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Renormierungsgruppenfluss des Higgs-Sektors
Zusammenfassung

Im Rahmen dieser Arbeit werden nicht-störungstheoretische Renormierungsgruppenflüsse in
verschiedenen Higgs-Yukawa Modellen untersucht, welche bestimmte Eigenschaften des Higgs-
Sektors des Standardmodells der Teilchenphysik imitieren. Dafür hinterfragen wir kritisch die
konventionellen Argumente, die eine untere Schranke an die Masse des Higgs-Bosons mit dem
Problem der Stabilität des Vakuums in Verbindung bringen. Für diese Analyse nutzen wir
die funktionale Renormierungsgruppe als nicht-störungstheoretische Methode. Darüber hinaus
leiten wir analytische Resultate für die Beiträge der fermionischen Determinante zum Higgs
Potential her. In beiden Fällen finden wir bei beliebigem endlichem Cutoff keine Hinweise, dass
Top-Quark Fluktuationen eine Instabilität oder Metastabilität des Vakuums erzeugen, falls man
sich auf die Klasse von störungstheoretisch renormierbaren Theorien beschränkt. Weiterhin
erlaubt der vorgenommene nicht-störungstheoretische Zugang beliebige nackte Kopplungen zu
betrachten, sodass auch der Fall starker Kopplungen untersucht werden kann.

Ein endlicher Massenbereich für das Higgs-Boson ergibt sich im Infraroten in natürlicher
Weise aus dem Renormierungsgruppenfluss im Falle der gewöhnlichen Klasse von ϕ4 Poten-
tialen an der ultravioletten Cutoff-Skala. Higgs-Massen außerhalb dieser Schranken können
in keiner Weise mit physikalisch sinnvollen nackten Parametern innerhalb der Klasse von ϕ4

Potentialen in Verbindung gebracht werden. Die untere Higgs-Massenschranke folgt aus der
Forderung einer wohldefinierten Zustandssumme. Dies setzt ein stabiles nacktes Potential vo-
raus. Allerdings kann die Schranke aus dieser Konsistenzbedingung wesentlich verschoben
werden, indem allgemeinere nackte Potentiale an der Cutoff-Skala des Standardmodells zuge-
lassen werden, ohne dass In- oder Matestabilitäten erzeugt werden. Wir identifizieren einen
einfachen Renormierungsgruppenmechanismus zur Erklärung dieser Verringerung der unteren
Higgs-Massenschranke. Sollte dieser Mechanismus auch im vollen Standardmodell der Teilchen-
physik vorhanden sein, führen Higgs-Massen unterhalb der konventionellen unteren Schranke
nicht notwendigerweise zu einem In-/Metastabilitätsproblem.

Wir beginnen unsere Untersuchungen in einem einfachen Higgs-Yukawa Modell, welches den
Higgs-Top Sektor des Standardmodells imitiert. Im Folgenden erweitern wir dieses einfache
Modell, indem wir sukzessive weitere Teile des Standardmodells berücksichtigen und unter-
suchen deren phänomenologische Einflüsse auf die untere Higgs-Massenschranke sowie den
Mechanismus der Verringerung dieser. Schlussendlich geben wir eine nicht-störungstheoretische
Flussgleichung für das Higgs-Potential im vollen Standardmodell an.



Renormalization group flow of the Higgs sector
Abstract

We investigate nonperturbative renormalization group flows of various Higgs-Yukawa models
mimicking the Higgs sector of the standard model of particle physics. We reanalyze the con-
ventional arguments that relate a lower bound for the Higgs mass with vacuum stability in the
framework of the functional renormalization group as well as in the light of exact results for the
regularized fermion determinant. In both cases, we find no indication for vacuum instability nor
metastability induced by top fluctuations if the cutoff is kept finite but arbitrary for standard
bare actions which are perturbatively renormalizable. Moreover, the nonperturbative approach
allows for treating arbitrary bare couplings such that we are also able to approach the strong
coupling limit.

For the class of standard bare potentials of ϕ4 type at a given ultraviolet cutoff scale, we
show that a finite infrared Higgs mass range emerges naturally from the renormalization group
flow itself. Higgs masses outside the resulting bounds cannot be connected to any conceivable
set of bare parameters in this standard model ϕ4 class. A lower bound for the Higgs mass arises
from the requirement of a well-defined partition function, i.e., stability of the bare potential.
This consistency bound can, however, be relaxed considerably by more general forms of the
bare potential without necessarily introducing new metastable minima. We identify a simple
renormalization group mechanism for this diminishing of the lower bound. If this depletion
is also active in the full standard model, Higgs masses smaller than the conventional infrared
window do not necessarily require new physics at low scales or give rise to instability problems.

Starting our analysis from a simple Higgs-Yukawa model, which mimics the Higgs-top sector,
we successively take more standard model degrees of freedom into account and study their phe-
nomenological influence on both, the calculation of a lower Higgs mass consistency bound from
the nonperturbative flow equations as well as on the mechanism of diminishing this consistency
bound. Finally, we present a nonperturbative flow equation for the full standard model Higgs
potential.
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1 Introduction

The recent discovery of a Higgs boson at the LHC by the ATLAS [1] and CMS [2] collaborations
completed our current version of the standard model of particle physics. This observation
counts as a remarkable success for experiment as well as theory and is a paradigm for the
fruitful interplay between both. So far, the standard model succeeded in describing particle
experiments up to a few TeV, the energy range tested by the LHC. Its phenomenological
development already started in the early sixties. In 1961, Glashow pointed out that there is the
possibility to combine the weak interaction with the electromagnetic one [3]. However, gauge
theories which are used to describe the interactions between particles have a major deficit.
They can be only constructed for massless gauge fields which contradicts the fact that the
weak gauge bosons are massive. The situation is even worse. In fact, weak interactions violate
parity maximally. Thus, a mass term for all matter particles which take part in the weak
interaction is forbidden. A way to circumvent the problem of massless gauge bosons was found
by Brout and Englert [4], Higgs [5–7], and also a few months later by Guralnik, Hagen, and
Kibble [8] in 1964. They introduced a mechanism based on spontaneous symmetry breaking
which finally leads to massive gauge bosons. Similar techniques were used in solid state physics
by Anderson in order to describe superconductors [9]. However, it took another three years
until Weinberg [10] and Salam [11] applied the mechanism provided by Brout, Englert, Higgs,
Guralnik, Hagen, and Kibble to the electroweak unification of Glashow. Further, Weinberg
and Salam realized that the Higgs mechanism is able to generate the masses of the leptons as
well. This consideration was generalized to quarks a few years later [12]. Thus, the electroweak
sector obtained its modern form.

In addition, a theoretical description of the strong force was developed at this time. The
introduction of color as a supplemental quantum number [13–17] allowed to consider hadrons
as composites of quarks which are particles with a fractional number of electric charge. These
quarks are glued together to form mesons and baryons by the force carrying particle of the
strong interaction, the gluon [18]. Thus, the standard model of particle physics acquired its
final form as a gauge theory in the seventies. The gauge bosons mediate the fundamental forces
of the electroweak and strong interactions between the matter particles, which are fermions,
while the Higgs mechanism provides a technique to introduce masses into the theory without
spoiling the gauge symmetry.

After its theoretical formulation, all particles and various processes predicted by the standard
model were confirmed by experiment, for instance, the occurrence of weak neutral currents [19],
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1 Introduction

the discovery of the W and Z bosons [20–22] with their predicted masses, or the discovery of
the top quark [23, 24]. Finally, the Higgs boson was the long-term missing piece. Actually,
strong evidence is accumulated that the new bosonic particle that was found at the LHC in 2012
has the properties which the standard model predicts for the Higgs boson, e.g., the quantum
numbers [25–27], coupling to weak gauge bosons [28], leptons [29], as well as down-type quarks
[30]. Hence, it is likely that this boson is the standard model Higgs boson indeed.

Further experimental tests will figure out whether the confirmation of the standard model
will continue or indications for new physics beyond the standard model will be found. Though,
there is no experimental observation within particle physics for physics beyond the standard
model after LHC Run 1 so far. One of the few noteworthy deviations are discovered in the
decay of a B0

s meson [31]. While the angular observables of the decay products are in agreement
with standard model predictions, the branching fraction is 3.5 standard deviations below the
standard model prediction. Currently, it is an open question, if this result is only a statistical
fluctuation, an underestimated hadronic effect, or indicates physics beyond the standard model.
However, without any strong hint for new phenomena, the standard model is the most successful
theory in particle physics at present.

Despite the unprecedented achievement of the standard model in explaining the LHC ex-
periments, it has some shortcomings. In fact, we know that the standard model is not the
end of the story. There are indications for an even more fundamental theory. Most of the
experimental indications are found in astrophysics and cosmology, for instance, the existence of
dark matter to explain the motions of the galaxies, the accelerated cosmic expansion found in
supernova data, or inflation which may be visible in the cosmic microwave background. None of
the standard model forces or particles are able to describe these mechanisms in an appropriate
manner. Furthermore, there are also open issues from a theoretical point of view.

The interactions described by the standard model do not include gravity. Currently, the best
theory of gravity is general relativity [32] while the other three fundamental forces are described
in terms of quantum field theories. A conventional quantization for gravity fails due to the fact
that gravity is perturbatively nonrenormalizable. The fact that we do not have a consistent
quantum theory of gravity is not a problem at energy scales tested presently and in the near
future. Compared to the other interactions, the gravitational interaction between subatomic
particles is extremely weak at scales far below the Planck scale. Therefore, gravity can be
completely neglected in phenomenological considerations. However, at least at the Planck scale
quantum effects arising from gravity will be comparable to the other interactions. For this
reason, the pure standard model should be considered as an effective field theory which is valid
at most up to the Planck scale. Beyond this cutoff a more fundamental theory appears to be
required that also treats gravity appropriately. Actually, two strategies are pursued. Either this
theory describes gravity and the other forces of nature within the usual framework of quantum
field theory or involves a rather different principle beyond the concepts of quantum field theory.
An example for the latter is string theory [33–36]. Other possible approaches to treat gravity on
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1 Introduction

a quantum level are loop quantum gravity [37], supergravity [38], or asymptotic safety [39–41].
Whether these methods describe gravity and the other forces of nature in a unified setting or
only offer a route to quantize gravity consistently, depends on the precise details and particular
models which are considered. Furthermore, there are unsolved problems within the standard
model itself. Three urgent problems are directly related to the Higgs sector: the triviality
problem, the hierarchy problem, and the vacuum (in-/meta-)stability problem.

The hierarchy problem states that there is an unnatural large separation between the Planck
and the Fermi scale, such that a high degree of fine-tuning of the Higgs parameters is necessary
to obtain this separation. There is no symmetry which protects the mass parameter of the
Higgs against large radiative corrections. Thus, it would be natural to expect that the Higgs
mass parameter is of the order of the standard model cutoff scale. Of course, it is likely that
the scale of maximal UV extension of the standard model is even below the Planck scale. For
instance, the three gauge couplings for the three standard model interactions appear to become
of similar size near a scale of 1016GeV. This fact can be viewed as an indication for a possible
unification of the strong and electroweak interaction [42, 43]. Then, new physics would set
in at this GUT scale. Even if the underlying theory of the standard model is not far away
from the Fermi scale such that only a small amount of fine-tuning is needed, the standard
model has 26 free parameters which differ by ten orders of magnitude at least. The standard
model has no explanation for this hierarchy for the different coupling strengths between the
particles. Although unsatisfactory from a phenomenological point of view, this is more an
aesthetic question rather than a fundamental problem of the theory. In principle there is no
reason why nature should not be fine-tuned.

A reason for concern about the standard model is rather, that the pure Higgs sector can
predict its own failure by studying the renormalization group (RG) flow at high energies. Thus,
a possible scale of maximal UV extension can be deduced which restricts the standard model
to an effective field theory. These considerations are linked to the mass of the standard model
Higgs particle. While the Higgs mass is a free parameter in the classical theory, renormalization
group arguments were used to obtain bounds on the Higgs mass long before its discovery.

So far, strong evidence is accumulated that the only consistent quantum field theory of a
scalar field in four spacetime dimensions is a free field theory [44, 45]. In perturbation theory
this behavior manifests in the Landau pole of the quartic self interaction, i.e., the running
coupling diverges at a finite RG scale. Thus, a pure scalar field theory seems perturbatively
only valid on scales below the Landau pole and cannot be a fundamental theory of nature or
has to be noninteracting. This fact can be summarized as the triviality problem. Of course,
perturbative techniques break down for strong couplings. Nonperturbative effects could change
the renormalization group flow in the strong coupling regime in such a way that the coupling
does not diverge at finite but arbitrarily large scales. However, even nonperturbative methods
support the statement that a fundamental scalar field theory is trivial and has to be defined
with an intrinsic cutoff [46–51].
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1 Introduction

Though, the situation is less clear in case of interactions between a scalar field with other
particles. For instance, the occurrence of a non-Gaußian fixed point could render the RG flow
in the deep UV finite. Currently, it is under consideration, if bosonic and fermionic fluctuations
in Higgs-Yukawa models can balance each other in such a way that the cutoff of the theory can
be send to infinity [52–54]. Furthermore, asymptotic safety [55] as well as asymptotic freedom
[56–58] in gauged Higgs models point out that the triviality problem could be circumvented.
If a non-Gaußian fixed-point exists, also the hierarchy problem might be weakened or solved,
depending on the critical exponents of this fixed point. Unfortunately, it is not straightforward
to generalize the results from these toy models to the complex structure of the standard model.
Therefore, the triviality of the scalar sector serves to obtain an upper bound on the mass of
the standard model Higgs boson [59–64]. However, the triviality bound is not a problem for
energy scales below the Planck scale due to the observed light Higgs.

Also, a lower bound on the Higgs mass can be obtained from RG arguments. In particular,
this bound is directly related to the vacuum stability problem of the effective Higgs potential
[65–81]. The precise shape of the effective potential depends on accurate measurements of
various parameters. The most important quantities are the Higgs mass, the mass of the top
quark, and the value of the strong coupling constant. Whether the mass of the Higgs satisfies
or violates the lower bound has important consequences. These range from upper bounds for
the scale of new physics and constraints on the underlying UV theory to the prediction of the
decay of our universe as we know it. Currently, the measured Higgs mass seems to violate the
lower bound at high energy scales. However, there is still the opportunity that the Higgs mass
is close to or even on top of the lower bound due to the uncertainty in the measurement of the
top mass [82]. Therefore, a thorough understanding of the lower Higgs mass bound within the
standard model is clearly mandatory.

The vacuum stability problem is given by the fact that the effective scalar potential can
obtain a second minimum at large scales besides the one at the Fermi scale depending on the
values and the ratio of the Higgs and top mass. The effective potential is called metastable
if the second minimum is the lowest energy state and the inverse decay rate from the false
electroweak vacuum to the true vacuum state exceeds the lifetime of our universe. For larger
decay rates, or even the case that the potential is unbounded from below, the potential becomes
unstable. In case of a stable potential, the electroweak minimum is the ground state of the
theory.

In the standard perturbative approach, the stability issue is directly related to the running of
the scalar quartic self-coupling. The RG flow equations allow to extrapolate the standard-model
running couplings to high energies. For current measured values of the couplings, the quartic
Higgs coupling λ2 drops below zero at a scale of approximate 1010GeV due to top fluctuations
[83]. Combining this result with the assumption that the RG improved effective potential is
well approximated by Ueff ∼ λ2(µ = ϕ)ϕ4 for large field values, one would conclude that the
effective potential becomes unstable, first of all. In fact, the quartic coupling becomes positive
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1 Introduction

again at very high energies due to the electroweak gauge boson fluctuations. Thus, the scalar
potential develops a second global minimum far beyond the Planck scale [84]. Of course, the
position of this global minimum is ambiguous due to the fact that at least close to the Planck
scale new degrees of freedom are expected to enter the game. Indeed, gravitational corrections
are able to deform the running in such a way that the second minimum appears at field values
below the Planck scale [85]. In a similar manner this discussion can be generalized to several
theories beyond the standard model such as supersymmetry [86–88], theories with additional
heavy particles [89, 90] and dark matter candidates [91–94], as well as in the context of inflation
and the early universe [95–104] or curved spacetime [105, 106]. The main idea is, that new
degrees of freedom could modify the running of the standard-model couplings in such a way
that the effective potential is stable for all field values.

In the standard line of reasoning, the metastability is associated with the large Yukawa
coupling of the top quark. This Yukawa coupling dominates the β function of the scalar quartic
coupling and is responsible that it becomes negative. Nevertheless, the standard approach to
this metastability has been questioned by different methods. As mentioned before, typical
computations of mass bounds are often done with perturbative methods, although the problem
is generically nonperturbative. This is obvious for the upper Higgs mass bound which is related
to a strongly coupled Higgs sector in the UV. But also the lower bound involves nonperturbative
information. First of all, the prediction of infrared (IR) quantities such as Higgs and top masses
involve a proper description of threshold effects. Second, an investigation of stability issues
requires the computation of a full effective potential for arbitrary field amplitudes.

First nonperturbative studies of the vacuum stability problem were done in a simple Higgs-
Yukawa model. This toy model shares analogous features of the emergence of the lower Higgs
mass bound with the standard model. The quartic scalar self-coupling turns negative at high
energies due to top fluctuations for a too light Higgs. Therefore, the effective potential has
an instability and is unbounded from below in the usual perturbative treatment. As a result,
a lower bound on the Higgs mass is obtained by requiring that the effective potential should
be stable. However, this observation is in conflict with nonperturbative lattice simulations [64,
107, 108]. The effective potential resulting from lattice calculations does not show an instability
at all. Of course, it is difficult on the lattice to separate the IR physics from the UV cutoff
scale over a wide range of scales. Hence, the lattice simulations have been criticized that they
possibly do not cover a large enough scale separation in order to get the information about the
relevant part of the effective potential [109].

The aim of this work is to investigate the properties and the emergence of Higgs mass
bounds at a nonperturbative level by means of the functional renormalization group in order
to cover a wide range of energy scales. In particular, we concentrate on the lower bound
for phenomenological reasons. Results for a nonperturbative upper Higgs mass bound are a
by-product of our method. Besides lattice results, also functional methods indicate that the
occurrence of the instability is questionable. In fact, the instability can be traced back to
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an implicit renormalization condition which is not compatible with a well-defined partition
function for the theory [110, 111]. Furthermore, our functional renormalization group (FRG)
studies show that no instability in the effective potential occurs during the RG flow as long
as the bare theory is well-defined [112]. A lower mass bound arises from the renormalization
group flow itself as a consistency condition on the UV potential.

Additionally, a route to diminish this lower Higgs mass consistency bound is found by allow-
ing for a generalized class of bare potentials beyond the ϕ4-type class. We will show that the
sole consideration of bare potentials of ϕ4 type is actually too restrictive. In fact, if the standard
model is viewed as a low-energy effective theory, there is no reason to exclude higher-dimensional
operators from the bare potential. Their occurrence is actually expected as they are generically
generated at the UV cutoff scale of the standard model from the underlying theory. Whereas
Wilsonian renormalization group arguments of course suggest that low-energy observables re-
main almost completely unaffected by the higher-dimensional operators, we demonstrate that
Higgs mass bounds can in fact exhibit a significant dependence on the bare potential as higher
order operators are able to stabilize the Higgs potential [113–115].

In the perturbative set up, the occurrence of the metastability is connected to the sign of
the quartic Higgs self-coupling evaluated at different energy scales. Thus, only the running
of a particular coupling in the scalar potential is used to determine the stability of the Higgs
potential in the UV as well as in the IR. The details of such a connection between a UV potential
UΛ ∼ λ2(Λ)ϕ4 defined at an UV cutoff scale Λ and the shape of the effective potential via Ueff ∼
λ2(µ = ϕ)ϕ4 at large field values beyond the electroweak minimum has to be tested carefully.
In principle, the RG evolution of the Higgs potential is a multiscale problem, depending on
the field amplitude as well as on the RG scale. The FRG takes these aspects into account
by describing a scale-dependent effective average potential U(k, ϕ) which takes all quantum
fluctuations up to an IR scale k into account. This effective average potential interpolates
smoothly between the bare potential U(Λ, ϕ) and the effective potential U(k = 0, ϕ). Thus, we
are able to investigate the RG flow of the entire scalar potential as an arbitrary function of the
field amplitude in a Wilsonian sense by integrating out quantum fluctuations momentum shell
wise. In this sense, the (meta-)stability properties of the effective potential can be followed in
a scale-dependent manner.

The investigation of the RG flow of the scalar potential in various models is carried out with
the functional renormalization group as a nonperturbative continuum method. In contrast
to lattice simulations, the mutual backreactions between bosonic and fermionic fluctuations
can be considered over a wide range of scales. The price to pay for these advantages is the
necessity to truncate the effective action. Thus, we carefully study the impact of truncation
errors on our results by use of systematic expansions. Starting the investigations in the simple
Higgs-Yukawa model, we take successively further standard model degrees of freedom into
account. For instance, we will generalize the results of the simple Yukawa model to the full
chiral structure of the standard model [116].
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1 Introduction

The investigation of upper and lower Higgs mass bounds as well as the phase structure of a
chiral invariant Higgs-Yukawa model was also performed in nonperturbative lattice calculations
[117–121]. Again, the lower Higgs mass bound is given by the consistency condition that the
underlying lattice partition function should be well-defined. Once this condition is fulfilled,
the effective potential is stable. Constraints on the existence of a potential heavy fourth flavor
generation were obtained in the same line of argument [122, 123], also see [124] for a conventional
analytical study. Moreover, the mechanism of lowering the lower mass bound by adding higher
dimensional operators to the bare potential was confirmed by the lattice [125, 126]. Further,
this mechanism was successfully used in a model that involves a dark matter scalar to diminish
the lower Higgs mass bound [127].

In order to study the phenomenological implications of generalized bare potentials, we discuss
the scale of new physics under the influence of higher dimensional operators. We demonstrate
how this scale, at which new physical degrees of freedom beyond the standard model occur, can
be shifted by 2-3 orders of magnitude due to stabilizing effects of bare potentials beyond the
quartic type. An interesting behavior of the potential will arise by trying to push the cutoff scale
of the standard model further to even higher scales but keeping the IR physics constant. While
the bare as well as the effective potential are stable in a polynomial expansion of the potential, a
second minimum occurs during the RG flow, rendering the effective average potential for some
finite RG scales metastable. We introduced the term pseudostable for this special behavior
in [128]. However, as long as the calculation is done in a polynomial expansion of the scalar
potential, it is questionable, if the appearance or/and disappearance of the second minimum
during the RG flow can take place or is only an intricate artifact of the polynomial truncation.
Actually, a polynomial truncation is not sufficient to study the global behavior of the potential
under the occurrence of two competing minima. In order to answer this question, an RG study
of the entire scalar potential beyond a polynomial expansion is done. This investigation will
demonstrate how restrictions to polynomial running couplings can produce misleading results
for the effective potential.

However, note that if a second minimum develops during the RG flow, it arises in a different
manner than the instability of the perturbative calculation. In the case studied in [128], the
possible pseudo-stability is seeded in the bosonic bare potential already. Moreover, it could be
the case that the underlying UV theory generates a bare Higgs potential with several minima.
A specific example for this scenario can be obtained from string phenomenology [129]. The
RG flow of such a potential would be highly nontrivial, depending on the position and precise
shape of the minima and is clearly beyond the scope of polynomial expansions of the potential
in field amplitudes around the Fermi scale.

This thesis is organized as follows: In Chap. 2 we recapitulate the theoretical foundations
of this work. We introduce the Higgs sector of the standard model as well as list the one-
loop β functions of the relevant couplings to discuss the vacuum stability problem. Further,
we demonstrate how the metastability occurs within the perturbative treatment. Finally, we
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give a short overview on the FRG to treat the RG flow of the entire scalar potential beyond
perturbation theory. Chapter 3 deals with a thorough study of the simple Higgs Yukawa theory.
We start the analysis in a (extended) mean-field approximation in which analytical solutions
for the Higgs mass and the effective potential are accessible. These solutions demonstrate that
no instability in the effective potential occurs if the potential in the UV is bounded from below
within ϕ4 bare potentials. These results are substantiated by investigating the properties of the
fermion determinant for various regularization prescriptions. Further, the nonperturbative flow
equations for the couplings are studied in a polynomial expansion of the potential. The validity
of the polynomial truncation is tested against the flow of the full scalar potential in order to
discuss the fate of pseudostable potentials. In addition, we investigate the influence of further
higher dimensional operators on the mechanism of diminishing the lower bound. Corrections
from strong interactions to the flow equation of the Yukawa coupling are taken into account in
Chap. 4. In Chap. 5 we consider chiral invariant Higgs-Yukawa models which respect the chiral
structure and the symmetry group of the standard model electroweak Higgs sector. We start
with a comparison between the simple Higgs-Yukawa model and a chiral Higgs-top-bottom
model with a global symmetry group. Then, we broaden the discussion by means of gauging
the SU(2) symmetry. These studies are done within Rξ gauges which allow to interpolate
smoothly between the Landau and the unitary gauge. Finally, we give an outlook on the RG
flow equation for the full standard-model Higgs potential on a nonperturbative level.

The compilation of this thesis is solely due to the author. However, parts of this work were
done in several collaborations with various authors and have been published in a number of
articles. First investigations of Higgs mass bounds in simple Yukawa systems were published in
[112] in collaboration with H. Gies and C. Gneiting. The investigation of the flow of the scalar
potential beyond a polynomial truncation in Sect. 3.6 is based on a paper in preparation with J.
Borchardt and H. Gies. The influence of further higher dimensional operators on Higgs mass
bounds (Sect. 3.7) was studied with M. Warschinke and H. Gies and is based on unpublished
material. The discussion about the scale of new physics within the Higgs-top-QCD model in
Chap. 4 was done in collaboration with A. Eichhorn, H. Gies, J. Jäckel, T. Plehn, and M.
Scherer [128]. The investigation of Chap. 5 was done in collaboration with H. Gies. The first
section of this chapter is already published in [116].
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2 Theoretical foundations

In the following chapter, we review the theoretical concepts and mathematical techniques to
tackle the renormalization group flow of the standard model Higgs sector. A brief introduction
to spontaneous symmetry breaking, the quantization of gauge theories, and the Higgs mech-
anism can be found in the appendix, App. A.1. We incorporate the Higgs mechanism with
the local gauge symmetries of the electroweak sector and the matter content of the standard
model to obtain massive gauge bosons as well as massive fermions. The inclusion of the strong
force completes our summary of the standard model. Of course, the content of these sections is
already presented in almost every textbook about quantum field theory and theoretical particle
physics, e.g., see [130–132]. However, we rather use these sections to introduce our notation and
conventions as well as for reasons of completeness. Afterward, we consider the RG flow of the
standard model to discuss the vacuum metastability problem as it was done in the literature so
far. Therefore, we list the perturbative β functions for the standard model running couplings.
In the literature the usual approximation for the Higgs effective potential is obtained from
these β functions. We carefully discuss the advantages and shortcomings of the perturbative
approach and finally introduce the functional renormalization group as an alternative tool for
the computation of the effective action which allows nonperturbative investigations.

2.1 Standard Model of particle physics

The standard model of particle physics describes the interactions between particles via gauge
theories. It consists of the Glashow-Weinberg-Salam (GWS) theory and quantum chromo-
dynamics (QCD) which explain the electroweak interactions as well as the strong force, re-
spectively. The symmetry group of the latter is given by a SU(3)c gauge theory whereas
the electroweak theory contains the weak isospin, SU(2)L, as well as the weak hypercharge,
U(1)Y. Furthermore, the GWS theory explains the occurrence of three massive gauge bosons
via the Higgs mechanism and a remaining massless gauge boson which is interpreted as the
force carrier particle of the electromagnetic interaction. Thus, the standard model symmetry
group SU(3)c×SU(2)L×U(1)Y is broken down to SU(3)c×U(1)em after electroweak symmetry
breaking.

The matter particles are Dirac fermions and can be divided into two types, quarks and
leptons. Quarks are charged under the strong force and each quark flavor transforms as a
triplet under SU(3)c. Leptons do not interact with gluons, the SU(3)c gauge bosons, and
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Figure 2.1: Sketch of the particle content of the standard model. The six quark flavors are
gauged under SU(3)c and interact with the gluons, while the six leptons transform trivial under
SU(3)c. The photon γ as the gauge boson of the electromagnetic interaction couples to all
charged particles. The massive gauge bosons, W± and Z, act on the isospin doublet structure,
see main text. Finally, the Higgs field is responsible for the mass generation of the quarks,
leptons, and weak gauge bosons. All masses and experimental data are obtained from the
website of the Particle Data Group or its recent review [133].

transform trivially under SU(3)c. Both fermion types are gauged regarding the electroweak
interactions. Though, only left-handed components take part in the SU(2)L interaction and
are assigned to doublets while the right-handed fermions are singlets. Moreover, left-handed
and right-handed fermions are charged under U(1)Y but in different representations, i.e., they
couple with different coupling strengths to the U(1)Y gauge boson. A sketch of the standard
model particle content is given in Fig. 2.1.

The action of the standard model of particle physics can be split into four parts, a pure gauge
part, the Higgs sector, a gauge invariant kinetic term for the fermions, and a term containing
the Yukawa interactions between the Higgs field and the fermions,

SSM =

d4x (Lg + LH + Lf + LY). (2.1)

We discuss these sectors and how they describe the interactions between the different particles
in the following.

Gauge Sector The pure gauge sector is given by the kinetic terms for the different types of
gauge bosons as well as by the self-interactions for the nonabelian gauge fields. We denote the
gauge fields of the weak isospin, the weak hypercharge, and the strong interaction with W µ

i ,
Bµ, and Gµ

I , respectively. These gauge fields transform according to the adjoint representation
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2.1 Standard Model of particle physics

of their related gauge group. The Lagrangian reads,

Lg = 1
4BµνB

µν + 1
4Wi µνW

µν
i + 1

4GI µνG
µν
I ,

where the field strength tensors are defined as,

Bµν = ∂µBν − ∂νBµ,

W µν
i = ∂µW ν

i − ∂νW
µ
i − g fijkW

µ
j W

ν
k ,

Gµν
I = ∂µGν

I − ∂νG
µ
I − gs fIJKG

µ
JG

ν
K .

fijk and fIJK are the structure constants of the nonabelian gauge groups SU(2)L and SU(3)c,
respectively. Note, that we use small letters to denote indices of the weak symmetry group
while capital letters denote indices regarding the strong force. Analogously, the generators of
the su(2) algebra are given by ti, and the generators of su(3) by TI . Further, lower indices,
starting from i, j, k, ..., denote components from fields which are in the adjoint representation
while upper indices, starting from a, b, c, ..., indicate components from fields in the fundamental
representation. The gauge coupling constants are gs for the strong force and g for the weak
isospin. The gauge coupling of the weak hypercharge is denoted by g′ and will appear only
in the interaction terms between the abelian gauge boson B and the fermions as well as the
Higgs field in the following. Note that we will formulate our theories in Euclidean spacetime
throughout this thesis for convenience.

Higgs Sector of the GWS Theory We have to construct a model which contains two electri-
cally charged gauge bosons (W±) with a mass of mW = 80.4GeV, a massive, electrically neutral
Z-boson with mZ = 91.2GeV, and a massless photon after electroweak symmetry breaking. In
order to achieve these phenomenological constraints, we consider a complex scalar doublet, i.e.,
we investigate a Higgs field in the fundamental representation of SU(2)L. In addition, we gauge
the Higgs field under U(1)Y such that the complete gauge transformation reads

ϕ→ eiαitieiβYϕϕ. (2.2)

A convenient choice for the fundamental su(2) generators is ti = σi

2 , with Pauli matrices σi. In
order to get a massless photon and the desired mass split between the W and Z bosons, the
scalar hypercharge must be Yϕ = 1/2. The Higgs field is coupled in a gauge invariant manner
to the electroweak gauge bosons via the covariant derivative,

Dµϕ = ∂µϕ+ igWiµ tiϕ+ ig′BµYϕϕ. (2.3)
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2 Theoretical foundations

Scalar self-interactions can be obtained from the gauge invariant product ϕ†ϕ. Thus the classical
Higgs Lagrangian is given by

LH = (Dµϕ)†Dµϕ+ U(ϕ†ϕ),

with a scalar potential that is quartic in the Higgs field, U(ϕ†ϕ) = m2ϕ†ϕ+ λ2
2 (ϕ†ϕ)2. In case,

that the scalar field acquires a vacuum expectation value (vev), a particular combination of
gauge transformation leaves the vacuum state invariant. Whiteout loss of generality, we chose
a coordinate system in the internal field space such that the vev points into the real direction
of the second component,

ϕa = v√
2
na + φa, na = δa2 and ⟨φ⟩ = 0. (2.4)

Then, a gauge transformation (2.2) with α1 = α2 = 0 and α3 = β leaves the vacuum invariant.
This remaining symmetry is associated with the electromagnetic interaction U(1)em. There-
fore, the physical spectrum of the theory contains a massless gauge boson, the photon, which
corresponds to this particular combination of generators.

In order to work out the precise physical spectrum, let us investigate the gauge-invariant
kinetic term of the scalar field in detail,

(Dµϕ)†Dµϕ = ∂µϕ
†∂µϕ+ g2

4 ϕ
†ϕWiµW

µ
i + g′2

4 ϕ†ϕBµB
µ + gg′ϕ†tiϕBµW

µ
i

+ ig

(∂µϕ†)tiϕ− ϕ†ti∂µϕ


W µ
i + ig

′

2

(∂µϕ†)ϕ− ϕ†∂µϕ


Bµ.

Decomposing the scalar field into the vev and fluctuations around it, according to Eq. (2.4),
yields mass-like terms for all four gauge bosons, a mixing term between Bµ and W µ

3 , and mixing
terms between the three would-be Goldstone bosons and the longitudinal parts of the gauge
bosons. The latter can be removed from the Lagrangian by an appropriate gauge choice, cf.
Sect. A.1. Thus, the mass term for the gauge bosons in the gauge-fixed Lagrangian reads

1
2
g2v2

4

(W µ

1 )2 + (W µ
2 )2


+ 1

2
v2

4 [gW µ
3 − g′Bµ]2 .

To obtain the mass eigenstates of the theory, we perform a rotation in field space to achieve a
propagator which is diagonal in the fields,Z

A

 =
cos θW − sin θW

sin θW cos θW

W3

B

 , cos θW = g√
g2 + g′2

, sin θW = g′√
g2 + g′2

.

θW is called the Weinberg angle or weak mixing angle. After this rotation, the theory contains
two massive gauge bosons with mass mW = 1

2gv and a third massive gauge boson with mass
mZ = 1

2
√
g2 + g′2v while the fourth gauge boson remains massless. Furthermore, the physical
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2.1 Standard Model of particle physics

gauge bosons W± are a superposition of the fields W1 and W2, W± = 1√
2(W1 ∓ iW2).

Rewriting the covariant derivative (2.3) in terms of the physical fields W±, Z, and A, one
can identify the electric charge as e = gg′/

√
g2 + g′2 and the corresponding generator of the

remaining gauge symmetry U(1)em is given by,

Q = t3 + Y,

i.e., the electric charge quantum number is given by the Gell-Mann–Nishijima formula. Thus,
the second component for the Higgs field is electrically neutral while the first component has
charge +1. Accordingly, the gauge fields W± have electric charge ±1 and the other two gauge
bosons are electrically neutral.

Fermionic Sector The fermion content of the standard model consists of six quark flavors
(up, down, strange, charm, bottom, top) and six lepton flavors (electron, muon, tauon, and the
corresponding three neutrinos), see Fig. 2.1. These are classified in three generations which are
given by (u+ 2

3 , d− 1
3 ; e−1, νe), (c+ 2

3 , s− 1
3 ; µ−1, νµ), and (t+ 2

3 , b− 1
3 ; τ−1, ντ ). The two quarks as

well as the two leptons of each generation are combined as weak isospin doublets.
The electroweak interaction distinguishes between left-handed and right-handed chirality for

the fermions which can be defined with the aid of the projection operators PL and PR,

ψL/R = PL/Rψ, where PL/R = 1
2(1∓ γ∗).

γ∗ is proportional to the product of the Dirac matrices γµ and thus obeys {γ∗, γµ} = 0. In
contrast to a mass term, the kinetic term for a fermion decomposes into separate terms for the
left-handed and right-handed component, ψ̄i/∂ψ = ψ̄Li/∂ψL + ψ̄Ri/∂ψR. Therefore, we can put the
two components in different representations of a symmetry group. The SU(2)L gauge bosons
couple solely to the left-handed fermions. These transform as the specified weak doublets, i.e.,
they are in the fundamental representation, while each right handed fermion is put into the
trivial representation. Thus, the SU(2)L transformation for the third generation reads,

QL =
tL
bL

→ eiαitiQL, tR → tR, bR → bR,

and correspondingly for the leptons. Additionally, left-handed and right-handed components
have different U(1)Y quantum numbers. This is necessary in order that the resulting electric
charge for the Dirac fermions are consistent. Hence, the weak hypercharge of the right-handed
quarks and leptons is identical with the electric quantum number. These are +2/3 for up-
type quarks (up, charm, top), −1/3 for down-type quarks (down, strange, bottom), −1 for
electrically charged leptons (electron, muon, tauon), and 0 for neutrinos. The hypercharge of
left-handed quarks is assigned to be +1/6 while that of the left-handed leptons is −1/2.
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2 Theoretical foundations

The assignment of the hypercharges within a generation leads to another important property
of the standard model. It is anomaly free. An anomaly is a breaking of a symmetry which is
manifest at the classical level but is no longer realized in the quantum theory. On the level of
the path integral an anomaly occurs, if the measure is not invariant under the desired symmetry
transformation. Global anomalies are not a problem at all but gauge anomalies would imply
that observables would depend on the chosen gauge. Thus, the occurrence of a gauge anomaly
would immediately render a theory inconsistent. While there is no difficulty in coupling the
fermions to the weak gauge bosons in a chiral manner at the classical level, it is not trivial to
show that this symmetry persists at the quantum level. In fact, it is known that chiral gauge
theories can be plagued by anomalies. Fortunately, the particular assignment of the quantum
numbers leads to a cancellation of the anomalous terms within every generation of the standard
model separately.

