On the fracture toughness of polymeric
nanocomposites: Comprehensive stochastic
and numerical studies

CUMULATIVE DISSERTATION

Zur Erlangung des akademischen Grades
Doktor-Ingenieur (Dr.-Ing.)
an der Fakultdt Bauingenieurwesen

der Bauhaus-Universitat Weimar

vorgelegt von
Khader M. Hamdia
(interner Doktorand)

geboren am 26 Marz 1981

in Gaza, Paléstina

Gutachter  Prof. Dr.-Ing. Timon Rabczuk, Bauhaus-Universitit Weimar
Prof. Dr. rer. nat. habil. Klaus Giirlebeck, Bauhaus-Universitidt Weimar

Prof. Dr. Roberto Brighenti,University of Parma, Ttaly

Weimar, 20.04.2018






For Eman






Acknowledgements

[ am grateful to all people who have have supported and helped me so
much throughout this research. First of all, T would like to express my sin-
cere gratitude to Prof. Timon Rabczuk for the valuable guidance, assistance,
encouragement and for his patience. It has been a great pleasure working
with him at Bauhaus-Universitat Weimar.

I would also like to thank Dr. Mohammed A. Msekh, Dr. Mohammad Silani,
and Dr. Nam Vu-Bac for providing precious materials used in this work. In
addition, thanks go to my colleagues at Institute of Structural Mechanics,
particularly Navid Valizadeh, S.S.Nanthakumar, and Yamen Khudari bek,
for their help and friendly support. I thank Frau. Rosemarie Mayer and

Frau. Marlies Terber for helping in several circumstances.

I would like to acknowledge the financial support provided by the In-
ternational Research Staff Exchange Scheme (IRSES) - Marie Curie Action
-MULTIFRAC, the European Research Council-Consolidator Grant (ERC-
CoG) under the grant “Computational Modeling and Design of Lithium-ion
Batteries (COMBAT)”, and the Deutsche Forschungsgemeinschaft (DFG).

Last but not the least, I wish to express my deepest gratitude to my
family. Without their support, I would not be able to accomplish and fulfill

my dreams






Abstract

Polymeric nanocomposites (PNCs) are considered for numerous nanotechno-
logy such as: nano-biotechnology, nano-systems, nanoelectronics, and nano-
structured materials. Commonly , they are formed by polymer (epoxy) ma-
trix reinforced with a nanosized filler. The addition of rigid nanofillers to the
epoxy matrix has offered great improvements in the fracture toughness wit-
hout sacrificing other important thermo-mechanical properties. The physics
of the fracture in PNCs is rather complicated and is influenced by different
parameters. The presence of uncertainty in the predicted output is expected
as a result of stochastic variance in the factors affecting the fracture mecha-
nism. Consequently, evaluating the improved fracture toughness in PNCs is

a challenging problem.

Artificial neural network (ANN) and adaptive neuro-fuzzy inference sy-
stem (ANFIS) have been employed to predict the fracture energy of po-
lymer/particle nanocomposites. The ANN and ANFIS models were con-
structed, trained, and tested based on a collection of 115 experimental da-
tasets gathered from the literature. The performance evaluation indices of
the developed ANN and ANFIS showed relatively small error, with high coef-
ficients of determination (R?), and low root mean square error and mean

absolute percentage error.

In the framework for uncertainty quantification of PNCs, a sensitivity
analysis (SA) has been conducted to examine the influence of uncertain in-
put parameters on the fracture toughness of polymer/clay nanocomposites
(PNCs). The phase-field approach is employed to predict the macroscopic
properties of the composite considering six uncertain input parameters. The
efficiency, robustness, and repeatability are compared and evaluated compre-

hensively for five different SA methods.
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The Bayesian method is applied to develop a methodology in order to
evaluate the performance of different analytical models used in predicting
the fracture toughness of polymeric particles nanocomposites. The develo-
ped method have considered the model and parameters uncertainties based
on different reference data (experimental measurements) gained from the li-
terature. Three analytical models differing in theory and assumptions were
examined. The coefficients of variation of the model predictions to the me-
asurements are calculated using the approximated optimal parameter sets.
Then, the model selection probability is obtained with respect to the diffe-

rent reference data.

Stochastic finite element modeling is implemented to predict the fracture
toughness of polymer/particle nanocomposites. For this purpose, 2D finite
element model containing an epoxy matrix and rigid nanoparticles surroun-
ded by an interphase zone is generated. The crack propagation is simulated
by the cohesive segments method and phantom nodes. Considering the un-
certainties in the input parameters, a polynomial chaos expansion (PCE)

surrogate model is construed followed by a sensitivity analysis.
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Chapter 1

Summary

1.1. Motivation

From the past decades, the development of new materials has been the subject of

interest for engineers and materials scientists. In this regard, polymeric nanocomposi-
tes (PNCs), class of the promising materials, have attracted the attention due to their
light weight, low cost and simple fabrication. PNCs are considered for numerous nano-
technology applications such as: nano-biotechnology, nanosystems, nanoelectronics, and
nano-structured materials. They are constituted by a combination of polymer (epoxy)
matrix and reinforcing rigid filler in the nanoscale size. Three shapes of nanofillers are
commonly used: nanoparticles, nanoplatelet (layered), and nanofibrous materials. Due
to their inherent characteristic of high crosslink density, epoxy polymers are known to
be a relatively brittle material with poor resistance to crack initiation and propaga-
tion (poor fracture toughness). The addition of rigid nanofillers to the epoxy matrix
has offered great improvements in the toughness without sacrificing other important
thermo-mechanical properties. The remarkable improvement in the properties of PNCs
even at low loading may be attributed to the large surface area - to - volume ratio of
the nanofillers that creates an extreme interfacial zone between the nanofiller and the
surrounding matrix [1].
The physics of the fracture of PNCs is extremely complicated phenomenon and is influen-
ced by different uncertain parameters. Consequently, evaluating the improved fracture
toughness is a challenging problem. To this end, several experiments have been carried
out.

Artificial intelligence techniques, such as artificial neural network (ANN) and adaptive



1.2 Objectives and outline of the thesis

neuro-fuzzy inference system (ANFIS), have been recently introduced as data driven
models. They have the ability to mimic the real-world behavior which can be here
the experimental investigations, learn from examples, and identify the data pattern by
means of mathematics and statistics methods. Considering the experimental works avai-
lable in the literature, models such as ANN and ANFIS are still missing for studying
the fracture in PNCs.

Unlike the experimental works, several analytical models differing in theory and assump-
tions have been proposed recently to measure the increase in fracture energy of PNCs.
Among others Huang and Kinloch model [2], Williams model [3], and the model accor-
ding Quaresimin et al. [4] are popular. A methodology to evaluate the quality of these
models considering their uncertainties are not available. The uncertainties can be rela-
ted to the model itself and /or its input parameters. The former might be caused by the
simplifications, while the latter can be related to the number and the stochastic variance
of the parameters. On the other hand, researchers have developed advanced numerical
methods to get a better understanding of nanocomposite material behavior. Most of
these methods, however, have focused on predicting thermal and mechanical properties.
Few of them have been dedicated to the fracture behavior. As a result of the variance in
the factors influencing the fracture, the presence of uncertainty in the predicted output
is expected. In the light of this, there is an urgent need for a comprehensive study
to measure the influence of the uncertainties in these input parameters. This leads to

uncertainty quantification.

1.2. Objectives and outline of the thesis

The Objectives of the study are;

e Constructing artificial neural network (ANN) and adaptive neuro-fuzzy inference
system (ANFIS) models to predict the fracture energy of PNCs based on experi-

mental datasets gathered from the literature.

e Evaluating the performance of different analytical models used in predicting the

enhanced fracture energy of polymer matrix reinforced by rigid nanoparticles.

e Developing numerical models to predict the fracture and crack propagation in
PNCs.



1.2 Objectives and outline of the thesis

e Developing methods for uncertainty quantification in the fracture toughness of po-
lymer/clay nanocomposites through conducting sensitivity analysis that identify

the most influence parameters on the uncertainty.

These goals are achieved in the following chapters as following; In Chapter 2, ANN and
ANFIS are developed for predicting the fracture energy of PNCs without performing any
experiments. The data used for construction the models are gathered from the literature.
The performances of the developed models are evaluated based on three performance
evaluation indices and are compared to the results of the Huang and Kinloch model [2]
and the linear regression models. Finally, parametric studies are carried out to specify

the influence of some of the input parameters on the desired output.

Chapter 3 presents a comprehensive sensitivity analysis to identify the influence of
input parameters on the fracture toughness of PNCs predicted by a phase-field model.
Different methods have been applied to examine the reliability of the implemented SA.
These methods are: Standardized Regression Coefficients, Regionalized Sensitivity Ana-
lysis, Sobol’ Method, EFAST method, and PAWN method. Moreover, an improvement
to the PAWN method that reduces the computational cost is developed. The conver-
gence of the sensitivity indices were achieved through the bootstrapping technique. The

results of SA are exploited in conducting an uncertainty quantification.

In Chapter 4, the model and parameters uncertainties are taken into account in
the assessment of the models used for the prediction of the fracture energy of PNCs.
The chapter includes a methodology to evaluate three different analytical models by
using the Bayesian method. In particular, Huang and Kinloch model [2], Williams
model [3], and the model according Quaresimin et al. [4] are examined. The assessment,
is carried out based on different reference data (experimental measurements) gathered
from the literature. Nevertheless, the same methodology can be applied to evaluate the
three models based on other measurements. The prior probabilities are first estimated
considering the uncertainties in the parameters. Then, the optimum parameter set
which results in best fit of models prognoses is found, and in consequence the coefficient
of variation of the models predictions to the measurements are estimated. Eventually,

the model selection probability is calculated.

The aim of Chapter 5 is to present a methodology for stochastic modelling of the
fracture in the polymer/particle nanocomposites accounting for the interphase zone. A
polymer epoxy matrix reinforced by rigid nanoparticles is studied by a 2D finite element

model. The phantom node method is employed to model the fracture. The uncertain
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input parameters considered in the stochastic model are: the volume fraction of the
nanoparticles, the diameter of the nanoparticle, Young’s modulus of the epoxy matrix,
and its maximum allowable principal stress, the thickness, and Young’s modulus of
the interphase zone. By taking into account the uncertainties in these parameters, a
polynomial chaos expansion surrogate model is constructed followed by a sensitivity

analysis.
The dissertation has been prepared in the form of cumulative dissertation as follows:

(i) Chapter 2 has been published in Computational Materials Science (Impact Factor:
2.086).

(ii) Chapter 3 has been published in Composite Structures (Impact Factor: 3.853).

(iii) Chapter 4 has been published in Composites Science and Technology (Impact Fac-
tor: 3.897).

(iv) Chapter 5 has been published in International Journal of Fracture (Impact Factor:
1.642).

(v) Chapter 6 has been submitted for publication (under review).



1.3 Literature review

1.3. Literature review

A brief introduction and relevant literature review of different aspects of the research

are provided in this section.

1.3.1. Fracture Mechanics

The fracture toughness is a material property used to measure the ability to fracture
resistance of a material containing a crack. The stress intensity factor, K, and the
energy release rate, G are common parameters in fracture mechanics. The former is
utilized to predict the stress intensity near the crack tip. While the latter is the amount
of the energy dissipated per unit of cracked area due to the formation of new surfaces.
According to the energy criterion for fracture of Griffith [5], the crack is extended when
the energy available for crack growth is sufficient to overcome the resistance of the
material. On this basis, Irwin [6] has defined G as the rate of change in potential energy
with respect to the crack area.

dIl

G=—" (1.1)

Fig. 1.1 depicts an infinite plate subjected to tensile stress and initially cracked by 2a

in length crack. The energy release rate for this case is

(1.2)

whre F is the Young’s modulus, and o is the applied stress.

At the moment of fracture, K reaches a critical value called K., and known as the
fracture toughness. For the mode-I loading, where the principal load tends to open the

crack, K. is given by

P, a
Kio= "2 f () 1.3
where P,,., is the load at fracture, B and W are the thickness and the width of the
specimen, a is the crack length, and f(a/W) is a dimensionless function [7].

At this point, the critical energy release rate also reaches a critical value known as the
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Figure 1.1.: An infinitely wide plate subjected to tensile stress with center crack.

fracture energy. It can be related to Kj. by
(1.4)

For plane stress conditions, E' = E |, and for plane strain conditions E' = E/ (1 — v?),

with E being Young’s modulus and v being Poisson’s ratio.

1.3.2. Phase-field approach for fracture

The Phase field method is a powerful approach for fracture firstly introduced by [8,9].
It has the ability to deal with crack nucleation, branching and coalesce [10,11|. The total
potential energy is decomposed into the surface energy (creation of crack surfaces) and

the bulk energy.

U =0+ b (1.5)
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The surface energy in the phase-field approach is equal to the critical energy release rate,

G, multiplied by the cross sectional area, A, of the crack surface:

\Ifs:Gc/fy(gb) dQ:GC// 2 (6) dzdA = G.A (1.6)
Q AJ—o0
the crack surface density function v is calculated by
1 op 0p 1 ,
= - — 1.

where ¢ denotes the phase-field and ¢, is a parameter controls the amount of the crack
diffusion.

Interestingly, the phase-field does not require any description of the crack topology.
The bulk energy can be expressed in terms of the strain energy density for an isotropic

linear elastic material, 1¢ (€), and a stress degradation function, g (¢)

= /Q 9 (9) ¥ () dO (18)

1.3.3. Cohesive segments method and phantom nodes

Despite the prominent efficiency of the finite element method (FEM) as a numeri-
cal approach in determining the approximate solution of partial differential equations,
solving problems which involves presence of discontinuities in the design domain such
as cracks remains a challenge. To align the element boundaries with the discontinuity,
extremely refined meshes have to be generated. Nevertheless, near the crack tips, the
mesh refinement is usually necessary in order to represent the asymptotic fields associa-
ted with the crack tips.

Differently, in the XFEM, the crack growth can be modelled without remeshing, where
additional degrees of freedom associated to discontinuous shape functions is employed
[12]. The Heaviside jump function in the displacement across the crack surfaces and
the asymptotic crack tip enrichment function are the two types of enrichment functions
considered in XFEM [13-15]. The asymptotic singularity functions is recommended only

when modeling stationary cracks.

An alternative approach for modeling moving cracks within the framework of XFEM
is the cohesive segments method and phantom nodes. The method is based on traction-

separation cohesive behavior. The XFEM-based cohesive segments method can be used
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to simulate crack initiation and propagation along an arbitrary, solution-dependent path.
The phantom node method in |16, 17| presents special crack tip enrichments allows
the crack tip being located inside the element which is important to model fracture in
heterogeneous materials. When the crack propagates through an entire element, the
crack might end exactly at the material interface which will yield to crack arrest.

A schematic of traction separation curve for modeling cohesive failure is shown in Fig. 1.2.
The traction-separation model has been implemented in Abaqus package. It assumes

initially linear elastic behavior followed by the initiation and evolution of damage.

1.3.4. Artificial neural networks

Artificial neural network (ANN) is a highly parallel system containing a large number
of processing units called neurons or nodes [18|. These units are grouped together into
three or more layers. The neighboring layers are connected by weights forming a large
network. Inputs from previous layvers are linked to a neuron by the corresponding weights
and bias. Then, the weighted sums are applied to an activation function to determine
the neuron output and consequently passed as inputs for the next layers. The sum at a

neuron are calculated by [18]:

n
U; = Z WjiLy (19)
i=1

where u; is the linear combiner output of the jth neuron, n being the number of neurons

in the preceding layer, z; is an input signal, wj;, wjs. .., w;, are the weights. The bias

>

Traction

——__________ Separation
59 Om 8

Figure 1.2.: Traction separation curve for modeling cohesive failure. Tp and 69, refer respecti-
vely to the traction and separation at damage initiation, while 67, is the separation at complete

failure



1.3 Literature review

has the effect of applying affine transformation to u; as

net; is known here as the induced local field. Then, an activation function is applied to
net; to obtain the neuron output signal. More details about ANN can be found in the
literature [18,19].

The multilayer feedforward networks illustrated in Fig. 1.3 with a back propagation algo-
rithm [20] are commonly used. Its first layer receives information from input parameters
and transmits it to one or several hidden layers, and then evaluates the predictions
through the output layer. The number of input and output variables in the data defines

the number of neurons in input and output layers, respectively.

Input Hidden Layer Output Layer Output
(inputs) (neurons) (One neuron) (output)

Figure 1.3.: ANN multilayer feedforward networks.

1.3.5. Adaptive neuro-fuzzy inference system

Fuzzy logic (FL) allows partial belongings of an element to a set |21]. Instead of an
element belonging to a set or not, the degree of membership, g, which varies between 0
and 1, describes the partial belongings to a set numerically. Fuzzy inference system (FIS)
has the ability to extrapolate the relation between a series of input to an output with the
help of fuzzy logic. The process contains integrated and consecutive steps which start
with defining the membership functions of fuzzy sets (fuzzification), creating the rules
to include all possible relation between input and output, and then merging all the fuzzy
rules by a fuzzy inference to produce the results which are finally defuzzified into crisp
outputs [22,23|. One of the commonly fuzzy logic approaches used to solve complex
problems, is the Takagi-Sugeno fuzzy model [24|, which is characterized by linear or
constant terms in the consequent part of the if-then rules. Making use of the merits of

FIS and ANN and based on the Sugeno FIS, the adaptive neuro-fuzzy inference system
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ry Al
n
1 =px+qy+n
Wy
E> WiZy + WaZy
Z:—
Wy +w;y
4 A2
Zy =P+ 2y + 1y
Wz

Figure 1.4.: Inference methodology of two input first-order Sugeno-type model with two rules

(ANFIS) have been developed by Jang [25|. Fig. 1.4 shows the inference methodology

of a first-order Sugeno with two rules.

1.3.6. performance evaluation indices

Sections 1.3.4 and 1.3.5 presented two method to build data driven models. The
constructed models are evaluated by three evaluation indices: i) The coefficient of de-
termination (R?), ii) The root mean square error (RMSE), and iii) The mean absolute
percentage error (MAPE). The R? is a number between zero and one showing how
much the developed model represents the data. One reveals best fit while zero is the
worst fit. The RMSFE is a positive number used to explain the difference between the
actual and predicted data. The M APFE quantifies the relative of overall fit taking values

of 0.0% or greater. These statistical parameters are calculated by:

SSg
2 — —
R?=1 55, (1.11)
1 ,
RMSE = |/ 5555 (1.12)
]- tt _O'i ‘
MAPE = =3 :t—@ x 100 (1.13)

10
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where t; and O; are the actual observation and predicted output, /N is the number of
datasets, SS, = (t; —t;)* is the deviation of the observations from their mean and

SSEp = X(t; — Oi)2 is the deviation of observation from their predicted value.

1.3.7. Surrogate models

Surrogate models, also known as Meta-models, are commonly used to represent the
mechanical models in order to reduce the computational cost. To be built, the mechanical
model needs to be evaluated multiple times considering the PDF of the input parameters.
Hereafter, the popular polynomial regression method is exploited, where the mechani-
cal model is approximated by linear (LR), quadratic (QR) and quadratic with mixed
term (QMR) polynomial regression models with basic function Z = [ X1, X5, ..., X,
X2, X2 .. X2 X1 Xe, ., X 1 X0 )

Let Y be the linear polynomial regression approximation of the response of the mecha-
nical model Y and let X = (X3, Xy,..., X)) be the input parameters with the basic
function Z = [X3, X, ..., X|. Then Y can be expressed by

k
i=1

where 3 is the regression coefficient vector and e is the residual error term that is the
difference between the actual values for mechanical model Y and the values estimated
by regression model Y. The vector B is estimated by minimizing the sum of residual

squares |26]:

B= ") v} (1.15)

The higher order regression approaches, i.e. QR and QMR are constructed in similar
manner.

To describe how well the surrogate model can represents the mechanical model, the
coefficient of determination (R?) as in Eq. (1.11) with

s5p= (Y-%) (Y-¥): 85,= (Y-7) (Y- ) (1.16)

where Y is the the mean value of Y.
The closer R? to one, the better the surrogate model performance. To account for the

number of training points, N, as well the number of regression coefficients (kg), the

11
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2

adjusted coefficient of determination (R7,) is presented

adj
N-1
Riy=1-+— i (1-R? (1.17)

If N is significantly larger than kg, both coefficients will be equal. Once built with
accepted R?, surrogate models are exploited to perform the SA instead of the mechanical

model.

1.3.8. Polynomial chaos expansions

The polynomial chaos expansion (PCE) is an effective stochastic method that can
be as a surrogate model. In addition to the ability of the PCE in approximating the
response, the randomness in the output is concealed in the expansion coefficients by
taking into account the uncertainties in the inputs. According to Ghanem and Spanos

[27], Y can be expanded by a spectral expansion using orthogonal polynomials as
Y =3 B¢ (1.18)
§=0

where £ is the vector of independent standard normal (Gaussian) random variables,
U;’s are the multivariate Hermite polynomials of order j, and and (3;’s are the PCE
deterministic coefficients. This decomposition was extended later to distributions other
than the Gaussian using orthogonal polynomial basis functions of the Wiener-Askey
scheme [28]. The generalized multivariate polynomial, ¥;, is obtained by the tensor

product of the corresponding univariate polynomials.

;=[] vi () (1.19)

Y, (&) being the univariate polynomial of the variable i, and k being the number of
independent variables.

The infinite expansion in Eq. (1.18) can be truncated to a polynomial of order n

7Y 55 (1.20)
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Hence, the number of unknown deterministic coefficients, P, for £ random variables is

(k+n)!

P="Gmn

(1.21)

1.3.9. Sensitivity analysis

Sensitivity analysis (SA) is performed to define the influence of the input parameters
on the uncertainty of the outputs. Local SA methods study the variation in the output
by varying one input parameter while holding other parameters fixed. Contrary, in
global SA, the influence of a parameter is defined by varying all the parameters at the
same time [29]. In this research global SA methods are implemented. In each method,
the model output Y is expressed as Y = f (X;).

The design of experiment was selected by the Latin Hypercube Sampling (LHS) [30],
which is an improved sampling strategy that enables a reliable approximation of the
stochastic properties even for a small number of samples. The base of the method is the

subdivision of the design space of a variable X; into N classes D,, of equal probability:
P(X;eDy);, i=1,....k; m=1,...,N (1.22)

where N and k are the number of samples and the number of input parameters, respecti-
vely.

The SA can qualitative screening or quantitative. Variance based methods are based on
variance decomposition of the output, while density-based methods are related to the
distribution of the model output rather than its variance. The following sections discuss

the methods that were employed in this research.

1.3.9.1. Sobol’ Method

The Sobol” method is one of the most commonly used global SA approaches that is
based on variance decomposition of the output. Given an integrable function f defined

on the k-dimensional unit hypercube, the Sobol’ functional decomposition [31] is

F=fo+ ) Fi+> Y fi+-+ fron (1.23)

i=0 j=i+1

The expansion has 2¥ terms each of which is a square integrable function of the factors
in its index only. Provided that each term has a zero mean value, the summands in the

decomposition are orthogonal to each other and the Sobol” decomposition is unique.

13
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The total output of the output can be decomposed as:

k ko Ok
V= Vit > > Vit A Vizs (1.24)
i=1 i=1 j=i+1
The Sobol’s indices can be obtained through dividing both sides of Eq. (1.24) by V/
k kook
i=1 i=1 j=i+1

The first-order sensitivity index (S;) measures the part of the variance of the model
output due to the input X;. It is also known as the main effect of the parameters X;.
While the higher order indices (e.g. S;;, which is known as the second-order index),

measure the joint effect of the inputs X; and X;. S; is defined as

VIE (Y] X))]

=TV

(1.26)
with V' [E (Y| X;)] being the variance of the conditional expected value of Y with respect
to X; and V (Y) is the unconditional variance of Y.

Accounting for the first-order effect of the input X; added to all of its higher-order effects

due to interactions with other parameters, the total effect sensitivity index (St;) is given
by

_EVIY[XL) _, VIE(Y]X)]
Si= = vy (1.27)

where X _; denotes all the input parameters but X; [29]. The total effect index Sr; is
used to estimate how much the variation in the input parameters X; contributes to the
variation in the output. In other words, it is equal to the total value of the first-order

term in addition to all high-order terms.
STi:Si+Si7~i:1—S~i (128)

The difference between S7; and .S; represents a measure of how much X; interacts with
other input parameters.

In total, there are 2¥ — 1 Sobol’s indices that required model evaluations (computational
cost) of O (N2¥). This cost can be reduced to O (N (k + 2)) by considering the first
order and the total indices only [32].

14



1.3 Literature review

1.3.9.2. PCE-based Sobol’ indices

The expansion coefficients of the PCE surrogate model can be utilized to calculate
analytically the variance-based Sobol’ sensitivity indices [33,34|. Clearly, the Sobol’
decomposition is equivalent to the polynomial chaos expansions in Eq. (1.18). As all the
terms of the expansion are orthogonal orthogonal polynomials, the total variance of the

response can be approximated by
=
V=> BE[W(X) (1.29)
j=1

where E [] is the mathematical expectation. In accordance to the dependency of each po-
lynomial, the expansion coefficients are assembled and square summed and subsequently
normalized in order to obtain the sensitivity indices. Doing so, the complete list of Sobol’
indices can be obtained with almost no additional cost. The computational cost required

for the calculation of the expansion coefficients is the major cost in this case.

1.3.9.3. Extended Fourier Amplitude Sensitivity Test (EFAST)

Classical Fourier amplitude sensitivity test (FAST) is a variance-based method for
sensitivity analysis first presented by Cukier et al. [35]. Tt transforms a k-dimensional
integral into a one-dimensional integral by using a set of parametric equations. Alt-
hough the classical FAST is limited only to evaluate the first order sensitivity indices,
recently an extension of FAST method (EFAST) was proposed to evaluate also the total-
effect sensitivity index by [36]. For the input parameter X;, the transformation (search)

function is
(1 1 o
X, =F g T —arcsin (sin (wis + ¢;)) (1.30)
T

where F~! is the inverse cumulative distribution function (CDF), w; is a set of integer
frequencies, s is a parametric variable varying over the range [—m, 7] and ¢; is a random
phase-shift chosen uniformly in the range of (0, 27). Through the derived search function,
f(X1(s),Xa2(s),...Xk(s)) is transformed into a periodic function f (s). Whenever ¢;’s

are positive integers, the period is 2. Consequently f (s) can be expanded into a Fourier

series as

Y =/f(s)= Z {A,cos (ns) + Bpsin (ns)} (1.31)

n=1
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with A, and B, are the Fourier coefficients given by

1 ™
A, = 7 /7r f (s)cos (ns)ds .
1 T ) '
B, = %/Wf(s) sin (ns) ds

and n =1,..., (Vs — 1) /2 with Nj is the size of the sample.

The variance of the model output is approximated by

(Ns—1)/2
V(Y)=2 > (A+B)) (1.33)
n=1
To evaluate the spectrum A, and B,,, a certain frequency, w;, for the ¢ — th parameter
and a different frequency w. ; for the complementary set including all of the remaining
parameters are assigned. Then, the partial variance V., (Y) can be estimated for the

fundamental integer frequency w.; and its higher harmonics pw - ;:

M
Vei(Y)=2 (Agw + Bf,w) (1.34)

p=1

The inference factor M adopted here is set to 4 (usually 4 or 6).
The partial variance V; (Y) is obtained in a similar way. The minimum sample size to be
used is Ny = N, (2M w40 + 1), where N, denotes the number of used curves and wyqz
is the largest frequency among the set of w; frequencies. The first order .S; and the total
effect index Sp; are then calculated using Eqgs. (1.26) and (1.27).

1.3.9.4. The PAWN method

PAWN is a simple approach proposed recently by Pianosi and Wagener [37] to derive
a density-based sensitivity index considering the CDF of the output. The difference
between the unconditional and the conditional CDF represents the sensitivity of the
parameter X;. This difference can be calculated by Kolmogorov—Smirnov statistic 38|
which is denoted here by K.S

KS =maz|F (Y) — F (Y| X)| (1.35)

where F'(Y) and F' (Y] X;) are the unconditional and the conditional CDF approximated
by a sample of size N, and N,., respectively. The unconditional sample is generated

randomly in the space of the inputs; whereas, the conditioned one is achieved by varying
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all inputs while setting X; fixed n times. The index T; which can be the maximum or

the median over all the fixed values for the parameter X, is defined as:
T; = stat [KS (X;)] (1.36)

Trial-and-error is proposed to select the value for n, N,, and N., and N, + knN, is the

required total model runs (computational cost) [37].

1.3.9.5. Standardized Regression Coefficients

Standardized regression coefficients (SRC) is a screening method which is based on
linear regression analysis. The output, Y = f (X7, ..., X) is computed using the mecha-
nical model for the input parameters X = (X7,..., Xj). Once the regression coefficient
B; is computed for the ¢ — th input parameter, X;, the value of SRC; can be calculated

as

SRC; = ;2 (1.37)
a.

Y

with o; and o, being the standard deviations of X; and Y, respectively.

1.3.9.6. Regionalized Sensitivity Analysis

The Regionalized Sensitivity Analysis (RSA) is mainly based on a Monte Carlo sam-
pling of the parameter space. The sample is divided into acceptable and unacceptable
subsets according to a given criterion for the output. Commonly, the terms of these two
subsets in the literature are behavioral (B) and non-behavioral (B) [29,39].

For a set of N Monte Carlo simulations, two subsets are produced by applying a prede-
fined condition which classify the model realizations into acceptable and unacceptable
outputs. They are (X|B) and (X|B) of sizes N, and N, where N, + N, = N. The
probability density functions of each individual parameter in both subsets, fy, (X;| B)
and fyn, (XZ\ B), are compared. The parameter X; is influential if it has two significantly
different distributions [29]. Considering the null hypothesis that the two distributions
are identical, the so called Kolmogorov — Smirnov test statistic (D;) [38] is defined

as the maximum vertical distance between the two cumulative distributions to measure
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the statistical difference between the two subsets:

Hy : fn, (Xi| B) = fx, (Xi| B)
Hy : [y, (Xi| B) # fw, (Xi| B) (1.38)
D; = mazx| Fy, (X;| B) — Fy, (Xi| B) |

where Fy, (X;| B) and Fy, (X;| B) are the cumulative distribution functions for X; in
the behavioral and non-behavioral realizations. Their difference can be neither lower
than zero nor higher than one, and hence, D; has the range of [0-1]. Clearly, the D;
index depends on the given criterion, so the RSA can be considered as a screening rather

than a quantitative method [40].

1.3.9.7. Summary

A summary of the previously described SA methods is listed in Table 1.1 including
the comparison of their computation cost, the sensitivity category and the ability to deal

with parameters interactions.

Table 1.1.: Characteristics summary of the implemented SA methods

Method Computation Cost ® Screening/ Parameters
Quantitative  interactions

Sobol’ N(k+2) Quantitative  Yes

Sobol’ based on PCE Npck Quantitative  Yes

EFAST EN, (2Mwae + 1) Quantitative  Yes

PAWN N, + knN, Quantitative  Yes

Standardized Regression N Screening No

Coefficients

Regionalized Sensitivity N Screening No

Analysis

® N : base sample size.
Npcg : number of regression points required to build PCE model.
k : number of input parameters.
M and wy,q, : the inference factor and the largest frequency.
N, : and N, : sample sizes to estimate the unconditional and conditional CDF.
n : number of conditioning points.
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Figure 1.5.: Variation in model, parameter, and total uncertainties with respect to the number
of parameters according to [41] .

