|~E(x, y, z, t)|2〉T SV EA
=

1

2
ǫ0cE2

0 , (2.8)

with 〈 〉T denoting averaging over one laser period. The term on the right-hand side is valid

in the slowly varying envelope approximation (SVEA), which assumes that the evolution of

the laser pulse’s envelope is significantly slower than the oscillation of the phase of the field.

Experimentally, the laser energy, pulse duration and beam radius are more readily accessible

than the electric and magnetic fields of the laser pulse. In terms of these quantities, the
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peak intensity in vacuum IV can be calculated with

IV

[
W

cm2

]

= 2× 1023
(
ln(2)

π

) 3
2 EL[J]

r2L[µm]τL[fs]
, (2.9)

where EL is the total laser energy, τL the FWHM pulse duration and rL the FWHM beam

radius of the laser pulse’s intensity profile, which at the position of the the focus of the laser

pulse can be described as

IL(x, y, z, t) = IV e
−2(

t−x/c
τ0/2

)2
e
−2 y2+z2

w2
0 , (2.10)

where τ0 = 2
√

2 ln(2)τL and w0 =
√

2 ln(2)rL are the 1/e pulse duration and beam radius

of the laser’s electric field expressed in terms of the FHWM pulse duration and beam radius

regarding the laser’s intensity envelope.

With state of the art laser systems, laser intensities in the range of 1022 W
cm2 are feasible

[63]. Note that the calculation of the vacuum peak intensity using Eq. (2.9) assumes perfect

Gaussian pulses in space and time and is therefore, only an estimate. The intensity of real

pulses is usually lower for various reasons; phase distortions acquired in the amplification

process can influence the quality of the focal spot as well as the temporal pulse shape. In

consequence, the energy within the FHMW pulse duration and spot size is reduced. A

measure for the quality of the focal spot is the q-factor qL = EFHWM

EL
, where EFWHM is

the laser energy contained within the FWHM focal spot area. For an ideal Gaussian pulse

qL ≈ 0.58. Note that qL does not evaluate the temporal profile of the laser pulse.

2.2 Principles of Laser Matter Interaction
In this section, the movement of a single electron in electromagnetic fields is described

followed by the more complex topic of the interaction of underdense plasmas with laser

pulses.

2.2.1 Interaction of Single Electrons with Electromagnetic Waves

In the relativistic regime, the magnetic field of an electromagnetic wave causes electrons

oscillating in the wave’s electric field to drift in the direction of propagation of the wave.

Moreover, electrons oscillating in the electric field of a focused laser pulse are pushed away

from regions of high intensities by the ponderomotive force.

The equation of motion of an electron in an electromagnetic field, is given by

me
d

dt
γ~ve = −e

(

~E + ~ve × ~B
)

, (2.11)

where γ = 1/(
√

1− v2e/c
2) is the Lorentz factor, me is the electron rest mass, e the el-
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ementary charge and ~ve the electron velocity with its absolute ve. Let us first consider

an electron’s motion in a plane wave. In the non-relativistic regime (γ ≈ 1, ve ≪ c),

contributions of the magnetic field can be neglected since Bmax = Emax

c
, i.e., the electron

harmonically oscillates in the electric field with a maximum velocity ve,max = eEmax

ωLme
. As a

measure of the electric field amplitude, it is convenient to define the normalised vector

potential

a0 =
eEmax
ωLmec

, (2.12)

which expressed in terms of intensity and wavelength reads

a0 =

√

IL [W/cm2]

1.37× 1018
λL [µm] . (2.13)

In the relativistic limit where γ > 1, a0 & 1 and ve,max =
eEmax

ωLγme
→ c, the contribution of

the magnetic field to the electron’s motion cannot be neglected anymore. With the initial

conditions x(t̃ = 0) = y(t̃ = 0) = 0 as well as vx(t̃ = 0) =
v2e,max

2c
and vy(t̃ = 0) = ve,max,

where t̃ = t− x/c, the solution of Eq. (2.11) is given by [64]

xe = a20
c

4ωL

(1

2
sin(2ωLt̃) + ωLt̃

)

|| (~ve,y × ~B), ∝ a20, (2.14)

ye = a0
c

ωL
sin(ωLt̃) ||~E , ∝ a0, (2.15)

ze = 0. (2.16)

In y-direction, the electron still oscillates in the electric field of the wave with a frequency ωL.

Due to the influence of the magnetic field, the oscillation in y-direction is superimposed with

a motion in propagation direction ~ex of the electromagnetic wave. Note that the amplitude of

the oscillation in y-direction grows linearly with a0 whereas the amplitude of the movement

in x-direction is proportional to a20. The motion in x-direction can be decomposed in a

constant drift velocity vd = c
a20
a20+4

and an oscillation with the frequency 2ωL. Fig. 2.2(a)

illustrates the electrons trajectory in the x − y-plane. In the electron’s frame of reference

co-moving with vd, the motion appears as a figure-of-8 (Fig. 2.2(b)), which clearly visualises

the oscillations with ωL in y- and with 2ωL in x-direction. Note that a transformation to a

co-moving frame of reference with a given velocity does not affect distances or time spans

and is therefore, not a Lorentz transformation.

Eqs. (2.14)-(2.16) are valid if an electron experiences the electromagnetic field of a single

plane wave, which infinitely extends in all directions but they can still be used in a more

realistic scenario employing a focused laser beam in the slowly varying envelope approxi-

mation. In the intensity gradients due to the finite spot size of a focused laser beam

an additional force is exerted on the electron. An electron at rest placed on the laser axis
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Figure 2.2 Relativistic motion of an electron. In a plane wave in (a) the laboratory system and
(b) the co-moving frame of reference. (c) In a focused laser beam in the laboratory system.

and hence, on the axis of highest intensities starts to oscillate and drift in the laser field

(Eqs. (2.14), (2.15)). The oscillation in y-direction drives the electron into regions of lower

intensities where the restoring ~E-field is smaller than on axis. As a consequence, the centre

of the oscillation of the electron is continuously shifted towards regions of lower intensities.

The superposition of the electron’s motion in the electromagnetic fields discussed above

with the transverse walk-off due to the intensity gradients results in a trajectory as shown

in Fig. 2.2(c). The associated ponderomotive force

~Fpond = − e2

4〈γ〉Tmeω2
L

~∇〈|~E(x, y, z, t)|2〉T ∝ ~∇I(x, y, z, t), (2.17)

can be derived by time averaging the equation of motion (Eq. (2.11)) over one laser period

including second-order terms, which account for the spatial inhomogeneity due to the laser

beam’s transverse intensity profile.

2.2.2 Interaction of Underdense Plasmas with Electromagnetic

Waves

“A plasma is a quasi neutral [ensemble] of charged and neutral particles, which [is subject

to collective] behaviour [due to its long-range electromagnetic forces].” [65] It can be generated

from fluids and solids by high-intensity lasers. While electromagnetic radiation is reflected

and absorbed by overdense plasmas, it can propagate through underdense plasmas, which will

be relevant in this thesis.

Definition of plasma. In this section, which is adopted from [65,66], the terms collec-

tive behavior and quasineutrality are explained by means of three criteria (cf. items 1. - 3.

below).

1. While the interaction between the particles of a neutral gas is dominated by collisions, i.e.,

interactions between direct neighbours, the distribution and movement of charged particles

induces electric and magnetic fields, which influence the motion of other charged particles
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at much greater distances. This effect is referred to as collective behaviour and dominates

the motion of the particles if the rate ωcoll at which collisions between the particles occur is

smaller than the plasma frequency

ωp =

√

nq2

ǫ0m
, (2.18)

where n is the plasma’s particle density, q is the plasma particle’s charge and m is the mass

of the plasma particles. Since the charge to mass ratio of ions is at least a factor of 1836

smaller than the charge to mass ratio of an electron, the response time of an ion is a factor

of at least
√
1836 larger. Therefore, on fs-time scales, which will be relevant in the following

chapters, the ion motion can be neglected when compared to the electrons, i.e., n is given

by the electron density ne, q → −e and m→ me.

2. Quasineutrality is achieved when the spatial dimensions L of a system are much larger

than the Debye length λD =
√

ǫ0kBTe
nee2

, where kB is the Boltzmann constant and Te the

electrons’ temperature. In a plasma, the electric potential of a charged particle is decreased

by a factor2 1/e through the surrounding charges within a distance of λD.

3. Effective shielding requires the number of particles ND inside the Debye-sphere with the

radius λD to be substantially larger than one, i.e., ND = 4
3
πλ3Dne0 ≫ 1.

Plasma generation. Electromagnetic radiation can ionise a material through the pho-

toelectric effect if Ephoton ≥ Eion, where Ephoton is the energy of a single photon and Eion

the ionisation potential of the material. Nevertheless, lasers operating in the near infrared

of the electromagnetic spectrum as employed in the experiments described in the follow-

ing chapters exhibit photon energies in the range of 1 eV, which is significantly smaller

than the ionisation energy of helium (cf. Table 2.1) – the target gas in the experiments.

In the increased photon density of stronger electromagnetic fields, multi photon ionisation

(MPI) becomes possible if nEphoton ≥ Eion, which describes the simultaneous absorption of

n photons. Both effects are illustrated in Fig. 2.3(a).

MPI

Photo-

electric 

Effect

(a)

OBI

Tunnel

Ionisation

(b)

Figure 2.3 Ionisation processes in-
duced by electromagnetic radiation: (a)
photoelectric effect and multi photon
ionisation (MPI), (b) over the barrier
(OBI) and tunnel ionisation.

The superposition of the Coulomb and electric potential of the laser can be expressed

2Note the difference between the elementary charge e and Euler’s number e.
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as φ(y) = − 1
4πǫ0

Ze2

|y| − eEy [67], where within the dimensions of the atom, the laser’s electric

field E can be regarded as uniform. For sufficiently strong fields, the Coulomb potential

is deformed as shown in Fig. 2.3(b) and bound state electrons can tunnel through the

barrier. Over the barrier ionisation (OBI) takes place if the laser intensity exceeds the

threshold Ith[W/cm2] ≥ 4× 109
(
E4
ion [eV]

)
1

Z2
eff

[67], where Zeff is the ionisation state of the

atom after ionisation. Since laser wakefield acceleration requires laser intensities of at least

×1018 W/cm2, helium will be fully ionised by the leading edge of the laser pulse. Threshold

intensities for hydrogen, helium and nitrogen [68], which will be needed for a discussion in

section 2.3.3 are listed in Table 2.1.

Atom Eion / eV Zeff Ith (OBI) / W/cm2

Hydrogen 13.6 1 1.4× 1014

Helium 24.6 1 1.4× 1015

Helium2+ 54.4 2 8.8× 1016

Nitrogen4+ 77.5 4 9.0× 1015

Nitrogen7+ 667.0 7 1.6× 1019

Nitrogen8+ 1159.8 [33] 8 1.1× 1020

Table 2.1 Ionisation energies Eion
and threshold intensities Ith for full
ionisation of hydrogen, helium and
nitrogen.

Optical properties of a plasma in the nonrelativistic limit. The propagation

of an electromagnetic wave in a plasma is determined by the plasma’s dispersion relation

ω2
L = c2k2L + ω2

p. Phase and group velocity are therefore, given by [8]

vΦ,L = ∂ωL/∂kL = c
√

1 + ω2
p/(c

2k2L) = c/
√

1− ω2
p/ω

2
L

!
=
c

η
, (2.19)

and

vg,L =
ωL
kL

= c/
√

1 + ω2
p/(c

2k2L) = c
√

1− ω2
p/ω

2
L

!
= ηc, (2.20)

where

η =
√

1− ω2
p/ω

2
L =

√

1− ne/ncr, (2.21)

is the index of refraction of the plasma. If ωp ≥ ωL, Eq. (2.21) becomes imaginary implying

that electromagnetic radiation cannot propagate inside the plasma but is absorbed and

reflected. The critical density

ncr =
ω2
Lǫ0me

e2
, (2.22)

above which a laser pulse cannot propagate through the plasma anymore is determined by

the frequency ωL of the laser. For Ti:sapphire laser systems which are typically operated

at a wavelength of ≈ 800 nm, the critical density ncr ≈ 1.73× 1021cm−3. Overdense plasma

(ne > ncr) can be generated from solids ( ne ≈ 1023 cm−3) while underdense (ne < ncr) and
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near critical plasma (ne ≈ ncr) can be generated from gases.

2.2.3 Nonlinear Laser Pulse Modulation in Underdense Plasmas

The mutual influence of laser pulse and plasma leads to a modulation of the laser pulse,

which manifests in the spatial and temporal compression or decompression of laser energy.

Inside a plasma wave, which will be introduced in more detail in later sections, usually, the

energy of a sufficiently short laser pulse is compressed leading to the evolution of the laser

pulse to higher intensities.

In this section, which is adopted from [69], laser pulse modulation in the relativistic

regime where the plasma’s index of refraction becomes intensity dependent will be explained.

Assuming a relativistically underdense plasma, i.e., 1
γ

(
ωp

ωL

)2

≪ 1, a weakly relativistic

regime (a0 ≈ 1) and small perturbations of electron density δne ≪ ne and laser frequency

δωL ≪ ωL, the index of refraction can be linearly expanded and expressed as

η = 1−
ω2
p

2ω2
L

(

1 +
δne
ne

− 2δωL
ωL

− a2

4

)

. (2.23)

Since group vg,L and phase velocity vΦ,L are related to η, the perturbations δne and δωL as

well as the laser’s own intensity profile given by the profile of the normalised vector potential

a influence the propagation and properties of the laser pulse.

Longitudinal gradients - temporal and spectral effects. Longitudinal gradients

of η cause longitudinal variations in vg,L which leads to a longitudinal redistribution of

laser energy. If the group velocity of a laser pulse continuously increases from its front

to its back, the laser pulse is temporally compressed (cf. Fig. 2.4(a)) and vice versa it is

stretched. Simultaneously, variations in vΦ,L cause self-phase modulation, i.e., frequency up-

and down-shifts. These two effects are related via Fourier transformation, and generally, do

not occur isolated from each other.

Raman forward scattering. The sinusoidal density modulation δne of a low amplitude

plasma wave (cf. section 2.3.1.1) with the wavelength λp generates a sinusoidal gradient of

the index of refraction with the same wavelength leading to a modulation of the laser pulse’s

longitudinal intensity profile with the wavelength λp, i.e., a laser pulse with a longitudinal

extent of τLvg,L > λp is split into pulselets separated by λp. In frequency space, the bunching

of laser energy inside one or more plasma wave periods is equivalent to the generation of

frequency sidebands at ωm = ωL ± mωp separated from the central frequency by integer

multiples mωp of the plasma frequency.

Relativistic self phase modulation is caused by the relativistic mass increase of the

electrons oscillating in the laser pulse’s electric field. The rising intensity profile at the front

of the pulse results in ∇η > 0 while the falling intensity profile at the back causes ∇η < 0.

Therefore, the pulse’s phase fronts at the front and the back of the pulse propagate faster
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than those at its peak leading to a red-shift at the front and a blue-shift at the back of the

pulse (cf. Fig. 2.4(b)). Simultaneously, relativistic pulse steepening can be observed

in position space. Since the mass increase of the plasma wave’s oscillating electrons is

maximum at the peak of the laser pulse, the peak propagates faster than front and back

which results in an asymmetric laser intensity profile, which is steepened at the front and

flattened at the back.

(a) (b) (c)

Figure 2.4 (a) A decreasing group velocity vg,L along the propagation direction of the pulse leads
to pulse compression. (b) Blue- (red-) shift of the laser wavelength λL occurs when the phase
velocity vΦ,L of the laser pulse decreases (increases) in the direction of propagation. (c) A laser
beam is focused when the outer parts of the phase fronts propagate faster than the inner parts.

Transverse gradients - focusing effects. If two parts of the same phase front travel

with different phase velocities vΦ,1 and vΦ,2, the wavefront is bent. Since the energy of a

light wave propagates normally to the phase fronts, this causes focusing and defocusing.

If the outer parts of the phase front are bent towards the central axis in the direction of

propagation of the wave as depicted in Fig. 2.4(c), the beam is focused and vice versa for a

bending away from the axis.

Relativistic self-focusing is caused by the transverse intensity profile of the laser pulse

with its peak on the laser axis. The relativistic mass increase of the oscillating electrons

involves a change in the refractive index which reduces the phase velocity of the laser pulse

on axis and therefore, bends the phase fronts towards the axis. Relativistic self focusing

becomes relevant if the laser power exceeds the critical power [70–72]

Pcr = 8πǫ0
m2
ec

5

e2

(
ωL
ωp

)2

≈ 17.2
ω2
L

ω2
p

GW. (2.24)

However, the critical power can be reduced by ponderomotive self focusing [70,73] where

electrons are driven away from the laser axis by the ponderomotive force of the laser, which

induces a focusing gradient in the index of refraction.

Due to natural diffraction, the focal spot area of a Gaussian beam is increased by a

factor of 2 at a distance xR from the waist (cf. Fig. 2.1(a)). Nevertheless, if the laser pulse

is focused to the matched spot size wm ∝ λp
√
a0 [74–76], the laser pulse is self guided and
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natural diffraction can be compensated by self-focusing over several Rayleigh lengths.

Envelope self-modulation. A laser pulse extending over several plasma wave periods

experiences periodic focusing and de-focusing gradients in the transverse electron density

gradients which change their sign within one plasma wave period. Therefore, the laser pulse

develops an intensity profile which is longitudinally modulated with λp.

2.3 Electron Acceleration in Plasma Waves
In the longitudinal electric fields of a plasma wave generated by an intense laser pulse,

electrons can be accelerated to velocities close to the speed of light. In this section, the

acceleration process is explained in detail. After a basic introduction to the laser wakefield

acceleration in one dimension, different regimes are introduced in 3D followed by further

effects associated with the acceleration process.

2.3.1 Analytic Model in One Dimension

2.3.1.1 Plasma Wave Generation

A plasma wave is a periodic electron density modulation, which can be described with the

Poisson equation. Its generation is the consequence of the ponderomotive force exerted by the

laser pulse and collective behaviour. It is generated most efficiently if the pulse duration of

the exciting laser pulse fits into one half period λp/2 of the plasma wave.

While the plasma electrons are expelled from regions of high intensity by the pondero-

motive force, the plasma ions can be assumed to remain stationary due to their lower charge

to mass ratio (cf. section 2.2.2). This leads to the modulation of the equilibrium electron

density ne0 with an electron density perturbation δne(x) and thus, the local electron den-

sity is given by ne(x) = ne0 + δne(x). The charge separation described by δne(x) leads to

space-charge fields which force the electrons to return to their initial positions where they

overshoot due to inertia resulting in electron oscillations with the plasma frequency ωp. The

collective excitation of these oscillations by the laser pulse propagating through the plasma

with its group velocity vg,L generates a plasma wave – also referred to as wakefield – with a

phase velocity vΦ,p = vg,L. In terms of the electron density, a plasma wave can be described

as a periodic electron density modulation with a wavelength λp = 2πvΦ,p/ωp. Plasma waves

are resonantly driven when the longitudinal extent of the laser pulse given by its pulse

duration τL fits into one half cycle of the plasma wave [8], i.e.,

τL = λp/(2vg,L), (2.25)

with λp = 2πc/ωp = 2πc
√

ǫ0me

nee2
∝ 1/

√
ne. For a laser pulse with τL ≈ 30 fs, as for example

is provided by the Jeti40 laser system, the ideal plasma wavelength would be λp ≈ 18µm
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corresponding to an electron density of ne ≈ 3.5 × 1018cm−3. However, we will see in

section 2.3.2 that this ideal condition is not necessarily fulfilled in experiments.

The periodic electron density modulation of the plasma wave generates an electric field

E which – at least in a 1-dimensional situation – is purely longitudinal and can be described

with the Poisson equation

− ∂2

∂ξ2
φ(ξ) =

∂

∂ξ
E(ξ) = ρ

ǫ0
=

e

ǫ0

(

ni(ξ)− ne(ξ)

)

= − e

ǫ0
δne(ξ), (2.26)

where φ is the electro-static potential and the parameter ξ = x − vph,p t represents the

longitudinal position in a frame of reference co-moving with the laser pulse and the plasma

wave.

2.3.1.2 Linear and Nonlinear Plasma Waves

In the half periods of a plasma wave, which have a negative longitudinal electric field,

electrons can be accelerated in propagation direction of the driving laser pulse. Depending

on the intensity of the driving laser pulse, a plasma wave can be linear (low intensity) or

nonlinear (high intensity). While a linear plasma wave exhibits an approximately sinusoidal

electron density modulation and electric field, a nonlinear plasma wave has sharp electron

density spikes and a sawtooth-like electric field, which between two adjacent electron density

peaks is approximately linear.

In terms of the normalised vector potential profile a = | ~A|e/(mec) of the laser pulse and

normalised electric potential profile φ̂ = φe/(mec
2) of the plasma wave, Eq. 2.26 can be

written as [10, 77]

1

k2p

∂2φ̂

∂ξ2
= γ2Φ,p






βΦ,p

[

1− 1 + a2

γ2Φ,p(1 + φ̂)2

]−1/2

− 1






, (2.27)

which can be derived by incorporating the equation of motion (Eq. 2.11), the electric and

magnetic fields expressed by the potentials (Eq. 2.2) and the continuity equation ∂ne(ξ)
∂τ

+

c
∂(neβξ)

∂x
, where τ = t and βξ = vξ/c is the normalised velocity in the co-moving frame of

reference. For underdense plasmas we can assume vΦ,p ≈ c from which we find βΦ,p =

vΦ,p/c ≈ 1 as well as γ2Φ,p = 1/(1 − β2
Φ,p) = ncr/ne ≫ 1. Therefore, Eq. (2.27) can be

simplified to [10,77]

1

k2p

∂2φ̂

∂ξ2
=

1

2

[

1 + a20

(1 + φ̂)2
− 1

]

. (2.28)

For a top-hat laser pulse (THP), this expression can be solved analytically and for example,

the maximum electric field [10, 77]

Emax =
mecωp
e

a20/2
√

1 + a20/2
, (2.29)
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can be obtained. The relativistic mass increase of electrons oscillating in the field of a

highly intense laser pulse (a20 ≫ 1) reduces the local plasma frequency and thus, causes a

lengthening of the plasma wave. For a THP, this relativistically increased, nonlinear plasma

wavelength can be written as [10, 77, 78]

λp,nl ≈
2

π

a20/2
√

(1 + a20/2)
λp. (2.30)

For arbitrary pulse shapes, Eq. (2.28) has to be solved numerically. In the following, Gaus-

sian laser pulses described by a = a0 e
−(ξ/ξ0)2 cos(kLξ) are considered where the wave number

kL = 2π/λL is determined by the laser wavelength λL = 0.8µm. Furthermore, the pulse du-

ration is given in terms of the pulse’s length in the longitudinal coordinate ξ0 =
1

2
√
ln 2

ξFWHM

where the FWHM pulse duration ξFWHM = 1
2
λp was chosen to match the resonance condi-

tion described in section 2.3.1.1.
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Figure 2.5 Normalised electron density perturbation δne/ne0 and normalised electric field E/E0
of (a) a linear and (b) a nonlinear plasma wave excited with Gaussian laser pulses with (a) a0 = 0.1
and (b) a0 = 3, respectively. Note the different scales of the vertical axis. While the electric field
of the linear plasma wave is approximately sinusoidal, the field of the nonlinear plasma wave is
quasi-linear between two electron density peaks.

Fig. 2.5(a) shows the solution of Eq. (2.28) for a linear plasma wave (E/E0 ≪ 1) excited

by a laser pulse with a0 = 0.1. Note that a in Fig. 2.5(a) is downscaled by a factor of

0.1 to improve the visibility of the the normalised electron density perturbation δne/ne0

and the normalised electric field E/E0 which behind the laser pulse have an approximately

sinusoidal shape. In contrast, the stronger pulse in Fig. 2.5(b) with a0 = 3 generates

a nonlinear plasma wave (E/E0 > 1) with narrow large amplitude density peaks and a

sawtooth-shaped electric field, which between two electron density peaks is approximately

linear. Compared to the sinusoidal plasma wave in Fig. 2.5(a), the plasma wave in Fig. 2.5(b)

is nonlinearly lengthened by a factor of 1.34 whereas the equation derived for the THP

predicts a lengthening by a factor of 1.34 for a0 = 3. In the negative half periods of the

plasma wave’s longitudinal electric field (grey shaded regions in Figs. 2.5(a) and 2.5(b)),
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electrons can be accelerated in the direction of propagation of laser pulse and plasma wave.

2.3.1.3 Maximum Achievable Electric Field and Self-Injection

Through the breaking of a plasma wave, electrons are self-injected into the wave’s acceler-

ating field. Longitudinal wavebreaking occurs, when the oscillation velocity of single electrons

exceeds the phase velocity of the wave. Therefore, the maximum achievable electric field of

a plasma wave is limited. In three dimensions, transverse wavebreaking can already occur in

plasma waves with lower electric fields.

The maximum of the electric field amplitude of a plasma wave is limited by longitudinal

wavebreaking, which takes place when the plasma wave electron’s maximum oscillation

velocity exceeds the phase velocity of the wave. In this process, the corresponding electrons

leave the plasma wave’s electron density peak and enter the wave’s accelerating field, i.e.,

they are self injected into the plasma wave and can be accelerated to velocities close to

the speed of light if they are trapped by the wave (cf. section 2.3.1.4). Assuming that all

electrons oscillate with kp = ωp/c, the cold nonrelativisitic wave breaking field [9]

E0 =
mecωp
e

≈ 96GV
√

ne0 [cm−3], (2.31)

can be estimated using the Poisson equation. Nevertheless, with increasing driver pulse

intensity, the relativistic mass increase γΦ,p of the oscillating electrons has to be taken into

account. The associated cold relativistic wave breaking limit [79]

Ewb = E0
√

2(γΦ,p − 1), (2.32)

exceeds E0 if γΦ,p > 3/2.

Transverse wavebreaking. Fig. 2.6(a) shows a flat (grey) and a parabolic (black)

plasma wave phase front. Here, ξ is the longitudinal and z the transverse coordinate with

the laser axis at z = 0. For electron injection to occur in a plasma wave with flat phase

fronts, the oscillation amplitude has to exceed the plasma wavelength (longitudinal wave-

breaking). However, as a consequence of curved plasma wave phase fronts in higher dimen-

sional systems [80], trajectory crossings can already occur at lower oscillation amplitudes.