In contrast to leptons, each quark is charged under the strong force and transforms according
to the fundamental representation. After these assignments, we are able to write down a gauge-
invariant kinetic term for the quarks and leptons of one generation. Due to the fact that the
covariant derivatives are diagonal with respect to the generation indices for the case that the
fermions are eigenstates of the electroweak interaction (flavor eigenstates), the kinetic term for
the standard model fermions is given by the sum over the kinetic terms for each generation.
Note, that these eigenstates are not necessarily mass eigenstates. Thus, the gauge invariant
kinetic term for the quarks and leptons finally reads:

Lf =
3

ã=1


Q̄ãi /DQã + L̄ãi/DLã


,

where ã runs over the three generations and D and D are the covariant derivatives for the quarks
and leptons, respectively.

(DµQ)aA = ∂µQaA + igW µ
i t

ab
i PLQ

bA + ig′BµYQLPLQ
aA + ig′BµY ab

QR
PRQ

bA + igsG
µ
IT

AB
I QaB,

(DµL)a = (δab∂µ + igW µ
i t

ab
i PL + ig′BµYLLδ

abPL + ig′BµY ab
LR

PR)Lb,

with Y ab
QR

= 2
3δ

a1δ1b − 1
3δ
a2δ2b and Y ab

LR
= −δa2δ2b.

Yukawa Sector Ordinary mass terms for the fermions violate gauge invariance due to the
fact that left-handed and right-handed components transform under different representations
of the electroweak gauge group. Thus, we are not able to add such a term to the Lagrangian,
in contrast to experimental observations that fermions are massive. However, it is possible to
construct gauge-invariant Yukawa interactions with the aid of the Higgs field. If the Higgs
field forms a condensate, masses for the fermions are generated after electroweak symmetry
breaking. For the sake of simplicity, we restrict the discussion of the occurring structures to
one generation first. An example for a chiral Yukawa interaction term is given by, Q̄a

Lϕ
abR which
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2.1 Standard Model of particle physics

is obviously invariant under SU(2)L but also has a vanishing total hypercharge. Moreover, the
Higgs field allows for interactions with both components of the SU(2)L doublet,

ihb(Q̄Lϕ bR + b̄R ϕ
†QL) + iht(Q̄Lϕc tR + t̄R ϕ

†
cQL).

ϕc = iσ2ϕ
∗ is the charge-conjugated Higgs field and ht as well as hb are the top and bottom

Yukawa couplings, respectively.

An analogous construction can be done for the leptons. It should be noted that the right-
handed neutrinos have a special role. So far, a right-handed neutrino does not take part
in any gauge interaction in the standard model. Thus, right-handed neutrinos are usually
not included in the so-called minimal standard model which can be justified if neutrinos are
massless. However, it is (nowadays) an experimental fact that at least two of the three neutrinos
are massive due to the observed neutrino oscillations. Coupling the neutrinos to the Higgs field
allows to incorporate masses for the neutrinos without affecting the basic structure of the
standard model.

A further subtlety arises if more than one fermion generation is considered. Then, we are
able to construct gauge-invariant Yukawa interaction terms which allow to couple quark (or
lepton) species from different generations. These interactions can be parametrized by Yukawa
coupling matrices which allow for transitions between different generations,

LY = i

ã,b̃


hdãb̃Q̄L ãϕ dR b̃ + huãb̃Q̄L ãϕcuR b̃ + heãb̃L̄L ãϕ eR b̃ + hνãb̃L̄L ãϕ νR b̃ + h.c.


.

If the Higgs field acquires a vev, also the mass matrix for the fermions is off-diagonal. Thus, the
Higgs mechanism provides mass terms for the fermions as well as a mixing between the flavor
eigenstates of the electroweak interaction. By performing several rotations and phase redefini-
tions in field space, one is able to diagonalize the mass matrix by a bi-unitary transformation
for the left-handed and right-handed fermion fields. As a consequence, the coupling of the Higgs
particle to the fermions is diagonal too and the associated Yukawa couplings are proportional
to the fermion masses. However, the fermion-gauge-boson interactions become off-diagonal
in its generation indices in terms of the physical mass eigenstates of the particles due to the
bi-unitary transformation. Interactions of neutral gauge bosons are only among fermions of
the same flavor due to the unitarity of the transformation. Thus, there are no flavor-changing
neutral currents at the classical level. Though, a nontrivial mixing matrix remains in the quark
as well as in the lepton sector. The mixing between quark flavors is described by the unitary
Cabbibo-Kobayashi-Maskawa (CKM) matrix [134, 135]. A mixing of lepton flavors appears
only if right-handed neutrinos are added to the standard model. The corresponding PMNS
matrix allows for a phenomenological description of neutrino oscillations [136, 137]. These
matrices allow for transitions between fermions of different generations via charged W bosons.
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2 Theoretical foundations

2.2 Renormalization group and effective actions

Up to now, we analyzed the symmetries and interactions of the standard model on a classical
level, i.e., the classical action (2.1) defines the theory of particle interactions on a microscopic
scale. However, some properties of the full quantum theory will generically differ from those
of the classical theory. For instance, the vacuum expectation value of the classical theory
is given by the homogeneous field configuration that minimizes the classical potential of the
microscopic theory. However, this value can be altered by quantum corrections. In order to
predict macroscopic observables, that are measured in an experiment, one has to average over
all possible microscopic quantum fluctuations.

The relevant information of a QFT is encoded in correlation functions. In case that all
correlation functions of a theory are known, we are in principle able to compute every physical
observable. The correlation functions can be obtained from a partition function, that integrates
over all field configurations weighted with an exponential of the microscopic action,

Z[J ] =

DΨ e−S[Ψ ]+J ·Ψ .

Here, the microscopic quantum fields of the theory are combined into a generalized field vector
Ψ = (ϕa, ψ̄aT , ψa, Aµi , · · · ) for compactness of notation. The scalar product of Ψ with the
corresponding external source fields J implies a sum over all internal indices as well as an
integration over all spacetime points, J · Ψ =


x Ja(x)Ψa(x). The desired correlation functions

can be obtained from the partition function via functional differentiation with respect to the
source fields.

Moreover, we can define a generating functional for the one-particle irreducible (1PI) corre-
lation functions by a Legendre transform of the Schwinger functional, lnZ[J ],

Γ[Φ] = sup
J
{J · Φ− lnZ[J ]} .

For J = Jsup, the generalized field vector Φ is the vacuum expectation value of the microscopic
fields Ψ in presence of the external source. Finally, we can identify Γ as the effective action
which governs the dynamics of the macroscopic fields Φ, i.e., it describes the evolution of the
effective degrees of freedom of a theory at a macroscopic scale where all quantum fluctuations
are integrated out.

In principle, the effective action can be obtained from the classical action, however, this is a
highly nontrivial task and exact solutions are only known for a few toy models, e.g., see [138,
139]. Possible approximate solutions for the effective action can be classified as perturbative and
nonperturbative techniques. Both approaches have their own advantages and disadvantages.
Functional methods allow for nonperturbative solutions but the involved necessary truncations
are difficult to control. A realization of such a method is given by a vertex expansion of the
effective action. The expansion coefficients are the 1PI proper vertices that can be obtained from
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2.2 Renormalization group and effective actions

Dyson-Schwinger equations [140–142] which are an infinite tower of coupled integral equations.
Approximate solutions, e.g., for gauge theories in the nonperturbative regime, are constructed
by finite truncations of the infinite tower of the Dyson-Schwinger equations [143–145].

In case of small couplings, the effective action can be expanded in a perturbation series. This
series can be consistently defined order by order in terms of loop diagrams. For example, the
functional integral can be reduced to a Gaußian type integral for the approximation of small
field amplitudes and thus the 1-loop approximation is given by the well-known tr-log formula,

Γ1l = S + 1
2 STr lnS(2). (2.5)

Here, S(2) denotes the second functional derivative with respect to the fields and the supertrace
STr implies traces over discrete as well as continuous indices and contains a negative sign for
Graßmann-valued fields.

If quantum corrections to the classical action are taken into account, a generic problem will
occur. The corresponding loop integrals are usually divergent. This fact is deeply connected to
our formulation of QFT’s in terms of local field theories. One reason for this is that the local
structure automatically implies that the theory respects causality. Of course, nonlocal effects
emerge in the full quantum theory once all quantum fluctuations are integrated out. Moreover,
the microscopic action of gauge theories already contains nonlocal structures. However, these
nonlocalities are of such a form that they can be localized by introducing additional degrees
of freedom such that causality is preserved. Due to the local structure of the interactions, we
consider field amplitudes at different spacetime points as independent degrees of freedom with
their own quantum fluctuations. Therefore, fluctuations at arbitrarily short distances appear as
virtual quanta with arbitrarily large momenta in Feynman diagrams and the corresponding loop
integrals are divergent. However, it turns out that these divergences can be removed for theories
with certain interaction terms in perturbation theory by the procedures of regularization and
renormalization.

The first step is to regularize the divergent integrals, i.e., they are mapped on a finite value
by introducing at least one additional parameter. The original divergence can be recovered by
taking a particular limit of this parameter. In a next step, a prescription is given how to redefine
the theory in order that observables do not depend on the arbitrarily introduced parameter.
Furthermore, this redefinition has to be done in such a way that the original divergence does
not emerge anymore. This procedure is called renormalization. Operators with a nonnegative
mass dimension are renormalizable in perturbation theory which can be obtained by simple
dimensional analysis. Note, that all interaction terms of the standard model (2.1) are of that
type. The way how to regularize and renormalize is not unique but a measurable quantity does
not depend on the used renormalization scheme. As a result of the renormalization procedure, a
mass scale is introduced into the theory and the former coupling constants of the classical theory
become scale dependent, i.e., the variation of the renormalization point µ implies a change in
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the couplings. This is necessary for physical observables, for instance, a cross-section, to become
independent of the renormalization point. The scale dependence is described in terms of a β
function for the considered coupling constants λi,

µ
dλi
dµ

= βλi
(λj),

where the β function can depend on all couplings which are involved in a theory in general.
Initially, renormalization was a pure mathematical tool to avoid that loop calculations are

plagued by infinities and was used as a recipe to give a QFT a well-defined meaning. However,
it turned out, that the renormalization group provides a connection between physics across
different scales via effective descriptions and allows for some formal analogies to statistical
systems and the physics of phase transitions [146]. Especially, the resulting picture of effective
field theories governs our present-day viewpoint in high energy physics.

Effective theories serve as an efficient description of nature in modern theoretical physics.
These are able to explain physical laws on a quantitative level over a certain range of validity but
lose their predictive power beyond this scope and have to be replaced by a more fundamental
theory. In addition, physics can look very different at different energy or length scales even
though one and the same physical system is considered. A macroscopic effective theory can
often be characterized by a few parameters and it is not necessary to know the precise underlying
microscopic theory in many cases. For example, let us consider a system of a flowing liquid.
On a macroscopic scale, a sufficient description is given by fluid dynamics and we do not have
to know that the liquid is made of molecules and atoms. On the other hand, the properties of
atoms are independent of the details of the strong interactions inside its nucleus. Furthermore,
the nuclear forces can be understood as an effective theory, where pions mediate between the
constituents of an atomic nucleus, the protons and neutrons. This phenomenological model
is quite efficient in describing the binding inside an atomic nucleus but does not care about
the microscopic structure of the hadrons which is governed by completely different degrees of
freedom, quarks and gluons.

In principle, it is possible to investigate the complex properties at macroscopic scales with
the fundamental interactions and symmetries provided by a microscopic theory, for instance, to
describe the behavior of an atom or its nucleus by the standard model action, without the need
for an effective description. However, the complexity of this task is on such a high level, that it
is far beyond any realistic scenario. As mentioned before, there is also no need for this because
the effective theory is sufficient in predicting quantitative results within their range of validity.
Thus, one of the aims of modern theoretical physics is to predict the remaining symmetries and
effective couplings on macroscopic scales from the underlying microscopic theory.

The connection between physics at different energy or length scales is provided by the renor-
malization group. If the underlying microscopic action S of a theory is given, we are able
to derive the effective couplings and remaining symmetries on larger scales by averaging over
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fluctuations at high energy scales. An intuitive picture is given by Kadanoff’s block-spin model
[147]. Quantum fluctuations from high energy scales do not explicitly show up in the dynamics
of the effective theory but are rather integrated in the effective couplings which become scale
dependent. For instance, the weak interaction describes the beta decay via the exchange of
a W -boson between an electron, a neutrino, an up-quark, and a down-quark. However, at
energy scales much smaller than the W mass, the beta decay is well described by an effective
four-fermion interaction where the underlying dynamics of the gauge boson is integrated in the
effective dynamics of the four-fermion coupling.

Due to the RG we are able to uniquely determine the macroscopic physics from the underlying
microscopic one. The reverse statement is rather intricate. Information of the microscopic
details get lost due to the coarse graining of the RG with the result that different microscopic
theories can lead to the same effective action. In order to determine a unique RG trajectory, we
have to know the values of all running couplings to arbitrary precision. In this rather theoretical
case, the flow towards the UV could be investigated. However, in some cases, we do not have
access to the microscopic theory and only know the effective dynamics. The prime example is
gravity but also the underlying theory of the standard model of particle physics is yet unknown.
At least, the RG can be used to study bounds on parameters of a theory resulting from the
underlying dynamics. Accordingly, the scale of maximal UV extension might be calculable and
thus the RG could be used as a tool to constrain the underlying dynamics as we will show
during the course of this work.

2.3 Perturbative effective Higgs potential and vacuum
stability problem

Bounds on the Higgs mass can be obtained by investigating the RG flow of the standard model
Higgs potential. Within a perturbative calculation, the bare Higgs potential is assumed to be
of ϕ4-type in order to allow for perturbative renormalizability. The effective Higgs potential is
obtained by taking radiative corrections into account which may alter the shape of the classical
Higgs potential. First, Coleman and Weinberg studied the occurrence of spontaneous symmetry
breaking from radiative corrections in gauged Higgs models without a scalar mass parameter
[148]. Then the investigation of radiative corrections to the scalar potential was generalized
to various other models, see [71] for a review on the Higgs effective potenial. Clearly, the
effective potential has to have a minimum at the Fermi scale to allow for electroweak symmetry
breaking in order to be compatible with the observed experimental data. This can be achieved
by imposing suitable renormalization conditions on the scalar mass parameter. Based on the
work of Coleman and Weinberg, the RG-improved, perturbative effective potential for large
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field values, ϕ≫ v, is usually constructed in the following way,

Ueff = λ2(µ = ϕ)
8 ϕ4, (2.6)

where µ is the renormalization scale. Relating the shape of the effective potential to the running
of the ϕ4 coupling is the great advantage of the perturbative approach because the perturbative
running of the standard model couplings is known to high precision. The dependence of the
standard model couplings on the renormalization scale is governed by the RG β functions.
Current state of the art are three-loop computations, see [83].

However, the main qualitative properties are already visible at the one-loop level, in order
to investigate the occurrence of bounds on the Higgs mass. Within a one-loop approximation,
the relevant perturbative β functions read,

βg2
s = − g4

s
8π2 7, βg2 = − g4

8π2
19
6 , βg′2 = g′4

8π2
41
6 , (2.7)

βλ2 = 1
16π2


12λ2

2 + 4λ2(3h2
t + 3h2

b + hτ )− 4(3h4
t + 3h4

b + h4
τ )− 3λ2(3g2 + g′2)

+ 9
4g

4 + 3
4g
′4 + 3

2g
2g′2


,

(2.8)

βh2
t

= h2
t

8π2

9
2h

2
t + 3

2h
2
b + h2

τ − 8g2
s −

9
4g

2 − 17
12g

′2

, (2.9)

βh2
b

= h2
b

8π2

3
2h

2
t + 9

2h
2
b + h2

τ − 8g2
s −

9
4g

2 − 5
12g

′2

, (2.10)

βh2
τ

= h2
τ

8π2


3h2

t + 3h2
b + 5

2h
2
τ −

9
4g

2 − 45
12g

′2

. (2.11)

Here, only the Yukawa couplings of the third generation are taken into account due to the
negligible size of the Yukawa couplings of the other two generations. We also dropped the
influence of the tau neutrino Yukawa coupling for the same reason. Of course, the mass of the
charm quark is of the order of the bottom quark and the tau lepton, however, also these two
could be neglected due to the large value of the top quark as we will see in Chap. 5 and are mere
listed for reasons of completeness. Furthermore, we will use these β functions as a cross check
for our nonperturbative flow equations which include the perturbative running as a particular
limit. Note that we do not use the SU(5) normalization of the hypercharge g1 =


5/3g′ and

a normalization of λ2
8 ϕ

4 in Eq.(2.6) instead of λ2
4 ϕ

4 for convenience in contrast to most articles
in the literature, cf. [83].

An upper bound on the Higgs mass is obtained by investigating βλ2 for large quartic couplings.
In this case, βλ2 ≃ λ2

2 can be integrated straightforwardly. The occurrence of the perturbative
Landau pole automatically sets a scale of maximal UV extension. Strictly speaking, the Landau
pole indicates rather a breakdown of perturbation theory, however, nonperturbative calculations
support the statement of an upper triviality bound on the Higgs mass [46–51].

For light Higgs masses, i.e., small quartic couplings, the β function for λ2 is essentially

22



2.3 Perturbative effective Higgs potential and vacuum stability problem

Figure 2.2: Sketch of possible mass bounds
for the Higgs obtained from the vacuum stabil-
ity problem as well as from the triviality prob-
lem for a top mass of 175GeV. The source of
this plot is [149].

Figure 2.3: In [83] the RG running of the SM
gauge couplings g1 =


5/3g′, g2 = g, g3 = gs,

the Yukawa couplings for the top yt = ht, bot-
tom yb = hb, and tau yτ = hτ , as well as for the
quartic coupling λ = λ2

2 are extrapolated from
the electroweak scale up to the Planck scale.
These computations are done with three-loop
RG equations and two-loop matching condi-
tions at the electroweak scale.

dominated by the large top Yukawa coupling. Obviously, the pure fermion-loop contribution
∼ h4

t comes with a negative sign, implying that it tends to diminish λ2 towards the UV. Thus,
the integrated quartic coupling λ2(µ) can drop below zero at high energy scales depending
on the ratio of λ2 and ht. Inserting this result into Eq. (2.6) with the identification µ = ϕ,
the effective potential develops an instability. However, the influence of electroweak gauge
boson fluctuations can stabilize the effective potential at large energy scales. The reason is
that the electroweak gauge couplings become predominant at these scales such that λ2 can
turn positive again, yielding a potential with a second minimum. In case that the value of the
potential at the second minimum is smaller than the value at the electroweak minimum the
potential is metastable with rather dramatic consequences for our existence. Of course, new
physics at some high cutoff scale of the standard model may modify the running such that no
in-/metastability emerges. Quantitative bounds on the mass of the Higgs can be received from
these considerations and are depicted in Fig. 2.2, cf. [63, 149]. For a given UV cutoff scale, the
Higgs mass has to be in a finite IR window of allowed Higgs masses in order that the standard
model is not affected by a vacuum stability problem or a triviality problem.

Currently, the lower bound is in tension with the measured value for the Higgs mass. In case
the Higgs potential does not suffer from a stability problem up to the Planck scale, the Higgs
mass has to be heavier than 129.6±1.5GeV with the error arising form theoretical uncertainties
and experimental errors. The RG running of the relevant standard model couplings for the Higgs
effective potential are depicted in Fig. 2.3. For the measured values of the particle masses and
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gauge couplings, the scalar quartic coupling turns negative at approximately 1010GeV and the
effective Higgs potential receives a second minimum [83]. In fact, the second minimum emerge
as the true ground state, yielding a metastable effective potential, but appears at a trans-
Planckian scale of 1026GeV, see [84]. Due to the fact that the inverse decay rate of the false
vacuum decay exceeds the lifetime of our universe, it is considered that we live in a metastable
scenario [98].

However, these conclusions are based on various assumptions. First of all, it is assumed that
the standard model degrees of freedom are valid up to the Planck scale, i.e., that the running of
the couplings can be extrapolated from the Fermi to the Planck scale or even higher. Further,
the effective potential shall be well approximated by Eq. (2.6) and thus is only given in terms
of the running λ2(µ) for large field values, ϕ≫ v. Though, precisely the assumption, that the
field amplitude ϕ is the only relevant scale at large values, fails in the presence of new physics
emerging at a finite UV cutoff. Moreover, higher-dimensional operators, like λ3ϕ

6, as well as
threshold effects are not considered within the usual perturbative framework but these effects
may stabilize the scalar potential in the UV. Additionally, it is assumed that the calculations
of tunnel rates can be done within the metastable potential obtained from the pure standard
model calculation, i.e., new physics will not effect this result. Recently, this fact was also
questioned in the literature with the outcome that higher-order operators, initialized by the
underlying theory, can change the decay rates drastically [150–152].

In order to circumvent these assumptions, we would like to impose a conceptually slightly
different and more conservative viewpoint on the effective Higgs potential and the occurrence
of Higgs mass bounds throughout this thesis. This point of view relies more on the spirit of the
Wilsonian RG and in terms of effective field theories. As far as we know, the standard model
is not a fundamental theory of nature and therefore should be defined with an intrinsic cutoff
which signals the breakdown of the theory beyond this scale. This might be at the Planck
scale or even on scales far below. Within the Wilsonian spirit, we aim at solving the so-defined
quantum theory by integrating out fluctuations from the UV cutoff Λ towards the observable
long-range physics.

2.4 Functional renormalization group

The functional renormalization group (FRG) is a mathematical implementation of the Wilso-
nian idea of integrating out quantum fluctuations momentum shell by momentum shell [153,
154]. First exact flow equations were provided by Wegner and Houghton [155], Wilson [44],
as well as Polchinski [156]. Its modern formulation is in terms of a scale dependent action
functional Γk, the effective average action [157]. The effective average action smoothly interpo-
lates between the microscopic action at some UV cutoff scale Λ, Γk→Λ → S, and the effective
action, Γk→0 → Γ, where all quantum fluctuations are integrated out, defining the generator of
the fully dressed proper vertices. At intermediate scales k, Γk is an effective description which
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2.4 Functional renormalization group

takes the high energy fluctuations into account but fluctuations at scales smaller than k are
suppressed.

Such a concept can be implemented on the functional integral level by studying a scale de-
pendent generating functional where the classical action is modified by a momentum dependent
mass term for the fields,

Zk[J ] =

DΨ e−S[Ψ ]−∆Sk+J ·Ψ , ∆Sk =


p
ΨT (−p)Rk(p)Ψ(p).

The regulator function Rk(p), which is matrix valued in field space, shall fulfill the following
constraints in order to implement the desired scale-dependent averaging procedure. To imple-
ment the correct IR limit, Rk(p) has to vanish for k → 0 to recover the standard generating
functional and thus the effective action. Furthermore, lim

k→Λ→∞
Rk(p) → ∞ ensures that the

effective average action, defined in Eq. (2.12), becomes the classical action S in the deep UV
due to a justified saddle-point approximation in this limit which filters out the classical field
configuration. Additionally, the constraint Rk(p) > 0 for p2

k2 → 0 establishes that Rk acts as
an IR regulator and suppresses fluctuations below the RG scale k in a mass-like fashion. The
effective average action is defined via a modified Legendre transform,

Γk[Φ] = sup
J
{J · Φ− lnZk[J ]} −∆Sk. (2.12)

Note that for finite k the effective average action can contain a nonconvexity due to the regulator
term.

The variation of the flowing effective average action Γk with respect to the RG scale k is
governed by the Wetterich equation [157],

∂tΓk ≡ k∂kΓk = 1
2 STr


(Γ(2)

k +Rk)−1∂tRk


, (2.13)

where t = ln k
Λ and Λ the UV cutoff scale. For detailed reviews see [158–166]. Γ(2)

k denotes the
Hessian of Γk with respect to the fluctuating fields. The solution of the Wetterich equation
defines an RG trajectory in theory space. This space of action functionals is spanned by all
possible field operators which are invariant under the considered symmetries. The endpoints of
each trajectory are fixed by the classical action as well as the effective action by construction.
Thus, the microscopic bare action can be used as an initial condition for the functional dif-
ferential equation (2.13). Then, integrating out quantum fluctuations in an infinitesimal thin
momentum shell dk results in a change of the action, i.e., a change of the couplings, governed
by the Wetterich equation. The occurrence of the regulator in the regularized propagator sup-
presses IR modes with momenta smaller than k by construction, while ∂tRk, which is peaked
around p2 ≈ k2 and vanishes for p2 ≫ k2, establishes UV finiteness. As a consequence, the
effective average action Γk is dominated by fluctuations with momenta p2 ≃ k2, which imple-

25



2 Theoretical foundations

ments the concept of a smooth momentum-shell integration and contains all the information of
high-energy quantum fluctuations. Investigating the flow of Γk down to k = 0, finally results
in the full effective action.

However, even if the endpoints of an RG trajectory are fixed, the precise form of the trajectory
depends on the chosen regulator Rk. Choosing a certain regulator corresponds to specifying the
details of the momentum shell regularization. Thus, different regulator functions correspond
to different regularization schemes and a variation of the RG trajectory with respect to the
regulator represents the RG scheme dependence from nonuniversal quantities.

The Wetterich equation has a simple one-loop structure. Nevertheless, it is an exact RG
equation due to the exact propagator in the loop as well as the occurrence of fully dressed
vertices at the considered RG scale, leading to particular resummation effects. For instance,
perturbation theory can be recovered to any order from the exact nonperturbative flow equation
by taking certain limits, e.g., see [167, 168]. The one-loop structure has the benefit, that no
overlapping loop calculations have to be done as they occur in two or higher loop calculations, for
instance, in perturbation theory or Dyson-Schwinger equations. Moreover, an exact equivalence
to the full functional integral formulation can be established, e.g., see [164]. In contrast to the
functional integral formalism, the Wetterich equation is a differential equation and no functional
integral has to be performed whose rigorous mathematical definition is difficult.

The flow equation will generically create all symmetry-compatible operators during the RG
flow even though these operators are not present in the microscopic action. Thus, only the con-
sideration of all these (infinitely many) operators leads to an exact result for the effective action
and an infinite tower of coupled differential equations has to be studied in analogy to the Dyson-
Schwinger equations. Therefore, one has to choose a suitable truncation for the given physical
problem. In addition to perturbative expansions, nonperturbative approximation schemes can
be devised for the flow equation. Systematic and consistent expansion schemes, which do not
rely on a perturbative coupling ordering, are, for instance, the vertex expansion or the deriva-
tive expansion. In contrast to perturbation theory, higher-order terms of a nonperturbative
expansion are not necessarily smaller than lower-order terms. The expansion rather refers to
an systematic and consistent ordering scheme of all possible operators.

In absence of a small expansion parameter, the reliability of an approximative solution to the
flow equation due to a truncation has to be checked carefully. One way to examine the conver-
gence of a systematic expansion is to investigate the impact of higher-order terms. However,
such computations can become very extensive. Furthermore, such studies have to be treated
with some caution. In principle it is possible that a result appears to converge under a system-
atic enhancement of a truncation, however, an operator outside the considered truncation could
spoil the result completely. Thus, cross checks with other complementary methods or in the
best case with experimental data should be performed. In addition, the choice of the regulator
function influences the reliability of the approximative solution. Of course, physical observables
resulting from the full solution of the Wetterich equation are independent of the regulator choice
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by construction. Unfortunately, exact solutions for realistic applications are not accessible and
the necessity to truncate the flow induces spurious regulator dependencies. The amount of this
dependence is a measure for the importance of neglected higher-order operators outside a given
truncation.

Nonetheless, the freedom to choose Rk arbitrarily, besides the three conditions as mentioned
before, can be used for an optimization of the flow. In this context, a flow is optimized if the
results obtained from a truncated flow are, in some sense, as close as possible to the exact
solution. In this case, the error induced by terms outside a given truncation is minimized.
Based on the investigations in [169, 170], we will use a linear regulator which is optimized
regarding the derivative expansion at next-to-leading order that we use in this thesis. For
detailed discussions on optimization schemes for different physical applications we refer to the
literature [163, 171–174].

Being not restricted to an expansion in small couplings, the FRG has various applications
for nonperturbative phenomena. These range from the asymptotic safety scenario for quantum
gravity [41, 175–179], nonperturbative studies of Yang-Mills theory [180–183], QCD and the
QCD phase diagramm [184–191], supersymmetry [192–194], the description of bound states
[195–197], BCS-BEC crossover in ultracold atoms [198–200], to solid-state physics and low-
dimensional fermionic systems [201–203], and high energy particle physics [53, 56, 204, 205].
Moreover, asymptotically safe gravity interactions are likely to put the Higgs mass onto its
“conventional” lower bound, yielding a prediction for the Higgs mass before its discovery [206],
also see [101].

In the following chapters, we revisit Higgs mass bounds by analytic means using the FRG.
Within a consistent systematic derivative expansion, the FRG provides for a tool to analyze the
problem nonperturbatively and allows to estimate errors of the approximation scheme. This
allows us to investigate lower as well as upper Higgs mass bounds in a unified setting. Though,
the parameter region near the conventional lower bound appears perturbatively accessible,
the nonperturbative functional RG has better access to and control of threshold effects and
can treat arbitrary bare potentials. The latter turns out to be essential for the lower bound.
Moreover, standard perturbative meta-stability analyses of the effective potential indicate that
a second lower minimum might occur at nonpertubatively large values of the Higgs field, also
calling for a nonperturbative tool. In a Wilsonian spirit, the microscopic bare action at Λ,
corresponds to an UV initial condition for the long-range physics extracted at IR scales. The
resulting solution provides for a mapping from the microscopic bare parameters to the set of
physical parameters, which are given by the masses of the Higgs, the fermions, the weak gauge
bosons, the strong coupling, and the vacuum expectation value. These physical parameters can
be related to renormalized couplings in the quantum effective action, such as the renormalized
Yukawa couplings and the effective potential Ueff as well as the renormalized gauge couplings.

Furthermore, we are not restricted to polynomial expansions of the scalar potential, cf.
Eq. (2.6) where only the running of the quartic coupling is taken into account which determines
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the precise shape of the bare potential in the UV and the effective potential in the IR by
identifying the renormalization scale with the field amplitude. The FRG allows to investigate
the full multiscale problem by means of a scale dependent effective average potential as a local
term of Γk, which depends on both scales Uk(ϕ). Thus, we are able to follow the RG flow for
the full potential at every field value in order to discuss the properties of the resulting effective
potential in the IR.
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The entire standard model is a quite intricate theory and hard to tackle on a nonperturbative
level. However, many of the fluctuation-induced features of Higgs mass bounds in the standard
model can already be studied in a greatly simplified toy model. Basically, we utilize the fact
that the top has the most dominant influence on the running of the scalar potential at not too
large scales (more precisely on scales below a possible GUT scale), see Sect. 2.3. Therefore,
we investigate a simple Yukawa toy model in detail within this chapter before we proceed to
more realistic approximations. This allows us to concentrate on the basic mechanisms for the
mass bounds and we avoid intricate questions arising from the gauge-Higgs interplay in the full
standard model [207, 208].

The considered model involves a Dirac fermion flavor ψ and a real scalar boson ϕ representing
the top quark and the Higgs, respectively, and is defined by the Euclidean classical action

S =

d4x


1
2(∂µϕ)2 + UΛ(ϕ2) + ψ̄ i/∂ψ + i h̄√

2
ϕψ̄ψ


. (3.1)

Restricting to the class of perturbatively renormalizable scalar self-interactions, the bare poten-
tial is given by UΛ = m̄2

2 ϕ
2 + λ̄2

8 ϕ
4. The normalization of the Yukawa coupling is implemented

consistently with that of the standard model Higgs-Yukawa coupling where the complex Higgs
field contains a factor 1/

√
2 (see Chap. 5). From now on, we denote unrenormalized couplings

and masses with a bar.
This model is invariant under a discrete chiral symmetry,

ψ → ei π
2 γ5ψ, ψ̄ → ψ̄ ei π

2 γ5 , ϕ→ −ϕ, (3.2)

which protects the fermions against acquiring a direct mass term. Since the symmetry is only
discrete, its spontaneous breaking owing to a nonzero expectation value for the scalar field
⟨ϕ⟩ ≠ 0 does not give rise to massless Goldstone bosons. This feature mimics the property
of the standard model that the Goldstone modes are eaten by the massive electroweak gauge
bosons.

For the following discussion it is important to note that the standard model in its conventional
form may not be extendible to arbitrarily high momentum scales. The problem of triviality –
where substantial evidence has been accumulated for ϕ4-type theories – is likely to extend to the
Higgs-Yukawa sector as well, see [52]. If so, the definition of our toy model unavoidably requires
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a UV cutoff Λ which physically plays the role of the scale of a maximum UV extension up to
which a quantum field theory description is appropriate. In this sense, the cutoff, together with
a specified regularization prescription, remains an implicit physical parameter of the theory. If
the cutoff scale is sufficiently large, Wilsonian renormalization guarantees that the IR physics
essentially depends only on a finite number of relevant and marginal parameters, rendering the
theory predictive (in spite of our ignorance about the physics beyond Λ).

In fact, the strategy of perturbative renormalization manifestly allows to take the limit
Λ → ∞ once physical observables are expressed in terms of renormalized quantities. Some
schemes such as dimensional regularization can even be applied without any explicit appearance
of a UV cutoff scale. For the general definition of the theory, it is however important to accept
the fact that the cutoff Λ may unavoidably have to be kept finite. In principle, perturbative
predictions for Λ→∞ may differ from those with a finite cutoff. However, let mObs denote the
scale of a typical IR observable; then this difference is typically of order (mObs/Λ)p, where p is
some appropriate power. For sufficiently large Λ, this difference hence becomes insignificant.

In this setting, we aim at solving the so defined quantum theory by integrating out fluc-
tuations from the UV cutoff Λ towards the observable long-range physics as aforementioned.
Within our toy model, the RG flow provides for a mapping from the microscopic bare pa-
rameters of the potential, which are the bare mass m̄2 and the bare quartic coupling λ̄2 for
ϕ4-type potentials, as well as h̄ and Λ and possibly further RG irrelevant bare couplings, to
the set of physical parameters which are given by the top mass mt, the Higgs mass mH, the
vacuum expectation value v and still the cutoff Λ. These physical observables are related to
renormalized couplings in the quantum effective action such as the renormalized Yukawa cou-
pling h and the effective potential U , see below. The precise relation is fixed by imposing a
renormalization condition at an a priori arbitrary renormalization point. As we require to end
up in the SSB regime in order to obtain the desired phenomenology, the long-range physics of
the present model is characterized by massive degrees of freedom. Therefore, we can choose
the renormalization point to be a deep IR scale µ0 being much smaller than all mass scales. In
this way, the physical parameters can directly be read off from the values of the renormalized
couplings in the deep IR. Denoting the minimum of the effective potential by ϕ0, we identify

v = Z
1/2
ϕ ⟨ϕ⟩ = Z

1/2
ϕ ϕ0, m2

t = v2h2, m2
H = 1

Zϕ

∂2U

∂ϕ2


ϕ0

, (3.3)

where all renormalized couplings are considered in the deep IR. This also holds for the wave
function renormalization Zϕ, which is introduced below. For the derivative expansion, which
we use throughout this thesis, these mass definitions already agree with the pole masses.

Beside fixing the renormalization condition in the deep IR, it is equally well possible to
impose suitable renormalization conditions at the UV cutoff Λ, conceptually. A perturbative
study of possible Higgs mass values for partly randomized UV initial conditions at the Planck
scale has, for instance, been performed for the standard model in [81]. Thus, we can fix h
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and the scalar potential U in terms of their bare quantities at the cutoff, hΛ = h̄ and UΛ. In
practice, the fixing can be done such that the constraints set by the physical values of v and
mt are satisfied.

In order to come in contact with the standard model, we fix the vacuum expectation value
to be at v ≃ 246GeV and the top mass at mt ≃ 173GeV. We use here the value for the
top mass measured by kinematically reconstructing its decay products and comparing these
to Monte Carlo simulations. For Higgs mass bounds, actually the pole mass is considered to
be the appropriate quantity, which could significantly differ from the experimentally quoted
value [82]. In any case, quantitative results of the present toy model should anyway only be
considered as an illustrative example. Furthermore, choosing a fixed cutoff Λ leaves only mH

as a free parameter which becomes a function of the whole set of microscopic bare parameters.
We stress that it is meaningless to quantitatively compare the Higgs mass bounds obtained
below with the measured Higgs mass of mH ≃ 125GeV, as the toy model considered here differs
in many quantitative aspects from the top-Higgs sector of the standard model.