1.3.10. Bayesian method for model selection

Generally, increasing the model complexity by introducing more factors is expected
to result in better predictions and the subsequent decrease in the model uncertainty.
However, the parameters uncertainties become more dominant in this case. The model
with minimum total uncertainty is the most appropriate model, see Fig. 1.5 [41].

In recent years, Bayesian method has been introduced as an effective tool for evaluating
models considering the model and parameters uncertainties based on measurements as
reference data [42-45].

In this regard, the Model selection process refers to the problem of selecting one model
from a list of candidate models based on available data. The Bayes’ rule of statistics has
motivated [46] to develop the Bayesian approach for model selection by incorporating
the different sources of uncertainties based on response measurements (reference data),
D. The model selection probability is represented by the conditional probability of the
model M; given the reference data D. It can be calculated by

P (D| M;) P(M;)

POLD) = S~ 5Ty PO (1.39)

where P(M;) is the prior probability of M; which is based on the user’s judgment on the
initial plausibility of the models. The data-dependent term P (D] M;) is the evidence
of M;. Tt defines the probability that the measurements of reference data D being
represented by the predictions of the model M;. Making use of the theorem of total
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probability, the evidence can be calculated by [46]

where P (D] X;, M;) is the likelihood function and P (X;| M;) is the prior probability of
the input parameters.

The likelihood is the joint conditional probability of the reference data, D, given the
input parameters, X;. It measures how the model fit the data. A higher likelihood
factor corresponds to better fit of M; to D. The prior probability of the input parame-
ters characterizes what is known about the parameters before any actual observation or
modeling being considered. In the presence of measurements and model predictions, the
prior probability is updated to posterior probability [47].

Assuming that the posterior probability of the parameters is approximated by a Gaus-
sian distribution, the Laplace’s method for asymptotic approximation can be applied to

estimate the evidence as [4§]

S

P(D|M,) = P (D| X, Mi> P (X| M,) [| H (X) /2| } ) (1.41)

where X; is the optimal parameter set that maximize the posterior probability and H (XZ)
is the Hessian matrix of —In [P (D| X;, M;) P (X;| M;)] with respect to X; calculated at
X;. The models are compared according to their model selection probability calculated
in Eq. (1.39). The model with the largest probability is the optimum one.

The model uncertainty can be demonstrated by the differences between the predictions

and the measurements. This uncertainty is measured by the coefficient of variation
(CcV).

> (D Yin? (1.42)

m=1

1
OV, = —
7D\ N

where Bj and N; are the mean value and the number of the individual experiments

of the j reference data, D,, is the the measured value, and Y}, is the corresponding

predicted value of the model M;.
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1.4. State of the Art

1.4.1. Experimental studies

Several experimental studies have been carried out in order to study the fracture
behavior of PNCs. The improvement in fracture energy was observed by [49-52| and
others. Johnsen et al. [53] showed that the addition of silica nanoparticles led to a signi-
ficant increase in the toughness of the composite. The mode I fracture energy increased
from 100 J/m? for the pure epoxy polymer to 460 J/m? for the epoxy polymer modified
with 13 vol% of nanosilica. In the experimental study of Hsieh et al. [54], four different
epoxy polymers were investigated. They found that the increased toughness was rela-
ted to structure/property relationships. Liu et al. [55] studied the toughness of hybrid
composites filled with two types of nano-scale particles; silica and rubber. Although,
it did not display any synergistic effect, they proposed that hybridization can achieve
a good balance of elastic modulus and toughness properties. Liang and Pearson [56]
and Dittanet and Pearson [57] studied the influence of different nanoparticle sizes, and
they observed that the effect of nanoparticle size was negligible. By studying epoxy
resin filled with a mixture of micro and nanometer-size silica particles, Dittanet and
Pearson [58] concluded that the enhancement in toughness was higher when the volume
fraction of nanoparticles was higher than the volume fraction of microparticles. Zhang
et al. [59] reported that the performance of PNCs is dominated by a three-dimensional
physical network of interphase material around silica nanoparticles constructed when the
interparticle distance is close enough. Wetzel et al. [60] discussed the reinforcing effects
of titanium dioxide and aluminium oxide which have average diameters of 300 nm and
13 nm, respectively, and the latter was considerably tougher. At different temperatures,
Deng et al. [61] concluded that the nano-silica particles played different roles in enhan-
cing the fracture toughness. It was not affected at 70 °C, clearly increased at 23 and
50 °C, and fewer enhancements were observed at lower temperatures (0 and —50 °C)
. Hence, they recommended further inspection. Later, Zhang et al. [62] showed that at
higher temperature, the addition of nanosilica particles caused larger smooth zone on the
fracture surfaces and thus the crack propagation rate was slowed. They further reported
that the dominant toughening was local plastic deformation. Considering two epoxy
systems, Ma et al. [63] demonstrated that the toughening mechanisms were referred to
the formation and development of a thin dilatation zone and nanovoids, both of which
were induced, constrained and thwarted by the stress fields of the silica nanoparticles.

Zhao et al. [64] presented a comparable study showing the influence of particle-matrix

21



1.4 State of the Art

interface on toughening behavior. With a stronger interface, they noticed larger impro-
vement. More recently, Zappalorto et al. [65] conducted a study on the effect of curing
conditions on the mechanical and fracture properties of epoxy /silica nanocomposites. All
nanomodified specimens exhibit a fracture toughness higher than that of the pure epoxy,
however, post-cured specimens showed higher values of fracture resistance improvement.
Zuo et al. [66] considered two thermoplastic copolymers reinforced with three different
nano-particle types; two rod-like, cylindrical particle types and spherical particles. For
each composite, tensile tests and quasi-static fracture toughness tests were performed at
23 °C. The fracture results were further examined. The nano-rods were more efficient
at toughening than nano-spheres because the rod-like particles debond at a lower stress

than the spheres and can therefore impart toughness more readily to the composite.

Though they have been widely used in material science, there have been few studies
on the application of ANN and ANFIS in prediction and investigation of the beha-
vior of PNCs. Fazilat et al. [67] applied both to predict the mechanical properties of
glass fiber reinforced polymers. Polyamide 6 (PA6) with various contents of maleated
ethyleneaASpropylene-rubber (EPR-g-MA) and reinforced with short glass fiber (GF)
composite was investigated. The yield strength, Izod impact strength and modulus were
predicted via these methods. Mesbahi et al. [68] studied the performance prediction of
a specific wear rate of epoxy composites with various composition content of polytetraf-
luoroethylen (PTFE), graphite, short carbon fibers (CF) and nano-titanium dioxide
particles by means of ANN and ANFIS.

In the present research, the data collected from the literature are exploited to con-
struct ANN and ANFIS models for predicting the fracture energy of spherical parti-
cle/polymer nanocomposites. In particular, 115 experimental data gathered from the
literature [49-64] are utilized. The collected records were divided into two groups: trai-
ning set and testing set containing 85 and 30 datasets, respectively. Meanwhile, five
parameters are selected to establish the database: the volume fraction of the nano filler
(V¢), the diameter of the nano particle (d,,), the fracture energy of the matrix (Gy,,),
the elastic modulus of matrix (£,,), and the yield strength of the matrix (oy,,). These
parameters form the input while the fracture energy of PNC (Gj.) forms the output.
The minimum, average, and maximum values of the input and the output parameters
are listed in Table 1.2.

On the other hand, among the considerable amount of experimental works in the

literature that considered clay/epoxy nanocomposites, the study of Wang et al. [69]
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Table 1.2.: Minimum, average, and maximum values for the collected data

Parameters Min. Avg. Max.

Input Parameters

Volume fraction of the nano filler (%) 0.50  7.63 30
Diameter of the nano particle (nm) 12 39.40 170
Fracture energy of the matrix (J/m?) 46.5  228.50 606
Elastic modulus of the matrix (GPa) 241 3.10 3.53
Yield strength of the matrix (MPa) * 757.1 83.13 111

Qutput
Fracture energy of PNCs (J/m?) 58.3  528.73 2156.65

® Some of these data were not provided by the original literature. It has been assumed
based on the property of similar matrices.

is exploited in this research for uncertainty quantification of clay PNCs (Chapter 3).
In [69], higher exfoliated morphology of Epoxy/clay nanocomposites was prepared using
slurry-compounding. Optical microscopy and transmission electron microscopy (TEM)
was used to characterize the microstructures of the nanocomposites. The clay was found
to be highly exfoliated and uniformly dispersed. Due to nanomodification, Young’s mo-
dulus and fracture toughness were increased with different pattern. TEM and scanning
electron microscopy (SEM), showed that the dominant microdeformation and fracture
mechanisms in the epoxy/ S-clay nanocomposites were the initiation and development

of microcracks.

1.4.2. Analysis of toughening mechanisms in nanocomposites

In the recent literature several models have been developed to analyze the toughening
mechanisms in nanocomposites. A close form formula of energy dissipation due to the
interfacial debonding between the particles and matrix was given by Chen et al. [70] with
taking into account the effect of particle size. Lauke [71] studied the energy dissipation
phenomena due to particle debonding, voiding and subsequent yielding of the polymer.
He concluded that the increase of resistance to crack propagation with decreasing particle
size is attributed to the increase in the specific debonding energy. Huang and Kinloch [2]
evaluated the increased fracture energy of rubber-toughened epoxy polymers. Latter, the
method has been modified for spherical rigid particle/polymer nanocomposites by [51,
53,56|. The localized plastic shear banding and debonding of nanoparticles which enable

plastic void growth of the epoxy matrix are the two dominating terms that taking part
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Figure 1.6.: PNCs Toughening mechanisms according to Huang and Kinloch [2] .

in the overall enhancement in the fracture toughness of PNCs, while rubber-bridging

mechanism was disregarded. These two mechanisms are demonstrated in Fig. 1.6.

Williams 3] assumed that the energy absorbing mechanism is attributed to the gro-
wth of plastic voids around debonded or cavitated particles, which is stimulated by the
debonding surface energy. At the first stage, the rigid particles is bonded to the sur-
rounding matrix, and under tensile stress, the interfacial stress increases until debonding
occur. This initiates the void growth in the matrix. He also found that the debonding
energy is proportional to the particle radius. A large toughness increase was predicted
for particle sizes in the nano range when good particle dispersion and sufficient ductility
of the epoxy matrix could be achieved. Later, the analysis of Williams [3] for spherical

nanoparticles has been extended to cylindrical rods and fibres |66, 72].

A multiscale methodology was adopted by Quaresimin et al. [4] to model the toughe-
ning mechanism of PNCs. The authors have considered an interphase zone surrounding
the nanoparticle to account for the interactions between the nanoparticles and the ma-
trix. Through its thickness, the interphase layer was assumed to be homogeneous and
isotropic [73]. Fig. 1.7 displays the system considered at the nanosized scale. By
studying the energy dissipation at the nanoscale, Quaresimin and co-workers |73-75]
indicated that the overall fracture toughness of the nanocomposite is composed of three
damaging mechanisms: (i) particle debonding, (ii) plastic yielding of nanovoids, and (iii)
shear banding of the polymer. Their analysis was based on the energy balance concept

around a single nanoparticle.
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Figure 1.7.: 2D description of the nanoscale system analyzed by Quaresimin et al. [4].

In conclusion, although, the model of Huang and Kinloch [2| accounts for the main
damaging mechanisms, it is based on some simplifying assumptions. The values for the
volume fraction of voids, V},, and the volume fraction of debonded particles, V,, can
be measured experimentally using for instance electron micrographs. The knowledge
of the increased volume fraction of voids (Vy, — Vyp) is required to evaluate the energy
contribution from void-growth mechanism. In turn, a new uncertain parameter to quan-
tify the percentage of debonded particles (Vgp) is introduced in this study. The analyses
of Williams [3] and Quaresimin et al. [4] were based on the assumption of the absence
of particle-to-particle interaction. In turn, the effect of aggregation was ignored. It is
widely acknowledged, however, that the nanofillers highly intend to agglomerate in nano-
composites. This may limit the applicability of these models to PNCs with low volume

fraction of fillers.

1.4.3. Numerical methods to simulate nanocomposites material

behaviour

A hierarchical procedure for obtaining the input parameter necessary to perform
polymer-clay-nanocomposite simulations from molecular dynamics simulations was pre-
sented by Scocchi et al. [76]. On this basis, their approach included bridging the gap
between mesoscopic and atomistic modeling. Mortazavi et al. [77] used a 3D finite
element modeling in order to evaluate the interphase effects on the effective elastic mo-
dulus and thermal conductivity of nanocomposite reinforced by cylinders, spheres and
thin discs nano fillers. A unit cell containing unidirectional nanotube reinforced poly-

mer composites was created to study the influence of the interphase on the viscoelastic
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properties of polymer nanocomposites by Qiao and Brinson [78|. Their results demon-
strated that relaxation characteristics of nanocomposites were greatly dependent upon

the volume of the interphase zone.

Differently and using Molecular Dynamics (MD) simulations, the elastic property
and the extent of the interphase thickness were modelled by Odergard et al. [79] and Yu
et al. [80]. Tsai et al. [81] presented a multiscale simulation approach to characterize the
elastic property of carbon nanotubes (CNTs) reinforced polyimide. They evaluated the
degree of non-bonded interaction using MD simulations. Chen et al. [82] considered the
binding energy in the MD simulations to study the effect of interfaces on the mechanical
properties in clay/epoxy nanocomposites.

Beside these studies, numerous numerical studies have been documented in the literature
to simulate and to predict the nanocomposite material behaviour of; polymer/nanoclay

[83-85], carbon nanotubes [86-89], and polymer/nanoparticles [90, 91].

In term of stochastic analysis, Vu-Bac et al. [92] studied the influence of the un-
certainty in the chain length, the temperature, and the strain rate on the yield stress
and the elastic modulus of glassy polyethylene based on united-atom MD simulations.
Partial derivatives (local SA) and variance-based methods (global SA) were performed
based on surrogate models of polynomial regression and moving least squares. The MD
simulations was utilized also to study the effect of the single-walled carbon nanotube
(SWCNT) radius, the temperature and the pulling velocity on the interfacial shear stress
(ISS) of polymeric carbon nanotube composites [93]. Weibull distribution was the best
characteristic distribution of the ISS. For computational efficiency, the SA was based
on surrogate models; polynomial regression, moving least squares (MLS) and hybrid of
quadratic polynomial and MLS regressions. Similarly, local SA by partial derivatives
method, SA based on coefficients of determination, and variance based methods was
conducted. Vu-Bac et al. [94] proposed a stochastic multiscale method to investigate
the parameters influencing Young’s modulus and Poisson’s ratio of polymer loaded by
carbon nanotube. The parameters at nano-, micro-, meso-, and macro-scales were con-
nected by a hierarchical multiscale approach. The input parameters were; the length of
the SWNT, its waviness, its agglomeration and its volume fraction. Different correlated
parameters based global SA methods were carried out to evaluate the first-order and the
total sensitivity indices. Silani et al. [95], investigated Young’s modulus and the damage
parameter of clay/epoxy nanocomposites using a stochastic numerical approach damage
modelling at the nano-scale including the material properties and distribution of the in-

clusions and matrix. The overall properties of the nanocomposite were up scaled using
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computational homogenisation. The connection between the matrix and the clay was
modelled as as a perfectly bonded interface. The key-input parameters influencing the
Young’s modulus was identified by a stochastic framework based on SA methods [96].
The input parameters included the clay volume fraction, clay aspect ratio, clay curvature,
clay stiffness and epoxy stiffness. Later, Almasi et al. [97] refined the method carried
out in [95] to analyse the effect of thickness and stiffness of the interphase zone. The
results showed that the interphase layer reduced the stiffness of clay/epoxy nanocom-
posites particularly at higher clay fractions. These studies however, have modelled the

PNCs as an elastic material.

Nevertheless, numerous computational methods for material failure have been develo-
ped in the past decades. They can be broadly classified into continuum based methods
and discrete crack methods. Many popular discrete crack approaches are based on
partition-of-unity (PU) enrichment. They modify the original approximation through
enrichment functions and introduce additional degrees of freedom into the variational
formulation in order to capture the jump in the displacement field. Among the most
popular PU enrichment methods are the extended finite element method [98-100]|, the
generalized finite element method [101-103], meshfree [104-109] and extended meshfree
methods [110-112], the phantom node method [17,113,114], the numerical manifold
method [115], and the extended isogeometric analysis (XIGA) [116-118|. An alternative
to these PU enriched methods are remeshing procedures with extraneous crack path
determination [119,120] or edge repositioning [119,121]. They basically align the crack
boundary to a new mesh. Classical representatives of the continuum based models are
viscous, gradient and nonlocal models [122-124]. An interesting alternative which is
also based on continuum mechanics is the phase-field approach to fracture [8,9]. The
phase field is commonly discretised and the evolution of the phase field governed by a
second [10] or fourth order [125] differential equation models the nucleation and pro-
pagation of cracks. Phase field models have been used in the context of FEM [11],
local maximum entropy (LME) [10] and Isogeometric analysis (IGA) [126]. They have
been extended to cohesive fracture [127], fracture in thin shells [10] and multi-physics
problems [128,129]. Discrete fracture approaches, in particular the popular partition
of unity enriched discrete fracture methods, require a complex enrichment strategy for
heterogeneous materials and complex fracture patterns such as PNCs. Phase field mo-
dels seem due to their simplicity a more suitable alternative for modelling fracture in

heterogeneous materials as they do not require a representation of the crack path.
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Few numerical works have been dedicated to model the fracture behaviour in the
PNCs. Silani et al. [130] measured experimentally and numerically the mechanical pro-
perties of clay/epoxy nanocomposites. They found that the increase in clay content
reduced the ductility of the nanocomposite. The crack initiation and propagation was
simulated using extended finite element method. The stress-strain curves obtained by nu-
merical solution showed good agreement with experimental one. Zhao et al. [131] found
that the cohesive energy and equilibrium distances of CNT /graphene, CNT /matrix and
two crossing CN'Ts, which were modelled using continuum modeling of the van der Waals,
were largely depended on their size, spacing and crossing angles. Arash et al. [132] ap-
plied Coarse-grained model to study the tensile fracture behavior of PMMA polymer
matrix reinforced by SWCNTs. The effect of the weight fraction of CNT on the Young’s
modulus, yield strength, tensile strength and critical strain of the polymer composites
were evaluated. They also examined the effect of the orientation and aspect ratio. More-
over, an effective approach for predicting .J-integral from the load displacement curve of
a single specimen was presented in [133], where, the effects of the CNT weight fraction
and covalent cross-links between the polymer matrix and nanotubes, and polymer chains
on the fracture behavior of the composites were investigated. Msekh et al. [134] analyzed
the behaviour of fully exfoliated claye/poxy nanocomposites using a phase field appro-
ach. The tensile strength, Young’s modulus, and J-integral were extracted at different
geometric distribution of clay platelets which came from varied clay weight contents and
sizes. They reported that at the same boundary conditions, the change in the crack path

was affected by the clay platelet distribution.

However, the physics of the fracture in PNCs is rather complicated problem. Various
uncertain parameters affect the failure behaviour. None of the above mentioned studies
took into account these uncertainties. In this study, this is investigated in Chapter 3 for
clay/epoxy nanocomposites. Besides, the analysis of fracture of epoxy polymer loaded
with spherical nanoparticle and considering the interphase zone is still missing. This is

included in Chapter 5 of the current study.

1.4.4. Sensitivity analysis

Classical Fourier amplitude sensitivity test (FAST) is a variance-based method for
sensitivity analysis first presented by Cukier et al. [35]. Tt transforms a k-dimensional
integral into a one-dimensional integral by using a set of parametric equations. Although
classical FAST is limited only to evaluate the first order sensitivity indices, recently an

extension of FAST method (EFAST) was proposed to evaluate also the total-effect sensi-
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tivity index by Saltelli et al. [36]. The Sobol’ indices, another variance-based approach,
are known to be good descriptors of the sensitivity of the output to the inputs. They
are usually calculated by O (NQ’“) Monte Carlo simulations for model of k parameters.
It is unaffordable specially in computationally demanding models. Saltelli [32] deve-
loped a method to calculate the full set of first order and total effect indices at cost
of O (N (k+2)) with disregarding the second effect indices. He also proposed a more
expensive method, cost=0O (N (2k + 2)), that calculates the the first and total orders,
plus estimates all indices of order 2. Later, Sudret [33] extracted the Sobol” indices
analytically from the coefficients of the polynomial chaos expansions (PCE) surrogate
models. The computation cost is thus transferred to calculating the PCE coefficients, the
subsequent post-processing being almost costless. He also proposed a methodology to
select an experimental design of minimal size considering non intrusive regression-based

approach. More recently, sparse polynomial chaos expansions is introduced in [135,136].

Differently, Pianosi and Wagener [37] proposed PAWN approach to define density-
based sensitivity indices. PAWN sensitivity index measures the influence of the input
as the variation in the cumulative distribution function (CDF) of the output when the
uncertainty about that input is removed. The difference between the unconditional and
the conditional CDF represents the sensitivity of the parameter X;. This difference can
be calculated by Kolmogorov—Smirnov statistic. It is computed at several conditioning
values and the sensitivity index is a statistic (the maximum or the median) of the
individual results. Due to the randomness in the design of experiment, however, a
convergence check for the calculated sensitivity indices has to conducted. Even for a
small number of inputs, a large number of total model run required when increasing the
number of conditional evaluations. On this basis, this study (Section 3.3.2.5) presents

an improvement in the original PAWN method to reduce the computational cost.
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1.5. Results and discussion

1.5.1. Predicting the fracture energy of polymer /particle
nanocomposites using ANN and ANFIS

The fracture energy, Gy., of polymer/particle nanocomposites was predicted using
the ANN and the ANFIS models. It was also compared to the results of the Huang and
Kinloch [2] and Quadratic with mixed terms regression model (LR3). The coefficient
of variation (COV) of the ratios of the actual experimental to the predicted values for
each method is given in Table 1.3. The results reveal a good agreement between the

experimental datasets and the corresponding predicted values using ANN and ANFIS.

For Huang and Kinloch [2], the obtained G/, values against the experimental datasets
are presented in Fig. 1.8. At higher values, the predictions show higher scatter. The
method produced wide variations on either side of the equality line. This is revealed
by the results shown in Table 1.3, where the mean value of the ratios G.exp./G .pre.
equals 1.011 but its COV is 30.2 %.

Using 85 and 30 training and testing datasets as previously mentioned, the ANN mo-
del with five input parameters and one hidden layer with eight neurons was constructed
to predict Gj.. From Table 1.3, the mean of Gj.exp/Gepre. was 1.011 with a COV
of 12.6 %. Comparing the predicted values of the ANN model with the experimental
results for training and testing datasets reveals that the ANN model was successful in
learning the relationship between the input parameters and the output. Although the
model was not trained for the testing dataset, it yielded good predictions (Figs. 1.9a
and 1.9b).

Fig. 1.10 shows the predicted experimental data of the training and testing datasets

using the ANFIS model. The output results were very close to the experimental data.

Table 1.3.: Mean and COV of the ratio of experimental to predicted Gjy..

Method Mean COV (%)
Huang and Kinloch [2] 1.011  30.2
Quadratic with mixed terms regression model (LR3) 1.076 34.6
ANN 1.011  12.6
ANFIS 1.001 8.6
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Figure 1.8.: Experimental versus predicted values for Huang and Kinloch [2] model.
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Figure 1.9.: Experimental versus predicted values for ANN model.

Again the testing dataset was not included in the training process but its results verify
the robustness of the model. The mean of Gr.exp/G.pre. was 1.001 with a COV of
8.6% (Table 1.3).

The predictions of the Huang and Kinloch, LR3, ANN, and ANFIS models were
compared with the experimental data. The statistical values of R?, RMSE, and MAPE
for the results obtained from the training and testing datasets are listed in Table 1.4.
The ANN and ANFIS were considerably less scattered from experimental data than the
Huang and Kinloch and LR3. This could be attributed to the complex and nonlinear
nature of PNCs fracture toughness. For the testing dataset in terms of R?, it was 0.768
in the Huang and Kinloch model, 0.864 in the LR3, 0.925 in the ANN, and 0.937 in the
ANFIS. The mean absolute percentage error (MAPE) was 12.88 and 12.38 % for ANN
and ANFIS while it was 26.75 and 16.39 % for the other two methods. The results of
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Figure 1.10.: Experimental versus predicted values for ANFIS model.

Table 1.4.: Comparison of the performance indices between modeling methods.

Method Training Dataset Testing Dataset

R? RMSE MAPE R? RMSE MAPFE
Huang and Kinloch 0.813 170.37  25.31 0.768 153.60  26.75
Quadratic with mixed terms regres- 0.934 101.13  17.52 0.864 117.50  16.39
sion model (LR3)
Artificial neural networks, ANN 0.989 41.12 6.03 0.925 87.31 12.88
Adaptive neuro-fuzzy inference sy- 0.990 39.18 3.61 0.937 80.04 12.38
stem, ANFIS

these performance indices clearly indicate a much better performance of the ANN and
ANFIS models over the Huang and Kinloch and LR3 models. Moreover, ANFIS shows
slightly better results than ANN.

Making use of the constructed models, parametric studies investigating the relations-
hip between the nanoparticles volume fraction, the diameter of the nanoparticle and the
matrix fracture energy versus the predicted fracture energy are carried out. Firstly, to
understand the effect of the nanoparticles volume fraction, all other input parameters
are kept constant: d,, = 20 nm, Gp,, = 103 J/m?, E,, = 2.96 GPa, and 0, = 61.1 MPa,
whereas V varies from 2.5 % to 13.4 %. The predicted and experimental values by John-
sen et al. [53] of G, normalized to the fracture energy of the matrix, G,,, are plotted
versus the volume fraction of nanoparticles in Fig. 1.11. Expectedly, the fracture energy
of PNCs increases as the volume fraction increases. Moreover, a closer agreement to the
experimental data is obtained by the ANFIS and the ANN.

Fig. 1.12 presents the relation between the diameter of the nano particle and the norma-
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Figure 1.13.: Relationship between the fracture energy of PNCs and the fracture energy of
epoxy matrix.

lized fracture energy of PNCs for the predicted and experimental results of Dittanet and
Pearson [57]. The other parameters are: V; = 2.5 %, Gy, = 303 J/m?, E,, = 3.50 GPa,
and o, = 85 MPa. The fracture energy of PNCs is slightly affected by the variation of
the nano particle size. This is in agreement with the experimental results of [56-58].

The relation between the fracture energy of the epoxy matrix, and the predicted fracture
energy of PNCs is investigated by changing the values of G, while keeping the other in-
put parameters constant as: Vy = 5.0 %, d,, = 20 nn, E,, = 3.0 GPa, and o, = 85 MPa.
The results are depicted in Fig. 1.13. As expected, the PNCs fracture energy increases

by increasing the fracture energy of the matrix.
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1.5.2. Uncertainty quantification of the fracture toughness of

polymeric clay nanocomposites based on phase field modeling

1.5.2.1. Simulations of Phase-field model

The phase-field approach is implemented to predict the fracture toughness of poly-
mer /clay nanocomposites. For example, the contour plots (i.e. the crack propagation)
at different load steps are illustrated in Figs. 1.14a to 1.14c. The corresponding load
displacement curve is shown in Fig. 1.14d. In this example, 20,512 elements were ge-
nerated. The required CPU time was about 22,830 seconds (6.34 hours.) on a 4 x
Twelve-Core AMD Opteron™ Processor of HP ProLiant DL585 G7 system. As an
alternative approximation for the response of the mechanical model, the surrogate mo-
dels were constructed based on LR, QR and QMR regression using six uncertain input
parameter. Firstly, we generated the so-called experimental design X = {Xl, e ,XN}
by choosing a set of regression points, IV, in the probability space of the input parame-
ters using Latin Hypercube Sampling (LHS) [30]. Then,for the generated samples, the
fracture toughness were calculated using the mechanical model (phase-field model). The
stochastic convergence of R? is assumed at a sample size of 10? (number of simulations).
At this size, the corresponding estimated R* and R7, are shown in Table 1.5. The R®
values indicate that the surrogate models are good approximations of the mechanical
model response. Fig. 1.15 presents a scatter plots depicting the predicted outputs of the

mechanical model against all the input parameters.

1.5.2.2. Uncertainty Analysis

The histogram for the data distribution of the mechanical model output and the
assumed probability distribution functions are shown in Fig. 1.16. The mean value of
the fracture toughness is 869.76 KPa.,/m and its coefficient of variation (COV) is 15.39%
(Table 1.6). Three different distributions are assumed to represent K., i.e. Normal, Log-
normal, and Weibull. The Weibull PDF shows the highest deviations.

Table 1.5.: R? and dej values for the surrogate models.

Surrogate model R? R?

adj
Linear regression (LR) 0.872 0.826
Quadratic regression (QR) 0.897 0.860

Quadratic with mixed term (QMR) 0.934 0.910
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Table 1.6.: Mean, Standard deviation, and COV of the Output.

Mean Standard deviation COV
K. (KPa../m) 869.76 133.88 15.39 %

)
[Awg: 75%)

(a) step a

(c) step ¢

50} - Step b

Step ¢

S s
0 1000 2000 3000 4000 5000
Displacement (nm)

(d) Load displacement curve.

Figure 1.14.: Contour plots and load displacement curve of randomly selected sample (No.
of elements=20,512, job time= 22,830 seconds). SDV refers to the phase filed parameter (¢)
with 0.0 and 1.0 indicate, respectively, to non damaged and totally damaged elements.
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Figure 1.15.: Scatter plots of fracture toughness predicted by the mechanical model versus
the input parameters

1.5.2.3. Sensitivity Analysis

In order to examine the reliability of the implemented SA, different methods have
been applied. These methods are: Standardized Regression Coefficients (SRC's), Regio-
nalized Sensitivity Analysis (RSA), Sobol’ Method, EFAST method, and PAWN method.
Moreover, we present an improvement to the PAWN method that reduces the compu-
tational cost. The convergence of the sensitivity indices were achieved through the
bootstrapping technique.

As per Table 1.5, the highest R? is obtained by QDR surrogate model. Consequently, it
will be utilized to approximate the output of the mechanical model in conducting the
following SA methods.
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Different base sample sizes, NV, have been compared as shown in Fig. 1.17 to evaluate
SRC's. Clearly, 1,200 model run evaluated by the QDR surrogate model for each inde-
pendent replica can be sufficient to obtain stable sensitivity indices. The most important
parameter is the Young’s modulus of the matrix (F,,), while the volume fraction of clay
platelets (V) and the fracture energy of the matrix (Gy,,) have moderate effects. The
aspect ratio (A.), the radius of the curvature (r.), and the Young’s modulus of the clay

platelets (E,) have insignificant effects on the output.
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Fig. 1.18 shows the convergence of the D test of RSA method. It is achieved for a
sample size of 5,000. RSA also finds FE,, as the most influential input parameter for the
fracture toughness followed by V; and G,,. Also, Ag, ra, and Ey have negligible effects.

The total effect sensitivity indices (St) of Sobol’ method converge at a base sample
size around 5,500 which is equivalent to 44,000(=5,500(6+2)) total model runs for each
independent replica (see Fig. 1.19). For non-influential factors, the negative signs appear
due to numerical errors in the estimations. The total effect and first-order indices are
given in Fig. 1.20. Table 1.7 contains the total and main effect indices and its 95% CIs.
The ranking in the last column is based on the total effect, and apparently F,, outranks
all other parameters, followed by V¢, and Gy,,,. There are no overlaps between their 95%
CIs unlike the remaining insignificant parameters; A, ry , and E.. The results of Sy
were 0.712, 0.168, and 0.113 for £,,, V}, and Gy, respectively. Whereas the main effect
of these parameters constitutes 94.4% (= 0.694+4-0.15740.093) of the total variation of
the output. The effects of the parameters interactions (Sp; — S;) are almost negligible

indicating no interactions between input parameters.

