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ABSTRACT

This work deals with the complexity of model checking concurrent systems using
temporal logics. As sytem types, we consider two different forms of concurrent
systems: these are parallel programs with recursive procedure calls and distributed
processes communicating using messages. The former are typically modeled by
finite automata equipped with multiple stacks whereas the latter are usually repre-
sented by communicating finite-state machines which are basically finite automata
exchanging messages via first in first out channels.
In both cases, the general model checking problem is undecidable even for very

simple temporal logics. Therefore, we focus on heuristics under-approximating the
set of runs of the system to be examined. In the context of message sequence charts,
which can be understood as runs of communicating finite-state machines, we limit
ourself to behaviors which allow an execution with bounded channels. Whereas
in the setting of multi-stack automata, we concentrate on phase-bounded, scope-
bounded and split-width-bounded nested words. The latter are words exhibiting
a relation for every stack which explicitly associates push operations with their
matching pop actions.
On the specification language side, we investigate temporal logics whose modali-

ties can be defined using formulas from the monadic second-order logic. This type
of temporal logics subsumes almost all temporal logics considered in the literature
so far. For all bounded model checking problems, we obtain a decision procedure
whose complexity is n-fold exponential in the chosen behavioral restriction (e.g., in
the size of the communication channels) where n is linear in the number of monadic
quantifier alterations occurring in the modality definitions. Surprisingly, it is only
exponential in the sizes of the temporal formula and the system model. We also
state almost tight lower bounds for each setting.
In other words, it turns out to be almost a general law of nature that the complex-

ity of model checking concurrent systems is mainly influenced by the elaborateness
of the temporal logic (measured by the number of quantifier alternations in the
modality definitions) and the chosen behavioral restriction. In comparison, the
impact of the sizes of the temporal formula and the system model is less important.
Regarding communicating finite-state machines, we also explore the bounded

model checking problems for various concrete modalities usually used in the context
of concurrent systems and a variant of propositional dynamic logic. Regarding the
former, we obtain decision procedures running in space polynomial in the restriction
and exponential in the number of processes. For the latter, we prove its PSPACE-
completeness.
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ZUSAMMENFASSUNG

In dieser Arbeit wird die Komplexität der automatischen Verifikation von parallelen
Systemen mittels Temporallogiken untersucht. Es werden dabei zwei verschiedene
Typen von Systemen betrachtet: mehrläufige Programme, die rekursive Prozeduren
aufrufen, und verteilte Prozesse, die zur Kommunikation untereinander Nachrichten
austauschen. Erstere werden typischerweise durch endliche Automaten mit mehre-
ren Kellern modelliert; Letztere üblicherweise durch endliche Automaten, die über
FIFO-Kanäle miteinander kommunizieren (CFMs).
In beiden Fällen ist das allgemeine Verifikationsproblem selbst für sehr einfache

temporale Logiken unentscheidbar. Daher richten wir das Augenmerk auf Heuris-
tiken, die die Läufe des zu untersuchenden Systems unterapproximieren. Im Kon-
text der message sequence charts (MSCs), welche als Läufe von CFMs aufgefasst
werden können, betrachten wir ausschließlich Verhalten, die eine Ausführung mit
beschränkt großen Kanälen zulassen. Im Rahmen der Mehrkellerautomaten konzen-
trieren wir uns auf geschachtelte Wörter, die bezüglich der Anzahl ihrer Phasen,
der Größe ihrer Bereiche bzw. ihrer Teilungsweite beschränkt sind. Dabei sind ge-
schachtelte Wörter Zeichenketten, die für jeden Keller eine Relation aufweisen, die
zusammengehörige Schreib- und Leseoperationen auf dem jeweiligen Keller explizit
miteinander in Verbindung setzt.
Die Art der Spezifikationssprache betreffend untersuchen wir temporale Logiken,

deren Modalitäten mittels Formeln der monadischen Logik zweiter Stufe definiert
werden können. Dieser Typ von Temporallogiken umfasst nahezu alle bisher in
der Literatur behandelten temporalen Logiken. Für jedes von uns untersuchte be-
schränkte Verifikationsproblem geben wir ein Entscheidungsverfahren an, dessen
Komplexität n-fach exponentiell in der jeweilig gewählten Verhaltensbeschränkung
(beispielsweise in der Größe der Kanäle) ist. Dabei ist n linear in der Anzahl der
monadischen Quantorenalternierungen in den Modalitätsdefinitionen. Überraschen-
derweise ist die Komplexität nur einfach exponentiell in den Größen der tempora-
len Formel und des Systemmodells. Weiterhin geben wir für jedes Problem beinahe
scharfe untere Schranken an.
Mit anderen Worten: Es stellt sich beinahe als ein allgemeines Naturgesetz her-

aus, dass die Komplexität der automatischen Verifikation im Rahmen von parallelen
Systemen im Wesentlichen von der Kompliziertheit der temporalen Logik (gemes-
sen in der Anzahl der Quantorenalternierungen in den Modalitätsdefinitionen) und
der gewählten Verhaltensbeschränkung beeinflusst wird und viel weniger von den
Größen der temporalen Formel und des Systemmodells.
Außerdem betrachten wir im Fall der automatischen Verifikation von CFMs zwei

weitere Arten von Temporallogiken. Zum einen erforschen wir konkrete Modalitäten,
die üblicherweise im Zusammenhang mit parallelen Systemen Verwendung finden.
Hier lässt sich zeigen, dass die Platzkomplexität des beschränkten Verifikations-
problems polynomiell in der Beschränkung und exponentiell in der Anzahl der Pro-
zesse ist. Zum anderen zeigen wir für eine Variante der propositional dynamic logic
(PDL) die Vollständigkeit des beschränkten Verifikationsproblems für polynomiellen
Platz.
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INTRODUCTION

Automatic verification is the process of translating a computer system to a mathe-
matical model, formulating a requirements specification in a formal language, and
automatically checking the obtained model against this specification. In the past,
finite automata, Kripke structures, and Büchi automata turned out to be suitable
formalisms to model the behavior of complex sequential systems. Two of the most
common specification languages are the temporal logics LTL [Pnu] and CTL
[CE]. After deciding on a modeling and a specification formalism, automatic
verification melts down to the model checking problem (for an introduction see for
example [CGP]): Given a model A with behavior L(A) and a specification ϕ

representing the expected behavior L(ϕ), does L(A) ⊆ L(ϕ) hold?
This work deals with the complexity of model checking different types of con-

current systems using various temporal logics. In fact, we consider concurrent
systems with recursive procedure calls as well as parallel processes communicating
using messages sent over ordered channels. On the specification language side, we
investigate local temporal logics whose modalities can be defined using formulas
from the monadic second-order logic (MSO). This type of logics was introduced by
Gastin and Kuske [GK, GK, GK, GK] and is inspired by [GHR, RM].
It subsumes virtually all local temporal logics considered in the literature so far.
Regarding message-passing processes, we also explore a variant of propositional dy-
namic logic as well as various concrete modalities usually used in the context of
concurrent systems.

concurrent recursive systems

Boolean concurrent programs with recursive procedure calls can be modeled by
pushdown automata with multiple stacks. The idea is that there is one stack for
every process resp. thread of the program. A procedure call is then simulated
by a push operation carried out on the appropriate stack, whereas the return of
the same procedure corresponds to the matching pop operation. An individual
execution of such a pushdown automaton can be considered as a so-called nested
word. The latter is a word equipped with multiple nesting relations (see Fig. ).
There is an edge between two positions of the word if they represent matching
push and pop operations on the corresponding stack. Over nested words, one may
formalize properties such as “process p is not allowed to call a procedure while being
in the scope of an active procedure call of process q” which do not have a natural
interpretation over simple words without nesting relations.
Since the general model checking problem for multi-stack systems and even very

simple specification languages is undecidable, several model checking heuristics were
introduced. All these partially orthogonal approaches consider only a subset of the
runs of the system to be checked. The first paper in this line of research investigates
nested words which can be divided into a bounded number of contexts [QR, BD].
The latter is an interval in which all operations refer to the same stack. This under-
approximation does not consider any interaction of processes within a procedure
call which motivated La Torre, Madhusudan and Parlato to define the more lib-
eral notion of phases [LMP, LMPb, BKM, BD]. In contrast to a context,
a phase only requires pops to happen on the same stack. Another restriction is
scope-boundedness [LN, ABKSa, LN, LP]. Here, every nesting edge may
only span a bounded number of contexts. Finally, there is the notion of split-
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Figure : Example nested word with two nesting relations 1 and 2 represented by the solid
respectively dashed edges.

width which is similar to tree-width but better fits the setting of nested words
[AGK, Ais, Men]. We will describe this approach in more detail later on.
Even more (orthogonal) approaches exist [BCCCR, ABH, LN, AKS].
The automatic verification of multi-stack systems has recently received a lot of at-

tention. For instance, in [LMP] and [AGK], it was shown that model checking
is decidable for MSO-definable properties under the restriction of bounded phases
and bounded split-width, respectively. However, the problem is non-elementary
in both cases since it is already non-elementary without stacks. So, the focus
has moved to temporal logics. Previous works on temporal logic for multi-stack
systems differ in the choice of the behavioral restriction described above, but
also in the concrete temporal logic adopted for the model checking task. While
[Ati, ABKSa, ABKSb] consider properties over strings such as classical LTL
and CTL rather than nested words, [LN] introduces a temporal logic that allows
one to identify call and return positions of a given process and to distinguish be-
tween linear successors (referring to the word structure) and abstract successors
(involving the nesting edges). As a matter of fact, there is so far no agreement on a
canonical temporal logic for nested words, not even for those with one single nest-
ing relation [AAB+, AAB+, AEM]. Therefore, we consider the class of all
temporal logics whose modalities can be defined in MSO logic. Not only does this
capture temporal logics over nested words but it also includes numerous temporal
logics that have been designed for concurrent non-recursive programs and that are
typically interpreted over partial orders. In fact, we resume research by Gastin
and Kuske [GK, GK, GK, GK] who considered the satisfiability prob-
lem for Mazurkiewicz traces and MSO-definable temporal logics and C. Aiswarya,
Bollig, Gastin, and Zeitoun [ABGZ, ABGZ] dealing with nested traces and
MSO-definable temporal logics.

Phase-Bounded Nested Words

In [ABGZ, ABGZ], it is shown that satisfiability and model checking for any
MSO-definable temporal logic are decidable in EXPTIME when restricting to phase
bounded executions. The phase bound b has to be fixed though. It was left open
whether the problems are still elementary if b is part of the input. This is an
important issue, as an elementary procedure would allow for a gradual adjustment
of b at the cost of only an elementary blow-up.
Let TL be a fixed MSO-definable temporal logic. Given a multi-stack automa-

ton A, a temporal formula F from TL, and a phase-bound b, the model checking
problem for TL w.r.t. phase-bounded nested words asks whether all b-phase nested
words accepted by the automaton A satisfy the formula F . We show that the above
problem, which we denote by MC-TL-PHASE-NW, is indeed decidable in elementary
time. More precisely, it is solvable in time exponential in the size of the temporal
formula F and (n + 2)-fold exponential in the number of phases b where n is the
maximal level of the modality definitions of TL in the monadic quantifier alternation
hierarchy. If the number of phases is fixed, the problem is therefore solvable in expo-
nential time, i.e., the result from [ABGZ, ABGZ] follows. Our result is in stark
contrast to the non-elementary lower bounds of the branching-time model checking
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problem [GL, ABKSb] and of model checking against MSO logic. For all levels,
we provide a temporal logic TL whose model checking problem MC-TL-PHASE-NW
is n-EXPSPACE-hard.
These results on phase-bounded nested words were obtained in collaboration with

Benedikt Bollig and Dietrich Kuske. They have been previously published as an
extended abstract [BKM].

Split-Width-Bounded and Scope-Bounded Nested Words

Recently, the notion of split nested words resp. split-width was introduced [AGK,
Ais]. The idea is to consider split nested words which are nested words contain-
ing gaps in their linear order. Each interval between two gaps can be seen as
a component. Adjacent components can be merged by closing the gap between
them. A new split nested word can be obtained by shuffling the components of two
source split nested words. Then a b-split nested word is a nested word which can
be built from atomic nested words by repeatedly applying the shuffle and merge
operations such that all intermediate split nested words consist of at most b com-
ponents. In [AGK], the authors showed that the model checking problem for
multi-stack systems restricted to b-split nested words and MSO can be solved in
non-elementary time. They asked whether temporal logics could be used instead
in order to gain a reasonable complexity. This question marks the beginning of our
investigations of the model checking problem of bounded split-width multi-stack
systems and temporal logics whose modalities are MSO-definable.
If TL is a fixed MSO-definable temporal logic, then the bounded split-width

model checking problem of TL (MC-TL-SW-NW for short) asks, given a multi-stack
automaton A, a temporal formula F from TL, and a bound b, whether all b-split
nested words which are accepted by A satisfy F . We are able to show that, if
TL’s modalities can be defined using formulas from the n-th level of the monadic
quantifier alternation hierarchy, then we can solve MC-TL-SW-NW in (n + 1)-fold
exponential time. Conversely, we prove that, for every n ≥ 1, there exists such a
temporal logic TL such that MC-TL-SW-NW is hard for n-fold exponential space.
By exploiting a connection between scope-boundedness and bounded split-width

stated in [AGK], we are able to infer the same lower and upper bounds for
the model checking problem w.r.t. scope-bounded nested words (which we denote
by MC-TL-SCOPE-NW). The formal definition of MC-TL-SCOPE-NW can be taken
from MC-TL-SW-NW verbatim with the exception that “split” is replaced by “scope”.
These results regarding split-width-bounded and scope-bounded nested words

were previously published as an extended abstract [Men].

concurrent message-passing systems

Distributed systems exchanging messages using first in first out (FIFO) channels
(like the one from Fig. ) can be modeled by communicating finite-state machines
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(CFMs) which were introduced in [BZ]. CFMs consist of a finite number of finite
automata communicating using FIFO channels and their runs can be understood
as message sequence charts (MSCs). The latter are an established ITU standard
[ITU] which comes with a formal definition as well as a convenient graphical
notation (see Fig. ). In a simplified model, an MSC can be considered as a special
partial order consisting of send and receive events which are assigned to unique
processes where the events of each process are linearly ordered. For every send
event, there exists a matching receive event and vice versa.

Unfortunately, the model checking problem for CFMs is undecidable even for
very simple temporal logics – this is a direct consequence of the undecidability of
the emptiness problem for CFMs. In order to gain decidability, one investigated
model checking heuristics under-approximating the behaviors of the system to be
checked. For this, one considers linearizations of MSCs which are linear orderings
of all the events of an MSC respecting the underlying partial order. A linearization
is said to be b-bounded if, at every moment, no channel contains more then b

many pending messages. An early line of research considers so called universally
b-bounded MSCs where all linearization of an MSC are forced to be b-bounded.
Several positive results where obtained [AY, MP, Kus, Kus] using this
approach. The drawback of this notion is that it basically requires messages to be
acknowledged rendering it for example unsuitable for producer-consumer scenarios
in which communication is only one-way. Because of this fact, the more permissive
notion of existentially b-bounded MSCs was later introduced. Here, every MSC
must exhibit at least one b-bounded linearization. The bounded model checking
problem is then defined as follows: given a number of processes p, a channel bound b,
a specification ϕ and a CFM C over p processes, does every existentially b-bounded
MSC M accepted by C satisfy ϕ? Using this approach various results for different
temporal logics were obtained in [MM, Mad, GMP, LM, GMSZ, GKM,
BKM].

In the setting of finite (unbounded) MSCs, CFMs are expressively equivalent to
the existential monadic second-order logic (EMSO) [BL]. If one also considers
infinite runs, then CFMs are expressively equivalent to EMSO∞ [BK] which is
EMSO equipped with an infinity quantifier allowing to request that infinitely many
events x satisfy some property ϕ(x). Regarding bounded (finite or infinite) MSCs,
it has been shown that MSO and CFMs are equally expressive w.r.t. universally
[HMKTa, HMKTb, Kus, Kus, HMK+] and w.r.t. existentially bounded
MSCs [Gen, GKM].





MSO-definable Temporal Logics

We investigate the complexity of the model checking problem in the case of tem-
poral logics definable using MSO formulas. We prove that the following problem,
denoted by UNI-MC-BMΣn-MSC, is hard for (n + 1)-fold exponential space and
can be solved in (n + 4)-fold exponential space: The input is a temporal logic TL
whose modalities can be defined using formals from the n-th level of the monadic
quantifier alternation hierarchy, a temporal formula F from TL, a number of pro-
cesses π, a channel bound b, and a CFM C over π processes. The question is
whether all existentially b-bounded MSCs accepted by C fulfill F . In contrast to
[GK, GK] and the model checking problems defined in the context of nested
words (like MC-TL-PHASE-NW), this time the temporal logic and the degree of par-
allelism (number of processes) are part of the input. In particular, this means that
the sizes of the modality definitions have an impact on the space complexity of the
problem. By showing that existentially bounded MSCs exhibit only polynomially
large spheres (w.r.t. to the sphere radius) we are able to reduce this influence.

Additionally, we state that, if we fix the temporal logic TL and the number of
processes, this restricted version of UNI-MC-BMΣn-MSC called MC-TL-MSC can be
solved in n-EXPSPACE. Furthermore, for every n ≥ 1, we specify a temporal logic
TL whose modalities can be defined using formals from the n-th level of the monadic
quantifier alternation hierarchy such that MC-TL-MSC is hard for n-EXPSPACE.

Propositional Dynamic Logic with Converse and Repeat

In [BKM, BKM], a bidirectional propositional dynamic logic (PDL) was pro-
posed for the automatic verification of distributed systems modeled by CFMs. This
logic was originally introduced by Fischer and Ladner [FL] for Kripke structures
and allows to express fundamental properties in an easy and intuitive manner. In
particular, one can navigate along process and message edges using regular path
expressions and carry out local tests in between. Furthermore, PDL distinguishes
between local and global formulas. The former ones are evaluated at a specific
event of an MSC whereas the latter are Boolean combinations of local formulas
quantifying existentially over all events of an MSC. PDL for MSCs as defined in
[BKM] is closed under negation, it is a proper fragment of EMSO in terms of
expressiveness (but it is no syntactic fragment), and the logic TLC− considered by
Peled [Pel] is a fragment of it.

By a rather involved translation of PDL formulas into CFMs, Bollig, Kuske, and
Meinecke demonstrated in [BKM] that the model checking problem for CFMs and
PDL in the setting of existentially bounded MSCs can be decided in polynomial
space. However, by means of this approach, Bollig et al. were not able to support the
popular converse operator. The latter, introduced in [Pra], is a common extension
of PDL which allows to walk back and forth within an MSC using a single path
expression of PDL. It is an open question whether PDL formulas enriched with
the converse operator can be translated into CFMs. Bollig et al. only managed
to provide an operator which enables path expressions to either walk backward or
forward.

In the present work, we consider CRPDL over MSCs which is PDL equipped
with the operators converse and repeat [Str]. The latter allows to express that a
path expression can be repeated infinitely often. We are able to demonstrate that
the following model checking problem denoted by MC-CRPDL-MSC is in PSPACE
and therefore generalize the model checking result from [BKM, BKM]: Given
a number of processes p, a channel bound b, a CFM C, and a global CRPDL





Chapter  Chapter 

Chapter 

Chapter 
Chapter 
Chapter 
Chapter 

Chapter 
Chapter 
Chapter 
Chapter 

Chapter 

Figure : Dependencies between chapters

formula ϕ, is there an existentially b-bounded MSC M over p processes which is
accepted by C and fulfills ϕ?
These results were previously published as [Men, Men].