Constraints on the Higgs mass are now obtained if the region of attainable Higgs masses is
bounded for any given combination of bare parameters. These bare parameters are essentially
unconstrained, as they are provided by a yet unknown underlying microscopic theory. Only a
stable bare scalar potential bounded from below is required in order to facilitate a meaningful
definition of the quantum theory. In the present section, we start with the standard class of
initial bare λ̄2ϕ

4 potentials. UV stability then implies that λ̄2 ≥ 0 for this class of potentials.
We then extend our considerations to more general potentials. For instance, also a negative
λ̄2 is permitted if the potential is stabilized for large ϕ, e.g., by positive ϕ6, ϕ8, . . . terms
in the bare potential. We emphasize that these higher-order terms cannot be excluded by
referring to renormalizability criteria within the spirit that the standard model is only an
effective field theory only valid below a certain UV cutoff. This is because we consider them
to be present in the microscopic UV potential at a fixed (possibly physical) UV cutoff Λ.
Presently no experiment can impose relevant constraints on such terms which could arise from
an underlying UV completion of the standard model. Renormalizability rather tells us that
the IR is dominated by the power-counting “renormalizable” operators in the standard model,
provided that the UV theory starts near the perturbative Gaußian fixed point.

Before we start to investigate the nonperturbative flow equations and the computation of
Higgs mass bounds within the present model, we analyze the properties of the effective potential
by means of a simple one-loop approximation in analogy to Sect. 2.3 of the full standard model
calculation. By doing this, we point out the qualitative and quantitative differences between the
present toy model and the standard model. Taking only top fluctuations into account, yields
full analytic solutions. We demonstrate how a seeming instability occurs in the renormalized
effective potential, however, the analytical study of the fermion determinant sheds a different
light on the stability issue. We already presented the discussion of the fermion determinant in
one of our publications [116]. The investigation of the nonperturbative flow is based on [112]
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and on yet unpublished material in preparation with H. Gies and J. Borchardt as well as M.
Warschinke.

3.1 Renormalized one-loop effective potential

It is a straightforward task to derive the one-loop β functions for the involved couplings in the
model defined in Eq. (3.1). They read for the renormalized quartic coupling λ2 and the squared
Yukawa coupling h2,

βλ2 = 1
16π2 (9λ2

2 + 4h2λ2 − 4h4), βh2 = 1
8π2

5
2h

4. (3.4)

Obviously, the coefficients in front of the couplings do not agree with those in Eqn. (2.8)-(2.9)
due to the different field content of the models. For instance, the additional factor of 3 in front
of the terms proportional to the top Yukawa coupling in Eq. (2.8) is due to the fact that there
are three colored copies of the top in the standard model while the different coefficient for λ2

2

is due to the additional scalar degrees of freedom of the Higgs field which is a complex SU(2)L

doublet in the standard model.
In analogy to the considerations in Sect. 2.3, the dependence of the ϕ4 coupling on the scale

µ can be computed by integrating its β function from the IR, where the boundary condition
is fixed in terms of the Higgs mass, upwards to higher scales. Restricting to the pure fermion
contribution of the one-loop flow equation and neglecting the running of the Yukawa coupling
is justifiable for our current purpose. The pure fermion contribution to the running of λ2 is
the driving force in the vacuum stability discussion, that leads to negative quartic couplings
towards the UV. This goes along with the fact, that the considered term is the dominating
contribution to the flow of λ2. Furthermore, the restriction of a nonrunning h(µ) = hµ0 = hΛ

can be motivated by the fact that h flows logarithmically and thus changes only slightly as
long as we do not consider too large scales where, similar to the pure ϕ4 theory, a Landau pole
emerges. Taking the neglected two types of diagrams and a running h into account would only
lead to minor different quantitative values but does not change the qualitative picture.

Within these simplifications the 1-loop β function for the quartic coupling can be integrated
straightforwardly,

∂λ2

∂ lnµ = − h4
Λ

4π2 ⇒ λ2(µ) = λ2,µ0 −
h4

Λ
8π2 ln µ

2

µ2
0
, (3.5)

where µ0 is some arbitrary typically low-energy renormalization scale where the renormalization
condition on λ2 is imposed.

Imposing a suitable renormalization condition on the mass term and assuming that the
effective potential is well approximated by a ϕ4-type potential with λ2(µ = ϕ) for large field
values ϕ ≫ v according to Eq. (2.6), the renormalized effective (single-scale) potential reads
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Figure 3.1: Conventional effective single-scale potential US
eff as a function of the field am-

plitude ϕ. While the potential looks stable around the electroweak minimum, it develops a
seeming instability at large field values within our toy model. This instability is driven by top
fluctuations which turn the scalar self-coupling negative at large scales.

within our simple approximation for the running of the quartic coupling:

US
eff(ϕ) =

m2
µ0

2 ϕ2 + λ2(µ = ϕ)
8 ϕ4 =

m2
µ0

2 ϕ2 + λ2,µ0

8 ϕ4 − h4
Λϕ

4

64π2 ln ϕ
2

µ2
0
. (3.6)

We emphasize, that the identification µ = ϕ mixes momentum scale information µ with the
field amplitude. In general, the full effective action in field theory would provide separate
information about the two scales which need not be the same. Further note, that we do not
distinguish between bare and renormalized scalar fields in the present as well as in the next
section, as this is not relevant at this order.

Following the standard procedure, we impose the renormalization conditions in such a way
that the minimum ϕ0 = v as well as the curvature at the minimum stay at its classical values
at µ = v , e.g., see [110]. To be more precise:

0 = US
eff
′(v) ⇒ m2

v = h4
Λv

2

32π2 −
λ2,vv

2

2 , m2
H = US

eff
′′(v) ⇒ λ2,v = m2

H
v2 + 3h4

Λ
16π2 . (3.7)

Thus the renormalized effective single-scale potential reads finally:

US
eff(ϕ) =−


m2

H
2 + m4

t
4π2v2


ϕ2

2 +

m2

H
v2 + 3m4

t
4π2v4


ϕ4

8 −
m4

t ϕ
4

16π2v4 ln ϕ
2

v2 , (3.8)

where the top mass is given by m2
t = 1

2h
2
Λv

2. Clearly, the potential develops an instability
for large Yukawa couplings, correspondingly large mt. For the values of mH = 125GeV, mt =
173GeV and v = 246GeV, the shape of the potential is given in Fig. 3.1. The instability occurs
at a scale of ∼ 107GeV for the Higgs-Yukawa toy model and taking only the pure fermion loop
into account.

While the Higgs-Yukawa model seems to exhibit an vacuum instability, the situation in the
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3 Simple Higgs-Yukawa model

standard model is slightly different. In the latter the electroweak fluctuations become large at
high energy scales, which turns the quartic coupling positive again. As discussed in Sect. 2.3,
the potential will be bounded from below and a second minimum arises beyond the Planck
scale which turns out to be the global one. Therefore, it is a particularity of our toy model
that the effective potential becomes entirely unstable. Nevertheless, the mechanisms that lead
to the in-/metastability are the same and can be investigated in the present model.

3.2 Fermion determinant and (in-)stability

With hindsight, the arguments underlying Eq. (2.6) rely on the assumption that the field
amplitude ϕ provides for the only relevant scale at large values. It is precisely this assumption
that fails in the presence of a finite cutoff independently of the size of the cutoff. In order to see
this, let us start from the Euclidean generating functional for the scalar correlation functions
of the model

Z[J ] =


Λ
DϕDψ̄Dψe−S[ϕ,ψ̄,ψ]+


Jϕ, (3.9)

where the appearance of Λ at the functional integral shall remind us of the fact that the theory
requires a regularization procedure as part of its definition. As the action is a quadratic form
in the fermion fields, the corresponding fermionic integral can be carried out and yields

Z[J ] =


Λ
Dϕ detΛ[D(ϕ)]e−SB[ϕ]+


Jϕ =


Λ
Dϕ e−SB[ϕ]−SF,Λ[ϕ]+


Jϕ, (3.10)

where SB is the purely bosonic part of the action and D(ϕ) denotes the Dirac operator in
the presence of the scalar field. In the second step of Eq. (3.10), we have introduced the
effective action SF,Λ[ϕ] arising from integrating out the fermion fluctuations. As the fermion
determinant and thus also SF,Λ corresponds already to a loop-integration, it suffices for the
present purpose to investigate its properties for a homogeneous mean field ϕ. Deviations from
this mean field contribute to the full effective potential only in terms of fluctuations at higher-
loop order. Therefore, we concentrate on the fermion-fluctuation induced contribution to the
effective potential

UF(ρ) = − 1
Ω ln detΛ[D(ϕ)], (3.11)

where Ω =

d4x denotes the spacetime volume, and we have used the fact that the depen-

dence on ϕ must occur in terms of the Z2 invariant variable ρ = 1
2ϕ

2. Incidentally, Eq. (3.11)
corresponds to the leading contribution to the effective potential in a large-Nf expansion.

The Dirac operator reads D(ϕ) = i/∂ + i 1√
2hΛϕ. Because of γ5 hermiticity, i/∂ is isospectral
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3.2 Fermion determinant and (in-)stability

to −i/∂ which allows us to write

UF(ρ) = − 1
2Ω ln detΛ(−∂2 + h2

Λρ)
detΛ(−∂2) . (3.12)

In proceeding from Eq. (3.11) to Eq. (3.12), we also used the freedom of choosing the normaliza-
tion of the generating functional such that the fermion-induced effective potential is normalized
to the zero-field limit, i.e., UF(ρ = 0) = 0. This resulting ratio of determinants can be evalu-
ated straightforwardly, once a regularization procedure has been chosen. The final result will
of course depend on the regularization for any finite value of the cutoff Λ. As argued above,
we should not expect that the cutoff can be sent to infinity, since our model is likely to have a
scale of maximum UV extent. In order to understand this regulator dependence, it is therefore
instructive to compute Eq. (3.12) for different choices of the regularization.

A straightforward regularization is provided by a sharp cutoff in momentum space, such that
Eq. (3.12) translates into

UF(ρ) = −2


Λ

d4p

(2π)4 ln


1 + h2
Λρ

p2


, (3.13)

where we have used that we work here with 4-component Dirac spinors. As expected, the
integral contains quadratic and logarithmic “divergencies”, which can be made explicit by
writing the analytic exact result of the integral as

UF(ρ) = − Λ2

8π2h
2
Λρ+ 1

16π2


h4

Λρ
2 ln


1 + Λ2

h2
Λρ


+ Λ4


h2

Λρ

Λ2 − ln

1 + h2

Λρ

Λ2


. (3.14)

Here observe that the quadratic divergence ∼ Λ2 has been isolated in the first term. The
remaining term in square brackets contains only logarithmic divergencies ∼ ln Λ. It is however
more important to note that the first term also isolates the only term proportional to ρ ∼ ϕ2

and thus contributes to the mass parameter of the scalar field. The remaining terms represent
the interacting part of the fermion-induced effective potential.

Most importantly: whereas the contribution to the mass term is negative, as it should be,
since fermion fluctuations tend to induce chiral symmetry breaking, the whole interaction part
in square brackets is strictly positive for all ρ > 0. This follows immediately from the inequality
ln(1 + x) < x (for x > 0) applied to the last term. Similarly, it can be shown that also the
derivative of the interacting part with respect to ρ is strictly positive for any finite value of ρ,
hΛ and Λ.

We conclude that the fermion determinant – apart from its contribution to the scalar mass
term – is strictly positive and monotonically increasing in its interacting part. Therefore, once
the scalar mass term has been fixed by a renormalization condition, the remaining contributions
from the top fluctuations to the interacting part of the bosonic potential are strictly positive.
This excludes the possibility that an instability beyond the electroweak vacuum is induced by

35



3 Simple Higgs-Yukawa model

fermionic fluctuations. This can also be phrased in terms of a more rigorous statement: if the
potential of the purely bosonic part SB of the action in Eq. (3.10) is bounded from below by a
function of the form UB(ρ) > c1 + c2ρ

1+ϵ with an arbitrary finite constant c1 and finite positive
constants c2, ϵ > 0, then also the full potential including the fermionic fluctuations is bounded
from below.

This result is in obvious direct disagreement with the standard perturbative reasoning out-
lined above, cf. Eqn. (2.6) and (3.4). Nevertheless, it is in fact possible to “rediscover” this
seeming instability of the standard reasoning from the stable contribution (3.14) by trying to
take the limit Λ→∞. The leading-order terms in this limit read,

UF(ρ) = − Λ2

8π2h
2
Λρ+ 1

16π2


h4

Λρ
2 ln Λ2

h2
Λρ

+ h4
Λρ

2

2 +O


(h2
Λρ)3

Λ2


. (3.15)

From here, it is tempting to isolate the divergencies ∼ Λ2 and ln Λ, combine them with the bare
scalar mass and ϕ4 coupling parameters, and trade them for renormalized parameters m2

H(µ0)
and λ2(µ0). Ignoring the mass term for a moment, the renormalized interaction contribution
to the effective potential would then read

UF(ρ) ?→ − 1
16π2h

4
Λρ

2


ln h
2
Λρ

µ2
0

+ const.

, (3.16)

where the constant depends on the details of the renormalization scheme. This is precisely the
fermion-loop contribution to the effective action, which we obtained from integrating the term
∼ h4

Λ of the βλ2 function (3.4) from µ0 to µ and identifying µ2 ∼ ρ in the previous Sect. 3.1.
Hence, we have “rederived” the contribution with the characteristic minus sign that seems to
indicate the presence of an instability at large values of ρ, while the cutoff Λ seems to have
disappeared completely.

The problem of this line of argument becomes obvious, once we go back to the cutoff-
dependent leading order terms in Eq. (3.15). It is straightforward to work out that also these
leading-order terms seem to have an instability: the interaction part of the potential in square
brackets first develops a maximum and then eventually turns negative for large fields ρ. How-
ever, the location of the maximum is in fact at h2

Λρ = Λ2. In other words, these seeming
instability features appear precisely at those field values, where the expansion in terms of the
parameter h2

Λρ

Λ2 ≪ 1 breaks down. We conclude that the instability “discovered” in Eq. (3.16)
is an artifact of having tried to send the cutoff to infinity Λ→∞ together with a problematic
choice of renormalization conditions. In fact, it has been shown in [110, 111] for the present
Z2-Yukawa model that the renormalization conditions needed to arrive at Eq. (3.16) require an
unstable bare bosonic potential with negative bare ϕ4 coupling, λ2(Λ) < 0.

Some additional comments are in order:
(1) Our conclusions are identical to those of [107, 108], where essentially the same results have

been found for the Z2-Yukawa model. In these works, lattice simulations have been compared
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3.2 Fermion determinant and (in-)stability

with the one-loop effective potential with a cutoff kept finite, matching the lattice data almost
perfectly. By contrast, the effective potential with the cutoff removed à la Eq. (3.16) shows
an artificial instability in strong disagreement with the nonperturbative simulation. This work
has been criticized [79, 109] also because it is generically difficult on the lattice to bridge wide
ranges of scales, in particular to separate the cutoff from the long-range mass scales by many
orders of magnitude. As is clear from the above discussion, this problem does not exist for
the present line of argument; the cutoff can be arbitrarily large in the above discussion of the
fermion determinant. As long as it is finite, the interaction part of the determinant does not
induce any instability.

(2) For the above discussion and the comparison to the standard line of arguments at one-
loop order, it has been sufficient to evaluate the determinant for a homogeneous mean field.
Though this does not interfere with our argument, one might ask whether the determinant
behaves qualitatively differently for non-homogeneous fields. Some exact results are known for
d = 1 + 1 dimensional determinants, where the Peierls instability at a finite chemical potential
can lead to inhomogeneous ground states with lower free energy [209]. However, the vacuum
ground state is generically homogeneous as no mechanism is known that can “pay” for the
higher cost in kinetic energy. Absolute lower and upper bounds for fermion determinants have
been found, e.g., for QED [210].

(3) The fact that the interaction part of the fermion contribution to the scalar potential
is positive does not imply that the full theory cannot have further potentially (meta-)stable
vacua. The conclusion rather is that such further vacua have to be provided by the bosonic
sector. In particular, the bare bosonic potential UB can in principle be chosen such that it has
several vacua. As a special case, it is even possible to construct examples such that the bare
bosonic potential has one minimum, but the sum of UB and UF has two minima. This is still
very different from the perturbative reasoning which for the present model seems to suggest a
global instability due to the fermionic fluctuations, whereas a global instability of UB + UF in
our analysis would have to be seeded from the choice of UB. In other words, our arguments
do not exclude that our electroweak vacuum is unstable, but they suggest that such an in-
/metastability would have to be provided by the microscopic underlying theory, see [129]. In
this case, however, the Higgs mass bounds from metastability as well as the life-time estimates
of the electroweak vacuum would be very different from the conventional estimates, see, e.g.,
[150].

(4) As mentioned above, the result for the fermion determinant is regulator dependent, as
long as the cutoff is kept finite. The preceding results have been derived for a sharp cutoff in
momentum space. These results in fact generalize to arbitrary smooth cutoff shape functions
in momentum space as they can be implemented straightforwardly within the functional RG
framework, see Sect. 3.4. Though this is not an issue for the present model, one might be
concerned about the fact that such regularizations are not gauge invariant. Hence a gauge-
invariant regularization is studied in App. A.2, yielding the same conclusions as for the sharp
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cutoff given above.

3.3 Nonperturbative RG flow equations

In this work, we study the nonperturbative renormalization flow of the Yukawa system within
the following truncation based on the derivative expansion:

Γk =

x


Zϕ,k

2 (∂µϕ)2 + Uk(ρ) + Zψ,k ψ̄ i/∂ψ + i h̄k√
2
ϕψ̄ψ


, (3.17)

where the field invariant ρ is again given by ρ = 1
2ϕ

2, and the effective average potential Uk
generally includes arbitrary powers of the field as they will be generated during the RG flow.
In fact, the accuracy of the derivative expansion for Yukawa theories has been verified quan-
titatively in many contexts [211–216]. Here, we actively study its convergence by comparing
leading-order (LO) results (obtained for Zϕ,k = 1, Zψ,k = 1) to next-to-leading order (NLO) re-
sults. We find no signatures of a failure of this expansion even at comparatively strong coupling,
see Sect. 3.5.

Inserting this ansatz (3.17) into the flow equation (2.13) provides us with the RG flows of
h̄k, Uk and the wave function renormalizations Zϕ,k and Zψ,k; the latter flows will be followed
in terms of the anomalous dimensions

ηϕ = −∂t lnZϕ,k, ηψ = −∂t lnZψ,k. (3.18)

Details on the computation of these flow equations can be found in the appendix, see App. A.4.
The flow equation for the effective potential reads

∂tUk = 2 vd kd

l
(B)d
0


k−2 Z−1

ϕ,k [U ′k + 2 ρU ′′k ] ; ηϕ

− dγ l(F)d

0


2 k−2 Z−2

ψ,k h̄
2
k ρ; ηψ

 
, (3.19)

where primes denote derivatives with respect to the field invariant ρ, and v−1
d := 2d+1 πd/2 Γ(d/2).

For generality, we work in d dimensions and with a dγ dimensional representation of the Dirac
algebra. We will later specialize to d = 4 and dγ = 4. The threshold functions l(B)d

0 and l
(F)d
0

arise from the integration over the loop momentum and carry the non-universal regulator de-
pendence. For any physically admissible regulator, they approach finite constants for vanishing
argument and decrease to zero for large first argument, describing the decoupling of massive
modes. A list of threshold functions can be found in App. A.3. A diagrammatic representation
of the contributions to the flow equation for the scalar potential is given in Fig. 3.2.

It is useful and convenient to introduce renormalized fields in order to fix the usual RG
invariance of field rescalings,

ϕ̃ = Z
1/2
ϕ,k ϕ, ψ̃ = Z

1/2
ψ,kψ.
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∂tUk:

Figure 3.2: Diagrammatic representation for the contributions to the flow equation of the
scalar potential. Dashed and solid lines denote scalar and fermion fields respectively. All
internal propagators are considered as fully dressed at the scale k as implied by the Wetterich
equation. Circles with a cross denote a regulator insertion ∂tRk.

Thus, we are able to rewrite the flow equations in terms of dimensionless renormalized quanti-
ties, such as

ρ̃ = Zϕ,k k
2−dρ, uk(ρ̃) = k−dUk(ρ)|ρ=kd−2Z−1

ϕ
ρ̃, h2

k = Z−1
ϕ,k Z

−2
ψ,k k

d−4 h̄2
k. (3.20)

The flow of uk for fixed ρ̃ is given by

∂t uk = −d uk + (d− 2 + ηϕ)ρ̃u′k + 2vd

l
(B)d
0 (u′k + 2 ρ̃ u′′k; ηϕ)− dγ l

(F)d
0


ρ̃ h2

k; ηψ
 
, (3.21)

where primes now denote derivatives with respect to ρ̃. The flow of the renormalized Yukawa
coupling is of the form

∂th
2
k = (d− 4 + ηϕ + 2ηψ)h2

k + 4vd h4
k


l
(FB)d
1,1 (µ2

t , µ
2
ϕ; ηψ, ηϕ)− 2h2

kκk l
(FB)d
2,1 (µ2

t , µ
2
ϕ; ηψ, ηϕ)

−

6κku′′k(κk) + 4κ2

ku
′′′
k (κk)


l
(FB)d
1,2 (µ2

t , µ
2
ϕ; ηψ, ηϕ)


,

(3.22)

and κk = ρ̃0 denotes the minimum of the potential uk; i.e., if κk ̸= 0 then u′k(κk) = 0. Further,
we have used the abbreviations µ2

ϕ = u′k(κk) + 2κku′′k(κk) and µ2
t = h2

kκk which are the flowing
renormalized dimensionless mass of the Higgs and top field respectively. Finally, the anomalous
dimensions are determined by

ηϕ =8vd
d
κk

3u′′k(κk) + 2κku′′′k (κk)

2
m

(B)d
2 (µ2

ϕ; ηϕ)

+ 4vddγ
d

h2
k


m

(F)d
4 (µ2

t ; ηψ)− κkh2
k m

(F)d
2 (µ2

t ; ηψ)

,

(3.23)

ηψ =4vd
d
h2
k m

(FB)d
1,2 (µ2

t , µ
2
ϕ; ηψ, ηϕ), (3.24)

where the threshold functions are again discussed in App. A.3. A diagrammatic interpretation
of the contributions to the Yukawa coupling as well as the anomalous dimensions is depicted in
Fig. 3.3. These flow equations can be compared to those of similar investigations in the literature
[52, 213, 217] within different physical contexts. Once the flow equations have been solved for
suitable initial UV conditions, we can read off the fully renormalized long-range quantities
in the limit k → 0. For instance, the physical quantities defined in Eq. (3.3) require the
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∂thk :

ηϕ :

ηψ :

Figure 3.3: Diagrammatic contributions to the running of the Yukawa coupling as well as
the anomalous dimensions of the fields. All internal propagators and vertices are considered
as fully dressed at the scale k. For compactness, we suppressed the regulator insertions. Each
diagram is implicitly understood as a sum over regulator insertions at one of the internal lines
in each diagram. Filled squares denote couplings to the condensate ∼

√
2κk, cf App. A.4.

renormalized Yukawa coupling h = hk→0 and the wave function renormalization Zϕ = Zϕ,k→0.
The renormalized vacuum expectation value is obtained from v2 = limk→0 2kd−2κk.

Moreover, we are able to extract the perturbative one-loop β functions for λ2 and h2, see
Eq. (3.4), from these nonperturbative flow equations. Therefore, we neglect resummation effects
and go to the deep Euclidean region where all momenta are considered to be much larger than
the involved masses. Technically speaking, we set all anomalous dimensions occurring in the
threshold functions to zero because these correspond to higher loop corrections but keeping the
anomalous dimensions occurring from the dimensional scaling of the renormalized couplings
which contribute to the perturbative one-loop flow equation via one-particle reducible graphs.
In addition, we take the limits, κ → 0, ρ̃ → 0, to consider the deep Euclidean region. Within
this limit, the flow equations for the anomalous dimensions read,

ηϕ = 4vddγ
d

h2
km

(F)d
4 (0; 0) d=4= h2

k

8π2 , ηψ = 4vd
d
h2
km

(FB)d
1,2 (0, 0; 0, 0) d=4= h2

k

32π2 . (3.25)

Thus, the flow equation for h2 in this limit reads,

∂th
2
k = (d− 4 + ηϕ + 2ηψ)h2

k + 4vd h4
k l

(FB)d
1,1 (0, 0; 0, 0) = (d− 4 + ηϕ + 2ηψ)h2

k + 16vd
d

h4
k

d=4=
Eq.(3.25)

5
16π2h

4
k (3.26)

For the flow equation of λ2, we expand the potential in powers of the field invariant ρ̃ up to the
second order, uk = λ1,kρ̃ + λ2,k

2 ρ̃, where λ1,k corresponds to the renormalized mass term which
will be neglected as we consider the deep Euclidean region. Then, the β function is given by,
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∂tλ2,k = ∂t(∂2
ρ̃uk)|ρ̃=0, and we finally obtain,

∂tλ2,k = (d− 4 + 2ηϕ)u′′k(0) + 2vd∂2
ρ̃


l
(B)d
0 (u′k + 2 ρ̃ u′′k; 0)− dγ l(F)d

0


ρ̃ h2

k; 0
 

ρ̃=0,λ1,k=0

= (d− 4 + 2ηϕ)λ2,k + 8vd
d

(9λ2,k − dγh4
k) (3.27)

Considering d = 4 and approximating the anomalous dimensions with Eq. (3.25), the flow
equation for the quartic coupling (Eq. (3.27)) and for the Yukawa coupling (Eq. (3.26)) are
identical to Eq. (3.4). Thus, we obtained the universal one-loop coefficients of the β functions
in a particular limit of the nonperturbative flow equations as we should.

However, we would like to point out that there is a conceptual difference between Eq. (3.4)
and the flow equations given in (3.26) and (3.27). In the standard perturbative setup, the β
functions (3.4) describe the variation of the coupling with respect to the renormalization scale µ
which is an arbitrary scale in practice related to a measurement scale. By contrast, the one-loop
β functions resulting from the FRG describe the variation of a coupling with respect to the IR
cutoff scale k introduced by Rk. Both scales are introduced as arbitrary auxiliary scales which
can be chosen independently. Nonetheless, changing from the different meanings of the energy
scales k and µ corresponds to a change of the renormalization scheme. Due to the universality
of the one-loop coefficients (and also of the two-loop coefficients in a mass-independent scheme),
we obtain the correct perturbative limit. FRG results in the context of universality are further
discussed in [166, 218–220].

3.4 Mean-field analysis
Before we tackle the full set of nonperturbative flow equations (3.21)-(3.24), let us first perform
a mean-field analysis. The purpose of this is twofold: first, we are able to generalize our results
for the fermion determinant obtained for a sharp cutoff to a wider class of regulator shape
functions and rephrase the results of Sect. 3.2 in the language of the flow equation. Second,
the mean-field approximation allows for an analytical treatment of Higgs mass bounds and the
effective action. Thus, we are able to give a first impression on the reliability of approximations,
which we use to analyze the nonperturbative flow equations, by comparing the analytical results
against truncated solutions of the potential, e.g., in a polynomial approximation.

The mean-field analysis corresponds to a one-loop approximation of the effective potential
including fermion fluctuations (as well as boson fluctuations in an extended mean-field setup),
while keeping the wave function renormalizations and the Yukawa coupling fixed,

Zϕ,k, Zψ,k → 1, hk → hΛ. (3.28)

The mean-field effective potential UMF could, of course, be calculated directly from a Gaußian
approximation of the generating functional, yielding the standard log det-formula (2.5) or ac-
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cordingly (3.11). Nevertheless, we derive it from the flow equation, since it provides direct
access to the use of an arbitrarily shaped regulator function, which can be used to model the
physical UV cutoff mechanism.

The standard mean-field (MF) approximation is equivalent to the large-Nf approximation,
taking only fermionic fluctuations into account. The corresponding mean-field effective poten-
tial is obtained from the flow equation (3.19) by integrating the fermion contributions ∼ l

(F)d
0

from k = Λ to k = 0, while keeping the Yukawa coupling on the right-hand side fixed at
hk → hΛ. In addition, we neglect the term coming from the scalar fluctuations ∼ l

(B)d
0 . We

obtain for the mean-field effective average potential for finite k in d = 4 dimensions

UMF
k (ρ) = UΛ(ρ) + dγ

2


p

ln

p2

1 + rF(p2/Λ2)

2
+ h2

Λρ

p2

1 + rF(p2/k2)

2
+ h2

Λρ

 , (3.29)

where

p =

 ddp
(2π)d and rF is the regulator shape function which depends on the ratio of the

momentum and the RG scale k. In order to provide for a regularization, rF(x) should vanish
for large argument and diverge sufficiently fast to positive infinity for x → 0. Apart from
analyticity for all finite x > 0, no further requirements on rF are needed; however, for the
interpretation of a physical regularization, we assume rF to be nonnegative for finite x. The
second derivative of the mean-field effective potential (k = 0) with respect to ρ encodes the
fermionic contributions to the interacting part of the effective potential:

UMF
k=0
′′ = U ′′Λ + dγh

4
Λ

64π2

 ∞
0
dp p3


p2

1 + rF(p2/Λ2)

2
− p2


p2

1 + rF,Λ(p2/Λ2)

2
+ p2 + h2

Λρ



p2

1 + rF,Λ(p2/Λ2)

2
+ h2

Λρ
2
p2 + h2

Λρ
2 .

The integrand is strictly nonnegative for rF ≥ 0 and so is the integral. This corroborates the
conclusion from Sect. 3.2 that the interaction part of the fermion determinant is strictly positive
for a general class of arbitrary smooth cutoff shape functions in momentum space.

The extended mean-field (EMF) approximation is obtained by including also the scalar fluc-
tuations on the same Gaußian level. Introducing the abbreviation M2

Λ(ρ) = U ′Λ(ρ) + 2ρU ′′Λ(ρ),
we find,

UEMF
k (ρ) = UMF

k (ρ)− 1
2


p

ln
p2


1 + rB(p2/Λ2)


+M2

Λ(ρ)
p2

1 + rB(p2/k2)


+M2

Λ(ρ)

 . (3.30)

While the mean-field approximation becomes exact in the strict large-Nf limit, the extended-
mean-field approximation takes 1/Nf corrections into account. However, further subtleties
arise in the extended-mean-field case from convexity violations and complex solutions for the
potential as discussed in [221]. These subtleties of the extended mean-field approximation are
however irrelevant for the nonperturbative functional RG solution discussed in the following
sections. Hence, we will mainly stay within the standard mean-field approximation in the
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following for the purpose of illustration.
For both approximations, the momentum integration can be done analytically for a suitable

choice of the regulator shape functions rB(x), rF(x). For instance, for the linear regulator (cf.
App. A.3) we obtain for the scale dependent mean-field effective average potential

UMF
k (ρ) = UΛ(ρ)− h2

Λ(Λ2 − k2)ρ
16π2 + h4ρ2

16π2 ln Λ2 + h2
Λρ

k2 + h2
Λρ
. (3.31)

By varying the RG scale k, we are able to study how the mean-field effective potential, UMF(ρ) =
UMF
k=0(ρ), is build up by fermionic fluctuations added to the bare potential UΛ. In a similar

manner the flow of the extended mean-field potential can be studied. This reads in the limit
k → 0,

UEMF(ρ) = UMF(ρ) + 1
64π2


M2

Λ(ρ)−M2
Λ(0)


Λ2

−M4
Λ(ρ) ln Λ2 +M2

Λ(ρ)
M2

Λ(ρ) +M4
Λ(0) ln Λ2 +M2

Λ(0)
M2

Λ(0)


,

(3.32)

where we have normalized UEMF(ρ) such that UEMF(0) = 0. In the following we will show that
Eq. (3.32) can be used to illustrate the appearance of a lower bound for the Higgs mass.

3.4.1 Bare potentials of ϕ4-type

First, let us confine to bare potentials of ϕ4-type,

UΛ(ρ) = m2
Λρ+ λ2,Λ

2 ρ2, (3.33)

with λ2,Λ ≥ 0 in order to start with a physical meaningful bare potential which is bounded from
below. For a given UV cutoff Λ, two out of the three bare parameters m2

Λ, λ2,Λ, hΛ can be fixed
by fixing the top mass and the vacuum expectation value; more precisely, fixing hΛ =

√
2mt
v

and
determining m2

Λ from the transcendental equation

UEMF′(ρ0 = v2/2) = 0, (3.34)

leaves us with the Higgs mass as a function of the bare scalar coupling, mH = mH(λ2,Λ).
In the standard mean-field approximation, it is easy to see that mH = mH(λ2,Λ) increases
monotonically with λ2,Λ, therefore a lower bound on the Higgs mass is obtained from the lowest
possible value of λ2,Λ, which is λmin

2,Λ = 0 for potentials of the form of Eq. (3.33). (In the extended
mean-field approximation, the same conclusion holds unless λ2,Λ approaches the strong-coupling
value λ2,Λ → 4

3h
2
Λ where an EMF-artifact induces singular behavior).

Equation (3.34) can easily be solved numerically. For an analytical estimate, let us stay within
the mean-field approximation. Determining m2

Λ from the condition UMF′(ρ0 = v2/2) = 0 for
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fixed values of mt and v such that a minimum occurs at the electroweak scale, we find (dγ = 4)

m2
Λ(Λ, λ2,Λ) = h2

Λ
8π2 Λ2 − λ2,Λ

2 v2 − h4
Λv

2

8π2


2 ln


1 + Λ2

m2
t


− Λ2

Λ2 +m2
t


. (3.35)

Note that the first term on the right-hand side is of order Λ2 while the remaining terms are
of order v2. This is necessary to allow for a potentially large scale separation between the
electroweak minimum and the cutoff scale. The first term precisely cancels the fermionic
induced mass term ∼ ρ in the mean-field potential (3.31) by construction. The other terms
achieve that a nontrivial minimum occurs at the Fermi scale. While this can be accomplished in
terms of an analytical expression within the mean-field approximation, it will become a rather
substantial issue for the numerical analysis of the flow equations on a nonperturbative level
because a large amount of fine-tuning for the initial mass parameter is required.

Relation (3.35) fixes the effective mean-field potential as a function of λ2,Λ and Λ. Within
these analytical expressions obtained from the linear regulator, it is straightforward to convince
oneself again that no further extrema will be generated by fermion fluctuations for any finite
but arbitrary value for Λ and ρ, similar to the sharp cutoff, cf. Eq. (3.14). The Higgs mass
finally reads,

m2
H(Λ, λ2,Λ) = v2UMF′′(v2/2) = m4

t
4π2v2


2 ln


1 + Λ2

m2
t


− 3Λ4 + 2m2

t Λ2

(Λ2 +m2
t )2


+ v2λ2,Λ. (3.36)

This renders explicit that the lower bound for UV potentials of quartic type (3.33) is given by
mH(Λ, λ2,Λ = 0).

The mean-field analysis performed here gives a first insight into how lower bounds for the
Higgs mass follow from the mapping from bare to renormalized quantities. It also exemplifies
that the mere existence of a lower bound on the Higgs mass for bare potentials of ϕ4-type is
essentially a consequence of top fluctuations that drive the curvature of the effective potential
at its nontrivial minimum to finite values. This statement will also hold on the nonperturbative
level. We plot the mean-field results for the Higgs mass as a function of Λ for various values of
λ2,Λ in Fig. 3.4 as solid lines.

The plot also shows corrections from bosonic fluctuations as described by extended mean-field
theory UEMF(ρ) as dashed lines for the same values of λ2,Λ. We observe that scalar fluctuations
tend to decrease the Higgs mass values. This agrees with the fact that scalar fluctuations
drive the effective potential towards the symmetric regime, thus flattening the curvature at
the minimum. However, the lower bound of the Higgs mass remains unaffected by the scalar
fluctuations, because the scalar field is non-interacting for λ2,Λ = 0 in the EMF approximation.

As we are working with an explicit finite cutoff Λ, these results are regulator depended.
Therefore, let us study the influence of this scheme dependence specified in terms of the reg-
ulator shape functions rB(p2/k2), rF(p2/k2). The Higgs mass in Eq. (3.36) is obtained for the
linear regulator, which fulfills optimization criteria for the used derivative expansion (3.17).
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Figure 3.4: Extended mean-field analysis of the lower bound for the Higgs mass mH versus
the UV cutoff Λ, based on a bare potential UΛ of ϕ4-type. For an initial UV potential which is
flat apart from a mass term UΛ = 1

2m
2
Λϕ

2, the fermionic fluctuations drive the Higgs mass to a
finite minimal value. The solid lines correspond to standard mean-field theory accounting only
for top fluctuations, cf. Eq. (3.36), whereas the dashed lines also include scalar fluctuations on
the Gaußian level (extended mean-field). The four different line sets correspond to increasing
values of the initial ϕ4 coupling of λ2,Λ = 0, 1

6 ,
1
3 ,

2
3 from bottom to top.