For the EFAST method, we have selected N, = 10 which makes the convergence
more stable. Fig. 1.21 shows the convergence of Sy. Compared to Sobol’ method, the
total effects of the inputs can be estimated quite reliably for a smaller number of model
runs. The convergence is achieved at 19,260 total model runs for maximum frequency,
Wmaz = 40 . The computed total and first-order indices after bootstrapping are included
in Fig. 1.22 and Table 1.8.
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Table 1.7.: Sensitivity indices based on Sobol’ method.

Input Total Effect Main Effect Rank
parameters Sti 95% CI S; 95% CI
Vi 0.168 (0.165,0.172) 0.157 (0.155,0.158) 2
A 0.018 (0.014,0.021) 0.007 (0.005,0.009) 5
Tel 0.010 (0.007,0.014) 0.004 (0.002,0.006) 6
E, 0.022 (0.018,0.025) 0.003 (0.002,0.005) 4
E,, 0.712 (0.709,0.715) 0.694 (0.693,0.696) 1
Gim 0.113 (0.109,0.116) 0.093 (0.091,0.094) 3
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Figure 1.21.: Convergence of EFAST Figure 1.22.: First-order and total-effect
method. sensitivity indices of EFAST method.

Table 1.8.: Sensitivity indices based on EFAST method.

Input Total Effect Main Effect Rank
parameters Sti 95% CI Si 95% CI

Vi 0.180 (0.179,0.181) 0.158 (0.157,0.159) 2

Ay 0.037 (0.037,0.038) 0.006 (0.006,0.006) 6

Tel 0.041 (0.040,0.042) 0.003 (0.002,0.003) 5

E, 0.058 (0.057,0.059) 0.006 (0.006,0.006) 4
E,, 0.741 (0.740,0.743) 0.677 (0.675,0.679) 1
Grm 0.121 (0.120,0.122) 0.081 (0.081,0.082) 3

In the PAWN method, the number of conditioning values, n, for each parameter
is set to be 10, while N, and N, are both set equal to 150. Fig. 1.23 displays the
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Figure 1.23.: Kolmogorov — Smirnov statistic (KS) at different conditioning values of X
(n = 10).

Kolmogorov — Smirnov statistic, KS, for the 10 different conditioning values that were
sampled from the space of variation for each of X;. The dashed horizontal line at
KS = 0.157 is the critical value of K'S considering the confidence level o« = 0.05 [137].
All the values of K.S for A, r., and E,; are below the critical XS, which confirms that
they are non-influential parameters.

Based on the median statistic, Fig. 1.24a displays the convergence of the PAWN indices.
The ranking of the parameters are clear but the 7" index of E,, does not converge to
a specific value. When considering the maximum statistic (Fig. 1.24b), the T indices
highly fluctuate even for a large sample size.

The maximum K.S occurs at the left margin for Gy, whereas it occurs at left and right
margins for Vy and E,, ranges as shown in Fig. 1.23. Thus, the vector of the conditional
values in our improved PAWN approach will be X = { 0.5,200, 1000, 178, 1.96, 100 }.
Fig. 1.24c displays the convergence of the T indices. Obviously, the 7" indices of the
improved PAWN converge faster.

For N = N, = N. = 1100, the required model runs for both PAWN methods are equal
67,100, while the improved PAWN approach needs only 16,850 model runs. Table 1.9
includes the average sensitivity indices (77), the 95% Cls, and the rankings: FE,, has
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Figure 1.24.: Convergence of PAWN method.

the highest sensitivity index. Similar to the previous SA methods, V; lies in the second

position in ranking based on the median statistic, whereas it is in the third position based

on the maximum statistic and improved approach. Also the ranking of the insignificant

parameters changed.

Across the various applied SA methods, we can conclude that the matrix Young’s mo-

dulus was the most influencing parameter followed by the clay platelets volume fraction

and the matrix fracture energy. In summary:

e The SRCs and RSA methods qualitatively determined the significant input para-

meters with few model runs (1,200 and 5,00).

e At higher computational cost, the quantitative methods of Sobol’ and EFAST mea-

sured the impact of main and total effect of the inputs on the variance of the model
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Table 1.9.: Sensitivity indices based on PAWN method.

Input Median statistic Maximum statistic Improved approach ~ Rank”
parameters T 95% CI T 95% CI T 95% CI

Vi 0.165 (0.165, 0.166) 0.321  (0.320,0.323) 0.336  (0.335,0.337) 3

Ag 0.037 (0.037, 0.037) 0.092 (0.090,0.095) 0.127 (0.126,0.127) 4

Tel 0.038  (0.038, 0.038) 0.071  (0.069,0.072) 0.065 (0.064,0.065) 6

Eq 0.046 (0.046, 0.046) 0.105 (0.103,0.106) 0.094 (0.094,0.095) 5

En, 0.354 (0.353, 0.355) 0.749  (0.744,0.754) 0.732 (0.732,0.733) 1

Grm 0.100 (0.099, 0.100) 0.367 (0.358,0.375) 0.628 (0.628,0.629) 2

®The rank is based on the Total Improved approach

output. However, the Sobol’ method required about two times model runs more
than EFAST method.

e The required time for Sobol’ method was about 5068.5 seconds (1.42 hours) consi-
dering the QMR surrogate model, which is much lower than the required time to

run one mechanical model sample.

e The classical PAWN method that is based on median and maximum statistic re-

quired considerable cost, while the improved PAWN showed a faster convergence.

e The improved PAWN showed a faster convergence in comparison to the classical
PAWN.

e Similar classification of the parameters importancy can be drawn as a general fin-

ding.

1.5.2.4. Quantifying the uncertainty in the fracture toughness of PNCs

The results of SA are exploited in conducting an uncertainty quantification. The in-
put parameters are classified into two groups: important and non-important parameters.
The first group includes: FE,,, Vy, and G, while the second includes: A, 7, and Ey.
A Set G'1 of size 1000 was randomly generated by LHS. Then Set G2 was formed with
the same as Set G1 but the parameters E,,, V;, and Gy, were fixed at 2.85 GPa, 2.75 %,
and 220 J/m?, respectively. Contrary, Set G3 was formed by fixing A, , ry, and E4 at
any point of their variation range, for example 300 nm, 500 nm, and 221.5 GPa. The
scatter of the outputs of Set G2 and Set GG3 against Set G'1 are displayed in Fig. 1.25.
When fixing parameters that are correctly classified as significant as in Set G2, the scat-

ter shows a horizontal trend (Fig. 1.25a), whereas fixing the insignificant parameters
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Figure 1.25.: Scatter plot of randomly generated Set, G1, versus fixed important parameters
Set, G2, and non-important parameters, G3.

Table 1.10.: Standard deviation and
COV of G1, G2, and G3.

Set Standard deviation COV

G1 146.54 16.82%
G2 17.60 1.97%
G3 143.70 16.34%

results in linear correlation as in Fig. 1.25b. To assess the loss in variability when fixing
the parameters, Table 1.10 lists the standard deviation and COV of the three sets. The
COV was considerably reduced from 16.82% for Set G1 to 1.97% for Set G2, but it
remains almost the same in Set G3 (16.34%). Obviously, the SA methods used in this

research were robust in classifying the parameters.
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1.5.3. Evaluating analytical models used for the prediction of

the fracture energy of PNCs by Bayesian method

As presented in Section 1.4.2, several models differing in theory and assumptions
have been proposed to measure the increase in fracture energy of polymer/particle nan-
composites. The Bayesian method is used to evaluate the model quality of Huang and
Kinloch model [2], Williams model [3], and the model according Quaresimin et al. [4].
Hereafter, they are abbreviated by M;, My, and Ms, respectively. These models have
been selected due to their popularity and their applicability to different experimental
studies. Moreover, they produce explicit predictions of the enhanced fracture energy of
PNCs. The prior probabilities of these models is assumed to be equal, i.e. P(M;)=
P(M;) = P(M3)=1/3. Regarding the different theory and mechanism assumed, each of
them has its own input parameters in addition to the joint parameters. The definitions of
the parameters and their stochastic variation are detailed described in Section 4.2. The
parameters uncertainty is assumed to be characterized by uniform distribution. Diffe-
rent experimental measurements gathered from the literature [51-53,55-57,59,60,62,65]
are utilized as reference data. Thanks to the uniform distribution assumed for the input
parameters, the prior probabilities of the model parameters, P (X;| M;), are constant
disregarding the value of the parameter. Considering this, the optimum parameter set
which realized the best fit of the model predictions to the measurements are found.

Table 1.11 shows the values of selected calculated optimal parameter set.

Interestingly, the incorporation of the parameter V,, (the percentage of debonded
particles) in M; has enhanced the model predictions to fit the measurements. By the
finite-element analysis of [138], the value of the maximum stress concentration for the
von Mises stresses around a void, K,,,, was estimated to be 2.22 for a matrix of elastic
modulus equal 3.2 GPa which agrees well with the optimal values obtained in this
study. The interfacial debonding energy, G, increases as the diameter of the nanofiller
increases. Its optimal values were in the range of [0.184,1.360] and [0.010, 0.046] for M,
and M3, respectively. Similar values of G, for M, were reported in [3] and [66]. The
high value of these results may be explained by assuming that the optimal values of
G, were reduplicated since the total energy dissipation in M, was attributed only to
one mechanism. Based on this, the probability distribution of G, can be updated to a
uniform distribution in the range of [0.1,1.5] for M, and [0.01,0.1] for M;5. The elastic

property of the interphase was softer than that of the matrix in the measurements; D1
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and Dy (x = 1.162 and 1.231, respectively), whereas the matrix showed stiffer elasticity

in the remaining measurements.

The models predictions at the calculated optimal parameter set versus the nanofiller

volume fraction are depicted in Fig. 1.26.

The CV values for My, Ms, and Mj are shown in Fig. 1.27. Except of the measure-
ments: Dg, D11, D12, and Dq3, M; shows better performance compared to M, and Mj,
where its C'V values are the least. The predictions of M; have the lowest discrepancies
from the measurements of Dqy, D12, and Di3. M3 produces the best fit predictions in

the measurements of Dg only.

When considering both the model and parameters uncertainties in the evaluation, M;

outperforms M, and Mj for all the different measurements. It has significantly higher

Table 1.11.: Selected input parameters used in the assessment of the models.

Reference All models? M, M,P MsP
Data d, FE, Kym Vg G, G, X
nm GPa - % J/m? J/m? -~
D, [65] 20  3.20 2.227 14.1 0.287 0.015 0.882
D, [65] 20  3.20 2.216 114 0.309 0.011 0.788
D3 [52] 12 3.53 2.236 104 0.184 0.013 0.644
Dy [52] 20 3.53 2.18 10.3 0.289 0.016 0.670
D5 [52] 40  3.53 2.108 13.2 0.473 0.015 0.375
Dy [57] 23 3.50 2.244 10.8 0.250 0.010 0.742
Dy [57] 74 3.50 2.236 15.2 0.914 0.046 0.447
Dy [55] 20 2.86 2.11 16.4 0.374 0.018 0.710
Dy [51] 20  2.96 2.19 125 0.310 0.011 0.758
Dy [56] 20 241 2.224 14.1 0.363 0.011 1.162
Dyy [56] 80 2.41 2.239 17.9 1.360 0.046 1.231
D15 [62] 25 3.02 2.108 13.3 0.340 0.012 0.676
Dq3 [62] 25  2.78 2.112 16.7 0.383 0.010 0.656
Dyy [53] 20  2.96 2.229 13.7 0.385 0.011 0.649
Dq5 [60] 13 2.60 2.221 11.1 0.224 0.010 0.770
D16 [59] 25 3.27 2.204 14.9 0.322 0.011 0.830

2 The values of d,, and E,, are obtained from the corresponding references.
b These are the optimal values approximated in the current study.
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model selection probability, P (M;| D) (See Table 1.12). It can be concluded that the
parameters of My and M3 have steeper posterior probabilities. Significant changes in
their prognoses are expected due to slight variations in the parameters values. One
possible explanation is that the natural exponential relation in M and in Mj results in

high values of the determinant of their Hessian matrices.
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Figure 1.26.: Predictions of the models using the optimal parameter set for the different
reference data.
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Table 1.12.: The models selection probability va-
lues for the different reference data

P (M| D)*
Reference Data M, M, M
D, [65] 0.988 0.000 0.012
Dy [65] 1.000 0.000 0.000
D3 [52] 1.000 0.000 0.000
Dy |52 1.000 0.000 0.000
Ds |52 0.805 0.000 0.195
Dg  [57] 0.999 0.000 0.001
D; |57 0.998 0.000 0.002
Ds  [55] 0.998 0.000 0.002
Dy [51] 1.000 0.000 0.000
Dy [56] 0.995 0.000 0.005
Dy [56] 0.744 0.001 0.255
Dy [62] 1.000 0.000 0.000
D3 [62] 1.000 0.000 0.000
Dy [53] 1.000 0.000 0.000
D5 [60] 1.000 0.000 0.000
Dy [59] 0.997 0.000 0.003

2The probability of selecting the model M; given the
different reference data.
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Figure 1.27.: The coefficient of variation for the different references data
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1.5.4. Stochastic model to predict the fracture toughness of

particle reinforced polymeric nanocomposites

Stochastic finite element modeling is implemented to predict the fracture toughness
of polymer/particle nanocomposites. Firstly, a 2D finite element model containing an
epoxy matrix and rigid nanoparticles surrounded by an interphase zone is generated. The
crack propagation is simulated using XFEM. Fig. 1.28 shows an example of simulation
result for PNC specimen reinforced by 4.0 vol.% nanoparticles of 25 nm in diameter,
with an interphase of 3.50 nm in thickness. The crack propagates orthogonal to the
loading direction through the epoxy and the interphase zone, see Fig. 1.28b. As cleared
from the load deflection curve in Fig. 1.28¢, the nanoparticles have improved the load

carrying capacity and ductility in the PNC compared to the corresponding pure epoxy.

Sequentially, two polynomials, second and third order PCE, were constructed to
represent the output as a function of the six input parameters. The calculated value of
R? and Ridj for the constructed PCE are presented in Table 1.13. Although the third
order PCE has better coefficient of determination, both have almost identical R ;.

Making use of the built PCE stochastic models, the sensitivity of the six input parameters

were evaluated. The results PCE-based Sobol’ sensitivity indices based on third order
polynomial are summarized in Table 1.14. The main effects of all input parameters
represent 78.8% of the variance in the output. The sum of the joint effect of two and
three parameters, i.e. > S;; and ) S;j are 12.2% and 9.1%), respectively. The maximum
allowable principal stress of the epoxy matrix, 0,,.., and its stiffness, F,, are the most
significant parameter influencing the output variation and o,,,, is observed clearly to
surpass F,,. It is expected that slight changes in these parameters will result in high
change in the fracture energy meaning that special care should be considered when
measuring these variables. The total effect of the nanoparticle size come in the next

place of the ranking. Its effect is dominated by the interaction with other parameters

Table 1.13.: Properties of the constructed PCEs

Degree of the polynomial

n=2 n=3
Coefficient of determination, R? 0.786 0.877
Adjusted coefficient of determination, R, 0.740 0.738
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(St — S; for d, is 0.094). The first-order and the total effect sensitivity indices are
displayed in Fig. 1.29.

——PNGs
501— — — Unmodified epxoy

30 74

Force (nN)

20f z“

10r

A
—_—— e m . — —— =

0 10 20 30
Displacement (nm)

(c)

]

50

]

AT

IITT

T T T T T

|

(b)

Figure 1.28.: Deformed shape for exemplary particles PNCs specimen: a) The strain in the
loading direction just before failure. b) The cracked elements at complete failure. c¢) Load
displacement curves for the unmodified and PNC.
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Table 1.14.: Sobol’ sensitivity indices based on third order
PCE, n =3

Vf dn Em Omazx E@ tl
S; 0.007 0.005 0.237 0.517 0.015 0.007

3 8;=0.788
Si;

Sy;  0.006 0.006 0.008 0.001 0.003

So; 0.012 0.022 0.001 0.007

Sa; 0.030 0.002 0.014

S 0.001 0.004

Ss; 0.005
38 = 0.122

Sijt"

Si  0.001 0.001 0.002 0.007
Shs 0.011 0.002 0.003
S 0.005 0.000
S1s1 0.000
Sosy 0.022 0.000 0.005
Sou 0.001 0.004
Sasi 0.004
Sau 0.003 0.003
S35 0.010
S5 0.007
> S = 0.091

Sri  0.061 0.100 0.359 0.638 0.057 0.084

*Sy;1 refers to the third order sensitivity that measures the joint effect of
the parameters i, j, and [, e.g. Si23 is the sensitivity of the interaction
between the volume fraction, the diameter of the nanoparticles and
the matrix Young’s modulus.

In order to show the effect of parameters on the variance of the output, three sets
of samples were randomly generated by LHS. Set (G is obtained by sampling the entire
input parameters space, Set (G5 is formed with the same as Set (G; but the parameters
Omaz and E,, are fixed respectively at their mean values, and Set (3 is formed by fixing
the remaining non-influential parameters at any point of their variation range. The

corresponding three sets of model output were calculated using the constructed third
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Figure 1.29.: First-order and total-effect Figure 1.30.: The effect of fixing the influ-
PCE-based Sobol’ sensitivity indices based ential and non-influential parameters on the
on third order PCE polynomial. variance of the output.

order PCE (n = 3) surrogate model. The probability density of the output of the three
sets represented by Normal distribution are displayed in Fig. 1.30. Set (G; and Set Gy
have almost the same range of variation which is considerably higher than Set G5. As
a measure of relative variance, the coefficient of variations (COV') for Set G; and Set
G3 were 38.9 and 34.7 %, respectively, while for Set G5 was 11.3 %. This manifests
that fixing the influential parameters resulted in greatest reduction in the variance of

the output.
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Chapter 2

Predicting The Fracture Toughness of
PNCs: A Stochastic Approach Based
on ANN and ANFIS
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2.1 Introduction

2.1. Introduction

Epoxy polymers are often used as matrix in fiber reinforced composites. However,
epoxy has a low fracture toughness and poor resistance to crack initiation and propa-
gation. Improving the fracture properties of epoxy polymers without sacrificing some
important thermo-physical properties has been the subject of interest for many years.
Adding nano filler such as silica, alumina and glass particles to the epoxy matrix has
offered exceptional improvements even with low filler contents [139-141].

Various models have been developed to predict the fracture properties of polymeric na-
nocomposites (PNCs). Williams [3] assumed that the energy absorbing mechanism is
attributed to the growth of plastic voids around debonded or cavitated particles, which
is stimulated by the debonding surface energy. He also found that the debonding energy
was proportional to the particle radius. A large toughness increase was predicted for
particle sizes in the nano range when good particle dispersion and sufficient ductility of
the epoxy matrix could be achieved. Quaresimin et al. [4] developed a multiscale appro-
ach considering three different damaging mechanisms: i) particle debonding, ii) plastic
yielding of nanovoids, and iii) shear banding of the polymer. Huang and Kinloch [2]
calculated the increase in fracture energy of rubber-toughened epoxy polymers. More
recently, Hsieh et al. [51] and other authors [52,54,56-58] applied Huang and Kinloch
model for PNCs. It was reported that the improvement in the fracture toughness of
the epoxy resins reinforced with rigid nanoparticles was dominated by two major me-
chanisms: localized plastic shear banding and debonding of silica nanoparticles which
enable plastic void growth of the epoxy matrix.

On the other hand, several experimental studies have been carried out in order to study
the fracture behavior of PNCs. Johnsen et al. [53] showed that adding nanosilica parti-
cles led to a significant increase in the toughness of the composite. The mode I fracture
energy increased from 100 J/m? for the pure epoxy polymer to 460 J/m? for the epoxy
polymer modified with 13 vol% of nanosilica. The improvement in fracture energy was
also observed by [49-52,54,55] and others. Liang and Pearson [56] and Dittanet and
Pearson [57] studied the influence of different nanoparticle sizes, and they observed that
the effect of nanoparticle size was negligible. By studying epoxy resin filled with a mix-
ture of micro and nanometer-size silica particles, Dittanet and Pearson [58] concluded
that the enhancement in toughness was higher when the volume fraction of nanoparticles
was higher than the volume fraction of microparticles. Zhang et al. [59] reported that the
performance of PNCs is dominated by a three-dimensional physical network of interp-

hase material around silica nanoparticles constructed when the interparticle distance is
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close enough. Wetzel et al. [60] discussed the reinforcing effects of titanium dioxide and
aluminium oxide which have average diameters of 300 nm and 13 nm, respectively, and
the latter was considerably tougher. The influence of different temperatures was studied
by Deng et al. [61] and Zhang et al. [62]. Ma et al. [63] demonstrated that the toughe-
ning mechanisms were caused by the formation of a thin dilatation zone and nanovoids.
Zhao et al. [64] noticed larger improvement with a stronger particle-matrix interface.

In the previous literatures, the fracture toughness was determined experimentally based
on a single-edge notch bend (SENB) test or compaction test (CT) [142]. The mode-I

stress intensity factor, Ky. , can be given by:

P a
Ky, = —mas <—> 2.1
where P,,.. is the load at fracture, B is the sample thickness, W is the sample width,
a is the crack length, and f(a/W) is a dimensionless function [7]. The fracture energy,
G'1., considering plane strain conditions, is calculated by:

KQ
Gre = Ff (1-17) (2.2)

with I/ and v being the elastic modulus and the Poisson’s ratio.

Recently, artificial intelligence techniques such as artificial neural network (ANN)
and adaptive neuro-fuzzy inference system (ANFIS) have been effectively used for com-
plex problems in engineering. These stochastic approaches are based on computational
intelligence and machine learning tools through correlating the system input parameters
to the outputs by means of mathematics and statistics methods. It can be a viable
alternative to empirical or to physically based analytical formula which consists of large
number of variables. ANN has the ability to learn from examples, identify the data
pattern, and process information rapidly, while ANFIS presents a combination of neural
network and a fuzzy system which deals with reasoning on a higher level. Disregarding
any prior knowledge about the physical phenomenon and the nature of the relationships
between input/output variables, both ANN and ANFIS can be used to interpret the
behavior of nonlinear complex problems and consequently predict their future reaction.
Dependence of data within the range of input parameters being investigated is a shor-
tcoming of these data driven models. Though they have been widely used in material
science, there have been few studies on the application of ANN and ANFIS in prediction
and investigation of the behavior of PNCs [67,68].
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In the present study, ANN and ANFIS are developed for predicting the fracture
energy of PNCs without performing any experiments. The data used for construction
the models are gathered from the literature. The performances of the developed models
are evaluated based on three performance evaluation indices and are compared to the
results of the Huang and Kinloch and the linear regression models. Finally, parametric
studies are carried out to specify the influence of some of the input parameters on the

desired output.

The rest of this chapter is organized as follows: In the next section, the database is
presented. The methods used in this study for predicting the fracture energy of PNC
are briefly illustrated in Section 2.3. Section 2.4 presents the results, while Section 2.5
includes parametric studies for input parameters affecting the fracture energy of PNCs.

Afterwards, conclusions are summarized in Section 2.6.

2.2. Database

In the present study five parameters were selected to establish the database: the
volume fraction of the nano filler (V;), the diameter of the nano particle (d,,), the fracture
energy of the matrix (Gy,,), the elastic modulus of matrix (E,,) and the yield strength
of the matrix (o,,,). These parameters form the input while the fracture energy of PNC
(Gy.) forms the output.

For constructing ANN, ANFIS, and the regression models, 115 experimental databases
gathered from the literature [49-64] were utilized. The collected records were divided
into two groups: training set and testing set containing 85 and 30 datasets, respectively.
The training dataset was used to build the relation between the inputs and the output,
whereas the testing dataset is applied to prevent over-fitting in ANN and ANFIS and to
validate all models. The division was based on the condition that the training and the
testing datasets have almost similar distributions. Table 2.1 includes a list of minimum,

average, and maximum of the input and the output parameters for both groups.

2.3. Methods for Predicting Fracture Energy of PNCs

2.3.1. Huang and Kinloch

Huang and Kinloch [2] model is used for predicting the fracture toughness in PNCs

consisting of an epoxy matrix and nanoparticles. The fracture energy of PNCs, Gy, is
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Table 2.1.: Range of Input-Output Parameters.

Parameters Training data Testing data
Min. Avg. Max. Min. Avg. Max.
Input Parameters
Volume fraction of the nano filler (%) 0.50 7.90 30 0.52 6.85 30
Diameter of the nano particle (nm) 12 40.48 170 12 36.35 170
Fracture energy of the matrix (J/m?) 46.5 228.34 606 46.5 229.0 606
Elastic modulus of the matrix (GPa) 2.41 3.11 3.53 241 3.10 3.53
Yield strength of the matrix (MPa) * 57.1  83.70 111 57.1  81.53 100
Output Parameter
Fracture energy of PNCs (J/m?) 58.3  535.29 2156.65 98.8 510.16 1169.53

*Some of these data were not provided by the original literature. It has been assumed based on the
property of similar matrices.

expressed as:
Gre=Gim+V¥ (2.3)

Grm being the fracture energy of the matrix and ¥ is dominated by localized shear
banding, AG,, and the plastic void growth, AG,, |2].

U = AG, + AG, (2.4)
with
Vs o\ [ [ 47\ 54 o
— (1 HEm /) - = 2.
GS 92 ( + \/g) (3Vf) 35 VnyCVnyu vm ( 5)
12
86, = (1= 52 V3 = Vi) o, 20

where 1, is a material constant (pressure coefficient), o, is the compressive yield stress
of the epoxy matrix, v is the shear fracture strain of the epoxy matrix, ry, is the radius
of plastic zone in the epoxy matrix, K, is the maximum stress concentration factor
of the von Mises stress in the epoxy matrix, and Vy, and V}, are the volume fraction
of voids and debonded particles, respectively. It is evident that the model has a large
number of input parameters that need to be predetermined experimentally even though,

the terms Vy, and V}, are difficult to be measured. Liang and Pearson [56] assumed that
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the volume of the matrix around the nanoparticles v,, = v,/Vy, — v, does not change

before and after voiding. Hence, the value of (Vy, — V}p) can be estimated by:

<Vfu—vfp>:( L ) (2.7)

Uy + Uy Up + U

where v, and v, are the average volume of the voids and the nanoparticles.

2.3.2. Linear Regression

Linear Regression can be used to define a mapping between one or more independent

and dependent variables. The general form of a regression model is given as:
y=ag+ az1 + aszs + ... + iz +e=ZA +¢ (2.8)

where z1, 2o, , 2,,, are basis functions, which can be linear or higher order with or without
mixed term polynomials, while ag,aq,,a,, are the regression coefficients and e is the
residual [26].

The vector A is determined in such a way that the mean squared difference between the
values of the linear regression predictions and the actual experimental data is minimized.

The least-square estimate of A is given by:

A=z iz {2 v) (29)

In this study, the training datasets were used to fit linear, quadratic, and quadratic with
mixed terms regression models, whereas the testing datasets are applied to the fitted
models in order to investigate their applicability. Table 2.2 summarizes the evaluated

regression coefficients of the three models.

2.3.3. Artificial neural networks

Artificial neural network (ANN) is a highly parallel system containing a large number
of processing units called neurons or nodes [18|. These units are grouped together into
three or more layers. The neighboring layers are connected by weights forming a large
network. Inputs from previous layers are linked to a neuron by the corresponding weights
and bias. Then, the weighted sums are applied to an activation function to determine

the neuron output and consequently passed as inputs for the next layers. The sum at a
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neuron are calculated by [18]:

1=1

where u; is the linear combiner output of the jth neuron, n being the number of neurons
in the preceding layer, z; is an input signal, w;;, wjs ..., w;, are the weights. The bias

has the effect of applying affine transformation to u; as
netj = Uj + bj (211)

net; is known here as the induced local field. Then, an activation function is applied to
net; to obtain the neuron output signal. More details about ANN can be found in the
literature [18,19].

In this study, we used the multilayer feedforward networks [20]|. Its first layer receives
information from input parameters and transmits it to one or several hidden layers,
and then evaluates the predictions through the output layer. The number of input and
output variables in the data defines the number of neurons in input and output layers,
respectively. However, there is no accepted rule for setting the number of hidden layers

and its neurons. Commonly, a trial and error procedure is adopted.

Table 2.2.: The Evaluated coefficients of the linear regression models.

Regression Mo- Regression function, y Regression coefficients

del

First order ag + a1x1 + ... + asxs apg = 552.33 a1 = 24.72 as = 0.82
(LR1) as = 1.93 as = —100.37 a5 = —4.47
Quadratic ap + a1x1 + ... + asxs ag = 8669.70 a; = 34.28 as = —0.48
(LR2) +anzi2+ ... + asss? az = 2.12 as = —5167.31 a5 = —16.21

all = —0.37 ag9 = 0.0042 a3z = —0.0011
44 = 834.81 a5 = 0.067

Quadratic with @0 + @121 + ... +asxs ag = —9854.63 a; = 116.36 ag = —47.67
mixed terms +0,11£C12 + ...+ 0,555652 az = 6.08 ay, = 5143.23 as = 47.79
(LRB) +aisx1x2 + ... + agsxr4rs  ay; = —0.13 age = —0.024 azz = 0.0028

aqq = —777.77 as5 = —0.016 a2 = 0.067
a3 = 0.063 ayg = —27.92 a5 = —0.28
as3 = 0.073 agy = 17.87 ass = —0.39
a9q = 17.87 ass = —0.39 azy = 2.23
azs = —0.16 a45 = —17.50
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2.3 Methods for Predicting Fracture Energy of PNCs

The multilayer feedforward network considered in this study is illustrated in Fig. 2.1. It
has five neurons in the input layer representing the five input parameters ( V¢, dn, Grm,
E,.. and oy ) and one neuron in the output layer for Gr.. The minimum error was
observed by using one hidden layer with eight neurons [143|. The activation function
for the hidden layer was tan-sigmoid, while it was linear for the output layer. After
applying the activation function to the hidden layer, the neuron output O; is given by:

ea(netj) _ e—o:(netj)

where a is a constant and net; is the weighted sum calculated from Eq. (2.11). As
the tan-sigmoid function in Eq. (2.12) produces output results ranging from -1 to 1,
scaling the input and the target vectors in the data set is recommended. The operation
is continued forward layer by layer starting from the input layer to the output layer
and through the hidden layer. Once all layers are processed, the weights and bias are
readapted according to the calculated error comprising the difference between the target

and predicted values [20].