Concrete Modalities

We also concentrate on various concrete modalities commonly used in the veri-
fication of concurrent systems. Such modalities include, for example, the strict
universal until, the existential until and many more. We can show that, given a
temporal formula F consisting of these common modalities, a number of processes π,
a channel bound b, and a CFM C over π processes, one can decide in space polyno-
mial in F , b, and C and exponential in π whether all existentially b-bounded MSCs
accepted by C fulfill F .

outline

Part I contains preliminaries which are relevant to both: Part II dealing with con-
current message-passing systems and Part III which is concerned with concurrent
recursive systems. In Chapter , we give definitions for relational structures, spheres
within structures, and monadic second-order logic. Chapter  introduces temporal
logics whose modalities are definable using MSO formulas. Furthermore, it contains
example modalities and deals with the translation of temporal formulas into MSO
formulas. Chapter  gives the definition of pictures and proves a hardness result on
the satisfiability problem of MSO-definable temporal logics expressing properties
of pictures. In particular, it lays the foundation for the proofs of the lower bounds
found in the Chapters  and .
Chapter  is the first chapter of Part II which is about concurrent message-passing

systems. It introduces the notions of message sequence charts (MSCs), lineariza-
tions of MSCs, communicating finite-state machines (CFMs), and Büchi automata.
In Chapter , we state upper bounds on the complexity of the uniform model check-
ing problem for MSO-definable temporal logics (and CFMs) UNI-MC-BMΣn-MSC
and the model checking problem for an arbitrary but fixed MSO-definable logic
TL denoted by MC-TL-MSC. Whereas, in Chapter , we prove the corresponding
lower bounds. It is shown in Chapter  that, in the setting of existentially bounded
MSCs, the satisfiability and model checking problems of CRPDL and CFMs, namely
SAT-CRPDL-MSC and MC-CRPDL-MSC, are PSPACE-complete. The purpose of
Chapter  is to show that many modalities usually used in the context of model
checking concurrent systems can be evaluated on existentially bounded MSCs in
space polynomial in the channel bound and exponential in the number of processes.





Part III, dealing with concurrent recursive systems, starts with Chapter . The
latter gives the definitions for nested words, phase-boundedness, split-width, scope-
boundedness, multi-stack automata, and tree automata. The purpose of Chapter
 is to prove upper bounds on the satisfiability and model checking problems of an
arbitrary but fixed MSO-definable temporal logic TL in the setting of phase nested
words (called SAT-TL-PHASE-NW and MC-TL-PHASE-NW). Similarly, Chapter 
reviews these problems in the context of split-width- and scope-bounded nested
words, whereas Chapter  states lower bounds on these problems.

Subsequent to the parts II and III, beginning on page , we summarize our
results and sketch potential future work.
The graph from Fig.  depicts the dependencies between the various chapters

where “Chapter x → Chapter y” means y builds upon x. For instance, Chapter 
requires the reader to be familiar with the Chapters , , and .
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PREL IMINARIES





1
STRUCTURES AND MONADIC SECOND-ORDER LOGIC

. basic definitions

We first introduce some very basic definitions.

Given m,n ∈ N with m ≤ n, we define [m,n] = {m,m + 1, . . . , n}, [m] = [1,m],
and [m]0 = [0,m].

We let poly(n) denote the set of polynomial functions in one argument. Furthermore,
the function tower : N2 → N is inductively defined as follows (for all `,m ∈ N):

tower(0,m) = m

tower(`+ 1,m) = 2tower(`,m)

A signature σ is a finite set of relation symbols. For every relation symbol R ∈ σ,
we denote by ar(R) ∈ N the arity of R. The signature σ is binary if ar(R) = 2 for
all R ∈ σ. A σ-structure A consists of

– a set UA called the universe of A and

– an ar(R)-ary relation RA over UA for every relation symbol R ∈ σ.

The size of A is |UA|. The structure A is said to be finite if UA is finite. Further-
more, we identify isomorphic σ-structures.

Note that we also allow empty structures.

If V ⊆ UA, then the restriction of A to V is given by the σ-structure A � V where
UA�V = V and RA�V = RA ∩ V ar(R) for all R ∈ σ. In contrast, if τ ⊆ σ, then the
restriction of A to τ is the τ -structure A � τ where UA�τ = UA and RA�τ = RA

for all R ∈ τ .

. words as structures

For technical reasons, we consider words as structures.

Definition .. Let Γ be an alphabet. By σWORD(Γ), we denote the word signature

{l,min,max} ∪ {λγ | γ ∈ Γ}

where ar(l) = 2 and ar(λγ) = ar(max) = ar(min) = 1 for all γ ∈ Γ.
A word-like structure over an alphabet Γ is a σWORD(Γ)-structure W such that

– lW is the direct successor relation of a linear ordering �W on the set of
positions UW ,

– (UW ,�W ) is finite or isomorphic to (N,≤), and

– the sets (λγ)γ∈Γ are a partition of UW ,
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– if UW is non-empty, then minW = {v} where v is the minimal element from
UW w.r.t. �W , and

– if UW is non-empty and finite, then maxW = {v} where v is the maximal
element from UW w.r.t. �W ; otherwise maxW = ∅.

We define λW : UW → Γ to be the labeling function with λW(v) = γ if and only if
v ∈ λγ for all v ∈ UW and γ ∈ Γ. Since minW is a singleton set, we identify minW

and v for convenience. If W is finite, then similarly for maxW .

Every non-empty finite word W = γ1γ2 . . . γn ∈ Γ∗ gives rise to a unique (up to
isomorphism) word-like structure Ŵ where UŴ = [n], lŴ = {(i, i+1) | 1 ≤ i < n},
minŴ = {1}, maxŴ = {n}, and λŴ(i) = γi for all i ∈ [n]. Analogously, every
infinite word W ∈ Γω induces a word-like structure Ŵ . Finally, the empty word ε
is represented by the empty σWORD(Γ)-structure.
Vice versa, every word-like structure Ŵ can be understood as a word

λŴ(v1)λŴ(v2)λŴ(v3) . . .

where v1 lŴ v2 lŴ v3 . . . and UŴ = {v1, v2, v3, . . .}. In the following, we identify
W and Ŵ for every word W ∈ Γ∗ ∪ Γω.

If W is a word and X1, . . . , Xm ⊆ UW , then (W,X1, . . . , Xm) denotes the word W ′

over the alphabet Γ× {0, 1}m such that UW
′

= UW , lW ′ = lW , minW
′

= minW ,
maxW

′
= maxW , and, for all i ∈ UW , λW

′
(i) = (λW(i), b1, . . . , bm) where bj = 1 if

and only if i ∈ Xj for all j ∈ [m].

. spheres within structures

In the following, we recall the definitions of the Gaifman graph of a σ-structure A
and the sphere of radius r around some element v ∈ UA.

If σ is a signature and A is a σ-structure, then the Gaifman graph G(A) is the
graph (UA, E) where, for all a, b ∈ UA, (a, b) ∈ E if and only if there exist a
relation symbol R ∈ σ and a tuple c ∈ RA such that a and b occur in c.

The degree of the structure A is bounded by k ≥ 0 if the degree of G(A) is bounded
by k, i.e., we have |{b ∈ UA | (a, b) ∈ E}| ≤ k for all a ∈ UA.

By distA(a, b) ∈ N ∪ {∞} we denote the minimal length of a path from a to b in
G(A). Formally, we define, for all a, b ∈ UA,

distA(a, b) =



0 if a = b

d+ 1 if there exists c ∈ UA with distA(a, c) ≤ d, (c, a) ∈ E,
and there does not exist c′ ∈ UA with distA(a, c′) < d

and (c′, a) ∈ E
∞ if there exists no d ∈ N with distA(a, b) = d

If v ∈ UA and r ∈ N, then we denote by NA(v, r) the r-neighborhood around v in
G(A). More precisely:

NA(v, r) = {a ∈ UA | distA(v, a) ≤ r} .

By SA(v, r), we denote the r-sphere around v in A, i.e., we set

SA(v, r) = (A � NA(v, r), v) .

Note that SA(v, r) is a σ-structure together with a constant symbol (the center of
the sphere) which is interpreted by v.
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. monadic second-order logic

We fix the set {x, x1, x2, . . . , y, y1, . . . , z, z1 . . .} of individual variables and the set
{X,X1, X2, . . . , Y, Y1, . . . , Z, Z1, . . .} of set variables.

Let σ be a signature. Then the set MSO(σ) of all monadic second-order formulas
over σ is given by the following grammar:

ϕ ::= R(x1, . . . , xar(R)) | x = y | X(x) | ¬ϕ | ϕ ∨ ϕ | ∃xϕ | ∃X ϕ

where R ranges over all relation symbols from σ. The size |ϕ| of ϕ ∈ MSO(σ) is
the length of the string ϕ. The set of all first-order formulas FO(σ) ⊆ MSO(σ)

contains all formulas without second-order quantification ∃X. We use the usual
abbreviations such as ϕ∧ψ for ¬(¬ϕ∨¬ψ), ∀xϕ instead of ¬∃x¬ϕ, and ∀x ∈ X ϕ

for ∀x (X(x)→ ϕ).

The semantics of MSO(σ)-formulas are as follows: Let A be a σ-structure and δ be
an assignment that maps individual variables to positions from UA and set variables
to sets of positions from UA. Then we define, for all R ∈ σ,

A, δ |= R(x1, . . . , xar(R)) ⇐⇒ (δ(x1), . . . , δ(xar(R))) ∈ RA

A, δ |= (x = y) ⇐⇒ δ(x) = δ(y)

A, δ |= X(x) ⇐⇒ δ(x) ∈ δ(X)

A, δ |= ¬ϕ ⇐⇒ A, δ 6|= ϕ

A, δ |= ϕ1 ∨ ϕ2 ⇐⇒ A, δ |= ϕ1 or A, δ |= ϕ2

A, δ |= ∃xϕ ⇐⇒ there exists v ∈ UA s.t. A, δ[x 7→ v] |= ϕ

A, δ |= ∃X ϕ ⇐⇒ there exists V ⊆ UA s.t. A, δ[X 7→ V ] |= ϕ

where the assignment δ[x 7→ v] equals δ besides that x is mapped to v (similarly
for δ[X 7→ V ]). We often write ϕ(x1, . . . , xk, X1, . . . , X`) to stress the fact that
ϕ is a formula with free variables from {x1, . . . , xk, X1, . . . , X`}. Furthermore, let
v1, . . . , vk ∈ UA and V1, . . . , V` ⊆ UA. Then we write A, v1, . . . , vk, V1, . . . , V` |= ϕ

if and only if A, δ |= ϕ where δ(xm) = vm and δ(Xn) = Vn for all m ∈ [k] and
n ∈ [`].

Let σ be a signature, C be a class of σ-structures, and ϕ and ψ be two MSO(σ)-
formulas with free variables from {x1, . . . , xk, X1, . . . , X`}. The formulas ϕ and ψ
are said to be equivalent w.r.t. C if

A, a1, . . . , ak, A1, . . . , A` |= ϕ ⇐⇒ A, a1, . . . , ak, A1, . . . , A` |= ψ

for all σ-structures A ∈ C, a1, . . . , ak ∈ UA, and A1, . . . , A` ⊆ UA. We say that ϕ
and ψ are equivalent if they are equivalent w.r.t. all σ-structures.

We recall the definition of the monadic quantifier alternation hierarchy .

We say that anMSO(σ)-formula ϕ belongs toMΣn(σ) (whereM stands formonadic)
if it is of the form

∃X1 ∀X2 ∃X3 . . . ∃/∀Xn ψ

where ψ ∈ FO(σ) and theXi’s are tuples of individual and set variables. In contrast,
it belongs to MΠn(σ) if it is of the form

∀X1 ∃X2 ∀X3 . . . ∀/∃Xn ψ .

Furthermore, BoolMΣn(σ) is the set of Boolean combinations of formulas from
MΣn(σ).
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We need to define another measure of the complexity of formulas beneath the
monadic quantifier alternation hierarchy. Instead of only considering quantifiers
down to the last set quantification, the full quantifier alternation hierarchy also
takes care of the remaining first-order quantifiers.

Let n ≥ 0. By AΣn(σ) (where A stands for all quantifier alternations), we denote
all formulas which are of the form

∃X1∀X2∃X3 . . . ∃/∀Xn ψ

where ψ does not contain any quantifiers and the Xi’s are tuples of individual and
set variables. In contrast, AΠn(σ) denotes all formulas of the form

∀X1∃X2∀X3 . . . ∀/∃Xn ψ .

Furthermore, BoolAΣn(σ) is the set of Boolean combinations of formulas from
AΣn(σ). Finally, formulas from AΣ1(σ) ∩ FO(σ) are also called existential FO(σ)-
formulas.

It is easily seen that AΣm(σ) ⊆ MΣm(σ) and MΣm(σ) 6⊆ AΣn(σ) for any m,n ∈ N.

It is a folklore result that, for all finite structures A, elements a ∈ UA, and radii
r ∈ N, there is a first-order formula such that all structures B and elements b ∈ UB
fulfill this formula if and only if the sphere SB(b, r) is isomorphic to (A, a).

Definition .. Let σ be a signature, A be some finite σ-structure, a ∈ UA, and
r ∈ N. Then sph(A,a),r(x) denotes a fixed FO(σ)-formula such that

B, b |= sph(A,a),r ⇐⇒ SB(b, r) ∼= (A, a)

for all σ-structures B and elements b ∈ UB.

The obvious proof of the existence of the above formula results in a formula whose
quantifier-prefix is of the form ∃∗∀. This is stated in the following lemma:

Lemma .. Let σ be a signature, A be a finite σ-structure, a ∈ UA, and r ∈ N.
Then there exists an FO(σ)-formula of the form ∃x∀y ϕ (where x is a tuple of
individual variables) which is equivalent to sph(A,a),r.

Intuitively, Hanf’s theorem [Han, FSV, EF] says that, in the setting of
bounded degree structures, every first-order formula ϕ is equivalent to a Boolean
combination ψ of statements of the form “there exist n elements whose sphere of
radius r is isomorphic to the finite structure A”.

If m ≥ 1 and ϕ is an MSO(σ)-forumla, then we write ∃≥mxϕ(x) as an abbreviation
for the formula expressing that there are m distinct elements x fulfilling ϕ(x). More
formally, ∃≥mxϕ(x) is defined by

∃x1, . . . , xm
[∧

i 6=j xi 6= xj ∧ ∀x
(∨

i∈[m](x = xi)→ ϕ(x)
)]

.

A Hanf formula is a formula of the form

∃≥mx sph(A,c),r(x)

where m ≥ 1, A is some finite σ-structure, σ is a signature, c ∈ UA, and r ∈ N. A
formula in Hanf normal form is a Boolean combination of Hanf formulas.

Formally, Hanf’s theorem reads as follows:

Theorem . ([Han, FSV, EF]). Let σ be a signature, k ≥ 0, and ϕ be an
FO(σ)-formula. Then there exists a formula ψ in Hanf normal form such that ϕ
and ψ are equivalent for all σ-structures whose degree is bounded by k.

As an aside, we remark that ψ can be computed in triply exponential time [BK].



2
MSO-DEF INABLE TEMPORAL LOGICS

In [GK], a unified framework for defining local temporal logics evaluated over
Mazurkiewicz traces was introduced. The idea is to consider a local temporal logic
as a finite set of modalities whose semantics are defined using MSO formulas. Here,
we follow this approach.

Let σ be a signature. An MSO(σ)-formula is an m-ary modality definition if it has
m ≥ 0 free set variables X1, . . . , Xm and at most one free individual variable x.

An MSO(σ)-definable temporal logic is a tuple TL = (B, ar, defi) where

– B is a finite set of modalities,

– the mapping ar : B → N specifies the arity of every modality from B, and

– defi : B → MSO(σ) is a mapping such that defi(MOD) is an m-ary modality
definition whenever ar(MOD) = m for MOD ∈ B.

The set of all temporal formulas from TL is the least set such that the following
holds: If MOD ∈ B and F1, F2, . . . , Far(MOD) are formulas from TL, then

F = MOD(F1, . . . , Far(MOD))

is a formula from TL. Furthermore, the set of subformulas sub(F ) of F is given by

{F} ∪
⋃

1≤i≤ar(MOD) sub(Fi) .

Note that the base case ar(MOD) = 0 is already contained in the above inductive
definitions. If F is a temporal formula from TL, then, for convenience, we also
write F ∈ TL. The size |F | of F is its number of subformulas, i.e., |F | = |sub(F )|;
whereas the size of TL is |TL| =

∑
MOD∈B |defi(MOD)|.

Let A be a σ-structure and F ∈ TL. The semantics FA,TL of F in A w.r.t. TL is
the set of elements from UA where F holds. More formally:

If F = MOD(F1, . . . , Fm) where MOD ∈ B is of arity m ≥ 0, then

FA,TL = {v ∈ UA | A, FA,TL
1 , . . . , FA,TL

m , v |= defi(MOD)} .

We write A, v |=TL F for v ∈ FA,TL.

Note that a temporal formula F can be part of different temporal logics and, there-
fore, can have several semantics. However, if we only deal with one temporal logic
TL, then we often write FA instead of FA,TL and A, v |= F instead of A, v |=TL F .

Example .. The Boolean connectives negation and conjunction can be expressed
by defi(¬) = ¬X1(x) and defi(∧) = X1(x) ∧ X2(x), respectively. The modality
TRUE with defi(TRUE) = (x = x) is always evaluated to true. Clearly, we have
defi(TRUE), defi(∧), defi(¬) ∈ AΣ0(σ) ⊆ MΣ0(σ).
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More complex examples of MSO-definable modalities can be found in Sect. .,
Chapter , and Sect. ..

Let L be some subset of the formulas from MSO(σ) such as FO(σ) or MΣn(σ) etc.
An MSO(σ)-definable temporal logic TL = (B, ar, defi) is L-definable if defi(M) ∈ L
for all modalities M ∈ B.

Remark .. Let n ≥ 0. Because of MΣn(σ) ⊆ BoolMΣn(σ), every MΣn(σ)-
definable temporal logic is also BoolMΣn(σ)-definable. Conversely, let ϕ be an
m-ary modality definition from BoolMΣn(σ). There exist modality definitions
ϕ1, . . . , ϕ` ∈ MΣn(σ) such that ϕ is equivalent to a Boolean combination of the
formulas ϕ1, . . . , ϕ`. Hence, if F = MOD(G1, . . . , Gm) is a temporal formula with
defi(MOD) = ϕ, then F can be equivalently reformulated as a Boolean combination
of temporal formulas MODi(G1, . . . , Gm) with defi(MODi) = ϕi. Recall that the
Boolean connectives ¬ and ∧ are MΣ0(σ)-definable (see Example .). With this
in mind, the following is clear: if TL is some BoolMΣn(σ)-definable temporal logic
and F ∈ TL, then one can compute in time polynomial in |TL| an MΣn(σ)-definable
temporal logic TL′ and in time polynomial in |TL| and |F | a formula F ′ ∈ TL′ such
that we have

A, v |=TL F ⇐⇒ A, v |=TL′ F
′

for all σ-structures A and v ∈ UA. Analogously, every BoolAΣn(σ)-definable tem-
poral logic is also AΣn(σ)-definable.
Using similar arguments, given an MΣn(σ)-definable temporal logic TL and a

formula F ∈ TL, we can obtain in time linear in |TL| an MΠn(σ)-definable temporal
logic TL′ and in time linear in |TL| and |F | a formula F ′ ∈ TL′ such that F and F ′

are equivalent. Of course, the converse direction also holds.

The next proposition states that, if the following two requirements are fulfilled,
every modality definition from MΣn(σ) can be written as an AΣn+1(σ)-formula.

– One is only interested in some class C of σ-structures whose degree is bounded
by some k ≥ 0.

– Every Hanf formula is equivalent to an existential FO(σ)-formula w.r.t. C.

Later, we will show that the types of structures we consider fulfill the above two
conditions.

Proposition .. Let σ be a signature and C be a class of σ-structures whose degree
is bounded by k ≥ 0 such that every Hanf formula is equivalent to an existential
FO(σ)-formula w.r.t. C. Furthermore, let TL be an MΣn(σ)-definable temporal logic
for some n ≥ 0. There exists an AΣn+1(σ)-definable temporal logic TL′ such that,
given F ∈ TL, one can compute in time poly(|F |) a formula F ′ ∈ TL′ such that we
have

A, v |=TL F ⇐⇒ A, v |=TL′ F
′

for all σ-structures A from C and v ∈ UA.

Proof. Let ϕ(X,x) be a modality definition from TL. Since ϕ ∈ MΣn(σ), it is of
the form

∃Y 1 ∀Y 2 . . . ∃/∀Y n ϕ0(X,Y , x)

with ϕ0 ∈ FO(σ). Then, by Theorem ., there exists a Boolean combination ψ0 of
existential FO(σ)-formulas which is equivalent to ϕ0 w.r.t. C. Hence, if n = 0, then
TL is BoolAΣ1(σ)-definable, i.e., Prop. . follows from Remark ..

In contrast, if n ≥ 1, then the formula

∃Y 1 ∀Y 2 . . . ∃/∀Y n ψ0(X,Y , x)
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can be easily brought into the form required by AΣn+1(σ) (using the usual rules
for renaming of bound variables and regrouping of quantifiers, e.g., α ∨ ∃x : β can
be transformed into ∃x (α ∨ β) if x does not occur freely in α) and is obviously
equivalent to ϕ w.r.t. C. Hence, given a formula F ∈ TL, it suffices to simply set
F ′ = F . �

We now prove that any temporal formula of an arbitrary MSO(σ)-definable tem-
poral logic can be translated into an equivalent MSO(σ)-formula of a very special
form in polynomial time. Later, this will allow us to conveniently transform an
arbitrary temporal formula into an equivalent and small (tree) automaton. Hence,
unlike in [GK, GK], we do not construct so-called modality automata.
When reading the following proposition, we advise the reader to think of σ as

the word signature σWORD(Γ) and of R as the relation symbol min ∈ σWORD(Γ).