Roughly speaking it leads to the shortest RG trajectory in theory space. On the other hand,
the sharp cutoff leads to the longest RG trajectory and is in some sense the opposite of the
linear regulator in terms of optimization. Using the results of the fermion determinant for the
sharp cutoff (3.14), the Higgs mass reads,

m2
H,sharp(Λ, λ2,Λ) = m4

t
4π2v2


2 ln


1 + Λ2

m2
t


− 2Λ2

Λ2 +m2
t


+ v2λ2,Λ. (3.37)

For Λ2 ≫ m2
t , the difference between the sharp cutoff and the linear regulator is given by

m2
H,sharp −m2

H,lin = m4
t

4π2v2 . For mH > 100GeV, the regulator dependence is only at the percent
level for the Higgs mass between these two extreme choices for the regulator. Moreover, a change
of the regularization scheme such as a change of the shape functions can be mapped onto a
change of the initial conditions for the bare couplings (i.e., a change of the renormalization
constants) which is λ2,Λ in this example. Thus, we keep the regulator fixed in the following and
solely vary the bare couplings.

As a consequence, the occurrence of a lower Higgs mass bound implies that for a given Higgs
mass, say mH = 125GeV, a maximal scale can be read off, up to which the model can be
extended. Assuming that λ2,Λ = 0, we find that for a cutoff of Λcr = 1.22 · 107GeV we get the
desired Higgs mass within our toy model. For larger values of the UV cutoff no physical RG
trajectory can be found, connecting a physically meaningful bare potential to an IR Higgs mass
of 125GeV.

By ignoring this fact, however, the seeming instability of the renormalized one-loop effective
potential occurs again by trying to send the cutoff to larger scales but keeping the IR physics
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Figure 3.5: Approach of the mean-field potential to the perturbative effective single-scale
potential if we blindly allow for larger cutoffs than the critical value of Λcr = 1.22 · 107GeV
(black solid line). The blue dotted line is obtained for Λ = 2 · 107GeV and the orange dotted
line for Λ = 5 · 107GeV. For Λ > 108GeV, there is no visible difference between the mean-
field potential and the single-scale potential where Λ → ∞ (red dashed) in this plot. For all
potentials we fix the IR physics such that the minimum is at the Fermi scale and the curvature
at the minimum gives a Higgs mass of 125GeV (left panel). The right panel shows the behavior
of the effective potential for large field values.

fixed. Precisely this strategy was implicitly done in the computation of the renormalized effec-
tive single-scale potential (3.8) as we have already pointed out in Sect. 3.2 for the sharp cutoff
as well as ζ-function regularization in App. A.2. This important statement is once more high-
lighted in Fig. 3.5 for the mean-field potential obtained from the linear regulator. Therefore,
we choose the bare quartic coupling λ2,Λ such that the curvature at the electroweak minimum
is consistent with a mass of 125GeV. For a cutoff much larger than the electroweak scale, this
expression reads:

λ2,Λ = m2
H
v2 −

h4
Λ

2π2


ln Λ2

m2
t
− 3

2


+O

 1
Λ2


. (3.38)

Inserting Eq. (3.38) and Eq. (3.35), which tell us how to choose the counter terms for the mass
parameter and the quartic coupling, into the mean-field effective potential finally leads to a
potential with a minimum at 246GeV and a Higgs mass of 125GeV by construction,

UMF = −

m2

H
2 + m4

t
4π2v2


ρ+


m2

H
v2 + 3m4

t
4π2v4


1
2ρ

2 − m4
t ρ

2

4π2v4 ln


Λ2

Λ2 + h2
Λρ

2ρ
v2


+O

 1
Λ2


.

However, the value of the cutoff is still a free parameter. If we chose a cutoff larger than the
critical value Λcr, the potential develops an instability and converges rapidly to the single-scale
potential. For Λ > 108GeV there is no notable difference between the shape of the mean-field
effective potential with a finite cutoff and the renormalized effective single-scale potential (3.8)
which is obtained by taking the limit Λ→∞.

However, in all cases where the cutoff is larger than Λcr, the consistency condition that the
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bare potential should be bounded from below in order to start with a well defined generating
functional is no longer fulfilled. This can be directly read off from expression (3.38). The bare
quartic coupling has to be chosen negative by trying to send the cutoff to infinity which is not
an appropriate physical choice. Therefore, the seeming instability appears due to a problematic
UV boundary condition on the theory. As long as the consistency condition λ2,Λ ≥ 0 is fulfilled,
no instability can be found within the class of quartic bare potentials. A similar conclusion has
been drawn in [110, 111] for the sharp cutoff as already pointed out.

Let us finally remark that upper bounds cannot meaningfully be studied in the mean-field
approximation; this is because “RG improvement” is necessary to observe the nonperturbative
approach to triviality (reflected by the Landau-pole behavior within RG-improved perturbation
theory).

3.4.2 Generalized bare potentials

The lower Higgs mass bound determined above arises from the fact that the values for the bare
quartic coupling λ2,Λ are bounded from below. This is necessary in order to start with a well-
defined theory in the UV for our confined bare potentials (3.33) of ϕ4-type. Such a restriction
on the bare potential is typically also required in perturbation theory because higher-order
operators are perturbatively nonrenormalizable. By contrast, the Wetterich equation provides
us with a nonperturbative tool, so we can easily investigate the influence of RG irrelevant
higher-order operators on the flow of the effective average action. Alternatively, this could also
be studied with perturbative methods in an effective-field-theory approach.

In the following, we address the question how modifications ∆UΛ(ρ) of the quartic bare
potential can exert an influence on the phenomenologically relevant lower Higgs mass bound.
In general, the underlying theory of the standard model will generate all possible operators
allowed by the symmetry at the UV cutoff scale. Thus, the bare potential can in principle
be an arbitrary function of the scalar field and is not necessarily restricted to the class of
perturbatively renormalizable operators. The only constraint which we impose is that the
potential is bounded from below in order to start with a well-defined quantum field theory
at the cutoff. We emphasize that no further experimental constraints exist. The simplest
extension of the standard potential has an additional operator of the form ϕ6,

UΛ(ρ) = m2
Λρ+ λ2,Λ

2 ρ2 + ∆UΛ(ρ) = m2
Λρ+ λ2,Λ

2 ρ2 + λ3,Λ

6Λ2 ρ
3. (3.39)

In this case, negative values for the bare quartic coupling λ2,Λ are permissible if the potential is
stabilized by a positive λ3,Λ. Again, Eq. (3.34) can be solved explicitly for m2

Λ in the mean-field
approximation, yielding the Higgs mass as a function of λ2,Λ and λ3,Λ for a given cutoff. The
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Figure 3.6: Extended mean-field analysis of the lower bound for the Higgs mass mH versus
the UV cutoff Λ, based on a bare potential UΛ of ϕ6-type. We have plotted the lower bound
in the ϕ4 theory (λ2,Λ = λ3,Λ = 0) as solid black line. Results for theories with bare couplings
λ2,Λ = − 1

30 and λ3,Λ = 2
3 are depicted as red dashed line, and λ2,Λ = − 1

15 and λ3,Λ = 2 as blue
dotted line.

Higgs mass reads

m2
H(Λ, λ2,Λ, λ3,Λ) =

m4
top

4π2v2


2 ln


1 + Λ2

m2
top


−

3Λ4 + 2m2
topΛ2

(Λ2 +m2
top)2


+ v2λ2,Λ + v4

2Λ2λ3,Λ. (3.40)

Obviously, we are able to construct a theory with a Higgs mass below the previous lower bound
if the contribution of the term ∼ λ2,Λ, for λ2,Λ < 0, exceeds that of the positive term ∼ λ3,Λ.

The same mechanism works in the extended mean-field analysis but there it requires a solution
to the transcendental Eq. (3.34) in order to determine m2

Λ. A numerical solution is plotted in
Fig. 3.6 for different values of λ2,Λ and λ3,Λ. Furthermore, we have checked that for the given
masses no additional minimum appears in the effective potential besides the one at v = 246 GeV.

In conclusion, we find a rather substantial influence of the precise form of the bare scalar
potential on the lower bound of the Higgs boson mass. At first sight, this seems to be at odds
with common wisdom of renormalizable field theories that IR observables should be independent
of the details of the microscopic UV theory. This statement (formulated under suitable mild
assumptions) is, of course, left untouched here. However, the main point is that the notion
of a Higgs mass bound is strictly speaking not a pure IR observable. Higgs mass bounds are
typically formulated as a function of the UV cutoff Λ, i.e., mH,bound = mH,bound(Λ). Hence, in
order to quantify this dependence, we have to make certain assumptions about the system at
and near the cutoff. This includes the choice of a regularization scheme, specifying the details
of the UV regularization at the cutoff and this incorporates dynamical properties of the flow
near the cutoff which can be rather strongly influenced by the bare theory. Quantitatively, we
find that rather mild modifications of the bare potential can have a significant impact on the
lower Higgs mass bound.
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Figure 3.7: Higgs masses for the class of generalized bare potentials for Λ = 107GeV. The
bare potential is stabilized by λ3,Λ = 3. The horizontal black dotted line marks the lower Higgs
mass consistency bound within quartic bare potentials. The blue solid line indicates values for
λ2,Λ where the IR potential is stable while for the blue dashed line a metastability occurs.

Moreover, it seems that there is no longer a lower bound at all. Taking a fixed positive λ3,Λ

to stabilize the bare potential, in principle all Higgs masses down to zero can be obtained by
choosing a negative λ2,Λ and increasing its absolute value. Though, we have to discuss some
particularities, if we follow this strategy to diminish the lower bound. First of all, it is no longer
guaranteed that the class of bare potentials given by Eq. (3.39) has only a unique minimum. For
a negative λ2,Λ with large enough absolute value and positive m2

Λ and λ3,Λ, the bare potential
can exhibit a nontrivial minimum beside the symmetric one at vanishing field amplitude, such
that the bare potential may already be metastable. The RG evolution of potentials with several
minima is interesting on its own, e.g., for the investigation of first order phase transitions where
two competing minima occur [222–225], but beyond the scope of this work. Since we are able to
push the Higgs mass to zero for generalized bare potentials which are stable, we do not consider
this case in the following. Thus, we impose the unique-minimum condition

λ2
2,Λ <

2λ3,Λm
2
Λ

Λ2 (3.41)

on the bare parameters.
The remaining class of stable generalized bare potentials, which fulfill condition (3.41), can

be subdivided into two types. For small absolute values of λ2,Λ (and λ2,Λ being negative),
we are able to find Higgs masses below the lower ϕ4 consistency bound (λ2,Λ = 0) and the
bare potential, the effective potential as well as the potential at intermediate scales is stable.
Nevertheless, this stability property of the effective potential has to be studied very carefully. If
the absolute value of the negative quartic coupling exceeds a certain value, the effective average
action develops a further minimum during the RG flow such that the effective potential becomes
metastable within the Higgs-Yukawa model, while the bare potential is stable.

Let us illustrate these cases by calculating a short example. For this, we assume that the
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Figure 3.8: Mean-field potential as the difference between the bare potential and the absolute
value of the fermion determinant according to Eq. (3.31) for k = 0. For the class of generalized
bare potentials the capability to develop a metastability is already seeded in the bare potential
(left panel) while for a quartic bare potential the potential in the UV always exceeds the
contribution from the fermion loop for field values above the Fermi scale such that the effective
potential is stable (right panel).

cutoff is at Λ = 107GeV. The lower Higgs mass bound within the quartic class of bare potentials
is given by mH = 123.8GeV. Smaller masses cannot be obtained on physical RG trajectories due
to the consistency condition λ2,Λ ≥ 0 within this restricted class of bare potentials. Allowing
for generalized bare potentials, e.g., Eq. (3.39), we can chose λ2,Λ<0 and stabilize the bare
potential by a fixed positive value for the λ3,Λ coupling, e.g., λ3,Λ = 3. The dependency of the
Higgs mass on the bare quartic coupling can be found in Fig. 3.7. Obviously, we are able to
obtain Higgs masses below mH = 123.8GeV. The scalar potentials are stable during the RG flow
until we reach a value for the bare quartic coupling of λ2,Λ = −0.065 (blue solid line). Beyond
this value a second minimum arise. In principle both possibilities, either the second minimum
is the global one or a local one, can be observed. We found a smooth transition between these
options by increasing the absolute value of λ2,Λ. However, the case that the second minimum
is a local one appears only for a small range of λ2,Λ values. In our example, this is the case for
−0.065 > λ2,Λ > −0.0671. Thus, for λ2,Λ < −0.0671 (blue dashed line) the second minimum
is the true ground state, which renders the effective potential metastable. Hence, we are not
necessarily able to push the Higgs mass to arbitrarily small values for any Λ if absolute stability
for the flowing potential UMF

k within the ϕ6-class is required. Similar statements probably hold
for any polynomial bare potential but the situation might be different for potentials beyond
the polynomial type. This property will be further commented in the next sections.

We would like to emphasize that the behavior of the scalar potential to develop a second
minimum during the RG flow has a completely different reason than the metastability of the
renormalized effective potential in the standard model. Here, the metastability is a particularity
of the class of generalized bare potentials. It is already seeded in the, still stable, bare potential
which is illustrated in Fig. 3.8. There, we depict the effective mean-field potential (black solid
line) as the difference between the bare potential (blue dashed line) and the absolute value of
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3.4 Mean-field analysis

the fermion determinant (red dotted line). The left figure shows the case of initial parameters
where a second minimum arises in the effective potential at large values for the cutoff while
the right figure depicts the case where the bare as well as the effective potential is stable. It
becomes obvious how the modified structure of the generalized bare potential with a negative
λ2,Λ is responsible for the second minimum at large scales besides the electroweak one. By
contrast, the bare potential always exceeds the fermion determinant for quartic bare potentials
such that the mean-field potential is stable.

The statement of diminishing the lower bound can also be rephrased, keeping the IR Higgs
mass fixed but pushing the UV cutoff Λ towards larger scales. This automatically implies that
the bare quartic coupling has to be chosen negative and the bare potential should be stabilized
by at least a positive λ3,Λ. We are able to find initial conditions such that the scale of maximal
UV extension within our toy model can be shifted to Λ = 1.3 · 108GeV while having completely
stable potentials during the entire RG flow and a Higgs mass of 125GeV for the case of λ3,Λ = 3.
Therefore, we are able to enlarge the critical UV cutoff Λcr by an order of magnitude compared
to the quartic bare potentials. For larger Λ a second minimum appears which renders the
effective potential metastable within the generalized class of ϕ6 bare potentials.

3.4.3 Polynomial expansion and its validity

In closing, let us discuss the validity of polynomial expansions of the mean-field effective po-
tential before we start to investigate the computation of Higgs mass bounds and the properties
of the effective potential on a nonperturbative level for the following reason: the set of flow
equations (3.21)-(3.24) is a system of nonlinear coupled partial differential equations (PDE’s).
However, a simplification can be performed by expanding the scalar potential in a Taylor se-
ries, λn,kρ

n, and investigating the flow of the coefficients λn,k instead of the running of the
full potential. Thus, the system of coupled PDE’s reduces to a system of coupled ordinary
differential equations, which minimizes the numerical effort drastically. In order to get a first
impression on the reliability of such an approximation, we expand the analytic solution of the
mean-field potential in a polynomial expansion and compare the polynomial results against the
“exact” mean-field results.

For the computation of Higgs masses, we are interested in the curvature around the elec-
troweak minimum. Therefore, we expand the (extended) mean-field effective potential at k = 0
around the Fermi scale. While this approximation is efficient to describe the properties of the
effective potential at the ground state, it fails to describe the global behavior of the effective
potential. The asymptotic behavior of the full mean-field solution is governed by the asymp-
totic behavior of the bare potential as can be seen in Eq. (3.30). By contrast, the asymptotic
behavior of the polynomial expansion is given by the highest power of the field which is taken
into account in the truncation. Moreover, the coefficients of the resulting polynomial series
have alternating sign, λ2n > 0, λ2n+1 < 0. Thus, studying only the flow of the coefficients could
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Figure 3.9: Full mean-field potential (black solid line) and the potential approximated by a
Taylor expansion (red dashed line) around the origin up to ϕ8 for different values of the RG
scale k. The left panel shows the bare potential for Λ = 109GeV (λ3,Λ = 3, and λ2,Λ is chosen
such that mH = 125GeV), where the Taylor approximation fits the full potential as it should.
The middle plot shows the scalar potential slightly below the UV cutoff, k1 = 2.5 · 108 GeV
< Λ, where the second minimum is built up. Toward the IR, k2 = 5 · 107GeV, the second
minimum settles while it disappears within the Taylor expansion (right plot).

lead to the conclusion that the potential has an instability if a truncation up to an odd power
in ρ is considered. However, this is merely an artifact of the polynomial truncation because we
know that the mean-field potential does not develop an instability if a physically meaningful
bare potential is chosen. Further, this seeming instability only appears at very large scales far
beyond the radius of convergence of the polynomial expansion. In order to get an estimate for
this radius of convergence, we expand the potential to high powers of the scalar field. Expand-
ing up to n = 200 and comparing the ratio of consecutive coefficient for large n, we find that
this ratio settles around v2

2 .
Another particularity occurs in case of generalized bare potentials which lead to metastable

effective potentials. Therefore, let us investigate the flowing effective average potential (3.31) by
expanding it around the minimum near the origin even if a second competing minimum at large
field values occurs. In Fig. 3.9 we depict the flow of this polynomial expansion and compare
it to the full solution of the flow of the mean-field effective potential. First, the potential
approximated by a polynomial expansion develops a second minimum during the RG flow
similar to the closed-form mean-field potential. However, it turns out that the second minimum
also disappears before the electroweak minimum is built by fermion fluctuations. Thus, the UV
scalar potential as well as the effective potential in the IR seems to be absolutely stable but the
effective average potential at intermediate scales is metastable within the polynomial expansion.
For such a behavior we introduced the term pseudostable in [128]. Anyhow, the appearance or
the disappearance of a second minimum at large field values is questionable due to the limited
radius of convergence of the polynomial expansion. In contrast to the polynomial case, the
second minimum survives the RG flow of the untruncated potential. Thus, the pseudostable
case seems rather to be an artifact of the polynomial expansion which fails to describe the
potential at scales beyond its validity. However, the polynomial expansion already gives a
hint for the metastable scenario. In all cases where the effective potential exhibits a second
minimum, the polynomial expansion also develops a minimum for large RG scales k close to
Λ. Additionally, no second minimum occurs in the polynomial truncation during the RG flow
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if the closed-form result is stable.

This fact can be circumstantiated by investigating the radius of convergence of the flowing
mean-field potential in a polynomial approximation. Expanding Eq. (3.31) around ρ = 0 yields,

UMF
k =


m2

Λ −
h2

Λ(Λ2 − k2)
16π2


ρ+


λ2,Λ

2 + h4
Λ

16π2 ln Λ2

k2


ρ2 +


λ3,Λ

6Λ2 + h6
Λ

16π2

 1
Λ2 −

1
k2


ρ3

+ 1
16π2

∞
n=2

(−1)n
n

h
2(n+2)
Λ

Λ2n − k2n

(knΛn)2 ρn+2 ≡ m2
kρ+

∞
n=2

λn,k
n!k2nρ

n.

This series converges for

ρ <
k2

h2
Λ

n+ 1
n

1−

k
Λ

2n
1−


k
Λ

2n+2
n→∞=


∞ for k2 = Λ2

k2

h2
Λ

for k2 < Λ2
.

While the radius of convergence is infinity for k = Λ as it should because the bare potential
is a polynomial, it is proportional to the RG scale k2, ρmax = k2

h2
Λ

for k2 < Λ2. Ignoring for
a moment higher powers than ρ3 for not to small RG scales k ≲ Λ the mean-field potential
is well approximated by the first line of the power series over a wide range of scales. Thus,
the pseudostability can be qualitatively understood from the unique-minimum condition in
Eq. (3.41), which can be applied to any scale k if we truncate the potential to a polynomial
up to ρ3. While the negative λ2,k grows and becomes positive during the RG flow, λ3,k rapidly
decreases. If λ2,k turns positive before the decreasing of λ3,k violates the unique-minimum
condition, then the scale-dependent potential is always stable during the RG evolution in this
approximation. On the other hand, a second minimum occurs roughly at the order of the RG
scale k2 ≲ Λ2, ρ0 = |λ2,k|

λ3,k


1 +


1− 2m2

k
λ3,k

λ2
2,k
k2


k2, if the unique minimum condition is violated.

Due to the fact that the second minimum occurs at the order of k which is of the same order as
the radius of convergence, the polynomial expansion displays this property of the closed-form
UMF
k that a second minimum may emerge during the RG flow in the class of generalized bare

potentials. This minimum freezes out within the closed-form solution at a fixed scale after
the RG flow passes the characteristic scale of this minimum. At the same time the radius of
convergence of the polynomial expansion shrinks by decreasing k such that the minimum lies
beyond the radius of convergence. Therefore, the polynomial expansion is not able to account
the evolution of the second minimum properly and the disappearance of the second minimum
is an artifact of the polynomial expansion, see Fig. 3.9. Of course, switching from an expansion
around the minimum at vanishing field to a Taylor series around the minimum at large field
values would account for a proper description of this minimum. However, we would lose a
precise description of the emergence of the Fermi minimum which is of our primary interest in
order to describe electroweak physics.
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3.5 Nonperturbative Higgs mass bounds

The mean-field approximation has turned out to be remarkably accurate by direct comparison
with nonperturbative lattice simulations for the present model [107, 108]. As lattice simulations
are typically limited as far as the separation of the UV scale from the physical scales is con-
cerned, a nonperturbative continuum analysis of beyond mean-field theory seems indispensable
in order to appropriately account for scalar fluctuations and the mutual back-reactions between
fermionic and scalar fluctuations on a wide range of scales.

For the solution of the flow equations, we use the formulation in terms of dimensionless
renormalized quantities as introduced in Sect. 3.3. To leading-order in the derivative expansion,
we solve the flow equations for the effective potential uk and for the Yukawa coupling hk. At
next-to-leading order, we include the wave-function renormalizations ηϕ and ηψ.

Since we are mainly interested in the properties of the effective potential near its minimum,
we use a polynomial expansion of the potential. The stability and convergence of this expansion
will be checked explicitly. Furthermore we will compare the results of the polynomial expansion
against the full potential flow in the next section. In the symmetric regime (SYM) where the
minimum of the potential occurs at κk = 0, we expand around vanishing field amplitude. In
the symmetry-broken regime (SSB), we instead expand around the nonvanishing vev,

uk =
Np
n=1

λn,k
n! ρ̃n (SYM), uk =

Np
n=2

λn,k
n! (ρ̃− κk)n (SSB), (3.42)

such that the potential is parameterized by Np couplings λn (the mass term is related to λ1,k

in the SYM regime and vanishes at the transition to the SSB regime where the nonvanishing
order parameter is related to κk). The flows of λ1, . . . , λNp (SYM), or κ, λ2, . . . λNp (SSB), can
directly be derived from Eq. (3.21).

For small bare scalar coupling λ2,Λ, a physical flow typically starts in the SYM regime. Near
the electroweak scale, fermionic fluctuations drive the system into the SSB regime at a scale
kSSB, where we have to switch from the SYM flow to the SSB flow. Here, a nonzero minimum
builds up, inducing masses for the fermions and the Higgs scalar. This leads to a decoupling
of the modes, and the flow freezes out completely; i.e., all right-hand sides of the dimensionful
flow equations go to zero for k → 0. For large bare scalar coupling λ2,Λ, the physical flow starts
already in the SSB regime with a small value for κΛ. The flow can still run over many scales
until κk grows large near the electroweak scale, implying again the decoupling of all modes.

3.5.1 ϕ4-type bare potentials

Let us again start with the restricted class of bare potentials of ϕ4-type,

uΛ = λ1,Λρ̃+ λ2,Λ

2 ρ̃2, (3.43)
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Figure 3.10: Example flow for Λ = 107GeV and λ2,Λ = 0. λ1,Λ and hΛ are adjusted such that
the flow ends in the SSB regime with a vev of 246GeV and mt = 173GeV. The transition from
the SYM regime to the SSB regime driven by top fluctuations is of the order of 1 TeV (black
dashed line) where we switch from the expansion around vanishing field to the expansion around
κk. The flow of the dimensionful vev shown in the upper left panel is given by vk =

√
2k2κk.

At the mass scales of mt (red dotted) and mH (green dotted) threshold effects set in and thus
the flow equations freeze out.

where λ1,Λ ≡ m2
Λ/Λ2 for a wave function renormalization Zϕ,Λ = 1. For a given cutoff Λ, the

flow equations map the bare parameters m2
Λ, λ2,Λ, hΛ onto the physical parameters v, mt, mH.

In practice, we tune m2
Λ to establish the correct vacuum expectation value v ≃ 246GeV for a

given cutoff Λ. This is, in fact, a numerical tuning problem, corresponding to the problem of
separating the scale hierarchies in the standard model [226]. At the same time, hΛ is varied
until the flow ends at the right value of mt. This leaves us with the Higgs mass as a function
of λ2,Λ for a given cutoff Λ, mH = mH(Λ, λ2,Λ), where λ2,Λ is allowed to be an a priori arbitrary
non-negative real number for the class of bare potentials (3.43). An example flow for the mass
parameter, the quartic coupling, the Yukawa coupling, as well as the anomalous dimensions is
shown in Fig. 3.10.

In Fig. 3.11, we depict the function mH(λ2,Λ) for a cutoff Λ = 107GeV for various approxi-
mations. For λ2,Λ ≲ 0.01, the Higgs mass becomes rather independent of λ2,Λ approaching its
lower bound. This observation is in perfect agreement with lattice simulations [107, 108, 117,
122, 123]. For larger bare coupling λ2,Λ, the Higgs mass increases and approaches a regime of
saturation for λ2,Λ ≫ 1. This is reminiscent of RG-improved perturbation theory, where the
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Figure 3.11: Higgs mass values versus the bare scalar coupling λ2,Λ for a cutoff Λ = 107GeV.
The dashed lines denote the results within LO derivative expansion; the NLO deviates from
the LO result by at most 10 % for large coupling, demonstrating the satisfactory convergence
of the derivative expansion. Also the convergence of the polynomial expansion is shown: red
lines with squares are obtained within the lowest nontrivial order with Np = 2, blue lines with
circles denote the Np = 4 result; even higher orders NP = 5, 6, . . . show no further deviation
from the Np = 4 curves. The horizontal black dotted line depicts the upper bound arising from
the Landau pole in the perturbative calculation.

bare coupling hits the Landau pole λ2,Λ →∞ already at a finite cutoff Λ.
Whereas the Landau pole in perturbation theory in the first place signals the breakdown of

the perturbative expansion, our truncation of the RG flow does neither rely on perturbative
ordering nor require a weak coupling. Instead, our derivative expansion is organized in terms
of field operators with increasing number of derivatives. In order to check the convergence of
this expansion, we can compare the results for the Higgs mass to leading order (LO) and next-
to-leading order (NLO) in this expansion. To leading order, we drop the running of the kinetic
terms in Eq. (3.17) by setting the anomalous dimensions to zero, ηψ,ϕ → 0. The resulting Higgs
masses are plotted as dashed lines in Fig. 3.11. We observe that the difference to the NLO result
(solid lines) is rather small for the lower Higgs mass bound for λ2,Λ → 0; even for the largest
accessible couplings, we observe a maximum deviation of 10%, confirming that the derivative
expansion constitutes a satisfactory approximation for our purpose for the whole range from
weak to strong coupling.

Furthermore, we study the convergence of the polynomial expansion of the scalar potential in
Fig. 3.11. For this purpose, we successively take higher powers of the scalar field into account,
as they are generated during the RG flow, but put their initial values to zero such that we
are still in the class of quartic bare potentials. To lowest nontrivial order Np = 2 (red lines
with squares), we obtain already a complete picture of the physics of Higgs mass bounds. For
Np = 4 (blue lines with circles), though the upper Higgs mass bound is already approached for
smaller bare couplings λ2,Λ, the value of the upper bound changes by at most 5%. For even
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Figure 3.12: Higgs mass bounds versus cutoff Λ. The black solid line denotes the lower bound
for the Higgs mass derived within the class of bare ϕ4 potentials. The thin cyan line shows the
lower bound as derived within mean-field approximation. The dashed lines mark upper bounds
if the bare scalar coupling is allowed to start maximally from λ2,Λ = 1, 10, 100 from bottom to
top, respectively. An artificial restriction to the perturbative domain λ2,Λ ≲ 1 underestimates
the upper bound by a factor ≳ O(1).

higher orders, the corresponding results lie on top of the Np = 4 curves. Within our numerical
accuracy we find no significant difference for Np = 4, 5, 6, . . . , 20.

In Fig. 3.12, we show the resulting Higgs mass bounds, arising within the class of ϕ4 bare
potentials. The solid black line characterizes the lower bound resulting from the RG flow for a
wide range of cutoffs Λ = 103 . . . 1014GeV. Also shown is the lower bound as derived within the
mean-field approximation in the previous section (thin cyan line), which neglects the running of
the Yukawa coupling, of the anomalous dimension, and RG improvement of the scalar potential.
In the full flow, we observe nontrivial cancellations among these terms, such that the mean-
field result represents a surprisingly good approximation over a wide range of cutoff scales.
The agreement between mean-field and nonperturbative RG results for the lower bound also
indicates that threshold effects may play a quantitative, but not a qualitatively substantial role
for the lower bound. This confirms the observation that threshold corrections can reliably be
dealt with also in a perturbative context[98, 99, 227].

The dashed lines depict upper bounds for the Higgs mass for bare couplings λ2,Λ = 1, 10, 100
from bottom to top. In particular, we find that if we limited ourselves to a perturbative domain,
choosing λ2,Λ ≤ 1, we would artificially underestimate the upper bound by a factor ≳ O(1).

Further, we are not able to study Higgs mass bounds up to the Planck scale within this
toy model if we would like to keep the IR top mass fixed at 173GeV. This is due to the fact
that a pole in the running of the Yukawa coupling emerges around 1016 . . . 1018GeV. Studying
the perturbative running of the Yukawa coupling, a Landau pole arises at roughly 1016GeV
if a top mass of 173GeV is required. In fact, this pole also persists in the nonperturbative
calculation at slightly higher scales, see Fig. 3.13. However, this is a particularity of the present
toy model where the Yukawa coupling increases towards higher scales. The situation in the
standard model is different because gauge boson fluctuations drive the Yukawa coupling to
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Figure 3.13: Bare Yukawa couplings versus the cutoff scale Λ. Filled squares mark h2
Λ for

the nonperturbative flow equations for a given cutoff such that the IR top mass is given by
173GeV for the lower Higgs mass bound (λ2,Λ = 0) and fine-tuned λ1,Λ. The dashed line depict
corresponding bare values for the perturbative β function (3.4) which develops a Landau pole
(black dashed line).

smaller values, see Fig. 2.3.
Incidentally, the fact that the upper and lower bound approach each other for increasing UV

cutoff Λ can be traced back to the existence of an RG fixed point in the flow of the ratio λ/h2
k

[228, 229]. In the limit of large cutoff, this IR window actually shrinks to a point implying a
tight relation between Higgs and top mass.

3.5.2 Generalized bare potentials

Let us now study extensions of the initial bare potential beyond the ϕ4-type. Motivated by the
results of the mean-field approximation, we concentrate on potentials with a negative λ2,Λ where
the UV stability is guaranteed by a positive λ3ϕ

6. It is possible to construct bare potentials
which give rise to Higgs masses below the lower bound within the class of ϕ4 bare potentials,
similar to the mean-field approach. Fig. 3.14 shows the lower bound within ϕ4 theory (black
solid line) in comparison to Higgs mass values for example flows which start with λ2,Λ = −0.05
(orange dotted) as well as λ2,Λ = −0.08 (orange dashed) in the UV where the bare potential
is stabilized by λ3,Λ = 3. These examples clearly illustrate that the lower bound within ϕ4-like
initial UV potentials does no longer hold, if higher dimensional operators are also permitted.

Moreover, this phenomenon can be understood from the RG flow itself: first we note that in
both cases (ϕ4-like as well as the beyond-ϕ4 examples above) the flow starts in the symmetric
regime and fulfills the unique-minimum condition (3.41) for the bare potential. In the beyond-
ϕ4 examples, the quartic coupling λ2 runs quickly to positive values, whereas λ3 becomes very
small as is expected in the vicinity of the Gaußian fixed point. As a consequence, this particular
system flows back into the class of ϕ4-type potentials. The decisive difference, however, is that
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Figure 3.14: Higgs mass versus cutoff Λ. The black line denotes the lower bound for the
Higgs mass derived within the class of bare ϕ4 potentials. The orange lines show Higgs masses
below the ϕ4 consistency bound by allowing for generalized bare potentials. The masses are
derived for λ3,Λ = 3 and λ2,Λ = −0.05 (dotted) as well as λ2,Λ = −0.08 (dashed). The red line
denotes the lowest possible Higgs masses within the ϕ6-class with λ3,Λ = 3 where the scalar
potential is stable during the entire RG evolution. The black dotted line marks a Higgs mass of
125GeV, demonstrating that the scale of new physics can be shifted by an order of magnitude
by dropping the restriction to quartic bare potentials within the present toy model.

the scale kGFP where the system is again near the Gaußian fixed point is now lower than the
initial UV scale Λ. Loosely speaking, some “RG time” is required to run from the beyond-ϕ4

form of the potential back to the ϕ4 Gaußian type, see Fig. 3.16 and the discussion below.

From another viewpoint, the RG flow can map an initial bare action with λ2 < 0 and λ3 > 0 at
an initial UV scale Λ to a theory with λ2 ≥ 0 and λ3 ≈ 0 at a smaller scale kGFP < Λ. Therefore,
the orange curves (beyond-ϕ4) in Fig. 3.14 can also be viewed as a horizontally displaced version
of the black curve (ϕ4-like) to effectively larger cutoff values. We emphasize that the present
example has neither been specifically designed or fine-tuned, nor does it represent an exhaustive
study of admissible initial potentials. A wide range of beyond-ϕ4 potentials initiating the flow
at Λ leads to Higgs masses below the bound of the ϕ4-type class. Still, the mechanism observed
above starting from stable potentials with λ2 < 0 and globally stabilizing higher-order terms
appears rather generic. We have also checked for more involved initial conditions that the
results for the Higgs masses do not change for higher-order NP ≥ 4 polynomial expansions of
the scalar potential.

In fact, the influence of higher dimensional operators has also been studied in lattice sim-
ulations in a chiral Higgs-Yukawa model [123], by adding a positive λ3ϕ

6 term to the bare
potential. No lowering of the Higgs mass bound has been observed in this study. This is indeed
in agreement with our observations, because merely adding this term has barely any effect on
the Higgs mass bound and rather leads to an increase of the Higgs mass. Our mechanism for
lowering the mass bound works particularly well for initial UV potentials with λ2 < 0. In other
words, the λ2 < 0 deformation requires a comparatively long RG time to run the potential back
to the ϕ4 Gaußian type. In fact, our mechanism of diminishing the lower bound was confirmed
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Figure 3.15: Estimate for the radius of con-
vergence in units of 103GeV2 of the polynomial
expansion of the effective potentials in terms of
the absolute values of the ratios of expansion
coefficients. The red filled circles are derived
for a theory which starts at Λ = 107 GeV with
all couplings set to zero apart from the mass
term. The black empty circles are for the case
Λ = 107 GeV and λ2 = 1 and λn = 0 (n ≥ 3).

by the lattice in a subsequent work by allowing for negative λ2,Λ [125].
Having put the significance of the lower bound of the Higgs mass derived for ϕ4-type bare

potentials into perspective, let us address the issue of stability: while the standard approach
to vacuum stability in the present simple model based on RG-improved perturbation theory
has been questioned by lattice simulations [107, 108] and functional RG methods [110] (in
turn critically assessed by [79]), a full stability analysis would require to follow the RG flow of
arbitrary physically admissible initial potentials. In particular, the RG evolution of potentials
with multiple local minima would have to be dealt with quantitatively. While this is indeed
possible with appropriate numerical solvers [213, 230–233], we confine ourselves to the validity
region of the polynomial expansion of the effective potential about a local minimum in this
section and investigate the flow of the entire scalar potential in the next section.

Since high-order polynomials typically have multiple local minima, we have to estimate the
radius of convergence of our expansion in field space. A new local minimum showing up within
this convergence region could then be interpreted as a signature of instability. If such minima
only occur outside the convergence radius, we consider them as an artifact of the polynomial
expansion.

As in the mean-field case, a rough estimate for the radius of convergence is given by comparing
the quotients of successive couplings λn/λn+1 for large n in the infrared. In practice we solve
the system of coupled differential equations for NP = 20, switching back to dimensionful
quantities at a scale where the flows are frozen out, i.e., Uk = ukk

4 = 
n an(k2ρ̃− v2/2)n with

an = λn

n! k
4−2n, and computing the dimensionful radius of convergence by comparing an(k)

an+1(k) for
k → 0. The results expressed in units of 103GeV for various initial conditions are plotted in
Fig. 3.15.

Our primary observation is that this estimate for the radius of convergence appears to stabilize
at a universal value rather independent of the chosen initial conditions. The resulting value
near ≃ 23000GeV2 is of the order of the vacuum expectation value v2/2 = 30258 GeV2 for large
n. We still observe a slight drift in our data even at high order, which might be due to the
fact that the inner region of the effective potential owing to its convexity cannot be resolved
within a polynomial expansion in the SSB regime as a matter of principle. Restricting the
field amplitudes to values of the order of the ratio of the highest couplings in the truncation,
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Figure 3.16: Example flow for λ2 (black solid line) and λ3 (blue lines) for generalized bare
potentials. The cutoff can be enlarged by roughly an order of magnitude with completely stable
potentials during the entire RG evolution by choosing λ3,Λ = 3 and λ2,Λ = −0.15 in contrast
to the lower bound of quartic bare potentials λ2,Λ = λ3,Λ = 0. Choosing different values for
λ3,Λ (dotted: λ3,Λ = 1, dashed: λ3,Λ = 5) with appropriate values of λ2,Λ does not lead to a
sizeable shift in the Higgs mass due to the fact that the running of λ3 is strongly attracted by
its pseudo-fixed point value.

k2ρ̃max ≃ v2

2 + |aNP −1
aNP

|, we find in all studied cases that the effective potential is a convex
monotonically rising function in the outer region (ϕ > v). No evidence for an instability within
this radius of convergence is found.