This phenomenon is referred to as transverse wavebreaking and reduces the wavebreaking

limit below Ewb. Nevertheless, 2 and 3 dimensional PIC simulations show that plasma waves

with electric fields above E0 can be generated [10].

A curved phase front implies a transverse variation of the plasma wavelength λp,nl ∝
γΦ,p/

√
ne, which can be realised by a radially increasing electron density profile ne(z) as

e.g. formed by a plasma wave guide. Moreover, the transverse intensity profile of the laser

pulse, which has its maximum on the laser axis causes a stronger relativistic mass increase

(cf. Eq. (2.30)) of the plasma wave electrons on the laser axis also resulting in a radially
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Figure 2.6 Transverse wave-
breaking. (a) Constant and
curved wavefront. (b) Deviation
from curved wavefront due to the
oscillation of the electrons with
different amplitudes ζ = ζ0e

−2z20

transverse to their wavefronts.

decreasing plasma wavelength.

The black curves in Figs. 2.6(a) and 2.6(b) are a parabolic phase front given by

ξ = z2/(2R), (2.33)

with a curvature 1/R. Parametrised by z0, which in z-direction represents the distance to

the laser axis, the first terms in Eqs. (2.34) and (2.35)

ξ =
z20
2R

+
ζ(z0)R

(R2 + z20)
0.5
, (2.34)

z = z0 −
ζ(z0)z0

(R2 + z20)
0.5
, (2.35)

are an alternative representation of Eq. (2.33). Furthermore, the second terms in Eqs. (2.34)

and (2.35) describe the shift of the phase fronts resulting from the oscillation of the plasma

wave electrons normally to the phase front with the oscillation amplitude ζ(z0) = ζ0e
−2z20 .

The radial decrease of ζ(z0) accounts for the laser pulse’s intensity profile, which also de-

creases with distance to the axis of symmetry. For ζ0 = R, the phase fronts begin to cross.

Moreover, for ζ0 > R (orange), trajectory crossing takes place on the inner side of the of

the phase front, i.e., electrons are injected into the accelerating phase of the plasma wave.

2.3.1.4 Electron Motions in Phase Space and Trapping

Electron trapping by the plasma wave and the subsequent acceleration process can be de-

scribed in phase space, which here is spanned by the normalised momentum pξ/(mec) and the

normalised longitudinal coordinate ξ/λp. In this representation, electrons are tied to a defined

trajectory, which determines their maximum achievable momentum or energy, respectively.

In phase space spanned by the normalised momentum pξ/(mec) and the normalised lon-

gitudinal coordinate ξ/λp of a 1-dimensional wakefield in the co-moving frame of reference,

electron trajectories are represented by the solution of the Hamiltonian [81]

h(ξ, pξ) =
√

1 + p2ξ + â(ξ)2 − φ̂(ξ)− βΦ,ppξ = h0 = constant, (2.36)
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Figure 2.7 Electron acceleration and deceleration in a plasma wave in phase space
(p/(mec), kpξ). The red solid line is the separatrix representing the boundary between different
plasma wave periods. Trapped electrons are accelerated and decelerated along the orbits within the
separatrix.

where a given trajectory corresponds to a value h0 = constant. Fig. 2.7 shows a phase space

where the peak of the laser pulse is situated at ξ/λp = 0. a(ξ) and φ̂(ξ) are adopted from the

nonlinear plasma wave in section 2.3.1.2 and βΦ,p is determined by γΦ,p = (1− β2
Φ,p)

(−1/2) =
√

1− a20 and is associated to the plasma wave electrons. Electron trajectories (a-e) are

shown as lines where all trajectories corresponding to the same h0 are represented in the

same line style. Electrons are tied to a specific trajectory and cannot switch from e.g.

trajectory fI to trajectory fII or e0. The direction of movement (grey arrows) along an

arbitrary trajectory is determined by the sign of pξ/(mec). Electrons with pξ/(mec) < 0

are slower than the phase of the wakefield and hence, move backwards with respect to the

plasma wave and vice versa for pξ/(mec) > 0.

The thick red line (a) is the separatrix, which represents the boundary between back-

ground (b) and trapped electron (c-f) trajectories. Electrons on trajectories below the

separatrix, here bII , are too slow to be trapped and form the wakefield whereas electrons

on bI are too fast. Note that those background electrons also experience the electric field

of the plasma wave and therefore, are periodically accelerated and decelerated.

At the positions, where the separatrix lines cross (e.g. at ξ = ξp, solid vertical line),

the plasma wave has its density peaks. These positions mark the boundaries between the

different plasma wave periods. Hence, the phase space inside the separatrix corresponds to

the first (I) and the second (II) plasma wave periods. Note, that the trajectories with the

same h0 can behave differently in different plasma wave periods. While in II, c-f are closed
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orbits, c is an open trajectory in I and d marks the transition between open and closed

trajectories.

While electron injection cannot be described in this representation, electron trapping can

be understood. Consider an electron injected onto trajectory fI at the position ξi, which

might occur through transverse wavebreaking (cf. section 2.3.1.3) or controlled injection

(cf. section 2.3.3). As pξ/(mec) < 0, the electron propagates backwards with respect to the

wave. However, it experiences the electric field of the plasma wave and gains a momentum

pξ/(mec) > 0 before it has reached the rear of the plasma wave period 3 at ξ = ξp and moves

up in phase space – i.e., it is accelerated – until the position ξd where the electron has gained

its maximum achievable momentum. After the electron has passed ξd, it experiences the

positive electric field of the the wave where the electron’s momentum is reduced causing the

electron to move down in phase space. This process is called dephasing. In a plasma wave

driven by a static laser pulse in an infinitely extended plasma, electrons on the closed orbit

fI are continuously accelerated and decelerated. Nevertheless, laser energy is transferred to

the plasma and hence, the plasma wave cannot be driven infinitely long. In fact, LWFA is

usually terminated (e.g. by limiting the length of the plasma) when the electrons reach the

highest momentum for the first time, i.e., they do not go through a full revolution in such

a phase-space plot. When the electron reaches its maximum momentum in phase space, it

has been accelerated along the desired maximum acceleration length limited by dephasing.

The maximum acceleration length, which can be limited by dephasing as described so far

but also by depletion or diffraction is discussed in detail in the following section.

Trajectory c is referred to as “run-away” trajectory on which electrons can overtake

the laser pulse as the lower charge separation at the position of the laser pulse does not

provide a sufficiently strong electric field to decelerate the electrons below pξ/(mec) = 0.

Furthermore, electrons on the trajectory e0 are reflected by the ponderomotive potential of

the laser pulse.

2.3.1.5 Maximum Acceleration Distance

The acceleration distance can be limited by dephasing, which takes place when the electrons

outrun the plasma waves accelerating field, by pump depletion, which occurs when the laser

pulse has transferred its energy to the plasma and by natural diffraction.

Dephasing. Electrons can be accelerated as long as they experience the negative lon-

gitudinal electric field ranging over one half period of the plasma wave. The phase of the

plasma wave propagates with vΦ,p ≈ ηc < c, which in the phase space picture introduced

3Trapping of electrons injected at ξ ≈ ξp e.g. through longitudinal wavebreaking requires an initial
electron momentum pe ≥ 0. Although in the case of longitudinal wavebreaking, the maximum oscillation
velocity of the electrons satisfies this condition, they might still not be trapped as their average momentum
in the co-moving frame of reference might be pξ < 0.
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above corresponds to pξ = 0 (cf. Fig. 2.7). Trapped electrons are accelerated to velocities

of ve > vΦ,p, i.e, to pξ > 0 in the phase space representation in Fig. 2.7. Those electrons

move forward inside the plasma wave and are decelerated as soon as the electrons reach

the positive ~E-field of the wave, which in Fig. 2.7 occurs at the position ξd. Although in

section 2.3.1.4, electrons where assumed to be injected at an arbitrary position ξi within the

first plasma wave period, here we will assume that the electrons are injected at the rear of

the plasma wave to allow for a simple estimation of the dephasing length, which is explained

in more detail in section 4.4.1 where the nonlinear dephasing length is calculated from data

obtained in the experiment. With an electron velocity ve ≈ c, the dephasing length is given

by [10,82, 83]

ldph =
λ3p
λ2L

{

1
√
2
π
a0

for
a20 ≪ 1,

a20 ≫ 1,
(2.37)

for linear and nonlinear plasma waves, respectively. The increase of the dephasing length for

a20 ≫ 1 can be attributed to the relativistic lengthening of the plasma wave (Eq. (2.30)). In

a longitudinally decreasing electron density profile, the dephasing length can be extended.

Laser pulse depletion limits the distance over which the plasma wave can be driven

by the laser pulse. When the laser pulse is depleted, i.e, when all of its energy is transferred

to the plasma wave or background plasma, the plasma wave is no longer driven and hence,

the accelerating electric field vanishes. Assuming that the laser pulse transfers its energy

exclusively to the electron oscillations of the plasma wave, the depletion length can be

approximated to [10, 82, 83]

ldpl =
λ3p
λ2L







2
a20√
2
π
a0

for
a20 ≪ 1,

a20 ≫ 1.
(2.38)

Acceleration in linear plasma waves is limited by dephasing as ldph < ldpl. For nonlinear

plasma waves, dephasing and depletion length are identical (cf. Eqs. (2.37) and (2.38)).

A decreasing electron density along the laser propagation direction increases the plasma

wavelength and thus, the depletion length [84–86]. Pump depletion can be overcome through

staged acceleration in subsequent laser wakefield accelerator stages driven by synchronised

laser pulses [25]. Both, the dephasing and depletion lengths are calculated for a top-hat

laser pulse.

Diffraction. As mentioned above, a focused laser pulse in vacuum is subject to natural

diffraction which causes a decrease of laser intensity. However, focusing effects induced by

the interaction of the laser pulse with the plasma can significantly extend the length over

which the focus is maintained (see section 2.2.3). Those focusing effects can be optimised

by a gas-filled capillary discharge waveguide with a radially increasing electron density
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profile [87].

2.3.1.6 Maximum Electron Energy Gain

Assuming dephasing as the limit to the acceleration distance, the maximum electron energy

gain depends on the electron density in the case of acceleration in a linear plasma wave

whereas in the case of a nonlinear plasma wave it depends on both, the electron density and

the laser intensity.

The energy gain in the electric field of a plasma wave can be estimated with

Emax = −e
∫ xmax

0

Exdx, (2.39)

where xmax is the maximum acceleration distance. Employing the linearly increasing part

of the electric field of a nonlinear plasma wave (cf. Fig. 2.5(b)) of one plasma wave period

and assuming dephasing as limit to the acceleration distance, the maximum energy gain is

given by

Emax =
e

2
Emax

λ3p
λ2L

{

1
√
2
π
a0

for
a20 ≪, 1

a20 ≫ 1,
(2.40)

for a linearly polarised flat-top laser pulse where Emax ∝ √
ne is the maximum of the

accelerating field. Since λp ∝ 1/
√
ne, the maximum energy gain Emax ∝ 1/ne decreases

with increasing electron density.

2.3.2 Different Regimes of Laser Wakefield Acceleration

Under ideal conditions, the laser pulse is focused to the matched spot size and its pulse

duration fits into one half period of the plasma wave. Nevertheless, electron acceleration in

non-ideal plasma waves is possible.

In one dimension, the generation of the wakefield is most efficient if the laser pulse fits

into one half cycle of the plasma wave, which has implications for the electron density.

More precisely, τL ≃ λp/(2vg,L) with λp ∝ n
−1/2
e (cf. section 2.3.1.1). Furthermore, the

generation of a strong wakefield in three dimensions over distances significantly longer than

the Rayleigh length requires a matched focal spot size wm ∝ λp
√
a0 (cf. section 2.2.3).

Nevertheless, depending on the available laser energy and the pulse duration of the laser

system, optimum plasma wave excitation and electron injection (cf. sections 2.3.1.1 and

2.3.1.3) might not be possible simultaneously. In this section, different acceleration regimes

and scaling laws are introduced.

Blow-out regime: a0 & 2. In the blow-out regime, the first plasma wave period is

fully cavitated and is commonly referred to as bubble. Moreover, the matched spot size wm

is given by the blow out radius Rbo. This regime was investigated using PIC-simulations in

a highly and a moderately nonlinear scenario.
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In the highly nonlinear broken wave regime [18] where a0 ≫ 1, trailing laser periods

are destroyed due to wavebreaking and the electron energy spectrum features a sharp peak

at high energies with a low energy tail due to continuous injection. The simulation employs

a laser pulse with a pulse duration of initially τ = 33 fs and a normalised vector potential

a0 = 10 whereas laser wakefield acceleration experiments performed with state of the art

laser systems use laser pulses with e.g. τ = 40 fs and a0 = 1.6 [24] or τ = 150 fs and

a0 < 2 [23]. The Pukhov-Gordienko-scaling [76, 88] allows to predict the maximum

electron energy gain in the highly nonlinear broken wave regime and introduces a similarity

parameter S = ne

a0nc
, where S = constant implies similar laser plasma interactions. In

the case of S ≪ 1, i.e., in a relativistically underdense plasma, highly energetic electrons

can be generated. Optimum interaction conditions are given by the matched spot size

wm ≃ Rbo = 1.12
√
a0/kp and the pulse duration τL ≤ Rbo/c. The maximum electron energy

gain

Emax = 0.65mec
2

√

P

Prel

cτ

λL
, (2.41)

with Prel = 8.5GW is limited by pump depletion, where the depletion length is given by

ldpl = 0.7 cτ
λL

πR2

λL
.

In contrast, the more moderate regime 2 ≤ a0 ≤ 4 can be investigated with state

of the art lasers. Here, the maximum electron energy gain can be estimated with the Lu-

Scaling. Assuming the front of the laser pulse to be continuously pump depleted, the

group velocity of the laser pulse vg,L and thus, the phase velocity of the plasma wave vΦ,p is

effectively reduced. The decreased dephasing length is stated as ldph = 2
3

ω2
L

ω2
p
Rbo, where the

blow out radius Rbo is determined by kpRbo ≃ kpwm = 2
√
a0. Moreover, for acceleration

until dephasing, an optimum pulse duration cτL > 2Rbo/3 was found. The energy gain

of the electrons accelerated in a a nonlinear plasma wave and therefore, an approximately

linear electric field with a maximum given by Emax ≃
√
a0E0, scales as [75]

Emax [GeV] ≃ 1.7

(

P [TW]

100

)1/3(

1018

ne0 [cm−3]

)2/3(

0.8

λL [µm]

)4/3

. (2.42)

Electron distributions peaked at Emax ≈ 145MeV can be observed frequently with the

Jeti40-pulses [52]. The corresponding experimental parameters are ne ≈ 1.65× 1019 cm−3,

and a0 ≈ 1.7 or P ≈ 20TW, respectively. The Lu-scaling predicts an electron energy gain of

153MeV, which is in very good agreement with the experimental result. Since the Pukhov-

Gordienko scaling was not developed for this experimental parameter range, its prediction

– 183MeV – deviates more strongly from the experimental result.

Self-modulated laser wakefield acceleration: a0 . 1, τLvg,L > λp. For laser
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pulses with a0 ≈ 1, self-injection of electrons usually requires laser pulse evolution inside

high electron densities and thus, the resonance condition is not fulfilled. When the laser

pulse longitudinally extends over several plasma wave periods, the envelope of the laser

pulse is modulated and splits into pulselets separated by λp [89] (cf. section 2.2.3). Those

pulselets can drive the plasma wave resonantly in several periods. In experiments in the self-

modulated regime, mostly electron spectra with large energy spreads were obtained [14–17].

However, also peaked spectra could be observed [90]. This was attributed to the laser pulse’s

modulation in the plasma resulting in a short and intense pulse.

Intermediate regime: 1 . a0 . 2. The experiments reported in this thesis were

carried out with a0 = 1 . . . 1.6 and electron densities in a range of (0.77...1.30)× 1019cm−3,

which for resonant plasma wave excitation require pulse durations of (20...15) fs. However,

the actual pulse duration was ≈ 30 fs. While an initially long laser pulse τL > λp/(2c) in

a constant density will most likely be self modulated, the same pulse might be compressed

through self phase modulation (cf. section 2.2.3) in a rising electron density such that

resonant excitation exclusively in the first plasma wave period might be possible. PIC-

simulations performed in a comparable parameter range show that the majority of the laser

pulse is situated at the first plasma wave period which is nearly cavitated [52, 91].

2.3.3 Controlled Injection of Electrons into Low Amplitude Plasma

Waves

Self injection of electrons into the plasma wave for subsequent acceleration is the con-

sequence of the highly nonlinear interaction of laser pulse and plasma wave and hence, the

parameters of the self injected and then accelerated electron bunches can differ drastically

from shot to shot. Through controlled injection of electrons into the accelerating phase of the

plasma wave those large shot-to-shot fluctuations can be reduced.

Ionisation injection. As explained in section 2.2.2, helium is fully ionised below laser

intensities of IL = 1017 W/cm2, i.e., in front of the peak of a highly intense laser pulse

(I0 ≥ 1018 W/cm2). Nevertheless, with increasing ionisation state, gases with a higher

atomic number, e.g., nitrogen, have considerably higher ionisation energies (cf. Table 2.1)

and therefore, higher threshold intensities Ith for full ionisation (cf. section 2.2.2). With

the Jeti40-laser pulses, the highest ionisation states of nitrogen can only be achieved at the

peak of the laser pulse, i.e., electrons can be ionised and immediately be injected into the

plasma wave, which can occur at any position (ξ, pξ) in the phase space plot representation

shown in Fig. 2.7. Therefore, with this injection method only broadband electron energy

spectra can be generated [33–37,92].

Colliding pulse injection. A strong pump pulse generates a wakefield with the wave-

length λp while a weaker pulse propagates on the same axis but in the opposite direction such
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that the two pulses collide. At their collision position, a standing wave with λs = λL/2 ≪ λp

determined by the wavelength λL of the colliding pulses is generated. The large pondero-

motive force of the standing wave pre-accelerates electrons, which can be trapped by the

plasma wave. The variation of the collision position of the two pulses allows control over

the energy of the accelerated bunch [40].

Density transition injection. Fig. 2.8 illustrates the propagation of a laser pulse in

n >SF n0

t2

t3

lp,0

P

t1

lp,SFP

P

dn
SF

dn0

P

t4

Figure 2.8 A laser pulse
propagates through a sud-
den density transition with
nSF > n0. The plasma wave
generated by the laser pulse
experiences a sudden length-
ening and the electrons from
the plasma wave peak P gen-
erated in the higher electron
density nSF can be injected
into the accelerating phase of
the plasma wave generated
in the lower electron density
n0.

a plasma with a sudden density transition from nSF (grey shaded area) to n0 (blue shaded

area) with nSF/n0 =: rn > 1. However, both densities are still sufficiently low to avoid

self injection. Equivalently, the plasma wavelengths are related as λp,SF/λp,0 = (rn)
(−1/2),

i.e., the decrease in electron density results in an increase in plasma wavelength. Since

vΦ,p = c
√

1− ne/ncr and ne ≪ ncr in the relevant electron density regime, the change in

phase velocity at the front of the plasma wave is negligible and vΦ,p = const. will be used

in both densities.

At the time t = t1, the laser pulse has generated a weakly nonlinear plasma wave (black

line) with a wavelength λp,SF in the density nSF . Laser and plasma wave propagate towards

the density transition where they arrive at t = t2. The plasma wave formed in n0 is shown

as a blue line. When the peak P arrives at the transition at t = t3, the laser pulse has

propagated a distance of ≈ λp,SF < λp,0 away from the density transition and the first

plasma wave period in n0 is not fully developed yet. However, the electrons forming the

electron density peak P still oscillate with the higher plasma frequency determined by nSF ,

i.e., they are out of phase with the electron oscillations in n0 and are injected into the newly

formed plasma wave. At the time t = t4, the rear of the new plasma wave is formed and

the injected electrons experience the accelerating field.

Electron bunches with tunable electron energies were demonstrated [47,48] in dependence

on the position of the density transition inside the target and therefore, the remaining ac-
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celeration length. The low energy spread of the accelerated electron bunches was attributed

to the very isolated position of injection determined by the width of the transition on the

order of the plasma wavelength or shorter. The authors emphasise the difference to density

downramp injection where the transition is longer than the plasma wavelength and the

gradual change of the plasma wavelength leads to continuous injection and therefore, broad

electron energy distributions [93].

2.3.4 Wavebreaking Radiation

Broadband radiation is emitted when electrons are injected into the plasma wave.

Injection and trapping of electrons by the wakefield – independent of the method of injec-

tion – is connected to the emission of electromagnetic radiation [94]. The broadband nature

of this radiation which is typically emitted over a length of a few µm only was attributed

to the rapid acceleration of the electrons directly after injection. Due to its inextricable

correlation to wavebreaking, this broadband radiation was termed wavebreaking radiation.

The emission of this radiation occurs primarily transverse to the direction of acceleration

and can be described with the wave equation
[

∇2 − 1
c2

∂2

∂t2

]
∂ ~A
∂t

= µ0
∂~j
∂t

represented by the

vector potential ~A.

2.3.5 Transverse Electron Movement - Betatron Oscillations

Off-axis injection or injection with initial momentum leads to oscillations of the injected

electrons in the transverse electric fields of the plasma wave.

In a three-dimensional wakefield, radial electric fields are generated due to charge sepa-

rations in transverse direction. Thus, an electron injected off-axis or with initial transverse

momentum experiences a restoring force d
dt2
γme~r = −me

ω2
p

2
~r where ~r denotes the electron’s

transverse position with respect to the laser axis. Assuming γ = const., the solution of this

differential equation is a sinusoidal oscillation with the Betatron frequency

ωβ =
ωp√
2γ
. (2.43)

Hence, the movement of an electron inside the wakefield is an acceleration in laser direction

possibly superimposed with Betatron oscillations in transverse direction.

2.3.6 Azimuthal Magnetic Fields and Polarisation Effects

In the presence of a magnetic field, the state of polarisation of an electromagnetic beam

propagating through a plasma is affected. While magnetic fields oriented parallel to the direc-

tion of propagation of the wave cause a rotation of the wave’s plane of polarisation (Faraday

effect), magnetic fields perpendicular to the direction of propagation of the wave induce a

phase shift between the linear electric field components of the wave (Cotton-Mouton-effect).
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In one dimension, the oscillating plasma wave electrons as well as the accelerated elec-

trons can be described as an electron current ~je = −nee~ve in laser propagation direction. In

the same direction, the temporally varying electric field of the plasma wave induces a dis-

placement current ǫ0∂E/∂t. Both types of current are surrounded by an azimuthal magnetic

field which is described by Ampere’s law ~∇× ~B = µ0(~je + ǫ0∂E/∂t).
An electromagnetic probe beam propagating through a plasma excites the plasma elec-

trons to oscillate in its electric field, i.e., electromagnetic radiation is absorbed and re-emitted

by the electrons. In the presence of an external magnetic field ~Bext, the plasma electrons

gyrate with the gyration frequency ωg =
e
me

| ~Bext| and the effective movement is an elliptic

orbit around the B-field vector with a sense of rotation given by the sign of ~Bext. The

additional electron movement breaks the symmetry of the system and causes phase shifts

between equivalent electric field components.

Faraday effect. A linearly polarised wave with an electric field amplitude E0 and

frequency ω0 can be decomposed in two counter-rotating circular components with the same

frequency and amplitudes 1/2E0 however, opposite sense of rotation around its direction of

propagation (cf. left hand side pictogram of Fig. 2.9). Together with the wave’s electric

= + + =
y

w=  eff w0
w= eff w+w0 gw= eff w-w0 g

Figure 2.9 Pictogram of the Faraday effect. Left hand side: Decomposition of the electric field
(red) of a linearly polarised electromagnetic wave into its counter-rotating circularly polarised com-
ponents. Right hand side: An electron gyration (blue) breaks the symmetry of the system and
generates a phase difference between the circularly polarised components, which is equivalent to a
rotation of the plane of polarisation by the angle ψ in the linear representation of the wave.

field, a magnetic field ~B‖ parallel to the waves direction of propagation excites an elliptic

electron motion in the plane of the counter rotating electric field components (cf. right hand

side pictogram of Fig. 2.9).

Due to their own rotation, the E-field components experience this electron movement

with different effective frequencies ωeff = ω0±ωg (cf. right hand side pictogram of Fig. 2.9)

and thus, different indices of refraction ηeff =
√

1− ω2
p/ω

2
eff . Since vΦ,probe = c/ηeff , the

phase relation of the counter-rotating field components is changed, which for the linearly

polarised wave is equivalent to a rotation of the plane of polarisation by the angle ψ. In a

plasma, the incremental angle of Faraday rotation is given by [56, 95]

dψ =
e

2mec ncr

ne
γ
~B‖d~s, (2.44)

where d~s is the path element of the probe beams path through the plasma. The sense

of rotation is counter-clockwise if ~B‖ and d~s are parallel and vice versa if ~B‖ and d~s are
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antiparallel.

Cotton-Mouton effect. In the presence of an external magnetic field ~B⊥ perpendicular

to the propagation direction of the electromagnetic wave, the electrons’ elliptic motion

around ~B⊥ affects the phase velocity of the linear field components which can be decomposed

in a component parallel ~E‖ and one perpendicular ~E⊥ to ~B⊥ (cf. left hand side pictogram of

Fig. 2.10). While the elliptic motion is always perpendicular to ~E‖, ~E⊥ experiences parallel

= +

e|| e||e ee

Figure 2.10 Pictogram of the Cotton-Mouton effect. Left hand side: Decomposition of the
electric field (red) of a linearly polarised electromagnetic wave into a parallel ~E‖ and a perpendicular
~E⊥ component with respect to an external magnetic field ~B⊥ (green) directed perpendicularly to
the propagation direction (orange) of the wave. Right hand side: The different orientation of
the electric field components to the electron gyration (blue) around ~B⊥ causes different indices of
refraction and hence, generates a phase difference δ between ~E‖ and ~E⊥.

and perpendicular motions (cf. right hand side pictogram of Fig. 2.10). The different relative

motions cause different indices of diffraction and thus, a phase shift δ between ~E‖ and ~E⊥.
Therefore, an initially linearly polarised wave becomes elliptically polarised. This effect is

also referred to as magnetic birefringence. The incremental phase shift can be expressed

as [95]

dδ =
e2

2m2
ec ncrω0

ne
γ
B2
⊥ds. (2.45)

Polarisation ellipse. Fig. 2.11(a) shows an elliptically polarised wave propagating

(a) (b)

Figure 2.11 (a)Elliptically polarised
wave and (b) polarisation ellipse.

along ~s and with the electric field components E‖ and E⊥. The state of polarisation of such

an electromagnetic wave is fully characterised by the amplitudes E‖,0 and E⊥,0 of the electric
field components, which for a linearly polarised wave determine its plane of polarisation

ψ = arctan(E⊥,0/E‖,0), and the phase shift δ. While δ is clearly visible in this representation,

ψ can be visualised in the ~e‖−~e⊥-plane where the projection of the electric field appears as

an ellipse inside a box with the dimensions 2E‖,0 and 2E⊥,0.
Here, δ is encrypted in sin(2χ) = sin(2ψ) sin(δ) where χ defines the ellipticity of the

wave and in the ellipse’s orientation inside the box ϑψ,δ = 1/2 arctan[tan(2ψ) cos(δ)]. In the
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case δ = 45◦, the ellipse’s long axis is oriented in ~e‖, i.e ϑψ,δ = 0◦ whereas for δ = 0◦, the

ellipse collapses into a line with ϑψ,δ = ψ.