Proposition .. Let σ be a signature, R ∈ σ with ar(R) = 1, and n ≥ 1. Given
an AΣn(σ)-definable temporal logic TL and F ∈ TL, one can compute in time
polynomial in |TL|+ |F | a sentence

ψ = ∃X
[∧

G∈sub(F )

(
ψ1,G(X) ∧ ∀y ψ2,G(X, y)

)]
(where X is a tuple of set variables) such that

– ψ1,G ∈ AΠn(σ) and ψ2,G ∈ AΣn(σ) for all G ∈ sub(F ),

– ψ1,G and ψ2,G can be computed in time polynomial in |TL| and independent
from |F | for all G ∈ sub(F ), and,

– for all σ-structures A, we have

A |= ψ ⇐⇒ (A, a |= F for all a ∈ RA) .

Proof. Let TL = (B, ar, defi) and {F1, . . . , Fm} be the set of subformulas of the
temporal formula F with F = F1. Then let X = (X1, . . . , Xm) and define AΣn(σ)-
formulas ξi(X, y) as follows:

ξi(X, y) = defi(MOD)(Xi1 , . . . , Xik , y) if Fi = MOD(Fi1 , . . . , Fik)

The idea is that Xi is the set of elements from UA where Fi holds, i.e., Xi = FA,TL
i .

Having this idea in mind, the following is obvious: If A is a σ-structure, then
A, a |= F for all a ∈ RA if and only if A satisfies the MSO(σ)-formula

∃X
[
α ∧

∧
i∈[m] ∀y

(
Xi(y)↔ ξi(X, y)

)]
where α = ∀x (R(x)→ X1(x)). Note that this formula is logically equivalent to

∃X
[∧

i∈[m]

(
α ∧ ∀y (Xi(y) ∨ ¬ξi(X, y)) ∧ ∀y (¬Xi(y) ∨ ξi(X, y))

)]
.

Now, for all i ∈ [m], we set:

ψ1,i(X) =
(
α ∧ ∀y (Xi(y) ∨ ¬ξi(X, y))

)
ψ2,i(X, y) =

(
¬Xi(y) ∨ ξi(X, y)

)
Since ξi ∈ AΣn(σ) and ¬ξi ∈ AΠn(σ), the formulas ψ1,i and ψ2,i can be brought
into the form required by AΠn(σ) resp. AΣn(σ) (using the usual rules for renaming
of bound variables and regrouping of quantifiers) for all i ∈ [m]. Clearly, the ψk,i’s
can be computed in time polynomial in |TL|. �

It follows from Prop. . that, in order to solve for instance the satisfiability problem
of anMSO(σ)-definable temporal logic, it suffices to decide the satisfiability problem
of an MSO(σ)-sentence of a certain form.





3

P ICTURES

In order to be able to present plain and modular proofs for lower bounds on various
satisfiability and model checking problems, we first state lower bounds on two
satisfiability problems of MSO-definable temporal logics expressing properties of
pictures.

Most parts of this section were obtained in collaboration with Benedikt Bollig
and Dietrich Kuske and have been published in an extended abstract [BKM].

. definitions

Intuitively, a picture is a grid whose cells are labeled using letters from some alpha-
bet Γ and which comes with a relation for the direct horizontal successor (Sh) and
a relation for the direct vertical successor (Sv). More formally:

Let Γ be an arbitrary alphabet. By Γ, we denote the picture signature

{Sh, Sv} ∪ {µγ | γ ∈ Γ}

where ar(Sh) = ar(Sv) = 2 and ar(µγ) = 1 for all γ ∈ Γ.

If k,m ≥ 1, then a picture with k rows and m columns over Γ, called (k,m,Γ)-
picture, is a Γ-structure P where

– UP = [k]× [m],

– the sets µPγ with γ ∈ Γ form a partition of UP ,

– SPh =
{(

(r, c), (r, c+ 1)
)
| r ∈ [k], c ∈ [m− 1]

}
, and

– SPv =
{(

(r, c), (r + 1, c)
)
| r ∈ [k − 1], c ∈ [m]

}
.

The elements of UP are called cells. For convenience, we define µP : UP → Γ to be
the mapping where µP (r, c) = a if (r, c) ∈ µPa for (r, c) ∈ UP .

Example .. Figure  shows the (3, 3, {a, b})-picture P where

µPa = {(1, 1), (2, 2), . . .} , and
µPb = {(1, 2), (1, 3), . . .} .

a b b

b a b

a a a

Figure : The picture P from Example ..
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Example .. Consider theMSO( Γ)-formula lc(x) = ¬∃y Sh(y, x). If P is a picture
and (r, c) ∈ UP , then P, (r, c) |= lc if and only if (r, c) is contained in the leftmost
column of P . Analogously, rc(x) = ¬∃y Sh(x, y) expresses that x is a cell in the
rightmost column. Now, consider the following two MSO( Γ)-formulas:

ul(x) = lc(x) ∧ ¬∃y Sv(y, x)

lr(x) = rc(x) ∧ ¬∃y Sv(x, y)

We have P, (r, c) |= ul if and only if (r, c) = (1, 1). Analogously, lr(x) expresses that
x is the cell (k,m) in the lower right-hand corner of P .

Let n ≥ 0. By UNI-SAT-BMΣn-PIC, we denote the uniform satisfiability problem
for BoolMΣn( Γ)-definable temporal logics which reads as follows:

Input: BoolMΣn( Γ)-definable temporal logic TL,
temporal formula F ∈ TL,
number of columns m ∈ N

Question: Are there k ≥ 1 and a (k,m,Γ)-picture P such that we have
P, (1, 1) |= F?

Now, let TL be a fixedMSO( Γ)-definable temporal logic. The satisfiability problem
of TL, denoted by SAT-TL-PIC, is defined as follows:

Input: temporal formula F ∈ TL,
number of columns m ∈ N

Question: Are there k ≥ 1 and a (k,m,Γ)-picture P such that we have
P, (1, 1) |= F?

. satisfiability problem of a fixed temporal logic

The aim of this section is to prove the following lower bound:

Theorem .. Let n ≥ 1. There exists an MΠn( Γ)-definable temporal logic TL
such that its satisfiability problem SAT-TL-PIC is n-EXPSPACE-hard.

In order to give evidence of the above theorem, we reduce the word problem of some
Turing machine solving an n-EXPSPACE-hard problem to the satisfiability problem
SAT-TL-PIC of some MSO( Γ)-definable temporal logic TL. For this, we adapt
techniques from [MT, Rei, GK, GK]. The actual proof of Theorem .
can be found at the end of this section on page .

Definition .. For all ` ∈ N, the function F` : N → N is defined inductively as
follows:

F0(m) = m

F`+1(m) = F`(m) · 2F`(m)
for all m ∈ N

Clearly, we have tower(`,m) ≤ F`(m) for all ` ≥ 0 and m ≥ 1. Hence, the existence
of the following Turing machines is guaranteed:

Let n ≥ 0. By TMn, we denote a fixed Turing machine fulfilling the following
conditions:

– TMn runs in space Fn(m)− 3 on an input of length m− 2.
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– TMn accepts some n-EXPSPACE-hard problem.

– TMn exhibits exactly one initial state q0.

– TMn has exactly one accepting state q1. It is distinct from q0 and halting.

Let ΓTM be the tape alphabet (which includes the blank symbol �) and Q the set
of states of TMn. Furthermore, let Γ = ΓTM]Q]{., /} (. and / are used as end-of-
tape markers). An m-configuration of TMn is a word .αqβ/ ∈ Γ∗ of length Fn(m)

where αβ ∈ Γ∗TM is the tape content, q ∈ Q is the current state, and the head is on
the first letter of β. It is initial if q = q0 and α = ε. It is accepting if q = q1.
An m-computation of TMn of length ` ≥ 1 is a sequence ζ = ζ1ζ2 . . . ζ` where ζi

are m-configurations of TMn such that ζi+1 can be reached from ζi in one step for
all 1 ≤ i < `. We say that ζ is initial (accepting) if ζ1 (ζ`) is initial (accepting).

Now let P be a (k,m,Γ)-picture. The concatenation of the rows of P , denoted by
seq(P ), is given by

µP (1, 1)µP (1, 2) . . . µP (1,m)µP (2, 1) . . . µP (2,m)µP (3, 1) . . . µP (k,m) ∈ Γk·m .

Let v be some input word of length m − 2. Suppose v is accepted by TMn. Since
TMn uses space Fn(m)− 3, there is an initial and accepting m-computation ζ with
input v. Then |ζ| (the length of the word ζ and not the number of configurations
in ζ) is a multiple of Fn(m) and therefore of m. Consequently, there exists a picture
P such that

() P has m = |v|+ 2 columns and

() seq(P ) = ζ, i.e., seq(P ) is an initial and accepting m-computation of TMn

with input v.

Hence, a word v of length m−2 is accepted by TMn if and only if there is a picture
P satisfying the conditions () and (). Since we want to reduce the language of
TMn to the satisfiability problem SAT-TL-PIC of the (not yet defined) temporal
logic TL, the logic has to be able to express this property.

For a (k,m,Γ)-picture P , the function posP : UP → [k ·m] maps every cell (r, c) to
the corresponding position within seq(P ), i.e., posP (r, c) = (r − 1) ·m+ c.

The first lemma states that there exists a simple formula interval(x, y, Z) which
ensures that Z contains exactly those cells which make up the interval between
the cells x and y in the sequence seq(P ). The existence of an MSO( Γ)-formula
expressing this fact is rather straightforward, the crucial point is to get a formula
from MΣ1( Γ).

Lemma .. There exists a formula interval(x, y, Z) ∈ MΣ1( Γ) such that, for all
(k,m,Γ)-pictures P , cells (r1, c1), (r2, c2) ∈ UP , and I ⊆ UP , we have

P, (r1, c1), (r2, c2), I |= interval

⇐⇒

(
posP (r1, c1) ≤ posP (r2, c2) and
I = {(r, c) ∈ UP | posP (r1, c1) ≤ posP (r, c) ≤ posP (r2, c2)}

)

Proof. Let after(x,X) denote the following FO( Γ)-formula:

X(x) ∧ ∀y (Sh(y, x)→ ¬X(y)) ∧ ∀y (Sv(y, x)→ ¬X(y)) (a)
∧ ∀y [X(y)↔ (x = y ∨ ∃z ∈ X (Sh(z, y) ∨ Sv(z, y) ∨ (Sh(y, z) ∧ z 6= x)))] (b)
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Let P be a picture, (r, c) ∈ UP , and A ⊆ UP . We show that P, (r, c), A |= after
if and only if A = {(r′, c′) ∈ UP | posP (r, c) ≤ posP (r′, c′)}. Suppose that
P, (r, c), A |= after. The first line expresses that the cell (r, c) is in A and that
its left neighbor (r, c− 1) (if existent) and upper neighbor (r− 1, c) (if existent) are
not contained in A. From (r, c) ∈ A and the implication → in (b), we obtain that
all cells of the form (r, c + j), (r + i, c + j), and finally (r + i + 1, c− j) belong to
A for all i, j ∈ N. In other words, {(r′, c′) ∈ UP | posP (r, c) ≤ posP (r′, c′)} ⊆ A.
Now assume (r′, c′) ∈ A with posP (r′, c′) < posP (r, c). Then the implication ←
from (b) allows to show that (r − 1, c) ∈ A (if r′ < r) or (r, c− 1) ∈ A (if c′ < c),
contradicting (a). Hence, we have A = {(r′, c′) ∈ UP | posP (r, c) ≤ posP (r′, c′)}.
Conversely, if A = {(r′, c′) ∈ UP | posP (r, c) ≤ posP (r′, c′)}, then it can be easily
checked that P, (r, c), A |= after.
Analogously, we can define an FO( Γ)-formula before(x,X) such that we have

P, (r, c), B |= before if and only if B = {(r′, c′) ∈ UP | posP (r′, c′) ≤ posP (r, c)} for
all pictures P , (r, c) ∈ UP , and B ⊆ UP . Now, let interval(x, y, Z) be the following
formula:

∃X,Y [after(x,X) ∧ before(y, Y ) ∧ Z = X ∩ Y ∧ Z 6= ∅]

We write Z = X ∩ Y for the FO( Γ)-formula ∀x (Z(x) ↔ (X(x) ∧ Y (x))). Simi-
larly, Z 6= ∅ is an abbreviation for ∃xZ(x) ∈ FO( Γ). Hence, the above formula
interval(x, y, Z) can be brought into the form required by MΣ1( Γ). Note that we
must have posP (x) ≤ posP (y) because of the presence of Z 6= ∅. �

The next lemma presents a formula succ(X,Y ) ensuring that Y contains exactly
the direct successors (w.r.t. seq(P )) of the cells from X. In particular, if X contains
a cell (r,m) from the rightmost column of a (k,m,Γ)-picture P , then Y contains
the cell (r + 1, 1) (provided that r < k) because posP (r,m) + 1 = posP (r + 1, 1).

Lemma .. There is a formula succ(X,Y ) ∈ MΣ1( Γ) such that, for all (k,m,Γ)-
pictures P and sets H,S ⊆ UP , we have

P,H, S |= succ

⇐⇒ S = {(r, c) ∈ UP | there is (r′, c′) ∈ H s.t. posP (r, c) = posP (r′, c′) + 1} .

We write succ(x, y) as an abbreviation for the MΣ1( Γ)-formula

∃X,Y [∀z (X(z)↔ z = x) ∧ ∀z (Y (z)↔ z = y) ∧ succ(X,Y )] .

Assuming Lemma ., we have

P, (r1, c1), (r2, c2) |= succ(x, y) ⇐⇒ posP (r2, c2) = posP (r1, c1) + 1

for all pictures P and (r1, c1), (r2, c2) ∈ UP .

Proof (of Lemma .). Let succ(X,Y ) be the following MΣ1( Γ)-formula (where
lc(x) and rc(x) are the formulas from Example .):

∃Z
∀x [rc(x)→ (Z(x)↔ X(x))] (a)
∧ ∀x, y [Sh(x, y)→ (Z(x)↔ Z(y))] (b)
∧ ∀x

[
Y (x)↔ ∃y

(
(Sh(y, x) ∧X(y)) ∨ (lc(x) ∧ ∃y ∈ Z Sv(y, x))

)]
(c)

Let P be a picture and X,Y, Z ⊆ UP such that the lines (a)–(c) hold. The
lines (a) and (b) say that an arbitrary cell of P is contained in Z if and only if
the cell in the last column of the same row is contained in X. Therefore, we have
Z = {(r, c) ∈ UP | (r,m) ∈ X}. Line (c) expresses that a cell is contained in Y if
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posP (x) posP (x′) posP (y′) posP (y)

0 1 0 1 1 0 1
Y0

0 . . . . . . 0 0 . . . . . . 0 10 . . . . . 0 01 . . . . . 1 1 . . . . . . 1
Y1

1 . . . . . . 1

Fn(m) Fn(m) Fn(m) Fn(m) Fn(m) Fn(m)

X

Figure : This picture visualizes the situation ensured by the formula bigstepn+1 of the
proof of Lemma .. The thick line illustrates seq(P ). The vertical lines drawn
on the thick line mark the positions of the elements from Z. The bits below the
positions show whether they represent a 0 or 1 through the set B. The arrows
indicate that the positions of successive elements of Z have distance Fn(m).

and only if (i) its left neighbor is in X or (ii) it is in the leftmost column and its
upper neighbor is contained in Z (i.e., the rightmost cell of the row directly above
belongs to X). Hence, we have

Y = {(r, c) ∈ UP | there exists (r′, c′) ∈ X s.t. posP (r, c) = posP (r′, c′) + 1} .

Conversely, if P is a picture, H ⊆ UP , and S is as above, then it can be easily
checked that P,H, S |= succ. �

Recall that we want to express that seq(P ) is anm-computation of TMn. To do this,
we have in particular to relate the positions i and i+Fn(m) (where m is the number
of columns of P ) in seq(P ). Since our formulas are interpreted over the picture P ,
we actually need a formula ϕ(x, y) expressing that posP (y) = posP (x) + Fn(m).
This is the purpose of the following lemma, its proof uses the technique introduced
in [MT] and employed in [Rei, GK, GK].

Lemma .. There exists a formula bigstepn(x, y) ∈ MΣn( Γ) such that, for all
(k,m,Γ)-pictures P and cells (r1, c1), (r2, c2) ∈ UP , we have

P, (r1, c1), (r2, c2) |= bigstepn ⇐⇒ posP (r2, c2) = posP (r1, c1) + Fn(m) .

Proof. The lemma is shown by induction on n. Let P be a (k,m,Γ)-picture. Since
F0(m) = m and since every row of P contains precisely m elements, we can set
bigstep0(x, y) = Sv(x, y), a formula from FO( Γ) = MΣ0( Γ).
For n ≥ 0, let bigstepn+1(x, y) denote the following formula (we advise to read

the explanations below and look at Fig.  simultaneously with each line of the
formula):

∃X,Y0, Y1, Z,B, S, x
′, y′

interval(x, y,X) ∧ interval(x, x′, Y0) ∧ interval(y′, y, Y1) (a)
∧ X(x′) ∧X(y′) (b)
∧ bigstepn(x, x′) ∧ bigstepn(y′, y) (c)
∧ Z ∩ Y0 = {x, x′} ∧ ∀z1, z2 ∈ X [bigstepn(z1, z2)→ (Z(z1)↔ Z(z2))] (d)
∧ Z(y) (e)
∧ succ(B,S) (f)
∧ B ∩ (Y0 \ {x′}) = ∅ (g)
∧ Y1 \ {y} ⊆ B (h)
∧ ∀z1, z2 ∈ Z [bigstepn(z1, z2)→ (B(z1)↔ ¬B(z2))] (i)
∧ ∀z1, z2 ∈ X [(bigstepn(z1, z2) ∧ ¬Z(z1)) (j)
→ ((S(z1) ∧ ¬S(z2))↔ (¬B(z1)↔ B(z2)))]

∧ ∀z1, z2 ∈ X [(bigstepn(z1, z2) ∧ Z(z1) ∧ S(z1))→ S(z2)] (k)
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Let P be a (k,m,Γ)-picture, X,Y0, Y1, Z,B, S ⊆ UP and x, y, x′, y′ ∈ UP such that
the lines (a)–(k) hold. In particular, line (a) expresses that posP (x) ≤ posP (y),
posP (x) ≤ posP (x′), posP (y′) ≤ posP (y), and:

X = {(r, c) ∈ UP | posP (x) ≤ posP (r, c) ≤ posP (y)} (a)

Y0 = {(r, c) ∈ UP | posP (x) ≤ posP (r, c) ≤ posP (x′)} (b)

Y1 = {(r, c) ∈ UP | posP (y′) ≤ posP (r, c) ≤ posP (y)} (c)

Together with (b), we obtain posP (x) ≤ posP (y′) and posP (x′) ≤ posP (y). By the
induction hypothesis for bigstepn, line (c) says that posP (x′) = posP (x) + Fn(m)

and posP (y) = posP (y′) + Fn(m).
From (d), we obtain

Z ∩X = {(r, c) | posP (r, c) = posP (x) + k · Fn(m), k ∈ N} ∩X .