Further, we would like to emphasize that in all studied cases presented in Fig. 3.14 the scalar
potential is also stable during the entire RG flow. However, we observe that a second minimum
at comparatively large field values emerges if we try to further diminish the lower Higgs mass
bound by decreasing λ2,Λ, in complete analogy to the mean-field results. This further mini-
mum disappears throughout the RG flow, rendering the potential pseudostable. Precisely this
behavior was an artifact of the polynomial expansion within the mean-field approximation. In
fact, we will demonstrate in the next section that this pseudostability becomes a real metasta-
bility also for the solution of the full nonperturbative flow equations. Thus, a new lower bound
may be defined for the class of ϕ6 bare potentials if we require absolute stability for the scalar
potential at every scale 0 ≤ k ≤ Λ. Such a lower bound is given by the red line in Fig. 3.14.
These Higgs masses are obtained by fixing λ3,Λ = 3 and increasing the absolute value of the
negative bare quartic coupling λ2,Λ until a second minimum emerges during the flow. The
red line depicts exactly those values for the Higgs mass at the transition before the potential
becomes metastable (correspondingly pseudostable for the polynomial expansion). Thus, the
scalar potential is stable for Higgs masses above the red line and metastable for masses below
this transition.

Of course, this new lower bound is obtained for a particular class of generalized bare poten-
tials, which are of ϕ6 type with λ3,Λ = 3. In order to investigate the dependence of the lower
mass bound for entirely stable potentials at every RG scale, let us analyze the flow equations
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in a little more detail. In Fig. 3.16 we depict an example running of λ2 (black) and λ3 (blue)
by the solid lines. First of all, this plot illustrates the mapping from a theory which starts at
Λ with λ3,Λ ≈ 0 and λ2,Λ ≈ 0 to a theory at an effectively enlarged cutoff with λ3,Λ > 0 and
λ2,Λ < 0. However, the canonical dimension of λ3 implies that it quickly decreases towards the
infrared because the model is dominated by the Gaußian fixed point, while λ2 increases. As
we pointed out in the mean-field analysis, the scale dependent potential uk(ρ̃) is always stable
during the RG evolution, if λ2 turns positive before the stabilizing effect of λ3 dies out. By
contrast, the potential becomes metastable if the zero of the function λ2 is crossed after λ3

becomes small and violates the unique-minimum condition.

Whether the potential develops a metastability or is entirely stable, depends on the initial
value of λ2,Λ for fixed λ3,Λ. Roughly speaking for larger values of λ2,Λ the running λ2 curve
(black) is shifted upward (besides small quantitative variations), implying that the potential
is modified into the direction of stable potentials but at the same time larger Higgs masses.
To obtain smaller masses, the black curve has to be shifted downwards such that λ2(k) = 0 is
fulfilled for smaller k and thus the potential develops a second minimum during the RG flow.
By this variation of λ2,Λ the flow of λ3 is insignificantly modified as one would expect from an
irrelevant operator. These observations agree with solutions of the RG flow for the full effective
potential beyond the polynomial expansion as worked out in using pseudo-spectral methods
(Chebyshev expansion), see next section.

One could naively expect that the red curve in Fig. 3.14 can be further diminished by increas-
ing λ3,Λ, such that a greater absolute value of λ2,Λ can be chosen until the potential develops a
second minimum. However, decreasing the Higgs mass but requiring stable potentials is diffi-
cult since there is a strongly infrared-attractive pseudo-fixed point for higher order couplings.
Briefly, this can be verified by investigating the flow equations for higher order couplings which
have the form

∂tλn,k = (2n− 4)λn,k + ηλn,k + f.

The first term reflects the canonical dimension of the operator. The second term is a generalized
anomalous dimension term, i.e., η is independent of λn,k . We also include contributions which
are strictly speaking not an anomalous dimension, but are nevertheless linear in the coupling.
Finally, f is a function depending on other couplings (h2n

k , λn+1,k, and λm,k with m < n) and
is independent of λn,k. For instance, f = f(h6

k, λ4,k, λ2,k, λ1,k) for λ3,k. It is straightforward to
find a pseudo-fixed point, λ3 ∗ = − f

2+η , where the values for f and η can be derived by inserting
Eq. (3.42) into Eq. (3.21). The pseudo-fixed point shows a remarkably small scale dependence,
since the running of λ2 and h is also comparatively small (the small contributions from threshold
effects (λ1,k) as well as from the irrelevant coupling λ4,k can be neglected). Additionally, the
ratio λ2

h2 also approaches a fixed point [228, 229]. Because the anomalous dimension η is small,
the canonical dimension renders the fixed point strongly infrared attractive. Arbitrary initial
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values for λ3,Λ quickly converge toward the pseudo-fixed point. This fact is also illustrated in
Fig. 3.16, where example runnings of λ3 for different initial values are depicted as dashed and
dotted lines. As a consequence, a further increasing of the cutoff scale for a fixed Higgs mass
is almost impossible. The additional RG time, which we obtain from running back from the
beyond ϕ4 type potentials to the ϕ4 Gaußian type, is limited to the interval until λ3 is governed
by its pseudo-fixed point behavior where it becomes small, implying that the stabilizing effects
die out. Similar conclusions hold for higher order couplings. Of course, one could stabilize the
bare potential by allowing for nonvanishing λ4,Λ, λ5,Λ, · · · , but those couplings are even faster
governed by their canonical scaling due to dimensional analysis. The fact that the scale of new
physics can only be shifted by a few orders of magnitude for a fixed Higgs mass might be a
particularity of the class of polynomial bare potentials. The investigation of bare potentials
beyond this class and their RG evolution over a wide range of scales could clarify whether this
is indeed the case or not. At least the mean-field approximation could give a hint how a bare
potential beyond a polynomial type may look like in order to shift the scale of new physics
to even higher scales. For instance, a bare potential which contains the negative fermion
determinant and a conventional double-well potential,

UΛ = λ2,Λ

2


ρ− v2

2

2

+ h2
ΛΛ2ρ

16π2 −
h4ρ2

16π2 ln Λ2 + h2
Λρ

h2
Λρ

(3.44)

would lead to a potential in the IR, which is just given by a ϕ4-type Higgs potential, UMF =
λ2,Λ

2 (ρ− v2

2 )2 with an arbitrary λ2,Λ and thus an arbitrary Higgs mass. Whether such a line of
argumentation also holds beyond the simple mean-field approximation is left open for further
investigations.

3.6 Full potential flow
So far, we have discussed the occurrence of Higgs mass bounds in polynomial truncations of the
scalar potential for the full nonperturbative RG running. This gives satisfactory results for the
masses and couplings of the particles around the electroweak minimum but the global behavior
of the scalar potential can be studied only in a small region around the Fermi scale. In order
to investigate the global properties of the effective average potential, we investigate the full
flow equations given by Eqn. (3.21)-(3.24). In contrast to the simple mean-field calculation this
approach includes several improvements. First of all, the whole set of flow equations contains
bosonic fluctuations as well, whereas we have concentrated on the fermion induced part of the
effective potential for the most part in Sect. 3.4. Further, the nonperturbative flow equations
automatically involve RG improvement such that the complex mutual back-reactions between
bosonic and fermionic fluctuations are incorporated over a wide range of scales. Furthermore,
we are able to study the onset of convexity of the effective potential which is beyond the scope
of the simple mean-field approximation. At the end, the effective potential should be a convex
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function after all fluctuations are integrated out due to the fact that the effective action is
defined via a Legendre transform. However, rigorous proofs that the effective potential becomes
convex are only known for pure scalar field theories [234]. Also, the mean-field approximation
might not properly account for the evolution of a potential with two competing minima due to
the fact that only the classical propagator is used to integrate out quantum fluctuations at any
scale. While this might describe potentials well which do not exhibit a metastability and are
convex in the outer region, this has to be thoroughly checked in a metastable scenario where
the potential becomes nonconvex for ϕ > v.

In Sect. 3.5, we were provided with a system of coupled ordinary differential equations which
are comparatively easy to solve. Going beyond the polynomial expansion is more challenging.
This is because the flow of the entire potential has to be traced over a wide range of scales. Our
method of choice are pseudo-spectral methods to solve the set of partial differential equations.
These methods were already successfully applied to various physical problems [193, 235–237].
For the present problem, we use a code developed and provided by the authors of [237].

The basis functions of pseudo-spectral methods are global and of high degree. Thus, one
reaches high accuracy with a comparatively small amount of grid points [238]. In this sense,
pseudo-spectral methods are memory minimizing. In principle, pseudo-spectral methods in-
clude any kind of function system. However, in most of the cases Chebyshev polynomials of the
first kind are employed. Chebyshev polynomials originate from the family of orthogonal func-
tion systems and are closely related to the Fourier basis via a transformation in the argument.
In contrast to Laguerre polynomials which change the asymptotic behavior of the solution if
the order of truncation is modified, boundary effects are minimized since they are defined on
a finite interval. On the other hand, in comparison to other bounded function systems, e.g.
Legendre polynomials, they show the best convergence properties. For analytical functions the
convergence is exponential. This guarantees high accuracy although only few coefficients are
taken into account. Higher order coefficients provide an error estimate for the absolute remain-
der of the solution. A detailed description of the numerical techniques will be given in [239].
In summary, the pseudo-spectral method stays very stable over many scales of magnitude in k.
Therefore, we are able to choose high UV cutoffs. This choice is solely restricted by the number
of digits needed for tuning the IR quantities, i.e., realizing a large scale separation. All full
potential computations have been done with long double in C. Thus, we restricted ourselves
to a maximal UV cutoff of 109GeV for the full potential calculation. In principle, higher values
for Λ are accessible by using a higher accuracy for the floating point.

As a first benchmark for the numerical solver, we compare the resulting Higgs masses for
different initial values for the flow equations over a large range of cutoff values. In Fig. 3.17, we
depict the Higgs mass over the UV cutoff Λ for example flows in the restricted class of ϕ4 bare
potentials (black) as well as for the class of generalized bare potentials (red and orange). The
solid lines mark the Higgs masses computed within the polynomial truncation while filled circles
indicate the Higgs masses resulting from the full potential computation. The full potential
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Figure 3.17: Higgs mass as a function of the UV cutoff. The filled circles are obtained by
solving the full PDE system. These match perfectly with the Higgs masses computed within a
polynomial expansion of the scalar potential for the class of ϕ4-type bare potentials (black) as
well as generalized bare potentials for both cases, either the effective potential is stable (red)
or metastable (orange).

computations lay perfectly on top of the polynomial results.

After this successful test that the global solver properly reproduces the local behavior around
the Fermi scale, let us start to compare the global behavior, at first for the class of ϕ4 bare
potentials. Basically, the polynomial truncation lacks a good description of the asymptotic
behavior of the potential which can be seen in Fig. 3.18. This is not surprising since the flow
equations suggest the asymptotic behavior to be that of the UV potential because fluctuations
for large field values are suppressed. By contrast, the asymptotic behavior of the polynomial
expansion goes like the highest power of the field which is taken into account in the truncation
as we already discussed in the mean-field approximation.

Despite the fact that the polynomial truncation cannot describe the asymptotic behavior
correctly, it still gives an indication for the behavior of the effective average potential. As long
as the class of renormalizable bare potentials is considered, no hint for an in-/metastability
can be found within the radius of convergence of the polynomial expansion. The full poten-
tial calculation supports the statement, that the fermion determinant cannot introduce any
instability into the effective potential. As long as the UV potential is well defined within the
ϕ4-type potentials, the effective potential is stable. It is worth mentioning, that the mean-field
potential agrees quite well with the results for the full potential, for small as well as for larger
field values, see green dashed curve in Fig. 3.18. The fluctuations of the bosons seem to play
a minor role whereas the fermionic contributions are predominant. Moreover, neglecting the
anomalous dimensions and dynamics of the Yukawa-coupling does not have a significant effect.
Thus, the simple mean-field effective potential is an effective tool to get first insights into the
global behavior of the scalar potential.
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Figure 3.18: Comparison between the effective potential of the full calculation (black), the
mean-field result (green dashed) and polynomial truncated potentials (dotted) up to fourth
order (orange), sixth order (red) and eight order (purple) for the stable case.

Regarding the class of generalized bare potentials, the qualitative picture remains the same.
Furthermore, if no second minimum emerges during the polynomial truncated flow, the full
flow does not develop an outer minimum for field values larger than the Fermi scale as well.
Thus, there indeed exists a class of stable bare potentials giving rise to Higss masses below
the lower bound which is depicted by the red curve in Fig. 3.17. Therefore, the mechanism of
diminishing the lower bound for completely stable potentials survives beyond the polynomial
expansion and the simple mean-field calculation. Thus higher order operators can diminish the
lower Higgs mass bound at the cutoff scale of the standard model.

In the case of stable potentials, the dynamics of the potential for comparatively large fields
originates from dimensional scaling behavior which is displayed by the first two terms in
Eq. (3.21). This is still true for field values larger than the cutoff scale within the class of
potentials which develop a second minimum at scales comparable to the cutoff. In reminis-
cence of the discussion at the beginning of this section and of the mean-field discussion in
Sect. 3.4, it is already clear that the polynomially expanded potential is not able to display
the evolution of the outer minimum for large field values correctly. Thus, we concentrate on a
comparison between mean-field and full potential calculations.

At the scale of the second minimum we observe slight quantitative differences between the
mean-field potential and the effective potential computed from the full RG flow. Assuming the
same bare potential, the resulting Higgs-mass differs by a few percent. This is not surprising
having an additional look at the propagators in (3.21). As the curvature at the maximum of
the potential is negative, the bosonic fluctuations become more important resulting in a large
error of the mean-field results. In order to compare the same IR physics, we adjust the Higgs
mass to be the same in the full potential calculation and the mean-field approximation rather
than starting with the same bare quartic coupling λ2,Λ in the UV. The resulting potentials are
depicted in Fig. 3.19. It is obvious that an additional effect causes a remaining deviation of
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Figure 3.19: Comparison between the effective potential of the full calculation (black), the
mean-field result (red dashed) and the full calculation neglecting the anomalous dimensions
(green dashed line, which almost overlaps with the red dashed line) for the metastable case.
Note that the resolution of this plot is not high enough to show electroweak minimum at
246GeV.

both IR-potentials. This effect can be traced back to the anomalous dimensions of the fields.
Due to the rescaling of the fields and the additional interactions, a deviation around the second
minimum is observed. If the anomalous dimensions are ignored in the full nonperturbative
potential calculation as in the mean-field approximation, mean-field and full potential results
match well, see Fig. 3.19.

The good agreement between mean-field result and the full potential, especially in the last
case, is astonishing because the mean-field approximation is not able to describe convexity
mechanisms. Naively one would expect that convexity already plays an important role during
the freeze-out of the masses and the vev in the full potential computation. We comment on
this properties in App. A.5.

Again, we would like to emphasize that we are already able to decide whether the effective
potential is metastable or stable from the polynomial expansion. Of course, the polynomial
expansion is not able to precisely describe the evolution of the second minimum. However, it can
be used to depict the emergence of a second minimum on a quantitative level in the considered
class of generalized bare potentials. Thus, we will restrict ourselves to the polynomial expansion
for the following investigations. If a pseudostability occurs in the evolution of uk(ρ̃) it is likely
that the full effective potential beyond the polynomial expansion is metastable.

3.7 Generalized Yukawa interaction

Finally, let us investigate an enlargement of our truncation by means of a generalized Yukawa
interaction term, h̄→ H̄(ρ). The purpose of this is twofold: first, we can check whether these
additional operators, which we neglected up to now, strongly affect the flow of the previous
truncation (3.17) or play only a minor role. Second, we are able to investigate further generalized
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bare actions and their influence on Higgs mass bounds.

So far, we observed that modifications of the bare scalar potential can have a significant
impact on the lower Higgs mass bound. However, restricting to ϕ6-type bare potentials (or
probably to any class of stable bare potentials of a polynomial type) which have a unique
minimum, the Higgs mass cannot be arbitrarily decreased by requiring stable scalar potentials
during the entire RG flow. In addition to modifying the running of the scalar sector by de-
forming the bare potential, we can also pursue another direction. The lower Higgs mass bound
within ϕ4 bare potentials is mainly dominated by the Yukawa sector, i.e., the large top Yukawa
coupling. Thus, the lower bound is approached for lighter Higgs masses if the values of the
Yukawa coupling are smaller during the RG flow. For instance, the lower bound in the standard
model is given by ∼ 130GeV in contrast to mH > 200GeV in the Higgs-Yukawa model for large
cutoff scales due to the presence of gauge bosons. Gauge boson contributions to the running of
h lead to a decrease of the running Yukawa coupling towards the UV in contrast to the simple
Higgs Yukawa toy model where the Yukawa coupling runs into a pole for large RG scales.
Thus, the contribution of h to the running scalar mass is weakened. The phenomenological
implications of the gauge sectors will be discussed in detail in the next chapters. Any other
mechanism that lowers the values of h would also lower the resulting Higgs masses. As gener-
alized bare potentials uΛ allow to choose smaller values for λ2,Λ in order to lower the bound,
a generalized bare Yukawa potential HΛ(ρ) could lead to smaller values of the bare Yukawa
coupling y0,Λ ≡ HΛ(0) which still lead to a phenomenologically correct IR description of the
top mass.

In order to illustrate our main points in a transparent fashion, we consider the truncation

Γk =

x


Zϕ
2 (∂µϕ)2 + U(ρ) + Zψ ψ̄ i/∂ψ + i 1√

2
H̄(ρ)ϕψ̄ψ


. (3.45)

Note that we suppress the k dependence for compactness of notation from now on. This
dependence is implicitly understood (U = Uk, H̄ = H̄k, Zϕ = Zϕ,k, Zψ = Zψ,k). Due to the fact
that the Yukawa functional only depends on the field invariant ρ, the model is still invariant
under the discrete chiral symmetry defined in Eq. (3.2). This implies that a mass term for the
fermion is still forbidden and has to be generated due to spontaneous symmetry breaking.

The flow equations can be obtained in a similar manner to the simple Yukawa model in
Sect. 3.3, also see App. A.4. Only the projection rule on the Yukawa interaction has to be
changed in an obvious manner in order to gain the full ρ dependence. Thus, the flow equations
read

∂t u =− d u+ (d− 2 + ηϕ)ρ̃u′ + 2vd

l
(B)d
0 (u′ + 2ρ̃u′′; ηϕ)− dγ l(F)d

0 (ρ̃H2; ηψ)

,

∂tH = 1
2(d− 4 + ηϕ + 2ηψ)H + (d− 2 + ηϕ)ρ̃H ′

+ 2vd

H(H + 2ρ̃H ′)2l

(FB)d
1,1 (ρ̃H2, u′ + 2ρ̃u′′; ηψ, ηϕ)− (3H ′ + 2ρ̃H ′′)l(B)d

1 (u′ + 2ρ̃u′′; ηϕ)

,
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ηϕ =4vd
d


2κ

3u′′(κ) + 2κu′′′(κ)

2
m

(B)d
2 (µ2

ϕ; ηϕ)

+ dγ

H(κ) + 2κH ′(κ)

2 
m

(F)d
4 (µ2

t ; ηψ)− κH2(κ)m(F)d
2 (µ2

t ; ηψ)
 
,

ηψ =4vd
d

(H(κ) + 2κH ′(κ))2m
(FB)d
1,2 (µ2

t , µ
2
ϕ; ηψ, ηϕ),

in terms of dimensionless renormalized couplings and fields, where H(ρ̃) is given by

H(ρ̃) = Z
− 1

2
ϕ Z−1

ψ k
d−4

2 H̄(ρ)

ρ=kd−2Z−1

ϕ
ρ̃
.

The flow equations for the scalar potential as well as the Yukawa potential maintain the full ρ̃
dependence. The equations for the anomalous dimensions are evaluated at the minimum κ of the
scalar potential and we have used the abbreviations µ2

t = κH2(κ) and µ2
ϕ = u′(κ) + 2κu′′(κ).

These flow equations for a Yukawa model with generalized Yukawa coupling were already
investigated in different physical contexts such as the chiral phase structure of QCD [240, 241],
a Yukawa theory coupled to gravity [242, 243], as well as studies of global fixed-point solutions
and criticality in low dimensions [54].

As we are mainly interested in the computation of Higgs masses and thus the properties
of the scalar potential at the Fermi scale, we again perform a polynomial expansion of the
coupling functional u and this time also of H such that the system of coupled PDE’s simplifies
to a system of coupled ODE’s for the expansion coefficients. For the scalar potential, we use
Eq. (3.42). The Yukawa functional H is expanded in a power series around vanishing field
values in the SYM regime and the nonvanishing minimum κ of the scalar potential in the SSB
regime as well,

H(ρ̃) =
NH
n=0

yn
n! ρ̃

n (SYM), H(ρ̃) =
NH
n=0

yn
n! (ρ̃− κ)n (SSB), (3.46)

where we identify the “usual” Yukawa coupling as h = y0. We test the convergence of this
polynomial expansion by successively increasing NH. The initial value of the Yukawa coupling
y0,Λ is used to tune the top mass to its IR value while we set yn,Λ = 0 for n = 1, . . . , NH first.
Similar to the convergence of the potential, see Fig. 3.11, we observe a fast convergence for the
resulting Higgs masses. Changing from NH = 0 up to NH = 2 leads to a negligible change in the
obtained Higgs masses of ∼ 0.5GeV for small cutoffs but a few GeV for large Λ. For NH > 2,
we find no significant deviations within our numerical accuracy from the NH = 2 results.

Moreover, we would like to mention, that the results obtained for NH = 0, which corresponds
to a restriction to the previous truncation (3.17), are not identical to the Higgs masses obtained
in the previous sections. This is simply because the flow equations for h and y0 do not coincide
in the SSB regime. For NH = 0, the flow equation for y0 is given by ∂ty0 = ∂tH(κ) which
corresponds to the first triangle diagram in Fig. 3.3. However, for the flow equation of h we
projected onto the coupling between the scalar fluctuations around the vev to the fermions
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(a) (b) →

Figure 3.20: (a) Example for an additional contribution, which is proportional to y1, to the
flow of the Yukawa coupling y0, if higher-order operators of the form ρnϕψ̄ψ are taken into
account. (b) Parts of these higher order couplings were already considered in the flow equation
of h in Eq. (3.22). The triangle diagrams with external vev insertions (filled squares) in Fig. 3.3
are now included in the running of the three-scalar-two-fermion vertex by restricting two of the
scalar legs to the vev. A similar translation holds for the third triangle diagram which has two
scalar lines in the loop in Fig. 3.3.

φψ̄ψ rather than to the operator ϕψ̄ψ, see the discussion in App. A.4. This leads to addi-
tional contributions which effectively take contributions from higher-order couplings already
into account. In other words, taking higher truncations into account, the running of y0 gets
corrections from the y1 coupling, for instance. In the flow equation of h, cf. Eq. (3.22), we en-
coded parts of these higher order corrections in the two additional triangle diagrams which are
proportional to the condensate, see Fig. 3.20. This leads to slightly improved results compared
to the naive truncation NH = 0. In fact, the Higgs mass obtained in the previous sections are
quite close to the results for truncations with NH ≥ 2 for generalized Yukawa interactions. In
all studied cases, the deviation between these two truncations is less than 1%. For small cutoffs
the deviation is a few 0.1GeV and thus comparable to the error obtained for NH = 0. For large
cutoffs we observe a maximal variation in the Higgs mass of 1GeV in the strong scalar coupling
regime and negligible deviations for the lower Higgs mass bound.

The fact that we only observe small deviations for the obtained Higgs masses between the
simple truncation (3.17) and taking a generalized Yukawa functional of the scalar fields into
account(3.45) is not astonishing. The main deviation between the running couplings in the
different truncations is in the SSB regime. However, the system flows only for a short RG time
in the SSB regime before a decoupling of the massive modes set in, in case we are close to the
lower bound. In case λ2,Λ is large (upper bound), we already start in the SSB regime. However,
due to the dominance of the scalar fluctuations, the fermion sector plays a less important role
and we also observe only slight changes.

The situation becomes more interesting if we already allow for a generalized Yukawa potential
in the bare action HΛ(ρ̃) and investigate its influence on the conventional lower Higgs mass
bound (HΛ(ρ̃) = y0,Λ, and λ2,Λ = λ3,Λ = · · · = 0). Indeed, we find Higgs masses below the
lower bound by the rather mild modification of choosing y1,Λ > 0. The size of this shift is
roughly of the same order of magnitude as we already observed by allowing for generalized
scalar bare potentials uΛ. As we already pointed out, a modification of the running of y0, which
builds up the lower Higgs mass bound, could lead to such a diminishment. Comparing the
resulting flows of y0 for y1,Λ = 0 and y1,Λ > 0 shows an insignificant shift for the values of y0(k)
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such that this mechanism is not able to explain the observed shift in the Higgs mass.

However, the modification of the bare Yukawa functional also influences the flow of the scalar
potential in a direct manner and not only indirectly via the running of y0. This effect can be
investigated on the mean-field level again. The mean-field effective scalar potential can be
straightforwardly generalized and reads for the linear regulator,

UMF(ρ) = UΛ(ρ)−


HΛ(0)

2
Λ2ρ

16π2

+ 1
16π2

−HΛ(ρ)−HΛ(0)
2

Λ2ρ+

HΛ(ρ)

4
ρ2 ln

1 + Λ2
HΛ(ρ)

2
ρ


 ,

where we separated the interaction part of the Fermion determinant in the second line. This is a
positive monotonically increasing function forHΛ(ρ) = y0,Λ. Obviously, this function can lose its
positivity property if we allow for generalized Yukawa interactions beyond HΛ = y0,Λ, depending
on the precise shape of the in principal arbitrary HΛ(ρ). Hence, the fermion interaction can
induce a metastability even in the class of ϕ4 bare potentials.

Also, this fact can be seen from the flow equation of λ2. While the usual Yukawa coupling
contributes according to −y4

0 and thus leads to an increase of the quartic coupling towards
the IR, an additional contribution coming from y1 contributes according to +y1y0. Thus a
sufficiently large value for y1,Λ can lead to a decrease of λ2 near the cutoff scale. Starting
with a vanishing interacting scalar bare potential (λ2,Λ = λ3,Λ = · · · = 0), λ2 runs to negative
values while λ3 becomes positive (and similar for the higher order scalar couplings) driven
by y1. Due to the fact, that y1 quickly becomes small during the RG flow as is expected
in the vicinity of the Gaußian fixed-point by reason of power-counting arguments, the flow
equations become dominated by the contributions arising from the pure Yukawa interaction
term ∼ −y2n

0 . Roughly speaking, we flow into the class of generalized bare potentials with
λ2,Λ < 0 and λ3,Λ > 0 after a short RG time in some sense. In complete analogy to the
generalized bare potentials with λ2,Λ < 0 and stabilized by λ3,Λ, a metastability occurs during
the RG flow if y1,Λ exceeds a critical value driving λ2 to too small values.

Following the same strategy as in the case of generalized bare potentials, we trust the poly-
nomial expansion as long as no second minimum deeper than the minimum at the electroweak
scale emerges during the RG flow. Fixing λ2,Λ = λ3,Λ = · · · = 0 and increasing y1,Λ until a
potential second minimum becomes the global one, we obtain Higgs masses which we already
cover in the class of generalized bare potentials. The naive expectation, that a combination of
both mechanisms (generalized uΛ and HΛ) leads to a further decrease of the lower Higgs mass
bound, is investigated in the following. Basically one can use, that the vanishing of λ3 can be
delayed for a small RG time by choosing, for instance, λ3Λ = 3 in addition to y1,Λ > 0. Hence,
lower values for λ2 during the flow are accessible and the Higgs mass decreases. However, this
further diminishing is rather small which is due to the fact that the running of the higher-order
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Figure 3.21: Higgs mass versus cutoff. The black curve denotes the conventional lower Higgs
mass bound obtained from a theory which only include perturbatively renormalizable operators
at the UV cutoff scale. The red curve gives a lower bound in the class of generalized scalar bare
potentials of ϕ6 type with the requirement that no metastability occurs during the RG flow.
The Higgs masses given by the blue dashed line are obtained from a further generalization to
Yukawa potentials of the form y0,Λ + y1,Λρ̃.

couplings is strongly affected by their infrared attractive pseudo-fixed points which cannot be
circumvented by this strategy. In order to illustrate this fact, we depict the lowest accessible
Higgs masses from the different generalizations of the bare action in Fig. 3.21. We compare the
Higgs masses obtained for the conventional lower Higgs mass bound (λ2,Λ = λ3,Λ = · · · = 0 and
y1,Λ = y2,Λ = · · · = 0), for the lower bound obtained from the class of ϕ6 bare potentials with
the requirement of the stable scalar potentials during the entire RG flow and a similar lower
bound but for the parameters λ2,Λ = 0, λ3,Λ = 3, and the value of y1,Λ put to the transition
where the scalar effective potential becomes metastable.

As the benefit in diminishing the lower consistency Higgs mass bound is rather small, we
only consider “simple” Yukawa interaction terms in the following again.
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Before we proceed to chiral Higgs-Yukawa models, which take the chiral structure of the stan-
dard model into account, we will present here a first impact how gauge bosons modify the
running of the matter sector. Parts of this chapter, especially Sect. 4.3 is based on [128]. Ob-
viously, we are not able to test the influence of the electroweak gauge bosons in a consistent
manner within the simple Higgs-Yukawa toy model because these are directly related to the
chiral structure of the fermions. Nevertheless, the contribution of the strong interaction on the
running of the top Yukawa coupling can be investigated in a self-contained manner. Moreover,
this investigation can be motivated by the fact that the strong coupling constant gs dominates
the β functions of the Yukawa couplings of the quarks, see Eqn.(2.9)-(2.10). Due to the strong
influence on the running of the Yukawa coupling, also the running of the Higgs sector, which
does not directly couple to the gluons, will be indirectly modified.

The model is given by the following gauge-fixed, classical (Euclidean) action:

S =

d4x


1
2(∂µϕ)2 + UΛ(ϕ2) + ψ̄A i /DAB

ψB + i h̄√
2
ϕ ψ̄AψA + 1

4GIµνG
µν
I

+ 1
2ξs

(∂µGµ
I )2 + uIMIJuJ


,

(4.1)

where DAB
µ = δAB∂µ + iḡsG

µ
IT

AB
I is the covariant derivative acting on the color structure of the

top quark ψA. The Faddeev-Popov determinant is given by MIJ = ∂µDµ
IJ with the covariant

derivative in the adjoint representation, and Gµν
I is the field strength tensor for the SU(3)c

gauge bosons Gµ
I . The classical scalar potential UΛ depends on the Z2-invariant ρ = 1

2ϕ
2 and

thus the model has still a discrete chiral symmetry, Eq. (3.2).

4.1 Flow equations

At next-to-leading order in the derivative expansion, the truncation of the Higgs-top-QCD
model defined in Eq. (4.1) reads,

Γk =

x


Zϕ
2 (∂µϕ)2 + U(ρ) + Zψψ̄

A i /DAB
ψB + i h̄√

2
ϕψ̄AψA + ZG

4 GIµνG
µν
I

+ ZG

2ξs
(∂µGµ

I )2 + ZuuIMIJuJ


.

(4.2)
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The dependence on the RG scale k is omitted for convenience. Note, that we already have
chosen a gauge-fixed truncation accordingly to the gauge-fixed action (4.1). However, there is a
choice between two strategies how to deal with a gauge theory. Either one chooses a gauge-fixed
formulation or constructs gauge-invariant flow equations [244–247]. While the latter seems to
provide a conceptually clean set up, the former is more convenient for practical calculations.
For any quantitative statement, we will evaluate the following flow equations in the Landau
gauge ξs = 0. Note, that this gauge choice is also a fixed point of the RG flow due to the fact
that the gauge-fixing parameter renormalizes multiplicatively [248].

Inserting the truncation into the Wetterich equation (2.13) leads to the nonperturbative flow
equations for the various operators by appropriate projection rules. In comparison to the simple
Higgs-Yukawa model, the flow equations for the scalar quantities are only modified by the fact,
that each pure fermion loop gets an additional combinatorial factor Nc = 3 due to the fact,
that the model now contains Nc copies of the top quark.

∂t uk = −d uk + (d− 2 + ηϕ)ρ̃u′k + 2vd

l
(B)d
0 (u′k + 2 ρ̃ u′′k; ηϕ)− dγNc l

(F)d
0


ρ̃ h2

k; ηψ
 
, (4.3)

ηϕ = 8vd
d
κk

3u′′(κ) + 2κu′′′(κ)

2
m

(B)d
2 (µ2

ϕ; ηϕ)

+ 4vddγNc

d
h2

m

(F)d
4 (µ2

t ; ηψ)− κh2m
(F)d
2 (µ2

t ; ηψ)

.

(4.4)

Note that also a field-independent contribution from a gluon ∼ l
(B)d
0 (0; ηG) as well as a ghost

loop ∼ l
(B)d
0 (0; ηu) contribute to the running of the scalar potential which we have omitted as

they do only contribute to an unobservable (as long as gravity is not considered) vacuum shift.
The flow equation for the Yukawa coupling gets additional contributions from the interactions
between the quarks and gluons. It reads,

∂th
2 = (d− 4 + ηϕ + 2ηψ)h2 + 4vd h4


l
(FB)d
1,1 (µ2

t , µ
2
ϕ; ηψ, ηϕ)− 2h2κ l

(FB)d
2,1 (µ2

t , µ
2
ϕ; ηψ, ηϕ)

−

6κu′′(κ) + 4κ2u′′′(κ)


l
(FB)d
1,2 (µ2

t , µ
2
ϕ; ηψ, ηϕ)


+ 4vd

N2
c − 1
2Nc

h2g2
s (d− 1 + ξs)


− l(FB)d

1,1 (µ2
t , 0; ηψ, ηG) + 2h2κ l

(FB)d
2,1 (µ2

t , 0; ηψ, ηG)

,

(4.5)

where κ is the minimum of the scalar potential, i.e., κ = 0 in the SYM regime and u′(κ) = 0 in
the SSB regime. The renormalized dimensionless strong coupling is given by g2

s = Z−1
G kd−4ḡs

2.
The anomalous dimension of the fermion reads,

ηψ =4vd
d
h2

m

(FB)d
1,2 (µ2

t , µ
2
ϕ; ηψ, ηϕ) (4.6)

+ 2N
2
c − 1
2Nc

g2
s


(d− 1− ξs)m(FB)d

1,2 (µ2
t , 0; ηψ, ηG)− (d− 1)(1− ξs)m̃(FB)d

1,1 (µ2
t , 0; ηψ, ηG)


.

The threshold functions can be found in App. A.3. A diagrammatic interpretation of the
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4.1 Flow equations

∂thk : ηψ :

Figure 4.1: Additional diagrammatic contributions to the running of the Yukawa coupling as
well as the anomalous dimension of the fermion. Curly lines depict gluons. For compactness,
we suppress the regulator insertions.

additional contributions arising from the quark-gluon interplay are depicted in Fig. 4.1. While
we will use these flow equations in order to investigate the indirect contributions of the strong
interaction to the Higgs mass via the Yukawa couplings, similar models are studied to investigate
low energy properties of QCD, for instance, see [249].

To complete the set of flow equations within this model, we have to investigate the flow equa-
tions of the gauge sector as well, i.e., of the strong coupling gs and the anomalous dimension of
the gluon ηG. The running of the Yang-Mills coupling can be investigated on a nonperturba-
tive level as well [180], however, we will only take it on a perturbative level into account. This
approximation is justified because we are only interested in the properties of the flow equations
far above the QCD scale. Near the electroweak scale threshold effects set in which imply that
the scalar potential, the Yukawa coupling as well as the anomalous dimensions of the scalar
and fermion field freeze out before gs grows to large values near the typical energy scale of QCD
which is of order 1GeV. The perturbative one-loop computation for the beta function for gs,
e.g., within the background field formalism, can be found in almost every textbook on particle
physics, cf. [130, 131]. It reads,

∂tg
2
s = g2

s ηG, ηG = − g2
s

8π2

11
3 Nc −

2
3nf


, (4.7)

where nf is the number of different quark flavors in the model. In order to describe a standard
model like behavior, we choose nf = 6 although we have only considered the top quark in
our truncation (4.2). Strictly speaking, we consider a model which includes additional SU(3)c-
invariant kinetic terms for the five other standard model quark flavors but their Yukawa cou-
plings to the Higgs field are set to zero. Thus, we consider the correct running of the pure
strong sector while the flow equations for the Higgs-top sector are not affect by this modifica-
tion. Due to the negligible size of the Yukawa couplings of the other fermions compared to the
top quark Yukawa coupling, this is a rather good approximation for the pure Higgs-top-QCD
sector of the standard model, even if we do not consider the correct chiral structure of the
Higgs-Yukawa sector. In order to solve the flow equation ∂tg

2
s , we choose an initial value at

the UV cutoff scale Λ such that we obtain an IR value at the mass scale of the Z boson of
g2

s (k = mZ) = 4παs(k = mZ) = 4π · 0.118.
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4 Higgs-top-QCD model
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Figure 4.2: Comparison between the simple Higgs-Yukawa model (blue dashed) and the Higgs-
top-QCD model (black solid). The left panel shows the lower Higgs mass consistency bound
within the class of ϕ4 potentials. The right panel depicts Higgs masses for a strongly coupled
scalar sector λ2,Λ = 100. Within the simple Yukawa model, Higgs mass bounds cannot be
investigated at the Planck scale due to singular behavior of the running Yukawa coupling at
scales k > 1016GeV.