2.4 Particle-In-Cell (PIC) Simulations

Laser plasma interactions are commonly computed with the help of particle in cell simu-

lations. In an iterative algorithm, the nonlinear processes can be calculated in one-, two- or

three-dimensional scenarios.

Since LWFA is a many body problem and is subject to nonlinear processes, its mathe-

matical description is very complex. While there are analytic solutions for the 1D linear and

nonlinear case, analytic solutions for 3D scenarios are only available for linear interactions.

These 1D and 3D estimates are a good basis to plan experiments but the interpretation of

concrete results often requires to simulate a scenario as similar to the real experiment as

possible. PIC-simulations are a well-established method for the numerical investigation of

laser-particle acceleration. Although 1D and 2D simulations are possible, 3D simulations

describe the interaction more exactly as e.g. self focusing of the laser pulse in an underdense

plasma is a three-dimensional process.

The acceleration process in a three-dimensional PIC simulation is described in a three-

dimensional simulation box, which in laser wakefield acceleration simulations usually co-

propagates with the laser pulse and the plasma wave and thus, represents only a part of the

three-dimensional space to be simulated. The simulation box is subdivided into identical

cells, where the size of the cells determines the spatial and temporal resolution of the sim-

ulation. Due to the complex nature of the processes, the simulations are computationally

intensive. Therefore, each cell contains a defined number of macroparticles which represent

a number of physical particles. In LWFA simulations, ionisation processes and ion motions

are typically neglected. The algorithm is based on the calculation of

1. the electromagnetic fields generated by the motion of macroparticles,

2. the force on the macroparticles from those fields,

3. the macroparticle’s velocity influenced by the force,

4. the macroparticle’s position from the beforehand calculated velocity.

Simulations for this thesis where performed with EPOCH [96].

31



3. Experimental Setup and Data Analysis

This chapter covers the setup of the experiments reported in this thesis. At the begin-

ning, an overview of the entire setup is provided, which is then step by step explained in

more detail. In this context, the basic components of a laser wakefield acceleration experi-

ment – the high intensity laser pulse and the gas target – are introduced. The properties of

the electrons accelerated during the laser plasma interaction are recorded with an electron

beam monitor and an electron spectrometer, which due to their common use in laser-plasma

accelerators are only introduced briefly. High resolution shadowgraphy and polarimetry al-

low for the investigation of the interaction itself and will be discussed in more detail. In

combination with the spectral analysis of electromagnetic radiation scattered and emitted

from the region of interaction, an extensive set of data is available for the analysis of the

laser wakefield acceleration experiments.

3.1 General Setup

A laser pulse focused into a helium gas jet was used to generate a plasma and a plasma

wave in which electrons were accelerated to velocities close to the speed of light. The electron

energy was measured with an electron spectrometer and the electron beam’s transverse profile

with an electron beam monitor. Furthermore, the interaction inside the plasma was inves-

tigated with two optical diagnostics – an ultrashort probe pulse in combination with a high

resolution imaging system in sideview and an imaging spectrometer in top view.

Fig. 3.1 shows the basic setup of the experiments where an off-axis parabolic mirror

(yellow) focuses the main pulse (light red) into a supersonic helium gas jet generated by

a pulsed gas nozzle (brown). During the interaction of the laser pulse and the underdense

Gas 
Nozzle

Probe Beam

Main Beam

Probe Beam
Imaging

(Side View)
Electron 

Spectrometer

Imaging 
Spectrometer
(Top View) 

Electron 
Beam

Monitor

Electron
Beam

off-Axis
Parabolic 
Mirror

CCD
CCD

CCDCCD

Figure 3.1 Setup of
the laser wakefield accel-
eration experiments at
the Jeti40-laser system.

plasma generated from the gas jet through ionisation, electrons (blue) are accelerated to

relativistic velocities. Although they are represented by continuous lines in the drawing, the

main beam, the probe beam as well as the electron beam are pulsed in the experiment.

An electron beam monitor and a magnetic electron spectrometer were employed to de-

termine the transverse beam profile and the electron density of the accelerated electron
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bunch with respect to the electron energy E and the angle of divergence D. As the mea-

surement of the electron energy depends on the electrons’ trajectories, which are affected

when the electrons pass the beam monitor setup, high-resolution electron density maps of

the accelerated electron bunch resolved with respect to the electron energy and the angle of

divergence could only be recorded when the beam monitor was removed from the electrons’

path, i.e., the electron detectors cannot be used at the same time.

Additionally, the region of interaction in the plasma was observed with two optical diag-

nostics. The probe beam (orange) propagates through the gas jet from the side – transverse

to the direction of main beam propagation. In combination with the high resolution imag-

ing system, shadowgraphy and polarimetry measurements were performed. In top view (cf.

Fig. 3.1), the interaction region was imaged onto the entrance slit of an imaging spectrom-

eter, which was used to spectrally analyse radiation emitted along the whole interaction

length. Since the electron oscillations excited by the electric and magnetic fields of the laser

pulse lie in the plane, which is defined by the propagation axes of main and probe pulse, the

radiation emitted by the electrons acting as a dipole antenna is suppressed in their direction

of oscillation and has its maximum intensity in the transverse direction, in this case into

the direction of the top-view diagnostic. This is advantageous for both diagnostics – probe

beam and imaging spectrometer – as scattering of laser light is suppressed in side view while

in top view, the majority of the scattered pump light can be detected.

3.2 Experimental Campaigns

Within the frame of this thesis, results of two experimental campaigns are discussed. The

campaigns are characterised by different focusing geometries and gas nozzles with different

opening diameters.

The measurements discussed in Chapters 4 and 5 were obtained in two experimental

campaigns where a combination of different gas nozzles with different opening diameters

dout and focusing geometries was used. Here, the focusing geometry is characterised by

the f#-number which is given as the ratio of the initial 1/e2 beam diameter de and the

focal length f of the respective parabolic mirror. In both campaigns, which are referred to

as Campaign 1 and Campaign 2 in the following chapters, experiments on the controlled

injection of electrons were carried out. Furthermore, polarimetry measurements using few-

cycle probe pulses for the investigation of the magnetic fields present during laser wakefield

acceleration were performed in Campaign 2.

3.2.1 Laser Parameters

While in Campaign 1 vacuum peak laser intensities of IV ≈ (1.6 ± 0.4)1018 W/cm2 were

achieved with an f/20-off-axis parabolic mirror, vacuum peak laser intensities of IV ≈ (5.3 ±
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1.5)1018 W/cm2 were reached with an f/13-off-axis parabolic mirror in Campaign 2.

The Laser pulses from the titanium-sapphire Jeti40-laser system with a central wave-

length of λ0 ≈ 800 nm were focused to vacuum intensities of IV ≈ 1.6 × 1018 W/cm2 in

Campaign 1 and IV ≈ 4.1× 1018 W/cm2 in Campaign 2. Note that the uncertainties of the

underlying quantities – pulse duration τL, laser energy EL, focal spot size AL and q-factor –

differ drastically. While for the pulse duration, which could not be measured online during

the experiments, only the typical system parameter τL ≈ (30± 3) fs was available, the laser

energy was logged for every laser shot and the average could be calculated from more than

1000 single measurements for any given day. Due to a laser maintenance in between the

campaigns, EL was increased and slightly stabilised from ≈ (0.75± 0, 03) J in Campaign 1

to ≈ (0.80±0, 03) J in Campaign 2. Typical focal spots achieved with the different focusing
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Figure 3.2 Typical focal spots of the (a) f/20
and (b) f/13 off-axis parabolic mirrors.

geometries – f/20 (f = 1024mm) in Campaign 1 and f/13 (f = 635mm) in Campaign 2 –

are shown in Fig. 3.2. The spot sizes and q-factors presented in Table 3.1 are determined

Campaign 1 (f/20) Campaign 2 (f/13)
EL / J 0.75± 0, 03 0.80± 0, 02
AL / µm2, (qL) 317± 16, (0.31± 0, 01) 91± 12, (0.28± 0.01)
IV / 1018 W/cm2, (a0) 1.6± 0.4, (0.9± 0.4) 5.3± 1.5, (1.6± 0.9)
∆yp / µm 16 10

Table 3.1 Laser parameters in the two experimental campaigns.

from 10 single images of the focal spot recorded several days before the measurements.

Additionally, the fluctuation of laser pointing ∆yp in horizontal direction was determined,

which is relevant for the side-view imaging (cf. section 3.4). More detailed information on

the Jeti40-Laser system can be found in Appendix A.1.

3.2.2 Target

In the experiments, supersonic pulsed helium gas jets were generated with the help of

conical gas nozzles with opening diameters dout and Mach numbers M . In Campaign 1, a

nozzle with dout = 3.1mm and M = 4 was employed whereas in Campaign 2, a nozzle with

dout = 2.1mm and M = 3.2 was used.

An underdense plasma as required in LWFA experiments can be generated from gases in

a wide density range. Since the gas target is situated in an evacuated chamber, a solenoid
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valve (Parker Hannifin Corporation Series 99) was operated in pulsed mode to keep the gas

load on the vacuum pumps low. To generate a stable helium gas jet, the valve opening time

was set to 4ms. Attached to the valve, a gas nozzle was used to shape the density profile of

the gas jet. Due to their plateau-like density profile in the centre of the jet (cf. Fig. 3.3) as

well as their flow characteristics (cf. section 3.2.2.2), supersonic gas jets were employed in

the reported experiments. A supersonic gas jet is characterised by a Mach number M > 1

with M being the ratio of the average particle velocity to the fluid’s speed of sound. To

generate supersonic gas jets, nozzles with a gas inlet diameter din = 1mm, a nozzle shaft

length l = 9.6mm and different opening diameters dout were used. The Mach numbers of

those nozzles – M = 4 for a nozzle with dout = 3.1mm used in Campaign 1 and M = 3.2 for

a nozzle with dout = 2.1mm used in Campaign 2 – were estimated on the basis of a detailed

study [97]. To avoid degradation of the nozzle material (here brass) , e.g., ablation caused

by the main laser pulse and the generated plasma, the shot height of the main laser pulse

was set to zL = 1.25mm with respect to the nozzle surface at z = 0.

3.2.2.1 Normalised Electron Density Profiles and Target Position

The electron density profiles of the fully ionised gas jets exhibit a plateau electron density

n0. The experiments were performed in a plateau density range of n0 ≈ (0.77...1.31)×1019 cm−3.

The gas jets generated by the nozzles introduced above were interferometrically charac-

terised in a tomographic setup by B. Landgraf from the Institute of Optics and Quantum

Electronics in Jena [98]. The gas jet was rotated by 180◦ in 4◦ steps and at each projec-

tion angle, ten interferograms were recoded to average over shot-to-shot fluctuations, which

amount to 1 − 10% of the average density. The retrieval of the neutral gas density ρgas

from the interferograms taken at different projection angles does not require symmetry as-

sumptions. Although with this method, the neutral gas density ρgas is obtained, the result

is represented as normalised electron density ne/n0 since for a fully ionised gas ne ∝ ρgas.

Fig 3.3 shows the normalised electron density profiles ne(x)/n0 at a height of 1.25mm above

the nozzle as solid lines centred above the supersonic gas nozzle apertures, which are illus-

trated as grey boxes with dashed lines in the same colour. The structured nature of the

averaged plateau is mainly caused by the retrieval algorithm which requires an exact de-

termination of the centre of rotation of the tomography setup. In Fig. 3.3(a), the density

distributions from Campaign 1 (Campaign 2) is represented in red (black). The plateau

electron density n0 was investigated during the experiment for a nozzle with dout = 2.1mm

and backing pressures pN between 8 bar and 14 bar (cf. section 4.2.4.2). Since n0 scales with

pN/dout, those results could be used to determine the plateau densities for a larger nozzle

with dout = 3.1mm operated at backing pressures between 20 and 30 bar. All experiments

were performed with n0 in the range of ≈ (0.77...1.30)× 1019 cm−3.
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Figure 3.3 Normalised electron density profiles of the fully ionised supersonic gas jets and rela-
tive position of the laser foci.

The position of the laser focus with respect to each density profile is shown in Fig. 3.3

as arrows in the same colours. Note that in the experiments on controlled injection, the

electron density profiles shown in Fig.3.3(a) are manipulated (cf. section 3.2.2.2) and the

laser is effectively focused into a rising density profile as in the experiments on polarisation

effects.

3.2.2.2 Generation of a Sharp Density Transition

An obstacle brought into the gas flow of a supersonic gas jet generates a shockfront, which

at the boundary to the undisturbed part of the gas jet forms an electron density transition.

The maximum electron density of the shockfront will be labled as nSF , while the undisturbed

density is n0, i.e., the plateau electron density of the undisturbed gas jet.

Supersonic 
Gas Jet

x

y

xKE

Top View

Laser Pulse

x

z

Side View

Gas NozzleKnife  Edge

Supersonic 
Gas Jet Laser Pulse

Knife Edge

Shockfront

Gas Nozzle

xSF

y
=

0

z
=
z
L

a

Electron
Density
Profile

nSF 

n  0/

Electron
Pulse

zKE

Laser Axis

(a) (b)

Figure 3.4 Generation of a density transition by a knife edge brought into a supersonic gas flow
in (a) top- and (b) sideview.

An obstacle positioned inside a supersonic gas jet distorts the initial gas flow. This

distortion propagates upstream (here, along the red line in Fig. 3.4(b)) with the fluid’s

speed of sound and thus, is slower than the individual gas particles. Consider a knife edge

at a height zKE above the nozzle blocking a part of the gas jet as shown in Fig. 3.4 in top

and in sideview. As indicated by the bent arrow underneath the knife edge in Fig. 3.4(b),
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a part of the initial gas stream is redirected and runs into the undisturbed particle flow

which causes a wall of increased density – a shockfront penetrating the gas jet starting at

the tip of the knife edge with the coordinates (xKE, zKE). The increased density nSF of the

shockfront and the undisturbed density after the front n0 form a density transition with a

width wSF depending on the molecular mean free path of the fluid, the Mach number M of

the supersonic gas jet and the angle α of the shockfront [47, 99, 100]. The shockfront and

its density transition will be characterised in detail in section 4.2. Note that the height of

the knife edge is kept at zKE = 1mm in all experiments on controlled injection.

3.3 Electron Beam Characterisation

Scintillating screens sensitive to charged particles are employed to measure the transverse

electron beam profile as well as the electron energy for which additionally, a magnet was used.

Electrons impinging on a charge sensitive scintillating screen (here Kodak Biomax MS)

trigger the emission of electromagnetic radiation, which when imaged onto a CCD camera

reveals the electrons’ position of incidence. Since the emitted intensity is proportional to

the number of electrons [101], the electron beam’s charge and transverse profile can be

measured. For electron beam profile measurements, the scintillating screen was brought

into the path of the accelerated electron beam at a distance of ≈ 50 cm from the gas jet.

Since the scintillator material is also sensitive to electromagnetic radiation, the laser light

was blocked by an aluminium cover with a thickness of ≈ 45µm. Nevertheless, scattering

effects of the electrons inside the material are negligible due to the proximity of the screen

to the aluminium cover. To protect the camera (Allied Vision Pike F-421) from direct

electron irradiation, the scintillating screen was tilted by an angle of 45◦ with respect to

the electron beam path and was imaged onto the camera from the side at an angle of 45◦

by an f/1.4, f = 25mm objective. The deformation of the image caused by the imaging

geometry is rectified by locally adapted stretching of the image.

For the measurement of the electron energy, the energy dependent deflection of electrons

in a magnetic field is utilised. Electrons entering the magnetic field inside the spectrome-

ter are deflected towards the scintillating screen, which is imaged onto two CCD cameras

(Basler A102f) using two f/1.4, f = 25mm objectives. Since the emission characteristics

of the scintillating screen was investigated by [101], the intensity of the emitted radiation

could be calibrated to obtain the electron charge. Therefore, the sensitivity of the imaging

system as well as its aberrations were taken into account [52]. Electron energies in the range

of 3 to 1050MeV could be detected with a resolution depending on the width of the 20mm

thick variable copper aperture at the entrance of the spectrometer. In the reported exper-

iment, the entrance slit was set to 1 cm and was positioned 100 cm away from the gas jet
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Figure 3.5 (a) Absolute
and relative resolution of the
electron spectrometer and (b)
half angle of acceptance θ in
divergence direction in the re-
ported setup.

corresponding to a half opening angle of ≈ 5mrad. The corresponding absolute (∆E) and

relative (∆E/E) resolution in the experimentally relevant range of (3...200) MeV are plot-

ted in Fig. 3.5(a). Furthermore, transverse to the direction of dispersion, the scintillating

screen extends to ±1 cm which determines the half angle of acceptance θ (cf. Fig. 3.5(b))

in the vertical direction. Since in vertical direction, the magnetic field strength between the

two magnetic poles might vary, the electron pulses might be focused in divergence direction,

i.e., a deviation of the assumed path of the electrons through the spectrometer can influence

the angularly resolved electron density maps of the accelerated electron bunch and hence,

the interpretation of the data.

3.4 Snapshots of the Laser Plasma Interaction

An ultrashort probe pulse is generated from a fraction of the main laser pulse and can be

used to observe the interaction inside the plasma with the help of a high resolution imaging

system in sideview.

Backlighting the interaction region with a synchronised probe beam, the interaction

of the main beam and plasma can be observed. Therefore, a fraction of the main laser

pulse is split off at a beam splitter (cf. Fig 3.6). The probe pulse is then temporally
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Figure 3.6 Basic setup of the probe beam.
After the spectral broadening of the probe beam
in an argon filled hollow core fibre, it is tem-
porally compressed by chirped mirrors. With
a linear translation stage, shadowgrams can be
taken within a 2-ns time interval with a small-
est delay of 33 fs.

recompressed and focused into a hollow-core fibre filled with argon where its spectrum is

broadened through self phase modulation (cf. section 2.2.3). Subsequently, the probe pulse

is recompressed again by a further set of chirped mirrors. While pulse durations of ≈ 4 fs are

possible with this setup [102], in the experiments reported here, τprobe ≤ 10 fs was achieved.

With a linear translation stage, the temporal overlap of the probe and the main pulse inside

the target can be varied within a temporal window of tw = 2ns with a minimum step size
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of 33 fs.

After the propagation of the probe pulse through the region of interaction, scattered

probe light is imaged with an infinity corrected microscope objective (Mitutoyo M Plan

Apo NIR, (10x)) and an achromatic lens (f = 25 cm, d ≈ 5 cm) onto a CCD camera (Basler

piA1900-32gm). The imaging system is depicted in Fig. 3.7. The sharpness of the images

can vary from shot to shot because the object plane is fixed by the imaging optics, but the

location of the laser-plasma interaction is dependent on the main laser’s pointing stability

(cf. section 3.2.1).

Figure 3.7 A combination of a microscope
objective and an achromatic lens is used to im-
age the region of interaction onto a CCD cam-
era.

While the optical resolution of the imaging system is defined by the microscope objective

(manufacturer’s specifications: 1.5µm [103]), the magnification depends on the focal lengths

of both optical elements. Following the sampling theorem independently developed by

several scientists, e.g. [104], the sampling frequency must be at least twice the frequency of

the object – e.g. the plasma wave – to be sampled correctly. Accordingly, with a resolution

of ≈ 0.61µm/px, the effective resolution is ≈ 1.22µm/px which is comparable to the optical

resolution.

3.4.1 Shadowgraphy and Plasma Wave Imaging.

A plasma wave with a wavelength λp can be imaged when the probe pulse duration is

τprobe < λp/c and the resolution of the imaging system is ∆xres < λp.

Probe light propagating through an inhomogeneous electron density distribution is de-

flected towards regions of lower densities resulting in a modulated intensity profile, which

can be detected by their imaging onto a CCD camera. If deflections are solely acquired

in the focal plane of the imaging system, no modulation of the intensity profile would be

detected since in this case, the imaging system directs the probe light deflected at a distinct

point in the image plane to the corresponding point in the object plane. Nevertheless, due to

the transverse extent of the plasma wave of ≈ λp, intensity modulations are not exclusively

generated in the object plane and the electron density distribution of the plasma wave can

be visualised with this technique, which is referred to as shadowgraphy.

The imprint of the plasma wave on the probe pulse is affected by the pulse duration τprobe

of the probe beam, the longitudinal density modulation of the plasma wave with a period λp,

the transverse extend of the plasma wave ≈ λp and finally, the simultaneous propagation of
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probe pulse and plasma wave under 90◦. Let us first consider an infinitely short probe pulse.

Its propagation through the moving structure results in a deformed image of the plasma

wave. Nevertheless, this image is mainly generated by the centre of the plasma wave [105]

as larger density modulations cause stronger brightness modulations. Therefore, a slightly

blurred image of the centre of the plasma wave would be obtained. For the discussion of

the role of the pulse duration, it is convenient to limit the transverse extent of the plasma

wave to its centre. With increasing pulse duration τprobe, the probe beam experiences the

movement of the plasma wave’s centre resulting in a weakening of the intensity modulation.

A probe beam long enough to witness the propagation of the central part of the wave by λp

will experience the averaging out of the signals imprinted on the probe pulse by the high

and low density regions of the plasma wave. Hence, to temporally resolve the plasma wave

τprobe < λp/c is required. Moreover, to detect the intensity modulation introduced by the

plasma wave, an imaging system with a spatial resolution ∆xres < λp is also required.

3.4.1.1 Plasma Wavelength Measurements

Intensity inhomogeneities in shadowgrams can be removed with a low order spline fit

resulting in a contrast enhanced image. Moreover, an image of the plasma wave can be

analysed using continuous wavelet transformation, which yields the plasma wavelength.

An example shadowgram visualising a plasma wave is shown in Fig. 3.8(a). The intensity

inhomogeneities in the beam’s near-field profile, which are a combination of the initial

probe beam profile and intensity modulations acquired in an inhomogeneous plasma, can

be estimated and removed (cf. Fig. 3.8(c)) with a low order spline fit [106] when the spatial

frequency of those inhomogeneities is significantly smaller than the plasma wavelength.

Fig. 3.8(b) exemplarily shows the central lineout of the plasma wave (black line) as well as

the corresponding low order spline fit (red line). Removing the fitted curve from the original

lineout yields the clear oscillation of the plasma wave (blue line). Applied to the whole image

line by line, the visibility of the plasma wave is significantly enhanced (Fig. 3.8(c)). The

central lineout of the plasma wave, corrected with the fitted line, can now be analysed using

the continuous wavelet transformation (CWT) [107] method which compares the amplitudes

at all positions x in the lineout with each other to find the local spatial frequency. Fig. 3.8(d)

shows the result for the lineout in Fig. 3.8(b) in terms of the plasma wavelength where the

bright region corresponds to the most frequently occurring wavelengths at the corresponding

positions x. The average plasma wavelength at each position x is emphasised with a dashed

black line. Note that further features, e.g., radiation emitted from the region of interaction

or an image of the shockfront are observable in shadowgrams and will be discussed in

Chapter 4.
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Figure 3.8 (a) Shadowgram (normalised raw image). (b) Central lineout of the plasma wave
(black), low order spline fit to remove brightness inhomogeneities of the probe beam (red) and
corrected plasma wave lineout (blue). (c) Contrast enhanced shadowgram. (d) Plasma wavelength
analysis with continuous wavelet transformation.

3.4.2 Polarimetry

For polarimetry measurements, the probe beam imaging system introduced in section 3.4

is modified by adding a non-polarising beam splitter, a second camera and two polarizers.

CCD-T

C
C

D
-R

PT

PR

A

MO

Gas
Jet

Object Plane

BS

Main
Laser Pulse

Probe
Pulse

- 
e -Pulse

Figure 3.9 Polarimetry setup. A nonpolarising beam
splitter is used to separate the probe beam into a trans-
mitted (T) and a reflected (R) part. The CCD cameras
(CCD-T and CCD-R) are equipped with a polarizer (PT

and PR) each.

As explained in section 3.4, the region of interaction is imaged with a microscope ob-

jective (MO) and an achromatic lens (A) onto a CCD camera (cf. Fig. 3.9). CCD-T is

equipped with a polarizer (PT ) to determine the state of polarisation of the probe beam

after its propagation through the region of interaction. Those shadowgrams modified by

a polarizer will be referred to as polarograms in the following discussion. With only one

camera and polarizer set to an angle ψT , the analysis of the images requires the assumption

of either symmetry of the polarograms with respect to the laser axis or comparability of

consecutive shots [108]. Therefore, the probe beam is split by a non-polarising beam split-

ter (BS) to allow for the observation of the same region inside the plasma with a second

camera and polarizer set to an angle ψR 6= ψT . The advantage of using this two camera

setup [56] will become more obvious in section 3.4.2.1 where the analysis of the polarograms

is explained.
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3.4.2.1 Polarograms and Rotation of the Polarisation Ellipse

From the polarograms obtained with the modified probe beam imaging system, the change

of polarisation of the probe beam acquired inside the plasma can be retrieved.