Together with (e), we obtain posP (y) = posP (x) + k · Fn(m) for some k > 0.
In other words, the set Z divides the interval {posP (x), posP (x) + 1, . . . , posP (y)}
represented byX into blocks of length Fn(m) each. The first block starts at position
posP (x) and the last one at position posP (y′). With any such block, we associate
a natural number depending on the set B: if the block starts at position posP (z)

with z ∈ Z and

C = {i < Fn(m) | there exists (r, c) ∈ B such that posP (r, c) = posP (z) + i} ,

then the associated number is
∑
i∈C 2i. In other words, each block is interpreted

as a binary number (least significant bit first) where B contains those bits which
are set to 1. Line (f) says that

S = {(r, c) ∈ UP | there exists (r′, c′) ∈ B s.t. posP (r, c) = posP (r′, c′) + 1} . ()

Recalling that Y0 \ {x′} represents the first block, (g) expresses that its associated
number is 0. Dually, using (h), we deduce that

∑
0≤i<Fn(m) 2i = 2Fn(m)− 1 is the

number associated with the final block represented by Y1 \ {y}. We show that the
blocks “count” from 0 to 2Fn(m)−1. By (i), the least significant bits of consecutive
blocks alternate. Considering line (j), the premise expresses that z1 and z2 mark
the same position i in consecutive blocks and that z1 (and therefore z2) is not the
first position of a block. The conclusion says that the (i − 1)-th bit drops from 1

to 0 if and only if the i-th bit changes. Hence, line (j) expresses that the number
associated with the following block is obtained by adding one modulo 2Fn(m). The
final formula (k) ensures that the last (most significant) bit never drops from 1 to
0. Hence, the number of blocks must be 2Fn(m). Since each of them is of length
Fn(m), we obtain posP (y) = posP (x) + Fn(m) · 2Fn(m) = posP (x) + Fn+1(m).
For the converse direction, let P be a (k,m,Γ)-picture and x, x′, y′, y ∈ UP such

that we have posP (x) = posP (y) + Fn+1(m), posP (x′) = posP (x) + Fn(m), and
posP (y) = posP (y) + Fn(m). Let X,Y0, Y1 ⊆ UP be as in the lines (a) – (c).
Furthermore, let

Z = X ∩ {(r, c) ∈ UP | posP (r, c) = posP (x) + k · Fn(m), k ∈ N} ,

i.e., Z divides X into 2Fn(m) many blocks of length Fn(m). Let B ⊆ UP such
that, for every i ∈ [2Fn(m)], the i-th block represents the number i− 1 in the above
sense. Finally, let S be as in line (). It can be checked by easy inspection that the
lines (a)–(k) hold.
By induction, bigstepn ∈ MΣn( Γ). Note that this formula occurs in the lines

(b), (c), (d), (i), (j), and (k). At all these places, it occurs either positively
under the existential quantification in the very first line, or negatively under an
additional universal quantification. Hence, bigstepn+1 ∈ MΣn+1( Γ) as required.�
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We are now ready to express that a (sufficiently large) picture P encodes an initial
and accepting m-computation (where m is the number of columns of P ):

Proposition .. There exists a sentence compn ∈ MΠn( Γ) such that, for all
(k,m,Γ)-pictures P with |seq(P )| > Fn(m), we have

P |= compn ⇐⇒ seq(P ) is an initial and accepting m-computation of TMn .

Proof. Let P be a (k,m,Γ)-picture with |seq(P )| > Fn(m). Consider the following
formula:

α1 = ∃x (ul(x) ∧ µ.(x)) ∧ ∃x (lr(y) ∧ µ/(y))

∧ ∀x, y [succ(x, y)→ (µ/(x)↔ µ.(y))]

Note that ul(x) and lr(x) are the formulas from Example .. If P |= α1, then,
by the first line of α1, the cell (1, 1) is labeled by . and (k,m) is labeled by /.
The second line expresses that each cell from UP \ {(1, 1)} labeled by . is directly
preceded by a /-labeled cell in seq(P ) and that each cell from UP \{(k,m)} labeled
by / is followed by a .-cell. Consequently, the picture P satisfies the formula α1 if
and only if seq(P ) is in (.(Γ \ {., /})∗/)+.
Recall that seq(P ) is assumed to be at least of length Fn(m) + 1. Therefore, P

satisfies the conjunction of α1 and

α2 = ∀x, y,X

[(
bigstepn(x, y) ∧ µ.(x)

∧ interval(x, y,X)

)
→ X ∩ µ. = {x, y}

]

∧ ∀x, y,X

[(
bigstepn(x, y) ∧ µ/(y)

∧ interval(x, y,X)

)
→ X ∩ µ/ = {x, y}

]
if and only if seq(P ) ∈ (ΓFn(m) ∩ .(Γ \ {., /})∗/)+, i.e., each factor of seq(P ) from
.(Γ \ {., /})∗/ is of length Fn(m). Similarly, the formula

α3 = ∀x, y,X

[(
bigstepn(x, y) ∧ µ.(x)

∧ interval(x, y,X)

)
→ |X ∩ µ−1(Q)| = 1

]
.

ensures that each factor of seq(P ) from .(Γ \ {., /})∗/ contains exactly one state
from the set of states Q of TMn. Hence, we have P |= α1 ∧ α2 ∧ α3 if and only if

seq(P ) ∈ C =
(
ΓFn(m) ∩ .Γ∗TMQΓ∗TM /

)+ .

Note that there is a finite relation Rn ⊆ Γ6 such that ζ ∈ C is an m-computation
of the Turing machine TMn if and only if, for all γ1, γ2, γ3, δ1, δ2, δ3 ∈ Γ with
ζ ∈ Γ∗γ1γ2γ3ΓFn(m)−3δ1δ2δ3Γ∗, we have (γ1, γ2, γ3, δ1, δ2, δ3) ∈ Rn. Let

α4 = ∀x1, x2, x3, y1, y2, y3
(
bigstepn(x1, y1) ∧ succ(x1, x2) ∧ succ(x2, x3)

∧ succ(y1, y2) ∧ succ(y2, y3)

)

→
∨

(γ1,γ2,γ3,δ1,δ2,δ3)∈Rn

(
µγ1(x1) ∧ µγ2(x2) ∧ µγ3(x3)

∧ µδ1(y1) ∧ µδ2(y2) ∧ µδ3(y3)

)


The picture P satisfies ψ =
∧
i∈[4] αi if and only if seq(P ) is an m-computation of

TMn. Let q0 be the initial and q1 be the final state of the Turing machine TMn.
Consider the following formula (where ul(x) is the formula from Example .):

α5 = ∀x, y [(ul(x) ∧ Sh(x, y))→ µq0(y)]

∧ ∀x, y,X

[
(ul(x) ∧ bigstepn(x, y) ∧ interval(x, y,X))

→ ∀z ∈ X \ {y} (µ(z) ∈ {/,�} ↔ ∃z′ Sv(z
′, z))

]
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Intuitively, α5 expresses that the cell (1, 2) is labeled by q0 (whereas (1, 1) is labeled
with . by formula α1) and that all rows belonging to the first configuration but the
first row are labeled by the symbols � and /, respectively. Later, it will be ensured
that the cells (1, 3), . . . , (1,m) contain the input word of length m− 2.
The picture P satisfies the formula ψ =

∧
i∈[5] αi if and only if seq(P ) is an initial

m-computation of TMn, i.e., seq(P ) is anm-computation and the first configuration
of seq(P ) is an initial configuration of TMn on an input word of length m− 2. The
last formula to consider is the following:

α6 = ∃z (µq1(z))

Recall that the sole accepting state of the Turing machine TMn is halting. Hence,
P satisfies compn =

∧
i∈[6] αi if and only if seq(P ) is an initial and accepting m-

computation of TMn.
Moreover, compn can be written as an MΠn( Γ)-formula since it is a conjunction

of at most MΠn( Γ)-formulas. The formula α1 is an MΠ1( Γ)-formula because the
MΣ1( Γ)-formula succ(x, y) only occurs negatively under universal quantification.
In the formulas α2 – α5, the MΣn( Γ)-formula bigstepn and the MΣ1( Γ)-formulas
succ(x, y) and interval(x, y,X) only occur negatively under universal quantification.
Therefore, α2, . . . , α5 ∈ MΠn( Γ). Clearly, α6 ∈ MΠ0( Γ). �

Consider the MΠn( Γ)-definable temporal logic TL based on the usual boolean
connectives and the constants COMPUTATION and TOOSHORT where

defi(COMPUTATION) = compn ,
defi(TOOSHORT) = ∀x, y ¬bigstepn(x, y) ,

compn is the formula from Prop. ., and bigstepn is the formula from Lemma ..
Recall that every initial and accepting computation of TMn has at least length 2

since no state is initial and accepting at the same time. If P is a picture with m
columns, then by Prop. . the following holds:

P |= ¬TOOSHORT ∧ COMPUTATION

⇐⇒ |seq(P )| > Fn(m) and P |= COMPUTATION

⇐⇒ seq(P ) is an initial and accepting m-computation of Mn of length ≥ 2

Now, we are ready to prove the desired lower bound for the satisfiability problem
of MΠn( Γ)-definable temporal logics:

Proof (of Theorem .). Recall that TMn works in space Fn(m) − 3 where m − 2

is the length of the input. Let SH be the unary modality where defi(SH) is given
by ∃y (Sh(x, y) ∧ X1(y)). Intuitively, SHF holds at a cell if F holds at its right
neighbor. Now, consider the MΠn( Γ)-definable temporal logic TL based on the
modality SH, the modalities ¬, ∧, and TRUE from Example ., and the constants
COMPUTATION and TOOSHORT from above. Let v = v1 . . . vm−2 be an input
word of the Turing machine TMn and consider the formula

INITv = SH (. ∧ SH (q0 ∧ SH (v1 ∧ SH (v2 ∧ SH (. . . vm−2 ∧ ¬ SH(TRUE)) . . .))))

which intuitively expresses the fact that the first configuration is actually the initial
configuration of TMn on the input word v and that the picture has exactly m

columns. Then the input v is accepted by TMn if and only if there is a picture P
with m columns such that

P, (1, 1) |= ¬TOOSHORT ∧ COMPUTATION ∧ INITv .

Note that this formula can be constructed from v in linear time. Since the language
of TMn is n-EXPSPACE-hard, SAT-TL-PIC is n-EXPSPACE-hard, too. �
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In this section, we state a lower bound on UNI-SAT-BMΣn-PIC. Let n ≥ 1 and TL
be an MΣn( Γ)-definable temporal logic whose satisfiability problem SAT-TL-PIC
is n-EXPSPACE-hard (cf. Theorem .). Then (F,m) 7→ (TL, F,m) is a trivial
polynomial time reduction from SAT-TL-PIC to UNI-SAT-BMΣn-PIC. Hence, it
follows that UNI-SAT-BMΣn-PIC is n-EXPSPACE-hard. However, we can even
show that it is hard for (n+ 1)-fold exponential space. For this, we directly reduce
the word problem of the already defined Turing machine TMn+1 (which solves an
(n+ 1)-EXPSPACE-complete problem) to UNI-SAT-BMΣn-PIC. This is done in the
spirit of Sect. ..
Our first lemma states that, given m ≥ 1, one can construct in polynomial time

a first-order formula expstepm(x, y) expressing that two cells x and y belonging to
a picture with m columns have distance F1(m) = m · 2m.

Lemma .. From m ≥ 1, one can construct a sentence expstepm(x, y) ∈ FO( Γ)

such that, for all k ≥ 1, (k,m,Γ)-pictures P , and cells (r1, c1), (r2, c2) ∈ UP , we
have

P, (r1, c1), (r2, c2) |= expstepm ⇐⇒ posP (r2, c2) = posP (r1, c1) + F1(m) .

Proof. The formula expstepm(x, y) is obtained inductively. Since every row of P
contains precisely m cells, we can set expstep0(x, y) = Sv(x, y). If ` ≥ 1, then we
set

expstep`(x, y) = ∃z ∀z1, z2 [(z1, z2) ∈ {(x, z), (z, y)} → expstep`−1(z1, z2)]

Clearly, expstepm is an FO( Γ)-formula which can be constructed in polynomial
time. It can be shown that it fulfills the above lemma. �

Lemma .. Let n ≥ 0 be fixed. From m ≥ 1, one can construct a formula
expbigstepn,m(x, y) ∈ MΣn( Γ) such that, for all k ≥ 1, (k,m,Γ)-pictures P , and
cells (r1, c1), (r2, c2) ∈ UP , we have

P, (r1, c1), (r2, c2) |= expbigstepn,m ⇐⇒ posP (r2, c2) = posP (r1, c1) + Fn+1(m) .

Proof. Let expbigstepn,m(x, y) be the formula which is obtained from bigstepn(x, y)

(see Lemma .) by replacing the definition of bigstep0(x, y) by expstepm(x, y). Since
expstepm can be constructed in time polynomial in m and since n is a constant,
expbigstepn,m can be constructed in polynomial time as well. By an easy inspection
of the proof of Lemma . one can see that expbigstepn,m fulfills Lemma .. �

The following proposition is similar to Prop. .. However, this time, the con-
structed formula compm,n depends on m and guarantees that the picture represents
a computation of TMn+1.

Proposition .. Let n ≥ 1 be fixed. Given m ≥ 1, one can construct in time
polynomial in m an MΠn( Γ)-sentence compm,n such that, for all k ≥ 1 and for
all (k,m · 2m,Γ)-pictures P with |seq(P )| > Fn+1(m), we have

P |= compm,n ⇐⇒ seq(P ) is an initial and accepting m-computation of TMn+1 .

The proof of the above proposition is similar to the proof of Prop. .. The main
difference is the use of expbigstepn,m instead of bigstepn.

Theorem .. For all n ≥ 1, UNI-SAT-BMΣn-PIC is (n+ 1)-EXPSPACE-hard.

The proof of Theorem . is analogous to the proof of Theorem . on page .
Again, expbigstepn,m is used instead of bigstepn.
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PREL IMINARIES

In this chapter, we introduce fundamental definitions relevant to concurrent systems
passing messages. In Sect. ., we define message sequence charts (MSCs) and give
example modalities. The purpose of Sect. . is the introduction of communicating
finite-state machines (CFMs). In Sect. ., we deal with linearizations of MSCs.
Section . contains the definitions of various model checking and satisfiability
problems for MSO-definable temporal logics and CFMs. Finally, in Sect. ., we
give a formal definition of Büchi automata.

In the following, the set of processes is always of the form {1, 2, . . . , p} for some
p ≥ 2. By Chp = {(p, q) ∈ [p]2 | p 6= q} we denote the set of communication
channels. For all p ≥ 2 and p ∈ [p], we define a local alphabet Γ(p, p) given by
{p!q, p?q | q ∈ [p] \ {p}} which we use in the following way: An event labeled by p!q
marks the send event of a message from process p to process q whereas p?q is the
label of a receive event of a message sent from q to p. We set Λp =

⋃
p∈[p] Γ(p, p)

for all p ∈ N.

. message sequence charts

Message sequence charts (MSCs) model the behavior of a finite set of parallel pro-
cesses communicating using FIFO (first in, first out) channels. The following ex-
ample shows that they come with a convenient graphical representation.

Example .. Figure  shows a finite MSC M over two processes.

In the graphical representation of an MSC M over p processes, there is a vertical
axis for every process from [p]. On the edge for process p ∈ [p], the events occurring
on p are drawn as small black circles. Thus, a linear ordering �Mp on the set of
events from process p is implicitly defined. In the formal definition of an MSC,
which we give in the following, the direct successor relation induced by the linear
ordering �Mp is denoted by procMp . For technical convenience, we force processes

1 2

Figure : An example of a finite MSC.





 preliminaries

to contain at least one event. Messages sent between two processes are depicted
by arrows pointing from the send event to the matching receive event. Formally,
messages are represented by the binary relation msgM . We require that there exists
a matching receive event for every send event and vice versa.

Definition .. Let p ≥ 2 and m ∈ N. By p, we denote the MSC signature

{procp | p ∈ [p]} ∪ {min,max,msg, snd, rec} ∪ {λγ | γ ∈ Λp}

where

– ar(msg) = ar(procp) = 2 for all p ∈ [p],

– ar(min) = ar(max) = ar(λγ) = 1 for all γ ∈ Λp, and

– ar(snd) = ar(rec) = 1 for all p ∈ [p].

A message sequence chart (MSC , for short) over p processes is a p-structure M
where

– the sets (λMγ )γ∈Λp
form a partition of UM ,

– for all p ∈ [p], the relation procMp is the direct successor relation of a linear
order �Mp on UMp :=

⋃
γ∈Γ(p,p) λ

M
γ (which is the set of events on process p),

– for all p ∈ [p], (UMp ,�Mp ) is non-empty and finite or isomorphic to (N,≤),

– for all v, w ∈ UM , we have (v, w) ∈ msgM if and only if there exists (p, q) ∈ Ch
such that v ∈ λMp!q, w ∈ λMq?p, and

|{u ∈ λMp!q | u �Mp v}| = |{u ∈ λMq?p | u �Mq w}| ,

– sndM = {v ∈ UM | there exists (p, q) ∈ Chp such that v ∈ λMp!q},

– recM = {v ∈ UM | there exists (p, q) ∈ Chp such that v ∈ λMp?q},

– minM = {v ∈ UMp | v is minimal w.r.t. �Mp for some p ∈ [p]}, and

– maxM = {v ∈ UMp | v is maximal w.r.t. �Mp for some p ∈ [p]}.

The elements of UM are called events. For convenience, let λM : UM → Λp be the
labeling function with λM (v) = γ if and only if v ∈ λMγ for all v ∈ UM and γ ∈ Λp.
Furthermore, we set procM =

⋃
p∈[p] proc

M
p and by ≤M , we denote the transitive

reflexive closure of msgM ∪ procM .
If m ∈ N, then an m-extended MSC is an MSC M together with m sets of events

V1, V2, . . . , Vm ⊆ UM .

Example .. Consider the existential until operator EU [KP]. Informally speak-
ing, if F1 and F2 are formulas, then F1 EUF2 expresses that there exists a forward
path beginning in the present event such that F1 holds until F2 holds. In contrast,
the existential since operator ES speaks about the existence of such a backward
path. Following [GK, GK], EU is formally defined by

defi(EU) = ∃P

[
P ∩X2 6= ∅ ∧ P ⊆ X1 ∪X2 ∧ P (x)

∧ ∀y ∈ P
(
x = y ∨ ∃ z ∈ P ϕ(z, y)

) ]

where ϕ(z, y) = msg(z, y)∨
∨
p∈[p] procp(z, y). Intuitively, x is the current event and

X1 (X2, resp.) contains exactly those events at which formula F1 (F2) holds. We
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use P ∩X2 6= ∅ as an abbreviation for ∃y (P (y)∧X2(y)). Similarly for P ⊆ X1∪X2.
The ES operator is defined analogously.

As another example, consider the existential globally operator EG. If F is a
formula, then EGF ensures the existence of a maximal forward path beginning in
the current node such that F always holds. We again transfer its formal definition
for Mazurkiewicz traces [GK, GK] to MSCs:

defi(EG) = ∃P

 P (x) ∧ P ⊆ X1

∧ ∀z ∈ P

(
(z = x ∨ ∃y ∈ P ϕ(y, z))

∧ (∃y ∈ P ϕ(z, y) ∨ ¬∃y ϕ(z, y))

)
Clearly, defi(EU), defi(EG) ∈ AΣ3( p) and defi(EU), defi(EG) ∈ MΣ1( p).

In the following, we also use the MSO( p)-definable predicate �p(x, y) which holds
if and only if (x, y) ∈ �Mp . Similarly, for ≤(x, y) and ≤M , respectively. Furthermore,
we write λ(x) = γ for λγ(x) (where γ ∈ Λp) and Up(x) instead of

∨
γ∈Γ(p,p) λγ(x).

. communicating finite-state machines

A communicating finite-state machine (also known as message-passing automaton)
[BZ] is well suited to model the behavior of a distributed system. Intuitively, it is
a finite automaton of which multiple copies are executed at the same time. These
copies are allowed to communicate with each other using FIFO channels. To be
a bit more precise, if (s1, s2, . . . , sp) is a global initial state, then, on each process
p ∈ [π], one copy of the finite automaton is started in state sp. At each transition,
a copy either sends a message to or receives a message from another process. An
MSC is accepted if there exists a global finite state (s1, s2, . . . , sp) such that, for
every process p, there is a run of the corresponding copy ending in p or hitting p
infinitely often. Formally:

If m ≥ 0, an m-extended communicating finite-state machine (or m-CFM for short)
over p processes is a structure C = (S,H,∆, I, F ) where

– S is the finite set of states,

– H is the finite set of message contents,

– ∆ ⊆ S × Λp × {0, 1}m ×H × S is the transition relation, and

– I, F ⊆
∏
p∈[p] S where I (F , resp.) is the set of global initial (final) states.