4.2 Higgs mass bounds

Let us proceed with our by now well familiar investigation of Higgs mass bounds, first within the
class of ϕ4 bare potentials and afterwards for the generalized class of ϕ6 potentials. Therefore,
we again expand the potential in a power series at vanishing field amplitude in the SYM regime
as well as the nontrivial vev in the SSB regime, see Eq. (3.42). Restricting to quartic bare
potentials, we observe the same qualitative behavior as in the simple Higgs-Yukawa model.
The Higgs mass is an increasing function with respect to the bare quartic coupling and thus
a lower mass bound arises from the consistency condition λ2,Λ ≥ 0. Within the polynomial
truncation the resulting Higgs masses converge fast for increasing Np. Again, we find no
deviations within our numerical accuracy for truncations with Np ≥ 4. Changing from leading
order (ηϕ = ηψ = ηG = 0) to next to leading order in the derivative expansion, we find small
deviations of a few percent for small λ2,Λ. For larger λ2,Λ, the deviations increase to ∼ 15%.

In Fig. 4.2, we compare the resulting Higgs masses of the present Higgs-top-QCD model to
the masses obtained within the simple Higgs-Yukawa model. The left figure shows the lower
bound (λ2,Λ = 0) arising in both models. The large quantitative differences between these two
curves demonstrate the strong (indirect) influence of the QCD sector on the Higgs mass via
the Yukawa coupling. First of all note, that now Nc = 3 copies of the top quark contribute to
the running of the scalar potential. Thus, the mass bound obtained in the simple model (blue
dashed line) would be shifted by roughly a factor of

√
3 if one would neglect the influence of

the strong coupling constant on the running Yukawa coupling. However, the behavior of the
running Yukawa coupling changes qualitatively due to the additional contributions from the
gluons. In contrast to the simple model, where the Yukawa coupling grows towards the UV
and finally runs into a pole at k > 1016GeV (see Fig. 3.13), it becomes smaller at high scales
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Figure 4.3: Higgs mass versus cutoff Λ. The black line denotes the lower bound for the Higgs
mass derived within the class of bare ϕ4 potentials. The red and blue lines show Higgs masses
below the ϕ4 consistency bound by allowing for generalized bare potentials. The masses are
derived for λ3,Λ = 3 and λ2,Λ = −0.08 (red) as well as λ3,Λ = 10 λ2,Λ = −0.15 (blue). In all
cases no second minimum occurs during the entire RG flow such that the potentials are stable
at every RG scale k.

within the present model. Therefore, the Yukawa coupling contributes with a lower strength
to the running of the scalar sector which results in smaller Higgs masses. This effect becomes
significant for large UV cutoffs where these effects accumulate over a long RG flow. Thus, the
lower Higgs mass bound is even below the lower bound of the simple Yukawa model despite the
larger fermion content. By contrast, Higgs masses close to the upper bound are less affected.
In this case, the theory is rather dominated by scalar self-interactions such that a change in
the running Yukawa coupling or the additional field content plays a minor role.

By allowing for generalized bare potentials, we are able to test if the mechanism of dimin-
ishing the lower bound also holds within the Higgs-top-QCD model. In principle, there is the
possibility that this mechanism gets washed out due to the new degrees of freedom. As we
pointed out in Subsect. 3.5.2, the lowering can be viewed as a shift from initial conditions of
the quartic-type bare potentials at a certain cutoff scale to a theory with λ2,Λ < 0 but the bare
potential stabilized by a positive λ3,Λ at an effectively larger cutoff value. However, such a shift
seems to be less effective for large cutoff values due to the flatten of the lower bound at large Λ.
This flatten is even stronger in the Higgs-top-QCD model such that such a shift may only lead
to an unimportant shift of the Higgs mass. However, careful investigations show, that it is still
possible to construct example flows which are entirely stable and diminish the ϕ4 consistency
bound significantly over a wide range of cutoff values, see Fig. 4.3. Indeed, this diminishing is
less effective at the Planck scale, where the Higgs mass bound can be relaxed be roughly 1GeV
before a metastability occurs during the RG flow even if the bare potential is stable.
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4 Higgs-top-QCD model

4.3 The Higgs phase diagram and the scale of new physics

As we pointed out at the beginning of this chapter, the present model with its simple Yukawa
structure does not reflect the weak gauge structure of the standard model. However, the elec-
troweak gauge couplings have significant effects. First, the gauge couplings give an important
positive contribution to the flow equation of the scalar quartic coupling, balancing the negative
top Yukawa terms for small values of λ2. Second, they decrease the Yukawa coupling in the
UV, and thus also increase λ2 towards large scales. In order to come in contact with standard
model phenomenology at a quantitative level for the first time, we effectively model their con-
tributions to the running of the scalar potential as well as the Yukawa coupling by a fiducial
coupling gF. The contribution to the potential in d = 4 reads,

∂tu = (rhs. of Eq. (4.3)) + 1
32π2

cu
1 + 1

2gFρ̃
. (4.8)

We further modify the running of the Yukawa coupling by a term − ch

8π2h
2g2

F in the SYM regime.
We choose the additional constants and the fiducial gauge coupling in such a way that the
resulting running of the quartic coupling λ2 and the Yukawa coupling h2 in the perturbative
limit is quantitatively similar to the running of the standard model Higgs quartic coupling and
the standard model top Yukawa coupling. Therefore, we choose cu = 16, ch = 97

30 and gF = 0.57.

In order to investigate the RG evolution of the standard model, its physical masses and cou-
plings have to be related to the fundamental parameters appearing in the β functions. So far,
we identified, for instance, the top or the Higgs mass with their pole masses of their propaga-
tors which have a rather simple structure owing our derivative expansion. In general, the full
propagator of a particle will be an intricate function of the momentum such that the simple
identification, for instance, for the top mass mt = 1√

2htv should be only viewed as a first ap-
proximation. In principle a thorough study of the relation between the masses within our FRG
scheme and the physical masses measured in an experiment have to be performed. However,
this is beyond the scope of this work. In order to get a first insight into this dependency, we
investigate the dependence of the lower Higgs mass bound on the value of the top mass within
the derivative expansion in App. A.7 for a chiral Higgs-Yukawa theory.

Nevertheless, within the perturbative setting this procedure is well-established up to NNLO
[83]. In order to compare to the perturbative results and extract universal physical results, we
can establish a matching procedure. We choose to match the flows at the TeV scale. This scale is
sufficiently deep inside the Euclidean region but not yet affected by possible higher-dimensional
operators. Our procedure equates the running couplings in the perturbative MS scheme and
the FRG scheme at the matching scale. These read at k = 1TeV: λ2 = 0.202, h = 0.867,
gs = 1.060. Approaching that scale from the ultraviolet, typical FRG trajectories are still in
the symmetric regime, an electroweak minimum of the potential has not been generated yet,
and the threshold effects in the FRG flow equations are subleading. As the values for the
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Figure 4.4: Different stability regions as a function of Λ and λ3,Λ. In region I (green) the
potential is stable everywhere. In region II (blue) the UV- potential is stable, while the po-
tential is only pseudostable for intermediate scales in a polynomial truncation. Based on our
investigations in Sect.3.4 and Sect.3.6 it is likely that this entire region results in a metastable
potential. In region III (red) the UV-potential violates the unique-minimum condition. The
black dashed line denotes the UV cutoff resulting from the consistency bound within the ϕ4

bare potentials.

couplings agree with those of the MS scheme at the matching scale, our matching scheme
guarantees that UV-initial conditions for the FRG flow are mapped to physical values in the
infrared with high accuracy. For further details of this mapping see [128]. As aforementioned,
in a more elaborate FRG setup, using a more sophisticated truncation of the operator space,
our mapping using MS parameters will become obsolete and quantitatively precise values for
physical observables can be read off from the FRG flow trajectories at k = 0 directly.

While we basically concentrated on the diminishing of the lower Higgs mass bound within the
class of ϕ6-type bare potentials, let us rephrase this statement by investigating how many orders
of magnitude the UV cutoff scale can be shifted by allowing for generalized bare potentials.
Therefore, we fix λ2,Λ such that the resulting Higgs mass in the IR approaches mH = 125GeV
and we scan for different values of λ3,Λ at which cutoff value the polynomial expansion becomes
pseudostable at a finite RG scale k which will probably lead to a metastable effective potential.

Within this standard-model like theory, we are able to increase the cutoff scale by at least
two orders of magnitude while retaining the full stability of the electroweak vacuum. This
result is depicted in Fig. 4.4 where the green region I corresponds to completely stable scalar
potentials during the entire RG flow. Increasing the possible cutoff scales by further orders of
magnitude is difficult since there is a strongly infrared-attractive pseudo-fixed point at λ3 ≈ 0,
see Subsect. 3.5.2. The large blue region II depicts initial conditions where the UV potential is
stable, but our polynomially expanded potentials exhibit further minima at intermediate scales,
which will render the potential metastable. Finally, in the red region III the UV potential is
already metastable, as might be the effective potential.
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5 Chiral Higgs-Yukawa models

Within Chap. 3 we have analyzed the occurrence of Higgs mass bounds in a toy model which
simplifies the interaction between the fermions, especially the top quark, and the Higgs field to
a simple Yukawa interaction. In this chapter, we generalize our results to the chiral structure
of the standard model Higgs-Yukawa sector which is also used in lattice simulations [117–123].
Additionally, we gauge the SU(2)L structure in order to take contributions from the weak gauge
bosons into account. The results obtained in Sect. 5.1 are based on our work in [116].

5.1 Chiral Higgs-top-bottom model

We start our investigations of the chiral Yukawa structure in a chiral Higgs-Yukawa model with
a global SU(2)L×U(1)Y symmetry forming a self-contained subset of the standard-model. The
field content consists of a scalar field which is a complex SU(2)-doublet

ϕ = 1√
2

ϕ2 + iϕ1

ϕ4 + iϕ3

 , (5.1)

and two Dirac fermions which represent the top and bottom quark. The left-handed components
of the bottom and top transform as a doublet under SU(2)L while the right-handed components
are singlets.

ψL =
tL
bL

 , tR, bR.

The classical Euclidean action of the model is given by

S =

d4x


∂µϕ

†∂µϕ+ UΛ(ρ) + iψ̄L/∂ψL + it̄R /∂tR + ib̄R /∂bR

+ ih̄b(ψ̄LϕbR + b̄Rϕ
†ψL) + ih̄t(ψ̄LϕctR + t̄Rϕ

†
cψL)


.

(5.2)

where ϕc = iσ2ϕ
∗ denotes the charge conjugated scalar. The scalar field couples to the fermions

via a chiral Yukawa interaction where h̄t and h̄b are the (bare) Yukawa couplings for the top
and bottom respectively. Furthermore, we include scalar self-interactions encoded in the scalar
potential which depends on the field invariant ρ = ϕ†ϕ.
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5.1 Chiral Higgs-top-bottom model

The action (5.2) is invariant under the following global symmetry transformations

ϕ→ eiαi σi

2 ϕ, ψL → eiαi σi

2 ψL, tR → tR, bR → bR,

where σi are the Pauli matrices acting on the SU(2)L doublet structure and

ϕ→ eiβsϕ, ψL → eiβLψL, tR → eiβt
RtR, bR → eiβb

RbR.

Here, the β angles are related to a single angle by the usual hypercharge assignments, βs = 1
2β,

βL = 1
6β, βt

R = 2
3β, and βb

R = −1
3β. Thus, the model has a global SU(2)L × U(1)Y symmetry.

The symmetry can be spontaneously broken down to a global U(1)em by a nonzero vacuum
expectation value of the scalar field ϕ → v, giving rise to Dirac masses for the fermions and
the Higgs boson mass.

The classical action is already equipped with a potential for the scalar field UΛ(ρ). Symmetry
breaking in the quantum theory occurs, if the corresponding renormalized potential U develops
a nonvanishing minimum ρ0. In this case, we can again write the masses in terms of this
minimum and the renormalized Yukawa couplings ht and hb,

v =
√

2Z
1
2
ϕ ⟨ϕ⟩ =


2Zϕρ0, m2

H = v2U
′′(ρ0)
Z2
ϕ

, m2
t = 1

2v
2h2

t , m2
b = 1

2v
2h2

b,

where we accounted for a wave function renormalization Zϕ defined in conjunction with the
other renormalized quantities in analogy to Chap. 3.

Apart from the missing further matter and flavor content, we also ignore the gauge sectors
of the standard model first to concentrate on the chiral structure of the matter sector. In order
to make closer contact with the standard model language, we fix v = 246GeV, mt = 173GeV
and mb = 4.2GeV for illustrative purposes, but leave the Higgs mass as a free parameter.

Analogously to the simple Higgs-Yukawa model, the present chiral Higgs-Yukawa model may
not be extendible to arbitrarily high momentum scales, also see the discussion on potential
non-Gaußian fixed-points in App. A.8. Thus, we are working in an effective-field-theory picture
once more where the cutoff plays the physical scale at which new degrees of freedom occur.
Also, we impose suitable renormalization conditions at the UV cutoff Λ in complete analogy
to the simple Higgs-Yukawa model. For the present model, we can fix ht, hb, and the scalar
potential U in terms of their bare quantities at the cutoff, htΛ = h̄t, hbΛ = h̄b, and UΛ. In
practice, the fixing can be done such that the constraints set by the physical values of v,mt, and
mb are satisfied. From this viewpoint, the Higgs boson mass as the remaining free parameter
becomes a function of the unconstrained combinations of the UV couplings. Now, bounds on
the Higgs boson mass arise, if all permissible choices of UV couplings result in a finite range of
Higgs boson masses.

The effective average action at next-to-leading order (NLO) in a derivative expansion corre-
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5 Chiral Higgs-Yukawa models

sponds to the following truncation:

Γk =

x


Zϕ|∂µϕ|2 + U(ρ) + ZLψ̄Li/∂ψL + ZRt t̄Ri/∂tR + ZRt b̄Ri/∂bR

+ ih̄b(ψ̄LϕbR + b̄Rϕ
†ψL) + ih̄t(ψ̄LϕctR + t̄Rϕ

†
cψL)


.

(5.3)

Here the scalar potential, both Yukawa couplings and the wave function renormalizations for
the different fields Zϕ, ZL, ZRt , and ZRb depend on the RG scale k (U = Uk, ht = ht,k, · · · ).
As a remainder, this dependence is suppressed for compactness of notation.

Inserting this truncation into the Wetterich equation leads to the β functions, i.e., the flow
equations for the effective potential, the Yukawa couplings as well as for the wave function
renormalizations. Again, we encoded the latter in the anomalous dimensions of the fields,
ηi = −∂t lnZi, where i labels the different fields.

Dimensionless renormalized quantities are defined accordingly to Eq. (3.20) as

ρ̃ = Zϕk
2−dϕ†ϕ, h2

t = Z−1
ϕ Z−1

L Z−1
Rt k

d−4 h̄2
t , h2

b = Z−1
ϕ Z−1

L Z−1
Rb
kd−4 h̄2

b.

and the dimensionless potential simply reads, u = k−dU . In the following, we list the flow
equations for the various quantities, as they follow from the Wetterich equation, using standard
calculation techniques. The flow equation for the potential can be written as:

∂tu = −du+ (d− 2 + ηϕ)ρ̃u′ + 2vd

3 l(B)d

0 (u′; ηϕ) + l
(B)d
0 (u′ + 2ρ̃u′′; ηϕ)

− dγ
2


l
(F)d
0 (h2

t ρ̃; ηL) + l
(F)d
0 (h2

bρ̃; ηL) + l
(F)d
0 (h2

t ρ̃; ηRt) + l
(F)d
0 (h2

bρ̃; ηRb)

,

(5.4)

where primes denote derivatives with respect to ρ̃ and the threshold functions are listed in
App. A.3. The diagrammatic interpretation is again in terms of bosonic and fermionic loop
diagrams, see Fig. 3.2. This time, we have three scalar loops for the three Goldstone bosons
∼ 3l(B)d

0 (u′; ηϕ) and one scalar loop ∼ l
(B)d
0 (u′ + 2ρ̃u′′; ηϕ) for the radial mode as well as four

fermion loops, one for each of the four chiral fermions. Using the same regulator shape functions
for the two chiral fermions of the same flavor and introducing anomalous dimensions for the
corresponding Dirac fermions,

ηt = 1
2(ηL + ηRt), ηb = 1

2(ηL + ηRb), (5.5)

the fermionic contribution to the flow equation for the scalar potential can also be written in
terms of Dirac fermions

∂tu = −du+ (d− 2 + ηϕ)ρ̃u′

+ 2vd

3 l(B)d

0 (u′; ηϕ) + l
(B)d
0 (u′ + 2ρ̃u′′; ηϕ)− dγ


l
(F)d
0 (h2

t ρ̃; ηt) + l
(F)d
0 (h2

bρ̃; ηb)

.
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The flow equations for the Yukawa couplings are

∂th
2
t = (d− 4 + ηϕ + 2ηt)h2

t

+ 4vdh4
t


l
(FB)d
1,1 (µ2

t , µ
2
ϕR

; ηt, ηϕ)− l(FB)d
1,1 (µ2

t , µ
2
ϕG

; ηt, ηϕ)

− 2h2
tκ

l
(FB)d
2,1 (µ2

t , µ
2
ϕR

; ηt, ηϕ)− l(FB)d
2,1 (µ2

t , µ
2
ϕG

; ηt, ηϕ)


−

6κu′′(κ) + 4κ2u′′′(κ)


l
(FB)d
1,2 (µ2

t , µ
2
ϕR

; ηt, ηϕ) + 2κu′′(κ)l(FB)d
1,2 (µ2

t , µ
2
ϕG

; ηt, ηϕ)


+ 8vdh2
th

2
b


− l(FB)d

1,1 (µ2
b, µ

2
ϕG

; ηb, ηϕ) + 2h2
bκl

(FB)d
2,1 (µ2

b, µ
2
ϕG

; ηb, ηϕ)

+ 2κu′′(κ) l(FB)d
1,2 (µ2

b, µ
2
ϕG

; ηb, ηϕ)

ρ̃=κ

,

(5.6)

∂th
2
b = (d− 4 + ηϕ + 2ηb)h2

b

+ 4vdh4
b


l
(FB)d
1,1 (µ2

b, µ
2
ϕR

; ηb, ηϕ)− l(FB)d
1,1 (µ2

b, µ
2
ϕG

; ηb, ηϕ)

− 2h2
bκ

l
(FB)d
2,1 (µ2

b, µ
2
ϕR

; ηb, ηϕ)− l(FB)d
2,1 (µ2

b, µ
2
ϕG

; ηb, ηϕ)


−

6κu′′(κ) + 4κ2u′′′(κ)


l
(FB)d
1,2 (µ2

b, µ
2
ϕR

; ηb, ηϕ)+2κu′′(κ)l(FB)d
1,2 (µ2

b, µ
2
ϕG

; ηb, ηϕ)


+ 8vdh2
th

2
b


− l(FB)d

1,1 (µ2
t , µ

2
ϕG

; ηt, ηϕ) + 2h2
tκl

(FB)d
2,1 (µ2

t , µ
2
ϕG

; ηt, ηϕ)

+ 2κu′′(κ) l(FB)d
1,2 (µ2

t , µ
2
ϕG

; ηt, ηϕ)

ρ̃=κ

,

(5.7)

where κ denotes the minimum of the potential. µ2
ϕR

= u′(κ) + 2κu′′(κ), µ2
ϕG

= u′(κ), µ2
t = h2

tκ,
and µ2

b = h2
bκ are the dimensionless renormalized masses of the radial mode, the Goldstone

mode, the top quark and the bottom quark, respectively. While the masses of the radial
excitation and the Goldstone mode coincide in the SYM regime κ = 0, the Goldstone mass
vanishes in the SSB regime (u′(κ) = 0) according to the Goldstone theorem. Finally, the
anomalous dimensions are given by

ηϕ = 8vd
d
κ

3u′′(κ)m(B)d

2 (µ2
ϕG

; ηϕ) + (3u′′(κ) + 2κu′′′(κ))2m
(B)d
2 (µ2

ϕR
; ηϕ)


(5.8)

− 4vddγ
d


κh4

tm
(F)d
2 (µ2

t ; ηt)− h2
tm

(F)d
4 (µ2

t ; ηt) + κh4
bm

(F)d
2 (µ2

b; ηb)− h2
bm

(F)d
4 (µ2

b; ηb)

,

ηL = 4vd
d


h2

t m
(FB)d
1,2 (µ2

t , µ
2
ϕR

; ηRt , ηϕ) + h2
t m

(FB)d
1,2 (µ2

t , µ
2
ϕG

; ηRt , ηϕ)


+ 2h2
b m

(FB)d
1,2 (µ2

b, µ
2
ϕG

; ηRb , ηϕ)

,

(5.9)

ηt
R = 4vd

d
h2

t


m

(FB)d
1,2 (µ2

t , µ
2
ϕR

; ηL, ηϕ) +m
(FB)d
1,2 (µ2

t , µ
2
ϕG

; ηL, ηϕ) + 2m(FB)d
1,2 (µ2

b, µ
2
ϕG

; ηL, ηϕ)

,

(5.10)

ηb
R = 4vd

d
h2

b


m

(FB)d
1,2 (µ2

b, µ
2
ϕR

; ηL, ηϕ) +m
(FB)d
1,2 (µ2

b, µ
2
ϕG

; ηL, ηϕ)+2m(FB)d
1,2 (µ2

t , µ
2
ϕG

; ηL, ηϕ)

. (5.11)

Note that at the present level of our truncation there is an ambiguity in the projection rule
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on the scalar anomalous dimension as well as on the anomalous dimension for the left-handed
quark. For the anomalous dimension of the scalar field, we could either project on the kinetic
operator of the radial or the Goldstone mode. In a similar manner a projection on the kinetic
operator of the left-handed top quark or the left-handed bottom quark lead to different flow
equations. In this work, we project on the anomalous dimension of the Higgs excitation as well
as the top quark due to the fact that these two degrees of freedom are of our primary interest.
This ambiguity will be resolved beyond NLO in the derivative expansion. For a sketch of the
diagrammatic contributions to these flow equations see Fig. 3.3, with appropriate identifications
of the fermionic and bosonic lines with the various particles. The flow equations agree with those
for the Z2-symmetric simple Yukawa model, Sect. 3.3, in the limit of a vanishing bottom sector,
hb = 0, and ignoring the terms arising from the additional scalar contributions. As a further
cross-check, we note that our flows also agree with those of [56] for hb = 0 and upon dropping
the gauge sector in that work. The reliability of the derivative expansion is again monitored
with the aid of the anomalous dimension, providing a rough measure for the importance of the
higher-derivative terms. As in the simple model, we study the convergence of the derivative
expansion by comparing leading-order results (ηi = 0) to the full NLO calculation.

Quantitative results for the Higgs mass bounds in the present chiral Higgs-Yukawa model
have been investigated in extensive lattice simulations [117–123] up to cutoff scales of the order
of several TeV. The present flow equation study can elucidate the underlying RG mechanisms
in more detail and can bridge a wide range of scales. Furthermore, it is straightforward to deal
with two distinct quark masses, ht ̸= hb, in our functional approach, whereas simulations with
the physical ratio mt/mb ≃ 40 are rather expensive on the lattice.

Before we turn to a quantitative analysis of the RG flow, we have to cure a deficiency of
the chiral Yukawa model in comparison with the full standard model top-bottom-Higgs sector.
Since chiral symmetry breaking in the present model breaks a global symmetry, our present
model has massless Goldstone bosons in the physical spectrum. This is different from the
standard model where the would-be Goldstone bosons due to their interplay with the gauge
sector are ultimately absent from the physical spectrum, the latter finally containing massive
vector excitations. In order to make contact with the standard model physics, we therefore
have to modify our chiral Yukawa model, otherwise the massless Goldstone modes have the
potential to induce an IR behavior which is very different from that of the standard model.
This modification of the model is not unique and could be done in various ways. For instance
on the lattice, the influence of the unwanted Goldstone bosons is identified by their strong finite
volume effects and subtracted accordingly [117, 122]. Similarly, we could study the onset of
Goldstone dynamics in the limit k → 0 and perform a similar subtraction.

In the present work, we model the decoupling of Goldstone bosons more physically as inspired
by the Higgs mechanism in the fully gauged version of the theory: generically all dependencies
on the particle masses and their decoupling is contained in the threshold functions of the flow
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5.1 Chiral Higgs-top-bottom model

equations. For the linear regulators used below, this dependence occurs in the form

k2

k2 +m2 (5.12)

to some power. For k → 0, all these functions vanish for finite particle masses m, whereas
massless modes such as Goldstone modes with m = mG = 0 contribute equally on all scales k.
(For other regulators, the functional dependence on k and m may look differently, but behaves
analogously in the various limits.) The Goldstone modes can therefore directly be identified
in our flow equations. They contribute to those threshold functions that contain an argument
∼ u′(ρ) in the SSB regime. As soon as we enter the broken regime, the corresponding mass
argument m2

G/k
2 ∼ u′(κ) = µ2

ϕG
vanishes at the running minimum κ of the potential. We thus

can dynamically remove the Goldstone modes by the replacement

k2

k2 +m2
G
→ k2

k2 +m2
G + ζ

v2
k

2

mG=0= k2

k2 + ζ
v2

k

2

,

in the broken regime. Here, vk is the running vacuum expectation value approaching vk → v in
the long range limit k → 0, and ζ is an a priori free parameter. Inspired by the decoupling of
massive vector bosons in the full standard model, we choose ζ in such a way that the resulting
masses for the Goldstone bosons have the same order of magnitude as the W boson mass scale,
e.g. ζ = 2(80/246)2. It turns out that the results for the lower Higgs mass bound is only
slightly affected by different choices of ζ, as well as different choices of removing the Goldstone
mode contributions, cf. App. A.6.

As a result, all fluctuations acquire a mass in the regime of spontaneous symmetry breaking
(SSB) and the whole flow freezes out, similarly to the Z2 Yukawa model and as expected in the
full standard model.

Now that we have amended our model with a dynamical removal of the unwanted Goldstone
bosons, the RG flow of the model is technically similar to the simpler Z2 invariant Yukawa
model extensively studied in Chap. 3. In the following, we therefore focus on the new features
induced by the additional degrees of freedom of the chiral model such as the bottom quark and
the three additional real scalar fields. Further technical details follow those in Chap. 3.

We extract the relevant information to compute Higgs mass bounds from a power series
expansion of the potential about its flowing minimum. In the SYM regime, we expand about
zero field-amplitude and the expansion point in the SSB regime is set by the nonvanishing
vev, see Eq. (3.42). In practice, all results studied in this work converge rather rapidly in this
expansion.
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5.1.1 Bare potentials of ϕ4 type

First, we determine mass bounds for the Higgs boson arising from microscopic bare potentials
of ϕ4 type,

uΛ = λ1,Λρ+ λ2,Λ

2 ρ2 (SYM), uΛ = λ2,Λ

2 (ρ− κΛ)2 (SSB). (5.13)

As a reminder, for small λ2,Λ a physical flow typically starts in the SYM regime. Near the
electroweak scale the system is driven into the SSB regime by fermionic fluctuations. Mathe-
matically speaking, we switch from the flow equations for the SYM to the SSB couplings at the
scale, where λ1 crosses zero. In the SSB regime a nonzero vev builds up, inducing masses for
all particles in the theory including the would-be Goldstone bosons as discussed above. This
results in a decoupling of all modes in the IR and therefore all dimensionful quantities freeze
out.

By contrast: for large λ2,Λ, the theory already starts in the SSB regime with a small value for
κΛ. The flow still runs over many scales, depending on the initial conditions, until κ eventually
grows large near the electroweak scale. As a result, all modes decouple and we can read off the
long-range observables.

The flow equations provide us with a map of the UV parameters to physical parameters such
as the mass of the Higgs, the top or the bottom quark. In the following, we fine tune either
λ1,Λ if we start in the SYM regime or κΛ in the SSB regime, in order to arrive at a vev of
vk→0 = 246GeV in the IR. Further, we vary the bare top ht,Λ and bottom hb,Λ Yukawa coupling
such that we obtain the desired top and bottom quark mass, mt ≃ 173GeV and mb ≃ 4.2GeV.
For this reduced class of bare ϕ4 potentials, the Higgs mass is only a function of the bare quartic
coupling λ2,Λ for a fixed cutoff. In order to start with a well defined theory in the UV, λ2,Λ

must be strictly nonnegative.
Also in the present chiral model, we find that the Higgs mass is a monotonically increasing

function of the bare quartic coupling, which can be seen in Fig. 5.1. Here, the Higgs mass mH is
plotted as a function of the bare quartic coupling λ2,Λ for a fixed cutoff Λ = 107GeV. The lower
bound is approached for λ2,Λ → 0, where the Higgs mass becomes rather independent of λ2,Λ.
This was also shown in lattice simulations [117]. For large bare quartic couplings the Higgs
mass reaches a region of saturation. To test the convergence of our expansion and truncation,
we plotted the Higgs mass in various approximations in Fig. 5.1. The derivative expansion is
tested by comparing leading-order (LO) (dashed lines) to NLO results (solid lines). At LO, we
drop the running of the kinetic terms in Eq. (5.3), achieved by setting the anomalous dimensions
to zero in the flow equations (5.4) and (5.6)-(5.11). These differ by at most 12% for small as
well as for large couplings. The difference for small couplings is somewhat larger than in the
Z2-symmetric Yukawa model due to the additional scalar degrees of freedom.

Furthermore, we varied Np to check the convergence of the polynomial expansion of the
potential. The simplest nontrivial order is given by Np = 2 and plotted as red lines with
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Figure 5.1: Higgs mass mH as a function of the bare quartic coupling λ2,Λ for fixed cutoff
Λ = 107GeV for various approximations. Dashed lines depict leading order results in the
derivative expansion while solid lines show the next-to-leading order. Also the convergence of
the polynomial truncation of the scalar potential is illustrated. Red lines with squares arise
from Np = 2 whereas blue lines with circles are derived for Np = 4.

squares in Fig. 5.1. For Np = 4 (blue lines with circles) there are only small deviations for
small λ2,Λ (∼ 2GeV) and deviations of 5% for large λ2,Λ compared to Np = 2. Beyond this,
we find no deviations between the Higgs masses for Np = 4, 5, 6, 8, 10 within our numerical
accuracy, again demonstrating the remarkable convergence of the polynomial truncation for
the present purpose.

In Fig. 5.2, resulting Higgs masses are plotted as a function of the UV cutoff for different
bare quartic couplings for a wide range of cutoff values Λ = 103, · · · , 109GeV. The lower black
line is derived for λ2,Λ = 0 and indicates a lower bound for mH within the ϕ4 type bare
potentials. Dashed lines depict upper Higgs mass bounds if one restricts the bare quartic
coupling to λ2,Λ ≤ 1, 10, 100 (from bottom to top). Artificially restricting the coupling λ2,Λ to
the perturbatively accessible domain, say, λ2,Λ ≲ 1, the upper bound is obviously significantly
underestimated.

By comparing the chiral Yukawa model to the simple Yukawa model, we are able to study
the influence of the additional standard model degrees of freedom on the Higgs mass bounds.
As expected, the bottom quark has no significant influence on the Higgs mass values, due to its
substantially smaller Yukawa coupling. Higgs mass values only differ by less than 1 GeV if one
neglects the coupling of the bottom to the Higgs. The main new contributions to the scalar
potential and thus to the Higgs mass are induced by the additional scalar degrees of freedom.
For the lower bound λ2,Λ = 0 the scalar sector is weakly coupled, hence the Higgs mass is mainly
built up by top fluctuations (apart from mutual RG backreactions). Therefore, the deviations
between the two models are small for the lower Higgs mass bounds. For a strongly coupled
scalar sector in the UV, λ2,Λ > 1, the situation is different. There, the additional scalar degrees
of freedom have a significantly larger impact. This results in smaller Higgs masses, since scalar
fluctuations generically tend to drive the system into the SYM regime. The consequence of this
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Figure 5.2: Higgs mass mH as a function of the cutoff Λ for various bare quartic couplings.
The black solid line represents a lower mass bound (λ2,Λ = 0) within ϕ4 theory. Dashed lines
depict Higgs masses for λ2,Λ = 1, 10, 100 from bottom to top.

is a flattening of the scalar potential near its minimum and hence a smaller value for the Higgs
mass which is visualized in Fig. 5.3.

Finally, we should emphasize once more that the use of standard-model-like parameters is
only for the purpose of illustration. The quantitative difference becomes obvious, e.g., from
Fig. 5.2 where the “channel” of Higgs mass values that allow for a large cutoff is centered
near mH ≃ 200GeV. The same channel-like behavior in the full standard model occurs near
mH ≃ 130GeV. This quantitative difference is mainly due to the influence of the gauge sectors.
In addition, the electroweak gauge sector can take a conceptually important influence on mass
bounds: e.g., recent nonperturbative lattice simulations of the Yang-Mills-Higgs system suggest
that the Higgs mass has to be larger than the weak gauge boson masses in certain parameter
regimes, otherwise the electroweak sector would rather be in a QCD-like domain [250].

5.1.2 Generalized bare potentials

Motivated by previous continuum calculations in the simple Yukawa model and by lattice
studies in the chiral version [125, 126], we study whether more general bare potentials can
modify the phenomenologically relevant lower Higgs mass bound. The main purpose of this
study is to demonstrate that the mechanism to diminish the lower bound without the occurrence
of an in- or metastability of the potential also persists in a model with chiral Higgs-Yukawa
structure.

As the RG flow of the parameters and the occurrence of the Higgs mass bounds within the
class of ϕ4 potentials works qualitatively similar to the simple Yukawa model, it is not a big
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Figure 5.3: Higgs mass mH as a function of the cutoff Λ for the chiral Higgs-Yukawa model
(black solid lines) as well as for the simple Z2-symmetric Higgs-Yukawa theory (red dashed lines)
as studied in [112]. For the lower mass bound no significant difference is observed between the
two models. By contrast, a strongly coupled scalar sector (λΛ = 100) leads to significantly
lower masses in the present model which is a consequence of the additional scalar degrees of
freedom in the chiral model, see main text.

surprise that the simplest extension including a ϕ6 term in the bare potential,

uΛ = λ1,Λρ+ λ2,Λ

2 ρ2 + λ3,Λ

6 ρ3, (5.14)

suffices to diminish the lower bound. Negative values for the bare quartic coupling λ2,Λ are
permissible if the potential is stabilized by a positive λ3,Λ. Basically, all mechanisms observed
in Chap.3 translate in a direct manner to chiral Higgs-top-bottom model.

In Fig. 5.4 we illustrate this generic feature of generalized bare potentials by a simple example.
The black dashed line depicts the lower bound within ϕ4 theory (λ2,Λ = λ3,Λ = 0), whereas the
red solid line shows Higgs masses for the initial data λ2,Λ = −0.1 and λ3,Λ = 3. This example
flow shows that the lower Higgs-mass bound can be significantly relaxed if the restriction to bare
potentials of ϕ4 type is dropped. We emphasize once more that a restriction to renormalizable
operators is meaningless for the bare action as Wilsonian renormalizability arguments do not
apply to the bare field theory action that might be generated from an unknown underlying UV
complete theory.

Analogously to the simple model with a discrete chiral symmetry, this phenomenon of a
relaxed bound as a consequence of a modified bare theory can be understood by the RG flow
itself, see the discussion in Subsect. 3.5.2. We emphasize that the effective potential is stable
at all scales with one well defined minimum for the present choice of parameters. Of course, a
further decrease of λ2,Λ leads to lower Higgs masses than the masses depicted for the example
flow in Fig. 5.4 but at the same time a second minimum occurs in the scalar potential during
the RG flow, which may render the potential metastable.
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Figure 5.4: Higgs mass mH as a function of the cutoff Λ. The black dashed curve again
corresponds to the lower bound derived within the class of ϕ4-type bare potentials. The red
solid line shows an example of Higgs boson mass values derived from a more general class of bare
potentials of Eq. (5.14) with the initial UV values λ2,Λ = −0.1 and λ3,Λ = 3. This demonstrates
both that the lower bound can be significantly relaxed as well as that no in- or metastability
is required for Higgs masses to occur below the conventional lower bound.