2.3.4. Adaptive neuro-fuzzy inference system

Fuzzy logic (FL) allows partial belongings of an element to a set |21]. Instead of an
element belonging to a set or not, the degree of membership, which varies between 0 and
1, describes the partial belongings to a set numerically. Fuzzy inference system (FIS)
has the ability to extrapolate the relation between a series of input to an output with
the help of fuzzy logic. The process contains integrated and consecutive steps which
start with defining the membership functions of fuzzy sets (fuzzification), creating the
rules to include all possible relation between input and output, and then merging all the
fuzzy rules by a fuzzy inference to produce the results which are finally defuzzified into

crisp outputs [22,23]. One of the commonly fuzzy logic approaches used to solve com-

Input Hidden Layer Output Layer Output
(Five inputs) (Eight neuron) (One neuron) (One output)
L W
) )
b b

Figure 2.1.: ANN structure for predicting the fracture energy of PNCs
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2.3 Methods for Predicting Fracture Energy of PNCs

plex problems, is the Takagi-Sugeno fuzzy model [24], which is characterized by linear or
constant terms in the consequent part of the if-then rules. Making use of the merits of
FIS and ANN and based on the Sugeno FIS, the adaptive neuro-fuzzy inference system
(ANFIS) was implemented in the present study.
The ANFIS was applied to evaluate the fracture energy of PNCs using the five input va-
riables described in Section 2.2. The domain of each variable was divided into a number
of fuzzy subsets. Many forms of membership functions such as trapezoidal, triangular,
bell-shape, Gaussian function, etc. can be used to characterize the degree of members-
hip. Hereafter, the triangular membership function form was chosen due to its simplicity.
For each input, different numbers of triangular fuzzy subsets were tried and the optimal
number was chosen based on the minimum error observed during the training process.
The number of fuzzy subsets for the input variables V¢, d,,, G, E,,, and oy, was 4,
5, 4, 3, and 4, respectively and the associated membership function plots are shown in
Fig. 2.2. Adopting the grid partitioning, a total of 960 rules were obtained [24,144]:

R, - If(Vyis Vij) and (dy is dyk) and (Grp is Grmj) and (E,, is En,p) and (oym, is
Oym])

Then : (G is Gpet)

1=1,.960,j=1,.4,k=1.5p=1,.3
The ANFIS learning method is similar to the common feed-forward neural networks. A
hybrid-learning algorithm was employed in the present study, which consists of back-
propagation and least squares estimation [144,145].
Fig. 2.3 explains the corresponding equivalent ANFIS architecture. It comprises of five

layers and the characteristics of each layer are described according to Jang [25] as follow:

e Layer 1—For all the input, the output of every node 7 is the membership function

of the fuzzy set calculated by:

0; = pa (v) (2.13)

)

where 1, () is the membership function of the appropriate fuzzy set for the input

x.

e Layer 2—Every node labeled by II multiplies the incoming signals and sends the

product out forming the firing strength of a rule.

wi = vy (Vi) X pa,r(dn) X 11615 (Grm) X (18,0 (Em) Xty (0ym) (2.14)
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Figure 2.3.: ANFIS architecture.

e Layer 3—The nodes in this layer are labeled by N. The ith node calculates the

ratio of the ith rule’s firing weight to the sum of all rule’s firing weights producing
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2.4 Results

the normalized firing strengths.

(2.15)

0! = w. f (2.16)

where w; is the output of layer 3, and f; is a crisp function which may be linear or

constant. In this study, it was selected as constant.

e Layer 5—The signal node in this layer labeled by >~ computes the overall output

as the summation of all incoming signals.

0] => w.f; (2.17)

2.4. Results

The fracture energy, Gp., of PNCs was predicted using the ANN and the ANFIS
models. Tt was also calculated by the Huang and Kinloch and three different Linear
Regression models. The fracture energy of the experimental results and the results
predicted by the ANN and the ANFIS models for the training dataset are presented in
Table A.1, whereas Table A.2 shows the predicted results for the testing dataset.

The coefficient of variation (COV) of the ratios of the experimental to the predicted
values for every model is given in Table 2.3. The results reveal a good agreement between
the experimental datasets and the corresponding predicted values using ANN and ANFIS.
In order to have a comparison of the performance of the models against the experimental
datasets, the results of all methods employed were compared by three evaluation indices:
i) The coefficient of determination (R?), ii) The root mean square error (RMSFE), and
iii) The mean absolute percentage error (M APFE). The R? is a number between zero
and one showing how much the developed model represents the data. One reveals best
fit while zero is the worst fit. The RMSFE is a positive number used to explain the
difference between the actual and predicted data. The M APFE quantifies the relative of

overall fit taking values of 0.0% or greater. These statistical parameters are calculated
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by:
5SS

R?=1- 2.18
SS,, (2.18)

1
RMSE =/ —5SSg (2.19)

N

1 t; — O,

MAPE = — > X 100 (2.20)

where t; and O; are the actual observation and predicted output, /N is the number of
datasets, SS,, = S(t; — £;)” is the deviation of the observations from their mean and

SSE = %(t; — 0;) is the deviation of observation from their predicted value.

2.4.1. Huang and Kinloch

Huang and Kinloch model was applied to the 115 datasets described in Section 2.2.
The fracture energy for each dataset was calculated using Eq. (2.3) along with Eqgs. (2.4)
to (2.7). The obtained Gy, values against the experimental datasets are presented in
Figs. 2.4a and 2.4b for the training and testing dataset, respectively. At higher values,
the predictions show higher scatter compared to the real experimental data. The method
produced wide variations on either side of the equality line. This is revealed by the
results shown in Table 2.3 with respect to all data sets, where the mean value of the
ratios Gr.exp./Gr.pre. equals 1.011 but its COV is 30.2%.

Table 2.3.: Mean and COV of experimental to predicted values ratio.

Method Mean COV(%)
Huang and Kinloch 1.011  30.2
First order(LR1) 1.055  65.1
Quadratic(LR2) 1168 120.5
Quadratic with mixed terms (LR3) 1.076 34.6
ANN 1.011  12.6
ANFIS 1.001 8.6
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Figure 2.4.: Experimental versus predicted values for Huang and Kinloch model.

2.4.2. Linear Regression Models

Three different linear regression models were employed as presented in Table 2.2.
Their evaluation indices for all sets of data are summarized in Table 2.4. The first order
linear regression (LR1) had the lowest value of R? and the highest value of RMSFE
and MAPFE with the values of 0.82, 156.03, and 33.25, respectively. In contrast, the
quadratic with mixed terms (LR3) model had the highest value of R? and the lowest
value of RMSE and M APE which were equal to 0.921, 105.64, and 17.23. Therefore,
it can be concluded that the LR3 model exhibits better performance than the LR1 and
LR2 models. Fig. 2.5 displays the experimental versus the calculated values using LR3.

Table 2.4.: Evaluation of the linear regression models.

Model R*  RMSE MAPE
First order(LR1) 0.828 156.03 33.25
Quadratic(LR2) 0.853 144.32  32.05

Quadratic with mixed terms (LR3) 0.921 105.64 17.23

2.4.3. Artificial neural networks

Using 85 and 30 training and testing datasets as previously mentioned, the ANN mo-
del with five input parameters and one hidden layer with eight neurons was constructed
to predict Gj.. From Table 2.3, the mean of Gj.exp/G.pre. was 1.011 with a COV of
12.6%. Comparing the predicted values of the ANN model with the experimental results

for training and testing datasets reveals that the ANN model was successful in learning
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Figure 2.5.: Experimental versus predicted values for LR3.
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Figure 2.6.: Experimental versus predicted values for ANN model.

the relationship between the input parameters and the output. Although the model was
not trained for the testing dataset, it yielded good predictions (Figs. 2.6a and 2.6b).

2.4.4. Adaptive neuro-fuzzy inference system

Fig. 2.7 shows the predicted experimental data of the training and testing datasets
using the ANFIS model. The output results were very close to the experimental data.
Again the testing dataset was not included in the training process but its results verify
the robustness of the model. The mean of Gr.exp/G.pre. was 1.001 with a COV of
8.6% (Table 2.3).
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Figure 2.7.: Experimental versus predicted values for ANFIS model.

2.4.5. Comparison of the various methods

The predictions of the Huang and Kinloch, LR3, ANN, and ANFIS models were compa-
red with the experimental data. The statistical values of R?, RMSE, and MAPE for the
results obtained from the training and testing datasets are listed in Table 2.5. The ANN
and ANFIS were considerably less scattered from experimental data than the Huang
and Kinloch and linear regression models. This could be attributed to the complex and
nonlinear nature of PNCs fracture toughness. For the testing dataset in terms of R?, it
was 0.768 in the Huang and Kinloch model, 0.864 in the LR3, 0.925 in the ANN, and
0.937 in the ANFIS. The root mean square error (RMSE) for ANN and ANFIS are
almost equal (87.31 and 80.04 J/m?) but much lower than the Huang and Kinloch and
LR3 methods (153.6 and 117.5 J/m?). The mean absolute percentage error (MAPFE)
was 12.88 and 12.38% for ANN and ANFIS while it was 26.75 and 16.39 for the other
two methods (Table 2.5). The results of these performance indices clearly indicate a
much better performance of the ANN and ANFIS models over the Huang and Kinloch
and LR3 models. Moreover, ANFIS shows slightly better results than ANN.

2.5. Parametric Studies

The parametric studies are essential to quantify to which extent a particular parame-
ter affects the fracture energy of PNCs. In this study, parametric studies investigating
the relationship between the nanoparticles volume fraction, the diameter of the nano-

particle and the matrix fracture energy versus the predicted fracture energy are carried

67



2.5 Parametric Studies

Table 2.5.: Comparison of the performance indices between modeling methods.

Method Training Dataset Testing Dataset

R? RMSE MAPE R? RMSE MAPE
Huang and Kinloch 0.813 170.37  25.31 0.768 153.60  26.75
Quadratic with mixed terms (LR3) 0.934 101.13  17.52 0.864 117.50  16.39
Artificial neural networks, ANN 0.989 41.12 6.03 0.925 87.31 12.88
Adaptive neuro-fuzzy inference sy- 0.990 39.18 3.61 0.937 80.04 12.38
stem, ANFIS

out. The first two relations, which investigate the nano filler content and size, are based

on experimental data, while no experimental data is available for the last.

2.5.1. Influence of the nanoparticles volume fraction

To understand the effect of the nanoparticles volume fraction, all other input pa-
rameters are kept constant: d, = 20 nm, Gp, = 103 J/m? E,, = 2.96 GPa, and
Oym = 61.1 MPa, whereas V} varies from 2.5 % to 13.4 %. The predicted and experi-
mental values by Johnsen et al. [53] of the fracture energy of PNCs, G., normalized to
the fracture energy of the matrix, Gy,,, are plotted versus the volume fraction of nano-
particles in Fig. 2.8. Expectedly, the fracture energy of PNCs increases as the volume

fraction increases. Moreover, a closer agreement to the experimental data is obtained
by the ANFIS and the ANN.

<
&
\,*"'“ O Johnsen et al.
2t .7 +++=++ Huang and Kinloch
----- LR3
1.5 - = =ANN
ANFlS
Y 6 8 10 12 14
V(%)

Figure 2.8.: The normalized fracture energy versus the volume fraction.
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Figure 2.9.: The normalized fracture energy
versus nano particle diameter.

2.5.2. Influence of the nano particle diameter

Fig. 2.9 presents the relation between the diameter of the nano particle and the
normalized fracture energy of PNCs for the predicted and experimental results of Dit-
tanet and Pearson [57]. The other parameters are: V; = 2.5 %, G, = 303 J/m?,
E,, = 3.50 GPa, and oy, = 8 MPa. The fracture energy of PNCs is slightly affected
by the variation of the nano particle size. This is in agreement with the experimental
results of [56-58].

2.5.3. Influence of the matrix fracture energy

The relation between the fracture energy of the epoxy matrix, and the predicted
fracture energy of PNCs is investigated by changing the values of G, while keeping
the other input parameters constant as: V; = 5.0 %, d,, = 20 nn, E,, = 3.0 GPa, and
oym = 85 MPa. The results are depicted in Fig. 2.10. As expected, the PNCs fracture

energy increases by increasing the fracture energy of the matrix.

2.6. Conclusion

An artificial neural networks (ANN) and adaptive neuro-fuzzy inference system (AN-
FIS) methodology has been employed to predict the fracture energy of PNCs. For
comparison, the linear regression models and the model proposed by Huang and Kin-

loch were utilized to approximate the desired output. 115 datasets collected from the
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literature [49-64| have been used for constructing the models; 85 datasets were chosen
for the training while the remaining data were set for the testing. The data used in
constructing the models are arranged in a format of five input parameters: the volume
fraction of the nano filler, the diameter of the nano particle, the fracture energy of the
matrix, the elastic modulus of the matrix, and its yield strength. The predicted fracture
energy of PNCs of the ANN and the ANFIS were very close to the experimental results,
with mean values of the ratio experimental /predicted fracture energy close to 1.0 and
relatively low coefficient of variation. The performance evaluation indices (R, RMSE,
and M APFE) showed that both the methodologies ANN and ANFIS were more efficient
compared to the other methods (Table 2.5). With respect to the testing dataset, R?
value for the ANN and the ANFIS models was 0.925 and 0.937, while it was 0.768 and
0.864 for the Huang and Kinloch model and the quadratic with mixed terms linear re-
gression (LR3) model, respectively. The complex and nonlinear nature of PNCs fracture
toughness resulted in scattered predictions of the Huang and Kinloch and the linear
regression unlike the ANN and the ANFIS models.

In conclusion, the fracture energy of PNCs can be predicted reliably by the ANN and
the ANFIS models with relatively small error in the range of the input parameters
being investigated. It was confirmed through the parametric studies, that the results
are proportional to the experimental data. The fracture energy of PNCs increases as the
nanoparticles volume fraction increases, and as the fracture energy of the epoxy matrix

increases, whereas the nano particle size has a negligible influence.
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Chapter 3

Uncertainty quantification of the frac-
ture properties of polymeric nanocom-

posites based on phase field modeling
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3.1. Introduction

Polymeric clay nanocomposites (PNCs) are constituted by a combination of polymer
(epoxy) matrix and nanoclays as a filler. They are considered for numerous nanotechno-
logy applications such as: nano-biotechnology, nano-systems, nanoelectronics, and nano-
structured materials [1].

While there are numerous studies on predicting thermal [77,146,147| and mechanical
properties [85,95,148-150] for intact PNCs, there are comparatively few contributions
on predicting fracture properties. Due to different fabrication methods and the complex
behaviour at the fine scales, results on experimental studies are contradictory [151-153].
Computational methods are often used in order to complement experiments and to ex-
plain physical phenomena that are unaccessible in experimental studies.

Numerous computational methods for material failure have been developed in the past
decades. They can be broadly classified into continuum based methods and discrete
crack methods.

Many popular discrete crack approaches are based on partition-of-unity (PU) enrichment.
They modify the original approximation through enrichment functions and introduce ad-
ditional degrees of freedom into the variational formulation in order to capture the jump
in the displacement field. Among the most popular PU enrichment methods are the ex-
tended finite element method [98-100], the generalized finite element method [101-103],
meshfree [104-109] and extended meshfree methods [110-112], the phantom node met-
hod [17,113,114], the numerical manifold method [115], and the extended isogeometric
analysis (XIGA) [116-118]. An alternative to these PU enriched methods are remes-
hing procedures with extraneous crack path determination [119,120] or edge repositi-
oning [119,121]. They basically align the crack boundary to a new mesh. Classical
representatives of the continuum based models are viscous, gradient and nonlocal mo-

dels [122-124]. An interesting alternative which is also based on continuum mechanics
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is the phase-field approach to fracture [8,9]. The phase field is commonly discretised
and the evolution of the phase field governed by a second [10] or fourth order [125] dif-
ferential equation models the nucleation and propagation of cracks. Phase field models
have been used in the context of FEM [11], local maximum entropy (LME) [10] and
Isogeometric analysis (IGA) [126]. They have been extended to cohesive fracture [127],
fracture in thin shells [10] and multi-physics problems [128,129]. Discrete fracture ap-
proaches, in particular the popular partition of unity enriched discrete fracture methods,
require a complex enrichment strategy for heterogeneous materials and complex fracture
patterns such as PNCs. Phase field models seem due to their simplicity a more suitable
alternative for modelling fracture in heterogeneous materials as they do not require a
representation of the crack path. The crack topology is as mentioned above the outcome
of the solution of a differential equation.

Sensitivity analysis (SA) is performed to define the influence of the input parameters on
the uncertainty of the outputs. Local SA methods study the variation in the output by
varying one input parameter while holding other parameters fixed. Contrary, in global
SA, the influence of a parameter is defined by varying all the parameters at the same
time [29]. Few studies have been done on the SA of PNCs [93,94,96], but they were
focused on intact material that is a linear elastic material without fracture model.

In this paper, a comprehensive SA is presented to identify the influence of uncertain
input parameters on the fracture toughness of PNCs predicted by a phase-field model.
Different methods have been applied to examine the reliability of the implemented SA.
These methods are: Standardized Regression Coefficients, Regionalized Sensitivity Ana-
lysis, Sobol’ Method, EFAST method, and PAWN method. Moreover, we present an
improvement to the PAWN method that reduces the computational cost. The conver-
gence of the sensitivity indices were achieved through the bootstrapping technique. The
results of SA are exploited in conducting an uncertainty quantification.

The rest of this paper is organized as follows. In the next section, the phase-field is
briefly described including the statistical characteristics of all input parameters. The
methods implemented for uncertainty and sensitivity analysis are discussed in detail in
Section 3.3, while the results are discussed in Section 3.4. Finally, the conclusion is

presented in Section 3.5.
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3.2. Phase-field model for predicting the fracture
properties of PNCs

The clay platelets used in PNCs are considered as linear elastic isotropic material and
are not allowed to fracture [69]. A phase-field approach as described in [11] is employed
to model quasi-brittle fracture in the epoxy matrix. A rigid bond between the clay
reinforcement and the polymer matrix is adopted.

The total potential energy is decomposed into the surface energy (creation of crack

surfaces) and the bulk energy.
U= 4 0P (3.1)

The surface energy in the phase-field approach is equal to the critical energy release rate

(fracture energy), G. multiplied by the cross sectional area, A, of the crack surface:

\I/s:Gc/Q'y(gb) dQ:GC/A/_Zv(gZ)) dvdA = G,A (3.2)

the crack surface density function ~ is calculated by

1, 0606 1

where ¢ denotes the phase-field and ¢, is a parameter controls the amount of the crack

(3.3)

diffusion.

Interestingly, the phase-field does not require any description of the crack topology as
indicated by Eq. (3.2).

The bulk energy can be expressed in terms of the strain energy density for an isotropic

linear elastic material, 1¢ (€), and a stress degradation function, g (¢)

b— ¢ (e .
‘P—/Qg(cbW()dQ (3.4)
with

g(¢)=(1-0)+k,

1
Ve (e) = 5)\@%611 + p€i €
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where £ is a parameter chosen to keep the system of equations well-conditioned, and A
and p being the Lame constants.

It can be shown [8,9] that taking variation of Eq. (3.1) leads to the following weak form

SU(¢,€) = /Q [(1— ) + k] 0306, dQ + /Q —2(1 - ¢) 6 (€) dQ

06 966 1
v e (eo oo, %W) a0 (3.6)

Substituting the discretization of the phase field and the displacement field including

their spatial derivatives into the weak form yields the following system of equations:

Kuw Kue u r"
Kou Koo ¢ ré
with
gon = 07 / [(1—¢)* + k] BY'CBY dO (3.82)
ou; Q
Ky - o7 / —2(1 - ¢) B o N, dO (3.8b)
005 Jo
or?
Ko = 2L / —2(1 — ¢) N;jo"BY d (3.8¢)
ou; Q
oo _ 07 _ ST Ge
K% = L — [ G4BY"B%Q + | = + 2¢ (€) | N;N; d€ (3.8d)
005 Jo lo

where u and r represent the displacement and the residual forces respectively. This
system can be solved either in staggered or monolithic way. The former are usually
more robust but require a stricter step size control. We have employed a monolithic
approach which has been implemented into the commercial software package ABAQUS.

The model is available at http://abaqusphasefieldmodel . sourceforge.net.

The representative volume element (RVE) constitutes of the epoxy matrix filled with
randomly oriented and dispersed clay platelets. Initial parameters such as RVE dimen-
sions, mesh size, the aspect ratio and curvature of the clay should be set-up in advance.
Then, the clays are placed uniformly without overlapping or intersecting to generate the
RVE [95].

In the present work, the fracture toughness was determined considering a double edge

notched tension specimen with dimensions 750nm x 1500nm and initial crack length of
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A

Figure 3.1.: The geometry of the double edge notched tension specimen

187.5 nm as shown in Fig. 3.1.  The mode-I stress intensity factor, Kp., can be given
by:

P, a
K; = 1 (_) 3.9
where P4, is the load at fracture, B is the sample thickness, W is the half of the sample

width, a is the crack length, and f(a/W) is a dimensionless function |7].

The definition of all the input parameters and their mean value, distribution type,
and standard deviation are summarized in Table 3.1. The volume fraction of the clay
platelets is varied from 0.5 - 5.0% assuming a Uniform distribution [154]. The range of the
aspect ratio of sodium montmorillonite platelets is 200 - 400 nm according to [69] so its
distribution is characterized by the Normal distribution with mean value of 300 nm and
standard deviation of 6.71 nm. Based on high resolution TEM images of PNCs [69,130],
the histogram of the clay radius reveals that its probability density function is close to
a Log-normal distribution with mean of 5.72 nm and standard deviation of 0.91 nm.
The Young’s modulus of the clay platelets is within the range of 178-265 GPa [155].
We consider its distribution as Normal with mean value of 221.5 GPa and standard

deviation of 20 GPa. The Young’s modulus of the epoxy matrix ranges from 1.96 to
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Table 3.1.: Statistical properties of input parameters

Param- Definition (unit) Distribution Mean Standard  Ref.

eter Type deviation

Vr The volume fraction of clay plate- Uniform 275 1.299 [154]
lets (wt%)

Ag The aspect ratio of the clay (nm) Normal 300 6.71 [69]

Tl The radius of the curvature of the Log-normal 5.72  0.91 [69,130]
clay (nm)

E, The Young’s modulus of the clay Normal 221.5 20 [155]
(GPa)

E,. The Young’s modulus of the ma- Normal 285 0.5 [156]
trix (GPa)

Grm  The fracture energy of the matrix Normal 220 45 [156]
(J/m?)

3.53 GPa [156], which can be represented by a Normal distribution with mean value
and standard deviation of 2.85 and 0.5 GPa, respectively. A Normal distribution for the
epoxy matrix fracture energy is assumed with 220 and 45 J/m? for the mean value and
standard deviation [156].

3.3. Methods

3.3.1. Uncertainty Analysis

The uncertainty in the model input parameters inherently creates variation in the
model output. Quantifying such variation requires the determination of: range, mean,
median and standard deviation of the model output. This can be achieved through
estimating the probability density function (PDF) as well as the cumulative distribution
function (CDF) for the model output [157].

3.3.2. Sensitivity analysis

Sensitivity analysis (SA) is the study of how much the model output is affected by
changes in the model inputs [29]. Although, a variety of SA methods are available in
the literature, five methods are implemented in this study. Of these, the first four were
chosen due to their popularity and their common application in a variety of scientific
domains while the fifth is a new method based on probability density. In order to ensure

the reliability of the SA and uncertainty quantification (UQ) we compare the results
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of the different methods. In each SA method, the model output Y is expressed as
Y = f(X,).

Latin Hypercube Sampling (LHS) [30] is an improved sampling strategy that enables a
reliable approximation of the stochastic properties even for a small number of samples.
LHS will be used to provide the design points which are spread throughout the design
space. The base of the method is the subdivision of the design space of a variable X;

into IV classes D,, of equal probability:
P(X;eD,]; i=1,....,k; m=1,...,N (3.10)

where N and k are the number of samples and the number of input parameters, respecti-

vely.

3.3.2.1. Standardized Regression Coefficients

Standardized regression coefficients (SRC) is a screening method which is based on
linear regression analysis. The output, Y = f (X7, ..., X) is computed using the mecha-
nical model for the input parameters X = (X3,..., Xy). Once the regression coefficient
B; is computed for the ¢ — th input parameter, X;, the value of SRC; can be calculated

as

SRC, = ;2% (3.11)
Oy

with o; and o, being the standard deviations of X; and Y, respectively. The larger
the value of SRC;, the more sensitive the model with respect to the input parameter
X;. This method is effective for models with high coefficient of determination, R?. In
case of fully linear models, i.e. R? = 1, the SRCs exactly quantifies the amount of the
output variance explained by each input parameter. It can still be used to evaluate
the parameters’ significance for moderately non-linear models (R* > 0.7). However, the

regression analysis is inappropriate for smaller values of R? [158].

3.3.2.2. Regionalized Sensitivity Analysis

The Regionalized Sensitivity Analysis (RSA) is mainly based on a Monte Carlo sam-
pling of the parameter space. The sample is divided into acceptable and unacceptable
subsets according to a given criterion for the output. Commonly, the terms of these two
subsets in the literature are behavioral (B) and non-behavioral (B) [29,39].

For a set of N Monte Carlo simulations, two subsets are produced by applying a prede-
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fined condition which classify the model realizations into acceptable and unacceptable
outputs. They are (X|B) and (X|B) of sizes N, and N, where N, + N, = N. The
probability density functions of each individual parameter in both subsets, fy, (X;| B)
and fyn, (XZ\ B), are compared. The parameter X; is influential if it has two significantly
different distributions [29]. Considering the null hypothesis that the two distributions
are identical, the so called Kolmogorov — Smirnov test statistic (D;) [38] is defined
as the maximum vertical distance between the two cumulative distributions to measure

the statistical difference between the two subsets:

Hy: fn, (Xi| B) = fn, (Xl| B)
H,: f, (X:| B) # fx, (Xi| B) (3.12)
Di = max\ FNb (Xz| B) - FNn (XZ‘ B) |

where Fy, (X;| B) and Fy, (X;| B) are the cumulative distribution functions for X; in
the behavioral and non-behavioral realizations. Their difference can be neither lower
than zero nor higher than one, and hence, D; has the range of [0-1]. Clearly, the D;
index depends on the given criterion, so the RSA can be considered as a screening rather

than a quantitative method [40].

3.3.2.3. Sobol’ Method

The Sobol” method which is based on variance decomposition, is one of the most
commonly used GSA approaches. It depends on the variance decomposition of the
output Y [31]:

k k k
VYY) =D Vit > Y Vit Visy (3.13)
i=1 i=1 j=i+1

where V; is the main effect (the first-order) of X; on Y and V;;, known as the second-

R
order effect, is the joint effect of X; and X; minus their first-order effects. The first-order
sensitivity index (S;) that measures the part of the variance of the model output with

respect to the input X; is defined as

5 VIE(Y] X))

7 ) (3.14)

with V' [E (Y| X;)] being the variance of the conditional expected value of Y with respect
to X; and V (Y) is the unconditional variance of Y.

Accounting for the first-order effect of the input X; added to all of its higher-order effects
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due to interactions with other parameters, the total effect sensitivity index (Sr;) is given
by
EV (Y] X)) VIE(Y][Xi)]

Sti = V) =1- 7Y (3.15)

where X _; denotes all the input parameters but X; [29]. The total effect index Sy; is
used to estimate how much the variation in the input parameters X; contributes to the
variation in the output. In other words, it is equal to the total value of the first-order

term in addition to all high-order terms [93].
STi:Si+Si7~i:1—S~i (316)

The difference between S7; and .S; represents a measure of how much X; interacts with
other input parameters.

Saltelli [32] developed a method to calculate the first order and total effect indices with
disregarding the second effect of Sobol’ method. Two independent sampling matrices A
and B of dimension (N X k) are generated, where NN is called a base sample and £ is the
number of input parameters. Afterwards, a matrix B() is defined with entries from B
except the ¢ —th column, which is taken from A. Once generated, the model output can
be calculated for the matrices A, B, and BX) with total computational cost of N(k+2).
The approximated unconditional variance, conditional variance with respect to X;, and

conditional variance of all inputs but X, are given by

- %ﬁ: ( ) 2 (3.17)
VIE(Y| X)) i <B(Z> g2 (3.18)

VIE(Y|X.,) = i (B“) g2 (3.19)
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with

1 N
fo= g f (&), (3:20)

3.3.2.4. Extended Fourier Amplitude Sensitivity Test (EFAST)

Classical Fourier amplitude sensitivity test (FAST) is a variance-based method for
sensitivity analysis first presented by Cukier et al. [35]. It transforms a k-dimensional
integral into a one-dimensional integral by using a set of parametric equations. Alt-
hough the classical FAST is limited only to evaluate the first order sensitivity indices,
recently an extension of FAST method (EFAST) was proposed to evaluate also the total-
effect sensitivity index by [36]. For the input parameter X, the transformation (search)

function is

1 1
X, =F! (5 + —arcesin (sin (w;s + gol))> (3.21)
T

where F~! is the inverse CDF, w; is a set of integer frequencies, s is a parametric
variable varying over the range [—m, 7] and ¢; is a random phase-shift chosen uniformly
in the range of (0, 27). Through the derived search function, f (X (s), X2 (s),...X% (5))
is transformed into a periodic function f (s). Whenever ;s are positive integers, the

period is 2m. Consequently f (s) can be expanded into a Fourier series as [96]

Y =/f(s)= Z {A,cos (ns) + Bysin (ns)} (3.22)

n=1

with A, and B, are the Fourier coefficients given by

1 s
A, = 7 /Wf (s) cos (ns) ds o0
1 /" , :
B, = %/Wf(s) sin (ns) ds

and n =1,...,(Ns — 1) /2 with Nj is the size of the sample.
The variance of the model output is approximated by
(Ns—1)/2

V(Y)=2 > (A+B)) (3.24)

n=1
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To evaluate the spectrum A,, and B,,, a certain frequency, w;, for the ¢ — th parameter
and a different frequency w.; for the complementary set including all of the remaining
parameters are assigned. Then, the partial variance V_; (Y) can be estimated for the

fundamental integer frequency w.; and its higher harmonics pw . ;:

M
Vei(Y)=2 (A2, +B, ) (3.25)

p=1

The inference factor M adopted here is set to 4 (usually 4 or 6).
The partial variance V; (Y) is obtained in a similar way. The minimum sample size to be
used is Ny = N, (2Mwyqar + 1), where N, denotes the number of used curves and wi,q,
is the largest frequency among the set of w; frequencies. The first order S; and the total
effect index Sp; are then calculated using Eqgs. (3.14) and (3.15).

3.3.2.5. The PAWN method

Unlike the variance based methods, density-based sensitivity indices are related to the
distribution of the model output rather than its variance. PAWN is a simple approach
proposed recently by Pianosi and Wagener [37] to derive a density-based sensitivity index
considering the CDF of the output. The difference between the unconditional and the
conditional CDF represents the sensitivity of the parameter X;. This difference can be

calculated by Kolmogorov — Smirnov statistic [38] which is denoted here by K S
KS =maz|F(Y)—F (Y| X;)] (3.26)

where F'(Y) and F' (Y] X;) are the unconditional and the conditional CDF approximated
by a sample of size N, and N,., respectively. The unconditional sample is generated
randomly in the space of the inputs; whereas, the conditioned one is achieved by varying
all inputs while setting X; fixed n times. The index T; which can be the maximum or

the median over all the fixed values for the parameter X, is defined as:

T, = stat [KS (X;)] (3.27)

Trial-and-error is proposed to select the value for n, N,, and N., and N, + knN, is
the required total model runs (computational cost) [37]. Even for a small number of
inputs, a prohibitively large number of total model run required when increasing N, in

the order of few thousands to achieve convergence (as will be discussed in Section 3.3.3).
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Table 3.2.: Characteristics summary of the implemented SA methods

Method Computation Cost * Screening/ Parameters
Quantitative interactions

Standardized Regres- N Screening No

sion Coefficients

Regionalized  Sensiti- N Screening No

vity Analysis

Sobol’ N(k+2) Quantitative  Yes

EFAST EN, (2Mwee + 1) Quantitative  Yes

PAWN N, + knN, Quantitative  Yes

Improved PAWN 150 (1 + 10k)+ N (1 + k) Quantitative Yes

@ N : base sample size.
k : number of input parameters.
M and wy,q; : the inference factor and the largest frequency.
N, : and N, : sample sizes to estimate the unconditional and conditional CDF.
n : number of conditioning points.