The intensity of a fully polarised electromagnetic wave transmitted through a polarizer

can be described by means of the Jones calculus (cf. Appendix C.1). Generally, the intensity

after the polarizer

IT (x, z) = I0(x, z)T

[

1−βT
∣
∣
∣
∣
1−
{

eiδ(x,z) cos [ψT ] cos [ψ(x, z)]+sin [ψT ] sin [ψ(x, z)]

}2∣
∣
∣
∣

]

, (3.1)

depends on the angle of the polarizer ψT and the local angle of Faraday rotation ψ(x, z)

– both with respect to the probe beams’s initial direction of polarisation (~ex) – as well

as the local phase shift δ(x, z) between the wave’s electric field components. Eq. (3.1) is

adapted to the transmission arm introduced above. To yield the result for the reflection

arm IR(x, z), the transmittance T is interchanged with the reflectance R of the beamsplitter.

The ratio T/R ≈ 1.1 will be relevant for the analysis of the data and was determined in

the experiment. Moreover, the extinction coefficients of the polarizers in the transmission

and reflection arm could be determined to βT ≈ βR ≈ 0.99 (cf. Appendix C.2). I0(x, z) is

the local brightness of the probe beam of the polarograms in Fig. 3.10, which is given by
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Figure 3.10 Polarogams of (a) transmission and (b) reflection arm. The bright and dark spots
caused by changes of the probe beam’s state of polarisation (inside red square) are interchanged
whereas the initial brightness modulations are similar.

the initial probe beam’s intensity profile as well as brightness modulations acquired inside

the plasma which can for example be induced by the density gradients of the plasma wave

(cf. section 3.4.1). I0(x, z) is not affected by changes of the state of polarisation of the

probe beam and is therefore, similar in both images. Assuming δ(x) = 0, Eq. (3.1) can be

simplified to IT (x, z) = I0(x, z)T
(
1− βT sin

2 [ψT − ψ]
)
and the quotient

IT (x, z)

IR(x, z)
=
T

R

1− βT sin
2 [ψT − ψ]

1− βR sin2 [ψR − ψ]
, (3.2)
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can be numerically inverted to retrieve ψ, which in this context represents the rotation of

the polarisation ellipse (cf. section 2.3.6). Therefore, the retrieved angle will be referred

to as ϑψ,δ in the following sections whereas ψ is still the angle of rotation of the plane of

polarisation.

In contrast to I0(x, z), regions of changed polarisation as present inside the red boxes in

Fig. 3.10 are interchanged. Therefore, the division of the images removes the background

brightness while the brightness modulation due to changes of polarisation is maintained

such that regions of changed polarisation can be identified clearly. The interchange of

bright and dark regions in the polarograms is due to the choice of the polarizers’ angles

ψT ≈ 90.0◦ − 15.0◦ = 75.0◦ and ψR ≈ 90.0◦ + 18.6◦ = 108.6◦ where ψT = ψR = 90◦ refers

to maximum extinction of the probe light with initial polarisation. Since the polarizers are

rotated away from maximum extinction by approximately the same angle but in opposite

directions, a given angle of rotation ψ results in the opposite change of brightness in the

two images.

The sensitivity of the measurement can be optimised by minimising or maximising the

intensity ratio, which for βT = βR → 1 is achieved when the polarizers are detuned from

maximum extinction by the maximum of ψ. Since the maximum angle of rotation is small

(≈ 2◦), the part of the probe beam with initial state of polarisation would be blocked almost

completely, which leads to plasma imaging with poor contrast. Therefore, the chosen angles

are a compromise between the sensitivity of the polarisation measurement and the imaging

of the plasma wave, which is ideal at full transmission of the initial state of polarisation.
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Figure 3.11 Rotation map retrieved from the
polarograms in Fig. 3.10.

Fig. 3.11 shows the rotation map ϑψ,δ(x, z) retrieved from the polarograms in Fig. 3.11

which will be referred to as polarisation signal in the following sections. The intense red

and blue spots correspond to regions of positive and negative rotation.

3.5 Spectral Analysis of Scattered Radiation
With an imaging spectrometer, electromagnetic radiation scattered and emitted from the

region of interaction can be analysed spectrally in top view.

During the interaction of main laser pulse and plasma, electromagnetic radiation is

emitted or scattered away from the region of interaction. Different kinds of radiation can
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be distinguished by their spectrum and region of origin; therefore, an imaging spectrometer

was employed. To generate spatially resolved optical spectra, the channel of interaction

was imaged onto the entrance slit of the spectrometer using an achromatic lens (d ≈ 5 cm,

f = 25 cm), which in turn was imaged onto a CCD camera (SXVF-H35) by two spherical

mirrors with a magnification of 1. A reflective diffraction grating was positioned in between

the two spherical mirrors fixed on a rotational mount in order to switch between the different

orders of diffraction, i.e., the region of interaction can be observed in (x, y)-space using the

zero-order reflection, or (x, λ)-space using the first-order of diffraction. Due to the large

sensor of the CCD camera with 4008 × 2672 pixels with a pixel size of (9µm)2, the whole

interaction length of 2-3mm can be observed with a resolution limited by the optics. In

the spatial direction, the resolution of ≈ 5µm/px is determined by the imaging lens. The

spectral resolution depends on the width of the slit and the line spacing of the grating and

was measured to be ≈ 5 nm/px using the FWHM width of the spectral lines of a mercury-

vapour lamp used for calibration.
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4. Controlled Injection of Electrons into Plasma

Waves

Self injection of electrons into the plasma wave usually requires the evolution of laser

pulse and plasma wave to higher amplitudes. Due to the nonlinear nature of the laser-

plasma interaction, slight changes in the initial conditions (fluctuations of laser and target

properties) may lead to uncontrollable fluctuations of the accelerator output. Especially,

differences in the position of injection result in a variation of the final electron energy.

Controlled injection – here at a density transition – is a possibility to stabilise and control

the electron energy gain by triggering injection at a defined position.

The density transition is situated between a shockfront and the following undisturbed

electron density of an ionised helium gas jet. The shockfront is generated by inserting

a horizontally oriented knife edge at variable position into the upward-directed gas flow,

which influences the position, angle and the electron density profile of the shockfront. In

this chapter, the shockfront or density transition is characterised in detail with the help of

an ultrashort probe beam with its imaging system as well as an imaging spectrometer. Using

these diagnaostics, information on the manipulated electron density profile of the ionised

gas jet could be deduced. Subsequently, the influence of the shockfront on the acceleration

process is investigated at different positions in the gas jet and for different nozzle backing

pressures. This includes the emission of wavebreaking radiation at the shockfront, the

electron energy gain as well as the electrons’ spectral bandwidth and shape. Moreover,

the influence on the transverse electron beam profile which helps to investigate the charge,

divergence and pointing of the accelerated electron beam is presented in Appendix B.3. It

was found that all those parameters are influenced by the properties of the shockfront.

4.1 Comparability of the Results

Despite different nozzles and focusing optics used in the different experimental campaigns,

the results are expected to be comparable.

In the following sections, results from two experimental campaigns are presented where

different combinations of focusing optics and gas nozzles were employed (cf. Table 4.1

and section 3.2). Despite the difference in particular laser and target parameters in the

two campaigns, a number of parameters were similar, which had a significant effect on the

outcome of the experiment. The comparability of the results of the two campaigns is based
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Table 4.1 Focusing geometry and nozzle di-
ameters of the two experimental campaigns pre-
sented in this chapter (cf. section 3.2).

Campaign 1 Campaign 2
f# f/20 f/13
dout / mm 3.1 2.1

on comparable relations of the shockfront position xSF and angle α to the position of the

knife xKE, (cf. section 4.2.2), a negligible influence of the Mach numberM (cf. section 4.2.2),

and comparable electron densities in the undisturbed region after the shockfront n0, (cf.

section 4.2.4.2).

4.2 Characterisation of the Shockfront

An ideal electron density profile of a shockfront has a rising electron density profile in

front of the electron density transition (region I), which is located at xSF . The electron

density profile at x > xSF (region II) is undisturbed.

As explained in section 3.2.2.2, an obstacle – here a knife edge – brought into a supersonic

gas jet generates a wall of increased density and thus, a density transition towards the

following undisturbed region of the gas jet. The position of the knife edge xKE determines

the position of the density transition xSF , which in turn affects the electron density profile

ne(x). Fig. 4.1 shows an idealised density profile (cf. section 4.2.4.4) of a gas jet with a

shockfront where the density rises for x < xSF in region I and forms a plateau with ne = n0

in the undisturbed part of the gas jet for x > xSF in region II. The density transition from

ne = nSF to ne = n0 at x = xSF is a sharp density gradient with a width of few micrometers

(cf. section 4.2.2). Strictly speaking, xSF refers to the centre of the density transition

between the increased density of the shockfront and the undisturbed density behind the

shockfront. Nevertheless, xSF is referred to as position of the shockfront in this chapter.
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Figure 4.1 Idealised electron den-
sity profile of a shockfront.

Here, the shockfront is characterised in dependence on xKE and different nozzle backing

pressures pN which could be related to the electron density n0 of the density plateau in the

undisturbed region of the gas jet behind the shockfront. The following section covers the

dependence of position xSF , angle α and width wSF of the shockfront on the position of the
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knife edge xKE. Subsequently, different aspects of the electron density profile are analysed

in detail with respect to the position of the shockfront xSF .

4.2.1 Position Calibrations

Through the observation of the shockfront with both optical diagnostics, a shared point of

origin was found.

In the present experiment, two optical diagnostics were available for the observation

of the interaction of laser and plasma. With the imaging spectrometer operated in zero-

order reflection (imaging mode), the position of the knife edge xKE could be determined

(Fig. 4.2(a)) with respect to the gas nozzle and thus, to the undisturbed electron density

profiles of the gas jets introduced in section 3.2.2.1.

In side view, shadowgrams as shown in Fig. 4.2(b) were recorded with the ultrashort

probe beam. Here, the area ionised by the main laser pulse (inside red line) is intersected by

a tilted straight pattern, which is generated at the increased electron density of a shockfront

(SF). The angle α of the shockfront is defined with respect to the normal to the laser

axis, i.e., the path of the peak of the main laser pulse, which can be identified by the

plasma wave (PW) or the channel of scattered radiation. Moreover, the intersection of

the shockfront with the laser axis determines the position of the shockfront xSF . It will be

shown in section 4.2.3.2 that the position of the shockfront can be detected with the imaging

spectrometer operated in first order of diffraction (spectral mode) allowing to define a shared

point of origin (cf. section 4.2.2) for both optical diagnostics in laser propagation direction
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Figure 4.2 (a) Nozzle and knife edge in top view. (b) Interaction in Sideview. The shadowgram
shows a plasma wave, the tilted straight pattern of a shockfront and side scattered radiation.
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4.2.2 Position, Angle and Width of the Shockfront

Both, shockfront position xSF and angle α linearly depend on the position of the knife edge

xKE while a dependence of xSF and α on the nozzle backing pressure pN , the nozzle opening

diameter dout or Mach number M was not found. The width of the transition wSF is ≈ 8µm.

The relation of the position xSF and the angle α of the shockfront as a function of

the position of the knife edge xKE was investigated for both nozzles with similar results.

Here, the results for the larger nozzle with dout = 3.1mm and M ≈ 4 operated at different

backing pressures (pN = 20, 24 and 27 bar) are presented since data in an extensive x-

range are available. While it is possible that the found relations do not depend on the

Mach number, a more likely explanation could be that the actual Mach numbers of the two

different nozzles’ differ less than expected from the nozzle geometry.

Position and angle. As shown in Fig. 4.3(a), the shockfront position xSF as a function

of xKE can be described by a line with a slope of ≈ 2, which is caused by the increasing

shockfront angle α ≈ 128◦ arctan [xKE/(3600µm)] (Fig. 4.3(b)). An increase of α with

xKE has already been observed in numerical flow simulations [109] and is most likely the

result of a larger overlap of the knife edge with the nozzle, which causes a larger part of

the gas jet to be disturbed and consequently, leads to a redirection of a larger amount of

gas particles. Moreover, the increasing overlap and hence, the higher force on the knife

edge likely causes stronger deformations of the knife edge itself and therefore, might cause

the increasing mean deviation of xSF and α for positions deeper inside the gas jet. While

for xKE ≈ 220µm, the mean deviation of xSF from its average amounts to ≈ 50µm, at

xKE ≈ 1270µm, the deviation is increased to ≈ 250µm. Note that neither a dependence
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Figure 4.3 (a) Average position xSF and (b) average tilt α of the shockfront with respect to the
position of the knife edge xKE.

of xSF nor of α on the nozzle backing pressure pN was found. The origin of the x-axis was

chosen such that the extrapolation of α(xKE) → 0 yields xKE → 0, which simultaneously

gives xSF (xKE = 0) ≈ 0. Throughout the whole chapter, xSF ≈ 2xKE > 0 refers to the

calibrated positions of knife edge and shockfront whereas xSF = xKE = 0 corresponds

48



to measurements without knife edge (reference measurements), respectively. As shown in

section 3.2.2.1, the position x = 0 and thus, xSF = xKE = 0 is located at the beginning of

the rising electron density profile of the ionised gas jet.

Width. The shockfront is a sudden density drop, which in transverse direction is ex-

tended over the whole gas jet. In the ionised area of the gas jet, i.e., in the plasma, the

difference in electron density directly before and after the drop generates a difference in the

index of refraction of the plasma where the probe light is bent. Since the plasma radially

extends over ≈ 100µm (cf. Fig. 4.2(b)) and the depth of focus of the probe beam imaging

system is ≈ 1.5µm, different regions of the shockfront along the probe pulse’s path through

the plasma are imaged with different sharpness. Therefore, the shockfront is visible as a

tilted straight pattern consisting of several dark and bright lines in sideview. Fig. 4.4(a)

shows a detail of the shadowgram in Fig. 4.2(b) with shockfront. For the estimation of the

width of the shockfront wSF , the FWHM width of the brightest line was measured, which

represents the probe light bent away from the region of high density. The procedure is

shown exemplarily for the lineout in Fig. 4.4(b) taken from the shadowgram in Fig. 4.4(a)

at the position of the horizontal dashed red line. While here, wSF ≈ 6µm, on average,

wSF ≈ (8 ± 2)µm. Although this is only a rough estimate, it represents the uncertainty of

the determination of a given shockfront position xSF . An estimate of the uncertainty of a

single shockfront angle α can also be determined from the alternating pattern of the image

of the shockfront. The two solid red lines in Fig.4.4(a) represent the maximum and the

minimum angle incorporating the width of a dark stripe of the shockfront pattern. Here,

the uncertainty of the determination of the angle of the shockfront amounts to ≈ 3◦.
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Figure 4.4 (a) Image of a shockfront in sideview. (b) Lineout along the horizontal red dashed
line in (a) for the determination of the width wSF of the shockfront.

A theoretical estimation of the effective width wSF,eff is based on the assumption that

the absolute width of the shockfront wSF at a given temperature is constant and determined

by the Mach number M and the mean free path of the fluid lmfp [100]. In helium at 300K,

wSF (M = 3.2) = 2.5 lmpf and wSF (M = 4) = 2 lmpf [100]. Furthermore, the mean free path
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is given by lmfp ne = constant [99] and lmfp ≈ 0.6µm at an electron density of 1.9×1019 cm−3

[47]. As the shockfront is tilted by α, the effective width wSF,eff as experienced by the laser

pulse is increased leading to a simple relation given by wSF,eff = wSF/ cos(α). In an electron

density range of n0 ≈ (0.77...1.30)× 1019cm−3 where n0 refers to the undisturbed density of

the ionised gas jet and an angle range of α ≈ (10...60)◦, widths between 4µm and 12µm are

obtained, which is in good agreement with the experimentally determined value of ≈ 8µm.

4.2.3 Plasma Parameter and Electron Density Retrieval

Through the measurement of the nonlinear plasma wavelength or frequency, respectively,

ne/γ can be retrieved. In the linear limit, γ → 1 and the pure electron density can be deduced.

In this experiment, the electron density ne could be deduced by means of the plasma

wave imaged with the ultrashort probe beam and its imaging system (cf. section 3.4) and

from Raman scattered laser light detected with an imaging spectrometer. In both cases,

the retrieval of the electron density relies on the measurement of the plasma wavelength

or plasma frequency, respectively. Since the plasma wave electrons are excited to oscillate

with maximum velocities close to c by the strong pump laser pulse, the relativistic mass

increase of the electrons, which can be described by the electrons’ γ-factor has to be taken

into account and generally, the knowledge of γ is required to calculate ne from the nonlinear

plasma wavelength

λp,nl =
√
γλp =

2πc

ωp,nl
= 2πc

√
ǫ0γme

nee2
∝
√

γ

ne
, (4.1)

and the nonlinear plasma frequency

ωp,nl =

√

nee2

ǫ0γme

=
1√
γ
ωp ∝

√
ne
γ
. (4.2)

In the linear limit, γ → 1, i.e., λp,nl → λp and ωp,nl → ωp. Moreover, for a top hat

laser pulse (THP) in one dimension, the nonlinear plasma wavelength is given by λp,nl
THP≈

2
π

a20/2√
(1+a20/2)

λp (cf. Eq. (2.30)) and thus, the corresponding relation of γ and a0 is γ
THP≈

2
π

a20/2√
(1+a20/2)

. The determination of the linear and nonlinear plasma wavelength and frequency,

respectively from the two optical diagnostics is explained in the following sections.

4.2.3.1 Plasma Wave Imaging

In region II (x > xSF ), the linear plasma wavelength and thus, the pure electron density

could be deduced.

The top image of Fig. 4.5(a) shows a contrast enhanced shadowgram with a plasma wave

in region II, i.e., after the shockfront. The middle image depicts the central lineout of the
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plasma wave from which the local plasma wavelength λp,nl (red line in bottom image of

Fig. 4.5(a)) was deduced with the CWT method (cf. section 3.4.1.1). Employing Eq. (4.1),

ne/γ can be calculated, which is shown as blue line in the bottom image of Fig. 4.5(a). For

the retrieval of the pure electron density ne, the section of the plasma wave from which the

linear plasma wavelength can be extracted has to be chosen carefully.
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Figure 4.5 Plasma wave (a) after and (b) in front of and after the shockfront. The subdivisions in
the images mark different parts of the plasma wave or the area around the shockfront, respectively.

The images in Fig. 4.5(a) are divided in four sub-regions: a represents the region in

front of the plasma wave while in b, which here is extended over the first three plasma wave

periods, a nonlinearly lengthened plasma wavelength can be observed. With increasing

distance to the laser pulse, the lengthening becomes weaker – most likely due to the transfer

of the oscillation energy to the background plasma – until in region c, the plasma wavelength

is constant over seven periods. Due to the reduction of oscillation energy, γ eventually

approaches 1 and the approximately constant plasma wavelength in c suggests that no

further decrease of γ occurs. This allows to assume that γ ≈ 1 in region c and hence, that

one can deduce an approximately linear plasma wavelength. Here, λp ≈ 8µm, which in the

linear limit corresponds to ne ≈ 1.7× 1019 cm−3. The plasma wave periods in d are slightly

asymmetric with respect to z = 0 and the plasma wavefronts have developed a sharp edge,

which leads to an inaccurate determination of the wavelength by CWT in region d.

The plasma wave can only be imaged in intermediate electron densities since in high elec-

tron densities, the probe beam can be overshone by side scattered radiation (cf. Fig. 4.2(b))

while with decreasing electron density, changes in the index of refraction for a given probing

wavelength are decreased and thus, the image contrast is reduced. Generally, the electron

density in front of the density transition was to high for plasma wave imaging in the re-
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ported experiments. Moreover, for the lowest nozzle backing pressure (8 bar) applied to the

nozzle with dout = 2.1mm, the image contrast was to low for plasma wave imaging after

the density transition. However, on very rare occasions, the plasma wave can be imaged

simultaneously in the high density before and in the low density behind the shockfront as

shown in the top image of Fig. 4.5(b). Here, the different regions mark the plasma wave

behind the shockfront (region II), the area around the shockfront (SF) and the plasma wave

in front of the shockfront (region I). A special feature of this shadowgram is that here two

plasma waves – PW1 and PW2 – were independently driven by separate fractions of the

same laser pulse. Since the depth of modulation of PW2 appears to be significantly weaker

than the modulation of PW1, PW2 might be driven by a side focus (c.f. Fig. 3.2(b)). The

central lineout of the plasma wave PW1 is shown in the middle image of Fig. 4.5(b), from

which except for the part with the shockfront, the plasma wavelength and ne/γ could be

deduced (cf. bottom image of Fig. 4.5(b)). Since generally, the density before the density

transition (in region I) gradually increases with larger values of x [47, 109], the increasing

plasma wavelength in region I is most likely caused by an increasing γ-factor, i.e., the laser

pulse might have evolved to a very high intensity such that the reduction of the γ-factor

through the transfer of energy to the background plasma is still in progress at distances

> 100µm behind the position of the laser pulse or front of the plasma wave. Nevertheless,

due to the poor image contrast in the front part of the shadowgram in Fig. 4.5(b) and

the asymmetries in the rear part, which are mainly caused by the double plasma wave,

the deduction of plasma wavelength and ne/γ might be subject to large errors. Although

Fig. 4.5(b) shows an intriguing image of the interaction, such plasma waves were not used for

the determination of the linear plasma wavelength , which for the following considerations

was carried out with clearly imaged plasma waves exhibiting an approximately constant

plasma wavelength as shown in region c in Fig. 4.5(a).

Linear plasma wavelength in region II for different positions of the shockfront.

The linear plasma wavelength was measured directly after the shockfront. Fig. 4.6 shows

the results for different nozzle backing pressures and different positions of the knife edge in

the plasma, which are represented by the position of the shockfront xSF ≈ 2xKE. Although

the plasma wavelength for the lowest backing pressure (8 bar) could not be measured by

imaging the plasma wave, it is possible to extrapolate the missing value by comparing the

trends of the linear plasma wavelength presented here and the nonlinear plasma wavelength

in region II introduced in the following section. Therefore, the electron density in region II

will be discussed afterwards in section 4.2.4.2.
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Figure 4.6 Linear plasma wavelength in re-
gion II directly after the shockfront measured for
different nozzle backing pressures pN and knife
edge positions xKE represented by the position
of the shockfront xSF ≈ 2xKE. The lines are
linear fits to the data.

4.2.3.2 Raman Scattered Laser Light

Raman shifted laser light could be observed in region I (x < xSF ) and region II (x >

xSF ). Hence, the nonlinear plasma wavelength and ne/γ could be deduced before and after the

shockfront.

Due to the coupling of laser radiation to the plasma wave, a fraction of the laser radiation

experiences a frequency shift (cf. section 2.2.3) by an integer multiple m of the plasma

frequency ωp,nl, i.e., ωm = ωL ± mωp,nl with ωm being the frequency of the m-th Raman

satellite. As reported in [110], the laser light is primarily scattered at the first plasma wave

period which can be subject to nonlinear lengthening (cf. sections 2.3.1.5, 4.2.3.1) and

generally, the spectral analysis of the scattered radiation and Eq. 4.2 deliver ne/γ. This

radiation is not only generated in forward direction but also scattered normally to the laser

axis [110] and thus, can be detected in top view by the imaging spectrometer.

Fig. 4.7(a) shows a spatially resolved optical spectrum where the wavelength of the

radiation is resolved along the ordinate and the abscissa corresponds to the pump laser’s

propagation direction x. The straight line at λL = 2πc/ωL ≈ 783 nm represents the strongest

component1 of the Jeti40 spectrum while the bent lines above and below correspond to the

m-th Raman satellite, which are emphasised with red or black lines, respectively. The

red line was retraced manually while the black lines were calculated from the red line in

combination with λL. However, the calculated lines reproduce the measured spectral lines

quite well.

The Raman lines in Fig. 4.7(a) exhibit a discontinuity at x ≈ 1100µm, which clearly

correlate to a discontinuity of λp,nl and ne/γ occurring at the same position (cf. Fig. 4.7(b)).

In front of the discontinuity (x < 1100µm), λp,nl decreases, which indicates an increase of the

electron density ne and/or a decrease of γ, which would suggest decreasing laser intensities.

Since at this early stage during the interaction an increase of laser intensity due to the laser

pulse’s nonlinear evolution in the plasma would be expected, the rising profile of ne/γ is

most likely caused by an increasing electron density profile. Electron density profiles with a

1Note that the strongest line is not necessarily the central wavelength (cf. Appendix A.1.1).
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Figure 4.7 (a) Spatially resolved optical spectrum. The straight horizontal line at 783 nm (em-
phasised with a solid black line) represents the fundamental laser wavelength while the bent lines
are Raman satellites of the order m. The discontinuity of the Raman lines is due to a discontinuity
of the electron density generated by a shockfront inside the gas jet. The spectrum is also shown
in Appendix B.1 without the additional lines on top. (b) Nonlinear plasma wavelength and ne/γ
retrieved from the Raman satellites.

similar shape were obtained from numerical flow simulations [109]. Within the width of the

discontinuity, which is on the order of few micrometers, the laser intensity and therefore,

γ can be assumed to be constant. Hence, the discontinuity can be attributed solely to a

sudden change of the electron density, which here is generated by the shockfront induced

by the knife edge, which forms a density transition at the position xSF . Different electron

density profiles ne(x) will be discussed in section 4.2.4.4.

Nonlinear plasma wavelength in regions I and II for different positions of the

shockfront. The Raman scattered laser light could be observed directly before and after

the shockfront, i.e., in regions I and II, respectively. The nonlinear plasma wavelengths in

both regions calculated from the Raman satellites are shown in Fig. 4.8 for different backing

pressures and different positions of the knife edge in the plasma, which are represented by

the position of the shockfront xSF ≈ 2xKE. In the following sections, some characteristics

of the electron density profile of and around the shockfront will be deduced from the non-

linear plasma wavelengths presented here and the linear plasma wavelengths introduced in

section 4.2.3.1.

4.2.4 Electron Density and Nonlinear Effects

Aspects of the electron density profile of the shockfront are investigated with the help

of the linear (by sideview imaging) and nonlinear (from Raman shifted laser light) plasma

wavelengths.

The results introduced in the following sections were achieved using a gas nozzle with

a diameter of dout = 2.1mm during Campaign 2. Nevertheless, the undisturbed electron
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Figure 4.8 Nonlinear plasma wavelength in region I and region II for different backing pressures
and positions of the knife edge xKE represented by the position of the shockfront xSF ≈ 2xKE. The
lines are linear fits to the data.

density n0 scales as pN/d
2
out and can be estimated for the case when using the larger nozzle

with dout = 3.1mm employed in Campaign 1. Furthermore, the comparable behaviour of

shockfront position xSF and angle α with respect to the position of the knife edge for both

nozzles allows to assume similar streaming properties of the gas jet when the knife edge is

inserted in both cases and thus, the scalability of the peak electron density nSF .