Let C be an m-CFM and (M,V1, . . . , Vm) be an m-extended MSC. A run of C on
M is a pair (ζ, χ) of mappings ζ : UM → S and χ : UM → H where

– χ(v) = χ(v′) for all (v, v′) ∈ msgM and

– there exists a global initial state (ι1, . . . , ιp) ∈ I such that, for all p ∈ [p],
v ∈ UMp and b = (b1, . . . , bm) ∈ {0, 1}m with bi = 1 ↔ v ∈ Vi for all i ∈ [m],
one of the following conditions holds:

∗ (ζ(v′), λM (v), b, χ(v), ζ(v)) ∈ ∆ for some v′ ∈ UM with (v′, v) ∈ procMp
(in this case v′ is unique)

∗ (ιp, λ
M (v), b, χ(v), ζ(v)) ∈ ∆ and v ∈ minM

When defining the acceptance mode of CFMs, we need to bear in mind that each
individual process of an MSC can be finite or infinite. A process shall be accepted
if it ends in a final state or if it visits a final state infinitely often.



 preliminaries

s1

s2

t1

t2

process 1 process 2

1?2

1!2

1?2

2?1 2!1

Figure : The CFM C = (S,H,∆, I, F ) from Example .. The transition labels do not
contain message contents since H is a singleton set.

For all processes p ∈ [p], we define finζ(p) to be

{s ∈ S | for all v ∈ UMp there exists v′ ∈ UMp s.t. v �Mp v′ and ζ(v′) = s} .

The run (ζ, χ) is accepting if there is some (s1, . . . , sp) ∈ F such that sp ∈ finζ(p)
for all p ∈ [p]. The language of C is the set L(C) of all m-extended MSCs for which
there exists an accepting run. If we do not care for the exact m or if m is clear
from the context, we write CFM instead of m-CFM.

Example .. For instance, consider the (0-extended) CFM C = (S,H,∆, I, F ) from
Fig.  where S = {s1, s2, t1, t2}, H = {c}, I = {(s1, t1)}, F = {(s2, t1)}, and
∆ = {(s1, 1!2, c, s1), (s1, 1?2, c, s2), . . .}. It can be easily checked that C accepts the
MSC from Fig. . Informally speaking, L(C) is the set of all MSCs over 2 processes
fulfilling the following properties for some n ≥ 1:

– there are n send events followed by n receive events on process 1

– there are n send and n receive events alternating on the second process start-
ing with a send event

– there are no additional events besides the ones mentioned above

Note that our definition of MSCs does not allow dangling message edges.

. linearizations of mscs

Unfortunately, the model checking problem for CFMs and even very simple logics
is undecidable. This can be easily seen from the fact that the emptiness problem
of CFMs is undecidable. We therefore concentrate on a model checking heuristic
under-approximating the behaviors of the system. More precisely, we only consider
MSCsM which are existentially b-bounded [MM, GMP]. This means thatM ’s
events can be scheduled in such a way that at every moment no communication
channel contains more than b pending messages. We now formalize the notion of
existentially b-bounded MSCs.

If M is an MSC over p processes, then a linerization of M is a linear ordering v
of UM such that ≤M ⊆ v and (UM ,v) is finite or isomorphic to (N,≤). The
linerization v is b-bounded if, for all v ∈ UM and (p, q) ∈ Chp,

|{w ∈ λMp!q | w v v}| − |{w ∈ λMq?p | w v v}| ≤ b .

An MSC M is existentially b-bounded if there is a b-bounded linearization of M .
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1 2 1 2

Figure : Two sample linearizations v1 and v2 (from left to right) of the MSC M from
Fig. .

Example .. LetM be the MSC and v1,v2 be the linearizations ofM from Fig. .
It can be easily checked that v1 is a 3-bounded linearization of M and, therefore,
M is existentially 3-bounded. However, v2 even witnesses the fact that M is
existentially 1-bounded.

We let Λp,b be the alphabet Λp × [b − 1]0 for all p, b ∈ N. If v is a b-bounded
linearization of M , then Mv,b denotes the word over the alphabet Λp,b where

– UMv,b = UM ,

– �Mv,b = v,

– for all v ∈ UM , γ ∈ Λp, and b ∈ N, we have λMv,b(v) = (γ, b) if and only if
λM (v) = γ and b = |{w ∈ λMγ | w @ v}| mod b.

Intuitively, in the second component of the λ-labels of Mv,b, we count events with
the same λM -label modulo b. This way, we can easily identify matching send and
receive events withinMv,b (cf. Prop. .). For example, if v is a send event ofMv,b
labeled by (p!q, i), we just need to move in Mv,b to the smallest event v′ ∈ UM
(w.r.t. v) with v v v′ and λMv,b(v′) = (q?p, i).

Example .. LetM be the MSC and v1,v2 be the linearizations ofM from Fig. .
For instance, Mv1,3 is the word

(1!2, 0) (1!2, 1) (1!2, 2) (2?1, 0) (2!1, 0) (2?1, 1) (2!1, 1)

(2?12) (2!1, 2) (1?2, 0) (1?2, 1) (1?2, 2) ∈ Λ∗2,3

whereas Mv2,1 is given by:

(1!2, 0) (2?1, 0) (1!2, 0) (2!1, 0) (2?1, 0) (1!2, 0) (1?2, 0)

(2!1, 0) (2?1, 0) (1?2, 0) (2!1, 0) (1?2, 0) ∈ Λ∗2,1

. model-checking and satisfiability problems

Definition .. Let n ≥ 0. By UNI-MC-BMΣn-MSC, we denote the uniform model
checking problem for BoolMΣn( p)-definable temporal logics and CFMs which is
defined as follows:
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Input: number of processes p ≥ 2 (encoded in unary),
BoolMΣn( p)-definable temporal logic TL,
temporal formula F ∈ TL,
CFM C over p processes, and
channel bound b ≥ 1 (encoded in unary)

Question: Do we haveM,v |= F for all existentially b-bounded MSCs
M ∈ L(C) and v ∈ minM?

In contrast, the uniform satisfiability problem for BoolMΣn( p)-definable temporal
logics denoted by UNI-SAT-BMΣn-MSC reads as follows:

Input: number of processes p ≥ 2 (encoded in unary),
BoolMΣn( p)-definable temporal logic TL,
temporal formula F ∈ TL, and
channel bound b ≥ 1 (encoded in unary)

Question: Is there an existentially b-bounded MSC M such that
M, v |= F for all v ∈ minM?

It is also natural to consider a restricted version of the model checking problem
where the temporal logic and the number of processes are fixed.

Definition .. Let TL be a fixed MSO( p)-definable temporal logic. The model
checking problem for TL, denoted by MC-TL-MSC, is defined as follows:

Input: temporal formula F ∈ TL,
CFM C over p processes, and
channel bound b ≥ 1 (encoded in unary)

Question: Do we haveM,v |= F for all existentially b-bounded MSCs
M ∈ L(C) and v ∈ minM?

Furthermore, by SAT-TL-MSC, we denote the satisfiability problem for TL which is
defined as follows:

Input: temporal formula F ∈ TL and
channel bound b ≥ 1 (encoded in unary)

Question: Is there an existentially b-bounded MSC M such that
M, v |= F for all v ∈ minM?

Remark .. Assume that TL is an MΣn( p)-definable temporal logic equipped
with the negation modality ¬ from Example .. A temporal formula F from TL is
not satisfiable if and only if all MSCs satisfy ¬F . One can easily construct in poly-
nomial time a CFM accepting the set of all MSCs. Therefore, any hardness result
on SAT-TL-MSC transfers to MC-TL-MSC. Similarly, for UNI-SAT-BMΣn-MSC and
UNI-MC-BMΣn-MSC.

. büchi automata

A Büchi automaton B is a finite automaton accepting infinite words. Intuitively, a
word W is accepted by B if there exists a run on W which visits one of the final
states of B infinitely often. Since we are later dealing with finite and infinite words
at the same time, we adopt the definition of Büchi automata from [GK] enabling
them to also accept finite words. The idea is to introduce two sets of final states
F and R: finite runs are accepted if they end in a state from F whereas infinite
executions are required to visit a state from R infinitely often.
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s1 s2

a

b

Figure : The Büchi automaton from Example ..

Formally, a Büchi automaton over an alphabet Γ is a tuple B = (S,∆, ι, F,R) where

– S is a finite set of states,

– ι is the initial state,

– F ⊆ S is the set of “finite” final states,

– R ⊆ S is the set of “infinite” final states, and

– ∆ ⊆ S × Γ× S is the transition relation.

The size of B is |S|+|∆|. IfW is a non-empty word (i.e., UW 6= ∅), then ρ : UW → S

is a run of B on W if, for all v ∈ UW , one of the following conditions is fulfilled:

–
(
ρ(v′), λW (v), ρ(v)

)
∈ ∆ for some v′ ∈ UW with v′ lW v (in this case v′ is

unique)

–
(
ι, λW (v), ρ(v)

)
∈ ∆ and v ∈ minW

It is accepting if either

– W is finite and ρ(maxW ) ∈ F or

– W is infinite and there exists s ∈ R such that there exist infinitely many
distinct v ∈ UW with ρ(v) = s.

A word W is contained in the language L(B) of B if and only if either ι ∈ F and
UW = ∅ (i.e., W is the empty word) or there exists an accepting run of B on W .

Example .. Consider the Büchi automaton B = ({s1, s2},∆, s1, {s2}, {s2}) from
Fig.  where ∆ = {(s1, a, s2), (s2, b, s1)}. Clearly, we have

L(B) = {(ab)n | n ∈ N ∪ {ω}} .

The following proposition states that, for all channel bounds b ≥ 1 and processes
p ≥ 2, the set of b-bounded linearizations of MSCs over p processes is a regular
language. It can be easily extracted from [BKM, Theorem .].

Proposition . ([BKM]). Given b ≥ 1 and p ≥ 2, then one can construct in
space poly(b + p) a Büchi automaton B such that, for all words W ∈ Λp,b, we have
W ∈ L(B) if and only if there exists an MSC M over p processes and a b-bounded
linearization v of M with Mv,b = W .

We intend to reduce the model checking problem of temporal logics and CFMs
to the emptiness problem of Büchi automata. In particular, we need to translate
CFMs into Büchi automata. In [BKM], the following was shown:

Proposition . ([BKM]). Given an m-CFM C = (S,H,∆, I, F ) over p pro-
cesses and b ≥ 1, one can construct in space p · log |S|+ log |H| · b · poly(p) a Büchi
automaton B such that, for all m-extended MSCs (M,V1, . . . , Vm) and b-bounded
linearizations v of M , we have M ∈ L(C) iff (Mv,b, V1, . . . , Vm) ∈ L(B).
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MSO-DEF INABLE TEMPORAL LOGICS : UPPER BOUNDS

In this chapter, we prove upper bounds on the complexity of the uniform satisfia-
bility and the uniform model checking problems for MΣn( p)-definable temporal
logics (and CFMs), called UNI-MC-BMΣn-MSC and UNI-SAT-BMΣn-MSC, respec-
tively. More precisely, we show that both problems can be solved in (n + 4)-fold
exponential space.
The idea is to transform the temporal formula F of the input into an equivalent

MSO formula ϕ using Prop. .. In order to achieve a reasonable complexity, we
want to avoid at least some of the quantifier alternations within ϕ. Therefore, we
apply Hanf’s sentence (cf. Theorem .) to the FO part of ϕ. In general, this needs
three-fold exponential time [BK] and yields a Boolean combination of AΣ2( p)

formulas. However, in the setting of existentially bounded MSCs, we manage to
compute a Boolean combination of existential FO formulas in two-fold exponential
time (i.e., we save one quantifier alternation and one exponent). This is achieved
by showing that spheres within existentially bounded MSCs grow only polynomial
in the sphere radius. We also exploit a result from [HKS]. Eventually, we obtain
a very simple AΣn+3( p)-formula of the form

ψ = ∃X
[∧

G∈sub(F )

(
ψ1,G(X) ∧ ∀y ψ2,G(X, y)

)]
where ψ1,G ∈ AΠn+1( p) and ψ2,G ∈ AΣn+1( p) for all subformulas G of F . It
is equivalent to the input temporal formula F w.r.t. existentially bounded MSCs.
Using standard techniques and a result from [GK], ψ can be transformed into
a small Büchi automaton B. The language of B is non-empty if and only if the
temporal formula F of the input is satisfiable.
We also consider the satisfiability model checking problems for an arbitrary but

fixed MSO( p)-definable temporal logic TL (which we denote by MC-TL-MSC and
SAT-TL-MSC, respectively). Since TL is fixed, the sizes of the modality definitions
of TL and the number of processes p are constants. Using arguments similar to the
ones above, we show that both problems can be solved in n-fold exponential space.

We proceed as follows: The purpose of Sect. . is to show that spheres within ex-
istentially bounded MSCs grow only polynomially in the sphere radius. Section .
contains the proof for our upper bounds on the uniform satisfiability and model
checking problems UNI-MC-BMΣn-MSC and UNI-SAT-BMΣn-MSC, respectively. Fi-
nally, Sect. . describes our decision procedures for MC-TL-MSC and SAT-TL-MSC.

. existentially bounded mscs have small spheres

Regarding the naive approach for transforming a formula into an automaton, ev-
ery quantifier alternation (regardless whether we quantify over a set or individual
variable) leads to an exponential blow-up of the resulting automaton. In order to
avoid at least the state explosion due to the quantifier alternations in the first-order
part of an MSO( p)-formula, we exploit Hanf’s theorem (Theorem .) and the
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Figure : Embeddings of full binary trees of depth 1, 2, 3, and 4 into MSC spheres. The
distance of an event to the center of the sphere (first event on the first process)
is written next to it.

fact that spheres within existentially bounded MSCs grow only polynomially in the
sphere radius. The latter observation, which is stated formally in Lemma ., is the
result of fruitful discussions with Alexander Kartzow when he was affiliated with
the University of Leipzig, Germany.

Example .. In the case of unbounded MSCs, one can embed a full binary tree of
depth n into an MSC sphere of radius n. This is done exemplarily in Fig.  for the
depths / radii 1, 2, 3, and 4. It can be easily checked that all these spheres can be
turned into a complete MSC. Hence, the size of spheres within unbounded MSCs
is not polynomially bounded in the sphere radius.

In order to prove the above mentioned Lemma ., we need the following definitions.
Let U be a set, R be a binary relation on U , and≤ be a linear order on U . Informally,
the relation R is ≤-simple if the situations from Fig.  do not occur. In contrast,
the cases shown in Fig.  are perfectly fine. More formally:

Let σ be a binary signature with ≤ /∈ σ, A be a σ-structure, ≤ be a linear order on
UA, andR ∈ σ. The relationRA is≤-simple if, for all (v, v′), (w,w′) ∈ RA∪(RA)−1,
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Figure : Situations which may not occur. Here the dashed line represents the elements
from U linearly ordered according to ≤ and the bent lines are edges from the
relation R.

Figure : Situations which may occur in R.

we do not have v < w < v′. The structure A is ≤-simple if RA is ≤-simple for all
R ∈ σ.

Lemma .. If σ is a binary signature, A is a σ-structure, (UA,≤) is a linear
order, A is ≤-simple, c ∈ UA, and r ≥ 1, then the size of SA(c, r) is bounded by
(4r · |σ|)|σ|.

Proof. By induction over the size of the signature τ ⊆ σ, we show that the size
of the r-neighborhood of c in the Gaifman graph of A restricted to the relation
symbols from τ is bounded by (4r · |τ |)|τ |, i.e., we show |NA�τ (c, r)| ≤ (4r · |τ |)|τ |. If
τ = ∅, then NA�τ (c, r) solely consists of the center c and, therefore, |NA�τ (c, r)| = 1.
As our induction hypothesis, let us assume that, for every τ ⊆ σ with |τ | ≤ n and
c ∈ UA, we have |NA�τ (c, r)| ≤ (4r · |τ |)|τ |.
Now, suppose that τ ⊆ σ with |τ | = n + 1 and c ∈ UA. Let x be the minimal

event in SA�τ (c, r) w.r.t. ≤ and L be the interval between x and the center c, i.e.,

L = {z ∈ NA�τ (c, r) | x ≤ z ≤ c} .

If x = c, then |L| = 1. Otherwise, there are 1 < m ≤ r, x0, x1, . . . , xm ∈ NA�τ (c, r),
R1, R2, . . . , Rm ∈ τ such that x0 = x, xm = c, and ei = (xi−1, xi) ∈ RAi ∪ (RAi )−1

for all i ∈ [m] (see Fig. ). Let

Ii = {z ∈ NA�τ (c, r) | xi−1 ≤ z ≤ xi}

x0 = x x1 x2x3 x4 x5 = c

e1

e2

e3

e4

e5

I1 I2

I3

I4

I5

L

Figure : The induction step for the case m = 5. Again, the dashed line represents the
elements from UA linearly ordered according to ≤ and the bent lines are edges
from the relations contained in σ. Note that each pair of edges from {e2, e3, e4}
may not belong to the same simple relation.
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be the interval between xi−1 and xi in SA�τ (c, r) for all i ∈ [m].
Let us consider the i-th interval Ii where i ∈ [m]. For all R ∈ τ \{Ri}, there may

exist at most two edges from RA leaving the interval Ii because RA is ≤-simple.
Otherwise, one of the forbidden cases from Fig.  would apply. Since |τ \{Ri}| = n,
this adds up to at most 2n leaving edges. Thus, there exist at most 2n many z ∈ Ii
for which there exist z′ ∈ NA�τ (c, r)\ Ii and R ∈ τ such that (z, z′) ∈ RA∪ (RA)−1.
From our induction hypothesis it follows that |NA�τ\{Ri}(z, r)| ≤ (4rn)n for every

such z. Hence, |Ii| ≤ 2n · (4rn)n for every i ∈ [m]. Since
⋃
i∈[m] Ii = L and m ≤ r,

we must have |L| ≤ 2rn · (4rn)n. Analogously, it can be shown that the interval
{z ∈ NA�τ (c, r) | c ≤ z ≤ y} between the center c and the maximal element y of
SA�τ (c, r) (w.r.t. ≤) is at most of size 2rn · (4rn)n. Therefore, we have

|NA�τ (c, r)| ≤ 4rn · (4rn)n ≤ (4r(n+ 1))n+1 .

Hence, we have |NA�σ(c, r)| ≤ (4r · |σ|)|σ|. �

Lemma .. If b, p ≥ 1, M is an existentially b-bounded MSC over p processes,
v ∈ UM , and r ∈ N, then the size of SM (v, r) is bounded by (4r · p2b)p

2b.

Proof. Let v be a b-bounded linearization of the MSC M and σ be the binary
signature

{Ep,q,b | (p, q) ∈ Chp, 0 ≤ b < b} ∪ {procp | p ∈ [p]} .

Now, consider the σ-structure A where UA = UM , procAp = procMp , and, for all
(p, q) ∈ Chp, 0 ≤ b < b, and v, v′ ∈ UM , we have

(v, v′) ∈ EAp,q,b ⇐⇒ (v, v′) ∈ msgM , λM (v) ∈ Γ(p, p), λM (v′) ∈ Γ(p, q), and

|{v′ ∈ UM | v′ v v, λM (v′) = p!q}| mod b = b

The intuition of the relations EAp,q,b is that, for all (p, q) ∈ Chp, we count the send
events on channel (p, q) modulo b and put all the messages sent by the b-th send
events (0 ≤ b < b) into the relation EAp,q,b.
We show that the structure A is v-simple. For every p ∈ [p], the relation procMp

is v-simple because, by definition, it is the direct successor relation of a linear
order contained in v. Now, let (p, q) ∈ Chp and 0 ≤ b < b. We show that the
relation Ep,q,b is v-simple. In an MSC, for every send event, there exists exactly
one matching receive event and vice versa. Thus, for all (v, v′), (w,w′) ∈ Ep,q,b
with (v, v′) 6= (w,w′), we have v 6= w and v′ 6= w′. It is also easy to see that we
have v @ v′ for all (v, v′) ∈ Ep,q,b because receive events always occur after the
matching send event. Now, let us assume that there exist (v, v′), (w,w′) ∈ EAp,q,b
with v @ w @ v′. We need to distinguish the following cases:

– If v @ w @ w′ @ v′, then we have v �Mp w and w′ �Mq v′ which is a
contradiction to the definition of an MSC (because the FIFO principle is
violated).

– Suppose that v @ w @ v′ @ w′. Since v and w are both send events indexed
by b, there must be at least b − 1 many send events between them. More
precisely, there exist m ≥ 1 and distinct send events v1, v2, . . . , vm·b+1 ∈ λMp!q
such that we have v1 @ v2 @ . . . @ vm·b+1, v1 = v, and vm·b+1 = w. Because
of the FIFO principle, every message send by some vi with i > 1 is received
after the event v′. Hence, there do not exist u ∈ UM and i ∈ [m · b + 1] such
that λM (u) = q?p, v1 v u v vm·b+1, and (vi, u) ∈ msgM . Thus,

|{u ∈ UM | u v w, λM (u) = p!q}| − |{u ∈ UM | u v w, λM (u) = q?p}| > b

which is a contradiction to the b-boundedness of v.
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Hence, A is a v-simple structure. It can be easily checked that, for every v ∈ UM
and r ∈ N, we have NM (v, r) = NA(v, r). It follows from Lemma . that, for
all v ∈ UM and r ∈ N, the size of SM (v, r) is bounded by (4r · |σ|)|σ| where
|σ| = (p2 − p) · b + p. �

. uniform model checking problem

It follows from the next lemma that, in the context of MSCs, Hanf formulas can
be expressed by an existential first-order formula. Recall that sph(S,Z,c),r is the
formula from Def. ..