5.2 Gauged chiral Higgs-Yukawa model

Along our route to take all standard model degrees of freedom into account, the next step would
be to gauge the previous chiral Higgs-top-bottom model under the SU(2)L symmetry group.
Therefore, we choose the following truncation,

Γk =

x


ZW
4 Wi µνW

µν
i + Zϕ(Dµϕ)†Dµϕ+ ZLψ̄Li/∂ψL + ZRt t̄Ri/∂tR + ZRt b̄Ri/∂bR

+ U(ρ1, ρ2) + ih̄b(ψ̄LϕbR + b̄Rϕ
†ψL) + ih̄t(ψ̄LϕctR + t̄Rϕ

†
cψL)

+ ZW
2ξ C

†
iCi + Zcc̄iMijcj


,

(5.15)

where the gauge-fixing condition is constructed such that the mixing terms between the longi-
tudinal gauge bosons and the would-be Goldstone bosons cancel, see App. A.1,

Ci = ∂µW
µ
i −

iξgv√
2

(n†tiφ− φ†tin), (5.16)

where n is a unit vector (n†n = 1) pointing into the direction of the vev and φ are the
scalar excitations around the vev, ϕ = v√

2n + φ. Note, that this gauge-fixing condition also
explicitly breaks the global O(4) symmetry of the pure scalar part of the action (5.15) due
to the fact that the Goldstone modes acquire a nonvanishing mass in the SSB regime which
is proportional to the gauge-fixing parameter ξ. Thus, the potential will depend on two field
invariants in general, U = U(ρ1, ρ2). These invariants may be given by the square of the scalar
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field in radial direction and the sum of the squared Goldstone modes. For instance, for a
parametrization according to Eq. (5.1) and a vev pointing into the real direction of the second
component of the scalar doublet, na = δa2, we have ρ1 ≡ 1

4(n†ϕ+ϕ†n)2 = 1
2ϕ

2
4 = 1

2(v+φ4)2 and
ρ2 = ϕ†ϕ − ρ1 = 1

2(ϕ2
1 + ϕ2

2 + ϕ2
3) = 1

2(φ2
1 + φ2

2 + φ2
3). However, the original symmetry will be

restored either in the SYM regime or in case of the Landau gauge where the Goldstone bosons
remain massless.

Similar to our studies of the Higgs-top-QCD model, we will consider the running of the
renormalized dimensionless SU(2)L gauge coupling g on a perturbative level,

∂tg
2 = − g4

8π2
19
6 ≡ g2ηW. (5.17)

Note, that we also take contributions from all fermions into account in order to get a standard
model like phenomenology. We ignored the gauge-invariant kinetic terms of these particles in
our present truncation (5.15) as their contributions to the running scalar sector can be neglected.
As we do not include threshold effects in the flow equation of g, its running value will not freeze
out in the IR. We fix its initial value by the standard requirement mW = 1

2g(k = mW)v. In
principle, it is also possible to investigate the running of g on a nonperturbative level in order to
include threshold effects as it was discussed in [56]. Indeed, it turns out that this improvement
has a negligible quantitative influence. Note that all three weak gauge bosons in this model
acquire the same mass as we do not consider the the U(1)Y gauge group which is responsible
for the mass shift between the W and Z boson.

Nonetheless, we will treat the flow equations for the matter contend on a nonperturbative
level and derive the flow equations for the scalar potential, the Yukawa couplings as well as the
anomalous dimensions of the scalar and fermion fields for arbitrary gauge-fixing parameter ξ.
Although, ξ will be a scale dependent parameter, we only consider a truncation in which ξ is
independent of the RG scale k for simplicity.

The flow equation for the scalar potential within arbitrary Rξ gauge is a rather intricate
object due to the complex interplay between the Higgs field, the Goldstone modes, weak gauge
bosons, and the ghost fields. However it turns out, that the flow equation simplifies enormously
by considering one of two different limits. In the limit of the Landau gauge (ξ → 0), the
longitudinal parts of the gauge bosons will be removed, the Goldstone bosons are massless and
thus the potential can be written in terms of a single invariant ρ = ρ1 + ρ2 = ϕ†ϕ and the
ghost fields do not couple to the scalar field as the ghost-scalar vertex is ∼ ξ. Hence, the flow
equation for the potential in Landau gauge reads,

∂tu = (rhs. of Eq.(5.3)) + (d− 1)3 l(B)d
0


g2

2 ρ̃; ηW


(5.18)

where an additional term describing the contribution from a pure (transversal) gauge boson
loop occurs. We have again omitted unimportant constant contributions to this flow equation.
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On the other hand it is even more surprising, that we are also able to take the limit ξ →∞ in
the SSB regime, which corresponds to the unitary gauge. While there is a prove of concept that
it is in principle possible to perform perturbative calculations on a quantum level within the
unitary gauge [251–254], the computations are rather intricate and are plagued by a multitude
of infinities in intermediate steps such that it is even more convenient to choose a manifestly
renormalizable gauge [255, 256]. However, the unitary gauge has the main advantage that
it projects onto the physical degrees of freedom in a theory with hidden gauge symmetries.
The fact that we are able to properly take the limit ξ → ∞ is connected to the fact that the
FRG also takes care of threshold effects. Taking first the limit to the deep Euclidean region
and afterwards the limit to the unitary gauge leads in fact to ill-defined quantities within our
truncation, for instance, the anomalous dimension of the scalar field diverges. However, taking
first the limit ξ → ∞, with the full threshold information provided by the FRG, everything
remains finite. Thus we can finally write the following expression for the flow equation of the
scalar potential in the unitary gauge,

∂tu = −du+ (d− 2 + ηϕ)ρ̃1u
′ + 2vd


l
(B)d
0 (u′ + 2ρ̃1u

′′; ηϕ) + (d− 1)3 l(B)d
0


g2

2 ρ̃1; ηW


− dγ

2


l
(F)d
0 (h2

t ρ̃1; ηL) + l
(F)d
0 (h2

bρ̃1; ηL) + l
(F)d
0 (h2

t ρ̃1; ηRt) + l
(F)d
0 (h2

bρ̃1; ηRb)

.

(5.19)

Note that, for instance, the contribution from the Goldstone bosons in Eq. (5.18) (correspond-
ingly Eq. (5.4)) is removed due to the fact that the Goldstone modes acquire an infinitely large
mass in this limit and therefore decouple from the spectrum. This also explains the fact, that
the arguments of the threshold functions only include the radial direction which points along
the direction of the vev.

The flow equations for the Yukawa couplings are given by,

∂th
2
t = (rhs. of Eq.(5.5))− 2vdh2

tg
2ξ

m

(FBB)d
1,1,1 (µ2

t , µ
2
ϕ, ξµ

2
W; ηL, ηϕ, ηW)

+ 2m(FBB)d
1,1,1 (µ2

b, µ
2
ϕ, ξµ

2
W; ηL, ηϕ, ηW)


,

(5.20)

∂th
2
b = (rhs. of Eq.(5.6))− 2vdh2

bg
2ξ

m

(FBB)d
1,1,1 (µ2

b, µ
2
ϕ, ξµ

2
W; ηL, ηϕ, ηW)

+ 2m(FBB)d
1,1,1 (µ2

t , µ
2
ϕ, ξµ

2
W; ηL, ηϕ, ηW)


.

(5.21)

Note that the additional contributions here vanish either in the limit of the Landau gauge or
the unitary gauge. This is because in the corresponding triangle diagrams a Goldstone boson
as well as a longitudinal gauge boson occurs due to the vertex structure of the theory. In the
Landau gauge the longitudinal gauge boson is removed while in the unitary gauge the Goldstone
boson decouples. In a similar manner the flow equations of the anomalous dimensions for the
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Figure 5.5: Additional diagrammatic contributions to the running of the scalar potential,
the Yukawa couplings as well as the anomalous dimension of the fermion and the scalar field.
Wiggled lines depict weak gauge bosons. For compactness, we again suppress the regulator
insertions for the loop diagrams of ht,b, ηϕ and ηL.

scalar field as well as for the left-handed chiral fermions can be considered. They read,

ηϕ = (rhs. of Eq.(5.7)) + 6vd
d
g4κ


(d− 1)m(B)d

2 (µ2
W; ηW) + ξm

(B)d
2 (ξµ2

W; ηW)

+ 4(d− 1)m̃(B)d
2 (µ2

W; ηW) + 4(d− 1)ξ2m̃
(B)d
2 (ξµ2

W; ηW)


+ 6vd
d
g2

− 2(d− 1)l(BB)d

1,1 (µ2
ϕG
, µ2

W; ηϕ, ηW)− 2ξl(BB)d
1,1 (µ2

ϕG
, ξµ2

W; ηϕ, ηW)

+ ξm
(BB)d
4,4 (µ2

ϕG
, ξµ2

W; ηϕ, ηW)− 3ξm(BB)d
2,1 (µ2

ϕG
, ξµ2

W; ηϕ, ηW)
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and

ηL = (rhs. of Eq.(5.8))

+ 2vd
d
g2

(d− 1)


m

(FB)d
1,2 (µ2

t , µ
2
W; ηL, ηW)− m̃(FB)d

1,1 (µ2
t , µ

2
W; ηL, ηW)

+ 2m(FB)d
1,2 (µ2

b, µ
2
W; ηL, ηW)− 2m̃(FB)d

1,1 (µ2
b, µ

2
W; ηL, ηW)


− ξ


m

(FB)d
1,2 (µ2

t , µ
2
W; ηL, ηW)− (d− 1)m̃(FB)d

1,1 (µ2
t , µ

2
W; ηL, ηW)

+ 2m(FB)d
1,2 (µ2

b, µ
2
W; ηL, ηW)− 2(d− 1)m̃(FB)d

1,1 (µ2
b, µ

2
W; ηL, ηW)


.

(5.23)

Note that the anomalous dimensions of the right-handed fermions do not change because they
transform trivially under SU(2)L and thus are not affected by additional contributions. They
are given in Eq. (5.10) and Eq (5.11).

As we have argued in the previous section, massless Goldstone bosons lead to an artificial
log-like running in the deep IR. This problem can be avoided within the class of Rξ gauges
by choosing a finite ξ such that the Goldstone fluctuations become massive and freeze out. In
addition, our FRG calculation also allows to choose the unitary gauge in the SSB regime such
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that all unphysical degrees of freedom are removed from the theory. In order to investigate
Higgs masses in the present gauged chiral Higgs-Yukawa theory we proceed as follows: in the
case that the theory is in the symmetric regime, we perform the calculations in the Landau
gauge. If a nonzero vev builds up, we switch to the unitary gauge at a certain scale. This
scale is chosen dynamically by the condition that the dimensionless flowing minima κ exceeds
a certain value κs. Within the unitary gauge all particles in the theory become massive and
thus the nonperturbative flow equations freeze out in the IR. Though, the Higgs mass depends
on κs and is in that sense gauge dependent.

This is due to the fact that, the considered flow equations are gauge depend, as is not a
big surprise because β functions are off-shell quantities and therefore can depend on the gauge-
fixing parameter. However, the way how we extract “physical” quantities from these β functions
within our truncations imply, that also our results will be gauge-dependent because we only
consider gauge-dependent elementary degrees of freedom and do not determine gauge invariant
bound states. Nonetheless, in perturbation theory the same strategy yields very convincing
results. The FMS mechanism provides an explanation for this equivalence by relating the pole
structure of a propagator of a gauge-invariant bound state to a corresponding gauge-dependent
degree of freedom [207, 257]. Recent lattice simulations indicate that this mechanism also holds
on a nonperturbative level [208, 250, 258], at least for Higgs masses larger than the mass of
the W boson mW. Moreover, this mechanism may be further used to constrain new theories
beyond the standard model [259, 260].

In this sense, we test how gauge artifacts affect our results by varying κs. Choosing values for
κs of O(1), the resulting Higgs masses are negligibly affected by this variation. Choosing rather
extreme conditions, i.e. close to the SYM regime κ < 1

10 or deep in the SSB regime κ > 10
where the Landau gauge does not describe the physical degrees of freedom in an appropriate
manner, the change in the Higgs mass will be rather large. In practice, we apply a minimum
sensitivity criterion. For given initial conditions at a given cutoff, we choose κs such that the
variation in the Higgs mass is minimized by varying κs.

As a result, the theory behaves like all other toy models before. We find a finite IR window
of allowed Higgs masses within the class of ϕ4 bare potentials where the lower bound is given by
the consistency condition λ2,Λ ≥ 0. Moreover, we are able to get Higgs masses below this lower
consistency bound by allowing for generalized bare potentials without necessarily introducing a
metastable minimum. Such an example is depicted in Fig. 5.6. Note that it is straightforward to
incorporate the flow equations derived within this section with the flow equations of Sect. 4.1
because the SU(3)c structure does not interfere with the elecroweak structure. Hence, the
masses derived in Fig. 5.6 already contain the modifications of the QCD sector.
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Figure 5.6: Higgs mass as a function of the cutoff. The black curve shows the lower Higgs
mass bound within the ϕ4-type bare potentials for the gauged chiral Higgs-Yukawa model which
also includes SU(3)c corrections. The red curve depicts an example flow for Higgs masses with
completely stable potentials during the entire RG flow by choosing λ3,Λ = 3 and λ2,Λ = −0.1.

5.3 Flow equation for the standard-model Higgs potential

Within all investigated toy models for the standard model Higgs sector, we observed a con-
sistent picture on the occurrence of Higgs mass bounds resulting from the nonperturbative
renormalization group flow. The remaining task is to generalize these considerations to the
RG flow equations of the full standard model of particle physics. We use this final section to
list the nonperturbative RG flow equations for the scalar sector of the standard model using
a derivative expansion of the standard model action (2.1) but taking only the contributions of
the two heaviest fermions on the running of the scalar sector into account.

The flow equation for the standard model Higgs potential in the Landau gauge reads,

∂tu = −du+ (d− 2 + ηϕ)ρ̃u′ + 2vd

3 l(B)d

0 (u′; ηϕ) + l
(B)d
0 (u′ + 2ρ̃u′′; ηϕ)

− dγ
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l
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(F)d
0 (h2

bρ̃; ηL) + l
(F)d
0 (h2

t ρ̃; ηRt) + l
(F)d
0 (h2

bρ̃; ηRb)


+ (d− 1)


2l(B)d
0


g2

2 ρ̃; ηW


+ l

(B)d
0


g2 + g′2

2 ρ̃; ηZ


+ l

(B)d
0 (0; ηA)

 (5.24)

where we have used the convenient choice of using the same regulator functions for the degen-
erate W bosons as well as the B boson and that we can introduce the anomalous dimension of
the Z boson ηZ and the anomalous dimension of the Photon ηA via the anomalous dimensions
of the SU(2)L bosons ηW and U(1)Y boson ηB according to

ηZ = g2ηW + g′2ηB

g2 + g′2
, ηA = g′2ηW + g2ηB

g2 + g′2
. (5.25)
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The flow equation for the scalar anomalous dimension in the Landau gauge is given by
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d
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(5.26)

where µ2
Z = 1

2(g2 + g′2)κ. Note that the perturbative one-loop β function for the quartic self-
coupling λ2 (2.8) can be obtained from this flow equation by investigating the deep Euclidean
region as well as neglecting resummation effects. In a similar manner to the previous section
also these flow equations can be obtained in the unitary gauge in the SSB regime, which read

∂tu = −du+ (d− 2 + ηϕ)ρ̃1u
′ + 2vd


l
(B)d
0 (u′ + 2ρ̃1u

′′; ηϕ)

− dγ
2 Nc


l
(F)d
0 (h2

t ρ̃1; ηL) + l
(F)d
0 (h2

bρ̃1; ηL) + l
(F)d
0 (h2

t ρ̃1; ηRt) + l
(F)d
0 (h2

bρ̃1; ηRb)


+ (d− 1)


2l(B)d
0


g2

2 ρ̃1; ηW


+ l

(B)d
0


g2 + g′2

2 ρ̃1; ηZ


+ l

(B)d
0 (0; ηA)


,
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and
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(5.28)

Together with flow equations for the Yukawa couplings, the anomalous dimensions of the
fermion fields and the gauge bosons as well as the flow equations of the gauge couplings,
these flow equations open the door to a nonperturbative study of the full standard model Higgs
sector. As demonstrated in this thesis upper and lower mass bounds for the Higgs boson can be
obtained within the standard class of ϕ4-type bare potentials. Taking higher order operators on
the standard model cutoff scale into account the lower bound can be diminished. An intensive
study of these flow equations could tackle various problems beyond perturbation theory.
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In this thesis we have analyzed the properties of scalar effective potentials and determined
Higgs mass bounds in various toy models which feature different aspects of the full standard
model Higgs sector. Starting from a simple Yukawa model, sharing some similarities with
the standard model Higgs–top-quark sector, we successively increased the field content by
investigating corrections from the QCD-sector as well as an extension to the chiral structure
of the Higgs-Yukawa sector. Finally, we presented a nonperturbative flow equation for the full
standard model Higgs potential at next-to-leading order in a derivative expansion.

Our study is based on the functional renormalization group which can keep track of threshold
phenomena, has better access to strong coupling regimes, and automatically accounts for “RG
improvement”. Most importantly for the present work, the functional RG can conveniently
deal with arbitrary bare potentials. In agreement with the standard literature, the existence
of an upper Higgs mass bound is a consequence of triviality of the scalar sector. As such, it is
inherently non-universal.

We have critically re-examined conventional perturbative arguments that relate a lower bound
for the Higgs mass with the stability of the effective potential. Based on exact results for
the regularized fermion determinant, we have shown that the interacting part of the fermion
determinant contributes strictly positively to the effective scalar potential for any finite field
value, as long as the UV cutoff Λ is kept finite. We have shown that this result holds for a variety
of regularization schemes including a general class of arbitrary smooth cutoff shape functions in
momentum space as well as (gauge-invariant) ζ-function/proper-time regularization schemes.

Furthermore, we have shown that the conventional perturbative conclusion of a vacuum in-
/metastability of the effective potential due to top-fluctuations can be rediscovered if the cutoff
is forced to approach infinity together with standard ad hoc recipes to project onto the finite
parts. For the example of the sharp cutoff, we have shown explicitly that this corresponds to
an illegitimate order of limits, as the resulting instability occurs at scalar field values where the
supposedly small expansion parameter of the Λ → ∞ limit is actually of order one. A similar
failure occurs for dimensional regularization where the standard procedures of projecting onto
the finite parts violate the positivity properties of the interacting part of the effective potential.
Our findings corroborate earlier results from nonperturbative lattice simulations [107, 108], but
in addition allow for a large separation of the UV cutoff from the Fermi scale and an analytic
control of the corresponding limits.

Because of the presumable triviality of the present model as well as the Higgs sector of the full
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standard model, the cutoff most likely cannot be removed from the theory, at least not within
a straightforward manner. The cutoff as well as a corresponding regularization scheme should
rather be viewed as part of the definition of our particle physics models that parametrize the
embedding of this field-theory description into a possibly UV complete theory. Still, as long as
the cutoff is large compared to the Fermi scale, Wilsonian renormalization arguments guarantee
that the low-energy observables are largely insensitive to the details of this embedding. We
have demonstrated that a counter-example to this generic rule is given by bounds on the mass
of the Higgs boson.

In this work, we have not performed an exhaustive analysis of different bare actions or
potentials, but simply focused on a constructive example that leads to Higgs boson masses below
the conventional lower bound and are not plagued by a vacuum in-/metastability problem. This
together with our basic line of argument involving exact results for the fermion determinant
demonstrate that there is no reason for concern arising from top-quark fluctuations as far as
false vacuum decay in our universe is concerned, despite the comparatively light value of the
measured Higgs mass. This does not mean that there might be no reason for concern at all.
For instance, if the bare scalar potential itself features an instability induced by the underlying
UV complete theory, our standard model could still live in an un- or metastable vacuum. Our
arguments only exclude instabilities caused by the fluctuations of the fermionic matter fields
within the standard model.

Our results suggest a revision of the standard picture of Higgs mass bounds as a function of
the UV cutoff. Depending on the implicit assumptions made to derive mass bounds, this revision
might be more or less significant. From our results on fermion determinants, it is clear that
the conventional interpretation that top-quark fluctuations induce a vacuum instability is not
tenable, but a result of taking an inconsistent Λ → ∞ limit. Still, the top-quark fluctuations
play, of course, a decisive role for the value of the Higgs mass. In order to reconcile these
observations, we propose a UV-to-IR viewpoint: the Higgs mass bounds should be understood
as a mapping from initial conditions set at the UV cutoff given in terms of a microscopic bare
action SΛ onto all IR values accessible by the RG flow of the system, mH = mH[Λ;SΛ]. In this
manner, Higgs mass bounds arise from consistency conditions imposed on the bare action. For
instance, in order to start from a well-defined (Euclidean) partition function, the action needs
to be bounded from below.

The conventional vacuum stability bounds then are approximately equivalent to such a con-
sistency bound arising within a restricted class of bare actions, e.g., bare potentials of ϕ4 type;
here, the bare ϕ4 coupling is required to be positive for consistency of the generating functional.
However, as the bare action is not at our disposal but generally a result of the underlying UV
embedding, there is no reason to make such restrictive assumptions. Already for slightly more
general bare actions, we have been able to show that the conventional lower mass bounds can
be substantially relaxed in all presented toy models. The reason is that a more general bare
action can modify the RG flow near and below the cutoff. As a result, the consistency bound
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of these generalized bare potentials lies below the vacuum stability bound. In particular, we
have given an explicit example with a Higgs boson mass below the “stability bound” but an in
fact stable effective potential on all scales; our results are in agreement with lattice simulations
[125] and extend them to a much wider range of scales.

Determining the consistency bound remains an open problem, the solution of which requires
further assumptions. One natural but not necessary assumption could be that the effective
action should feature a unique minimum on all scales. The consistency bound then arise from
a complicated extremization problem in the space of all consistent bare actions subject to the
unique-minimum constraint (to be satisfied on all scales).

We demonstrated how such a consistency bound in the class of ϕ6 bare potentials arises.
Because of the canonical dimension the effects of this higher-dimensional operator will vanish
quickly towards the infrared, but nevertheless can play a crucial role in the vicinity of the cutoff.
We basically identify two scenarios. The UV-potential including higher-dimensional couplings
with λ2,Λ < 0 is stable, as is the effective potential. The electroweak minimum remains the
global minimum throughout the entire RG evolution. In this case, already the ϕ6 operator
allows us to extend the UV-cutoff by a few orders of magnitude. On the other hand the scalar
potential can develop a second minimum at large field values even if a stable UV-potential is
required. Whether a second minimum emerges or not, depends on the price shape of the UV
potential. Within the class of ϕ6 bare potentials, we observe a smooth transition between these
possibilities by decreasing λ2,Λ for fixed λ3,Λ. Implementing the constraint that the electroweak
minimum has to be sufficiently long-lived, this essentially reduces to the standard discussion of
a viably long-lived meta-stable region.

Of course, we investigated only the simplest possible extension of bare potentials beyond the
ϕ4-type. Thus, it is still unclear whether the consistency bound remains finite. For future stud-
ies, it is one of the most pressing questions to quantitatively estimate the resulting consistency
bound beyond the extensions considered in this thesis. Of course, it appears equally legitimate
to give up the criterion of a unique minimum at all scales, but instead allow for further minima
in the bare action. If the resulting IR effective action turns out to have one unique minimum
again (to be identified with the electroweak minimum), such bare actions can lead to a further
relaxation of the consistency bound described above. In the general case, it should be possible
to construct bare actions with multiple local minima such that the full effective action has a
global minimum different from the local electroweak minimum. Since such bare actions are less
constrained than those of the preceding scenarios, we expect the resulting lower Higgs mass
consistency bounds to be even more relaxed to smaller values. Again, a quantitative estimate
of such consistency bounds including meta-stable scenarios remains an urgent question.

Comparing the conventional stability bounds with the present consistency bounds, the over-
all picture seems to be qualitatively similar. The primary main difference is of quantitative
nature, since the unique-minimum consistency bound lies below the stability bound. Wilsonian
RG arguments however suggest that this difference could become small for large UV cutoffs.
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Nevertheless, the size of this quantitative difference substantially depends on the assumptions
imposed on the size of the couplings in the bare action. Also, the consistency bound is neces-
sarily regularization scheme dependent. As the regularization actually should model the details
of the embedding into the underlying UV completion, this dependence has a physical meaning.
Even larger differences are expected between the conventional meta-stability bound and the
consistency bound including meta-stable scenarios. The reason is that the meta-stable features
are expected to arise from the bare action and thus are largely unknown. The size of the meta-
stable region and corresponding life-time estimates will be even more subject to assumptions
on the bare action.

Independently of whether the measured value of the Higgs boson mass eventually turns out
to lie slightly above or below the conventional lower bound, it is remarkable that the Higgs
and top mass parameters appear to lie close to a region in the IR parameter space that can
be connected to a bare UV effective potential that could exhibit almost vanishing scalar self-
interactions. In this sense, a precise measurement of these mass parameters is relevant beyond
the pure goal of precision data. These measurements can impose requirements that any UV
embedding has to satisfy. The viewpoint of consistency bounds presented above provides a
means to quantify these requirements. Therefore, a comprehensive quantitative exploration of
these bounds appears most pressing.

One scenario appears particularly interesting: if the Higgs mass eventually turns out to be
exactly compatible with a UV flat potential (apart from a possible mass term), a corresponding
embedding would have to explain this rather particular feature. It is interesting to note that
such scenarios exist even within purely quantum field theory approaches as, for instance, in
models with asymptotically safe gravity [101, 206]. Recently, an asymptotically free scenario in
a gauged chiral Yukawa model has been identified [56, 58], the UV limit of which corresponds to
a flat scalar potential also allowing for comparatively light Higgs masses in the IR. An extension
of these studies to the flow equation of the full standard model Higgs potential presented at the
end of this thesis could shed light on the question as to whether this mechanism is also present
in the full standard model.
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A.1 Higgs mechanism

Spontaneous symmetry breaking The discovery of the Higgs mechanism is closely related
to the phenomenon of spontaneous symmetry breaking. A symmetry of a theory is called
spontaneously broken, if the action is invariant under a given symmetry but the ground state of
the theory does not respect this underlying symmetry. The simplest field theoretical realization
of this phenomenon is given by a scalar field theory with a discrete Z2-symmetric potential,
U(ϕ) = m2

2 ϕ
2 + λ2

8 ϕ
4. The shape of the potential is determined by the parameters m2 and

λ2. The quartic coupling λ2 has to be positive in order to have a potential which is bounded
from below. This requirement is necessary to have a well defined vacuum state which is the
field configuration with lowest energy. Thus, a theory with an unbounded potential has no
stable ground state and is considered as unphysical. By contrast, both possibilities for the
sign of m2 are allowed. For m2 > 0, the potential has a unique minimum at vanishing field
amplitude. Hence, the vacuum is still invariant under the symmetry of the theory. For m2 < 0,
the potential exhibits two equivalent minima at ϕ = ±v = ±


−2m2/λ2 and a maximum at

vanishing field amplitude. Of course, the potential is still Z2 symmetric but only one of the two
minima can be the ground state of the theory. Hence, the vacuum expectation value (vev) v
serves as an order parameter to decide whether the system is in the symmetric (SYM) regime
for v = 0 or exhibits spontaneous symmetry breaking (SSB) for a nonvanishing v.

For an interpretation of the theory in the SSB regime and in order to study a perturbative
analysis, it is convenient to split the scalar field into its vev and fluctuations around it, ϕ(x) =
v + φ(x). Here, we have already chosen the positive minimum as the ground state which leads
to the breakdown of the symmetry. Expanding the potential in terms of the fluctuating field φ,
we obtain U = −2m2

2 φ2 +

−m2λ

2 φ3 + λ
8φ

4. Thus, the field φ has a real-valued mass
√
−2m2.

Further, the original Z2 symmetry is no longer apparent in terms of φ. However, the symmetry
is just hidden. It manifests in the relation among the mass term, the cubic, and quartic coupling
for the fluctuating field which only depends on two parameters.

A first application in particle physics of spontaneous symmetry breaking can be obtained
by coupling the real valued scalar field to a Dirac fermion via a Yukawa interaction. In case
that the scalar field forms a condensate, a mass term for the fermion is generated which is
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proportional to the vev and the strength of the Yukawa interaction,

hϕψ̄ψ = (hv)  
mf

ψ̄ψ + hφψ̄ψ.

Theories with a continuous global symmetry show an even more interesting behavior. The
simplest realization of such a symmetry is given by a complex scalar field. The potential,

U = m2ϕ†ϕ+ λ

2 (ϕ†ϕ)2 (A.1)

is invariant under global phase transformations

ϕ→ eiαϕ, ϕ† → e−iαϕ†, α = const.

For m2 > 0, the system is in the symmetric regime and the parameter m2 describes the mass
of the complex scalar field. Correspondingly the two independent real-valued scalar degrees of
freedom have the same mass as they should due to the rotational invariance of the potential
which is respected by the vacuum state.

In case of m2 < 0, the potential has the well-known Mexican-hat profile. It is minimized
for any ϕ which satisfies ϕ†ϕ = 1

2v
2 = −m2

λ
and hence has infinitely many degenerated minima

along the trough of the potential. We choose a coordinate system in the internal field space
such that the vacuum state is on the positive real axis,

ϕ(x) = 1√
2

(ϕ1 + iϕ2) = 1√
2

(v + φ1 + iφ2). (A.2)

Any other choice would have been possible too and can be reached by a global phase trans-
formation. Again, we expand the potential in terms of excitations around the ground state.
Similar to the discrete case, the field φ1 in radial direction becomes massive with a mass of√
−2m2 which is a result of the finite curvature of the potential in radial direction. In analogy

to the standard model, excitations in radial directions are associated with the Higgs boson. By
contrast, the field in the tangential direction φ2 remains massless and is called a Goldstone
field. It describes excitations along the bottom of the Mexican-hat potential and is massless
due to the vanishing curvature along the minima of the potential.

These results can be generalized to larger symmetry groups straightforwardly. The occur-
rence of massless bosons is a generic property if a global continuous symmetry is spontaneously
broken. This phenomenon is circumstantiated by the Goldstone theorem [261–263]. The Gold-
stone theorem predicts that the physical spectrum of the theory contains a massless particle
for every spontaneously broken continuous global symmetry.

Basics of gauge theories The Goldstone theorem can be evaded by the mechanism intro-
duced by Englert, Brout, Higgs, Guralnik, Hagen, and Kibble, which we will denote as Higgs
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mechanism for short. Therefore, we have to impose local gauge symmetries rather than global
ones. As a result of this, we have to introduce gauge bosons into the theory. Suppose a scalar
field shall be invariant under a local nonabelian symmetry,

ϕ→ eiαi(x)tiϕ,

where ti are the hermitian generators of a compact nonabelian Lie group. These generators
form a Lie algebra and satisfy

[ti, tj] = ifijktk

with the totally antisymmetric structure constants fijk. We will restrict ourselves to SU(N)
theories in the following due to the fact that the symmetry group of the standard model
is given by SU(3)c × SU(2)L × U(1)Y. Note, that also the Abelian group U(1) fits in this
classification. The corresponding algebra is one-dimensional and hence the structure constants
vanish. The potential (A.1) is still invariant under a local symmetry transformation but the
standard kinetic term for the scalar field is not. However, replacing the partial derivative by
the covariant derivative, Dµ = ∂µ + igWi µti, and demanding that the gauge field transforms
according to

W µ
i ti → eiαj(x)tj


W µ
i ti −

i
g
∂µ

eiαk(x)tk , (A.3)

yields a gauge invariant kinetic term for the scalar field, (Dµϕ)†Dµϕ.

The dynamics of the gauge field is described by the Yang-Mills action

S =

ddx

1
4Fi µνF

µν
i

with the field strength tensor

F µν
i = ∂µW ν

i − ∂νW
µ
i − gfijkW

µ
j W

ν
k .

Note that we formulate our theories in Euclidean spacetime throughout this thesis for conve-
nience. The gauge invariant Yang-Mills action contains the kinetic term for the gauge fields as
well as a three- and four-gauge-boson vertex. Though, a mass term, m2

WWi µW
µ
i , is explicitly

prohibited due to gauge invariance.

The naive attempt to quantize a gauge theory fails. The functional integral with respect
to the gauge fields is ill-defined since we integrate over infinitely many physically equivalent
gauge field configurations. This gauge redundancy manifests in the gauge transformation (A.3)
which continuously connects physical equivalent field configurations which are called a gauge
orbit. Thus, we would like to constrain the functional measure to pick only one representative
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of each gauge orbit. This is accomplished by a gauge-fixing condition, Ci[W µ
i ] = 0, which

cuts off the redundant field configurations. An example for a Lorentz invariant gauge fixing
condition is given by the Lorenz gauge Ci = ∂µW

µ
i . To implement the gauge-fixing condition

into the generating functional, we refer to the Faddeev-Popov quantization procedure [264].
Roughly, an identity of the form δ[Ci] detMij can be inserted in the generating functional
in which Mij = δCi

δαj
is the so-called Faddeev-Popov operator whose determinant is gauge

invariant. Here, the delta functional ensures that only those field configurations contribute to
the functional measure which obey the gauge fixing condition Ci = 0. In order to achieve a
local theory, we rewrite the gauge-fixing delta functional via an Gaußian representation as well
as the Faddeev-Popov determinant via an introduction of Graßmann valued scalar ghost fields
into an exponential form. The gauge-fixed action finally reads,

S =

ddx


1
4Fi µνF

µν
i + 1

2ξ (∂µW µ
i )(∂νW ν

i ) + c̄iMijcj


.

Common choices for the gauge-fixing parameter ξ are the Landau gauge (ξ = 0), Feynman
gauge (ξ = 1) or Yennie gauge (ξ = 3). In case of the Landau gauge all of the weight is
centered at the gauge copy which satisfies ∂µW µ

i = 0.
The Faddeev-Popov procedure is based on the assumption that the gauge-fixing condition

picks only one representative of a gauge orbit. In general, this assumption is not true. There are
still gauge copies on the same gauge orbit which satisfy a given gauge-fixing condition due to
the Gribov-Singer ambiguity [265, 266]. However, the Faddeev-Popov trick removes the gauge
redundancy for perturbative amplitudes at least. Thus, S-matrix elements are well defined and
independent of the gauge-fixing condition in perturbation theory. Yet, a rigorous way to gauge
fix a continuum Yang-Mills theory on a nonperturbative level lacks.

Hiding local gauge symmetries The situation is even more involved by including both spon-
taneous symmetry breaking and local gauge invariance into one and the same theory. For
simplicity, let us start with the case of an U(1) theory and consider the kinetic operator of the
scalar field

(Dµϕ)†Dµϕ = |∂µϕ|2 + g2|ϕ|2WµW
µ + ig


(∂µϕ)†ϕ− ϕ†(∂µϕ)


W µ. (A.4)

In case that the potential (A.1) is in the SSB regime, let us rewrite Eq. (A.4) in terms of the
fluctuating fields φ1 and φ2 around the vev according to Eq. (A.2),

|Dµϕ|2 = 1
2(∂µφ1)2 + 1

2(∂µφ2)2 + g2v2

2 WµW
µ + gv

2 (∂µφ2)W µ + · · · . (A.5)

where we have omitted terms that are cubic and quartic in the fields. The third term on the
right hand side is a mass term for the gauge boson mW = gv but we also get a mixing term
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A.1 Higgs mechanism

between the Goldstone boson φ2 and the longitudinal part of the gauge boson. Due to this
mixing, the Goldstone boson supplies the right pole in order to obtain a vacuum polarization
amplitude which is properly transversal for the gauge boson. Furthermore, the Goldstone boson
does not appear as an independent physical particle in the spectrum of the theory. The easiest
way to verify this statement is to choose a fixed gauge. So far, we fixed the gauge by specifying
the form of the gauge field, e.g., ∂µW µ = 0, but also any other field that is charged under the
considered gauge group (, i.e., it does not transform trivially) can be used. Due to the U(1)
gauge symmetry ϕ→ eiα(x)ϕ, we can choose a specific α(x) such that ϕ(x) becomes real valued
everywhere. Due to this choice, the Goldstone field φ2 is removed from the theory and the
Lagrangian is given by

L = 1
4Fi µνF

µν
i + 1

2(∂µφ1)2 + g2

2 (v + φ1)2WµW
µ + U(φ2

1),

which describes a real valued scalar field, the Higgs boson, interacting with a massive vector
boson. This gauge choice is called unitary gauge because the unphysical degrees of freedom
are removed from the Lagrangian and thus the unitarity of the S-matrix is evident. One may
wonder, that a mass term for the gauge boson explicitly appears in the Lagrangian which is
obviously not gauge invariant. However, we already fixed a gauge in this formulation such
that it is not a big surprise that the remaining Lagrangian is no longer invariant under gauge
transformations.

In abuse of language, it is often said that the unphysical Goldstone bosons are eaten up by
the gauge bosons by a simple count of degrees of freedom. We start with a formulation in
terms of two real valued scalar degrees of freedom and two transversal degrees of freedom for
the massless gauge boson. The massless Goldstone boson becomes the third component of the
gauge boson via gauge rotation in the unitary gauge and vanishes from the spectrum which
now contains a real valued scalar degree of freedom as well as a massive gauge boson with three
polarization states. Thus, the number of degrees of freedom is preserved.

The situation becomes even more intricate, if a theory with hidden gauge symmetry shall be
quantized. For the Faddeev-Popov method, we have to choose explicitly a suitable gauge-fixing
condition. By using the naive attempt of choosing unitary gauge, it is possible to perform the
quantization in terms of physical fields in principle but one quickly runs into difficult problems
which one has to circumvent. This is due to the fact that certain divergencies do not cancel
until the S-matrix is calculated. At least there is a prove of concept that a quantization in
unitary gauge can be performed [251–254]. However, for any practical calculation within the
standard model it is more convenient to choose a so-called renormalizable Rξ gauge [255, 256].
This gauges are constructed in such a way that all bilinear terms that involve a longitudinal
gauge boson and a Goldstone mode are canceled in the gauge-fixed Lagrangian. For the case
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of a U(1) gauge theory the gauge-fixing condition reads,

Lgf = 1
2ξ (∂µW µ + ξgvφ2)2 . (A.6)

Note that this formalism also produces a mass term for the would-be Goldstone bosons,
m2

G = ξg2v2 = ξm2
W. The fact that the Goldstone mass is proportional to the gauge fix-

ing parameter already signals that it will be not produced in any physical process. We expect
that all unphysical contributions will cancel out of all computations of gauge-invariant quanti-
ties. In fact this cancellation can be shown at least to all orders in perturbation theory [267]. A
generalization from U(1) gauge theories to SU(N) gauge theories is straightforward. We discuss
the case of a SU(2)L × U(1)Y gauge theory in Sect. 2.1.