In the following sections, the electron density profile of and around the shockfront is

investigated with the help of the linear and nonlinear plasma wavelengths introduced above.

This includes the determination of

1. the relativistic γ-factor by comparing the linear and nonlinear plasma wavelengths

directly after the shockfront,

2. the electron density after the shockfront n0, which requires the linear as well as the

nonlinear linear plasma wavelength for extrapolation purposes,

3. the electron density ratio nSF/n0 of the peak electron density of the shockfront nSF

and the undisturbed electron density after the shockfront n0, which could be deduced

from the ratio of the nonlinear plasma wavelengths directly before and after the density

transition,

4. the peak electron density of the shockfront nSF using the density ratio nSF/n0 and

the electron density after the shockfront n0,

5. some electron density profiles ne(x) with the help of the nonlinear plasma wavelengths

before and after the shockfront in combination with the γ-factor.
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4.2.4.1 Relativistic γ-Factor after the Shockfront

For different positions of the shockfront and nozzle backing pressures, γ ≈ 1.18± 0.60 could

be determined from the linear and nonlinear plasma wavelength directly after the shockfront.

A laser pulse propagating through a plasma evolves to higher intensities (cf. sec-

tion 2.2.3), which is equivalent to an increasing γ-factor of the oscillating plasma wave

electrons. Here, the γ-factor of the oscillating plasma wave electrons could be determined

by means of the linear (cf. section 4.2.3.1) and nonlinear plasma wavelength (cf. sec-

tion 4.2.3.2) via γ = (λp,nl/λp)
2 (cf. Eq. 4.1). The results for linear and nonlinear plasma

wavelengths measured directly after the shockfront are shown in Fig. 4.9(a) for different

shockfront positions xSF ≈ 2xKE and nozzle backing pressures.
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Figure 4.9 (a) Comparison of the linear and nonlinear plasma wavelengths after the shockfront
for different nozzle backing pressures and positions of the knife edge xKE represented by the position
of the shockfront xSF ≈ 2xKE. The lines are linear fits to the data. (b) Relativistic γ-factor
calculated from the ratio of linear and nonlinear plasma wavelengths. Here, the dashed line marks
the average.

Since the trends of the linear and nonlinear plasma wavelengths measured in region

II directly after the shockfront are comparable for a given nozzle backing pressure, γ =

(λp,nl/λp,)
2 (cf. Eq. 4.1) is constant within its error bars and amounts to γ ≈ 1.18 ± 0.60,

i.e, an increase of γ with the expected increase of the laser intensity cannot be confirmed

by measurements (cf. Fig. 4.9(b)). Although error bars for the γ-factor reaching below

γ = 1 are physically not relevant, they are the result of the statistical analysis, which

simultaneously might be the reason for the seemingly non-evolving laser pulse intensity.

Furthermore, the determination of a seemingly constant γ-factor could be caused if the

assumption γ ≈ 1 for the deduction of the linear plasma wavelength from the shadowgrams

is not correct. Moreover, the measurements might be not sufficiently sensitive to determine

γ. PIC-simulations might help to explore the relation of the plasma wavelength, the γ-factor
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and the scattered radiation in more detail. An alternative experimental method to observe

the evolution of the laser pulse will be presented in chapter 5 where the influence of magnetic

fields on the state of polarisation of a probe pulse is explored.

4.2.4.2 Electron Density n0 after the Shockfront

The electron density after the shockfront n0 linearly depends on the nozzle backing pressure

pN . Both nozzles with dout = 2.1mm and dout = 3.1mm were operated with backing pressures

producing comparable density ranges of (0.77− 1.31)× 1019cm−3.

Since the linear as well as the nonlinear plasma wavelengths after the shockfront (cf.

Fig. 4.9(a)) can be considered to be constant within their error bars, their average was

calculated for each nozzle backing pressure pN . Those averages are shown in Fig. 4.10(a) as

red filled circles and blue filled squares. Due to the similar dependency of λp and λp,nl on the

backing pressure, the linear plasma wavelength for the smallest backing pressure pN = 8bar

could be interpolated and is depicted as a grey star.
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Figure 4.10 Averages of (a) the linear (blue) and nonlinear (red) plasma wavelengths after the
shockfront and (b) the corresponding electron density of the nozzle with dout = 2.1mm. The lines
in (a) are 1/

√
pN fits and in (b) a linear fit to the data. The grey stars in both images represent

interpolated values. Furthermore, the yellow triangles in (b) depict the scaled electron density for
the larger nozzle with dout = 3.1mm.

As λp = 2πc
√

ǫ0me

n0e2
, n0 can be calculated and each backing pressure pN can be related

to the electron density n0 of the density plateau behind the shockfront. Fig. 4.10(b) shows

the electron density calculated from the linear plasma wavelength as blue squares and the

extrapolated value as a grey star. To find the scaled electron densities for the larger nozzle,

the actual backing pressure was downscaled via pscaled,3.1mm = pN,3.1mm
(
2.1mm
3.1mm

)2
. With

those downscaled backing pressures, the electron densities (represented by yellow triangles)

for the larger nozzle can be read from the linear fit in Fig. 4.10(b). Note that both nozzles

were operated in the same density regime.
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4.2.4.3 Density Ratio of the Transition and Density of the Shockfront nSF

The density ratio nSF /n0 as well as the the peak electron density nSF directly in front of the

density transition increase for shockfront positions deeper inside the gas jet. nSF additionally

increases with nozzle backing pressure pN .

As explained before, the Raman scattered laser light is a measure of the nonlinear plasma

frequency, i.e., the knowledge of γ would be required if one wanted to deduce the actual

plasma density at the point from which this light is scattered. Nevertheless, the width

of the density transition wSF is on the order of ≈ 8µm, which justifies the assumption

γ = constant at and directly after the front for any position xSF in the plasma. Therefore,

the density ratio can be estimated as nSF

n0
=

(

λp,nl,0

λp,nl,SF

)2

. The nonlinear plasma wavelengths

in both regions calculated from the Raman satellites are shown in Fig. 4.8 for different

backing pressures.
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Figure 4.11 (a) Electron density ratio nSF /n0 and (b) electron density of the shockfront nSF for
different nozzle backing pressures and positions of the knife edge xKE represented by the position
of the shockfront xSF ≈ 2xKE. The lines are linear fits to the data.

Similar to xSF and α, the density ratio nSF/n0 depicted in Fig. 4.11(a) does not show a

dependence on the nozzle backing pressure pN . Although the error bars in Fig. 4.11(a) are

large, an increase of nSF/n0 is clearly recognisable for increasing shockfront positions xSF .

It was shown in section 4.2.2 that the shockfront angle α increases with the position

of the knife edge xKE which according to Eq. (1) in [47] leads to a decrease of nSF/n0.

Nevertheless, when the knife edge is moved deeper into the gas jet, the area of the nozzle

covered by the obstacle increases and more gas has to flow around. Thus, the shockfront

becomes stronger and counteracts the expected decrease of nSF/n0. The increase of the

shock angle as well as the density ratio for knife edge positions deeper inside the gas jet

could be confirmed using numerical flow simulations [109].

Additionally, the peak electron density at the shockfront nSF can be estimated with the
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help of the density ratio nSF/n0 in combination with the electron density n0 in region I (cf.

section 4.2.4.2). Fig. 4.11(b) shows that the density of the front nSF increases both as a

function of the nozzle backing pressure pN and of the shockfront position xSF .

4.2.4.4 Electron Density Profile

Depending on the exact electron density profile of the shockfront, electron injection might

not be restricted to the position of the shockfront.
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Figure 4.12 Spatially resolved optical spectrum showing laser radiation scattered at (a) an ideal
and (b) a disadvantageous electron density profile. The retrieved density profiles are shown un-
derneath the respective spectrum. Note that the image contrast in (b) is increased to visualise the
Raman satellites. The strongest increase of contrast was applied to the red boxed area. The image
with original contrast is shown in Appendix B.1. The continuously broadening radiation between
800µm and 1500µm is the self modulated spectrum of the laser pulse and the broadband radiation
at x ≈ 1850µm is discussed in section 4.3.

With the imaging spectrometer, the whole interaction length could be observed in a

single shot and under ideal conditions – if the Raman satellites are clearly visible over a

large region in laser-propagation direction x – the profile of ne(x)/γ can be retrieved (cf.

section 4.2.3.2). In combination with a constant γ-factor between x ≈ 500 and 1900µm,

the linear electron density profile ne(x) can be estimated. Although γ = constant could not

be confirmed in that entire range, γ ≈ 1.18 is adopted from section 4.2.4.1. Nevertheless,
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the interpolation of γ = constant to a broader range might lead to a significant error in

the estimation of ne(x). Therefore, it has to be kept in mind that the profiles can only be

regarded as a rough estimate.

Fig. 4.12(a) shows a spatially resolved optical spectrum, which was already introduced

in section 4.2.3.2. The corresponding electron density profile calculated under the above

stated assumptions is shown in Fig. 4.12(c) and represents the ideal profile for electron

injection at a shockfront. In the increasing density in front of the transition, the plasma

wavelength decreases and thus, the phase velocity at the rear of each plasma wave period is

decreased with respect to the preceding plasma wave period and the injection of electrons

into the plasma wave is avoided (cf. section 2.3.1.3 and 2.3.3). However, at the transition,

the situation is reversed and injection is supported by a sudden decrease of phase velocity

at the rear of the plasma wave (cf. section 2.3.3), which is caused by the increase of the

plasma wavelength in the lower electron density n0. In contrast, the profile in Fig. 4.12(d),

which was retrieved from the spectrum in Fig. 4.12(b) exhibits a continuously decreasing

electron density before and after the transition and thus, the position of injection is not

necessarily given by the position of the transition.

Although the spectra in Fig. 4.12(a) and (b) were detected in different campaigns, the

corresponding electron density profiles are not campaign specific. The shift of the most

intense spectral line of the Jeti40-spectrum between Campaign 1 and Campaign 2 is briefly

discussed in Appendix A.1.1.

Note, that it was not possible to select the data based on the specific density profile as

this profile could only be reconstructed for a small number of shots.

4.3 Wavebreaking at the Shockfront

The position xWBR where wavebreaking radiation is emitted identifies the position at which

electrons are injected into the plasma wave. Hence, the exact overlap of xWBR and the po-

sition of the shockfront xSF demonstrates that electrons are injected in close vicinity to the

shockfront.

Since the breaking of the plasma wave is accompanied by the emission of broadband

radiation due to the rapid acceleration of charged particles [94] (cf. section 2.3.4), the posi-

tion of the emission of wavebreaking radiation xWBR – and hence, the position of injection –

could be determined using the imaging spectrometer. For each shot for which wavebreaking

radiation was detected, the position of the shockfront xSF observed in sideview with the

probe beam and its imaging system was determined as well. By comparing these positions,

electron injection at the shockfront was investigated.

The measurement was performed with a nozzle with dout = 3.1mm at an electron density

n0 ≈ 1.3 × 1019 W/cm3. The knife edge was moved deep into the gas jet (xKE ≈ 950µm),
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which intrinsically provides a variation of the shockfront position xSF by ≈ ±200µm (cf.

section 4.2.2).
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Figure 4.13 (a) Spatially resolved optical spectrum showing broadband radiation indicative for
wavebreaking (emphasised by a black box). (b) Shockfront in the shadowgram of the same shot.
Here, the position of the shockfront xSF is marked by the intersection of the dashed lines. The
bright spot at this position corresponds to the emission point of broadband radiation, which was
simultaneously detected in top view.

In the spatially resolved optical spectrum shown in Fig. 4.13(a), scattered laser light

and Raman satellites are visible at positions x ≤ 1650µm. Moreover, at a position xWBR ≈
1870µm, a broad spectrum is emitted within a width of ≈ 70µm in the laboratory frame

which is consistent with the characteristics of wavebreaking radiation [94]. Note that the

spectral distribution of the broadband radiation shows a weak dependence on the position

x, more precisely shorter wavelengths seem to be emitted earlier, i.e., at smaller values of x.

This is most likely caused by a misalignment of the imaging spectrometer. Due to this tilt,

the position of the emission of wavebreaking radiation xWBR (dashed line in Fig. 4.13(a)) was

determined at λ = 775 nm, which is approximately the central wavelength of the broadband

radiation.

Fig. 4.13(b) depicts a shadowgram with a shockfront, which intersects the laser axis at

the position xSF . This position xSF was determined for each shot for which wavebreaking

radiation was detected. Frequently, a bright spot can be observed at the intersection of

shockfront and laser axis, which is most likely a signature of the emitted broadband radiation

in the shadowgrams. However, bright emission visible in shadowgrams can also be caused

by laser light side scattered at high electron densities (cf. Fig. 4.2(b)).

It was observed that the frequency of occurrence of wavebreaking radiation decreases

with decreasing background electron density and when moving the shockfront positions

closer to the beginning of the gas jet. This is most likely caused by a reduction of injected

charge (cf. Appendix B.3.1), i.e., the injection of small charges is possibly not detectable
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with this method and thus, the absence of wavebreaking radiation in the spatially resolved

spectra does not rule out the injection of electrons.

Nevertheless, the linear relation of xWBR and xSF in Fig. 4.14 shows that the de-

tected broadband radiation is emitted close to the shockfront with a standard deviation

of ∆xWBR ≈ ±35µm. The deviation of xWBR from xSF can for example be caused by the

misalignment of the imaging spectrometer or vibrations of the imaging optics which would

lead to a reduced accuracy in the determination of xWBR and xSF . On the other hand, the

deviation might be real and could be caused by disadvantageous electron density profiles as

introduced in section 4.2.4.4.
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Figure 4.14 The position of the
emission of wavebreaking radiation
xWBR was found to be in close vicinity
to the position of the shockfront xSF ,
which was determined in sideview for
each shot for which wavebreaking ra-
diation was detected. The red line is
a linear fit to the data.

4.4 Influence on the Electron Energy Distribution

The charge detected with the electron spectrometer is significantly increased when the

electron density profile exhibits a density transition. Both, monoenergetic and broadband

electron distributions were obtained.

The measurements presented in the following sections were obtained during Campaign 2

using a nozzle with dout = 2.1mm operated at four different backing pressures corresponding

to electron densities between n0 ≈ 7.7 and 13.0×1018 cm−3 (pN = (8−14) bar). Fig. 4.15(a)

shows a typical energetically and angularly resolved electron density map – referred to as

electron energy maps in the following sections – obtained in a reference measurement without

knife edge at the lowest background electron density of n0 ≈ 7.7×1018 cm−3. Here, the total

charge amounts to ≈ 0.2 pC. In contrast, Figs. 4.15(b) and 4.15(c) show two types of electron

energy maps which were frequently obtained at the same nozzle backing pressure however,

with a knife edge driven into the gas jet. The charge contained in these electron energy

maps is significantly higher and amounts to ≈ 1.2 pC (monoenergetic in Fig. 4.15(b)) and

≈ 7.4 pC (broadband in Fig. 4.15(c)), respectively. Note that both spectral components can

also be generated in the same shot as shown in Fig. 4.15(d). The influence of the shockfront

on the energy spread is discussed in section 4.4.2.1. Moreover, the frequently appearing

energy dependent pointing variations of the electron beam in the electron energy map with
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Figure 4.15 Exemplary electron energy maps at pN = 8 bar. (a) Reference electron energy map
obtained without shockfront. (b) Electron energy map with monoenergetic electron distribution
obtained with shockfront. (c) Electron energy map with broadband electron energy distribution and
energy dependent pointing variations of the electron beam obtained with shockfront. (d) Electron
energy map with a monoenergetic as well as a broadband component obtained with shockfront.

broadband electron energy distribution as e.g. in Fig. 4.15(c) are discussed in detail in

section 4.4.2.2.

4.4.1 Energy Gain

Due to the large fluctuation of the electrons’ energy gain, the shots with top 10% electron

energy were selected for further analysis. The maximum electron energy E of the selected

data show a parabola like dependence on the position of the shockfront xSF . Moreover, the

maximum achievable electron energy Eopt is obtained by those electrons which are accelerated

over the optimum acceleration distance lopt. Electrons accelerated over lacc 6= lopt gain a lower

kinetic energy E.

Figs. 4.16(a)-4.16(d) show the maximum electron energy E (cf. Fig. 4.17(a)) with respect

to the shockfront position xSF which will be referred to as position of injection xinj in the

following sections. The black squares represent the data of single shots. Due to the large

variation of the electron energy data, for each interval ∆xinj = ±25µm, the shots with the

top 10% electron energy were selected (red filled circles) for further analysis. This can be

justified by the assumption that the generation of the highest electron energies is achieved

under optimum acceleration conditions for given experimental settings. Reasons for the

electron energy fluctuation are discussed in section 4.4.1.1. A parabolic fit to each set of

selected data is shown in blue. Note, that a parabolic dependence of electron energy on the

acceleration length assumes a linearly increasing E-field with a fixed maximum electric field

Emax as it can be expected for quasi static non-linear wakefields (cf. Fig. 2.5(b)). However,

in section 4.4.1.4, an adapted interpretation will be presented.

The principal trend of the electron energy in Figs. 4.16(a)-4.16(d) reflects the depen-

dence of the electron energy on the position of injection xinj. Electrons injected close to

the end of the gas jet gain only little energy as the remaining acceleration length lacc is

comparably short. The further the shockfront – and therefore, the position of injection
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Figure 4.16 Maximum electron energy E in dependence on the position of injection xinj. In
intervals of ∆xinj = ±25µm, the shots with the top 10% electron energy (red dots) of the single
data (black dots) were selected for the analysis of the electron energy gain in dependence on xinj
and the electron density n0. Parabolic fits to the data are shown in blue.

xinj – is moved towards the beginning of the gas jet, the longer becomes lacc resulting in an

increased acceleration length and hence, electron energy gain E. Nevertheless, the increase

of lacc beyond the optimum acceleration length for which the electrons gain the maximum

achievable kinetic energy, might cause a re-transfer of energy to the plasma. For instance,

the limit to the acceleration distance can be pump depletion, diffraction or dephasing (cf.

section 2.3.1.5). In the case of pump depletion or diffraction, the plasma wave is no longer

driven by the laser pulse. However, the accelerated electron bunch can drive a second wake-

field itself leading to a transfer of electron energy to the associated plasma wave [111] and

consequently, to the deceleration of the driving electron bunch. In contrast, dephasing of

the accelerated electrons with the laser driven plasma wave can only occur as long as the

laser pulse is sufficiently intense to drive the plasma wave. In this case, the electrons are

decelerated by the positive longitudinal electric field of the front half cycle of the corre-

sponding plasma wave period. Assuming that the accelerated electrons cover the dephasing

length with the speed of light c, the dephasing time can be expressed as

tdeph =
ldeph,nl
c

︸ ︷︷ ︸
a

=
λp,nl
2

1

c− vph,p
︸ ︷︷ ︸

b

, (4.3)
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in the laboratory frame (term a) and the co-moving frame of reference (term b), where its

dependence on the plasma wave’s phase velocity and the length of the accelerating plasma

wave period becomes obvious. With c/(c− vph,p) ≈ 2ncr/ne = 2(λp/λL)
2, a simple estimate

of the nonlinear dephasing length is given by

ldeph,nl =
λ2p
λ2L
λp,nl. (4.4)

Since λp and λp,nl could be deduced in the undisturbed region of the gas jet where the

electrons are accelerated (cf. section 4.2.4), this relation will be used for the discussion of

the acceleration limit.

E and Eopt. As illustrated in Fig. 4.17(a), E describes the maximum electron energy

obtained in a specific shot. The electrons with the kinetic energy E were injected at a

position xinj and accelerated along the remaining acceleration length lacc, which is shown

in Fig. 4.17(b). In contrast Eopt labels the maximum achievable electron energy obtained

by the electrons injected at the optimum injection position xopt and accelerated along the

optimum acceleration length lopt. In order to prevent confusion with the naming of E and

Eopt, E will be referred to as electron energy and Eopt will be called maximum energy in the

following sections.
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Figure 4.17 Difference of E and Eopt. (a) The electron energy E corresponds to the maximum
electron energy in a specific electron energy map. (b) The maximum electron energy Eopt is the
maximum achievable electron energy of a given experimental setting.

4.4.1.1 Fluctuation of the Electron Energy E

The observed fluctuations of the electron energy gain might be caused by the measurement

of seemingly lower electron energies due to fluctuations of the electrons’ pointing and insta-

bilities in the acceleration process due to the nonlinear evolution of the laser pulse to higher

intensities.
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Since the pointing of two electron bunches generated in the same shot can differ [22],

pointing fluctuations might cause the measurement of a seemingly decreased electron energy.

The injection of two electron bunches in the same shot could for example occur in two

different periods of the plasma wave. For electron pulses accelerated in different plasma wave

periods, a different electron energy gain would be expected as with increasing distance to

the laser pulse, the plasma wave periods are less strongly driven, i.e., electron pulses injected

into the first plasma wave period generally gain a higher kinetic energy than electron pulses

in trailing periods.

In vertical direction, the angle of acceptance of the electron spectrometer is limited by

the extent of the scintillating screen, which amounts to ≈ ±8mrad at 60MeV and decreases

with increasing electron energy. Moreover, in horizontal direction, the limitation is given by

the width of the slit in front of the magnet and amounts ≈ ±4.55mrad (cf. section 3.3). The

electron beam pointing was measured in Campaign 1 and is discussed in Appendix B.3.3.

Assuming similar pointing fluctuations of the electron bunches analysed in this section,

the fluctuation in electron beam pointing most likely contributes to the electron energy

fluctuation.

Furthermore, instabilities in the acceleration process and thus, in the electron energy

gain can be caused by the nonlinear evolution of the laser pulse in the plasma. Although

laser pulse evolution is not indicated by the constant γ-factor of the plasma wave electrons

deduced at different positions of the shockfront (section 4.2.4.1), the most likely explanation

for results in the following sections is based on laser intensity increases through laser pulse

evolution (cf. sections 4.4.1.3, 4.4.2.1 and Appendix B.3.1). Laser pulse evolution in the

plasma is investigated in more detail in chapter 5.

4.4.1.2 Optimum Acceleration Length and Maximum Achievable Electron En-

ergy

Acceleration until the end of the target suggests that neither diffraction nor depletion

limit the acceleration process. Furthermore, dephasing is unlikely since the maximum electron

energy Eopt and the optimum acceleration length lopt increase with increasing electron density

n0.

Fig. 4.18(a) shows the parabolic fits to the electron energy data, which were introduced

in section 4.4.1. Note that those fits are shown in dependence on the position of injection

xinj. To emphasise that, the same fits are shown in Fig. 4.18(b) in dependence on the

acceleration length lacc. Between ≈ 2250...2350µm in Fig. 4.18(a), all curves exhibit a

zero crossing where the electron density (brown) is reduced to 0.5n0 suggesting that the

acceleration process is terminated due to a longitudinal limitation of the plasma and hence

the acceleration structure. Thus, neither depletion nor diffraction of the laser pulse seem to

play a significant role for the small nozzle with dN = 2.1mm.
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Furthermore, with the help of the maximum electron energy Eopt and the corresponding

optimum acceleration length lopt retrieved from the fits, the relevance of dephasing can be

evaluated. In the case of dephasing, the optimum acceleration length lopt would be given
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Figure 4.18 (a) Parabolic fits of the relation of electron energy E and position of injection xinj
in different background electron densities and normalised electron density profile of the gas jet
(brown). (b) The same parabolic fits in dependence on the acceleration length lacc. Note that the
parabolic fits do not necessarily indicate dephasing as the limit to the acceleration process.

by the dephasing length ldeph,nl, which decreases with increasing electron density. As a

consequence, the maximum achievable electron energy Eopt is reduced for increasing density

although the accelerating electric fields E increase at the same time (cf. section 2.3.1.6).

However, Fig. 4.19(a) shows that lopt is shorter than ldeph,nl for all electron densities n0 and

even increases with n0, which also causes an increase of Eopt (cf. Fig. 4.19(b)). Hence,

dephasing is an unlikely limit to the acceleration process.
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Figure 4.19 (a) Comparison of the optimum acceleration length lopt regarding the electrons ex-
hibiting the maximum electron energy Eopt to the dephasing length ldeph. (b) Maximum electron
energy Eopt in dependence on the electron density n0.
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4.4.1.3 Acceleration Limit

The optimum acceleration length lopt and thus, the maximum electron energy Eopt is prob-

ably determined by the evolution of the laser pulse to higher intensities and the remaining

acceleration length behind the position of injection, and thus, the position of the electron den-

sity transition. The results demonstrate the importance of the observation of the evolution of

the laser pulse, which with the help of results in chapter 5 might become possible in the near

future.

With increasing electron density n0, the optimum position of injection xopt for those

electrons gaining the highest final energies Eopt shifts towards the beginning of the gas jet

(cf. Fig. 4.20(a)) and the optimum acceleration length lopt (cf. Fig. 4.20(b)) lengthens. A
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Figure 4.20 (a) Optimum position of injection xopt with respect to the electron density n0. The
red line is a parabolic fit which was chosen due to its match to the data. With increasing electron
density, xopt shifts towards the beginning of the gas jet and the (b) optimum acceleration length
lopt lengthens.

possible reason for that is a more rapid evolution of the laser pulse in higher background

densities [94]. In this case, the maximum electron energy Eopt and the corresponding op-

timum position of injection xopt are most likely determined by an interplay of laser pulse

evolution and remaining acceleration length lacc, i.e., if the shockfront is located in front

of xopt, the electric field of the plasma wave – driven by a marginally evolved laser pulse –

is too low to accelerate the electrons to Eopt. Vice versa, the larger electric field E of the

plasma wave driven by a more strongly evolved laser pules is not sufficient to counterbalance

the reduced acceleration length lacc < lopt.

It should be noted here, that the comparison of the linear and nonlinear plasma wave-

lengths at the position of the electron density transition resulted in γ ≈ 1.8 and neither

showed a dependence on the electron density nor on the position of the transition. Nev-

ertheless, as already discussed in section 4.2.4.1, the determination of the γ-factor might

not be sufficiently accurate for various reasons. Furthermore, discussions presented in sec-

tions 4.4.1.1, 4.4.2.1 and Appendix B.3.1 also suggest the evolution of the laser pulse to
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higher intensities. Those contradictory results emphasise the importance of the observation

of the evolution of the laser pulse for the interpretation of the experimental results. An al-

ternative experimental approach to investigate the evolution of the laser pulse is presented

in chapter 5 where signatures of the laser pulse’s strong magnetic field are studied with the

help of the ultra-short probe beam.