In this study, we present an improved PAWN method to reduce the computational cost.

It requires the following steps:

e Step 1- The values of N, = N. and n are fixed at a pre-specified small value, e.g.

150 and 10.

e Step 2 - The conditional vector of X which produces the maximum KS is found.

e Step 3- By using the fixed conditional value of X resulted from Step 2, the number

of model runs is increased and the convergence of T; is investigated.

Hence, the input parameter is fixed at one time (n = 1) to calculate the sensitivity index
T; in Eq. (3.27). Since there is only one conditional value, T; will be equal to K.S calcula-
ted from Eq. (3.26). The computational cost is reduced to {150 (1 + 10k) + N (1 + k)}.

3.3.2.6. Summary

A summary of the implemented SA methods is listed in Table 3.2 including the

comparison of their computation cost, the sensitivity category and the ability to deal

with parameters interactions.
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3.3.3. Convergence

The sampling techniques of the SA are based on a random selection of the input
parameters values from its distribution ranges. The total model runs (Sample size) is of
an essential object in determining the different sensitivity indices. For limited samples,
the uncertainties in the estimated sensitivity indices are more pronounced. However, big
samples will be tedious specially for complex models [159]. Hereafter, the proper sample
size is determined by observing the convergence and reproducibility of results. To achieve
convergence, the evolution of sensitivity indices while increasing the computational cost
is investigated. Then, by employing the bootstrap technique [160], the adopted sample
size is resampled with replacement B times, and the indices are calculated for each
resampling. The value of B = 1000 replications is exploited [161], and accordingly, the
distributions and their 95% confidence intervals (CI's) for the sensitivity indices are

obtained, from which the mean values are considered to represent the sensitivity indices.

3.3.4. Uncertainty quantification

The SA determines how the model output uncertainty is affected by the input parameters.
It can define the input parameters that, once fixed, lead to the greatest reduction in
the variance of the output, as well the inputs which have negligible influence on the
output. To evaluate the effectiveness of the SA methods, three parameter sets, have
been constructed: i) Set G1 composed of sample of size 1000 drawn randomly, ii) Set
(G2 is the same as (1 for the non-important parameters, but the important parameters
are fixed to predefined values. iii) Set G3 in which the non-important parameters are
fixed and the important parameters match G1.

The parameters classification as important and non-important is considered proper if
the correlation coefficient between the model outputs of G2 and (G1 is close to zero and
between the model outputs of G3 and G1 is close to one. In this case, plotting the
outputs of G2 in the Y-axis versus G1 in the X-axis will produce a horizontal trend,
while GG3 versus G'1 will produce a linear increasing trend with slope 1. Moreover, the
variation of the output of G1 and G3 are almost the same, but it is considerably lower
for G2.

3.3.5. Surrogate models

Surrogate models, also known as Meta-models, are commonly used to represent the
mechanical models in order to reduce the computational cost. To be built, the mechanical

model needs to be evaluated multiple times considering the PDF of the input parameters.
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Hereafter, the popular polynomial regression method is exploited, where the mechani-
cal model is approximated by linear (LR), quadratic (QR) and quadratic with mixed
term (QMR) polynomial regression models with basic function Z = [ X1, Xo, ..., X,
X2, X3, ..., X}, X1 Xo, ..., X} 1 X, ]. The SA is done based on the surrogate model.
Let Y be the linear polynomial regression approximation of the response of the mecha-
nical model Y and let X = (Xj, Xs,..., X)) be the input parameters with the basic
function Z = [X3, X, ..., X|. Then Y can be expressed by

k
Y =5+ Z BiX; + e (3.28)
i=1

where 3 is the regression coefficient vector and e is the residual error term that is the
difference between the actual values for mechanical model Y and the values estimated
by regression model Y. The vector B is estimated by minimizing the sum of residual

squares |26]:

B= X" x| X" v (329)

The higher order regression approaches, i.e. QR and QMR are constructed in similar
manner.
To describe how well the surrogate model can represents the mechanical model, the

coefficient of determination (R?) is evaluated by

>_q_ 5%
R =1 (3.30)
with
SSp = (Y—?)T(Y—?); SSy = (Y -7)" (Y -Y) (3.31)

where Y is the the mean value of Y.
The closer R? to one, the better the surrogate model performance.
To account for the number of training points, N, as well the number of regression

coefficients (kg), the adjusted coefficient of determination (RZ) is presented

R N -1

P2
adi Nk (1-R?) (3.32)
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Table 3.3.: R? and dej values for the surrogate models.

Surrogate model R? R?

adj
Linear regression (LR) 0.872 0.826
Quadratic regression (QR) 0.897 0.860

Quadratic with mixed term (QMR) 0.934 0.910

If N is significantly larger than kg, both coefficients will be equal.
Once built with accepted R?, surrogate models are exploited to perform the SA instead

of the mechanical model.

3.4. Results

3.4.1. Simulation results of Phase-field model

As detailed in Section 3.2, a total of six input parameters has been used to predict
the fracture toughness of PNCs using phase-field model. Exemplary, for a randomly
selected sample, the contour plots of the phase filed model (i.e. the crack propagation)
at different load steps are illustrated in Figs. 3.2a to 3.2c. The corresponding load
displacement curve is shown in Fig. 3.2d.

20,512 elements were used for this sample, and the CPU time is about 22,830 seconds
(6.34 hours.) on a 4 x Twelve-Core AMD Opteron™ Processor of HP ProLiant DL585
G7 system.

As an alternative approximation for the response of the mechanical model, the surro-
gate models were constructed based on LR, QR and QMR regression. First, the samples
were generated based on LHS, and the fracture toughness were calculated using the me-
chanical model. Then, the R? values were evaluated. Fig. 3.3 illustrates the R? values
versus the size of samples. The stochastic convergence is assumed at a sample size of
10%. At this size, the corresponding estimated R* and R, are shown in Table 3.3. The

R? values are 0.872, 0.897, and 0.934 for LR, QR, and QMR, respectively, indicating

that the surrogate models are good approximations of the mechanical model response.

Fig. 3.4 presents a scatter plots depicting the predicted outputs of the mechanical
model against all the input parameters. The matrix Young’s modulus is clearly the most

influential parameter.
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(a) step a (b) step b

Step b

Step ¢

0 - ®
0 1000 2000 3000 4000 5000
Displacement (nm)

(d) Load displacement curve.
Figure 3.2.: Contour plots and load displacement curve of randomly selected sample (No. of
elements=20,512, job time= 22,830 seconds). SDV refers to the phase filed parameter (¢) with

0.0 and 1.0 indicate, respectively, to non damaged and totally damaged elements. For color
version of this figure, the reader is referred to the web version of this article.

3.4.2. Uncertainty Analysis

The histogram for the data distribution of the mechanical model output and the
assumed probability distribution functions are shown in Fig. 3.5. The mean value of the
fracture toughness is 869.76 KPa.,/m and its coefficient of variation (COV) is 15.39%
(Table 3.4). Three different distributions are assumed to represent K., i.e. Normal, Log-
normal, and Weibull, and the parameters of these distributions are included in Table 3.5.
The distribution is chosen as a goodness-of-fit of the data, when its cumulative probabi-
lity plot has the least deviations [162]. In other words, the best fitted distribution of the
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Figure 3.3.: The plot of R? versus the number of model simualtions (sample size, N).

data is the distribution with the least sum of residual squares (SSg). The cumulative
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Figure 3.5.: Histogram of the mechanical Figure 3.6.: Cumulative probability plots

output and the assumed probability density for different types of distributions.
functions.

probability plots are depicted in Fig. 3.6, whereas Table 3.5 lists the computed SSg
values. Obviously, the Weibull PDF provides the highest error (SSg = 0.191), while the
Normal and Log-normal probability are good approximations with almost the same SSg

equal to 0.077 and 0.075, respectively.

3.4.3. Sensitivity Analysis

According to Section 3.4.1, the highest R? is obtained by QDR surrogate model.

Consequently, it will be utilized to approximate the output of the mechanical model in

Table 3.4.: Mean, Standard deviation, and COV of the Output.

Output Mean Standard deviation COV
K. (KPa../m) 869.76 133.838 15.39%

Table 3.5.: Uncertainties of mechanical output using the assumed distributions.

Normal PDF Log-normal PDF Weibull PDF
Parameter 1 Mean Mean Scale parameter
869.76 6.75 922.86
Parameter 2 Standard deviation Standard deviation Shape parameter
133.88 0.16 8.01
Error (SSg) 0.077 0.075 0.191

89



3.4 Results

> ‘/f+ Acl_k Te— Eg=—E0-G; %Vf% Acl_k Te— E = Emw—G]m
08 -\__k././'\._./\/'\-—-‘-—w 08
06 06 AN N N WS N
&)
= S
0.4 /ng@%%@w 0.4
& PN
o2l o000 0e o000,
0 1 ' ' ;;e 0 2 €
0 500 1000 1500 2000 0 1000 2000 3000 4000 5000 6000
Total Model Runs Total Model Runs
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Table 3.6.: Sensitivity indices based on SRCs method.
Input parameters SRC; 95% CI Rank

V; 0.392  (0.392,0.393) 2
Ay 0.039  (0.038,0.039) 5
T 0.028 (0.027,0.029) 6
Ey 0.057  (0.056,0.057) 4
Ep, 0.833  (0.832,0.833) 1
Grm 0.230 (0.230,0.231) 3

the following SA methods.

Different base sample sizes, N, have been compared as shown in Fig. 3.7 to evaluate
SRCs. Clearly, 1,200 model run evaluated by the QDR surrogate model for each in-
dependent replica can be sufficient to obtain stable sensitivity indices. For this sample
size, the converged SRC's, 95% Cls, and the rankings estimated based on the bootstrap
technique are listed in Table 3.6. The most important parameter is the Young’s modulus
of the matrix (E,,) with SRC = 0.833, while the volume fraction of clay platelets (V)
and the fracture energy of the matrix (Gy,,) have moderate effects with SRC equal to
0.392 and 0.230, respectively. The aspect ratio (Ag), the radius of the curvature (r),
and the Young’s modulus of the clay platelets (FE.) have insignificant effects on the
output.

Fig. 3.8 shows the convergence of the D test of RSA method. It is achieved for a
sample size of 5,000. The calculated indices are listed in Table 3.7. RSA also finds
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FE,, as the most influential input parameter for the fracture toughness with D = 0.632
followed by V; and Gp,,. Though the 95% CI of A, and r. are almost identical, both
of them have negligible effects. In Fig. 3.9, the CDF is represented by dotted lines for

the behavioral set and solid lines for the non-behavioral set. The insignificance of A,

rq, and E., manifests in almost coincided dotted and solid lines.

The total effect sensitivity indices (St) of Sobol’ method converge at a base sample
size around 5,500 which is equivalent to 44,000(=5,500(6+2)) total model runs for each

Table 3.7.: Sensitivity indices based on RSA method.

Input parameters D, 95% CI Rank
v 0.205 (0.294,0.295) 2
Ay 0.047 (0.046,0.048) 4
ro 0.046 (0.045,0.047) 5
B 0.041 (0.040,0.042) 6
E,, 0.632 (0.631,0.632) 1
Ginm 0.189 (0.188,0.189) 3
D =0.295 D =0.047
1 = 1
05 . 05
S s s 5 100 200 300 400
Vf Acl

500

0 500

1000

Tel

D =0.632

300

Figure 3.9.: The CDF of the behavioral (dotted line) set and non-behavioral set (solid line)

for the input parameters.

91

100 200
Glm

300



3.4 Results

%Vf%Acl_krdiEcl_kEnﬁfclm L\ K
0.8 BEKS,
’ 0.8
W y
[ Ny
< ]
06 = 06 §
= = .
©n = %
z H
= <0
0.4 'z 0.4 ’:‘:
g I‘ﬁ
[%5) <3
N
%
0.2 WW 0.2 H
N - L~ O \ K
& & © '0/0 & S e H .
0 A /m o — - :::
0 15,000 30,000 45,000 0 B
Total Model Runs Vi Aq  Td  Eq  En Gm
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hod. sensitivity indices of Sobol” method.

independent replica (see Fig. 3.10). For non-influential factors, the negative signs appear
due to numerical errors in the estimations. The total effect and first-order indices are
given in Fig. 3.11. Table 3.8 contains the total and main effect indices and its 95% CIs.
The ranking in the last column is based on the total effect, and apparently F,, outranks
all other parameters, followed by V¢, and Gy,,,. There are no overlaps between their 95%
CIs unlike the remaining insignificant parameters; A, 7y , and E,. The results of Sy
were 0.712, 0.168, and 0.113 for £,,, V}, and Gy, respectively. Whereas the main effect
of these parameters constitutes 94.4% (= 0.694-+0.15740.093) of the total variation of
the output. The effects of the parameters interactions (Sp; — S;) are almost negligible

indicating no interactions between input parameters.

For the EFAST method, we have selected N, = 10 which makes the convergence
more stable. Fig. 3.12 shows the convergence of Sy. Compared to Sobol’ method, the

Table 3.8.: Sensitivity indices based on Sobol’ method.

Input Total Effect Main Effect Rank
parameters Sti 95% CI S; 95% CI

Vi 0.168 (0.165,0.172) 0.157 (0.155,0.158) 2

Ay 0.018 (0.014,0.021) 0.007 (0.005,0.009) 5

Tel 0.010 (0.007,0.014) 0.004 (0.002,0.006) 6

E, 0.022 (0.018,0.025) 0.003 (0.002,0.005) 4
E,, 0.712 (0.709,0.715) 0.694 (0.693,0.696) 1
Grm 0.113 (0.109,0.116) 0.093 (0.091,0.094) 3
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Figure 3.12.: Convergence of EFAST Figure 3.13.: First-order and total-effect
method. sensitivity indices of EFAST method.

total effects of the inputs can be estimated quite reliably for a smaller number of model
runs. The convergence is achieved at 19,260 total model runs for maximum frequency,
Wmaz = 40 . The computed total and first-order indices after bootstrapping are included
in Fig. 3.13 and Table 3.9.

The calculations of the PAWN method were carried out using the Safe Matlab tool-
box [163]. The number of conditioning values, n, for each parameter are set to be
10, while N, and N, are both set equal to 150. Fig. 3.14 displays the Kolmogorov —
Smarnov statistic, K.S, for the 10 different conditioning values that were sampled from
the space of variation for each of X;. The dashed horizontal line at K.S = 0.157 is the
critical value of K'S considering the confidence level o = 0.05 [137]. At this significance
level, all the values of K'S for A, r., and E,; are below the critical XS, which confirms

that they are non-influential parameters.

Table 3.9.: Sensitivity indices based on EFAST method.

Input Total Effect Main Effect Rank
parameters Sti 95% CI S; 95% CI

Vi 0.180 (0.179,0.181) 0.158 (0.157,0.159) 2

Ay 0.037 (0.037,0.038) 0.006 (0.006,0.006) 6

Tel 0.041 (0.040,0.042) 0.003 (0.002,0.003) 5

E, 0.058 (0.057,0.059) 0.006 (0.006,0.006) 4
E,, 0.741 (0.740,0.743) 0.677 (0.675,0.679) 1
Grm 0.121 (0.120,0.122) 0.081 (0.081,0.082) 3
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Figure 3.14.: Kolmogorov — Smirnov statistic (KS) at different conditioning values of X
(n = 10).

Based on the median statistic, Fig. 3.15a displays the convergence of the PAWN indices
with increasing the total model runs. The ranking of the parameters are clear but the
T index of E,, does not converge to a specific value. When considering the maximum
statistic (Fig. 3.15b), the T indices highly fluctuate even for a large sample size.

The maximum K.S occurs at the left margin for G, whereas it occurs at left and right
margins for V; and F,, ranges as shown in Fig. 3.14. Thus, the vector of the conditional
values in our improved PAWN approach will be X = { 0.5,200, 1000, 178, 1.96, 100 }.
Fig. 3.15¢ displays the convergence of the 7" indices. Obviously, the 7" indices of the
improved PAWN converge faster.

For N = N, = N, = 1100, the required model runs for both PAWN methods (based on
median and maximum statistic) are equal 67,100, while the improved PAWN approach
needs only 16,850 model runs. Table 3.10 includes the average sensitivity indices (7'),
the 95% CIs, and the rankings: FE,, has the highest sensitivity index equal to 0.355,
0.742, and 0.733 based on median statistic, maximum statistic, and improved appro-
ach, respectively. Similar to the previous SA methods, V; lies in the second position

in ranking based on the median statistic, whereas it is in the third position based on
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the maximum statistic and improved approach. Also the ranking of the insignificant

parameters changed.
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Figure 3.15.: Convergence of PAWN method.
Table 3.10.: Sensitivity indices based on PAWN method.
Input Median statistic Maximum statistic Improved approach ~ Rank®
parameters T 95% CI T 95% CI T 95% CI
Vi 0.165 (0.165, 0.166) 0.321 (0.320,0.323) 0.336 (0.335,0.337) 3
Au 0.037 (0.037,0.037)  0.092 (0.090,0.095)  0.127 (0.126,0.127) 4
Tel 0.038  (0.038, 0.038) 0.071  (0.069,0.072) 0.065 (0.064,0.065) 6
FE. 0.046 (0.046, 0.046) 0.105 (0.103,0.106) 0.094 (0.094,0.095) 5
E., 0.354 (0.353, 0.355) 0.749  (0.744,0.754) 0.732 (0.732,0.733) 1
Grm 0.100 (0.099, 0.100) 0.367 (0.358,0.375) 0.628 (0.628,0.629) 2

®The rank is based on the Total Improved approach
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Across the various applied SA methods, we can conclude that the matrix Young’s mo-
dulus was the most influencing parameter followed by the clay platelets volume fraction
and the matrix fracture energy. Within this context, it is worth to restate that we assu-
med a rigid connection between the clay reinforcement and the polymer matrix. Though,
the extent of the impact of clay/polymer interface is principally influenced by the ma-
nufacturing techniques as well the curing process. Thereby, a strong or week interface
bond can be achieved [164]. Accordingly, in the future, we will construct a phase model
considering an interphase zone surrounding the clay platelets. The influence of the size
and properties of this zone will be quantified by replicating the approach outlined in this
study.

In summary:

e The SRCs and RSA methods qualitatively determined the significant input para-
meters with few model runs (1,200 and 5,00).

e At higher computational cost, the quantitative methods of Sobol’ and EFAST mea-
sured the impact of main and total effect of the inputs on the variance of the model
output. However, the Sobol’ method required about two times model runs more
than EFAST method.

e The required time for Sobol’ method was about 5068.5 seconds (1.42 hours) consi-
dering the QMR surrogate model, which is much lower than the required time to

run one mechanical model sample.

e The classical PAWN method that is based on median and maximum statistic requi-

red considerable cost, while the improved PAWN showed a faster convergence.

e The improved PAWN showed a faster convergence in comparison to the classical
PAWN.

e Similar classification of the parameters importancy can be drawn as a general fin-

ding.

3.4.4. Quantifying the uncertainty in the fracture toughness of

PNCs
According to the results of the SA approaches implemented in this study, the input
parameters are classified into two groups: important and non-important parameters.

The first group includes: FE,,, Vy, and G, while the second includes: A, 7, and Ey.
A Set G1 of size 1000 was randomly generated by LHS (see Section 3.3.4). Then Set
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Figure 3.16.: Scatter plot of randomly generated Set, G1, versus fixed important parameters
Set, G2, and non-important parameters, G3.

Table 3.11.: Standard deviation and
COV of G1, G2, and G3.

Set Standard deviation COV

G1 146.54 16.82%
G2 17.60 1.97%
G3 143.70 16.34%

G2 was formed with the same as Set G1 but the parameters E,,, V;, and G, were
fixed at 2.85 GPa, 2.75%, and 220 J/m?, respectively. Contrary, Set G3 was formed
by fixing A, , ry, and E, at any point of their variation range, for example 300 nm,
500 nm, and 221.5 GPa. The scatter of the outputs of Set G2 and Set (G3 against Set
G1 are displayed in Fig. 3.16. When fixing parameters that are correctly classified as
significant as in Set G2, the scatter shows a horizontal trend (Fig. 3.16a), whereas fixing
the insignificant parameters results in linear correlation as in Fig. 3.16b. To assess the
loss in variability when fixing the parameters, Table 3.11 lists the standard deviation
and COV of the three sets. The COV was considerably reduced from 16.82% for Set G'1
to 1.97% for Set G2, but it remains almost the same in Set G3 (16.34%). Obviously, the

SA methods used in this research were robust in classifying the parameters.

3.5. Conclusion

In this paper, the fracture toughness of PNCs was predicted based on a fine-scale phase-

field model accounting for the following input parameters: the volume fraction of clay
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platelets, the aspect ratio of the clay, the radius of curvature of the clay, the Young’s
modulus of the clay, the Young’s modulus of the matrix, and its fracture energy. The
uncertainty quantification and prediction of uncertainties in the output are done based
on the QMR surrogate model that replicates the output of the mechanical model with
coefficient of determination, R?, equal to 0.934. Five different SA methods were perfor-
med to estimate the influence of the input parameters on the output. These methods
were: i) Standardized Regression Coefficients, ii) Regionalized Sensitivity Analysis, iii)
Sobol’ Method, iv) EFAST method, and v) PAWN method. We also presented an im-
provement on the PAWN method that reduces the computational cost. The convergence
and reproducibility of the sensitivity indices were achieved through the bootstrapping
technique. Moreover, comparison and evaluation of the efficiency, robustness, and repe-
atability of the five SA methods were presented. Almost identical results were produced
by the different methods implying the reliability of the implemented SA. All methods
revealed that the aspect ratio, the radius of curvature, and the Young’s modulus of the
clay have negligible effects on the output with different ranking position. The matrix
Young’s modulus was the most significant parameter, followed by the volume fraction
of clay and the fracture energy of the matrix. The latter two parameters swap their
ranking in the second and the third position only for the PAWN method. Fixing the
important parameters resulted in reducing the COV from 16.82% to 1.97%.
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Chapter 4

Fracture toughness of polymeric parti-
cle nanocomposites: Evaluation of Mo-

dels performance using Bayesian met-
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4.1 Introduction
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4.1. Introduction

Polymeric nanocomposites (PNCs) are commonly formed by an epoxy matrix reinfor-
ced with a nanosized filler. Due to its inherent characteristic of high crosslink den-
sity, an epoxy polymer is known to be a relatively brittle material [140]. Nanofillers
have shown great improvements in the physical and mechanical properties of epoxy-
reinforced PNCs. Specifically, they have increased the fracture toughness compared
to pristine epoxy. PNCs have numerous applications in nanotechnology such as: nano-
biotechnology, nano-systems, nanoelectronics, and nano-structured materials. Generally,
there are three categories of fillers: nanoparticles, nanoplatelet (layered), and nanofi-
brous materials. For this scale, the surface area - to - volume ratio is significantly
large. Therefore, the composite properties are highly modified due to the extreme in-
terfacial area between the nanofiller and the matrix [1]. Several experiments have been
carried out in order to study the fracture behavior of polymer /particle nanocomposites
( [51-53,55-57,59, 60, 62, 65| among others). On the other hand, researchers develo-
ped numerical and analytical methods to get a better understanding of nanocomposite
material behavior. A close form formula of energy dissipation due to the interfacial
debonding between the particles and matrix was given by Chen et al. [70] considering
the effect of particle sizes. Although, the increased fracture energy of rubber-toughened
epoxy polymers was calculated by Huang and Kinloch [2], the model has been modified
for PNCs by [51,53,56]. The improvement in the fracture toughness was attributed to
two major mechanisms: localized plastic shear banding and debonding of silica nano-
particles. Further experimental studies also have implied this supposition [54,58, 165].
According to the assumption of Williams [3], the energy dissipation is induced by the gro-
wth of plastic voids around debonded particles. The author concluded a large toughness
increase for nanosize particles. Later, his work has been extended to cylindrical rods
and fibres [66,72|. Quaresimin et al. [4] proposed a multiscale approach to predict the
overall increase in the fracture toughness taking into account three different damage
mechanisms: particle debonding, plastic yielding of nanovoids, and shear banding of the
polymer. Based on experimental data gathered from the literature, a stochastic appro-
ach has been presented to predict the fracture energy of PNCs by [156].

In general, all models inherently underlie an amount of uncertainties which can be rela-
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Figure 4.1.: Variation in model, parameter, and total uncertainties with respect to the number
of parameters according to [41] .

ted to the model itself and/or its input parameters. The former might be caused by the
simplifications of the physical behavior, while the latter can be related to the number
and the stochastic variance of the input parameters. Better predictions and the sub-
sequent decrease in the model uncertainty are expected by introducing more factors in
the model (increasing the model complexity). However, the parameters uncertainties
become more dominant in this case. In light of this, the model with minimum total
uncertainty is the most appropriate model, see Fig. 4.1 [41].

In recent years, Bayesian method has been introduced as an effective tool for evaluating
models considering the model and parameters uncertainties based on measurements as
reference data [42-45].

This paper is the first attempt to consider the model and parameters uncertainties in
the assessment of the models used for the prediction of the fracture energy of PNCs. It
aims at presenting a methodology to evaluate three different analytical models by using
the Bayesian method. In particular, Huang and Kinloch model [2]|, Williams model [3],
and the model according Quaresimin et al. [4] are examined. The purpose of the study
is not to give a general recommendation which of the three model to use, but to evaluate
their performance with respect to experimentally tested data series. The assessment
is carried out based on different reference data (experimental measurements) gathered
from the literature [51-53, 5557, 59, 60, 62, 65]. Nevertheless, the same methodology
can be applied to evaluate the three models based on other measurements. The prior
probabilities are first estimated considering the uncertainties in the parameters. Then
we find the optimum parameter set which results in best fit of models prognoses and in
consequence the coefficient of variation of the models predictions to the measurements

are estimated. Eventually, the model selection probability is calculated.
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The remainder of this paper is organized as follows.. In Section 4.2, the considered
models are briefly described. Section 4.3 presents the method for evaluating the models.

Finally, the conclusion of this research is presented in Section 4.4.

4.2. Models for predicting the fracture properties of
PNCs

Three existing models were chosen to be evaluated; the model of Huang and Kinloch
[2], the model of Williams [3|, and the model of Quaresimin et al. [4]. Hereafter, they
are abbreviated by M;, Ms, and M3, respectively. These models have been selected due
to their popularity and their applicability to different experimental studies. Moreover,
they produce explicit predictions of the enhanced fracture energy of PNCs. Regarding
the different theory and mechanism assumed, each of them has its own input parameters
in addition to the joint parameters. Table 4.1 includes the definitions of the parameters
and their stochastic variation. The uniform distribution was assumed for the parameters
uncertainty. The upper and the lower limits of distributions were mostly proposed

according to our previous studies [156, 166].

4.2.1. Huang and Kinloch

The model according to Huang and Kinloch [2] was first developed for the toughening
mechanisms of rubber-modified epoxy polymers and more recently it has been modified
for PNCs [51,53,56]. The localized plastic shear banding and debonding of nanoparticles
which enable plastic void growth of the epoxy matrix are the two terms that taking part
in the overall enhancement in the fracture toughness of PNCs, while rubber-bridging

mechanism was disregarded. These two mechanisms are demonstrated in Fig. 4.2.

The improved fracture energy of PNCs, Gy, is expressed as
Gre = G + AGs + AG, (4.1)

where G, is the fracture energy of the matrix, and AG, and AG, are the contribution
from the localized shear banding and the plastic void growth, respectively.

The term AG, is given by

1
AG, = §Vf0y6’7fpl (ry) (4.2)
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Table 4.1.: The definitions of models’ parameters

Parameter Symbol Unit  Limits Models *
[lower,upper|

The volume fraction of the nano-filler V; % [0.5,10] All

The average diameter of the nano- d, nm  [10,80] All

particles

The elastic modulus (The Young’s mo- FE,, GPa [2.4,3.6] All

dulus) of the matrix

The fracture energy of the matrix Grm J/m?  [40,500] All

The yield strength of the matrix Tym MPa  [70,120] All

The Poisson’s ratio of the matrix U, - [0.33,0.37] All

The shear fracture strain of the matrix 7, - [0.70,0.75] My, M;

The pressure dependency material i, - [0.175,0.225] My, M3

constant (pressure coefficient)

The matrix maximum stress concen- K, - [2.10,2.25] M,

tration factor of the von Mises stress

The average diameter of voids around d, nm  [25,120] M,

nanoparticles

The percentage of the debonded parti- Vy, % [10,18] M,

cles

The interfacial debonding energy G, J/m? [0.01,1.5] My, M

The shear yielding stress of the matrix 7, MPa  [40,70] M

The thickness of the interphase t nm [1,4] M;3

The ratio of the shear elastic modulus - [0.1,2.0] M

of the interphase to the shear elastic
modulus of the matrix

®My, Ms, and M3 refer to Huang and Kinloch model, Williams model, and Quaresimin et al. model,
respectively.

where V} is the volume fraction of the nano-filler, vy, is the matrix shear fracture strain,
and oy is the yield stress of the epoxy matrix under compression, which related to the

tensile yield stress, oy, by [57]

B V34 i
Tye = Oym <7\/§ - Mm> (4.3)
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Figure 4.2.: Representative diagram for the toughening mechanisms of PNCs according to
Huang and Kinloch [2] .

I is a material constant (pressure coefficient).
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The parameter F” (ry) is a geometric term given by |54]
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L —2(1—— — 4.4
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where r, (= dn/2) is the radius of nanoparticles and ry is the radius of the plastic zone

at the crack tip at fracture in the PNCs

2
ry = (1 n ”—\/’%) ryn K2 (4.5)

In Eq. (4.5), rym is radius of the plastic zone of the unmodified epoxy matrix estimated
by Irwin’s model [6] and K, is the maximum stress concentration factor of the von
Mises stress in the matrix.

The term AG), is calculated by

2
86, = (1= 52) (Ve = Vig) oy (46)

where Vp, and V, are the volume fraction of voids and the volume fraction of debonded

particles. An expression for (Vp, — V) considering the average volume of the voids (v,)
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and the average volume of nanoparticles (v,) has been proposed by [53,56] as

Vo= Vi) = (22 =1) v (4.7)
As reported in the studies of [51,165], not all of the nanoparticles have been observed to
be debonded. Finite element simulations suggest that around 14% of the particles are
debonded [165]. On this basis, we include a new factor to quantify the percentage of
debonded particles (Vy,). It has been assumed to vary from 10% to 18%. The volume
fraction of debonded particles, Vy, in Eq. (4.7), is substituted by (Vg,)(V7)

Uy

mwwmz(——mew» (48)

Up

4.2.2. Williams

The analysis of Williams [3] has referred the energy dissipation to one basic mecha-
nism; the debonding of nanoparticles which initiate the plastic void growth. At the
first stage the rigid spherical nanoparticles is bonded to the surrounding matrix, and
under tensile stress, the interfacial stress increases until debonding occur. This initiates
the void growth in the matrix. The critical interfacial stress (debonding stress), o, is

approximated by

(4.9)

where (G, is the interfacial debonding energy, and v, is the Poisson’s ratio of the matrix.
If the number of the particles participating in the process is considered to be more than

one, then the fracture energy of the PNCs is
G =G, (Xtvf — 121V ¢ 1) (4.10)

where X, is toughening factor that is characterized by a critical stress ratio factor, x [3].