Lemma .. Let S be a finite p-structure, Z1, Z2 . . . , Zm ⊆ US , c ∈ US , and
r ∈ N. Then one can compute in polynomial time a formula ϕ(X1, . . . , Xm, x) from
AΣ1( p) ∩ FO( p) which is equivalent to sph(S,Z,c),r(X1, . . . , Xm, x) w.r.t. all
MSCs over p processes.

Proof. If S(M,Y )(v, r) 6∼= (S, Z, c) for all m-extended MSCs (M,Y1, . . . , Ym) and
v ∈ UM , then let ϕ(X1, . . . , Xm, x) = (x 6= x).
Now, let us assume that there exist an m-extended MSC (M,Y1, . . . , Ym) and

v ∈ UM such that S(M,Y )(v, r)
∼= (S, Z, c). Suppose that US = {v0, v1, . . . , vn}

where c = v0. We define

ϕ(X1, . . . , Xm, x0) = ∃x1, x2, . . . , xn ψ

where ψ is the conjunction of the following formulas (k, ` ∈ [n]0, i ∈ [m], p ∈ [p],
and γ ∈ Λp):

– (xk 6= x`) if k 6= `

– Xi(xk) if vk ∈ Zi, and ¬Xi(xk) otherwise

– λγ(xk) if vk ∈ λSγ , and ¬λγ(xk) otherwise

– snd(xk) if vk ∈ sndS , and ¬snd(xk) otherwise

– rec(xk) if vk ∈ recS , and ¬rec(xk) otherwise

– procp(xk, x`) if (vk, v`) ∈ procSp , and ¬procp(xk, x`) otherwise

– msg(xk, x`) if (vk, v`) ∈ msgS , and ¬msg(xk, x`) otherwise

– min(xk) if vk ∈ minS , and ¬min(xk) otherwise

– max(xk) if vk ∈ maxS , and ¬max(xk) otherwise

Now, letM be an MSC over p processes, Y1, . . . , Ym ⊆ UM , and y0, y1, . . . , yn ∈ UM .
It can be easily checked that M,Y , y0, . . . , xn |= ψ if and only if the mapping
vk 7→ yk is an embedding of S(S,Z)(c, r) into S(M,Y )(y0, r). It remains to be shown
that this embedding is surjective. Let us assume that there exists an event y ∈ UM
and k ∈ [n]0 such that y /∈ {y0, . . . , yn}, distM (y0, yk) < r, and distM (yk, y) = 1.
If (yk, y) ∈ procMp for some p ∈ [p], then M,yk 6|= max(x). Hence, there is some
` ∈ [n]0 such that (vk, v`) ∈ procSp . Therefore, (yk, y`) ∈ procMp . Since M is a MSC,
(yk, y`), (yk, y) ∈ procMp , we must have y = y`. However, this is a contradiction
to y /∈ {y0, . . . , yn}. The remaining cases (y, yk) ∈ procMp , (yk, y) ∈ msgM , and
(y, yk) ∈ msgM can be dealt with analogously (using the atomic formulas min(x),
snd(x), and rec(x)). �

We now recall two definitions given in [HKS].
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Let σ be a signature, A be a σ-structure, and f : N→ N be a function. The structure
A is f -bounded if |SA(c, r)| ≤ f(r) for all c ∈ UA and r ∈ N. If ϕ,ψ ∈ FO(σ), then
we say that ϕ and ψ are f -equivalent if they are equivalent on all f -bounded σ-
structures.

In [HKS], Heimberg, Kuske, and Schweikardt state the following:

Theorem . ([HKS]). Fix a signature σ and a time-constructible strictly increas-
ing function f : N → N. There is an algorithm which transforms an input FO(σ)-
formula ϕ of quantifier rank q in time 2poly(|ϕ|·f(4q)) into an f -equivalent formula
ψ in Hanf normal form.

Note that the original theorem from [HKS] gives more details on the form of ψ
and the degree of the polynomial in the time bound.

Proposition .. Given n ≥ 0, p ≥ 2, an MΣn( p)-definable temporal logic TL,
a formula F ∈ TL, and b ≥ 1, then one can compute an AΣn+1( p)-definable
temporal logic TL′ in time tower2(poly(|TL| · p · b)) and a formula F ′ ∈ TL′ in time
polynomial in |F | and |TL| such that we have

M,v |=TL F ⇐⇒ M, v |=TL′ F
′

for all existentially b-bounded MSCs M over p processes and v ∈ UM .

Proof. Let ϕ be a modality definition from TL. Since ϕ(X1, . . . , Xm, x) ∈ MΣn(σ),
it is of the form

∃Y 1 ∀Y 2 . . . ∃/∀Y n ϕ0(X,Y , x)

with ϕ0 ∈ FO( p). By Lemma . and Theorem ., one can construct a formula
ψ0 in Hanf normal form which is equivalent to ϕ0 w.r.t. all existentially b-bounded
MSCs over p processes in time

2poly(|ϕ|·(4·4|ϕ|·p2·b)p
2b) ≤ tower2(poly(|ϕ| · p · b)) .

By replacing every occurrence of a formula of the form sph(S,c),r in ψ0 by the
formula computed in Lemma ., we obtain a Boolean combination ψ′0 of existential
FO( p)-formulas which is equivalent to ϕ0 in time polynomial in ψ0. Hence, if
n = 0, then TL is BoolAΣ1( p)-definable, i.e., Prop. . follows from Remark ..
If n ≥ 1, then the formula ∃Y 1 ∀Y 2 . . . ∃/∀Y n ψ′0(X,Y , x) can be easily brought
into the form required by AΣn+1( p) in time polynomial in |ψ′0| (using the usual
rules for renaming of bound variables and regrouping of quantifiers, e.g., α∨ ∃x : β

can be transformed into ∃x (α∨ β) if x does not occur freely in α) and is obviously
equivalent to ϕ w.r.t. all existentially b-bounded MSCs over p processes. �

It remains to directly transform atomic formulas from MSO( p) into Büchi au-
tomata.

Proposition .. Given a possibly negated atomic MSO( p)-formula ϕ, b ≥ 1, and
p ≥ 2, one can construct in space O(log p + log b) a Büchi automaton B with the
following property: If M is an MSC over p processes, V ⊆ UM , v, v′ ∈ UM , and v
is a b-bounded linearization of M , then

(Mv,b, V, {v}, {v′}) ∈ L(B) ⇐⇒ M,V, v, v′ |= ϕ .

Proof. In the case of the atomic formulas λγ(x), min(x), max(x), snd(x), rec(x), x =

y, X(x) and their negations, it is straightforward to construct a Büchi automaton
satisfying the above proposition in space O(1). In the case of the atomic formula
procp(x, y), the automaton needs to check whether the event y is the next event
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after x (w.r.t. v) which is labeled by a symbol from Γ(p, p). That means O(log p)

many states are sufficient. Finally, regarding the atomic formula msg(x, y), the
automaton needs to remember x’s label. Assume that it is of the form (p!q, b), i.e.,
x is the b-th send event of a message sent from process p to process q (recall that all
events labeled by p!q are counted modulo b in Mv,b). Then the automaton needs
to check whether y is the next event (w.r.t. v) labeled by (q?p, b). Clearly, this
automaton can be constructed in space O(log p + log b). �

Finally, the following result from [GK] allows us to deal efficiently with single
universal quantification over an individual variable.

Proposition . ([GK]). Given a Büchi automaton B, one can construct a Büchi
automaton B′ in space polynomial in the size of B such that, for all words W ,

W ∈ L(B′) ⇐⇒ (W, {v}) ∈ L(B) for all v ∈ UW .

Using Propositions ., ., ., and ., we can translate a temporal formula into
a Büchi automaton.

Proposition .. Given n ≥ 0, an MΣn( p)-definable temporal logic TL, F ∈ TL,
p ≥ 2, and b ≥ 1, one can construct in space poly(|F |) · towern+4(poly(|TL| · p · b)) a
Büchi automaton BF with the following property: For all MSCs M over p processes
and b-bounded linearizations v of M , we have

Mv,b ∈ L(BF ) ⇐⇒ M,v |= F for all v ∈ minM .

Proof. By Prop. ., we can construct in time tower2(poly(|TL|·p·b)) an AΣn+1( p)-
definable temporal logic TL′ and in time polynomial in |F |+|TL| a formula F ′ ∈ TL′

such that M,v |=TL F if and only if M,v |=TL′ F
′ for all existentially b-bounded

MSCs M and v ∈ UM .
Let m be the size of F ′. By Prop. ., we can construct from TL′ and F ′ a

sentence
ψ = ∃X

[∧
i∈[m]

(
ψ1,i(X) ∧ ∀y ψ2,i(y,X)

)]
such that, for all existentially b-bounded MSCs M over p processes, we have

M |= ψ ⇐⇒ M,v |= F for all v ∈ minM .

In particular, for every i ∈ [m], ψ2,i is of the form ∃X1 ¬∃X2 . . . ¬∃/∃Xn+1 ψ0

where ψ0 is quantifier-free and Xj are tuples of individual and set variables. Even
more, we can assume that ψ0 is a positive Boolean combination of possibly negated
atomic formulas whose size is bounded by tower2(poly(|TL| · p · b)). Using Prop. .
together with standard constructions for union and intersection, we can transform
ψ0 into a Büchi automaton Bψ0

in space (log p+log b)tower2(poly(|TL|·p·b)). The desired
automaton Bψ2,i

is obtained from Bψ0
by a sequence of n complementations and

n+ 1 projections. Hence this construction can be carried out in space

towern((log p + log b)tower2(poly(|TL|·p·b))) = towern+3(poly(|TL| · p · b)) .

It follows from Prop. . that we can also translate ∀y ψ2,i(y,X) into a Büchi au-
tomaton in space towern+4(poly(|TL| ·p ·b)). Since a formula belongs to AΠn( p) if
and only if its negation belongs to AΣn( p), we similarly obtain a Büchi automa-
ton Bψ1,i for ψ1,i in space towern+4(poly(|TL| ·p ·b)). Finally, by standard automata
techniques for intersection and projection, we obtain the Büchi automaton for ψ in
space m · towern+4(poly(|TL| · p · b)). �

 Prop. . from [GK] takes the special variance of B into account. The latter is the size of a
subset of the states of B (see also the definition of general variance on page  of [GK]). Hence,
it is bounded by the size of B.
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Given n ≥ 0, an MΣn( p)-definable temporal logic TL, F ∈ TL, p ≥ 2, and b ≥ 1,
then, by Prop. ., one can construct in space poly(|F |) ·towern+4(poly(|TL| ·p ·b)) a
Büchi automaton BF such that the following holds: for all MSCsM over p processes
and b-bounded linearizations v of M , we have

Mv,b ∈ L(BF ) ⇐⇒ M,v |= F for all v ∈ minM .

From BF and the Büchi automaton from Prop. ., we can construct a Büchi
automaton B such that L(B) 6= ∅ iff F is satisfiable by some existentially b-
bounded MSC. Together with Remark ., it follows that the satisfiability problem
UNI-SAT-BMΣn-MSC can be solved in space poly(|F |) · towern+4(poly(|TL| · p · b)).
Now, consider the uniform model checking problem UNI-MC-BMΣn-MSC. We

can construct a Büchi automaton B¬F for the negation of F in space poly(|F |) ·
towern+4(poly(|TL| · p ·b)). Note that the modality ¬ can be easily defined using an
AΣ0( p)-formula (see Example .). By Prop. ., a CFM C can be transformed
in polynomial space into a Büchi automaton BC such that

M ∈ L(C) ⇐⇒ Mv,b ∈ L(BC)

for all MSCsM and b-bounded linearizations v ofM . Finally, L(B¬F )∩L(BC) = ∅
if and only if M,v |= F for all existentially b-bounded MSCs M ∈ L(C) over
p processes and v ∈ minM . Hence, together with Remark ., we can state the
following upper bound:

Theorem .. For all n ≥ 0, UNI-SAT-BMΣn-MSC and UNI-MC-BMΣn-MSC can
be solved in (n+ 4)-fold exponential space. More precisely, if p, TL, F , C, and b is
the input to our problems, then both can be decided in space polynomial in F and C
(if applicable) and in space (n+ 4)-fold exponential in TL, p, and b.

. mc-problem of a fixed temporal logic

In the case of some arbitrary but fixed MΣn( p)-definable temporal logic TL,
one can show that its model checking problem MC-TL-MSC and its satisfiability
problem SAT-TL-MSC can both be solved in n-fold exponential space. The rest of
this section presents the details of the corresponding proof which is analogous to
the proof of the upper bound for the uniform model checking problem.

Proposition .. Let n ≥ 0 and TL be a fixed MΣn( p)-definable temporal logic.
From F ∈ TL and b ≥ 1, one can construct in space poly(|F |) · towern(poly(b)) a
Büchi automaton BF with the following property: for all MSCs M and b-bounded
linearizations v of M , we have

Mv,b ∈ L(BF ) ⇐⇒ M, v |= F for all v ∈ minM .

The proof is analogous to the proof of Prop. .. Note that the number of processes
p and the size of TL and therefore the sizes of the modality definitions of TL are
constants.

Proof. By Lemma . and Prop. ., there exists an AΣn+1( p)-definable temporal
logic TL′ such that F can be translated in time polynomial in |F | into a formula
F ′ ∈ TL′ such that we have

M,v |=TL F ⇐⇒ M, v |=TL′ F
′

for all MSCs M and v ∈ UM . Let m be the size of F ′. By Prop. ., we can
construct in time poly(m) a formula

ψ = ∃X
[∧

i∈[m]

(
ψ1,i(X) ∧ ∀y ψ2,i(X, y)

)]
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such that, for all MSCs M over p processes, we have

M |= ψ ⇐⇒ M,v |= F for all v ∈ minM .

In particular, for every i ∈ [m], ψ2,i is of the form ∃X1 ¬∃X2 . . . ¬∃/∃Xn+1 ψ0

where ψ0 is quantifier-free and Xj are tuples of individual and set variables. Even
more, we can assume that ψ0 is a positive Boolean combination of possibly negated
atomic formulas. Using Prop. . together with standard constructions (for union
and intersection) from automata theory, we can transform ψ0 into a Büchi automa-
ton Bψ0 in space O(log b). The desired automaton Bψ2,i is obtained from Bψ0 by
a sequence of n complementations and n + 1 projections. Hence this construction
can be carried out in space towern(O(log b)). By Prop. ., we can also translate
∀y ψ2,i(X, y) into a Büchi automaton in space towern(poly(b)). Since a formula
belongs to AΠn+1( p) if and only if its negation belongs to AΣn+1( p), we simi-
larly obtain a Büchi automaton Bψ1,i

for ψ1,i in space towern(poly(b)). Finally, by
standard automata techniques for intersection and projection, we obtain the Büchi
automaton for ψ in space m · towern(poly(b)). �

Theorem .. Let n ≥ 0 and TL be a fixed BoolMΣn( p)-definable temporal logic.
Then MC-TL-MSC and SAT-TL-MSC can be solved in n-EXPSPACE. More pre-
cisely, if F , C, and b is the input to our problems, then both can be decided in space
polynomial in F and C (if applicable) and in space n-fold exponential in b.

The proof of Theorem . is analogous to the one of Theorem .. Of course, we
use Prop. . instead of Prop. ..





6
MSO-DEF INABLE TEMPORAL LOGICS : LOWER BOUNDS

The purpose of the present chapter is to prove lower bounds on the satisfiabil-
ity problems SAT-TL-MSC and UNI-SAT-BMΣn-MSC, respectively. Regarding the
former, we give a polynomial time reduction from SAT-TL-PIC, whereas for the
latter, we construct a polynomial time reduction from UNI-SAT-BMΣn-PIC. The
lower bounds from the Theorems . and . then transfer to SAT-TL-MSC and
UNI-SAT-BMΣn-MSC. In particular, we represent a picture P by an MSC M over
two processes. The first process is basically obtained by concatenating the rows of P .
The second process is used for easy navigation. We also consider the corresponding
model checking problems UNI-MC-BMΣn-MSC and MC-TL-MSC.

We proceed as follows. In Sect. ., we develop a suitable encoding of pictures
using MSCs. In Sect. ., we show how to translate formulas expressing proper-
ties of pictures into “equivalent” MSC formulas and state the hardness results for
SAT-TL-PIC and UNI-SAT-BMΣn-MSC.

. representing pictures by mscs

In [Bol, BL, Bol], it was briefly outlined that pictures can be represented
by existentially bounded MSCs, that there is an existential MSO( p)-sentence
recognizing the set of all MSCs encoding pictures, and that everyMSO( Γ)-formula
can be translated into an “equivalent” MSO( p)-formula. Here, we reuse this
technique in a modified manner, provide an FO( p)-sentence defining the set of
all picture encodings, and give complete proofs. For this, we first define MSCs with
additional labels.

Let Γ be an alphabet and p ≥ 2. By p,Γ, we denote the labeled MSC signature

p ∪ {κγ | γ ∈ Γ}

where ar(κγ) = 1 for all γ ∈ Γ and the arities of the relation symbols from p are
as in Def. ..
A Γ-labeled MSC over p processes is a p,Γ-structure M where

– M � p is an MSC and

– the sets κMγ with γ ∈ Γ are a partition of UM .

As usual, we define κM : UM → Γ to be the mapping where κM (v) = a if v ∈ κMa
for all v ∈ UM .

Remark .. Note that labeled MSCs can be easily encoded by “normal” MSCs
by adding an additional process p′ for every existing process p. A Γ-label of an
event from process p is then encoded by a certain number of messages sent to the
accompanying process p′. If the labeled MSC is existentially b-bounded, then this
also holds for its unlabeled version. The translation of a “labeled” formula into its
equivalent “unlabeled” counterpart can be accomplished in polynomial time and by
staying at the same level of the monadic quantifier alternation hierarchy.
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Figure : The picture P from Example ., the picture P⊥, and the MSCMP . Regarding
the MSC, event names are written in gray directly beneath the events, κ-labels
are written in black, and λ-labels are implicitly given by the message edges.

If P is an m-column picture, then for technical reasons we define an intermediate
picture P⊥ with m + 1 columns which basically coincides with P for the first m
columns and the last column of P⊥ is labeled by ⊥’s only. More formally:

By Γ⊥ we denote the alphabet Γ]{⊥}. If P is a (k,m,Γ)-picture, then P⊥ denotes
the (k,m+ 1,Γ⊥)-picture where P⊥ � [k]× [m] = P and µP⊥⊥ = [k]× {m+ 1}.

Example .. Consider for example the picture P from the upper left-hand corner
of Fig. ; the corresponding picture P⊥ is shown in the lower left-hand corner.

We introduce some more notion needed to represent pictures as MSCs.

If M is an MSC over p processes and p ∈ [p], then we denote by seqM (p) the (finite
or infinite) sequence of all the events from UMp ordered according to �Mp .

Remark .. Since our definition does not allow dangling send and receive events,
respectively, an MSC M is uniquely determined by the sequences seqM (1), seqM (2)

etc. and the definitions of the functions λM and κM .

We translate a picture into a labeled MSC over two processes by stringing the
individual rows of the picture one after another on process 1. Figure  shows the
encoding of an example picture P . We suggest to have a look at it while reading
the following explanation and definition. The cells of P are represented by the
receive events of MP on process 1 (marked by the shaded rectangles). Note that
between each pair of adjacent receive events there is a send event for technical
reasons. That means that the cell right of the current cell can be reached within
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the MSC by moving to the event after the next event on process 1. For instance,
the cell (1, 1) of P labeled by γ1 is represented by the event b1 which is also labeled
by γ1. Similarly, the cell (1, 2) which is right of (1, 1) is represented by b2. The
latter event can be reached from b1 by making two steps on process 1.
On process 2, we insert send and receive events in such a way that the cell below

of the current cell (both are located on process 1) can be reached by going to the
next event on process 1, following a message sent from 1 to 2, going to the next
event on process 2, and then following a message from 2 to 1. For example, the
cells (1, 1) and (2, 1) are represented by the events b1 and b5, respectively. Starting
in b1, we can reach b5 in  steps by moving to c1, d1, a5, and b5 in this order.