4.4.1.4 Maximum Accelerating Electric Field

Emax/E0 ≈ 1 suggests that the major fraction of the accelerated charge is injected as a con-

sequence of the shockfront and an additional background charge might be caused by transverse

wavebreaking.

According to the argumentation in section 4.4.1.3, the parabolic relation of the electron

energy E on the position of injection xinj cannot be regarded in the ’classical’ comprehension,

which assumes that the acceleration of the injected electrons in a linearly decreasing electric

field is determined by a maximum accelerating field Emax and plasma wavelength (dephasing

length) at a given electron density n0. Since here, the observed parabolic relation observed

is most likely an interplay of a variable maximum electric field – due to the evolution of the

laser pulse to higher intensities – with a varying acceleration length lacc, which both depend

on the position of the shockfront and hence, on xinj, the evaluation of the accelerating

electric field in this section only corresponds to the electrons injected at xopt, which are

accelerated to Eopt.

Nevertheless, for those electrons accelerated to Eopt considered separately, the acceler-

ation in a linear electric field with a maximum electric field Emax along the acceleration

distance lopt is a valid assumption. Therefore, the relation of the electron energy Eopt on

the acceleration length lopt and the maximum electric field Emax is given by

Eopt =
e

2
Emaxlopt, (4.5)

where Eopt and lopt are retrieved from the fitted curves shown in Fig. 4.18(a).

The result for Emax is shown in Fig. 4.21(a). From E0 = mecωp

e
one might expect an

increase of Emax with n0, which could not be confirmed for the highest density n0 ≈ 1.3 ×
1019 cm−3. However, here the error bars are significantly larger than for the lower densities,

which is caused by the stronger fluctuation of the electron energy. As already addressed in

section 4.4.1.1, the increased fluctuation of the kinetic energy at the highest electron density

might be caused by pointing fluctuations which have an increased relevance for higher energy

electrons since those electrons cover a longer distance inside the electron spectrometer and

thus, experience a larger deviation from the laser axis than lower energy electrons with

the same transverse momentum, i.e., the higher energy electrons might not impinge on the

scintillating screen and are in this case not detected. Furthermore, higher electron densities

69



usually cause stronger laser pulse evolutions, which is related to stronger instabilities. Laser

pulse evolution in the plasma is investigated in chapter 5.
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Figure 4.21 (a) Maximum accelerating electric field Emax experienced by the electrons accelerated
to Emax with respect to the background electron density n0. (b) Ratio of Emax to the nonlinear cold
wavebreaking limit E0. The dashed line represents the average of the four data points.

Additionally, Fig. 4.21(b) shows the ratio of the maximum electric field to the cold non-

relativistic wavebreaking limit amounting to Emax/E0 ≈ 1 for all densities, which suggests

that the major fraction of the accelerated electrons is injected at the shockfront. Never-

theless, the self injected background charge, e.g. due to transverse wavebreaking should

be taken into account for the interpretation of the data. This is especially relevant for the

discussion of the energy spread of the accelerated electron bunch in section 4.4.2.1.

4.4.2 Energy Spread and Betatron Oscillations

Monoenergetic and broadband electron energy distributions were obtained. Moreover, the

broadband electron energy distributions frequently exhibit energy dependent pointing variations

of the electron beam.

Monoenergetic (Fig. 4.22(a)) and broadband (Fig. 4.22(b)) electron energy distributions

were frequently observed in the experiment and as demonstrated in Fig. 4.22(c), electron

pulses exhibiting both features can also be generated in the same shot. In the following

section, the bandwidth of the electron energy distributions will be discussed. Moreover,

the broadband electron energy distributions frequently show energy dependent pointing

variations of the electron beam which will be investigated in section 4.4.2.2.

4.4.2.1 Energy Spread

The energy spread evolves in dependence on the position of the electron density transition

and is probably influenced by the width of the transition wSF , its electron density ratio nSF /n0

and the deformation of the bubble at the transition, which might affect the electron density

distribution of the plasma wave over distances of the order of 100µm.
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Figure 4.22 Typical electron energy maps generated in a plasma with a sudden electron density
transition. (a) Monoenergetic electron energy distribution, (b) broadband electron energy distri-
bution with energy dependent pointing variations of the electron beam in transverse direction, (c)
both features.

As a consequence of Coulomb repulsion and the reduction of the plasma wave’s acceler-

ating field by the accelerated charge, beam loading can lead to a broadening of the electron

energy distribution. Generally, the purely monoenergetic electron beams have a lower total

charge than the broadband electron energy distributions. In Fig. 4.22 , |q|mono ≈ 1.2 pC,

|q|broad ≈ 7.4 pC and |q|broad,mono ≈ 7.0 pC and thus, beamloading might contribute to

the larger energy spread present in the electron energy maps in Figs. 4.22(b) and 4.22(c).

Nevertheless, these electron energy distributions were obtained by the acceleration of elec-

trons in an electron density of n0 ≈ 7.7× 1018 cm−3. In a slightly lower electron density of

n0 ≈ 5.4×1018 cm−3, a threshold above which beamloading influences the energy spread was

determined to ≈ 25 pC [112]. Since here only charges up to ≈ 8 pC were detected inside the

electron spectrometer, beamloading is probably not relevant. However, the acceptance of

the electron spectrometer is limited in transverse direction and hence, a significant amount

of charge might not be detected, i.e., beamloading as a cause for the broadening of the

electrons’ energy spread cannot be ruled out entirely.

Fig. 4.23(a) shows that the frequency of occurrence of monoenergetic electron energy

distributions decreases for shockfront positions deeper inside the gas jet while the frequency

of occurrence of broadband electron energy distributions grows (Fig. 4.23(b)). The exper-

imental investigation of electron injection at a sharp density transition was put forward

by [47] and the generation of low energy spread electron bunches was attributed to the in-

jection of the electrons within a width wSF < λp and thus, the strongly limited duration of

the injection process occuring within a strongly limited area in phase space. In the reported

experiment, the angle of the shockfront increases with xSF , which increases the effective

width of the transition (cf. section 4.2.2). Compared to the minimum width of the shock-

front at an angle of 0◦, for maximum angles of α ≈ 45◦, an increase of the width by a factor

of
√
2 is to be expected. Therefore, the changing width of the transition might contribute
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Figure 4.23 Frequency of occurrence of (a) monoenergetic and (b) broadband electron energy
distributions in the electron energy maps. The position of the knife edge xKE is represented by the
position of the shockfront xSF ≈ 2xKE. Note that both features can be generated in the same shot
(cf. Fig. 4.22).

to the evolution of the energy spread. Furthermore, the density ratio nSF/n0 might play a

role. With increasing nSF/n0 but a constant electron density n0 in region II, the change of

plasma wavelength ∆λp is increased and hence, the rear of the plasma wave is slowed down

for a longer time, which allows for a longer period of injection. This assumption is supported

by the increase of nSF/n0 with xSF in the experiment. Hence, a convolution of wSF and

∆λp might also contribute to the bandwidth of the electron bunches. Unfortunately, with

the PIC simulated parameter scan (cf. appendix B.2) neither of the two assumptions could

be supported. Calculations in section 4.4.2.2 suggest that the injection process takes place

over distances of the order of 100µm, which is significantly longer than the width of the

shockfront wSF ≈ 8µm, i.e., the electrons are possibly not only injected at the shockfront.

This continuous injection might be caused by more strongly driven plasma waves at posi-

tions deeper inside the plasma in combination with the deformation of the plasma wave at a

tilted front (a deformation could be observed in the PIC-simulations, cf. Fig. 4.26(a)), which

might influence the behaviour of the plasma wave’s electron density distribution at distances

significantly larger than ≈ 8µm away from the shockfront and thus, might possibly cause

a longer period of injection. Note that the constant γ-factor does not indicate an increase

of laser intensity with xSF . However, as already suggested in section 4.2.4.1, the determi-

nation of the γ-factor might be not sufficiently accurate for various reasons. Furthermore,

discussions in sections 4.4.1.1, 4.4.1.3 and Appendix B.3.1 support the assumption that the

laser pulse evolves to higher intensities with increasing position of the shockfront. It has to

be emphasised again, that the observation of the evolution of the laser pulse is of enormous

importance for the interpretation of the experimental results. A possible method for the
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investigation of laser pulse evolution in the plasma is presented in chapter 5.

4.4.2.2 Betatron Oscillations

The energy dependent pointing variations of the electron beam observed in the electron

energy maps could be traced back to Betatron oscillations. Moreover, a simple model suggests

that the broadband electron distributions are chirped. Results of three-dimensional PIC sim-

ulations suggest that the generation of the Betatron oscillations is triggered by a finite angle

α of the electron density transition.

Broadband electron energy distributions with periodic energy dependent pointing vari-

ations of the electron beam as shown in the electron energy map in Fig. 4.22(b) can be a

signature of Betatron oscillations. Such modulations in electron energy maps could be sim-

ulated by [113, 114] where a homogeneous background electron density was assumed. Due

to the tailored electron density in the experiment presented here, the observed transverse

modulations could not be calculated with these models. To incorporate the measured elec-

tron density profile, a new model employing equations from [10] (1D, referred to as Model

A in the following) and [75] (3D, referred to as Model B in the following) was developed.

Strictly speaking, Betatron oscillations are not present in a 1-dimensional plasma wave due

to the absence of transverse fields. Nevertheless, the Betatron wavelength λβ depends on

the electron energy and therefore, a mathematical description of the oscillations is possible.

Despite their one-dimensional form, the equations employed for Model B describe a three-

dimensional acceleration process and represent a mixture of a one-dimensional analytical

approach coupled with the results of three-dimensional PIC-simulations. While the calcu-

lation is carried out similarly for Model A and B, the exact relations of the phase velocities

of the wake as well its maximum electric field differ.

Motion in forward direction. The electric field E of one period of a nonlinear plasma

wave can be approximated with a linear relation (cf. section 2.3.1.2). In the co-moving frame

of reference where a position with respect to the co-moving plasma wave is represented by

ξ = x− vΦ,pt with
2

vΦ,p = c







√

1− ω2
p

ω2
0

(1− 3
2

ω2
p

ω2
0
)

for
Model A,

Model B,
(4.6)

the electric field can be described by

E(ξ) = −Emax
(

1− ξ
1
2
λp,nl

)

, (4.7)

where λp,nl (cf. section 4.2.4) is the nonlinear plasma wavelength, i.e., ξ = 0 is located at

the rear of the first plasma wave period and the electrons are accelerated between ξ = 0 and

2The phase velocity for Model B is obtained by linearly approximating the phase velocity of Model A
and incorporating the etching of the front of the laser pulse [75].
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ξ = λp,nl/2, which represents the position inside the plasma wave where the electrons enter

the decelerating region (dephasing) (cf. Fig. 4.25). Furthermore, the maximum electric field

of the plasma wave is given by

Emax = fEE0
{

1
√
a0

for
Model A,

Model B,
(4.8)

where E0 = mecωp/e and fE is a fit factor to reduce the accelerating field and will be

determined below. The additional factor
√
a0 for Model B is adopted from [75]. While no

standard procedure for the deduction of a0 from plasma parameters has been established

yet, here, a0 is deduced by equating the blowout radius [75] to one half of the nonlinear

plasma wave period investigated in section 4.2.3.2

Rbo =

√
a0
π
λp

!
= 1/2λp,nl, (4.9)

since a0 is only required for Model B. From λp,nl/λp =
√
γ ≈ 1.1 (cf. section 4.2.4.1) follows

a0 ≈ 3.

In the following discussion, electrons are assumed to be injected at the rear of the plasma

wave. Hence, the electron energy and therefore γe− can be calculated with

E = e

∫ lacc

0

Emax(ξe−)
(

1− ξe−
1
2
λp,nl

)

dx = (γe− − 1)mec
2, (4.10)

where ξe− is the position of the respective electron inside the plasma wave determined by the

relative movement with the velocities vΦ,p and c, respectively. Note, that γe− is the γ-factor

of the electrons accelerated inside the plasma wave and does not refer to the γ-factor of

the oscillating plasma electrons constituting the plasma wave γΦ. For the calculation of the

energy gain in the plasma wave, the following assumptions were made:

❼ continuous injection at the rear of the plasma wave period (cf. section 4.4.2.1),

❼ since at the time of injection, the injected electrons already have a velocity close

to the speed of light c, the electron velocity in the co-moving frame of reference is

approximated with c− vΦ,p,

❼ simultaneous termination of the acceleration process for all electrons such that the

phase relation of the electrons is maintained.

Motion in transverse direction. As soon as the electrons leave the longitudinal axis

of symmetry of the wakefield, they experience the transverse E-field of the plasma wave
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leading to Betatron oscillations with the energy dependent wavelength (cf. section 2.3.5)

λβ = λp
√

2γe− . (4.11)

In the case of continuous injection, the wakefield contains low energy electrons at the rear

and high energy electrons towards the middle of the first plasma wave period and hence a

continuously changing Betatron wavelength. When the electrons are injected with a fixed

phase relation with respect to each other – given by the injection with a fixed transverse

momentum or a fixed off-axis position in the bubble – they form an electron wave with a

phase

Φe− = kβx− ωβt+ Φ0, (4.12)

where dispersion is neglected, i.e., ωβ = ckβ for electrons moving with the speed of light.

Here, kβ = 2π
λβ

is the wave number and the constant phase Φ0 describes the unknown but

constant initial conditions determined by the injection process. Assuming a sinusoidal oscil-

lation with a position dependent wave vector, the transverse displacement can be estimated

with

z(lacc,i) ∝ cos[kβlacc,i − ωtmax + Φ0] = cos[kβ(lacc,i − lmax) + Φ0], (4.13)

where each acceleration length lacc,i corresponds to a certain electron energy given by

Eq. (4.10). After the termination of the acceleration process, the electrons’ oscillatory mo-

tion is terminated as the transverse wakefields driving the oscillation are no longer present

either. Nevertheless, the structure of the wave remains if the electrons do not experience

any additional forces in z-direction. Therefore, Betatron oscillations inside the wakefield

might be observed in the electron energy maps as energy dependent pointing variations of

the electron beam. Note that oscillations in the horizontal plane are neglected as they could

not be resolved with the electron spectrometer.

Reconstructed electron energy distributions. The energy dependent pointing vari-

ations of the electron beam observed in the electron energy maps could be reconstructed

using Model A as well as Model B, which supports the assumption that these modula-

tions are caused by Betatron oscillations. The left hand side column of Fig. 4.24 shows

three different electron energy maps overlayed with white lines, which represent the energy

dependent pointing variations of the electron beam calculated with Model A. The same

electron energy maps are shown in the right hand side column of Fig. 4.24 overlayed with

the transverse modulations calculated with Model B. Note that the amplitude of the calcu-

lated modulations shown in Fig. 4.24 is normalised to the angle of acceptance of the electron
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Figure 4.24 Measured electron energy distributions overlayed with the reconstructed transverse
modulations. Left hand side: Model A. Right hand side: Model B.

spectrometer, which amounts to 9.8mrad at 3MeV and decreases to 7.8mrad at 72MeV.

However, due to phase shifts caused by the density transition, this relative amplitude can

be reduced as e.g. in Fig. 4.24(d) at ≈ 10MeV.

The calculated modulations were adapted to the measured electron energy distributions

by varying the position of the onset of injection xinj, the acceleration length lacc and the

initial phase Φ0, which is constant for a given electron energy distribution. The parame-

ters are shown in Table 4.2 for all electron energy maps in Fig. 4.24. For all calculations

the accelerating field is reduced by the factor fE = 0.6, which influences the phase of the

electron wave and thus, the wavelength of the transverse modulations. The reduction of

the accelerating field is equivalent to a reduced instantaneous electron energy gain, which

simultaneously causes a compression of the Betatron wavelength.

Model A Model B
xSF/µm Fig. xinj/µm lmax/µm Φ0/rad Fig. lmax/µm Φ0/rad

1305 4.24(a) 1305 387 -0.2 4.24(b) 1062 208 -0.2
1279 4.24(c) 1279 272 0.2 4.24(d) 1138 176 0.2
791 4.24(e) 791 327 91 4.24(f) 622 228 3

Table 4.2 Fit parameters used to reconstruct the energy dependent pointing variations observed
in the electron energy maps shown in Fig. 4.24.

Generally, Model A supports the assumption of the onset of injection at the position of

the shockfront xSF , which correlates the maximum energy E of a given electron energy dis-

tribution to the position of the shockfront. The electron energy maps shown in Figs. 4.24(a)

and 4.24(b) were generated in a gas jet with a shockfront at the position xSF ≈ 1305µm,
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which is identical to the ideal position of injection for Model A while for Model B, the ideal

position of injection xinj = 1062µm is located significantly in front of the shockfront. The

larger deviation of the assumed onset of injection suggested by Model B might be caused

by an inaccurate estimation of a0, which was deduced using the γ-factor investigated in

section 4.2.4.1 as well as equations from [75].

Since the reconstructed electron energy distributions represent the electrons’ distribution

at the end of the acceleration process, the electrons’ position (blue line) inside the bubble

(red line) can be visualised as shown in Fig. 4.25. Due to the electrons position close to the
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rear of the bubble, the inset into Fig. 4.25 shows the area inside the black dashed frame in a

different scale. Each part of the electron wave corresponds to a certain electron energy, i.e.,

it is possible to correlate a longitudinal position inside the bubble to an electron energy. The

measurement and analysis of the energy dependent pointing variations provides information

on the chirp and the longitudinal density distribution of the electron pulse which is an

important information for the application of the LWFA electrons e.g. for a free electron

laser. Note that comparisons of this kind usually require PIC-simulations, while here, only

a simple calculation was carried out.

Generation at the shockfront. The generation of the energy dependent pointing vari-

ations of the electron beam could be investigated with three-dimensional PIC-simulations.

A possible reason for the periodic pointing variations in the broadband electron energy dis-

tributions is the angle of the shockfront α, which continuously increases with xSF . This

assumption is supported by the default simulation (a0 = 2, α = 22.5◦, wSF = 5µm and

nSF/n0 = 2 with n0 = 7.7× 1018 cm−3) where the plasma wave is severely deformed at the

tilted electron density transition (cf. Fig. 4.26(a)) leading to injection with an initial trans-
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verse momentum. The corresponding electron electron energy map (Fig. 4.26(b)) shows a

periodic modulation in transverse direction. A different scenario can be observed for the
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Figure 4.26 Simulated electron density maps (left hand side) and electron energy maps (right
hand side). (a), (b) α = 22.5◦. (c),(d) α = 0◦.

simulation with α = 0 where the other parameters were kept at the default values. Al-

though of-axis injection can be observed in the electron density map shown in Fig 4.26(c),

the electron energy map (Fig. 4.26(d)) does not show a transverse modulation with a clear

phase relation as in Fig. 4.26(b).
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5. Towards the Indirect Observation of the Laser

Pulse Evolution in a Plasma

Due to the small temporal (fs) and spatial (µm) scales relevant for laser wakefield accel-

eration, the observation of the underlying processes is challenging. Nevertheless, the obser-

vation of the interaction is required to gain deeper insight and thus, to have the chance to

improve the accelerator output with respect to e.g. stability, energy or charge. By means

of shadowgraphy with an ultra short probe beam [52], the evolution of the plasma wave

was investigated. Moreover, magnetic fields in the region of interaction – inextricably con-

nected to LWFA – were explored using polarimetry [48, 56, 58, 108]. The combination of

both methods allows for a more detailed investigation of the evolution of plasma wave and

laser pulse.

In this chapter, the change of polarisation of an ultrashort probe pulse in the region

of interaction of laser pulse and plasma wave is investigated at different times during the

interaction. The evolution of the polarisation signals suggests that besides a rotation of

the plane of polarisation ψ (induced by the Faraday effect), a phase shift δ possibly as a

consequence of the Cotton-Mouton effect is accumulated by two perpendicular polarisation

components of the probe beam in the region of interaction. Moreover, the investigation of

PIC-simulated rotation maps shows that the magnetic field of the main laser pulse might

play a major role for these changes of polarisation.

5.1 Probe Beam and Magnetic Fields

Initially, the probe pulse is linearly polarised. Nevertheless, the strong magnetic fields in

the region of interaction can change the probe pulse’s state of polarisation via the Faraday

effect and the Cotton-Mouton effect.

In the experiment, a laser pulse propagating in x-direction drives a plasma wave in which

electrons can be accelerated close to the speed of light. Moreover, a probe pulse initially

polarised in x-direction propagates through the region of interaction along −~ey. In Fig. 5.1,

the main laser pulse shown in green is represented by its oscillating magnetic field BL while

the ultra-short probe pulse is illustrated in red in terms of its initial electric field ~Einit. The
azimuthal magnetic field Bϕ (olive) of the plasma wave (its electron density distribution

is indicated by the blue line) and the accelerated electrons (dark blue dots) has a field

component B‖ parallel to the direction of propagation of the probe pulse, i.e., it can rotate
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Figure 5.1 The plasma wave’s on-axis electron density
distribution (blue line) and the accelerated electron pulse
(dark blue dots) are surrounded by an azimuthal magnetic
field Bϕ (olive circles), which in z-direction overlaps with
the oscillating magnetic field BL of the main laser pulse
(green oscillating line). In those magnetic fields, the state
of polarisation of the ultrashort probe beam (red oscillating
line) can be changed.

the plane of polarisation of the probe pulse (Faraday effect). This process can then generate

an electric field component of the probe pulse in z-direction. In the magnetic fields B⊥

perpendicular to the direction of propagation of the probe pulse, which are provided by the

the azimuthal magnetic field as well as the main laser pulse in z-direction, the probe pulse’s

electric field components in x and z-direction can be shifted in phase with respect to each

other (Cotton-Mouton effect). Faraday effect and Cotton-Mouton effect are explained in

section 2.3.6.

5.2 Evolution of the Polarisation Signal Type

Different types of the polarisation signal could be observed at different times during the

interaction. While the signal types observed early during the interaction have already been

discussed in the literature, the signal types appearing later during the interaction have never

been observed before in laser wakefield acceleration experiments.

Due to the propagation of the main laser pulse through the plasma in ~ex-direction, the

region of interaction moves and the investigation of the interaction at different times during

the interaction requires the observation of different positions inside the plasma. These

positions are given by x = vg,Lt where vg,L is the group velocity of the main laser pulse and

t the time elapsed since the laser pulses has entered the plasma, i.e., time and position are

directly connected.

In the reported experiment, the interaction taking place inside a plasma with a length

of ≈ 2.1mm is probed between the positions x ≈ 500µm and x ≈ 2000µm in steps of

∆x ≈ 71µm. At each position, 100 data sets consisting of two polarograms and an electron

energy map were recorded. Data sets showing a clear plasma wave in both polarograms as

well as a total charge > 6 pC detected with the electron spectrometer were analysed with

respect to the probe beam’s change of polarisation. Since the plasma wave is located in

the region of interaction, an image of a clear plasma wave in a shadowgram or polarogram

suggests that the region of interaction is imaged sharply. Moreover, with increasing charge

of the accelerated electron pulses, the chance of detecting a signature of their magnetic field

increases.
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In the experiment, polarisation signals with different overall shapes or signal types could

be observed. Each signal type 1-5 shown in Fig. 5.2 appears at a specific time during the

interaction for the first time. The time of first appearance is displayed in the upper left

corners of each image represented by the position x = vg,Lt. Signal type 1 can be observed
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Figure 5.2 Typical polarisation signal types with the time of first appearance given by x = vg,Lt
in the upper left corner of each image. Moreover, the black line illustrates the plasma wavelength
λp ≈ 9.4µm.

for the first time at vg,Lt ≈ 500µm, type 2 at vg,Lt ≈ 670µm etc. until type 5 appears at

vg,Lt ≈ 1880µm. Despite the appearance of a new signal type, formerly observed signals

can still be generated at those later times. Assuming that a specific signal type represents a

specific stage during the interaction, the increase of observable signal types can be attributed

to the nonlinear nature of laser plasma interaction and is in that context a signature of slower

and faster evolutions of the interaction, i.e., signal 2 observed at vg,Lt ≈ 670µm corresponds

to a fast evolution while the same signal appearing later during the interaction – for instance

at vg,Lt ≈ 1000µm – is the consequence of a slower evolution.

Signal types 1 and 2 were discussed in [57, 58] and [29, 56], respectively. While signal

type 1 was attributed to the magnetic fields present due to the generation of a wakefield,

signal type 2 was traced back to the magnetic fields of the accelerated electrons and the

plasma wave. Nevertheless, both signals were explained by Faraday rotation in the parallel

magnetic field components B‖ of the plasma wave and the accelerated electrons. At later

times during the interaction, the polarisation signal becomes more and more complex (signal

types 3 − 5) and develops an alternating sense of rotation in propagation direction of the

main beam with sub-λp length scales (signal type 5). On average, the plasma wavelength in

this experiment was λp ≈ 9.4µm. Those small scales could only be resolved due to the high

temporal and spatial resolution of the probe beam and its imaging system (cf. section 3.4)

and have therefore, never been observed before within the framework of laser wakefield

acceleration.

The Faraday effect is caused by magnetic fields which are oriented parallel to the propa-

gation direction of the probe pulse and the sense of the rotation of the plane of polarisation

depends on the sign of these magnetic fields. In this experimental configuration, the parallel

magnetic fields are a component of the azimuthal magnetic fields surrounding the plasma

wave as well as the accelerated electron pulse and the sign of the magnetic field is given by
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the direction of movement of plasma wave and the electron pulse. Therefore, an alternating

sign of the angle of polarisation rotation in propagation direction of the main pulse would

require an alternating direction of current which is not to be expected in this experiment.

An explanation for the alternating sense of rotation is presented in the following section.

5.3 Contributions of Rotation ψ and Phaseshift δ to

the Retrieved Angle ϑψ,δ
The signal types appearing early during the interaction can be explained using the Faraday

effect alone whereas the alternating sense of rotation in propagation direction of the latest

signal might be caused by an interplay of Faraday rotation and a phase shift generated as a

consequence of the Cotton-Mouton effect.