Both factors are given by

Tr =

Oep 1+ v,
oym [2(1 = V) |’
(14 vp)® [e D 5y, —1

)

21 (1 — vy, 21+ vy

(4.11)
X, =
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Figure 4.3.: 2D representation of of the nanoscale system considered according to Quaresimin
et al. [4].

4.2.3. Quaresimin et al.

A multiscale methodology has been adopted by Quaresimin et al. [4] to describe
the toughening mechanism of PNCs. The authors have considered the interphase zone
surrounding the nanoparticle to account for the interactions between the nanoparti-
cles and the matrix. The adjacent polymer chains are disordered due the addition of
the nanofiller, leading to the formation of interphase zones surrounding the nanoparti-
cles with properties different from that of the bulk matrix. The extent of the impact
of particle/polymer interface is principally influenced by the manufacturing techniques
and the curing processes. The influence of the interphase was studied experimentally
by [167-170| and numerically by [78-80,91].

Through its thickness, the interphase layer was assumed to be homogeneous and isotro-
pic |73]. Fig. 4.3 displays the system considered at the nanosized scale.

By studying the energy dissipation at the nanoscale, Quaresimin and co-workers indi-
ated that the overall fracture toughness of the nanocomposite is composed of three
damaging mechanisms: (i) particle debonding, (ii) plastic yielding of nanovoids, and
(iii) shear banding of the polymer |73-75].

The term of toughness improvement due to the debonding of nanoparticle is expressed
by

(4.12)

v, and E, being the Poisson’s ratio and the elastic modulus of the nanocomposite, re-

spectively. In this study, v, was set equal to the matrix Poisson’s ratio, v,, while E, was
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calculated by the Hashin-Shtrikman solution developed in [171]. The debonding stress,
0., and the reciprocal of the hydrostatic part of the global stress concentration tensor,
C}, depend on the nanoparticle radius, the interphase thickness, and the matrix and
interphase elastic properties [73].

The part of the fracture toughness enhancement caused by the plastic yielding of nano-
voids is |74]

_ 4 E(+u)(tvn)om(a 3(1_”5’?1)6(3%%1) (4.13)
W 9rCh B 1-ve 0w \m |

where o, is the yield stress of the interphase, and a is the external interphase radius
(see Fig. 4.3).
The third part, the improvement due to the formation of localised plastic shear bands,
is
ISB Ec
dro2 (1 V3) =2
M0 yea ( - :um/ ) ¢

Ugp = (4.14)

Isp is referring to the stress concentration around the nanoparticles, o,. being the
interphase yielding stress under compression, and I is quantifying the energy produced
at the nanoscale. The shear yielding stress of the matrix, 7,,,, in addition to V¢, v, a,
and r,, are required to calculate I', while Igp is a function of v., ,,, Cp, and H,y (the
deviatoric component of the global stress concentration tensor) [75].

Eventually, the total fracture energy of PNCs is calculated by

Glm

Gr.=
11—V (W + Uy, + Usp)

(4.15)

The condition: Vi (W4, + ¥,, + Ysp) < 1, is essential for the applicability of the model
in Eq. (4.15). Other values will produce meaningless results. This limits the applicability
of the model in determining the fracture energy of PNCs reinforced by small fractions

of nanofiller.

4.2.4. Discussion

Although, the model of Huang and Kinloch [2] accounts for the main damaging me-
chanisms, it is based on some simplifying assumptions. The knowledge of the increased
volume fraction of voids (Vy, — V) is required to evaluate the energy contribution from

void-growth mechanism, AG, (see Eq. (4.6)). The values for the volume fraction of
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voids, Vy,, and the volume fraction of debonded particles, Vy,, can be measured ex-
perimentally using for instance electron micrographs. Instead, based on the expression
proposed in [53,56], we introduced a new uncertain parameter to quantify the percentage
of debonded particles (Vy,). The proposed formula for (Vy, — V) is shown in Eq. (4.8).
On the other hand, the model of Williams [3| assumes that the void growth around
debonded particles is the only dominant energy dissipation mechanism. His analysis
was based on the energy balance concept around a single nanoparticle and assuming the
absence of particle-to-particle interaction. In turn, the effect of aggregation was ignored.
A similar assumption, i.e. the absence of particle-to-particle interaction, was considered
in the model of Quaresimin et al. [4]. However, three damaging mechanisms through
multiscale modelling and the effect of the interphase zone were taken into account.

It is widely acknowledged that the nanofillers intend to agglomerate in nanocomposites.
This may limit the applicability of the models of Williams [3] and Quaresimin et al. [4]
to PNCs with a low volume fraction of fillers. However, since the most important merit
of the PNCs is substantial improvements in the fracture toughness at low filler content,

this is not a short-coming of the above mentioned models.

4.3. Assessment of PNCs fracture models using

Bayesian method

The Model selection refers to the problem of selecting one model from a list of
candidate models based on available data. The Bayes’ rule of statistics has motivated [46]
to develop the Bayesian approach for model selection by incorporating the different
sources of uncertainties based on response measurements (reference data), D. The model
selection probability is represented by the conditional probability of the model M; given
the reference data D. It can be calculated by

P (D| M;) P(M;)

POLD) = S~ 5Ty PO (4.16)

where P(M;) is the prior probability of M; which is based on the user’s judgment on the
initial plausibility of the models. The data-dependent term P (D] M;) is the evidence
of M;. Tt defines the probability that the measurements of reference data D being
represented by the predictions of the model M;. Making use of the theorem of total
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4.3 Assessment of PNCs fracture models using Bayesian method

probability, the evidence can be calculated by [46]

where P (D] X;, M;) is the likelihood function and P (X;| M;) is the prior probability of
the input parameters.

The likelihood is the joint conditional probability of the reference data, D, given the
input parameters, X;. It measures how the model fit the data. A higher likelihood
factor corresponds to better fit of M; to D. The prior probability of the input parame-
ters characterizes what is known about the parameters before any actual observation or
modeling being considered. In the presence of measurements and model predictions, the
prior probability is updated to posterior probability [47].

Assuming that the posterior probability of the parameters is approximated by a Gaus-
sian distribution, the Laplace’s method for asymptotic approximation can be applied to

estimate the evidence as [4§]
; 5 5 -3
P(D|M,) = P (D| X, Mi> P (Xi| M,) [| H (X) /27r|} (4.18)

where X; is the optimal parameter set that maximize the posterior probability and H (XZ)
is the Hessian matrix of —In [P (D| X;, M;) P (X;| M;)] with respect to X; calculated at
X;. The models are compared according to their model selection probability calculated
in Eq. (4.16). The model with the largest probability is the optimum one.

In the present work, the models of predicting the fracture energy of PNCs were evalua-
ted. We considered the model of Huang and Kinloch [2] (M), the model of Williams [3]
(M), and the model of Quaresimin et al. [4] (M3), which were described in Section 4.2.
The prior probabilities of these models were assumed to be equal, i.e. P(M;)= P(Ms)
= P(M3)=1/3.

Thanks to the uniform distribution assumed for the input parameters, the prior pro-
babilities of the model parameters, P (X;| M;), are constant disregarding the value of
the parameter. The input parameters V;,d,, F,, and Gp,, were fixed as determinis-
tic parameters, while we calculated the most probable value (optimal parameter va-
lue), which realized the best fit of the model predictions to the measurements, for the
remaining parameters. Different experimental measurements gathered from the litera-
ture [51-53,55-57,59,60,62,65] have been utilized as reference data. For each, Table 4.2

shows the values of the calculated optimal parameter set.
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4.3 Assessment of PNCs fracture models using Bayesian method

Interestingly, the incorporation of the parameter Vy, in M; has enhanced the model
predictions to fit the measurements. By the finite-element analysis of [138], the value
of the maximum stress concentration for the von Mises stresses around a void, K,
was estimated to be 2.22 for a matrix of elastic modulus equal 3.2 GPa which agrees
well with the optimal values obtained in this study. The interfacial debonding energy,
(G, increases as the diameter of the nanofiller increases. Its optimal values were in the
range of [0.184,1.360] and [0.010,0.046] for M, and Ms, respectively. Similar values of
G, for My were reported in [3] and [66]. The high value of these results may be explai-
ned by assuming that the optimal values of G, were reduplicated since the total energy
dissipation in Ms was attributed only to one mechanism. Based on this, the probability
distribution of G, can be updated to a uniform distribution in the range of [0.1, 1.5] for
Ms and [0.01,0.1] for Mj. The elastic property of the interphase was stiffer than that
of the matrix in the measurements; Do and Dp; (x = 1.162 and 1.231, respectively),
whereas the matrix showed stiffer elasticity in the remaining measurements.

Exploiting the optimal parameter sets, the models predictions versus the nanofiller vo-
lume fraction are depicted in Fig. 4.4. Obviously, M, and Mj3 mostly have a similar

ascending trend but it differs slightly from M;.

The model uncertainty can be demonstrated by the differences between the predicti-

ons and the measurements. This uncertainty is measured by the coefficient of variation
(cv).

Nj
CVyy = D% 7 - le (D = Yim)? (4.19)
where D; and N, are the mean value and the number of the individual experiments
of the j reference data, D,, is the the measured value, and Y}, is the corresponding
predicted value of the model M;.

The C'V values for My, Ms, and M3 are shown in Fig. 4.5. Except of the measurements:
Dg, D11, D19, and D3, M; shows better performance compared to M, and M;, where
its C'V values are the least. The predictions of M, have the lowest discrepancies from
the measurements of Dy, D9, and Di3. M;z produces the best fit predictions in the

measurements of Dg only.

When considering both the model and parameters uncertainties in the evaluation,
M; outperforms M, and Mj for all the different measurements. It has significantly
higher model selection probability, P (M;| D) (See Table 4.3). It can be concluded that
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Table 4.2.: The values of the input parameters used in the assessment of the models

Reference  All models® Mb Mob MsP
Data dn Em Oym Vm Ym Lm Kym dy Vap Oym Vm Ga Oym Vm Ga Ym Lm Tym t X
nm GPa MPa - - - - nm % MPa - J/m? MPa - J/m? - - MPa nm -
D, [65] 20 3.20 71.6 0.35 0.732 0.194 2.227 37.7 14.1 72.3 0.36  0.287 85.1 0.36 0.015 0.722 0.184 66.0 3.00 0.882
D5 [65] 20 3.20 115.8 0.36  0.740 0.203 2.216 43.5 11.4 80.0 0.36 0.309 77.6 0.35 0.011 0.746 0.197 52,9 226 0.788
D3 |52] 12 3.53 80.5 0.33  0.728 0.206 2.236 25.5 104 76.9 0.36  0.184 81.4 0.34 0.013 0.730 0.204 67.3 224 0.644
Dy |52] 20 3.53 107.1 0.34 0.730 0.192 2180 25.5 10.3 86.5 0.36  0.289 110.4 0.34 0.016 0.747 0.184 69.6 1.95 0.670
Ds [52] 40 3.53 1184 0.34 0.704 0.177 2.108 45.0 13.2 82.7 0.36 0.473 97.0 0.36 0.015 0.727 0.214 59.0 290 0.375
Dg |57] 23 3.50 71.6 0.34 0.715 0.210 2.244 25.1 10.8 75.8 0.36  0.250 117.5 0.36 0.010 0.727 0.189 65.1 2.7 0.742
D~ [57] 74 3.50 71.6 0.37 0.745 0.222 2.236 91.2 15.2 75.8 0.35 0.914 110.1  0.34 0.046 0.727 0.188 63.4 2.18  0.447
Dg [55] 20 2.86 1186 0.34 0.704 0.191 2.110 474 16.4 81.7 0.35 0.374 87.2 0.33 0.018 0.713 0.184 68.5 297 0.710
Dy |51] 20 2.96 70.5 0.36 0.737 0.205 2.190 25.7 12.5 80.2 0.35 0.310 1125 0.36 0.011 0.745 0.192 62.6 1.08 0.758
D1 [56] 20 2.41 70.3 0.35 0.747 0.208 2.224 422 14.1 73.5 0.36  0.363 94.8 0.35 0.011 0.710 0.187 67.3 1.32  1.162
D11 [56] 80 241 70.7 0.36 0.730 0.223 2.239 118.8 17.9 71.5 0.37  1.360 88.5 0.34 0.046 0.716 0.184 63.8 1.20 1.231
D12 [62] 25 3.02 1184 0.34 0.704 0.177 2,108 29.8 13.3 81.8 0.34 0.340 109.6 0.34 0.012 0.734 0.203 48.3 391 0.676
D13 [62] 25 2.78 116.7 0.36 0.704 0.181 2.112 56.6 16.7 72.7 0.34 0.383 87.2 0.34 0.010 0.709 0.220 60.2 3.78 0.656
D14 [53] 20 2.96 71.5 0.37 0.741 0.222 2.229 420 13.7 77.4 0.33  0.385 79.0 0.36 0.011 0.708 0.185 50.8 3.43 0.649
D15 [60] 13 2.60 80.6 0.36 0.705 0.181 2.221 35.3 11.1 71.1  0.35 0.224 97.1 0.36 0.010 0.749 0.176 674 283 0.770
D16 [59] 25 3.27 1171 0.33 0.708 0.185 2.204 364 14.9 83.5 0.36 0.322 110.0 0.36  0.011 0.731 0.215 46.4  3.89 0.830

2 The values of d,, and Ej, are obtained from the corresponding references.

b These are the optimal values approximated in the current study.
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Figure 4.4.: Predictions of the models using the optimal parameter set for the different
reference data.

the parameters of M and M3 have steeper posterior probabilities. Significant changes
in their prognoses are expected due to slight variations in the parameters values. One
possible explanation is that the natural exponential relation in Ms and in M5 results in

high values of the determinant of their Hessian matrices.

4.4. Conclusion

Three existing models used for the prediction of the fracture toughness of PNCs
were evaluated. The Bayesian method was employed to quantify the model selection

probabilities of Huang and Kinloch [2] model, Williams [3] model, and Quaresimin et
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Figure 4.5.: The coefficient of variation for the different references data

Table 4.3.: The models selection probability values
for the different reference data

P (M, D)*
Reference Data M, M, M;
D, [65] 0.988 0.000 0.012
Dy [65] 1.000 0.000 0.000
D3 [52] 1.000 0.000 0.000
Dy |52 1.000 0.000 0.000
D5 [52] 0.805 0.000 0.195
Dg  [57] 0.999 0.000 0.001
D; [57] 0.998 0.000 0.002
Ds  [55] 0.998 0.000 0.002
Dy [51] 1.000 0.000 0.000
Dy [56] 0.995 0.000 0.005
Dy [56] 0.744 0.001 0.255
Dy [62] 1.000 0.000 0.000
D3 [62] 1.000 0.000 0.000
Dy, [53] 1.000 0.000 0.000
D5 [60] 1.000 0.000 0.000
Dy [59] 0.997 0.000 0.003

®The probability of selecting the model M;

given the

different reference data calculated by Eq. (4.16).
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4.4 Conclusion

al. [4] model. The model and parameters uncertainties were considered in the assessment
based on the experimental measurements of [51-53,55-57, 59, 60, 62, 65]. The optimal
models predictions with respect to these measurements were obtained using the optimal
parameter sets. In contradiction to the references data of Dg, Dqq, D1, and D;3, the
optimal predictions of Huang and Kinloch model showed better performance compared
to the other two models. However, for all the reference measurements, the model of
Huang and Kinloch showed a distinctly higher model selection probability. On this base,
we can conclude that it is the most robust model with regard to the applied reference

measurements.
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Chapter 5

Stochastic analysis of the fracture toughness
of polymeric nanoparticle composites using

polynomial chaos expansions
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5.1 Introduction

5.1. Introduction

Polymers are considered a promising material in several applications. Adding par-
ticles to the polymer matrix results in major improvements in the properties of the
created composite. Incorporating rigid fillers at the nano-scale has shown an improved
fracture toughness without sacrificing other important thermo-mechanical properties.
Three shapes of nanofillers are commonly used: spherical particles (e.g. silica, alumina
and glass), layered (e.g. clay and graphite) and fibrous materials (nanotubes). Thanks
to the low density and simple fabrication methods, polymeric nanocomposites (PNCs)
have become a popular multifunctional material in numerous nanotechnology applicati-
ons [1].

The remarkable improvement in the properties of the produced composite may be at-
tributed to the large surface area - to - volume ratio of the nanofillers that creates an
extreme interfacial zone between the nanofiller and the surrounding matrix. Due to
the nanofillers, the adjacent polymer chains are disordered forming interphase zones of
different properties surrounding the nanoparticles. The extent of the impact of parti-
cle/polymer interface is principally influenced by the manufacturing techniques and the
curing processes. Studying the nanostructure of composite considering the interphase
effect remains a challenging problem. Experimental investigations of the material at the
nanoscale size are cumbersome, expensive and in some cases impractical. Instead, nu-
merous numerical studies have been documented in the literature that simulate and pre-
dict the mechanical behavior of nanocomposites such as; polymer/nanoclay [76,85,95],
carbon nanotubes [86,87,89], and polymer/ nanoparticles [78,90,172]. These studies
however, have modelled the PNCs as an elastic material without fracture. Although
there are different analytical solutions [2-4|, few numerical works have been dedicated
to model the fracture behavior of the PNCs. In this regard, it is worth to mention
the work on modeling fracture in PNCs reinforced by; graphene sheets [131], carbon
nanotubes [132,133], and nanoclays [130,134,166]. The focus of this study is on particle

reinforced nanocomposites accounting for uncertainties in the input parameters.

Various uncertain parameters affect the PNCs failure behavior. Hence, there is an
urgent need for a comprehensive study to measure the influence of the uncertainties in
these input parameters. This can be achieved by means of sensitivity analysis (SA). In
contrary to the local SA, the global SA intends to quantify the significance of the input
parameters and their joint effects on the output by varying all the parameters at the
same time. Variance-based SA methods that are based on decomposing the variance of

the output are among the most popular ones [29]. Few SA works have been dedicated
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to study the properties of PNCs. The effect of different parameters on the uncertainty
of the mechanical properties of single-walled carbon nanotube and nanoclay were inves-
tigated by Vu-Bac et al. [93], [94], and [96], respectively.

In order to get a proper estimate of the sensitivity indices, the required number of mo-
del evaluations (cost of the analysis or the computational cost) shall be in the order
of thousands. However, fracture simulations are computationally expensive utilizing
several minutes to hours of CPU usage, and therefore are not practically feasible to
provide the ’full’ data for the sensitivity analysis. Instead, surrogate models, also known
as meta-models, can be used in order to mitigate the computational expense. The sur-
rogate model is constructed based on a set of output values generated from the original
mechanical model. Recently, the use of polynomial chaos expansions (PCE) [27, 28]
surrogate modeling has been widely exploited to express the random response of a me-
chanical model using orthogonal polynomials in the random input variables. In PCE,
the variance-based Sobol’ sensitivity indices can be extracted by gathering expansion
coefficients of the constructed PCE according to the dependency of each basis polyno-
mial [33,34,173].

The aim of this paper is to present a methodology for studying fracture in poly-
mer /particle nanocomposites accounting for the interphase zone. In order to quantify
the uncertainty in the fracture energy of PNCs, we employ a global sensitivity analysis.
A polymer epoxy matrix reinforced by rigid nanoparticles is presented by a 2D finite
element model. The phantom node method [16,17,113,114,174] is employed to model
the fracture. The uncertain input parameters considered in the stochastic model are:
the volume fraction of the nanoparticles, the diameter of the nanoparticle, Young’s mo-
dulus of the epoxy matrix, the maximum allowable principal stress, the thickness, and
Young’s modulus of the interphase zone. By taking into account the uncertainties in
these parameters, a PCE surrogate model is constructed and the sensitivity of the input
parameters is evaluated.

The paper is organized as follow; Section 5.2 presents the methodology for fracture
modeling of PNCs. The polynomial chaos expansions, the stochastic inputs, and the
parameters sensitivity are discussed in detail in Section 5.3. Section 5.4 concludes and

summarizes the manuscript.
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5.2. Modelling the fracture in the PNCs

5.2.1. Fracture Mechanics

The fracture toughness is a material property used to measure the ability to fracture
resistance of a material containing a crack. The stress intensity factor, K, predicts the
stress intensity near the crack tip, while the energy release rate, GG, is the amount of
the energy dissipated per unit area due to the formation of new surfaces. According to
the energy criterion for fracture of Griffith [5], the crack is extended when the energy
available for crack growth is sufficient to overcome the resistance of the material. On
this basis, Irwin [6] has defined G as the rate of change in potential energy with respect

to the crack area.

dIl

G:—d—A

(5.1)

When fracture occurs, K reaches a critical value K., which is known as the fracture
toughness. For the mode-I loading, where the principal load tends to open the crack,

K. is given by

P a
K, — —ma (—) 5.2
where P, is the load at fracture, B and W are the thickness and the width of the
specimen, a is the initial crack length, and f(a/W) is a dimensionless function [7].

The critical energy release rate also reaches a critical value known as the fracture energy.
It is related to K. by

K102
Glc - I

(5.3)

For plane stress conditions, £’ = E , and for plane strain conditions E' = E/ (1 — v?),

with E being Young’s modulus and v being Poisson’s ratio.

5.2.2. Numerical simulation of PNC

In the present work, we assume small strain theory, quasi-brittle fracture without
cyclic loading simplified a two-dimensional model. Therefore, we have employed the
phantom node method [16,17,113,114,174] in order to model fracture in PNCs. When
the crack propagates through an entire element, the crack might end exactly at the

material interface which will yield to crack arrest. The phantom node method in [16,17]
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presents special crack tip enrichments which allows the crack tip being located inside
the element which is important to model fracture in heterogeneous materials. A rigid
cohesive zone model as proposed by Areias and Rabczuk [175] has been exploited in our
simulation. For further details, the interested reader is referred to the above mentioned

manuscripts and the references reported therein.

We investigate system of PNCs formed by an epoxy matrix reinforced with randomly
dispersed spherical nanoparticles surrounded by an interphase zone.
Determining the properties and the size of the interphase zone experimentally is chal-
lenging and to our best knowledge, no direct experimental data is available up to date.
However, the radial extension of the interphase zone was predicted by Odegard et al. [79]
and Yu et al. [80]through Molecular Dynamics (MD) simulations and by Le et al. [176]
through a probabilistic multiscale analysis. Their MD results showed that the polymer
chains are attracted by the filler surface, which generates a spherical transverse isotropy
indicating that the interphase zone is much less isotropic. Although the system studied
by Le et al. [176] is not the same as the one considered in this study, it paves the way
for further uncertainty analysis for the influence of the anisotropic phase. On the other
hand, other researchers, who investigated similar PNCs system, have assumed isotropic
interphase [73,77,90,91,177]. Accordingly, in the current study, we choose the interphase
zone to be homogeneous and isotropic through its thickness.
Also the size of the interphase zone is arguable and several contradictory results have
been reported in the literature. It may be equal to a couple of nanometers as in [4,77],
half the diameter of the particle as in [178], range from half to one times the diame-
ter as in [91], or [0.5,3.25] times the diameter as in [78]. It is also stated in several
manuscript [179] that the size of the interphase zone is strongly affected by the proces-
sing/manufacturing quality and the better the quality the smaller the interphase zone.
In view of the rapid improvement on processing techniques for PNCs, we therefore adopt
the range of [1,4] nm for the interphase zone thickness from [77].
The epoxy and the interphase zone are considered as a quasi-brittle isotropic material.
The nanoparticles are much stiffer than the epoxy matrix and are not allowed to fracture.
Furthermore, we neglect the agglomeration of the inclusions and assume no particle de-
bonding occurs and the dominant failure mechanism is considered to be the fracture in
the polymer matrix and/or the interphase zone. Note that the fracture energy of PCNs
might also be influenced by the chemical composition of constituents, the morphology
of filler, manufacturing techniques and the curing processes which have not been taken

into account herein.
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Figure 5.1.: Schematic geometry of the Single Edge Notched Tension specimenof PNCs inclu-
ding the interphase zones.

Plane stress conditions are assumed to model the fracture and the maximum principal
stress criterion is adopted for the crack initiation. The fracture toughness is determi-

ned considering a Single Edge Notched Specimen under tensile loading as illustrated in

initial notch length is 300 nm.

The flowchart of the modeling approach is illustrated in Fig. 5.2. At the beginning,
initial parameters (mesh size, volume fraction of the filler, size of the nanoparticles and
the interphase zone) are defined. The required number of nanoparticles are placed se-
quentially based on the random sequential addition algorithm (RSA). A non-overlapping
condition between a new and the existing sequence is checked during placing the nanopar-
ticles inside the matrix. Since we are interested in studying the effect of the interphase
zone, a well dispersion of the particles is also confirmed. Once all particles are inserted,
the mesh is generated; we employ the 4-node phantom elements described in |16, 17].

Displacement boundary conditions are applied on the top surface. The displacements
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Figure 5.2.: Flowchart of the modeling algorithm.

along the loading direction are fixed at the bottom edge resulting in mode-I dominated
fracture.

Fig. 5.3 shows the deformed shape of PNCs exemplary specimen reinforced by 4.0 vol.%
nanoparticles of 25 nm in diameter, with an interphase of 3.50 nm in thickness. Other
material properties are given in Table 5.1. The crack propagates orthogonal to the loa-
ding direction as illustrated at different load steps in Figs. 5.3a to 5.3c. Fig. 5.3d shows
that the nanoparticles have improved the load carrving capacity and ductility in the
PNC compared to the corresponding pure epoxy. We also tested different realizations
with different particles spatial distributions for the same parameters properties. The

coefficient of variation of 10 different realizations for the Young’s modulus and the frac-
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Table 5.1.: Material properties for the exemplary PNCs specimen shown in Fig. 5.3

The volume fraction of the nanoparticles (%) 4.0
The nano-particles size (nm) 25
The epoxy matrix Young’s modulus (GPa) 2.85
The epoxy matrix maximum allowable principal stress (MPa) 425
The interphase zone thickness (nm) 3.5
The interphase zone Young’s modulus (GPa) 4.0
The coefficient of variation® of:

-Young’s modulus of the nanocomposite 0.5%

-The fracture energy of the nanocomposite 2.7%

®The coefficient of variation of 10 realizations simulated by different spatial dis-
tributions of the nanoparticles.

ture energy of the PNCs are displayed in Table 5.1. The fracture energy has a higher
variation than the Young’s modulus but both have a relatively low variability in relation

to their means values.

5.3. Modelling the uncertainties in the input

parameters

5.3.1. Polynomial chaos expansions

The output of interest of a physical system can be expressed mathematically as a
dependent variable, Y, that is a function of independent variables, fX = (X,..., X}),
ie. Y = f(X).

As mentioned previously, the response of the mechanical model can be approximated by
a surrogate model. The polynomial chaos expansions (PCE) is an effective stochastic
tool that can be utilized for this purpose. In addition to the ability of the PCE in
approximating the response, the randomness in the output is concealed in the expan-
sion coefficients by taking into account the uncertainties in the inputs. According to
Ghanem and Spanos [27], Y can be expanded by a spectral expansion using orthogonal

polynomials as

EWANG (5.4
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5.3 Modelling the uncertainties in the input parameters

where £ is the vector of independent standard normal (Gaussian) random variables, ¥,’s
are multivariate Hermite polynomials of order j, and and ;’s are the PCE deterministic
coefficients. This decomposition was extended later to distributions other than the Gaus-
sian using orthogonal polynomial basis functions of the Wiener-Askey scheme [28]. For
instance, the uniform distributions over [—1, 1] can be associated to Legendre polynomi-
als. The expressions for Hermite and Legendre polynomials are described in Eqs. (5.5)
and (5.6), respectively [180].

Hy(z) =1, Hy(xr) =2, Hep(z)=2"—1, (5.5)

Py(z) =1, Pi(z)=z, Hs(z)==(32"-1), (5.6)

| —

The generalized multivariate polynomial, ¥;, is obtained by the tensor product of the

corresponding univariate polynomials.

;=[] () (5.7)

¥, (&) being the univariate polynomial of the variable ¢, and k£ being the number of
independent variables.

The infinite expansion in Eq. (5.4) can be truncated to a polynomial of order n

PN (5:8)

Hence, the number of unknown deterministic coefficients, P, for £ random variables is
P = (k+n)!/(k!'n!). The statistical properties of the model output can be obtained
directly once the PCE coefficients are available.

Two classes of methods are popular for computing the PCE coefficients, namely the
intrusive and the non-intrusive methods. In the intrusive method, a weak form of the
mathematical model is developed based on the minimization of the residual in the ba-
lance equation in the Galerkin scheme where an alteration in the original finite element
code is imposed [27,181]. The non-intrusive method is easier to implement. As the
name implies, it can be carried out utilizing a set of realizations of the deterministic
model without modifying the finite element code. From various non-intrusive methods,

the regression method in [33,182,183] is exploited in this study. The regression met-
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5.3 Modelling the uncertainties in the input parameters

hod which known also as stochastic collocation is based on least square minimization of
error between a variable and its truncated approximation [184,185]. Accordingly, the
expansion coefficients are determined by least-squares regression of the exact solution
(the finite element model) with respect to the expected results of PCE surrogate model.
Firstly, we generate the so-called experimental design X = {Xl, ceey XN} by choo-
sing a set of regression points, IV, called samples, in the probability space of the input
parameters using Latin Hypercube Sampling (LHS) [30]. Compared to classical Monte
Carlo sampling method, LHS is an improved strategy that enables a reliable approxima-
tion of the stochastic properties of the random variables. The base of the method is the

subdivision of the design space of a variable X; into N classes D,, of equal probability:
P(X;eD,]; i=1,....,k; m=1,...,N (5.9)

where N and k are the number of samples and the number of input parameters, re-
spectively. Thereby, the occurrence of X is insured to be equally probable in its design

space.

By then, the matrix ¥ is formulated considering the transformation of the values of
X into standard variables of &. For the generated sample, the model is evaluated at
each point and the corresponding vector of exact model simulations is Y. The final step
is to calculate the expansion coefficients. The sum of the squares of the residuals, S,

between Y, and the approximated solution of PCE, ?, is

S=2. (Y € - o, <£S>) (5.10)

where £° is the transformed standard random vector of the sample point X*. Eq. (5.10)
can be minimized by taking its partial derivative with respect to each of the coefficients

and setting the resulting equation equal to zero

a8
2 0, j=0,...,P—1 5.11
o7, J (5.11)

Solving the resulting system of linear equations yields the expansion coefficients. It can

be expressed in matrix notation as

8= (vTw)  wTy (5.12)
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5.3 Modelling the uncertainties in the input parameters

An appropriate choice for the number of model evaluations, N, is crucial. A very small
N may not adequately cover the input parameters space and will not yield an effective
representative surrogate model. On the other hand, a very large N unnecessarily incre-
ases the computational cost without improving the accuracy of the results significantly.
There are yet only empirical methods to determine an adequate sample size. In all ca-
ses, to solve Eq. (5.12), N must be greater than the number of unknowns (P). In this
study, the experimental design is built iteratively by increasing N until the convergence
of the coefficient of determination (R?) is achieved. Further, to account for the num-
ber of expansion coefficients, P, the adjusted coefficient of determination (Ridj) is also

examined.

2 N-1

adj - 1 - m (1 - RQ) (513)

The degree of polynomial of the PCE (order) has to be a prior chosen. There are no
guidelines for selecting directly the lowest order of the polynomials (n) that achieve
the best fit of actual model. This optimum order depends mainly on the considered
problem. The coefficient of determination, R?, is a measure to assess the performance of
the selected PCE degree. At this point we should keep in mind that as n increases, the
number of unknowns increases requiring more model simulations (higher computational
cost). Hence, higher n values is recommended in the case of high accuracy meta models
required or when we are deeply looking into the higher order interaction between the

input parameters.