Definition .. For all (k,m,Γ)-pictures P , we define MSC(P ) to be the Γ-labeled
MSC M over 2 processes where

– UM = {ai, bi, ci, di | i ∈ [k ·m]},

– seqM (1) = v0v1 . . . vk−1 with, for all 0 ≤ j < k,

vj = bj·m+1 cj·m+1 bj·m+2 cj·m+2 . . . b(j+1)·m c(j+1)·m ∈ (UM )m ,

– seqM (2) = w0w1 . . . wk with, for all 0 < j < k,

w0 = a1 a2 . . . am ∈ (UM )m ,

wj = d(j−1)m+1 aj·m+1 d(j−1)m+2 aj·m+2 . . . dj·m a(j+1)·m ∈ (UM )2m ,

wk = d(k−1)m+1 d(k−1)m+2 . . . dk·m ∈ (UM )m ,

– ai ∈ λM2!1, bi ∈ λM1?2, ci ∈ λM1!2, di ∈ λM2?1 for all i ∈ [k ·m], and

– κM (ai) = κM (bi) = κM (ci) = κM (di) = µ(r, c) if posP (r, c) = i for all
(r, c) ∈ UP and i ∈ [k ·m].

We also set MP = MSC(P⊥).

Example .. Consider the (2, 3,Γ)-picture P with µP (r, c) = γposP (r,c) ∈ Γ for
all (r, c) ∈ UP . Figure  shows the picture P , the (2, 4,Γ⊥)-picture P⊥ and the
Γ⊥-labeled MSC MP .

Note that we string the rows of a picture P on process 1 instead of its columns
because, in this case, the resulting MSC MP allows for an execution with channel
sizes linear in the number of columns of P. This is formalized by the following
lemma:

Lemma .. If P is a (k,m,Γ)-picture, then MP is existentially (m+ 1)-bounded.

Proof. SinceMP = MSC(P⊥), k rows and m+1 columns need to be translated into
an MSC. Let v0, v1, . . . , vk−1 and w0, w1, . . . , wk be the sequences from Def. .. The
sequence w0v0w1v1 . . . wk−1vk−1wk gives rise to a linearization v ofMP (cf. Fig. ).
It can be easily seen that v is (m+ 1)-bounded. �

Remark .. Let M be a Γ-labeled MSC over 2 processes. There exists a picture
P with MP = M if and only if there exist k ≥ 1 and m ≥ 2 (recall that we insert
an artificial column labeled by ⊥’s) such that the following holds:

(a) seqM (1) = b1c1b2c2 . . . bk·mck·m,

(b) seqM (2) = (a1a2 . . . am)(d1am+1d2am+2 . . . d(k−1)mak·m)

(d(k−1)m+1d(k−1)m+2 . . . dk·m)
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(c) λM (ai) = 2!1, λM (bi) = 1?2, λM (ci) = 1!2, λM (di) = 2?1 for all i ∈ [k ·m],

(d) κM (ai) = κM (bi) = κM (ci) = κM (di) for all i ∈ [k ·m],

(e) κM (ai) ∈ Γ for all i ∈ {j ·m+ 1, j ·m+ 2, . . . , j ·m+ (m− 1) | 0 ≤ j < k},

(f) κM (ai) = ⊥ for all i ∈ {j ·m+m | 0 ≤ j < k}.

In the following, we give a first-order formula defining the language of all Γ-labeled
MSCs M over 2 processes for which there exists a picture P such that M = MP .

Proposition .. Let Γ be an alphabet. There exists a FO( 2,Γ⊥)-sentence picture
such that, for all Γ⊥-labeled MSCs M over 2 processes, we have M |= picture if and
only if there exist k,m ≥ 1 and a (k,m,Γ)-picture P with MP = M .

Proof. By an FO( 2,Γ⊥)-sentence ψ1, we can express λM (seqM (1)) ∈ (1?2 1!2)+.
The formula ψ1 must ensure the following conditions:

– the minimal event on process 1 is labeled by 1?2,

– process 1 is finite (can be checked using the formula ∃x (U1(x) ∧max(x))),

– the maximal event on 1 is labeled by 1!2, and

– there do not exist two consecutive events labeled by the same symbol.

Furthermore, consider the sentence ψ2 ∈ FO( 2,Γ⊥) given as follows:

∃x, y [min(x) ∧ proc2(x, y) ∧ κ2!1(x) ∧ κ2!1(y)]

∧ ∃x, y [max(y) ∧ proc2(x, y) ∧ κ2?1(x) ∧ κ2?1(y)]

∧ ∀x, y, z [(proc2(x, y) ∧ proc2(y, z) ∧ κ2!1(y) ∧ κ2!1(z))→ κ2!1(x)]

∧ ∀x, y, z [(proc2(x, y) ∧ proc2(y, z) ∧ κ2?1(x) ∧ κ2?1(y))→ κ2?1(z)]

It can be shown that ψ2 ensures that λM (seqM (2)) ∈ 2!1 2!1+(2?1 2!1)∗2?1+2?1.
Now, let picture be the conjunction of ψ1, ψ2 and the following first-order sentence:

∀x, y [(λ2!1(x) ∧ λ2!1(y) ∧ proc2(x, y))→ ¬κ⊥(x))] ()
∧ ∀x, y, z [(λ2!1(x) ∧ λ2!1(y) ∧ λ2?1(z) ∧ proc2(x, y) ∧ proc2(y, z))→ κ⊥(y)] ()
∧ ∀x, y [msg(x, y)→

∨
γ∈Γ⊥

κγ(x) ∧ κγ(y)] ()

∧ ∀x, y [(λ1?2(x) ∧ λ1!2(y) ∧ proc1(x, y))→
∨
γ∈Γ⊥

κγ(x) ∧ κγ(y)] ()

∧ ∀x, y [(λ2?1(x) ∧ λ2!1(y) ∧ proc2(x, y))→ (κ⊥(x)↔ κ⊥(y))] ()
∧ ∀x [∀y ¬proc2(x, y)→ κ⊥(x)] ()

If P is a (k,m,Γ)-picture, then it can be easily checked that MP satisfies picture.
Now, for the other direction, we introduce the following definition: if M is a Γ-
labeled MSC over p processes and m ≤ |λMγ | for all γ ∈ Λp, then we denote by
Mm the restriction of M to the first m events (w.r.t. ≤M ) from every set λMγ with
γ ∈ Λp. Note that Mm is again an MSC.
Now, suppose that M is a Γ⊥-labeled MSC over 2 processes which satisfies the

formula picture. In the following, we inductively show that there exists a picture P
such that M = MP . Because of M |= ψ1 ∧ ψ2, we have λM (seqM (1)) ∈ (1?2 1!2)+

and λM (seqM (2)) ∈ 2!1 2!1+(2?1 2!1)∗2?1+2?1. Since the number of send events
on process 1 matches the number of receives events on process 1 and since, in an
MSC, every send event has a matching receive event and vice versa, it follows that
|λMγ | = |λMγ′ | for all γ, γ′ ∈ Λ2. Thus, there exist r, n ≥ 2 such that the following
holds:



. reduction 

– seqM (1) = b1c1b2c2 . . . brcr

– seqM (2) = (a1a2 . . . an)(d1a1+nd2a2+n . . . dr−nar)(dr−n+1dr−n+2 . . . dr)

– λM (bi) = 1?2, λM (ci) = 1!2, λM (ai) = 2!1, λM (di) = 2?1 for all i ∈ [r]

That means that M fulfills the conditions (a)–(c) of Remark .. For the base
clause, we will show that Mn is a proper encoding of a picture. Note that Mn is
the MSC given by

– seqMn(1) = b1c1b2c2 . . . bncn,

– seqMn(2) = a1a2 . . . an d1d2 . . . dn, and

– the restrictions of the functions λM and κM to {ai, bi, ci, di | i ∈ [n]}.

In particular, we have ai msgM bi procM1 ci msgM di for all i ∈ [n]. From the
formulas () and () it follows that κM (ai) ∈ Γ for all i ∈ [n− 1] and κM (an) = ⊥.
By the formulas () and (), we have κM (ai) = κM (bi) = κM (ci) = κM (di) for all
i ∈ [n]. Hence, the MSC Mn fulfills the properties (a)–(f) of Remark . for k = 1

and m = n, i.e., we have MP = Mn for some (1, n,Γ)-picture P .
Now, for the induction step, let us assume that there exists an ` ≥ 1 such that

` · n ≤ r, M`·n fulfills the properties (a)–(f) of Remark . for k = ` and m = n,
and there exists v ∈ UM with v /∈ UM`·n (i.e., M`·n contains strictly less events
than M). We will show that (`+ 1) · n ≤ r and that M(`+1)·n is a proper encoding
of a picture. We distinguish the following cases:

(a) If v is a receive event on process , then, by formula (), there exists s ∈ [r]

with ` · n < s ≤ r and κM (ds) = ⊥.

(b) If v is a send event on process , then there exists a matching receive event
d /∈M`·n on process . Thus, case (a) applies.

(c) If v is a receive event on process 1, then there exists a send event c /∈ UM`·n

on process 1 because of the structure of seqM (1). Hence, case (b) applies.

(d) If v is a send event on process 2, then there exists a matching receive event
b /∈ UM`·n on process 1. Thus, case (c) applies.

Hence, from the existence of v it follows that there is an s ∈ [r] such that `·n < s ≤ r
and κM (ds) = ⊥. Let s ∈ [r] with ` ·n < s ≤ r and κM (ds) = ⊥ be minimal. From
the sentences () and () it follows that κM (ai) = κM (bi) = κM (ci) = κM (di) for
all ` · n < i ≤ s. In particular, we have κM (as) = κM (bs) = κM (cs) = κM (ds) = ⊥.
Because κM (di) 6= ⊥ for all (` − 1) · n < i < ` · n and formula (), we have
κM (ai) 6= ⊥ for all ` · n < i < (` + 1) · n. Hence, (` + 1) · n ≤ s. Because of our
choice of s (s is minimal with κM (ds) = ⊥) and κM (d`·n) = κM (a(`+1)·n) = ⊥, we
must have s = (`+ 1) · n. Hence, M(`+1)·n fulfills the properties (a)–(f) of Remark
. for k = `+ 1 and m = n. �

. reduction

Firstly, we show that one can compute an “equivalent” MΠn( 2,Γ)-modality defi-
nition for every MΠn( Γ)-modality definition.

Lemma .. From an `-ary modality definition ϕ(X1, . . . , X`, x) ∈ MΠn( Γ), one
can compute a modality ϕ# ∈ MΠn( 2,Γ⊥) in time polynomial in |ϕ| such that the
following holds: for all pictures P = (k,m,Γ), (r, c) ∈ UP , and C1, . . . , C` ⊆ UP ,
we have

P,C1, . . . , C`, (r, c) |= ϕ ⇐⇒ MP , C
′
1, . . . , C

′
`, bposP⊥ (r,c) |= ϕ#
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where C ′i = {bposP⊥ (r,c) | (r, c) ∈ Ci} for all i ∈ [`].

Proof. A cell (r, c) from UP corresponds to the position bposP⊥ (r,c). For cells
(r1, c1), (r2, c2) ∈ UP , we have (r1, c1) SPh (r2, c2) if and only if there exists an
event v ∈ UMP such that (bposP⊥ (r1,c1), v) ∈ procMP

1 and (v, bposP⊥ (r2,c2)) ∈ procMP
1 .

Whereas we have (r1, c1) SPv (r2, c2) if and only if there exist v1, v2, v3 ∈ UMP

such that (bposP⊥ (r1,c1), v1) ∈ procMP
1 , (v1, v2) ∈ msgMP , (v2, v3) ∈ procMP

2 , and
(v3, bposP⊥ (r2,c2)) ∈ msgMP . Furthermore, the cells from UP are precisely the events
from λMP

1?2 \ κ
MP

⊥ . With this in mind, it can be easily seen that the following defini-
tion is sound.
If ϕ is an MSO( Γ)-formula, then ϕ# ∈ MSO( 2,Γ⊥) is inductively defined as

follows:

ϕ# =



κa(x) if ϕ = µa(x)

∃z (x proc1 z proc1 y) if ϕ = Sh(x, y)

∃z1, z2, z3 (x proc1 z1 msg z2 proc2 z3 msg y) if ϕ = Sv(x, y)

x = y if ϕ = (x = y)

X(x) if ϕ = X(x)

¬ψ# if ϕ = ¬ψ

ϕ#
1 ∨ ϕ

#
2 if ϕ = (ϕ1 ∨ ϕ2)

∃x (λ1?2(x) ∧ ¬κ⊥(x) ∧ ψ#) if ϕ = ∃xψ

∃X ψ# if ϕ = ∃X ψ

It can be easily seen that ϕ# can be constructed in polynomial time and that ϕ#

is contained in MΠn( 2,Γ⊥) whenever ϕ ∈ MΠn( Γ) for all n ∈ N. �

Let TL = (B, ar, defi) be an MSO( Γ)-definable temporal logic. By TL#, we denote
the MSO( 2,Γ⊥)-definable temporal logic (B#, ar#, defi#) where

– B# = B ∪ {¬,∧,TRUE,P1,P2,BOT,PROC,PICTURE},

– ar# � B = ar,

– ar#(∧) = 2, ar#(¬) = ar#(PROC) = 1,

– ar#(P1) = ar#(P2) = ar#(TRUE) = ar#(BOT) = ar#(PICTURE) = 0,

– defi#(MOD) = ϕ# ∧ λ1?2(x) ∧ ¬κ⊥(x) for all modalities MOD from B with
modality definition defi(MOD) = ϕ(X1, . . . , Xn, x),

– defi#(¬), defi#(∧), and defi#(TRUE) are as in Example .,

– defi#(Pp) = Up(x) for all p ∈ [2] (expresses that the current event belongs to
p),

– defi#(BOT) = κ⊥(x) (expresses that the current event is labeled by ⊥),

– defi#(PROC) = ∃y [X1(y) ∧
∨
p∈[p] procp(x, y)] (intuitively, PROCF expresses

that there is a direct successor of the current event on the same process
fulfilling the formula F ), and

– defi#(PICTURE) = picture where picture is the formula from Prop. ..

If F ∈ TL, then F# denotes the formula F ∨ P2.
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Clearly, every formula of TL is also a formula of TL#. Vice versa, this is not the
case since TL# contains additional modalities. If TL is MΠn( Γ)-definable for some
n ∈ N, then TL# is MΠn( 2,Γ⊥)-definable.

Lemma .. If TL is an MSO( Γ)-definable temporal logic, F ∈ TL, and P is a
picture, then P, (1, 1) |=TL F if and only if MP , v |=TL# F# for all v ∈ minMP .

Proof. Let TL = (B, ar, defi). First of all, we show by induction over the construc-
tion of F that the following holds:

FMP ,TL#

= {bposP⊥ (r,c) | (r, c) ∈ FP,TL} ()

Let F = MOD(F1, . . . , Fm) with MOD ∈ B, ar(MOD) = m, and F1, . . . , Fm ∈ TL.
By induction, we have FMP ,TL#

i = {bposP⊥ (r,c) | (r, c) ∈ F
P,TL
i }. Let (r, c) ∈ UP . If

(r, c) ∈ FP,TL, then, by definition, we have P, FP,TL
1 , . . . , FP,TL

m , (r, c) |= defi(MOD).
From Lemma ., bposP⊥ (r,c) ∈ λ

MP

1?2 , and bposP⊥ (r,c) /∈ κ
MP

⊥ , we obtain

MP , F
MP ,TL#

1 , . . . , FMP ,TL#

m , bposP⊥ (r,c) |= defi#(MOD) .

Hence, bposP⊥ (r,c) ∈ FMP ,TL#

.
For the converse direction, let v ∈ FMP ,TL#

. Because of v ∈ λMP

1?2 and v /∈ κMP

⊥
(cf. the definition of TL#), there exists (r, c) ∈ UP with bposP⊥ (r,c) = v. There-

fore, MP , F
MP ,TL#

1 , . . . , FMP ,TL#

m , bposP⊥ (r,c) |= defi#(MOD) holds. By Lemma .,
we obtain P, FP,TL

1 , . . . , FP,TL
m , (r, c) |= defi(MOD) and (r, c) ∈ FP,TL, respectively.

Hence, () holds.
Finally, let P be a (k,m,Γ)-picture. If P, (1, 1) |=TL F , then, by (), we obtain

MP , bposP⊥ (1,1) |=TL# F and MP , v |=TL# F , respectively, where v ∈ UMP
1 is min-

imal w.r.t. �MP
1 . Clearly, if v ∈ UMP

2 is minimal w.r.t. �MP
2 , then MP , w |= P2.

Hence, we have MP , v |= F# for all v ∈ minMP . The converse direction can be
shown analogously. �

Lower bounds on the satisfiability problem and model checking problem of a fixed
MΣn( p)-definable temporal logic can be shown by an easy reduction from the
satisfiability problem of a fixed MΣn( Γ)-definable temporal logic.

Theorem .. Let n ≥ 1. There is an MΣn( p)-definable temporal logic TL such
that SAT-TL-MSC and MC-TL-MSC are n-EXPSPACE-hard.

Proof. First of all, consider the formula (P1 →WIDTHm) where WIDTHm is given
by

¬BOT ∧ PROC(¬BOT ∧ PROC(. . .¬BOT ∧ PROC(︸ ︷︷ ︸
2m times

BOT)) . . .) .

Let P be a picture. We have MP , v |=TL# (P1 → WIDTHm) for all v ∈ minMP if
and only if the first 2m events on process 1 are labeled by symbols from Γ and the
(2m + 1)-th event is labeled by ⊥, i.e., this formula ensures that P has exactly m
columns.
By Theorem ., there exists an MΠn( Γ)-definable temporal logic TL whose

satisfiability problem SAT-TL-PIC is n-EXPSPACE-hard. Let F ∈ TL and m ≥ 1.
If there exists an m-column picture P with P, (1, 1) |=TL F , then it follows from
Lemma . that MP , v |=TL# F# for all v ∈ minMP . From the above observation,
we know that MP , v |=TL# (P1 → WIDTHm) for all v ∈ minMP . Cleary, we also
have MP , v |=TL# PICTURE for all v ∈ minMP . Hence, MP , v |=TL# G for all
v ∈ minMP where

G = PICTURE ∧ F# ∧ (P1 →WIDTHm) .
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By Lemma ., MP is existentially (m+ 1)-bounded.
Conversely, assume that there exists an existentially (m+ 1)-bounded MSC such

thatM,v |=TL# G for all v ∈ minM . Because of Prop. . andM,v |=TL# PICTURE,
there exists a picture P such that M = MP . Due to MP , v |=TL# (P1 →WIDTHm)

for all v ∈ minMP , P needs to be an m-column picture. Together with Lemma .
and MP , v |=TL# F# for all v ∈ minMP , it follows that P, (1, 1) |=TL F .
Hence, F is satisfiable by some m-column picture if and only if G is satisfiable by

some existentially (m+ 1)-bounded MSC. The formulas F# and WIDTHm can be
constructed in polynomial time. Hence, together with the idea from Remark .,
we can polynomially reduce SAT-TL-PIC to SAT-TL#-MSC. Theorem . follows
from the Remarks . and .. �

Given an MSO( p)-definable temporal logic TL, we can obtain TL# in polyno-
mial time. Together with the ideas from Remark . and the proof of Theo-
rem ., we obtain a polynomial time reduction from UNI-SAT-BMΣn-PIC to
UNI-SAT-BMΣn-MSC. Hence, by the Remarks . and ., the hardness result
from Theorem . transfers to UNI-SAT-BMΣn-MSC and UNI-MC-BMΣn-MSC:

Theorem .. For all n ≥ 1, UNI-SAT-BMΣn-MSC and UNI-MC-BMΣn-MSC are
(n+ 1)-EXPSPACE-hard.
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CRPDL : PSPACE -COMPLETENESS