To explore the generation of signal type 5 (cf. Fig. 5.2) or more precisely, the alternating

sense of rotation of ϑψ,δ in propagation direction of the main beam, we will now take a closer

look on the data analysis method presented in section 3.4.2.1. Therefore, the retrieved angle

ϑψ,δ is examined in two scenarios – S1 and S2 – with the help of one-dimensional, pre-

determined distributions of ψ(x) and δ(x), which are shown in Fig. 5.3(a). ψ(x) and δ(x)

represent the distributions of the angle of Faraday rotation and the phase shift in main pulse

propagation direction x accumulated along the probe beam’s path through the plasma, i.e.,

along ~ey. While different phase shift distributions δ(x) are employed in S1 and S2, both

scenarios use identical distributions of the angle of rotation ψ(x). The amplitude of the

angle of Faraday rotation ψ(x) was adapted to the results presented in Fig. 5.2 and the

FWHM length of ψ(x) was set to λp = 9.4µm, which was chosen to generate a polarisation

signal similar to signal 2 and signal 5 from the same distribution ψ(x). Moreover, the phase

shift δ(x) for scenario S2 was adapted such that in combination with ψ(x) a signal similar

to signal 5 could be generated.

In both cases, the intensity distributions IR and IT are computed with Eq. 3.1, where

βT = βR = 1, ψT = 75.0◦ and ψR = 108.6◦. The angle ϑψ,δ (Fig. 5.3(c)) is then retrieved by

inverting the intensity ratio IT
IR
(ψ, δ) (Fig. 5.3(b)) under the assumption δ = 0, which is the

standard procedure applied to the experimental data. In Fig. 5.3, S1 and S2 are represented

by black solid or dashed orange lines, respectively.

In regions of changed polarisation, the intensity ratio calculated for scenario 1 where

δ = 0 is increased with respect to regions of initial polarisation. The retrieval of ϑψ,δ

from the uniform distribution IT/IR(ψ, δ = 0) results in a uniform distribution identical to

the input parameter ψ(x). In contrast, the intensity distribution calculated for scenario 2

where δ ranges between 0◦ and 180◦ is an alternating brightness modulation with respect

to regions of initial polarisation, which is transferred to ϑψ,δ in the form of an alternating
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Figure 5.3 (a) Predetermined distributions of the angle of rotation ψ and phase shift δ. (b)
Intensity ratios. (c) Rotation of the major axis of the polarisation ellipse ϑψ,δ.

sense of rotation.

While scenario 1 supports the assumption that signal types 1 and 2 (cf. Fig. 5.2) are

generated by Faraday rotation in the parallel magnetic fields B‖ of the plasma wave and

the accelerated electrons, the results for scenario 2 suggest that the more complex signal

types (3-5) might be additionally influenced by a phase shift, which possibly arises from

the perpendicular magnetic fields B⊥ of plasma wave, accelerated electrons as well as the

laser pulse (Cotton Mouton-effect). Especially, the alternating sense of rotation of ϑψ,δ in

propagation direction of the main beam in signal 5 can be explained by scenario 2. Note that

an influence of the Cotton-Mouton effect has never been observed before in laser wakefield

acceleration experiments.

5.4 Three-Dimensional Particle in Cell Simulations

The electric fields of a PIC-simulated probe beam propagating through the region of inter-

action, which takes place in a three-dimensional simulation box were post processed to obtain

artificial polarograms and rotation maps.

With the help of three-dimensional PIC simulations, the origin of the complex polari-

sation signals is further investigated. In the simulations carried out with EPOCH [96] by

Evangelos Siminos from the University of Gothenburg, the interaction of main pulse and

plasma takes place in a (150×70×70)µm3 box with a cell size of (0.056×0.133×0.133)µm3.

Each cell contains two macro particles representing the electron density distribution with a

rising edge of a few 100µm at the front and a plateau of n0 = 1.7× 1019 cm−3. The param-

eters of main and probe pulse propagating in x-direction and −y-direction, respectively are

listed in Table 5.1.

To simulate optical probing, at different times during the simulated interaction, a probe

pulse enters the simulation box. During the probe pulse’s propagation through the plasma,

the movement of the simulation box is stopped while the propagation of the main pulse

is continued. After the probe pulse has passed the region of interaction, the probe fields
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Main pulse
Pulse duration 36 fs
Diameter of focus 18.8µm
Peak intensity 2.5× 1018 W/cm2

Central wavelength 810 nm
Position of focus 300µm

Probe pulse
Central wavelength 750 nm
Pulse duration chirped: 12 fs

Fourier limited: 4.4 fs

Table 5.1 Parameters of main and probe pulse in the simulation and the experiment.

obtained from the PIC simulation are extracted and post-processed [105] on the basis of the

paraxial approximation and the thin lens approximation applied to a 4f -imaging system

as illustrated in Fig. 5.4. In a 4f -system, object plane (O4f ), first lens (L1), Fourier plane

(F ), second lens (L2, identical to L1) and image plane I4f are arranged in this order with a

distance f between adjacent elements where f is the focal length of the lenses. Due to the

f f f f

O4f L1 L2F I4f

Dy Dy

yc y’cyO yI

Figure 5.4 The symmetry of the 4f imaging
setup is advantageous for the calculation of the
image.

symmetry of the 4f -system, the fields of the probe beam located at yc = yO +∆y between

the object plane and first lens are identical to the probe beams field after its propagation

to the position y′c = yI − ∆y except for a reversal of the field with respect to the x- and

z-axes (reversal of image) and a constant phase factor. Hence, the propagation of the probe

beam through the optical elements can be replaced by a back-propagation to the object

plane in vacuum. Note that the object plane is usually set to the centre of the plasma wave.

Since in the back propagation procedure, the aperture in the Fourier plane F is neglected, an

aperture with a diameterD is modelled by eliminating all field components with a transverse

wave vector k⊥ =
√

k2x + k2z > ωD/(2cf) in Fourier space. Subsequently, the portion of the

filtered field transmitted through a polarizer set to an angle ψR or ψT is computed. To image

the probe beam, it is back propagated in vacuum to the object plane where the intensity

integrated in propagation direction results in a polarogram. Rotation maps are generated

from the polarograms as described in section 3.4.2.1 for the experimentally obtained data.

Further analysis of the PIC-simulated data (e.g. in section 5.7) was carried out by the

author of this thesis.
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5.5 Polarisation Signals Generated from the Electric

Field of the PIC-Simulated Probe Beam

The evolution of the PIC-simulated polarisation signals is comparable to the experimental

results.

Fig. 5.5 compares the PIC-simulated (top) and the experimentally (bottom) obtained

polarisation signals . While the interaction proceeds more rapidly in the simulation, which is

indicated by the difference in vg,Lt, the evolution of the signal’s shape is similar. Therefore,
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Figure 5.5 Typical polarisation signals of (top) simulation and (bottom) experiment. Each signal
type appears for the first time at a specific time during the interaction given by x = vg,Lt in the
upper left corner of each image.

the generation of the alternating sense of rotation of ϑψ,δ in signal 5 will be analysed in more

detail with the PIC-simulated data. Note that in the simulation, electrons are injected at

vg,Lt ≈ 800µm whereas polarisation signals are already present at vg,Lt ≈ 165µm. Hence,

the polarisation signal cannot be regarded as a reliable indicator for injected electrons. The

contribution of the accelerated electrons will be further discussed in the following section.

5.6 Source of the Polarisation Signal

Since the alternating signal is generated at the front of the plasma wave where also the

laser pulse is situated, a phase shift generated as a consequence of the Cotton-Mouton effect

is most likely caused by the strong magnetic fields of the laser pulse.

To generate a rotation map showing the final state of polarisation, the probe beam has to

propagate through the whole region of interaction. Consequently, from a probe beam that

has passed through only a fraction of the region of interaction, an intermediate rotation

map is obtained. The study of different stages in the generation of a polarisation signal

helps to localise the source of the signal. Fig. 5.6 shows four steps in the generation of

signal type 5. Here, the bottom images in (a) and (b) are identical to the top images

in (b) and (c), respectively to visualise the differences of the images corresponding to the

different times during the generation of signal 5. The images in greyscale show the electron
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Figure 5.6 Step by step generation of signal type 5 from the PIC-simulated electric field of the
probe pulse. Density maps of the electron density distribution at the centre of the plasma wave are
shown in greyscale. They are overlayed with the intensity contours of the laser pulse in red and
with a black solid line representing the position of the centre of the probe pulse at the respective
time. Note that the probe pulse propagates in −y-direction. Underneath each density map, rotation
maps generated from the electric fields of the probe pulse at the same time are shown in a red-blue
colour scale. The dashed boxes emphasise the propagation of the plasma wave and the main laser
pulse while the polarisation signal is generated step by step. Note that the bottom images of (a) are
identical to the top images of (b) and the bottom images of (b) are identical to the top images of
(c). The images are arranged in this configuration to visualise the differences between the images
corresponding to the different times during the generation of signal type 5.

density distribution in the central plane (z = 0) of the plasma wave overlayed with red

lines representing the intensity contours of the laser pulse at 0.5IV , IV and 2IV with IV

being the vacuum focus intensity. Moreover, the position of the centre of the probe pulse

which propagates in −y-direction is shown as a horizontal solid black line. At the time

t1 = 3.720 ps (Fig. 5.6(a), top), the probe pulse arrives at the region of interaction, at

the time t2 = 3.744 ps (Fig. 5.6(a), bottom; Fig. 5.6(b), top) the probe pulse approaches

the centre of the plasma wave (y = 0), at the time t3 = 3.756 ps (Fig. 5.6(b)), bottom;

Fig. 5.6(c), top) the probe pulse has just passed the centre of the plasma wave and at the

time t4 = 3.768 ps it leaves the accelerating structure (Fig. 5.6(c), bottom). Note that the

main pulse and the plasma wave propagate in x-direction while the probe pulse propagates

through the region of interaction in −y-direction, i.e., in the plane for the upper images

but out of the plane for the simulated polarograms. The rotation maps generated from the
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probe pulse’s electromagnetic field at the times t1 . . . t4 are shown underneath the respective

density map and are labled as 5.1 to 5.4. At the time t1, the probe pulse is still in its initial

state of polarisation. However, at t = t2, a low amplitude signal has built up. While the

rear part of the signal has not significantly changed at the time t = t3, the signal’s front

part has developed a larger amplitude and an alternating sense of rotation in x-direction.

At the time t4, the signal is fully developed and its front is slightly elongated with respect

to signal 5.3

The longitudinal extent of signal 5.2 in Fig. 5.6(a) is framed with a dashed box, which

helps to correlate the probe pulse’s and the plasma wave’s propagation during the signal’s

generation. Between t = t1 and t = t2, the probe pulse propagates through the upper wall of

the plasma wave, which is the source of the rear part of the polarisation signal. In rotation

map 5.3 (Fig. 5.6(b)), the front part of the polarisation signal is framed with a dashed box.

In the time span between t2 and t3, the probe pulse propagates through the centre of the

plasma wave and the position of the alternating polarisation signal is correlated to the front

of the plasma wave. Finally, when the probe pulse propagates through the bottom wall of

the plasma wave, the signal is not significantly changed anymore.

The contribution of the rear part of the plasma wave where the accelerated electrons

are situated between t1 and t4 seems to be marginal. Nevertheless, the upper and the lower

bubble walls influence the signal at the outer x-positions. This is caused by the dependence

of Faraday effect and Cotton-Mouton effect on the electron density, which inside the bubble

(where the accelerated electrons are located) is very low compared to the walls of the bubble.

Most importantly, the generation of the alternating front signal seems to be related to the

front of the plasma wave where also the laser pulse is situated. Therefore, a possible influence

of the Cotton-Mouton effect would be dominated by the magnetic field of the laser pulse,

which is approximately one order of magnitude larger than the transverse component of

the magnetic field of the plasma wave. Note that the fast oscillating magnetic field of the

main laser pulse influences the probe pulse’s state of polarisation as the the phase shift δ is

proportional to B2
⊥, i.e., it is not averaged out.

5.7 Interplay of Faraday Effect and Cotton-Mouton

Effect

The interplay of Faraday effect and Cotton-Mouton effect is investigated by means of

coupled differential equations and PIC simulated data present at the time of generation of

signal type 5.

The interplay of the Faraday effect and the Cotton-Mouton effect is discussed with the
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help of [95]

dχ =
1

2
sin(2ψ)dδ, (5.1)

and

dϑψ,δ = dψFR − 1

2
tan(2χ)dδ, (5.2)

which describe the incremental ellipticity dχ as well as the incremental angle of the rotation

of the polarisation ellipse dϑψ,δ. Moreover, dψ = e
2mec ncr

ne

γ
~B‖dy is the incremental angle

of Faraday rotation and dδ = e2

2m2
ec ncrω0

ne

γ
B2

⊥dy is the phase shift caused by the Cotton-

Mouton effect (cf. section 2.3.6). The coupled differential equations (5.1) and (5.2) are

solved with the help of the PIC-simulated data at the time t = 3.770 ps corresponding to

the time of generation of signal type 5, which as shown in Figs. 5.5 and 5.12(b) exhibits an

alternating sense of rotation in the direction of propagation of the main pulse. In contrast

to those polarisation signals obtained by postprocessing the PIC-simulated probe pulse’s

electric fields (cf. top images in Fig. 5.5 or Fig. 5.12(b)), quasistatic distributions of the

electron density ne, the electrons’ γ-factor as well as the magnetic fields B‖ and B⊥ are used

for the present calculations. While the simultaneous propagation of the probe pulse and the

main laser pulse as well as the plasma wave under 90◦ is incorporated, the pulse duration

of the probe pulse is neglected for the following considerations. As in the PIC-simulation,

the probe pulse propagates in −y-direction and thus, the polarisation signal is observed in

the x − z-plane, where x is the direction of propagation of the main pulse and the plasma

wave.

5.7.1 Faraday Effect

The Faraday effect alone does not cause an alternating sense of rotation of the polarisation

signal.

To calculate the pure angle of Faraday rotation, the perpendicular magnetic fields are

neglected, i.e., B⊥ = 0 and thus, dδ = 0 and dχ = 0 such that dϑψ,δ = dψFR. As

a representation of the three-dimensional distribution of dψ, Fig. 5.7(a) shows the slice
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Figure 5.7 Incremental angle of Faraday rotation dψ in the plane z = 4.67µm. (a) Original
distribution. (b) Effective distribution.

z = 4.76µm since at the line z = 4.76µm, the amplitude of signal 5 (cf. Fig. 5.12(b)) is
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maximum. While the shape of the distribution of dψ is strongly related to the electron

density distribution ne of the plasma wave, its sign is determined by the sign of the parallel

magnetic field B‖, i.e., the oscillating sign at the front of the bubble structure of dψ is

caused by B‖. From section 5.1 it is known that B‖ is generated by the particle currents of

plasma wave and the accelerated electrons as well as the displacement currents induced by

the temporally varying electric fields of the plasma wave. The oscillating sign at the front

of the bubble structure of dψ is most likely dominated by displacement currents which at

this position might be a consequence of the small scale charge separation of the order of

the laser wavelength as a result of the electrons’ oscillation in the electric field of the main

pulse. The fast oscillations at the front of the bubble structure in Fig. 5.7(a) are averaged

out and do not contribute to ψ. The effective distribution of dψ is shown in Fig. 5.7(b).

The generation of the final angle of Faraday rotation ψ is illustrated in Fig. 5.8 where

ψ and dψ are shown in a red-blue colour scheme, which represents positive and negative

values, respectively. The exact length and colour scales are shown in Figs. 5.7(b) and

5.10(a). If dψ was a static field structure, the probe beam would propagate parallel to the

Figure 5.8 The integration of the incremental angle of
Faraday rotation dψ along the probe beams path (orange
arrows) is an estimate of the pure angle of Faraday rota-
tion ψ. The exact length and colour scales are shown in
Figs. 5.7(b) and 5.10(a).

solid black line on top of dψ and the sign of dψ would be directly transfered to the Faraday

signal ψ. Nevertheless, the probe pulse propagates under 90◦ with respect to the main

pulse and the plasma wave and all components move with approximately vg,L. Therefore,

the probe beam’s effective path (orange arrows) through dψ is tilted by the angle α = 45◦

and each component of the probe beam that has passed the positive (red) field structure

of dψ subsequently propagates through a region of negative values (blue). Due to the

comparably low amplitude of the positive field structure at the front, the final angle ψ

is purely negative at positions z > 0 and does not show an alternating sense of rotation

in the direction of propagation of the main pulse as present in the post processed signal

(cf. Fig. 5.12(b)). A further fundamental difference to the polarisation signal obtained by

postprocessing the electric fields of the probe pulse is the large contribution of the peak at

the rear of the first plasma wave period to ψ, which in Figs. 5.8 and 5.10(a) is marked with a
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black arrow. In the PIC-simulation, probe light is scattered at the strong density gradients

of the plasma wave and since in the post processing procedure an aperture is used to filter

this scattered light, it does not contribute to the detected signal. Note that the aperture

used in the post processing procedure is adapted to the aperture of the optics employed

in the experiment. Nevertheless, Eqs. (5.1) and (5.2) do not account for the scattering of

light at density gradients. Fig. 5.9 compares the lineout of signal 5 (blue) at the position

z = 4.76µm to the lineout of ψ (black) at the same position. It should be noted that the

amplitude of the polarisation signal obtained by solving Eq. (5.2) is significantly lower than

the amplitude obtained from the PIC-simulated electric fields of the probe pulse. This issue

will be addressed below.
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Figure 5.9 Comparisson of the lineouts of
signal type 5 at the position z = 4.67µm ob-
tained from postprocessing the PIC-simulated
electric field of the probe pulse (blue) and the
solution of Eq. 5.2 (black) under the assump-
tion dδ = 0 and χ = 0 in dependence on the
magnetic field B‖.

5.7.2 Contribution of the Cotton-Mouton Effect

An interplay of Faraday and Cotton-Mouton effect can cause an alternating sense of

rotation of the polarisation signal.

By incorporating the PIC-simulated perpendicular magnetic fields B⊥, the solution of

Eq. 5.2 represents an interplay of the Faraday and the Cotton-Mouton effect. However,

using the original values of the magnetic fields from the PIC-simulation, the alternating

signal in the direction of propagation of the probe pulse still cannot be observed. Through

an increase of the magnetic field strengths with maximum values of B‖,max ≈ 1.8 × 104 T

by a factor of 3 and B⊥,max ≈ 8.5 × 104 T by a factor of 9, the solution of the coupled

differential equations, which is shown in Fig. 5.10(b) delivers an alternating signal similar

to those detected in the experiment and obtained by postprocessing the electric fields of

the simulated probe pulse. Since the magnetic field of the laser pulse is almost one order of

magnitude larger than the perpendicular magnetic field component generated by the plasma

wave and the accelerated electrons, the phase shift δ, which leads to the alternation of the

polarisation signal is caused by the magnetic field of the laser pulse. Fig. 5.11 compares

the lineouts of the post processed signal (blue) and the signal obtained from the differential
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Figure 5.10 (a) Angle of Faraday rotation ψ obtained by solving Eq. 5.2 under the assumption
dδ = 0 and χ = 0. (b) Rotation of the polarisation ellipse ϑψ,δ calculated with multiples of the
PIC-simulated magnetic fields (3B‖ and 9B⊥).

equations solved with the increased magnetic fields (green), which are in good agreement.
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Figure 5.11 Comparisson of the lineouts of
signal 5 at the position z = 4.67µm obtained
from postprocessing the PIC-simulated electric
field of the probe pulse (blue) and the solution of
Eq. 5.2 (green) calculated with multiples of the
PIC-simulated magnetic fields (3B‖ and 9B⊥).

As already observed above in the discussion of the pure Faraday effect, the amplitudes

of the signal obtained from Eq. 5.2 underestimates the contribution of the magnetic fields.

This might be caused by the simplifications made for the calculation, i.e., the use of quasi-

static field distributions and the negligence of the duration of the probe pulse. Furthermore,

the coupled differential equations do not account for propagation effects such as scattering

and refraction of probe light in the plasma. An alternative reason might be the negligence

of relativistic effects, more precisely the influence of the Lorentz transformation, which is

currently investigated by M. B. Schwab [115]. The Lorentz transformation of the magnetic

field strengths to the inertial system of the probe pulse causes an increase and a decrease

of the magnetic fields at different positions and could possibly explain the difference be-

tween the results obtained through the postprocessing procedure and solving the coupled

differential equations.

5.7.3 Laser Pulse Evolution in Simulation and Experiment

The evolution of laser pulse and plasma wave can be observed through the evolution of

the polarisation signal. For the first time, the laser pulse intensity could be correlated to

signatures of the oscillating magnetic field of the laser pulse.

Figs. 5.12(a) and 5.12(b) show polarisation signals at an early (vg,Lt ≈ 340µm, sig-
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Figure 5.12 Polarisation signals obtained by postprocessing the PIC-simulated electric fields of
the probe pulse. (a) Signal type 2. (b) Signal type 5.

nal type 2) and a late (vg,Lt ≈ 910µm, signal type 5) time during the interaction in the

PIC-simulation, which have been introduced in section 5.5 already. While signal type 2

(Fig. 5.12(a)) can be explained by the Faraday effect alone, the alternating sense of rota-

tion of signal type 5 (Fig. 5.12(b)) is most likely caused by an interplay of the Faraday

effect and the Cotton-Mouton effect. This can be supported by the maxima of the magnetic

fields oriented perpendicular to the direction of propagation of the probe pulse present in

the PIC simulation data at the time of generation of the two signals (cf. Table 5.2). At

Signal type 2 Signal type 5
Simulation
vg,Lt / µm 340 910

B⊥ /T 5.4× 104 8.5× 104

〈~S〉 / 1019 W/cm2 3.4 9.2
I(B⊥) / 1019 W/cm2 3.5 8.7

Experiment
vg,Lt / µm 670 1880

Table 5.2 Maxima of the magnetic field oriented perpendicular to the direction of propagation of
the probe pulse and maximum laser intensity represented by 1

2 |~S| and I(B⊥) in the PIC-simulation
at vg,Lt ≈ 340µm (signal type 2) and vg,Lt ≈ 910µm (signal type 5). The corresponding po-
larisation signal types were observed in the experiment for the first time at vg,Lt ≈ 670µm and
vg,Lt ≈ 1880µm .

vg,Lt ≈ 910µm, B⊥ is increased with respect to the fields present at vg,Lt ≈ 340µm. Addi-

tionally, Table 5.2 shows the maximum of the main laser pulse’s intensity calculated from

the Pointing vector as I = |〈~S〉T | ≈ 1
2
|~S| = 1

2
c2ǫ0|~EL × ~BL| and from the maximum of the

oscillating laser field | ~BL| ≈ B⊥ as I = 1
2
ǫ0cE2

L ≈ 1/2ǫ0c
3B2

⊥. Since the intensities computed

with the two methods are similar at the respective positions vg,Lt ≈ 340µm (signal type 2)

and vg,Lt ≈ 910µm (signal type 5), the laser pulse intensity can be approximated with the

laser pulse’s magnetic field alone. Moreover, the relation of the main laser pulse’s intensity

and the laser pulse’s magnetic field can be utilised to correlate a specific polarisation signal

type and amplitude to a certain laser pulse intensity. More precisely, the increase of the
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main laser pulse’s intensity from 3.4×1019 W/cm2 to 8.7×1019 W/cm2 – i.e., an increase by

a factor of ≈ 2.5 – is correlated to the evolution of the polarisation signal from signal type 2

to signal type 5. This allows to draw conclusions regarding the evolution of the main laser

pulse’s intensity in the experiment. While in the PIC-simulation, signal types 2 and 5 could

be observed at vg,Lt ≈ 340µm and vg,Lt ≈ 910µm, respectively, in the experiment these

signal types appeared for the first time at vg,Lt ≈ 670µm and vg,Lt ≈ 1880µm, respectively.

Since the evolution of the polarisation signal in simulation and experiment is similar,

one can assume a comparable laser plasma interaction and thus, an increase of the laser

pulse intensity in the experiment by a factor of ≈ 2.5 is likely while the exact intensities

at the respective positions might differ from the values obtained in the simulation. For a

future application of this method as an on-line diagnostic for the intensity of the laser pulse

at a given position in the plasma, a possible correlation of the polarisation signal type to

a threshold intensity will have to be investigated, e.g., with the help of PIC-simulations.

Nevertheless, the results above support the assumption of laser pulse evolution to higher

intensities for larger propagation distances vg,Lt in the plasma, which helped to interprete

the data presented in Chapter 4 but unfortunately, could not be confirmed by the deduction

of the γ-factor at different positions in the plasma (cf. section 4.2.4.1). Hence, the obser-

vation of the evolution of the main laser pulse is of enormous importance for the analysis

of experimentally obtained data. In the reported experiment, the evolution of the laser

intensity inside the plasma could be investigated for the first time by means of signatures

of the oscillating magnetic field of the laser pulse.
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6. Conclusions and Outlook

For future applications of the accelerated electron pulses and their secondary radiation,

the electron pulse parameters have to be controllable and stable from shot-to-shot. One

approach towards controllability is controlled injection of electrons into the accelerating

phase of the plasma wave at a defined position inside a plasma which allows to tune the

electron energy gain of the injected electrons. In this thesis controlled injection at a steep

density transition towards lower densities was investigated. Due to the sudden lengthen-

ing of the plasma wavelength in the lower electron density, the rear of the plasma wave,

which is modified in the lower density after the density transition, is seemingly stopped

and the electrons forming the first density peak of the plasma wave behind the laser pulse

generated in the higher electron density oscillate into the accelerating phase of the modified

plasma wave. The density transition is located between the locally increased density of a

shockfront generated by a knife edge brought into a supersonic gas jet and the following

undisturbed part of that gas jet. By varying the position of the knife edge, the position

of the shockfront and thus, the electron density profile of the ionised gas jet is changed.

Therefore, the properties of the shockfront were characterised in detail in dependence on

the position of the knife edge. Injection at the density transition could be observed through

the detection of wavebreaking radiation emitted at the transition position. Furthermore, a

correlation between the electron energy gain and the position of the transition was found.