We consider the fracture energy of PNCs, G/., as the output of interest. Six input

parameters has been assumed being non-deterministic independent variables.

The definition of the input parameters and their distribution type, mean value, and
standard deviation are summarized in Table 5.2. The volume fraction of the nanopar-
ticles (Vy) is assumed to vary uniformly from 0.5 - 10.0% [186]. The distribution of
the particles size is characterized by the logarithmic normal distribution [70]. In our
simulations, this distribution is truncated at 10 and 80 nm as minimum and maximum
bounds of the nanoparticle diameter (d,,). A uniform distribution is assumed for Young’s
modulus of the epoxy matrix (E,,) with mean value of 2.85 GPa and standard deviation
of 0.520 GPa [187,188]. A Gaussian Normal distribution is assumed for the maximum
allowable principal stress (0,.q;) with mean value and standard deviation of 425 and
45 MPa. The probability distribution functions of the thickness (¢;) and Young’s modu-
lus (E;) of the interphase zone are uniform with the limits of [1,4] nm and [1,7.5] GPa,
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5.3 Modelling the uncertainties in the input parameters

Table 5.2.: The definitions and the statistical properties of the uncertain input parameters.

Parameter definition Unit Symbole Distribution Mean Standard
Type deviation

The volume fraction of the nanopar- % Vi Uniform 5.25  2.742

ticles

The diameter of the nano-particles nm  d, Log- 25.0  20.0
Normal®

The elastic modulus (Young’s modu- GPa E,, Uniform 2.85  0.520

lus) of the epoxy matrix

The maximum allowable principal MPa 0,4 Normal 425 45

stress

The elastic modulus (Young’s modu- GPa E; Uniform 425  1.876

lus) of the interphase zone

The thickness of the interphase zone nm  t; Uniform 2.5 0.866

®The distribution of the particles size is truncated at lower and upper bounds of 10 and 80 nm.

respectively.

The variables with Normal and Log-Normal distributions were expressed as a series ex-
pansion of Hermite polynomial. They were transferred to standard normal distribution
with zero mean and unit standard deviation in advance, while the uniform distributions
are mapped linearly onto [—1, 1] prior to be represented using Legendre chaos polyno-

mials.

Two polynomials, second and third order PCE (n = 2 and n = 3), are constructed
to represent the output as a function of the six input parameters. The calculated value
of R? and R?, for the constructed PCE are presented in Table 5.3. Although the third

adj
2

order PCE has better coefficient of determination, they have almost identical R ;.

Table 5.3.: Properties of the constructed PCEs

Degree of the polynomial

n=2 n=3
Number of expansion coefficients, P 28 84
Coefficient of determination, R? 0.786 0.877
Adjusted coefficient of determination, R 0.740 0.738
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5.3 Modelling the uncertainties in the input parameters

5.3.2. Sensitivity Analysis

The fracture energy of the PNCs is expected to be a random variable as a result
of the randomness in the input parameters. Measuring the relative significance of the
effect of each individual input parameter on the variance of the output is achieved by
means of sensitivity analysis. The Sobol’ method [31] is one of the most commonly used
global SA approaches that is based on variance decomposition of the output. Given an
integrable function f defined on the k-dimensional unit hypercube, the Sobol’ functional

decomposition is

F=to+ ) fi+> ) fi++ fran (5.14)

i=0 j=i+1

The expansion has 2* terms each of which is a square integrable function of the factors
in its index only. Provided that each term has a zero mean value, the summands in the
decomposition are orthogonal to each other and the Sobol’ decomposition is unique.

In this framework, the analysis of variance (ANOVA) decomposition can be written as;

k k k
V=YVt > Vit o+ Vigs (5.15)
i=1 i=1 j=i+1

Accordingly and by dividing both sides of Eq. (5.15) by V/, the Sobol’ indices can be

k k k
DUSi+Y > Syt 4 Sa=1 (5.16)
i=1 i=1 j=i+1

The first-order sensitivity index (.S;) measures the part of the variance of the model
output due to the input X;. It is also known as the main effect of the parameter X;.
Whilst, the higher order indices (e.g. S;;, which is known as the second-order index),
measure the joint effect of the input parameters. The total sensitivity index Sp; is used
to estimate how much the variation in X; contributes to the variation in the output. It
equals the sum of the first-order and all high-order terms. The difference between Sp;
and S; determines how much the parameters interact with each others.

The Sobol’” indices are obtained usually using Monte Carlo simulations. In total, there
are 28 — 1 Sobol’s indices that require O (N Qk) model evaluations (computational cost)
which is unaffordable particularly in the time consuming finite element simulations. This
cost can be reduced to O (N (k 4 2)) by considering the first order and the total indices
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5.3 Modelling the uncertainties in the input parameters

only as proposed by [32] which is still unaffordable particularly for computationally
demanding models.

Alternative to the sampling-based methods, the variance-based Sobol’ sensitivity indices
can be computed analytically from the expansion coefficients of the PCE [33,34]. Clearly,
the Sobol” decomposition is equivalent to the expansions of PCE in Eq. (5.4). As all the
terms of the expansion are orthogonal polynomials, the total variance of the response

can be approximated by
o
V=> BE V(X)) (5.17)
j=1

where E[.] is the mathematical expectation. In accordance to the dependency of each
polynomial, the expansion coefficients are assembled, square summed and subsequently
normalized in order to obtain the sensitivity indices. Thereby, the complete list of Sobol’
indices can be obtained with almost no additional cost. The computational cost required
for the calculation of the expansion coefficients is the major cost in this case.

Making use of the PCE from Section 5.3.1, the sensitivity of parameters influencing the
fracture energy of PNCs are evaluated using Eqs. (5.16) and (5.17). For the second order
PCE, the first order, second order, and total effect sensitivity indices are summarized
in Table 5.4. The main effects of the input parameters are the substantial source of
the variance in the output that constitute 93.4%. The maximum allowable principal
stress of the epoxy matrix, 0,,.., outranks its stiffness, F,,, as the most two influential
parameters. Their main effect is 90.3% (= 0.628 + 0.275) of the total variance of the
output. Fig. 5.4a depicts the first-order and the total effect sensitivity indices of the six

parameters.

On the other hand, when considering third order PCE, the main effects of all input
parameters are 78.8%. The sum of the joint effect of two and three parameters, i.e. >~ .S;;
and Y S are 12.2% and 9.1%, respectively (Table 5.5). 0,4, and E,, are also, as in
the second order PCE, the most significant parameter influencing the output variation
and 0,,,, is observed clearly to surpass FE,,. The total effect of the nanoparticle size
come in the next place of the ranking. Its effect is dominated by the interaction with
other parameters (Sr — S; for d,, is 0.094). This result may explain the contradictions
in experimental results in the literature. For instance, [56] and [57]| reported that the
fracture energy of PNCs is slightly affected by the variation of the nano particle size,
while the study of [52] showed a significant influence of the variation of the nano particle

size on the fracture energy. The remaining parameters have also considerable interaction
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5.3 Modelling the uncertainties in the input parameters

Table 5.4.: Sobol’ sensitivity indices based on Second order PCE, n = 2

Vf dyn En, Omaz Ei t;
S; 0.008 0.005 0.275 0.628 0.014 .004

3 5—0.934
;"
Sy;  0.001 0.000 0.003 0.002 0.000
Sj 0.013 0.021 0.002 0.001
Sa; 0.021 0.000 0.001
Sy 0.000 0.000
Ss; 0.001
3 S;;,—0.066

Sti 0.015 0.042 0.309 0.674 0.019 0.007

*Sy; refers to the second order sensitivity that measures the joint effect
of the parameters 7 and j, e.g. Syo is the sensitivity of the interaction
between the volume fraction and the diameter of the nanoparticles.

effects that contribute to the variance. The first-order and the total effect sensitivity

indices are displayed in Fig. 5.4b.

From the preceding analysis, the allowable principal stress of the epoxy, and Young’s
modulus of the epoxy can be considered as the most significant parameter that dominate
the variance in the fracture energy of PNCs. It is expected that slight changes in these
parameters will result in high change in the fracture energy. This implies that special

care should be taken when measuring these variables.

In order to show the effect of parameters on the variance of the output, three sets
of samples are randomly generated by LHS. Set (G; is obtained by sampling the entire
input parameters space, Set G5 is formed with the same as Set G; but the parameters;
Omae and F,, are fixed respectively at their mean values, and Set (G5 is formed by fixing
the remaining parameters at any point of their variation range. The corresponding three
sets of model output are calculated using the constructed third order PCE (n = 3). The
probability density of the output of the three sets represented by Normal distribution are
displayed in Fig. 5.5. Set G; and Set GG3 have almost the same range of variation which
is considerably higher than Set GG5. As a measure of relative variance, the coefficient of
variations (COV) for Set G and Set G3 are 38.9 and 34.7 %, respectively, while for Set
Gy is 11.3 %.
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5.4 Summary and conclusion

Table 5.5.: Sobol’ sensitivity indices based on Third order PCE, n =3

Vf dy, E, Omaz Fi t;
Si 0.007 0.005 0.237 0.517 0.015 0.007

Y Si—0.788
Si;

S1; 0.006 0.006 0.008 0.001 0.003

Sa; 0.012 0.022 0.001 0.007

S3; 0.030 0.002 0.014

S4j 0.001 0.004

Ss; 0.005
S 85 = 0.122

St

S1a1 0.001 0.001 0.002 0.007
S13; 0.011 0.002 0.003
S1a 0.005 0.000
Sys; 0.000
So3; 0.022 0.000 0.005
Souy 0.001 0.004
S5 0.004
S34 0.003 0.003
S351 0.010
Syl 0.007
S S = 0.091

Sti  0.061 0.100 0.359 0.638 0.057 0.084

*Si;i refers to the third order sensitivity that measures the joint effect of
the parameters i, j, and [, e.g. Si23 is the sensitivity of the interaction
between the volume fraction, the diameter of the nanoparticles and
the matrix Young’s modulus.

5.4. Summary and conclusion

The fracture toughness of the polymer can be considerably enhanced by the addition
of nanosize rigid inclusions. In the presence of nanofiller, interphase zones are formed
connecting the rigid inclusions with the surrounding matrix. In this study, the fracture
in epoxy polymers reinforced by spherical nanoparticles was investigated accounting for
the interphase zone. Fracture was modelled by the phantom node method.

Due to the uncertainness in the parameters influencing the damage of PNCs, the frac-
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Figure 5.4.: First-order and total-effect Sobol’ sensitivity indices.
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Figure 5.5.: The effect of fixing the influential and non-influential parameters on the variance
of the output.

ture energy was considered as a random variable in constructing the polynomial chaos
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expansions (PCE) surrogate model. The uncertain independent parameters were: the
volume fraction of the nanoparticles, the diameter of the nanoparticle, Young’s modulus
of the epoxy matrix, the maximum allowable principal stress, the thickness, and Young’s
modulus of the interphase zone.

The developed second and third order PCE showed almost the same performance measu-
red by the adjusted coefficient of determination, Rgdj. Also, both produced an identical
parameters sensitivity ranking. The sensitivity analysis results revealed that the maxi-
mum allowable principal stress and Young’s modulus of the epoxy matrix are the most
significant parameters. High variation in the fracture energy of PNCs is expected due
to small changes in these parameters, hence, they should be determined precisely.

In the future, we will develop the work to 3D stochastic modeling of PNCs considering

the debonding mechanism and the anisotropy in the interphase zone.
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6.1 Introduction

6.1. Introduction

Soft tissues provide the essential link and support for organs and biological struc-
tures throughout the whole human body, such as tendons, ligaments, skin, muscles,
blood vessels, heart, cornea and intestine. Therefore, the mechanical response of soft
tissues highly affects the functionalities of many body systems in health and disease
(e.g., musculoskeletal, cardiovascular, digestive). Soft biological tissues consists of cells,
collagen, elastin and ground matrix, if not being mineralized. Tissue constituents are
organized in agreement with a multiscale hierarchical principles from the nanoscale (i.e.,
the quaternary structure of polypeptides), through the mesoscale (i.e., cross-linked mole-
cular assemblies), up to the microscale (i.e., fibers), which determines tissue mechanical

response.

However, the understanding of the relationship between the multiscale structural
arrangement of constituents and their biomechanical performances remains an open is-
sue [189]. For instance, the role of tissue remodeling on the non-functional behavior
of biological structures associated with ageing or cardiovascular pathologies (e.g., aor-
tic restenosis, dissecting aneurysms) is not clear. Though a number of literatures have
addressed the collagen constituents, alterations in the crimp and the thickness of fi-
bers [190,191], in the density of intermolecular cross-links [192,193], or in the molecular
flexibility [194,195], a better understanding of the phenomenon and mechanism requires
the multiscale structure-mechanics relationship in soft tissues is a significant step-forward

in biomechanics.

The mechanical response of soft tissues can be characterized by nonlinear stress-
strain relationships with a strong anisotropic character, mostly due to the presence of
collagen fibers. The basic building blocks of collagen fibers are tropocollagen molecules,
that is proteins made up by three polypeptide strands twisted together into a triple
helix quaternary structure. Collagen molecules exhibit labile domains, also referred to
as molecular kinks. Since the length of labile domains is comparable with the persistence
length of collagen triple-helices, molecular kinks are activated by thermal fluctuations
(see Fig. 6.1).

In soft tissues, tropocollagen molecules self-assemble to form long and continuous
cylinder-like structures, named fibrils, characterized by a diameter between 50 to 500 nm.
In particular, molecules interact each other by means of inter-molecular covalent cross-
links and the density of the links affect the prevalence of molecular sliding with respect

to the molecular elongation.
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Figure 6.1.: Multiscale hierarchical arrangement of constituents (left) and structure-
mechanics relationship (right) in soft biological tissue.

Collagen fibers in soft tissues are characterized by a crimped collegan fiber microstruc-
ture. Fibers appear indeed as periodic-like curvilinear structures with characteristic
length in the order of pm. As schematically depicted in Fig. 6.1, the underlying nonli-
nearities in tissue constituents are responsible for a characteristic J-shaped stress-strain
curve in the case of a uniaxial traction applied along the collagen fiber direction. For
describing tissue nonlinear behavior, low and high strain tangent moduli, as well as tran-
sition (from a low to a high stiffness region) strain and stress values are relevant output

quantities, commonly employed in the specialized literature.

The nonlinear mechanical response of biological tissues is often modeled by intro-
ducing hyperelastic strain-energy functions. Constituents non-linearities are indeed ge-
nerally taken into account by choosing a suitable analytical form of the strain-energy
density (e.g., polynomial, exponential) as in a phenomenological approach [196-198].
These approaches generally exhibit a weak relationship between model parameters and
tissue histological /biochemical features, because they are based on phenomenological
expressions of fiber strain-energy functions, with fiber orientation being the only struc-
tural information. Emploving classical phenomenological-based constitutive approaches,
common physiopathological alterations in the structure and organization of tissue consti-
tuents can be accounted for only via a suitable calibration of a set of phenomenological

param eters.

Alternatively, a multiscale constitutive approach has been recently proposed for the

description of the mechanical properties of soft tissues [199-202|. This approach is based
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on the development of models for the dominant mechanisms occurring at the different
length scales, coupled by means of inter-scale compatibility and equilibrium relationships.
Generalizing the early ideas by Lanir on microstructural-based models [203], multiscale
constitutive models allocate macroscopic stress to different micro- and nanostructural

mechanisms with a special insight on the structure-mechanics relationship.

Thanks to the explicit description of the hierarchical collagen organization, the mul-
tiscale constitutive approach introduces only parameters corresponding to measurable
structural properties, opening to a straightforward model calibration based on clinical
evidence. Calibration can be simplified first by identifying the most influential parame-
ters. Moreover, addressing the variation of clinically-relevant histological, biochemical
or biophysical features, the proposed approach opens to a better understanding of the
relationship between tissue structure and mechanical properties in health and disease.
The uncertainties in the model structure, the estimates of the model input parameters,
and their stochasticity are highly expected. These uncertainties propagate through the
model and lead to uncertainty of the output quantities. Evaluating how these uncer-
tainties are affected by collagen related structural features is essential. For this purpose,
sensitivity analysis (SA) can be applied effectively, where the relative importance of each

input parameter is evaluated.

This work presents an extensive study of parametric sensitivities analyses which gives
a statistically-relevant quantitative correlation between mechanical output quantities
(e.g, low- and high-strain tangent moduli, transition stress and strain) and collagen-
related structural features (i.e., fiber crimp amplitude and thickness, density of inter-
molecular cross-links, molecular persistence length). This research is of value to gain
insight understanding into the multiscale mechanical behaviour of soft tissue, that greatly
help in making future investigations about which parameters to target in a field study
and model calibration. To the best of our knowledge, quantitative results in the context
of stochastic analysis has not yet been investigated in the literatures.

Results can be employed in the framework of:

e the identification of the dominant/insignificant parameters for model order re-

duction;

e direct approaches for the calibration of constitutive models from histological, bio-

chemical and biophysical measurement;

e inverse approaches for estimating histological, biochemical or biophysical features

from mechanical tests;
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e growth and remodeling formulations for understanding the rationale behind remo-

deling strategies in pathological and healing conditions;

e tissue engineering applications for tuning structural features in biological constructs

in order to obtain targeted mechanical properties.

6.2. Materials and Methods

Collagen fibers in soft biological tissues are arranged in agreement with a regular
(e.g., tendons) or an irregular (e.g., skin) pattern. The arrangement of collagen fibers in
regular tissues follows a predefined pattern and these can be conveniently classified in
uni- (e.g., tendons, ligaments) or multi- (e.g., arterial walls, hearth valves) directional
tissues [189]. In unidirectional tissues, collagen fibers can be retained as parallel one
to each other. A multidirectional tissue is intended to be made up of a number of
stacked thin layers, each of them with a regular unidirectional fiber arrangement. In this
framework, collagen fibers are classically split in different families where each family is

identified by a given direction.

Soft biological tissues undergo both uniaxial and biaxial loading conditions under
in vivo applications. In particular, unidirectional tissues undergo uniaxial stress states,
mainly along the fiber direction. On the other hand, multidirectional tissues are generally
subjected to biaxial stress states, where the single sub-layer carries loads along the local

fiber main direction.

Accordingly, unidirectional tissues under uniaxial traction are endowed with the es-
sential features which characterize the nonlinear mechanics of soft biological tissues in
terms of the underlying structure-mechanics relationship. The obtained mechanical re-
sponse is indeed affected by microstructural and nanoscale mechanisms. The ones that
are herein addressed refer to collagen fibers. As also shown in Fig. 6.1, the mechanisms

that will be addressed in the present work are:

e upon tissue deformation, the crimped aspect of fibers at microscale straighten out,

increasing the stiffness of the overall tissue along the fiber-chord direction;

e upon fiber straightening, fibrils’ stretch increases, associated with two in series
elongation mechanisms at mesoscale, that is intermolecular sliding and molecular
stretch;

139



6.2 Materials and Methods

e upon molecular stretching, the thermal fluctuations of molecular kinks progressively
disappear and molecular backbone straightens out at the nanoscale. The former
mechanism is known as a source of entropic elasticity and it extinguishes when
molecular end-to-end length reaches its contour length, as well captured by the
Worm-Like Chain model. On the other hand, the stretching of molecular backbone
is referred to as energetic elasticity and it is associated with the unravelling of
collagen triple-helix, as elucidated by atomistic computations through molecular

dynamics simulations.

As a result of the underlying nonlinearities, the stress-strain curve of unidirectional
tissues under along-the-fiber uniaxial traction is J-shaped. It has been described as
subdivided into three main regions [189]: the toe region (within the nominal strain
range ~ 0—2%), the heel region (within the strain range ~ 2—4%), and the linear region
(within the strain range ~ 4—10%). Mechanisms occurring at very different length scales
are dominant within each region, associated with collagenous constituents and described
in Section 6.2.1 (see Fig. 6.1).

Since the aim of the present work is to shade a novel light on the multiscale relations-
hips between mechanical and structural features in soft biological tissues, the analysis is
restricted to unidirectional tissues under uniaxial traction, with collagen fibers aligned
along the traction direction. In particular, a displacement-based test is addressed, where
stretch A € [1, Apax] is the control-variable and A« is the maximum stretch. Moreover,
in order to isolate the role of collagenous constituents, the contribution Pr to tissue

nominal stress associated with collagen fibers is considered only.

In order to conduct physically-meaningful sensitivity analyses, the relationship bet-
ween fiber nominal stress Pr and the values of structural features is obtained employing
a constitutive approach based on a multiscale structural rationale. The latter has been
recently proposed in [199, 200, 202| and it is described in Appendix C for the sake of
completeness. As shown by Eq. (C.3) in Appendix C, the employed approach allows
to obtain the stress-stretch relationship Pr = Pp(\) in function of (among others) the

following structural features:
e collagen fiber crimp amplitude Hp,;
e collagen fiber radius rz;

e intermolecular cross-link stiffness density Ax = A/k., with A. being the (mole

fraction) density and k. the stiffness of intermolecular cross-links;
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e molecular persistence length /,, being the maximum contour length over which the

corresponding molecular segment appears as straight under thermal fluctuations.

The sensitivity of function Pr(A) on the set of structural features S,
S = {HEO,TF,AK,KP}, (61)

will be obtained. To this aim, relevant output quantities, physically-meaningful from
the mechanical point of view and highly affected by S, are introduced (see Fig. 6.2).
Apart from fiber stress and introducing collagen volume fraction Vg, these quantities

are defined by means of:
o the effective tangent modulus Er = Er(\) of crimped collagen fibers (see Eq. (C.3)):

1 0Py

Ep()\) = AN

(6.2)

the amplitude Hr = Hpr(\) of crimped collagen fibers (see Eq. (C.4c));

the stretch Ay = A¢(\) of collagen fibrils;

the contribution \,, = A,,,(\) of the elongation of collagen molecules to fibril stretch
)\f;

the contribution Ay = A;(\) of entropic elongation-mechanisms to molecular stretch
Am.-

6.2.1. Output quantities of interest

The output quantities of interests, that will be object of sensitivity analyses, are
introduced on the basis of the dominant mechanisms occurring within each region of
the J-shaped stress-strain curve of unidirectional tissues under along the fiber uniaxial

traction.

The toe region is a low stiffness region, mainly associated with the straightening of
the microscopic crimp in collagen fibers. Within this region, relevant mechanical output

quantities are (see Fig. 6.2):

e the minimum fiber tangent modulus Fy;,:

Eupw = min (Er())). (6.3)
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Figure 6.2.: Relevant structural features in collagen fibers, fibrils and molecules, affecting
physically-meaningful output quantities in the stress-stretch relationship Pg(A).

Due to the monotonic stiffening response associated with fiber straightening in
hyperelasticity, it results Eyy, = Ep(1) (i.e., the one at nominal straine = A—1 = 0)
and it is referred to as the small-strain modulus. This quantity contributes to the
small-strain tissue tangent modulus, classically referred to as the “elastin slope”.
The latter nomenclature is misleading, since collagen fibers, although crimped in

the initial strain-range, may significantly contribute;
e the initial straightening rate H] of collagen fibers

, OHp
Ho = oA

: (6.4)
A=1

The heel region is associated with a significant stiffening response due the complex
interplay between the straightening of the microscopic crimp and fibril elongation. It is
recalled that fibril elongation is, in turn, a combination of molecular entropic-energetic
elongation and sliding. Accordingly, both nano- and micro-scale mechanisms occur, and
the prevalence of ones versus the others is given by the values of structural features at
hand. Therefore, although entropic effects (i.e., the straightening of molecular kinks)
have been reported as the most prevalent in the heel region [189], alterations in the

alue of the persistence length can affect the different amount of internal deformation
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mechanisms. Relevant mechanical output quantities that can be analyzed within the

heel region are (see Fig. 6.2):

e the transition stretch \;:

A= min ({\] Hp(\) < 6g)), (6.5)

Ae[ly)\max]

that is the minimum stretch over which fiber crimp Hp is lower than a given (small)
amplitude dy ~ 0. In other words, collagen fibers are fully straighten out at the
transition stretch A\;. Hence, the geometric nonlinear effects associated with fiber
straightening vanish at ¢ and fibril strain is the unique deformation mode beyond
At;

e the transition fiber stress P;:

Py = Pr(\); (6.6)

e the transition fiber modulus E;:

Ey = Ep(\); (6.7)

e the transition molecular-to-fiber stretch ratio A)\an:

)‘m(At) 1

AN =
’ Ar(Ag) ’

(6.8)

which gives a measure of the prevalence of molecular straightening mechanisms over

intermolecular sliding in the small-strain regime (i.e., up to A¢).

e the transition energetic-to-entropic stretch ratio AX{™:

AN = 1 (6.9)

which gives a measure of the prevalence of entropic over energetic molecular elon-

gation mechanisms in the small-strain regime (i.e., up to \;).

The linear region is a high stiffness region. The fiber crimp can be retained fully

extinguished during the linear region, whose mechanical response is fully dominated
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by collagen molecular elongation and sliding. Relevant mechanical output quantities

characterizing the linear region are (see Fig. 6.2):

e the maximum fiber tangent modulus F,.:

Epax = Er(\) . 6.10
el o

Due to the monotonic stiffening response of collagen fibers in hyperelasticity, it
results Ernax = Er(Amax). Hence, it will be also referred to as the finite-strain fiber
tangent modulus. This quantity is the main determinant for the tissue tangent

modulus at high strains, also known as “collagen slope”;

e the maximum fiber stress P, x:

Prox = Pr())). 6.11
)\Elﬁl,ilr}n(ax]( F( )) ( )

resulting Ppax = Pr(Amax) due to collagen monotonic response;

e the finite-strain molecular-to-fiber stretch ratio A)\g;f :

)\m ()\max)

AN =
fin )\f()\max)

~1. (6.12)

which gives a measure of the prevalence of molecular straightening mechanisms over

intermolecular sliding in the finite-strain regime (i.e., up to Ayax)-

e the finite-strain energetic-to-entropic stretch ratio AN

AN = Do) (6.13)

>
3
>
=
Q
5_/

which gives a measure of the prevalence of entropic over energetic molecular elon-

gation mechanisms in the finite-strain regime (i.e., up to Apax)-

6.3. Global sensitivity analysis

Global Sensitivity analysis (GSA) methods are mathematical tools that can be used
in order to quantify the uncertainty in the numerical models. The relative influence of
each individual input parameter on the the output is expressed by scaler value through
varying all the parameters at the same time [29]. The GSA approaches may be divided

into two classes; variance-based and density-based, as will be illustrated in the following.
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6.3.1. Sobol’ method

The Sobol” method [31] is one of the most commonly used GSA approaches based
on the variance decomposition of the output as a sum of contributions of each input
variables, or combinations thereof (Variance based approach).

Given an integrable function, Y = f(X), defined on the k-dimensional unit hypercube,
the Sobol’ functional decomposition is based on the decomposition of f into terms of

increasing dimensionality

k k k
F=fo+ ) Fi+> Y fi+-+ fron (6.14)

i =i+l

where the constant term, fy, is the the mean value of the function. The expansion has
2% terms each of which is a square integrable function of the factors in its index only. For
instance; f; = fi(X;) for the input factor X;; fi; = fi;(X;, X;) for the input factors X
and Xj; and so on. Provided that each term has a zero mean value, the summands in the
decomposition are orthogonal to each other and accordingly, the Sobol’ decomposition
is unique.

In this framework, the analysis of variance (ANOVA) decomposition can be written as;

k k k
V=YV ) > Vit +Viag (6.15)
i=1 i=1 j=i+1

where, V' = V/(f) is the total variance of the model output, V; = V(f;) is the variance
in the output due to the effect of the parameter X;, V;; = V(f;;) is the variance in the
output due to the joint effect of the parameters X; and X;, and so on. The Sobol’s
sensitivity indices can be achieved through dividing both sides of Eq. (6.15) by V.

k k k
DUSi+Y > Syt 4 Sar=1 (6.16)
i=1 i=1 j=i+1

Here, (S;) refers to the first-order sensitivity index which measures the part of the
variance of the model output due to the input X;. Sometimes, S; also known as main
effect of the parameter X,;. Whilst, the higher order indices (S;;, Si;, ... etc.) measure
the joint effect of the input parameters. The total sensitivity index S7; is used to estimate
how much the variation in X; contributes to the variation in the model output. It equals
the sum of the first-order and all high-order terms.

The Sobol” indices can be obtained through classical Monte Carlo simulation. In total,
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there are 2% — 1 Sobol’s indices that require O (N2¥) model evaluations (N here refers
to the base sample size). Saltelli et al. [32] proposed, however, a methodology to reduce
this cost to the order of O (N (k + 2)) by considering the first order and the total indices.

Alternatively, polynomial chaos expansion (PCE), which is an analytical representa-
tion of orthonormal polynomials, is used for the response decomposition [33,34]. The
response (output) is represented in a suitable function space spanned by a polynomial
basis known as a polynomial chaos [27]. Each of these polynomials are orthogonal with
respect to the joint distribution of the input parameters. According to Ref. [27], the
output of interest of any given model (Y) can be expanded by a spectral expansion

using orthogonal polynomials as
Y =) 59,8 (6.17)
=0

where £ is the vector of independent standard normal (Gaussian) random variables, ¥;’s
are multivariate Hermite polynomials of order j, and j3; are the PCE deterministic coeffi-
cients. In the following, this decomposition was extended to other types of distributions
other than the Gaussian distribution using orthogonal polynomial basis functions of the
Wiener-Askey scheme [28], which is well known as Generalised Polynomial Chaos. The
multivariate polynomial, ¥;, is obtained by the tensor product of the corresponding

univariate polynomials.

k
Uy =[] ) (6.18)
i=1
Y, (&) being the univariate polynomial of the variable i, and k being the number of
independent variables.

For the purposes of numerical computation, the infinite expansion in Eq. (6.17) can be

truncated to a finite number of terms in order to approximating response function.
Y~ B59;(8) (6.19)

where P is the number of unknown deterministic expansion coefficients which is mainly

controlled by the number of variables (k) and the order of polynomials (p). It increases
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exponentially with £ and p.

k+ k !
P= L k'ﬂl’) . (6.20)
P I'p!

In this study, expansion coefficients are determined by least-squares regression of the
output realizations with respect to the expected results of PCE as detailed in Ref. [204],
where the model is solved repetitively for a number of discrete points in the probability
space of the input parameters. For this purpose, we generate the so-called experimental
design X = {Xl, .. .,XN} by choosing a set of regression points, N, called samples,
using Latin Hypercube Sampling (LHS) [30]. In matrix form, Eq. (6.19) can be rewritten

as
Y =93 (6.21)

The matrix W is formulated considering the transformation of the values of X into
standard variables of & For the generated X, the model is evaluated at each point.
The corresponding vector of exact model simulations (realizations) is Y. By minimizing
the sum of the squares of the residuals, the approximated expansion coefficients can be

calculated by

p= (1" w]) " (12" {v}) (6.2

Once the PCE coefficients are obtained, the statistical properties of the model output

can be gained directly. The total variance of the response is approximated by
V=Y g% [v?(X)] (6.23)

where E [.] is the mathematical expectation which is a weighted average of all the possible
values where each value being weighted according to the probability distribution function.
In accordance to the dependency of each polynomial, the expansion coefficients are

assembled, square summed and subsequently normalized in order to obtain the sensitivity
indices which called PC-based Sobol’ indices [33].
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6.3.2. PAWN method

The density-based sensitivity analysis methods take into account the entire Probabi-
lity Density Function (PDF) of the output rather than its variance. The variations in
the output PDF due to removing the uncertainty in one input can be considered as the
sensitivity index of that input. Recently, Pianosi and Wagener [37] proposed a simple
approach called PAWN (derived from the authors names) to formulate a density-based
sensitivity index considering the cumulative distribution function (CDF). In the proba-
bility theory, the CDF refers to the probability, P, that a real random variable will be
less than or equal to a deterministic value. The cumulative distribution function for

single random variable X is given by
Fx(x)=P[X < z]. (6.24)
With the same context, the probability density function, PDF, is defined as the derivative

of the CDF respect to x.