A.2 ζ function regularization for the fermion determinant

It is illustrative to study the fermion determinant also using ζ function regularization which
can be used to interpolate between propertime and dimensional regularization. For this, we
write UF of Eq. (3.12) as

UF(ρ) = 1
2Ω

 ∞
1/Λ2

dT

T


e−h

2
ΛρT − 1


Tr e∂2T , (A.7)

where T is a propertime parameter, being introduced via Frullani’s formula for a representa-
tion of the logarithm. Here the lower bound of the T integral serves as a (gauge-invariant)
momentum cutoff. Furthermore, we now evaluate the momentum trace in d dimensions and
introduce an arbitrary dimensionful scale µ0 in order to implement the correct dimensionality
of the potential, Tr→ trγΩ

 d4p
(2π)4 → trγ Ω

µd−4
0

 ddp
(2π)d . We obtain,

UF(ρ) = 2µ4−d
0

(4π) d
2

 ∞
1/Λ2

dT

T 1+ d
2


e−h

2
ΛρT − 1


. (A.8)

In the limit d → 4, we have the standard propertime regularization, whereas in the limit
Λ →∞, we end up with dimensional regularization. Separating the mass term ∼ ρ as before,
we get

UF(ρ) = − 4µ4−d
0

(d− 2)(4π) d
2
h2ρΛd−2 + 2µ4−d

0

(4π) d
2

 ∞
1/Λ2

dT

T 1+ d
2


e−h

2
ΛρT + h2

ΛρT − 1

. (A.9)

Again, we observe that the mass term (first term) contributes with the minus sign as expected,
whereas the interaction part (second term) is a strictly positive function for all finite values of
Λ, hΛ, ρ, d > 0. The conclusions are therefore identical to the ones for the sharp cutoff. Inci-
dentally, the propertime integration can be carried out analytically, the result can be written in
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A.2 ζ function regularization for the fermion determinant

terms of an incomplete Γ function with the positivity properties of course remaining unchanged.
As the mass term will become part of the renormalized scalar mass term by means of a

renormalization condition, let us now focus on the interaction part of Eq. (A.9). In order to
take the limit towards dimensional regularization, we first take the limit Λ → ∞, and then
expand about d = 4− ϵ, as is standard. We then find for the interaction part

UF(ρ)→ 2µ4−d
0

(4π) d
2
(h2

Λρ)
d
2 Γ(−d/2) = h4

Λρ
2

8π2
1
ϵ
− h4

Λρ
2

16π2


ln h

2
Λρ

µ2
0

+ const.


+O(ϵ). (A.10)

Following the standard recipes, we would absorb the positive 1/ϵ divergence in the bare ϕ4 term
by means of a renormalization condition. The finite part in Eq. (A.10) is identical to that of the
sharp cutoff in Eq. (3.16) in the limit Λ → ∞ (apart from the scheme-dependent constants),
seemingly indicating an instability at large field values. With dimensional regularization, we
would therefore arrive at the standard conclusion that fermionic fluctuations can induce an
instability of the vacuum at large fields.

Whereas for the sharp cutoff, this was an obvious artifact of the Λ → ∞ limit, the failure
is less obvious here. Nevertheless, as we have derived this misleading result of a negative con-
tribution from a strictly positive expression given in Eq. (A.9), it is clear that the standard
strategies of dimensional regularization fail to describe the global behavior of the fermion de-
terminant properly. The reason is that dimensional regularization is not only a regularization
but at the same time a projection solely onto the logarithmic divergencies. It has in fact long
been known that the use of dimensional regularization in the presence of large fields can become
delicate; procedures to deal with this problem typically suggest to go back to the dimensionally
continued propertime/ζ-function representation that we started out with [268, 269].

There is another perspective that explains why the standard perturbative argument of inte-
grating the β function of the ϕ4 theory is misleading as far as vacuum stability is concerned:
the β functions are typically derived in mass-independent regularization schemes (though mass-
dependent schemes have recently also been studied [270]), and it is implicitly assumed that the
discussion can be performed in the deep Euclidean region where all mass scales are much smaller
than any of the involved momentum scales of the fluctuations. The latter assumption is in fact
not valid, as both scales the value of the field as well as the cutoff Λ can interfere non-trivially
with each other. This is illustrated rather explicitly in the sharp-cutoff calculation given in
Sect. 3.2.
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A.3 Threshold functions

Here, we list the threshold functions that arise from the integration over loop momenta in the
flow equations. The regulator functions for bosonic and fermionic fields can conveniently be
written in terms of dimensionless regulator shape functions rB and rF,

RB(p) = ZBp
2 rB(p2/k2), RF(p) = −ZF/p rF(p2/k2),

where B ∈ {ϕ,WT,WL, · · · } and F ∈ {t, b,L,Rt, · · · }. For a compact notation, we define the
regularized kinetic term for the bosonic and fermionic fluctuations by PB = p2(1 + rB) and
PF = p2(1 + rF)2. In case of chiral fermions, we have PF = p2(1 + rL)(1 + rR)) where rL and
rR are the regulator shape functions for the left- and right-handed chiral fermion respectively.
With the abbreviation v−1

d = 2d+1π
d
2 Γ

d
2


, the threshold functions read,

l
(B)d
0 (ω; ηB) = 1

4vd
k−d


p

Z−1
B ∂tRB

PB + ωk2

l
(F)d
0 (ω; ηF) = 1

2vd
k−d


p
p2(1 + rF)Z

−1
F ∂t(ZFrF)
PF + ωk2

l(B)d
n (ω; ηB) = n

4vd
k2n−d


p

Z−1
B ∂tRB

(PB + ωk2)n+1

l(FB)d
n1,n2 (ω1, ω2; ηF, ηB) = − 1

4vd
k2(n1+n2)−d


p
∂̃t


1

(PF + ω1k2)n1

1
(PB + ω2k2)n2



l(BB)d
n1,n2 (ω1, ω2; ηB1 , ηB2) = − 1

4vd
k2(n1+n2)−d


p
∂̃t


1

(PB1 + ω1k2)n1

1
(PB2 + ω2k2)n2



m
(B)d
2 (ω; ηB) = − 1

4vd
k6−d


p
p2∂̃t


∂p2PB

(PB + ωk2)2

2

m
(F)d
2 (ω; ηF) = − 1

4vd
k6−d


p
p2∂̃t


∂p2PF

(PF + ωk2)2

2

m
(F)d
4 (ω; ηF) = − 1

4vd
k4−d


p
p4∂̃t


∂p2

1 + rF

PF + ωk2

2

m
(FB)d
1,2 (ω1, ω2; ηF, ηB) = − 1

4vd
k4−d


p
p2∂̃t


1 + rF

PF + ω1k2
∂p2PB

(PB + ω2k2)2



m̃
(FB)d
1,1 (ω1, ω2; ηF, ηB) = − 1

4vd
k4−d


p
∂̃t

 1 + rF

PF + ω1k2
1

PB + ω2k2


m̃

(B)d
2 (ω; ηB) = − 1

16vd
k6−d


p

1
p2 ∂̃t

 1
PB + ωk2

2

m
(BB)d
4,4 (ω1, ω2; ηB1 , ηB2) = − 1

4vd
k4−d


p
p4∂̃t


∂p2

1
PB1 + ω1k2

 
∂p2

1
PB2 + ω2k2



m
(BB)d
2,1 (ω1, ω2; ηB1 , ηB2) = − 1

4vd
k4−d


p
p2∂̃t


−∂p2PB1

PB1 + ω1k2
1

PB2 + ω2k2



m
(FBB)d
1,1,1 (ω1, ω2, ω3; ηF, ηB1 , ηB2) = − 1

4vd
k4−d


p
∂̃t


(1 + rF)p2

PF + ω1k2
1

PB1 + ω2k2
1

PB2 + ω3k2


.
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∂̃t is defined to act only on the scale dependence of the regulator function,

∂̃t =

x


i

∂t(Ziri(x))
Zi

δ

δri(x) ,

where i labels the different involved fields. The linear regulator which is used throughout this
thesis reads,

rB =

k2

p2 − 1

θ(k2 − p2).

The fermion shape function is chosen such that (1 + rB) = (1 + rF)2. For the linear regulator
the momentum integrations can be performed analytically,

l
(B)d
0 (ω; ηB) = 2

d

1− ηB
d+2

1 + ω

l
(F)d
0 (ω; ηF) = 2

d

1− ηF
d+1

1 + ω

l(B)d
n (ω; ηB) = 2n

d

1− ηB
d+2

(1 + ω)n+1

l(FB)d
n1,n2 (ω1, ω2; ηF, ηB) = 2

d

1
(1 + ω1)n1

1
(1 + ω2)n2


n1

1 + ω1


1− ηF

d+ 1


+ n2

1 + ω2


1− ηB

d+ 2


l(BB)d
n1,n2 (ω1, ω2; ηB1 , ηB2) = 2

d

1
(1 + ω1)n1

1
(1 + ω2)n2


n1

1 + ω1


1− ηB1

d+ 1


+ n2

1 + ω2


1− ηB2

d+ 2


m

(B)d
2 (ω; ηB) = 1

(1 + ω)4

m
(F)d
2 (ω; ηF) = 1

(1 + ω)4

m
(F)d
4 (ω; ηF) = 1

(1 + ω)4 + 1− ηF

d− 2
1

(1 + ω)3 −


1− ηF

2(d− 2) + 1
4


1

(1 + ω)2

m
(FB)d
12 (ω1, ω2; ηF, ηB) =

1− ηB
d+1

(1 + ω1)(1 + ω2)2

m̃
(FB)d
1,1 (ω1, ω2; ηF, ηB) = 2

d− 2
1

(1 + ω1)(1 + ω2)

1− ηB
d+1

1 + ω2
+

1− ηF
d

1 + ω2
+ 1

2


1 + ηF

d



m̃
(B)d
2 (ω; ηB) = 1

d− 2
1− ηB

d

(1 + ω)3

m
(BB)d
4,4 (ω1, ω2; ηB1 , ηB2) = 1

(1 + ω1)2(1 + ω2)2

m
(BB)d
2,1 (ω1, ω2; ηB1 , ηB2) = −

1− ηB1
d+2

(1 + ω1)2(1 + ω2)
.
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A.4 Flow equations for the simple Yukawa model

In order to evaluate the Wetterich equation, the Hessian of the effective average action is
required,

Γ(2)
k =


−→
δ

δϕ(−p)−→
δ

δψ(−p)−→
δ

δψ̄(p)

Γk
 ←−

δ
δϕ(q) ,

←−
δ

δψ(q) ,
←−
δ

δψ̄(−q)


≡


Γϕϕ Γϕψ Γϕψ̄
Γψϕ 0 Γψψ̄
Γψ̄ϕ Γψ̄ψ 0

 .

The components of the fluctuation matrix can be calculated straightforwardly.

Γϕϕ = Zϕp
2δp,q +


x
ei(q−p)x


U ′

ρ(x)


+ 2ρ(x)U ′′


ρ(x)


,

Γψ̄ψ = −Zψ/pδp,q + ih̄ϕ(p− q), Γψψ̄ = −Zψ/pδp,q − ih̄ϕ(p− q),

Γψϕ = −ih̄ψ̄T(q − p) = −ΓT
ϕψ, Γψ̄ϕ = ih̄ψ(p− q) = −ΓT

ϕψ̄.

where δp,q ≡ (2π)dδ(p− q) and the transpose is regarding the Dirac structure. The regulator is
given by,

Rk(p, q) =
Rϕ(p) 0

0 RF(p)

 δp,q, Rϕ(p) = Zϕp
2 rϕ, RF(p) =

 0 −Zψ/pT rF

−Zψ/p rF 0

 .

Scalar potential: The flow equation for the potential can be extracted from the projection
onto constant scalar fields and vanishing fermions.

∂tUk = 1
2ΩSTr


(Γ(2)

k +Rk)−1(∂tRk)

ϕ=const.,ψ=0,ψ̄=0

, (A.11)

where Ω =

x is the spacetime volume. The regularized inverse propagator (Γ(2)

k + Rk) be-
comes block-diagonal in field space such that the bosonic and fermionic part can be calculated
separately. After inverting the matrix (Γ(2)

k + Rk), multiplying it with ∂tRk and taking the
supertrace, the flow equation for the potential reads,

∂tUk(ρ) = 1
2


p

∂tRϕ

ZϕPϕ + U ′ + 2ρU ′′ −
dγ
2


p

Zψp
2(1 + rF)∂t(ZψrF)
Z2
ψPF + h̄2ρ

,

with Pϕ = p2(1 + rϕ) and PF = p2(1 + rF)2. Introducing dimensionless threshold functions (see
App. A.3) which encode the details of the regularization scheme, this flow equation translates
into Eq. (3.19) of the main text:

∂tUk = 2 vd kd

l
(B)d
0


k−2 Z−1

ϕ,k [U ′k + 2 ρU ′′k ] ; ηϕ

− dγ l(F)d

0


2 k−2 Z−2

ψ,k h̄
2
k ρ; ηψ

 
. (A.12)
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The first term ∼ l
(B)d
0 corresponds to the boson loop in Fig. 3.2 and the second term ∼ l

(F)d
0

corresponds to the fermion loop. In terms of dimensionless quantities, Eq. (3.20), the flow
equation for the scalar potential translates to Eq. (3.21).

Yukawa coupling: First, we separate the bosonic field into its vev and deviations from the
vev, ϕ(x) = vk + φ(x) or in momentum space, ϕ(p) = vkδp,0 + φ(p). For the Yukawa coupling,
we project onto the operator φψ̄ψ and thus onto the coupling between the Higgs boson and the
fermions rather than the Higgs field ϕψ̄ψ. While this distinction is irrelevant in the SYM regime,
there is a difference in the SSB regime where the two operators flow differently. In general
operators will contribute to the running of the Yukawa coupling which are beyond the chosen
truncation, for instance, ϕ2nϕψ̄ψ. Projecting with respect to the fluctuating field φ allows to
include contributions of the form v2nφψ̄ψ. Thus, we effectively take an operator of the form
h(κk)ϕψ̄ψ into account where h(κk) is a Yukawa functional evaluated at the minimum of the
scalar potential. This is an improvement of the truncation in contrast to the simple projection
onto h(0)ϕψ̄ψ as we discuss in Sect. 3.7 due to the fact that the particles are interpreted as
excitations around the ground state. Therefore, the projection rule for the Yukawa coupling
reads,

∂th =
√

2
iΩ

δ

δφ(q)

−→
δ

δψ̄(q′)
∂tΓk

←−
δ

δψ(q′′)


0
, (A.13)

where |0 denotes that the equation is evaluated at vanishing fluctuating fields (φ = 0, ψ = 0,
ψ̄ = 0) and momenta (q = q′ = q′′ = 0). In order to proceed, we decompose the matrix
(Γ(2)

k + Rk) into a part which contains the vev and is independent of the fluctuating fields,
(Γ(2)

0,k + Rk), and a remaining part including all fluctuations, ∆Γ(2)
k . The derivative ∂̃t, which

only acts on the momentum dependence of the regulator (cf. App. A.3), and an expansion of
the logarithm by means of the Mercator series allows to write the flow equation as

∂tΓk = 1
2 STr ∂̃t ln(Γ(2)

k +Rk)

= 1
2 STr ∂̃t ln(Γ(2)

0,k +Rk) + 1
2 STr ∂̃t

∞
n=1

(−1)n+1

n


(Γ(2)

0,k +Rk)−1∆Γ(2)
k

n
. (A.14)

Plugging Eq. (A.14) into Eq. (A.13), yields that only the term cubic in ∆Γ(2)
k survives the

projection. Performing the matrix calculations and the supertrace, the flow equation for the
Yukawa coupling reads,

∂th̄ =− h̄3

2


p
∂̃t

 1
(Z2

ψPF + h̄2κ̄)2
1

ZϕPϕ + U ′ + 2κ̄U ′′ −
2κ̄h2

(Z2
ψPF + h̄2κ̄)2

1
ZϕPϕ + U ′ + 2κ̄U ′′

− 1
Z2
ψPF + h̄2ρ

2κ̄(3U ′′ + 2κ̄U ′′′
(ZϕPϕ + U ′ + 2κ̄U ′′)2

 ,
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where the scalar potential should be evaluated at the minimum of the potential ρ = κ̄ =
1
2 v̄

2. In terms of threshold functions and dimensionless renormalized quantities, this expression
translates into Eq. (3.22) given in the main text. Note, that the three contributions correspond
to the three triangle diagrams given in Fig. 3.3. The filled squares in Fig. 3.3 are couplings
to the condensate and correspond to the last two terms ∼ κ̄, which is a direct consequence of
investigating the flow of the Yukawa coupling evaluated at the minimum of the scalar potential.

Anomalous dimension of the scalar field: Again, we start with a decomposition of the scalar
field into its vev and fluctuations around the vev. The projection rule onto the kinetic term of
the scalar field reads,

∂tZϕ = 1
Ω∂p

′2
δ

δφ(p′)
δ

δφ(−q′)∂tΓk

0
. (A.15)

The vertical line |0 denotes again that the equation is evaluated at vanishing fluctuating fields
and external momenta. Note, that this projection rule also implicitly includes p′ = q′ before
the momentum derivative is taken. Inserting Eq. (A.14) and performing the algebra leads to,

∂tZϕ = 1
d


p
∂̃t

2κ̄(3U ′′ + 2κ̄U ′′′)2 p2

∂p2

1
ZϕPϕ + U ′ + 2κ̄U ′′

2

+ dγh̄
2 p4

∂p2
Zψ(1 + rF)
Z2
ψPF + h̄2κ̄

2

h̄4κ̄ p2

∂p2
1

Z2
ψPF + h̄2κ̄

2
 .

The scalar potential is evaluated at ρ = κ̄. In terms of threshold functions and dimensionless
renormalized quantities, this expression translates into Eq. (3.23). The diagrammatic interpre-
tation is in terms of loop diagrams with two external scalar legs φ in Fig. 3.3.

Anomalous dimension of the fermion field: The projection on the wave function renormal-
ization of the fermion field is given by,

∂tZψ = − 1
ddγΩ

tr γµ∂qµ

−→
δ

δψ̄(q)
∂tΓk

←−
δ

δψ(q′)


0
. (A.16)

Again, the vertical line denotes that the external momenta have to be identify before the
momentum derivative is taken and then are set to zero as well as vanishing fields. Only the
term quadratic in the fluctuation fields ∆Γ(2)

k from the expansion (A.14) survives the projection
and the flow equation for the fermionic wave function renormalization finally reads,

∂tZψ = h̄2

d


p
p2∂̃t

 Zψ(1 + rF)
Z2
ψPF + h̄2κ̄

Zϕ∂p2Pϕ
(ZϕPϕ + U ′(κ̄) + 2κ̄U ′′(κ̄))2

 .
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In terms of threshold functions and dimensionless renormalized quantities, this expression trans-
lates into Eq. (3.24). The corresponding diagram has a loop with two external fermion legs and
a scalar and fermion leg inside the loop.

A.5 Observations on convexity of the IR-potential

In case two minima are generated within the full potential flow with a global minimum for large
field values beyond the Fermi scale, the question arises at which scale quantum fluctuations
induce a tunneling process which drives the system to the real vacuum state. As tunneling
probabilities depend on the height and width of the barrier between both minima, this question
is linked to the onset of convexity after all characteristic mass scales are integrated out. Mean-
field calculations are not able to display convexity processes. For this, the full RG improved
information about bosonic fluctuations is needed, meaning the full potential flow has to be
integrated out deep into the infrared. Unfortunately, this is quite challenging for any numerical
method due to rising non-analyticities. Therefore, let us start with some discussions on the
easier case with only the electroweak minimum where non-convexities appear only for small
field values.

In comparison to pure bosonic models, fermionic fluctuations delay convexity processes since
they enter the flow equation with opposite sign. Thus, bosonic fluctuations have to exceed these
fluctuations first. As the onset of convexity is most distinct in derivatives of the potential, let
us consider the first derivative of the potential in the following. For small field amplitudes, the
first derivative of the potential converges, u′(ρ̃) → −1. The dimensionless bosonic propagator
approaches the singularity −1 and finally dominates the flow in the deep IR. The first derivative
of the potential gets flat and approaches zero for fields smaller than ρ̃0. According to our
expectations, this mechanism is delayed if the Yukawa coupling is strong compared to the pure
scalar self-couplings, see fig. A.1. The depicted potentials u′ are taken at the same distance
from the singularity of the bosonic propagator 1 − |u′(0)| = 0.01. Note that the position of
nonanalyticity ρkink moves outwards if mH/mt ∼ λ2/h increases. However, if mH/mt is small,
convexity is hardly distinguishable before numerics break down due to the singular structure
of the equations.

Let us now come back to the case of a metastable effective potential. It turned out that
convexity is quite harder to detect in the range of numerically reasonable results. This is
expected regarding the decreasing Higgs mass. In Fig. A.2, ∂kU ′ indicates how the potential U ′

develops during the flow in the IR where the minima are frozen out, implying that scalar mass,
fermion mass and the vev have already approached their IR values. The considered scales k
are slightly below the scalar mass. Therefore, it is not surprising that fermionic fluctuations
still control the flow for small fields. Their influence decreases slowly and for small scales close
to the scalar mass, the bosonic fluctuations win over the fermionic ones and a flattening of
u′ can again be observed. The behavior for larger fields, especially the oscillating structure
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Figure A.1: The onset of convexity mechanisms is stronger if the relation between bosonic
and fermionic coupling mH/mt increases (from green to blue). Here, the first derivative of the
potential is depicted. Convexity becomes manifest by flattening of the inner region, 0 ≤ ρ ≤
ρ0 = 2462

2 GeV2.

which gets stronger towards the infrared originate from bosonic fluctuations. The zero of this
oscillation is situated between the local maximum of the potential U and its inflection point.
We suppose it to be an indication for the onset of convexity for large fields. Convexity seems
to become first emergent at the potential barrier, leading to a slow decrease, before acting at
the origin. However, it is not clear, which of both processes works faster. Following the line of
argumentation above, we would expect to observe a manifestation of convexity in the structure
of U ′ at only very small scales k.

In conclusion, this explains the similarity of both results from the mean-field approximation
and the full RG improved potential calculation. Again, mean-field calculations do not display
mechanisms of convexity. However, it represents the full potential very well up to scales far
below the characteristic mass scales as these mechanisms appear to work very slowly.

A.6 Cut-Off mechanism for the Goldstone modes

In the main text, we have amended the chiral Yukawa model with a dynamical mechanism that
effectively removes the Goldstone bosons from the low-energy spectrum by providing them
with a mass of the order of the gauge-boson mass in the full standard model. Conceptually,
this mechanism can be viewed as an IR deformation of our model and is neither universal nor
unique. Here, we explore the sensitivity of our results for the Higgs boson mass on the details
of this mechanism.

Within our deformation, let us vary the parameter ζ, which controls the size of the effective
mass for the Goldstone bosons proportional to the vev, m2

G = 1
2ζv

2
k. Figure A.3 shows the Higgs

mass depending on the effective Goldstone mass at Λ = 107GeV. For a weakly coupled scalar
sector, λ2,Λ = 0 (blue squares), the impact of ζ on mH is insignificant. Even if the Goldstone
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Figure A.2: The flow of the first derivative of the potential ∂kU ′ indicates the onset of convexity
for large fields. Whereas the small field region is still dominated by fermionic fluctuations, the
bosons control the flow for larger fields, especially the oscillation. Orange to blue depicts
decreasing scale k.

mass changes by an order of magnitude the influence on the Higgs mass is less than 2 GeV.
The situation is different for a strong scalar coupling, e.g., λΛ = 10 (red circles). For large
effective Goldstone masses (mG > mH), we observe again only small deviations from the case
mG = 80GeV. This is because the Goldstone modes decouple roughly at the same scale as the
top and the Higgs. However, if we choose smaller values of mG the deviations become larger,
e.g., we observe a deviation of 20% for mG = 20GeV compared to the case of mG = 80GeV.
The Goldstone modes contribute over a wider range of scales to the flow equations than the
Higgs or the top quark. This finally results in a smaller Higgs mass. For vanishing mG we
observe a log-like running of λ2. As a result, mH approaches smaller and smaller values in the
limit ζ → 0.

Of course, beyond the deformation of the model chosen in this work, other methods are
conceivable to effectively remove the massless Goldstone bosons to mimic the physics of the
fully gauged standard model. One option is to choose an arbitrary scale knG within the SSB
regime at which we remove all Goldstone contributions to the flow equations by hand. This
corresponds to switching on a source at knG which gives the Goldstone modes an infinitely large
mass and leads to an ad hoc decoupling. Another possibility is to introduce a source term Jaϕa

on the level of the Lagrangian. This would leave the flow equations unchanged because only
the Hessian of the effective average action Γ(2)

k contributes to the Wetterich equation. Still, the
shape of the scalar potential would be changed by this explicit symmetry breaking term. As
a result, source-dependent mass terms for all scalar degrees of freedom are induced, and also
the vev as well as the couplings become source-dependent, κ = κ(J), λn = λn(J). In any case,
each of these different IR deformations of the model leads to similar results. They parametrize
a decoupling of the Goldstone modes which removes the contamination of the IR flow from
degrees of freedom which are not present in the spectrum of the standard model.
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Figure A.3: Higgs mass mH as a function of the modeled mass of the would-be Goldstone
bosons for a weakly coupled (λ2,Λ = 0, blue squares) as well as for a strongly coupled (λ2,Λ = 10,
red circles) scalar sector. The filled characters mark the Higgs masses computed for the value
mG = 80GeV which we have used in the main text to derive our quantitative results.

A.7 Impact of the top quark mass on Higgs mass values

The top mass plays an important role in the study of the lower Higgs mass bound within ϕ4

theory. Within the perturbative line of reasoning, a change of the top mass by 1 GeV goes along
with a change of the Higgs mass bound by approximately 2 GeV in standard model calculations.
As the Higgs mass is near (or presumably below) the conventional lower bound, an accurate
determination of the mass of the top quark in the appropriate renormalization scheme [82] is
crucial for a discussion of the consequences of this “near criticality” [83].

In this appendix, we study the values for the Higgs boson mass for a given initial bare
potential of ϕ4 as a function of the top quark mass in order to analyze the top quark mass
dependence in the present model. Within our truncation of the effective action, our top-mass IR
parameter automatically coincides with the pole mass, the latter being the phenomenologically
relevant quantity. (Straightforwardly computable) differences between these mass parameters
only arise at next-to-next-to-leading order in the derivative expansion.

For the class of ϕ4-type bare potentials, table A.1 summarizes our results for the Higgs mass
for the lower mass bound (λ2,Λ = 0) as well as for a strongly coupled scalar sector (λ2,Λ = 10)
as a function of the top quark mass for Λ = 107GeV. For the weakly coupled scalar sector,
λ2,Λ = 0, the Higgs mass is generated essentially through top quark fluctuations. Therefore,
the resulting Higgs mass values are most sensitive to the precise mass of the top quark. In the
present model, the Higgs mass is shifted by approximately 3 GeV for a change in the top mass
by 2 GeV using a cutoff of Λ = 107GeV. With increasing cutoff the deviation of the Higgs mass
is larger. This phenomenon is illustrated in Fig. A.4 where the spread of the lower bound for
larger cutoff scales is shown.

By contrast, we find only a slight impact of the top mass on the Higgs mass for the case of
a strongly coupled scalar sector. This illustrates that the Higgs mass is rather dominated by
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mt[GeV] mH[GeV] (λ2,Λ = 0) mH[GeV] (λ2,Λ = 10)
163 115.6 264.2
165 118.5 264.6
167 121.4 264.8
169 124.2 265.0
171 127.1 265.2
173 130.1 265.4
175 133.1 265.7
177 136.1 265.9
179 139.3 266.2
181 142.2 266.4
183 145.4 266.7

Table A.1: Higgs masses for the lower bound (λ2,Λ = 0) and for a strongly interacting scalar
sector (λ2,Λ = 10) for a cutoff of Λ = 107GeV as a function of the top quark mass. Bold
numbers indicate the standard top mass of 173GeV.

scalar fluctuations in this regime.

A.8 Fixed point structure

As the flow equation provides us with information about the system beyond perturbative limi-
tations, we can explore the properties of the model also at stronger coupling. In particular, it is
worthwhile to search for possible RG fixed points at finite values of the couplings (non-Gaußian
fixed points), as these offer the chance to evade the triviality problem. Pure field-theory UV
completions are possible within the asymptotic safety scenario, where the UV limit Λ→∞ can
be taken safely by means of a UV stable RG fixed point [39], as is even explored for quantum
gravity [41], see [217, 271] for reviews and examples. Provided such a fixed point exists and
has suitable properties the theory remains interacting (non-trivial) in the long-range limit and
has predictive power.

The search for such fixed points in Yukawa systems has recently been revived with systematic
studies in the framework of the functional renormalization group. A general mechanism for
inducing asymptotic safety in such systems has been identified in [52], relying on a dynamical
balance between boson and fermion fluctuations. Chiral Yukawa models have successively
been studied in this context [53] providing hints for the possible existence of such fixed points,
but also indicating that fully gauged models may be required for a stable asymptotic safety
scenario of standard-model like theories. Gauged models indeed appear to offer different routes
to UV complete theories either in the weak-coupling asymptotically-free limit [56], at fully
interacting fixed points (including the loss of asymptotic freedom) [55], or even in combination
with quantum gravity [178, 242]. In fact, asymptotic safety has become a viable concept of
consistently quantizing gravity in the recent years. Also nonlinear chiral models have been
explored along this direction [272].
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Figure A.4: Higgs mass mH as a function of the cutoff Λ for different values of mt. The black
solid line is the lower bound for mt = 173GeV using λ2,Λ = 0 for a ϕ4-type bare potential. In
addition lower Higgs mass bounds for mt = 163GeV (red dashed lower curve) and mt = 183GeV
(blue dotted upper line) are plotted.

Here, we concentrate again on the pure chiral Yukawa sector, performing an analysis much in
the spirit of [53], paying particular attention to the additional bottom quark degree of freedom.

A.8.1 Symmetric Regime

Whereas the mechanism identified in [52] operates in the regime of spontaneous symmetry
breaking, it is instructive to start the fixed point search in the symmetric regime, where the
flow equations are less complex. The flow equations for the Yukawa couplings using the linear
regulator read in this regime:

∂th
2
t = h2

t

ηϕ + 2ηt − h2
b
16vd
d

1− ηt
d+1

1 + λ1
+

1− ηϕ

d+2
(1 + λ1)2

,
∂th

2
b = h2

b

ηϕ + 2ηb − h2
t
16vd
d

1− ηb
d+1

1 + λ1
+

1− ηϕ

d+2
(1 + λ1)2

,
where λ1 ≥ 0 corresponds to the mass-like term in the effective potential in the SYM regime.
Let us start with resolving the fixed point conditions ∂th2

t = 0 and ∂th
2
b = 0 in leading order

in the derivative expansion: for ηi = 0, both conditions can be satisfied for either hb = 0 and
ht arbitrary or vice versa. Without loss of generality, let us assume that hb = 0, leaving us
with a free parameter h∗t , labeling a potential line of fixed points. Now it is easy also to solve
the fixed-point condition for the effective potential, ∂tu = 0, cf. Eq. (5.4), with an arbitrarily
chosen value for h∗t at least within a polynomial expansion of u(ρ̃). We do not pursue this any
further, since this line of fixed points does not exist beyond leading order.

At next-to leading order it is necessary to include the equations for the anomalous dimensions,
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which read for the linear regulator in the SYM regime

ηϕ = 8vd
d


h2

t (4− ηt) + h2
b(4− ηb)


,

ηt = 4vd
d

3h2
t + h2

b
(1 + λ1)2


1− ηϕ

d+ 1


,

ηb = 4vd
d

h2
t + 3h2

b
(1 + λ1)2


1− ηϕ

d+ 1


.

It is useful to study a linear combination of the two fixed point conditions, 0 = 1
h2

t
∂th

2
t − 1

h2
b
∂th

2
b,

assuming that ht ̸= 0 ̸= hb,

0 = 1
h2

t
∂th

2
t −

1
h2

b
∂th

2
b

= 2(ηt + ηb)− 16vd
d

1− ηb
d+1

1 + λ1
+

1− ηϕ

d+2
(1 + λ1)2


(h2

t − h2
b)

= −8vd
d

2
1− ηt

d+1
1 + λ1

+
1− dηϕ

(d+2)(d+1)

(1 + λ1)2

 (h2
t − h2

b). (A.17)

In order to justify the use of the derivative expansion of the effective action, we demand for
the anomalous dimensions ηi to remain sufficiently small also at a possible fixed point, η∗i ≲ 1.
As a consequence, the term in the square bracket of Eq. (A.17) is positive. This condition can
only be solved by h2

t = h2
b. Therefore the system of algebraic fixed-point equations reduces to

0 = ηϕ + 2ηt −
16vd
d

h2
t

1− ηt
d+1

1 + λ1
+

1− ηϕ

d+2
(1 + λ1)2


,

ηt = 16vd
d

h2
t

1− ηϕ

d+1
(1 + λ1)2 ,

ηϕ = 16vd
d

h2
t (4− ηt).

(A.18)

The constraints on the anomalous dimensions ηi < 1 imply that also ηi > 0 holds, as the
negative terms linear in ηi on the right-hand sides of Eq. (A.18) remain subdominant compared
with the positive terms. Expressing the constraints 0 < ηϕ < 1 and 0 < ηt < 1 through a
constraint on the top Yukawa coupling via the last two lines of Eq. (A.18) leads to a constraint
on h2

t : 0 ≤ h2
t ≤ 4π2[5(1 + λ1)2 −

√
5


(1 + λ1)4 − (1 + λ1)2] for d = 4. Within this constraint,
a solution for the fixed point equation (first line of Eq. (A.18)) does not exist independently of
any permissible value of λ1. Hence, we do not find a nontrivial fixed point within our present
truncation in the symmetric regime in four spacetime dimensions.

119



Appendix

A.8.2 SSB regime

Because of the couplings of the fluctuating fields to the condensate the structure of the flow
equations in the SSB regime is much richer than in the symmetric case. As a starting point
we analyze the beta functions to leading order in the derivative expansion and expand the
potential to the lowest nontrivial order in the field invariant, u = λ2

2 (ρ − κ)2. Therefore, we
have to solve the following nonlinear system of equations:

∂tκ =βκ(κ∗, λ∗2, h∗t , h∗b) = 0,

∂tλ2 =βλ2(κ∗, λ∗2, h∗t , h∗b) = 0,

∂tht =βht(κ∗, λ∗2, h∗t , h∗b) = 0,

∂thb =βhb(κ∗, λ∗2, h∗t , h∗b) = 0,

where the flow equations can be read off from Eqn. (5.4), (5.6) and (5.7). For the linear
regulator, this system can be solved analytically resulting in two inequivalent fixed points for
admissible physical parameters (κ > 0, h2

t ≥ 0, h2
b ≥ 0, λ2 > 0). The values of the fixed point

couplings are listed in Tab. A.2. First of all note that there are two additional fixed points
by exchanging the numerical values for h∗t and h∗b due to the fact that the flow equations are
symmetric under an exchange of the Yukawa couplings. Of course, these additional fixed points
are physically equivalent to those given in Tab. A.2, corresponding to a mere renaming of the
couplings.

κ∗ λ∗2 h∗t
2 h∗b

2

0.006749086 14.6058 6942.84 0
0.000934843 270.652 661.201 0

Table A.2: Fixed point values for the various parameters in the SSB regime to leading order
in the derivative expansion.

Furthermore, the flow equations of the Yukawa couplings are proportional to the Yukawa
couplings themselves, ∂th2

a ∝ h2
a, which leads to a decoupling of the bottom quark at all scales.

Therefore the system reduces to that studied in [53].
In order to check if these fixed points persist beyond the leading order, we have to include the

anomalous dimensions of the fields. As long as these quantities, which measure the influence
of higher derivative terms in our truncation, remain small, the derivative expansion appears
legitimate. For a first impression of the size of the anomalous dimensions, we insert the leading
order fixed point values listed in Tab. A.2 into the right-hand sides of Eqn. (5.8)-(5.11). Similar
to the results of [53] the anomalous dimensions of the fields at the fixed points are large,
especially ηt is much larger than one, (ηt ≃ 22 for the first fixed point and ηt ≃ 4 for the
second one). This casts serious doubts on the existence of these fixed points in the full theory.
In fact, it has been shown numerically in [53] that the fixed points do not persist as soon as
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back-reactions of the anomalous dimensions are included. This can be traced back to large
contributions of massless modes, such as the Goldstone and bottom quark modes near the
would-be fixed point.

To summarize, we find no indications that the present chiral model in its pure form supports
physically acceptable fixed points within the validity domain of the derivative expansion of the
effective action.
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