The maximum achievable electron energy gain is most likely not limited by dephasing or

depletion but by an interplay of laser pulse evolution to higher intensities and the remaining

acceleration length suggesting that despite the controllability of the position of injection,

the acceleration process is still subject to the nonlinear interaction of laser pulse and plasma

wave. Nevertheless, the constant γ-factor deduced for different positions of the shockfront

does not indicate laser pulse evolution. These contradictory results could for example be

caused by the statistical nature of the analysis of the data for the determination of γ. To

shed some light on that, a technique to observe the evolution of the laser pulse is required

and will be discussed below. While so far, the energy spread of the accelerated electrons

was attributed solely to the width of the density transition, the results of the reported ex-

periments suggest that the density ratio of the transition might play a role as well. Since

the time during which the rear of the plasma wave is seemingly stopped is determined by

the change of plasma wavelength, the time of injection might be increased by increasing

the density ratio. Additionally, the period of injection might be increased through the de-

formation of the plasma wave at a tilted front, which might affect the behaviour of the
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plasma wave’s electron density distributions at distances behind the shockfront longer than

the width of the front wSF . Energy dependent pointing variations of the electron beam

frequently observed in broadband electron energy distributions could be attributed to Be-

tatron oscillations of the electron pulse in the transverse fields of the plasma wave. The

results of three-dimensional PIC-simulations suggest that the oscillations are triggered by

the tilt of the shockfront. The measurement and analysis of these transverse modulations

provides information on the chirp and the longitudinal density distribution of the electron

pulse inside the plasma wave, which is an important information for the application of the

LWFA electrons e.g. for a free electron laser.

Optical observation of the evolution of the plasma wave and magnetic fields inextricably

connected to laser wakefield acceleration might be the key to understanding the nonlinear

processes in more detail and thus, to stabilise the accelerator output. While the plasma

wave could be imaged with an ultra short probe pulse in combination with a high resolu-

tion imaging system, the optical observation of the magnetic fields additionally requires the

investigation of the change of polarisation of the probe pulse acquired inside the region of

interaction. This was realised in a setup designed to retrieve the angle of rotation of the

plane of polarisation of the probe pulse by an angle ψ due to the magnetic fields of the

plasma wave and the accelerated electrons oriented parallel to the direction of propagation

of the probe pulse (Faraday effect). Therefore, the region of interaction was imaged onto

two cameras equipped with a polarizer each. The polarisation signals observed early dur-

ing the interaction are comparable to results discussed in previous publications and could

be explained by the Faraday effect alone. Nevertheless, new types of polarisation signals

with sub plasma wavelength features – more precisely, an alternating sense of rotation of

the polarisation within one plasma wave period – were observed at later times during the

interaction. Those signals could only be observed due to the ultra short probe pulse and its

high resolution imaging system and are most likely generated in an interplay of the Fara-

day and the Cotton-Mouton effect where the latter occurs in magnetic fields perpendicular

to the propagation direction of the probe pulse and generates a phase shift δ between the

electric field components of the probe pulse. As a consequence, the angle retrieved from the

experimental data is influenced by both, the rotation ψ and the phase shift δ and represents

the angle of rotation ϑψ,δ of the polarisation ellipse. A similar evolution of the polarisation

signal could be observed in three-dimensional PIC-simulations which also helped to trace

back the generation of these sub plasma wavelength features to the front of the plasma

wave where also the laser pulse is situated. In this configuration, the phase shift is most

likely generated by the strong oscillating magnetic field of the laser pulse, which is almost

one order of magnitude larger than the perpendicular field component of the plasma wave.

95



Therefore, high resolution polarimetry might be suitable for the on-line and in-situ obser-

vation of the evolution of the laser pulse, which – as discussed above – is important for the

interpretation of experimental data. Methods to separate the contributions of laser pulse

and plasma wave are suggested in the following sections.

Determination of the full state of polarisation and evolution of the laser

pulse. Using 4 cameras equipped with polarisers set to polariser angles ψp = 0◦, ψp = 90◦,

ψp = 45◦ and ψp = 135◦ with respect to full transmission of the initially linearly polarised

probe pulse, the Stokes parameters S0, S1, S2 and S3 can be deduced. Table 6.1 shows

different expressions for the Stokes parameters for a wave propagating in y-direction where

I0 = S0 represents the full intensity of the probe light while Ip is the polarised fraction, i.e.,

in the case of fully polarised light Ip = I0. The definition column shows how to calculate

the Stokes parameters from the measured intensity profiles of the probe beam after the

polarizers. Moreover, with the Stokes parameters in cartesian or spherical representation,

the phase shift δ, the rotation of the polarisation ellipse ϑψ,δ and the ellipticity of the wave

χ can be calculated. As discussed in chapter 5, the polarisation signal ϑψ,δ(x, z) evolves

as a consequence of the evolution of laser pulse and plasma wave. The plain polarisation

signal ϑψ,δ(x, z) generated at an early stage during the interaction, could be explained by

the Faraday effect and thus, the rotation of the plane of polarisation through the magnetic

fields parallel to the direction of propagation of the probe pulse – and therefore, by the

plasma wave. In this case ϑψ,δ(x, z) is identical to the angle of Faraday rotation ψ(x, z)

and the phase shift δ(x, y) = 0. In contrast, the alternating sense of rotation of ϑψ,δ(x, z)

at a later time during the interaction could be correlated to the generation of a phase shift

δ which can be attributed to an increase of the magnetic fields oriented perpendicular to

the direction of propagation of the probe pulse. In three-dimensional PIC-simulations, a

perpendicular magnetic field of Bperp ≈ 5.4× 104 T was present during the generation of the

plain signal early during the interaction whereas at a later time during the interaction, an

alternating sense of rotation was generated with a perpendicular field of Bperp ≈ 8.5×104 T.

Since the perpendicular magnetic fields are dominated by the strong magnetic field of the

laser pulse, the evolution of the laser pulse can be indirectly observed by the deduction of

δ. Moreover, the evolution of ψ, which is generated by the magnetic fields parallel to the

direction of propagation of the probe pulse – and therefore, by the plasma wave – provides

insight into the evolution of the plasma wave. The investigation of the nonlinear evolution

of the laser pulse and plasma wave can help to find and understand the origin of instabilities,

which lead to shot-to-shot fluctuations of the accelerator output. When the sources of the

instabilities are determined, strategies to stabilise the interaction can be developed.

Evolution of the plasma wave. Although the angle of rotation given by the ratio of
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Definition cartesian spherical
S0 = I(ψp = 0◦) + I(ψp = 90◦) = 〈E2

z + E2
x〉 = I0

S1 = I(ψp = 0◦)− I(ψp = 90◦) = 〈E2
z − E2

x〉 = Ip cos(2ϑψ,δ) cos(2χ)
S2 = I(ψp = 45◦)− I(ψp = 135◦) = 〈EzEx cos(δ)〉 = Ip sin(2ϑψ,δ) cos(2χ)
S3 = IRC − ILC = 〈EzEx sin(δ)〉 = Ip sin(2χ)

Table 6.1 Stokes Parameters in different representations.

the electric field components can be calculated by sin(2χ) = sin(2ψ) sin(δ) or tan(2ϑψ,δ) =

tan(2ψ) cos(δ), this angle ψ is most likely not identical to the angle of pure Faraday rotation

since a phase shift simultaneously acquired with the rotation of the plane of polarisation

can reduce the final angle of rotation. Consider a rotation by the angle ψ and a subsequent

phase shift by the angle δ which can be expressed as Ez ∝ sin(Φx + δ) sin(ψ). A further

rotation by ψ gives Ez ∝ [sin(Φx + δ) + sin(Φx)] sin(ψ). Hence, the rotation is maximum if

δ = 2nπ with n being an integer while the rotation is zero if δ = (2n + 1)π. Nevertheless,

the evolution of the plasma wave can be investigated, when the influence of the phase shift

can be eliminated.

In contrast to the Cotton Mouton effect, the Faraday effect is sensitive to the sign of

the magnetic field. Hence, the oscillating magnetic field of the laser pulse can generate a

phase shift when the laser field is oriented perpendicular to the direction of propagation

of the probe pulse while its influence on the rotation of the plane of polarisation in case

of parallel orientation is averaged out. Since the perpendicular component of the plasma

wave is significantly weaker than the magnetic field of the laser pulse, the influence of the

Cotton-Mouton effect might be negligible if the magnetic field is oriented in the direction of

propagation of the probe beam and the angle of rotation might solely represent the parallel

magnetic fields of the plasma wave. Both, the evolution of the plasma wave and the laser

pulse might be observed simultaneously by rotating the plane of polarisation of the main

pulse to 45◦ and probing with two probe pulses both propagating transversely through the

region of interaction but in different orientations with respect to the magnetic field of the

main laser pulse.

In the future, secondary radiation generated during laser wakefield acceleration might

be used for high resolution imaging, which is important for further research, e.g., in physics,

chemistry or biology as well as for medical imaging. This thesis represents a step towards

the application of LWFA since this requires stability and controlability of the accelerator

output. Improved controllability could be demonstrated through controlled injection of

electrons into the plasma waves. The remaining instabilities might be caused by nonlinear

laser pulse evolution to higher intensities. Nevertheless, a method to observe this evolu-

tion was demonstrated above. Through the observation of laser pulse evolution, the exact
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causes of the instabilities can be investigated in more detail, which can help to eliminate

those instabilities and hence, generate electron pulses and secondary radiation with stable

parameters.
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nSF/n0 Electron density ratio of transition
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XVII



Special Symbols: Polarimetry Measurements
Symbol Name

ψ Angle of rotation
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δ Phase shift
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A. Experimental Setup and Data Analysis

A.1 Jeti-Laser System
At a central wavelength of λL ≈ 800nm, the Jeti-laser system delivers pulses with an

energy of EL ≈ 850mJ, an FWHM pulse duration of τL ≈ 30 fs and a 1/e2 beam diameter of

de ≈ 50mm.
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Figure A.1 Schematic of the Jeti-laser system.

Figure A.1 shows the Jeti-laser system which is based on titanium doped sapphire as the

active medium which – except for the crystal in the oscillator at the beginning of the laser chain

– is pumped by frequency doubled Nd:YAG-lasers. The frontend of the laser consists of the

oscillator (pumped by a continuous wave Nd:YVO laser), the pulse stretcher and the first amplifiers.

It delivers pulses with an energy of 25mJ at a pulse repetition rate of 10Hz. After the two

final multipass amplifiers and the vacuum pulse compressor, the laser pulses contain an energy

of EL ≈ 850mJ and have an FWHM duration of τL ≈ 30 fs. While the central wavelength is

λL ≈ 800 nm, the most intensive spectral component can vary (cf. appendix A.1.1). The amplified

and compressed pulses are guided towards the target chamber inside an evacuated beamline where

the probe beam is separated from the main beam by a beam splitter. At the entrance of the target

interaction chamber, the main pulses have an 1/e2 beam diameter of de ≈ 50mm. Ideally, a laser

pulse has a smooth envelope, e.g. with a Gaussian shape as shown in section 2.1. Nevertheless, pre-

and post pulses as well as amplified spontaneous emission (ASE) generated in the amplification

process modify the temporal envelope of the laser pulse and hence, the temporal intensity contrast

of the laser pulse. At the Jeti-laser system, the intensity contrast of the laser pulses can be
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improved by means of a plasma mirror which has an intensity dependent reflectivity. Therefore,

ASE and pre-pulses of sufficiently low intensity can be removed, which reduces the laser pulse’s

energy.

A.1.1 Strongest Component of the Jeti-Spectrum
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Figure A.2 Spatially resolved optical spectra from both campaigns. (a) f/20, (b) f/13.

The spectral calibration of the imaging spectrometer was performed using a mercury-vapour

lamp and a shot to shot verification was possible through some specific lines of helium, here λHe,a =

667.8 nm and λHe,b = 587.5 nm [68]. Since the calibration in the above images is comparable,

it becomes evident that the strongest component of the Jeti-spectrum is different in the two

experimental campaigns presented in this thesis. While during Campaign 1, λL,1 ≈ 818 nm,

in Campaign 2, it was at a lower wavelength λL,2 ≈ 783 nm, which is most likely caused by the

settings of the Mazzler [116] – an acousto-optic programmable gain filter which controls the spectral

gain [117]. A Mazzler optimisation in between the campaigns is documented in the laser protocol.
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B. Controlled Injection of Electrons into Plasma

Waves

B.1 Spatially Resolved Optical Spectra
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Figure B.1 Raw data in false colour.

B.2 Particle-In-Cell (PIC) Simulations
Three-dimensional PIC simulations were performed to investigate the individual influence

of single parameters on the injection and acceleration process. All simulations are comparable

to the default simulation with a0 = 2, α = 22.5◦, wSF = 5µm and nSF /n0 = 2. n0 = 7.7×1018 cm−3

is kept constant in all runs.

For the experiments presented in chapter 4, three-dimensional PIC simulations where per-

formed with Epoch [96] at the Max Planck supercomputer at the Garching Computing Center

RZG and post processed using Postpic [118]. Note that the input file for the simulations was

provided by Stephan Kuschel from Helmholtz Institute Jena while the author of this thesis carried

out the parameter scans.

Each cell of the 3D simulation box contains one macro particle and has a size of ≈ 0.06µm in

propagation direction ~ex and ≈ 0.13µm in transverse directions ~ey and ~ez. The computing time

was kept low by reducing the propagation time to 850 fs corresponding to a propagation distance of

≈ 280µm. Therefore, it is not possible to scan the influence of different shockfront positions xSF .

Nevertheless, the influence of individual parameters can be investigated in separate parameter

scans. Table B.1 shows the scanned parameters, their range and their default settings. The range
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Figure B.2 Top: Electron density map. Middle:
Filtered electron density map for the generation of
the electron spectrum at the bottom.

of the electron density ratio, the angle as well as the width of the shockfront are adopted from

section 4.2. Furthermore, the influence of different laser intensities –caused by laser pulse evolution

in the real experiment– is investigated by varying the vacuum peak intensity a0 in the simulation.

During the scan of a distinct parameter, other parameters were set to their default values.

Parameter Values Default
a0 1, 2, 3, 4 2
nSF/n0 1, 1.25, 2, 2.6 2
α / ◦ 0, 10, 22.5, 50 22.5
wSF / µm 1, 5, 10, 16 5

Table B.1 Parameters of the simulated
scans. In all simulations, n0 = 7 ×
1018cm−3.
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Figure B.3 Electron density configuration in
the simulations exemplarily shown for the de-
fault parameters (cf. Table B.1).

The density profile was configured as exemplarily shown in Fig. B.3 for the default parameters

at the laser axis y = z = 0. For y 6= 0 or z 6= 0, the x-positions of the density transition depend on

the the angle of the shockfront α. The constant density in front of the density transition was chosen

to keep the interaction as simple as possible and to isolate the influence of different parameters

from each other.

The top image in Fig. B.2 shows a distribution of the electron density from the default simu-

lation at a simulation time of ≈ 850 fs. For the extraction of the electron spectrum in the bottom

image, the plasma wave electrons and electrons inside trailing buckets are eliminated from the

density map through following restrictions:

❼ γ > 6,

❼ x > 172µm,

XXIII



❼
px
pyx

< 0.5 rad,

with px and pyz being the forward and the transverse momenta of the accelerated electrons, re-

spectively. The filtered electron density map is depicted in the middle image of Fig. B.2. Note the

different dimensions in x and z compared to the top image.

B.3 Influence on the Transverse Electron Beam Profile
With the electron beam monitor (cf. section 3.3), the electron beam’s charge, divergence as

well as pointing were investigated in dependence on the position of the knife edge or shockfront,

respectively. Therefore, a gas nozzle with a diameter of dN = 3.1mm was operated at different

nozzle backing pressures corresponding to electron densities ranging from n0 ≈ 9.2 to 12.1 ×
1018 cm−3. In the following, the results for n0 = 9.2× 1018 cm−3 are discussed exemplarily.

Fig. B.4 shows beam monitor images averaged over 20-30 consecutive shots for different posi-

tions xSF . The centroid of the reference profile is marked with dotted white lines in all images.

While the averaged images give an impression of the effect of the shockfront on the accelerated

charge, pointing and divergence effects are not clearly distinguishable. Thus, the quantitative

investigation requires the images to be analysed separately and those results to be averaged.

Figure B.4 Averaged beam monitor images for different positions of the shockfront xSF .

B.3.1 Accelerated Charge

The increase of the normalised bunch charge qN with the position of the shockfront is

most likely caused by the evolution of a0 to higher intensities and the increasing density of

the shockfront n0, which can be supported by results obtained from PIC simulations.

For the determination of the normalised bunch charge, the average of the relative charge

determined at any position xSF is divided by the average of the relative charge obtained in the

reference measurement without shockfront represented by xSF = 0. The relative electron beam
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Figure B.5 Normalised bunch charge qN incident at the electron beam monitor for varying
shockfront positions xSF and a nozzle backing pressure of 8 bar (n0 ≈ 9.2× 1018 cm−3). The error
bars represent the upper and the lower mean deviation from the averages which are represented by
circles.

charge is given in units of the intensity of the radiation emitted from the electron beam monitor

(cf. section 3.3).

The behaviour of the normalised bunch charge qN in dependence on the position of the shock-

front xSF is shown in Fig. B.5 where the grey shaded area marks the range of shockfront positions,

which were investigated in section 4.4 where a dependence of the energy spread of the electron

spectra was discussed in dependence on the position of the shockfront xSF . The increase of charge

in the grey box in Fig. B.5 is consistent with an increasing frequency of occurrence of broadband

electron spectra (high charge) while the frequency of occurrence of monoenergetic electron spectra

(low charge) decreases.

Dependence of injected charge on the position of the shockfront. Since a portion of

the electrons of the plasma wave’s electron density peak is injected at the density transition, the

number of injected electrons can be increased by increasing the number of electrons contained in

the plasma wave’s electron density peak. This can be realised by driving the plasma wave more

strongly with a more intense laser pulse (increase of a0) and by increasing the background density

in region I, i.e. by increasing nSF . The constant charge below xSF ≈ 1200µm is most likely self

injected – possibly behind the shockfront – since at those positions xSF , the plasma wave has

most likely not sufficiently evolved to inject a significant number of electrons. In contrast, the

increase of the charge above xSF ≈ 1200µm suggests a continuously harder driven plasma wave.

While an increase of nSF with xSF could be observed (cf. section 4.2.4.3), the constant γ-factor

does not indicate an increase of laser intensity with xSF . Nevertheless, most results regarding the

accelerated electrons (cf. sections 4.4.1.1,4.4.1.3, 4.4.2.1) indicate that the laser pulse evolves to

higher intensities. Laser pulse evolution in the plasma is investigated in more detail in chapter 5.

The PIC-simulated parameter scan introduced in Appendix B.2 confirms that the accelerated

charge can be increased by a0 and nSF . The increase of the bunch charge with a0 and nSF /n0

where n0 = 7.7×1018 cm−3 is shown in Figs. B.6(a) and B.6(b), respectively. In contrast, the angle
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and width of the shockfront seem to play a minor role for the accelerated charge (cf. Figs. B.6(c)

and B.6(d)).
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Figure B.6 Accelerated charge in the simulations in dependence on (a) the normalised vector
potential a0 (b) the density ratio nSF /n0 with n0 = 7.7× 1018 cm−3 (c) the angle of the shockfront
α and the width of the shockfront wSF .

The decrease of charge after xSF ≈ 2150µm might be due to weaker and weaker driven plasma

waves possibly as a consequence of the onset of pump depletion. Note that the exclusion of pump

depletion as a reason for the energy dependence in section 4.4.1.2 is not in conflict with this

assumption as those measurements were carried out with a smaller nozzle with dout = 2.1mm

while the results presented here were obtained with a nozzle with dout = 3.1mm.

In an experiment performed with comparable laser parameters [49], the injection of electrons at

a wire produced double shockfront was investigated. In this experiment, injection and acceleration

of the measured electrons was assumed to take place in a region of the gas jet with an electron

density distribution comparable to the shockfront profile presented in Fig. 4.12(c). A similar

dependence of the accelerated charge on the position of injection was observed but not further

discussed.

B.3.2 Divergence

The increase of divergence with xSF can be explained by a more frequent generation of

electron spectra with a low energy tail (reduction of longitudinal momentum) as well as the

frequently observed energy dependent pointing variations of the electron beam in the broadband

electron spectra, which could be traced back to Betatron oscillations (increase of transverse

momentum).
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Figure B.7 (a) Bunch divergence D in dependence on the shock front position xSF and (b)
relation of divergence and charge.

Fig. B.7(a) shows the trend of the averaged FWHM solid angle of divergence D of the electron

beam (Fig. B.7(a)), which is comparable to the trend of the average of the accelerated charge

(Fig. B.5). Moreover, Fig. B.7(b) reveals a linear relation of divergence and charge, which could

be caused by Coulomb repulsion and thus, might be an indicator for beamloading. Nevertheless,

beamloading is not indicated by the results discussed in section 4.4.2.1, which were obtained in

Campaign 2. The measurements presented in this section are obtained using an off-axis parabolic

mirror with larger f#-number in Campaign 1. Due to the lower laser intensity, the injected and

thus, accelerated charge can be assumed to be smaller, i.e., beamloading is less likely here.

The divergence of the electron beam is given by the ratio of transverse and longitudinal mo-

mentum py,z/px of the electrons. Both, the increase of py,z combined with a decrease of px is given

by the low energy tail of the oscillating broadband electron spectra exhibiting an increased charge

and generated more frequently with increasing shockfront position (cf. section 4.4.2.1). Hence,

the increase of divergence is most likely caused by Betatron oscillations, which were discussed in

section 4.4.2.2.

B.3.3 Pointing

While pointing fluctuations are most likely caused by electron density inhomogeneities, the

change of pointing might be the result of diffraction of the laser pulse at the shockfront.

Fig. B.8(a) shows the horizontal ∆yp (blue) and (b) vertical ∆zp (red) change of pointing in

comparison to the reference measurement without shockfront represented by xSF = 0. On average,

the fluctuation of pointing amounts to ≈ 4.5mrad and cannot be explained by the fluctuation of

pointing of laser pulse and plasma wave of ≈ ±30µrad. However, in a similar setup with compa-

rable gas nozzles, pointing fluctuations could be traced back to electron density inhomogeneities

in the gas jet profile [119].

While the horizontal variation in pointing is dominated by fluctuations, the vertical point-

ing shows a dependence on the position of the shockfront xSF with a maximum deviation of
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Figure B.8 (a) Vertical ∆yp and (red) horizontal ∆zp (blue) centroid of the electron beam with
respect to the measurement without knife edge. (b) Pointing fluctuation of laser pulse and plasma
wave.

≈ −7.4mrad compared to the reference measurement without shockfront (cf. Fig. B.8(a)). A

change of vertical pointing of the electron bunch might be induced by refraction of the laser pulse

at the density transition which can be described using Snell’s law incorporating the changing angle

α of the shockfront. Furthermore, the refractive indices ηSF and η0 (Eq. (2.21)) of the plasma

before and after the shockfront are assumed to be given by nSF which depends on xSF (cf. sec-

tion 4.2.4.3) and n0 = 9.2 × 1018cm−3, respectively (cf. section 4.2.4.2). Fig. B.9 shows the
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Figure B.9 Measured and calculated vertical
pointing.

pointing of the electron bunches with respect to the shockfront angle α (red filled circles) and

the result of the estimation with Snell’s law is shown as a black line where for the calculation of

the refractive index γ = 1 was assumed. In section 4.2.4.1 γ ≈ 1.2 was deduced. The result of

Snell’s law calculated with γ ≈ 1.2 is shown as a blue line. While the agreement of measurement

and calculation is improved, the measured change of pointing is still significantly larger. This is

most likely caused by the assumption of a perfect transition from a constant electron density nSF

to a constant electron density n0. Furthermore, the determination of γ might be not sufficiently

accurate for various reasons (cf. section 4.2.4.1).
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C. Towards the Indirect Observation of the

Laser Pulse Evolution in a Plasma

C.1 Jones Calculus
In the Jones formalism, a plane electromagnetic wave propagating in y−direction is represented

by its electric field component

Einit =




Ex

Ez



 ei(kx−ωt). (C.1)

For further calculations, the waves oscillation given by ei(kx−ωt) is not taken into account and

the components of the Jones vector are normalised, i.e., an electromagnetic wave initially polarised

in ~ex can be written as

Einit =




1

0



 . (C.2)

The rotation matrix

ROT =




cos(ψ) − sin(ψ)

sin(ψ) cos(ψ)



 , (C.3)

rotates the wave’s plane of polarisation by the angle ψ as and the rotated field reads

Erot =




cos(ψ)

sin(ψ)



 . (C.4)

Subsequently applying the retardation element

RET =




eiδ 0

0 1



 , (C.5)

which shifts x-component in phase by δ results in

Erot,ret =




cos(ψ)eiδ

sin(ψ)



 . (C.6)
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A polariser rotated by the angle α with respect to horizontal polarisation is given by

POLα =




cos2(α) cos(α) sin(α)

cos(α) sin(α)) sin2(α)



 . (C.7)

The transmitted portion of the electric field Erot,ret after the polariser is

Erot,ret,pol =




eiδ cos2(α) cos(ψ) + cos(α) sin(α) sin(ψ)

eiδ cos(α) sin(α) cos(ψ) + sin2(α) sin(ψ)



 =




Ex
Ez



 (C.8)

and can be used to calculate the transmitted intensity I ∝ |E2
x | + |E2

z |. In the general case

Irot,ret,pol = |eiδ cos(α) cos(ψ) + sin(α) sin(ψ)|2, the transmitted intensity depends on the phase

shift δ, the polariser angle α and the rotation of the plane of polarisation ψ. If δ = 0, the

expression simplifies to Irot,pol = cos2(α− ψ).

C.2 Determination of the Extinction Ratio
An extinction ratio can be determined experimentally by measuring the transmission curve of

the polarisers with respect to the polariser angle which is shown for both polarisers in Figure C.1.

To remove shot to shot fluctuations of the probe beam’s brightness, each image taken by CCD-T

at varying polariser angles was normalised to the intensity recorded by CCD-R at a fixed setting

and vice versa. Using Malus’ law
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Figure C.1 Normalised intensity on CCD-T and CCD-R with respect to the corresponding po-
lariser angles. With the normalised intensity with respect to the angle of polarisation incident on
the two CCD cameras, the extinction coefficients of the imaging systems can be determined.

I = I0

(

1− β sin2(90◦ − (ψpol − ψ0))

)

, (C.9)

the angles of maximum extinction φ0,T and φ0,R as well as the extinction coefficients were deter-

mined with a fit.
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