According to Pianosi and Wagener [37], the sensitivity of the parameter X; can be
expressed by the difference between the entire unconditional and conditional CDF of
a given model output Y. Keeping in mind that Y can be considered as a single real

random variable. This difference is calculated by Kolmogorov—Smirnov statistic (KJS)
KS; =maz|F(Y) - F (Y| X;)| (6.25)

where F'(Y) and F' (Y| X;) are the unconditional and the conditional CDF approxima-

ted by samples of size N, and N, respectively as shown in Fig. 6.3. The unconditional

0.87

0.6

CDF

K S; is the maximum
differnce between the

0.4f two CDFs

0.2

= Unconditional CDF |
----- Conditional CDF

Model output-Y

Figure 6.3.: Example of unconditional and conditional CDF at one conditioning point
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sample (with size N,) is generated randomly in the space of the inputs; whereas the
conditioned one (with size N.) is achieved by varying all inputs while setting the input
parameter X; fixed n times. Hence, in addition to the unconditional CDF, for each para-
meter we have n conditional CDF and n different K.S; values. Thus the computational
cost in terms of total number of model runs required to compute the sensitivity indices
is N, + knN. [163]. More recently, the PAWN method has been improved in Ref. [166]
to reduce this computational cost when considering the convergence of the solution. The
sensitivity index 7; has been taken in this study as the median of K5;’s over all the n

fixed values for the parameter X;.

T, = median [KS|] (6.26)

KS®M, Kks™
By definition, 7; has the range of [0-1], see Fig. 6.3, with 1 refers to the highest significant
index. For insignificant parameters, the unconditional and the conditional CDF are
almost coincided meaning that their KS values are close to zero. Accordingly, the
two-sample Kolmogorov — Smirnov test can be used to determine these insignificant

parameters, where the hypothesis that the two distributions are coincided is accepted

N, + N,
KS <c(a)y/ % (6.27)

where c(a) is the critical value for the confidence level « [137].In other words, the para-

at a confidence level, «, if

meters with &S lower than the significance level defined by Eq. (6.27) can be considered

as non-influential parameters.

6.4. Results and discussion

6.4.1. Sensitivity analysis

A total of four input parameters has been identified to be potentially contribute the
uncertainty of the multiscale model predictions. The parameters are; (1) the collagen
fiber crimp amplitude (Hpg,), (2) the collagen fiber radius (rp), (3) the intermolecular
cross-link stiffness density (Ax), and (4) the molecular persistence length (¢,,). Table 6.1

lists the definitions for the input parameters and their reference values. These parameters
are assumed to vary in the range of [0.1-2.0] multiplied by their respective reference value

and uniformly distributed over this range. Samples are generated in the probability space
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Table 6.1.: Reference values for the input parameters

Parameter Symbol Unit Reference value Source
The collagen fiber crimp amplitude Hp, MPa, 13.04 x 1073 [202]
The collagen fiber radius e nm 1.63 x 1073 [202]
The intermolecular cross-link stiffness density Ay pN/nm 7.0 x 1076 [202]
The molecular persistence length l, mm 14.5 x 1076 [202]

of the input parameters using LHS. Sequentially, the model is evaluated at each set of
sampled input parameters and the corresponding sensitivity indexes is calculated. In
the different examination cases, a value close to 1 of the sensitivity indices means a large

(dominant) contribution to the uncertainty in the output.

Considering the J-shaped stress-strain curve of Collagen, the total PCE-Sobol’, St;,
sensitivity indices for the four parameters along the strain axis are demonstrated in
Fig. 6.4a. As shown, the collagen fiber radius, rr, has insignificant effect on the stress,
where its Spo values are almost zero along the stretch axis. Likewise, the molecular
persistence length, ¢,, has relatively limited effect. Sr, has a maximum value of 8.8%.
On the other hand, the collagen fiber crimp amplitude, Hg, (Sr1), is the most significant
parameter in the toe, heel and linear regions (A < 10%), and its effect decreases as the
stretch increases. Reciprocally is the effect of the intermolecular cross-link stiffness
density, Ak, which increases as the stretch increases, refer to Srs in Fig. 6.4a. Similar
results are obtained by PWAN method (Fig. 6.4b) except of the results for sensitivity
indices for rr (73), which shows moderate effects and even higher than Ax and ¢, at
low stretch region but descends along the stretch axis. Moreover, the PWAN sensitivity
index for Hr, (St1) has ascending trend in the toe region before declines. Meanwhile,
Fig. 6.4c shows the values of Sp; — 5; for the input parameters. The interaction effect is
in tune with the parameter sensitivities. Though, the relatively low values of Sp; — S;
implies that the variance in the output is mostly dominated by the first order effect (.5;)

of the input parameters.

Similarly, sensitivity analyses have been conducted to investigate the effect of the
of the uncertainties in the four input parameters on the different output quantities of
interest. The main orders of sensitivity indices for input parameter in addition to their
interaction orders and total effects are calculated using PCE-Sobol’ and PAWN methods,
see Fig. 6.5.
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Figure 6.4.: Sensitivity indices along the strain axis of J-shaped stress-strain curve of Colla-

gen; using PCE-Sobol” method (a), using PAWN method (b), and the parameters interaction
sensitivity (c).

In line with the results of PAWN sensitivity indices, Fig. 6.6 displays the Kolmogorov
—Smirnov statistic, KS;, for 10 different conditioning points (n) that were sampled from
the space of variation for each input parameter X; range uniformly from 0.1 to 2.0 ti-
mes the respective reference value. The critical value of KS equals 0.157 considering
the confidence level of & = 0.05 is represented by a dashed horizontal blue line as the
significance level. Below this line, the conditional and unconditional CFD are hypotheti-
-ally coincided indicating insignificant parameter effect. The K.S values of the collagen
fiber amplitude, Hp,, are extremely higher than the critical value at all the conditioning
points in A¢, H], and A)kglf. This also is confirmed by the highest and dominating sensi-
tivity indices for Hp,, see Figs. 6.5a, 6.5f and 6.5h. The K.S values for Hp, are almost

similar to 7p and A considering the outputs Epi,, and AN™ and Py, respectively.
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Figure 6.6.: Kolmogorov — Smirnov statistic (K.S;) at different conditioning points of X;s
(n=10).

Moreover, as clearly displayed in Fig. 6.6, Hr, can affect output once it be fixed at
its extreme bounds. More specifically, around 2 times its reference value for; A\, H,,
A)\g;f, ANGT, and Pax, and around 0.1 times its reference value for; E;,. Fixing Hp,
at any point of its range will not affect the variation in the remaining outputs. In similar
way, the K.S values and the conditioning point for the remaining input parameters that

most affect the variation of the different outputs can be extracted from Fig. 6.6.
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6.4.2. Uncertainty Quantification

Making use of the results from Section 6.4.1, the uncertainties in the models’ predicti-
ons can be quantified by fixing the significant parameters. For this purpose, hereafter
we examine firstly the effect of fixing the different input parameters on the variation of
the J-shaped stress-strain curve of Collagen. The model has been simulated in different
five cases. In Case A, all the parameters are varied in their range of variation in order
to generate the samples space using LHS. In Case B, the parameter Hp, is fixed at its
reference value while others are the same as in Case A. Similarly, in Cases: C, D, and
E, the parameters 7p, k., and /¢, are respectively fixed at their reference values. As a
measure of the variance, the standard deviation (square root of the variance) of the diffe-
rent cases are depicted in Fig. 6.7. Clearly, the standard deviations of Case A and Case
C' are identical, meaning that fixing rr did not affected the variance. Remember it was
non influential parameter on the variation of the J-shaped stress-strain curve of Collagen
(see Fig. 6.4). While, fixing ¢, has revealed modest impact. Most of the uncertainty has
been eliminated by considering the stochasticity of the collagen fiber amplitude, Hr, in
the toe region (stretch < 2.5% in Fig. 6.7), where the standard deviation approaches to
zero in this region for Case B. At strain greater than 10% the most influential parameter
is Ax and fixing this parameter in Case D given rise to slow down the rate of increasing
the variation compared to Case A. Worth to mention, the decrease in the variation in
the different cases is consonant with the results of sensitivity analysis shown in Fig. 6.4.
In addition, the mean response of the J-shaped curve in the five cases are illustrated in
Fig. 6.8, in which Case B presents the best fit to the results of experiments of Hansen
et al. [205].

Secondly, the uncertainties in the other different output quantities of interest are
investigated. Based on the design space of the input parameters, three sets of sam-
ples are generated, also, using LHS. Set G1 is obtained by sampling the entire input
parameters space. Then Set G2 is formed by considering the stochasticity in the insig-
nificant parameters, where the significant parameters are fixed at their reference values
for each output of interest. On the contrary, Set G3 is formed by fixing the remaining
insignificant parameters. The model is simulated for the generated sets and the uncer-
tainty analysis is performed for the outputs. According to the central limit theorem,
when independent random variables are added together, their sum tends toward a nor-
mal (Gaussian) distribution even if the original variables themselves are not normally
distributed. Hence, the output parameters of interest can be described to follow a Gaus-

sian distribution despite of uniform distributions were adopted for the input parameters.
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This uncertainty quantification provides clear understanding regarding the relative in-
fluence of the stochasticity of input parameters on the probability distribution of the
corresponding output. Table 6.2 includes the mean response and the standard deviation
for each of the output of interest. From the table, Sets G1 and G3 had almost the same

standard deviations which is considerably higher than the corresponding one in Set G2.
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Figure 6.7.: Standard deviation in the J-shaped stress-strain curve obtained due to stochas-
ticity in different input parameters
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Figure 6.8.: Mean response of the J-shaped stress-strain curve obtained due to stochasticity
in different input parameters compared to the experiments of Hansen et al. [205].
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Table 6.2.: Comparison of mean, standard deviation and coefficient of variation for the dif-
ferent outputs obtained due to stochasticity in all (Gy), insignificant (G2), and significant
parameters (G3)

Set of the Significant G1 G2 G3b

Output Parameters Mean STD Mean STD Mean STD
At Hp, 1.034  0.027 1.026  0.002 1.034  0.027
P, {rp} 0.647  0.683 0.457  0.226 0.646  0.535
Erin {Hpo, rr} 13.57  33.25 321 1.596 13.22  29.05
Emax {Ak} 643.2  319.2 625.4 313 654.3  323.0
B, {Hpo, mr, Ak, £} 218.6 1313 2324 0.0 218.6 1313
H {Hp o} -0.397  0.392 -0.273  0.004 -0.385  0.294
AN (1073)  {rp} -0.9 0.9 0.7 0.3 -0.8 0.7

Azt {HF,o} -0.038  0.019 -0.043  0.008 -0.036  0.017
AX™ (1073)  {rp} -0.14  0.14 -0.10  0.05 -0.14 0.1
AN (1073)  {Hp,o, Ax} -5.8 3.8 6.7 0.7 5.7 3.3

Prax {Hpo, Ax} 30.31  20.70 34.49 381 29.61  20.02

®The significant parameters are fixed at their reference values.
b_The insignificant parameters are fixed at their reference values

6.5. Summary

The biological structures of soft tissues which characterised by very different length
scales led us to adopt hierarchical multiscale modeling approach in order to study the
tissue mechanical properties. As the uncertainties in the model input parameters pro-
pagated leading to uncertainness in the outputs of interest, sensitivity analysis was
presented to evaluate the effect of the collagen related structural features. The follo-
wing structural features was considered: fiber crimp amplitude and thickness, density of
inter-molecular cross-links, molecular persistence length. In this regard, two sensitivity
analysis approaches were employed, namely; Sobol” and PAWN methods. While the for-
mer is based on the variance decomposition of the output, the latter is a density- based

sensitivity takes into account its cumulative distribution function.

The collagen fiber crimp amplitude and the intermolecular cross-link stiffness density
were the key parameters influencing the stress-stretch relationship. They have recipro-
cal effect along the strain axis. Fixing the collagen fiber amplitude resulted in elimi-
nating the variance and the average response of the J-shaped curve were in substan-
tial agreement with the experimental measurements of Hansen et al. [205]. Moreover,
the results of sensitivity analysis manifested the multiscale interdependence of output
quantities of interests and the collagen structural features. We can conclude that both
sensitivity analysis methods were able to refer the uncertainty in the model prognosis

to the different input parameters in similar tone.
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Chapter 7

Conclusions

7.1. Summary of findings

This study was devoted to the stochastic and numerical investigations of fracture pro-
perties for polymeric nanocomposites. Stochastic data driven models were constructed
to predict the fracture energy of polymer/particle nanocomposites. ANN, and ANFIS
were trained and tested using 85 and 30 dataset, respectively, gathered from the litera-
ture. Moreover, Bayesian model selection method was applied for the first time to PNCs.
Three analytical models differing in theory of fracture mechanisms were evaluated by
taken into account the model and parameters uncertainties. The assessment was based
on experimental measurements of 16 different references. Meanwhile, uncertainty quan-
tification was performed to quantify the key parameters influencing the fracture in PNCs
by means of various global SA methods. Comparison and evaluation of the efficiency,
robustness, and repeatability of the SA methods were also presented. Computational
models were presented for the analysis of crack propagation in clay PNCs using the

phase-field method and in particles PNCs using the extended finite element method.

The fracture energy of particles PNCs can be predicted reliably by the ANN and the
ANFIS models with relatively small error in the range of the input parameters being
investigated. Although testing dataset was not included in the training process, booth
ANN and ANFIS produced good predictions verifying their robustness. Parametric
studies, which were conducted using ANN and ANFIS, revealed that the fracture energy
of PNCs increases as the nanoparticles volume fraction increases, and as the fracture
energy of the epoxy matrix increases, whereas the nano particle size has a negligible

influence.
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7.2 Future works

Using the Bayesian method, the optimal models predictions with respect to sixteen
different experimental reference data were obtained using the optimal parameter sets.
The model predictions of Huang and Kinloch [2] model showed better predictions in 12
of the 16 reference measurements compared to the models according to Williams [3], and
Quaresimin et al. [4]. Whilst, it showed a distinctly higher model selection probability.
On this base, it can be conclude that Huang and Kinloch [2] model is the most robust

model with regard to the applied reference measurements.

The phase-field method showed high ability in detecting the crack propagation of clay
PNCs. Five different global SA methods were performed to estimate the influence of the
input parameters on the fracture toughness. Almost identical results were produced by
the different SA methods implying the reliability of the implemented SA. All methods
revealed that the aspect ratio, the radius of curvature, and the Young’s modulus of the
clay have negligible effects on the fracture toughness. The matrix Young’s modulus was
the most significant parameter, followed by the volume fraction of clay and the fracture
energy of the epoxy matrix. Fixing the important parameters resulted in reducing the
coefficient of variation from 16.82% to 1.97%.

The fracture in particle/polymer nanocomposites was modeled by the cohesive seg-
ments method and the phantom nodes. Polynomial chaos expansions (PCE) surrogate
model was constructed accounting the uncertainties in different input parameters. The
sensitivity analysis results revealed that the maximum allowable principal stress and
Young’s modulus of the epoxy matrix are the most significant parameters. High varia-
tion in the fracture energy of PNCs is expected due to small changes in these parameters,

hence, they should be determined precisely.

7.2. Future works

The presented investigated work the fracture behaviour of PNCs accounting for a
set of uncertain parameters. A further improvement for the ANN and ANFIS method
should be considered to cover higher range of of input parameters being investigated. For
this purpose an extra experimental works that study the fracture at different values of
the parameters are required. Moreover, studying the effects of extra parameters should
be considered. The temperature effect on the fracture behaviour is one of the parameters
that should be taken into account. Also, quantifying the temperature effects by mean

of computational modeling using phase-field is a future aim.
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7.2 Future works

Measuring the effect debonding between nanofiller and the epoxy experimentally
is infeasible. Contrary, the computational simulations will be an effective alternative
tool. To account the anisotropy, the interphase zone can be modelled using molecular
dynamics (MD) simulations. In this regard, the cross-link density is required to be
included in the analysis. 3D simulation is a challenge in terms of computational cost.
However, future improvements in the presented work for 3D simulation is suggested

considering the fast evolution in softwar program and computing machines.
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Appendix A

A.1. Predicted fracture energy of PNCs using ANN
and ANFIS: Training Data set

Table A.1.: Experimental and predicted results of fracture energy for
the training dataset.

Exp.  ANN  ANFIS Ref. Exp. ANN  ANFIS Ref.
123 136.17  123.03  [51] 760  786.28 759.99 [58]
183 16425 182.94  [51] 750 73811 750 [58]
212 204.84  198.02  [51] 352 358.99 352 [53]
543.6  554.92 52629  [52] 406 4052 406 [53]
611.4  570.05 543.64  [52] 461 459.58 461 [53]
620.2  583.36  566.55  [52] 998  976.44 998 [49]
346.5  443.03  447.06  [52] 640  651.39 640 [49]
4972 51049 52353  [52] 189.34 200.66 185.61  [50]
4855 53419  552.83  [52] 22951 254.85 236.75  [50]
3345  355.03 321.79  [52] 2951  295.53 291.59  [50]
382.6  358.67 3486  [52] 308  316.61 306.48 [55]
4274 43089 41862  [52] 390 39278 382.54  [55]
184 204.84  198.02  [54] 546 577.6 574 [55]
444 45554 444.02  [54] 690  675.15 670.95 [55]
490 457.82 490 [54] 58.3 7491 588 [59]
616 608.19 616 [54] 726 8536 70.17  [59]
114 1155  113.99  [54] 87.4 8774  90.26  [59]
172 172.88  172.02  [54] 1231 97 12121 [59]
1040.77 1050.33 1040.76  [56] 1151 126.97 116.06 [59]

Continued on next page
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A.1 Predicted fracture energy of PNCs using ANN and ANFIS: Training
Data set

Table A.1 — continued from previous page

Exp.  ANN  ANFIS Ref. Exp. ANN  ANFIS Ref.
1072.96 1271.87 1262.92 [56] 122.37 134.63 130.46  [60]
1577.25 157251 1577.24  [56] 145.16 1453  141.19  [60]
719 678.61  674.91  [56] 1648 1549  150.1  [60]
697.4 7457  TATA8  [56] 179.36  180.49 177.65 [60]
897.8  895.69 898.11  [56] 201.52 217.74 22042  [60]
1459.2  1271.87 1262.92 [56] 384.51 364.5 377.85 [60)]
2156.65 2143.02 2156.64 [50] 388.55 368.83 439.76 [61]
700 637.88  712.36  [57] 606.22 500.98 506.91 [61]
742 687.36  717.76  [57] 5304  626.01 5785  [61]
700 75988 7296  [57] 11542 119.85 119.13  [62]
876 829.20  830.79  [57] 182.94 190.72 1766  [62]
866 878.42 89347  [57] 189.33 208.54 189 [62]
934 936.07  933.99  [57] 204.97 2233 20147 [62]
797 78347  795.15  [57] 217.34 23823 223.96 [62]
842 858.97  849.68  [57] 225.27 232.96 2251  [62]
1050 1047.1  1035.06 [57] 655  669.8  654.99 [63]
1157 1168.07 114327 [57] 109  67.92 108.98 [63]
1146 1138.93 119291 [57] 132 121.12  132.02  [63]
1264  1250.55 1239.89 [57] 239 246.17 257.25 [64]
684 71329  682.74  [57] 242 235.78 24448  [64]
830 807.08  837.26  [57] 230 24214 231.59  [64]
983 980.97  967.62  [57] 262 269.16 268.43  [64]
1006 1005.92 1025.25 [57] 286 246.17 257.25  [64]

1030 1030.24  1020.11  [57]
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A.2 Predicted fracture energy of PNCs using ANN and ANFIS: Testing
Data set

A.2. Predicted fracture energy of PNCs using ANN
and ANFIS: Testing Data set

Table A.2.: Experimental and predicted results of fracture energy for
the testing dataset.

Exp. ANN  ANFIS Ref. Exp. ANN  ANFIS Ref.
179 14757 154.06  [51] 343 37552 377.69  [53]
191 17778 21477 [51] 1016  894.88 859.56  [49)]
3844 5314 49944  [52] 310.66 330.95 374.53  [50]
416.7  465.38  A71.87  [52] 465  480.65 477.87  [55]
4458  383.95 38279  [52] 791 818.54 847.52  [55]
212 160.04  175.02  [54] 1120 897.83 100347 [55]
702 480.44 6463  [54] 98.8  86.09 116.21  [59]
794 970.08  1060.28 [56] 168.6  163.74 1576  [60]
1169.53 1184.95 1000.25 [56] 430.7  303.71 41353  [61]
973 995.52  972.34  [57] 160.57 14056 139.91  [62]
707 809.83  768.55  [57] 252.95 22847 213.69  [62]
717 718.92 73432  [57] 368 390.22 444.07  [63]
1070 1137.84 1030.68 [57] 237 269.16 268.43  [64]
740 845.65  772.83  [58] 286 235.78 24448  [64]
291 32967 3244  [53] 264 24214 23159  [64]
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Appendix B

B.1. Evaluation of Models using Bayesian method

Table B.1.: The values of some factors calculated based on the optimal parameter set

Myt Mot Mt
Tym Ty F'(r))" (Vig = Vi)t 0w x X Oer C,, Hoy Igg T
pm pm  pm % MPa - - MPa - - - MPa
D, 6.37 39.1 328.6 0.34 519.5 7.64 46.36 114.7 0.751 2.06 4.94 198.0
210.1 1.02 125.7
167.1 1.71 99.5
131.4 2.86 77.7
Dy 3.02 18.5 155.7 0.45 563.8 7.51 41.10 99.6 0.742 196 4.73 163.8
99.6 1.33 104.0
79.2 2.24 82.3
62.3 3.74 64.2
Ds  9.21 57.7 4477 0.47 564.6 T7.72 48.46 130.7 0.778 1.74 3.93 188.2
283.1 1.40 118.1
235.2 2.12 97.6
204.8 2.84 84.7
Dy 5.22 30.6 237.1 0.06 547.3 6.74 21.33 1204 0.754 1.85 4.19 199.1
150.0 0.17 124.9
100.4 0.41 82.7
88.1 0.53 72.2
Ds 4.27 23.0 1514 0.04 496.4 6.32 14.61 76.7 0.846 1.52 3.06 138.9
93.7 0.13 85.1

Continued on next page
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B.1 Evaluation of Models using Bayesian method

Table B.1 — continued from previous page

Myt Moyt Mt
Tym Ty F'(r))" (Vig = Vi)t 0w x X Oer C,, Hoy Igg T
pm pm  pm % MPa - - MPa - - - MPa
72.9 0.23 65.7
60.8 0.32 54.4
Dg 12.35 78.2 310.2 0.08 4179 6.69 2048 &89.9 0.766 194 452 91.5
221.3 0.16 64.5
150.8 0.32 43.2
Dy 12,67 80.6 319.5 0.33 5059 6.96 24.8 106.7 0.755 1.82 4.13 89.1
227.9 0.66 62.9
155.3 1.33 42.0
Dg 3.39 18.6 107.7 2.13 563.0 7.17 29.76 112.6 0.737 1.81 4.14 139.0
79.5 4.27 102.0
65.9 6.40 84.0
57.2 8.54 72.7
51.1 10.67 64.6
47.4 12.81 58.4
Dy  2.79 16.7 66.3 0.35 520.6 6.77 21.23 94.5 0.749 2.07 5.06 90.2
47.8 0.69 64.3
39.2 1.00 52.4
33.0 1.35 43.7
Dip 1280 79.4 5174 0.95 507.1 7.34 3542 91.8 0.712 2.29 6.10 153.2
385.4 1.90 113.5
280.6 3.80 81.9
194.2 7.83 55.9
Dy 1273 81.3 529.3 0.33 489.4 7.42 3897 91.7 0.703 2.29 6.13 146.5
394.3 0.65 108.5
287.1 1.31 78.3
198.7 2.70 53.4
Do 1.53 825 48.8 0.09 495.3 6.11 11.58 82.8 0.765 1.80 4.16 103.3
29.9 0.28 62.7
21.1 0.56 43.7
19.4 0.65 40.1
18.0 0.75 37.0

Continued on next page
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B.1 Evaluation of Models using Bayesian method

Table B.1 — continued from previous page

Myt Myt Mt
Tym Ty F'(r))" (Vig = Vi)t 0w x X Oer C,, Hoy Igg T
pm pm  pm % MPa - - MPa - - - MPa
15.8 0.93 32.3
D13 1.25 6.8 40.1 1.77 504.8 6.99 24.51 729 0.767 1.78 4.21 1244
24.6 5.30 75.5
17.4 10.6 52.6
16.0 12.4 48.2
14.8 14.1 44.6
13.0 17.7 38.9
Dy 3.65 23.1 91.5 2.84 585.1 7.52 38.06 &86.8 0.796 1.81 391 69.5
66.0 5.56 49.6
54.1 8.06 40.4
45.6 10.9 33.6
D15 2.00 12.0 944 1.05 515.1 7.53 40.38 103.7 0.773 1.98 4.51 196.5
711 2.11 147.3
59.8 3.17 123.4
52.6 4.22 108.3
43.6 6.34 89.4
33.9 10.57 68.8
23.1 21.13 46.0
D1 0.66 3.9 23.1 0.31 497.0 6.37 1548 86.2 0.756 2.00 4.98 98.8
14.2 0.94 59.9
10.0 1.88 41.8
7.50 3.13 30.9

t Calculated at different values of nanofiller content.
Y My, My, and Ms refer to Huang and Kinloch [2] model, Williams [3] model, and Quaresimin et

al. [4] model, respectively. The detail description can be found in Section 4.1.
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Appendix C

Multiscale constitutive model of colla-

gen fibers

C.1. Multiscale constitutive model of collagen fibers

Collagen fibers are assumed to have a circular cross-section of radius rr and area
measure Ap = 7rZ. The crimped structure of collagen fibers is taken into account by
considering locally periodic fibers of along-the-chord period length Lp and amplitude

Hp in the current configuration (resp., Ly, and Hp, in the reference configuration).

Fibers deformation is described in terms of stretch A4, physically representing the
along-the-chord change of length of crimped collagen fibers. Therefore, by definition,
it holds Lr = Lp(\y) = M\yLp,, with Ay = y/T; and I, being the fourth-invariant of
deformation defined on the basis of fiber direction. It is worth pointing out that, in
the present along-the-fiber uniaxial traction case, fiber stretch A4 coincides with tissue
stretch .

Geometric non-linearities are introduced by accounting for the functional dependence
of fiber amplitude on A4, namely Hp = Hp()\;). Material non-linearities are accounted
for by means of fibril tangent modulus E; that depends on fibril stretch A¢, in turn
related to A4 by the inter-scale compatibility relationship ®; between microscale and

mesoscale (here meso means between micro and nano):

dy; Malh, + Hp4he

(I)f()\47 HF) = - )
o086, + HE) G, + HE,)

(C.1a)

formulated by considering A; as coinciding with the centerline stretch of a fiber with

piecewise linear shape [202].
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C.1 Multiscale constitutive model of collagen fibers

Fibril stretch As is associated with molecular stretch \,, which, in turn, is function
of entropy-related \* and energy-related A" molecular stretches. These functional de-
pendences are taken into account via the inter-scale compatibility relationships @,
(from meso- to nano-scale), ®,,s and ®,,, (from nanoscale to atomistic scale). On the
basis of simple equilibrium conditions formulated assuming mechanisms as in series, the
inter-scale compatibility relationships are obtained from the tangent modulus of collagen
fibrils E¢, of collagen molecules F,, and of entropy-related E;, and energy-related Eh

mechanisms. Accordingly, it results

A (03, A1)

Dpn (A5, AR = = o C.1b
) = B G M) (0]
d\? En(\8 )\h)
(NS Ny = m T m Tm/ C.1
d\! En(\8 )\h)
o 2\® )\h _ m o _ TMm\"mo T'm .1d
where
En (X8 )\h)A k.t
E. () )\h — m\"'m>» \m c ve tmoo 9
f( m? m) [AckcgmerAm Em()\fn,)\lﬁl)] 9 (C a)
5 (X5) EM (ML)
B\ Ny = —mml Tmim C.2b
(s 20) = By () + BB (©:20)
and
kT l,,, I
E3 ()8 ) = ) ¢ 1 2
m( m) EpgcAm |:2(£c_£m,o)‘fn)3 " :| ’ (C C)
l E .
Eh )\h — m,o EO C2d
wiha) =" {1+exp{—n[5m,o(>\?n—1)/fc—€£‘]} ' } (20

with kp being the Boltzmann constant and 7' the absolute temperature. Moreover, re-
ferring to the entropic behavior of collagen molecules, ¢, is the persistence length, /.
the contour length, /,,, the end-to-end length in the reference configuration (resulting
U0 = L — lis, With (i being the length of molecular kinks), and A, the cross-sectional
area. Furthermore, addressing the energetic regime, E, and E are respectively the low-
strain and high-strain collagen tangent moduli, € is the uncoiling strain, and 7 is the
uncoiling resistance. Finally, with reference to inter-molecular sliding, A. denotes the
(mole fraction) density of inter-molecular covalent cross-links, which are modeled with a

linear elastic behavior with stiffness k.. Eqgs. (C.2c) and (C.2d) are based respectively on

170



C.1 Multiscale constitutive model of collagen fibers

theoretical results which recover the Worm-Like-Chain model for the description of entro-

pic elasticity, and on atomistic computations that elucidate energetic mechanisms [202].

Introducing Vg as collagen volume fraction, fiber stress Pr is introduced as:

1-‘,—()\4—1)
Pe(Ay) = Vi / Ep(n)dn., (C.3a)
1

where Er(\y) = Cr(Ag, X5, (A1), M2 (\g), Hp()\y)), with Cr being the along-the-chord tan-
gent modulus of collagen fibers. Crimped collagen fibers are regarded as Euler-Bernoulli
curvilinear beams whose material tangent modulus corresponds to the one of fibrils (i.e.,
E¢ in Egs. (C.2)). In particular, the incremental application of the Principle of Virtual
Works gives [202]:

-1

24
r (2 + H2)| (C.3b)

\/ ho + HE,

where it is worth highlighting that E; = E;(\$,A\%). In order to be consistent with

m?’tm

Eq. (C.3a), the functional dependences A5 = X5 (\;) and A" = A\ ()\;) are obtained

from Egs. (C.1) and the application of the chain-rule, via the inter-scale compatibility

4H2

CF:Ef 37“%61:‘

et

relationships:
d)\iz s h s h
d)\ = (I)ms()\nw)\m)q)an()\m?)\m)q)f()\‘l’HF) ) (043)
4
d)‘gz h h
E (X A (N N ) B (M, H) (C.4b)
4

Moreover, function Hp = Hp(A4) is obtained from the solution of the geometric evolution
equation:
dHp (pHp [4(6 + Hi) — 3rF]

= — 9 0.4
dh; N AHZ( 1 HZ) + 30202 (Cde)

which gives the evolution of crimp amplitude upon fiber deformation and it is derived
from a second application of the Principle of Virtual Works on a curvilinear beam model.
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