In this chapter, we consider a new logic called propositional dynamic logic with
converse and repeat (abbreviated by CRPDL). It is a generalisation of PDL for
message-passing systems which was introduced by Bollig, Kuske, and Meinecke in
[BKM, BKM]. (CR)PDL is intuitive and easy-to-use: It allows to navigate
within an MSC using regular path expressions and to carry out local tests at the
same time. Furthermore, it distinguishes between local and global formulas. The
former ones are evaluated at a specific event of an MSC whereas the latter are
Boolean combinations of local formulas quantifying existentially over all events of
an MSC. Consider for example the local formula α = p!q ∧ ¬ 〈proc∗〉 p?q. An event
satisfies α if it is a send event of a message from process p to q which is not followed
by a reply message from q to p. The global formula Eα expresses that there exists
such an event v.
Basically, CRPDL is PDL (as defined in [BKM]) equipped with the operators

converse and repeat. The former, introduced in [Pra] and denoted by _−1, is a
common extension of PDL which allows to walk back and forth within an MSC using
a single path expression of PDL. For example one can specify a path expression
(proc−1;msg)∗ describing “zigzag-like” paths going back on a process and traversing
a send event in an alternating manner. The repeat operator (denoted by _ω)
[Str] allows to express that a path expression can be repeated infinitely often.
For example, an event v on process p satisfies 〈proc〉ω if there are infinitely many
events on p succeeding v. We are able to demonstrate that the following model
checking problem denoted by MC-CRPDL-MSC is PSPACE-complete and therefore
generalize the result from [BKM, BKM]: Given a number of processes p, a
channel bound b, a CFM C, and a global CRPDL formula ϕ, is there an existentially
b-bounded MSC M accepted by C fulfilling ϕ?
In order to obtain this result, we define multi-way alternating parity automata

over MSCs which we call local message sequence chart automata (or local MSCAs
for short). Local MSCAs are started at specific events of an MSC and accept sets
of pointed MSCs which are pairs of an MSC M and an event v of M . Using the
usual game theoretic approach, it can be shown that local MSCAs are closed under
complementation. We demonstrate that every local formula α of CRPDL can be
translated in polynomial time into an equivalent local MSCA whose size is linear
in the size of α — this can be done independently from any channel bound. We
also define global MSCAs consisting of a local MSCAM and a set of global initial
states. A global initial state is a tuple of states (ι1, ι2, . . . , ιn) where n is the number
of processes. If, for every process p, there exists an accepting run of M starting
in the minimal event of p and the initial state ιp, then the global MSCA accepts
the whole MSC. For every global formula ϕ of the form Eα or Aα (where α is a
local formula), we can construct in polynomial time a global MSCA G such that
G precisely accepts the set of models of ϕ. In order to solve the model checking
problem, the automaton G can then be transformed into a two-way alternating
word automaton and, after that, into a Büchi automaton recognizing the set of all
b-bounded linearizations of the models of ϕ.
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In the literature, one can basically find two types of approaches to turn a temporal
formula into a Büchi automaton. On the one hand, Vardi and others [Var, GO]
transformed LTL formulas into alternating automata in one single step and, after-
wards, these alternating automata were translated into Büchi automata. On the
other hand, there were performed inductive constructions which lead to a Büchi au-
tomaton without the need for an intermediate step [KPR, GK, GK, GK,
BKM, BKM]. In the present work, we combine these two approaches in the
spirit of [LS, SL] to obtain a very modular and easy to understand proof. For a
given CRPDL formula, we inductively construct an alternating automaton which is
later translated into a Büchi automaton. For this, we also need to concatenate local
MSCAs: For example, if M is the local MSCA obtained for the formula 〈proc〉 tt,
then we concatenate two copies of M to obtain an automaton for the formula
〈proc; proc〉 tt. Since runs of alternating automata may split, it is not straightfor-
ward how to accomplish this. To tackle this task, we utilize a new concept based on
so-called concatenation states and main states. These special states allow an easy
concatenation of local MSCAs. It seems that this technique was later also used
by Bozzelli and Sánchez [BS] to translate, in the context of singly nested words,
formulas of Visibly Linear Temporal Logic into a variant of alternating automata.
Recently, C. Aiswarya, Gastin, and Narayan Kumar considered the satisfiability

and model checking problems of CPDL (CRPDL without the repeat operator) on
finite MSCs [AGKb, Ais]. They managed to prove PSPACE upper bounds with
respect to these problems using a connection between existentially bounded MSCS
and MSCs whose split-width is bounded. For this, they generalized the notion of
split-width to message-passing recursive systems.

The outline of this chapter is as follows. In Sect. ., we formally define CRPDL,
local and global MSCAs, and give introductory examples. In Sect. ., we show
that local MSCAs are effectively closed under complementation. In Sect. ., we
construct, for every local CRPDL formula α, a local MSCA which precisely accepts
the models of α. In Sect. ., we effectively show that, for every global CRPDL
formula ϕ, the set of models of ϕ is the language of a global MSCA. In Sect. ., we
prove that the bounded satisfiability problem for CRPDL and the bounded model
checking problem for CRPDL and CFMs both are PSPACE-complete.
The results of this chapter were previously published as [Men, Men]. The

author is grateful to Benedikt Bollig for his comments leading to a considerable
technical simplification of this chapter.

. crpdl and mscas

.. Propositional Dynamic Logic with Converse and Repeat

In this section, we introduce a new logic called propositional dynamic logic with
converse and repeat (or CRPDL for short). In CRPDL, we distinguish between
local and global formulas. The former ones are evaluated at specific events of an
MSC. The latter are positive Boolean combinations of properties of the form “there
exists an event satisfying a local formula” or “all events satisfy a local formula”.

We fix the set M = {proc, proc−1,msg,msg−1, id} of directions. Local formulas α
and path expressions π of CRPDL over p processes are defined by the following
grammar, where D ∈M and γ ranges over the alphabet Λp:

α ::= tt | γ | ¬α | 〈π〉α | 〈π〉ω

π ::= D | {α} | π;π | π + π | π∗
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Formulas of the form 〈π〉α are called path formulas. The size of a local formula α
is the length of the string α.

Note that proc−1 and msg−1 form the converse operator [Pra] which allows, to-
gether with proc and msg, to walk back and forth within an MSC using a single
path expression. The formula 〈π〉ω provides the functionality of the repeat operator
[Str]. It allows to express that a path expression can be repeated infinitely often.
Intuitively, a path formula 〈π〉α expresses that one can move along a path de-

scribed by π and then α holds. In the following formal definition of the semantics
of local formulas, we write reachM (v, π) to denote the set of events which can be
reached from v using a path described by π. A formal definition of reachM (v, π) is
given at the end of Definition ..

An MSC M induces a partial function ηM : (UM × UM )→ M that states whether
two given events are the same, whether they are consecutive events, or whether
they are matching send and receive events. For all v, v′ ∈ UM , we define:

ηM (v, v′) =



proc if (v, v′) ∈ procM

proc−1 if (v′, v) ∈ procM

msg if (v, v′) ∈ msgM

msg−1 if (v′, v) ∈ msgM

id if v = v′

undefined otherwise

If M is an MSC and v ∈ UM , then the pair (M,v) is called a pointed MSC .

Definition .. For all pointed MSCs (M, v), we have M,v |= tt, i.e., tt is always
evaluated to true. Now, let (M, v) be a pointed MSC, γ ∈ Λp, D ∈M, α be a local
formula, π, π1, π2 be path expressions. We define:

M,v |= γ ⇐⇒ λM (v) = γ

M, v |= ¬α ⇐⇒ M, v 6|= α

M, v |= 〈D〉α ⇐⇒ there exists v′ with ηM (v, v′) = D and M,v′ |= α

M, v |= 〈{α}〉β ⇐⇒ M, v |= α and M,v |= β

M, v |= 〈π1 + π2〉α ⇐⇒ M, v |= 〈π1〉α or M,v |= 〈π2〉α
M, v |= 〈π1;π2〉α ⇐⇒ M, v |= 〈π1〉 〈π2〉α

M, v |= 〈π∗〉α ⇐⇒ there exists an n ≥ 0 with M,v |= (〈π〉)nα
M, v |= 〈π〉ω ⇐⇒ there exist infinitely many events v0, v1, . . . such that

v0 = v and vi+1 ∈ reachM (vi, π) for all i ≥ 0

where reachM (v, π) is inductively defined as follows:

reachM (v,D) =

{v′} if ηM (v, v′) = D

∅ otherwise

reachM (v, {α}) =

{v} if M, v |= α

∅ otherwise

reachM (v, π1;π2) =
⋃
v′∈reachM (v,π1) reachM (v′, π2)

reachM (v, π1 + π2) = reachM (v, π1) ∪ reachM (v, π2)

reachM (v, π∗) = {v} ∪
⋃
n≥1 reachM (v, πn)
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By L(α) we denote the set of pointed MSCs which satisfy α.

If α = 〈π〉 tt, then we define

reachM (v, α) = reachM (v, π) .

While the syntax of local formulas lacks conjunction and disjunction, the logical
connectives “and” and “or” can still be expressed: We use α1∧α2 as an abbreviation
for 〈{α1}〉α2 and we write α1 ∨ α2 for the formula ¬(¬α1 ∧ ¬α2). Finally, for all
processes q ∈ [p], we define Pq to be the formula

∨
p∈[p],q 6=p(q!p∨ q?p). That means

Pq ensures that the current event belongs to process q.

Example .. The modalities EU, ES and EG (cf. Example .) can be easily simu-
lated using local formulas from CRPDL. For instance, the existential until construct
αEUβ can be expressed by the local formula 〈({α}; (proc + msg))∗〉β. The modal-
ity ES can be simulated similarly using proc−1 and msg−1 instead.
Concerning EGα, we use the following formula:

〈({α}; (proc + msg))∗〉 (α ∧ ¬ 〈proc + msg〉 tt) ∨ 〈({α}; (proc + msg))∗〉ω

Informally speaking, the left-hand part of the above disjunction says that there
exists a maximal finite forward path beginning in the current event such that α
always holds; whereas the right-hand part expresses that there is an infinite path
visiting only events fulfilling α.

Remark .. It can be easily seen thatM,v |= 〈π〉α if and only ifM,v |= 〈π; {α}〉 tt.
Because of this fact, every time we are dealing with path formulas in the future, we
will assume that α = tt.

We now define global formulas which are positive Boolean combinations of proper-
ties of the form “there exists an event satisfying a local formula α” or “all events
satisfy a local formula α”.

The syntax of global formulas is given by the grammar

ϕ ::= Eα | Aα | ϕ ∨ ϕ | ϕ ∧ ϕ

where α ranges over the set of local formulas. Their semantics is as follows: If M
is an MSC, α is a local formula, and ϕ1, ϕ2 are global formulas, then

M |= Eα ⇐⇒ there exists v ∈ UM with M, v |= α ,

M |= Aα ⇐⇒ M,v |= α for all v ∈ UM ,
M |= ϕ1 ∨ ϕ2 ⇐⇒ M |= ϕ1 or M |= ϕ2 , and
M |= ϕ1 ∧ ϕ2 ⇐⇒ M |= ϕ1 and M |= ϕ2 .

We define the size of a global formula ϕ to be the length of the string ϕ. By L(ϕ),
we denote the set of MSCs M with M |= ϕ.

Even though there are no negation operators allowed in global formulas, the ex-
pressible properties are still closed under negation. This is because local formulas
are closed under negation and global conjunction and disjunction operators as well
as existential and universal quantification are available. For instance, ¬Eα can be
expressed by A¬α whereas ¬(ϕ1∨ϕ2) can be written as (¬ϕ1∧¬ϕ2). Similarly, for
Aα and ¬(ϕ1 ∧ ϕ2).

We now give several examples of global formulas. Note that the first one is borrowed
from [BKM, Example .].
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Example . ([BKM]). Consider the formula βp = 〈proc∗;msg; proc∗;msg〉Pp. If
(M,v) is a pointed MSC such that M,v |= βp, then process p can be reached from
v with exactly two messages. If M is the MSC from Fig. , then M,v |= β1 if and
only if v is one of the first three events on process 1. The global formula ϕp = Aβp
states that βp holds for every event of an MSC M (which in particular implies that
M is infinite).

Example .. An MSC M satisfies E
∧
p∈[p](

〈
(proc + msg + proc−1 + msg−1)∗

〉
Pp)

if and only if the graph (UM , procM ∪msgM ∪ (procM )−1∪ (msgM )−1) is connected.

Example .. Now, let πp = ((proc + msg)∗; {Pp}) for every p ∈ [p]. Imagine that
M is an MSC which models the circulation of a single token granting access to a
shared resource. Then M |= E 〈π1;π2; . . . ;πp〉ω if and only if no process ever gets
excluded from using the shared resource.

Formally, the satisfiability and model checking problems of CRPDL in the setting
of existentially bounded MSCs read as follows:

Definition .. SAT-CRPDL-MSC is given by

Input: number of processes p ∈ N (given in unary),
channel bound b ∈ N (given in unary),
global CRPDL formula ϕ

Question: Is there an existentially b-bounded MSC satisfying ϕ?

whereas MC-CRPDL-MSC is defined as follows:

Input: number of processes p ∈ N (given in unary),
channel bound b ∈ N (given in unary),
(0-extended) CFM C,
global CRPDL formula ϕ

Question: Does there exist an existentially b-bounded MSC M ∈ L(C)
satisfying ϕ?

.. Message Sequence Chart Automata

In this section, we give the definition of message sequence chart automata (MSCAs)
which basically are multi-way alternating parity automata walking forth and back
on the process and message edges of MSCs. We first define local MSCAs which
are started at individual events of an MSC. Later we will show that every local
formula can be translated into an “equivalent” local MSCA. For this, we will also
concatenate basic local MSCAsM1 andM2 to obtain a new local MSCA capturing
more complex behaviors. Since runs of alternating automata, and therefore of local
MSCAs, potentially split into several parallel computations, it is not obvious where
and when to start the local MSCAM2. To tackle this problem, we will introduce
so-called concatenation states.
In the setting of multi-way alternating automata, it is common to define the

transition function δ to be a mapping from S×Λp to the set of all positive Boolean
expressions over M × S where S is the set of states. If τ ⊆ M × S is a minimal
model of δ(s, γ), then τ is a valid transition. For every (D, s′) ∈ τ , the automa-
ton splits into an individual copy which moves into the direction D and changes
into the state s′. The idea is that the conjunctive connectives implement univer-
sal branching whereas the disjunctive connectives realize existential branching and
nondeterminism, respectively.
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s1 | 1 s2 | 1 s3 | 0

Λp, proc Λp, proc

Λp msg {q!p | q 6= p} id

Figure : The local MSCAM from Example ..

If X is a non-empty set, then B+(X) denotes the set of all positive Boolean ex-
pressions over X together with the expression ⊥. The latter expression is always
evaluated to false. We say that Y ⊆ X is a model of E ∈ B+(X) and write Y |= E

if E is evaluated to true when assigning true to every element contained in Y and
assigning false to all elements from X \ Y . The set Y ⊆ X is a minimal model of
E if Y |= E and Z 6|= E for all Z ( Y . We denote the set of all models of E by
mod(E) whereas we write mmod(E) for the set of all minimal models of E.

Example .. For instance, {a, b, c}, {a, b}, {a, c}, {b, c}, and {a} are all models of
the positive Boolean expression a ∨ (b ∧ c) ∈ B+({a, b, c}). However, only {a} and
{b, c} are minimal models.

A local message sequence chart automaton (local MSCA) over p processes is a
quintupleM = (S, δ, ι, c, κ) where

– S is a finite set of states,

– δ : (S × Λp)→ B+(M× S) is a transition function,

– ι ∈ S is an initial state,

– c ∈ S is a concatenation state, and

– κ : S → N is a ranking function.

The size ofM is |δ|. If we do not pay attention to the concatenation state c, then
we sometimes write (S, δ, ι, κ) instead of (S, δ, ι, c, κ). The non-empty subsets of
M× S are called transitions.

Example .. Let p ∈ [p] be fixed. Consider the local MSCA M = (S, δ, s1, κ)

which is depicted in Fig. . Its set of states S consists of the three states s1, s2,
and s3 where s1 is the initial state. Each state is depicted by a circle. The label
of the circles also tells us the rank of each state. For example, s1 | 1 expresses
that κ(s1) = 1. Furthermore, we have κ(s2) = 1 and κ(s3) = 0. Transitions are
depicted by arrows. For instance, the arrow from s1 to s2 labeled by Λp and msg
says that the automaton can make a transition from s1 to s2 by following a message
edge and going to the matching receive event, respectively. We write Λp because
this transition can be executed no matter what the label of the current event is.
Alternatively, the automaton can stay in state s1 by going to the successor of the
current event — this is expressed by the loop at s1. More formally, for all γ ∈ Λp,
we have δ(s1, γ) = (proc, s1) ∨ (msg, s2), δ(s3, γ) = ⊥, and

δ(s2, γ) =

(id, s3) if γ = q!p where q ∈ [p] \ {p}

(proc, s2) otherwise.

Note that the above example makes use of existential branching only whereas the
local MSCA of the next example also implements universal branching.
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t1 | 1

t2 | 0

s1 | 1 s2 | 1 s3 | 0

Λp, proc Λp, proc

Λp msg {q!p | q 6= p} id

Λp

id

id

proc

Λp

Figure : The local MSCAM′ from Example ..

Example .. Consider the local MSCA from Fig. . Note that universal branch-
ing is depicted by forking arrows. We have M′ = (S ∪ {t1, t2}, δ ∪ δ′, t1, κ ∪ κ′)
whereM = (S, δ, s1, κ) is the local MSCA from Example ., κ′(t1) = 1, κ′(t2) = 0,
and δ(t1, γ) = (id, t2) ∧ (id, s1) and δ(t2, γ) = (proc, t1) for all γ ∈ Λp.

Runs of local MSCAs potentially split several times and therefore have a tree-like
shape. In order to formally define runs of local MSCAs, we introduce so-called
(S,M, v)-configuration trees over pointed MSCs (M,v) where S is an arbitrary set.
Later, the set S will be the set of states of a local MSCA.

Definition .. Let S be an arbitrary set,M be an MSC, and v ∈M . An (S,M, v)-
configuration tree is a quintuple ρ = (C,E, r, µ, ν) where

() (C,E) is a tree with r ∈ C as its root,

() µ : C → S is a labeling function,

() ν : C → UM is a positioning function with ν(r) = v,

() µ(y1) 6= µ(y2) or ν(y1) 6= ν(y2) for all (x, y1), (x, y2) ∈ E with y1 6= y2, and

() ηM (ν(x), ν(y)) is defined for all (x, y) ∈ E (i.e., x and y are identical or
connected by a proc or msg edge).

The elements of C are called configurations. If x ∈ C, then

Eρ(x) = {y ∈ C | (x, y) ∈ E}

denotes the set of the direct successor configurations of x in ρ. For convenience, we
identify µ with its natural extension to finite and infinite words over C, i.e.,

µ(x1x2x3 . . .) = µ(x1)µ(x2)µ(x3) . . . ∈ S∗ ∪ Sω .

As usual, we use configuration trees to define runs of local MSCAs. The condition
() has no influence on the expressiveness of local MSCAs but simplifies the proofs
in Section .. Intuitively, it prevents a local MSCA from doing unnecessary work.
By item (), we ensure that a local MSCA cannot jump within an MSC but must
move along process or message edges.

Let S be a set, (M,v) be a pointed MSC, and ρ = (C,E, r, µ, ν) be an (S,M, v)-
configuration tree over (M,v). A path in ρ of length n ∈ N ∪ {ω} is a sequence
x1x2x3 . . . ∈ Cn such that (xi, xi+1) ∈ E for all i ∈ [n − 1]. It is a branch of ρ if
x1 = r and Eρ(xn) = ∅ (provided that n ∈ N).

 (C,E) is a directed, connected, cycle-free graph with the set of nodes C and the set of edges E
such that r ∈ C (called root) is the only node with no incoming edges and all other nodes have
exactly one incoming edge.
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That means every branch of ρ begins in the root of ρ and either leads to some leaf
of ρ or is infinite.

If C ′ ⊆ C such that (C ′, E∩(C ′×C ′)) is a tree with root r′, we denote by ρ � C ′ the
restriction of ρ to C ′, i.e., the (S,M, v)-configuration tree (C ′, E′, r′, µ′, ν′) where
E′ = E ∩ (C ′ × C ′), µ′ = µ � C ′, and ν′ = ν � C ′.

We want the runs of local MSCAs to be maximal. That means that, during a run,
a local MSCA is forced to execute a transition if it is able to do so. If the local
MSCA is unable to proceed, we say that it is stuck.

Definition .. Let M be an MSC and M = (S, δ, ι, κ) be a local MSCA. The
automaton M is stuck at an event v ∈ UM in the state s ∈ S if every transition
τ ∈ mmod(δ(s, λM (v))) contains a movement (D, s′) ∈ τ such that no v′ ∈ UM

satisfies ηM (v, v′) = D.

We are now prepared to define runs of local MSCAs.

Definition .. Let M = (S, δ, ι, κ) be a local MSCA, (M, v) be a pointed MSC,
and ρ = (C,E, r, µ, ν) be an (S,M, v)-configuration tree. We define trρ : C → 2M×S

to be the function which maps every x ∈ C to the (unique) transition which is
needed to reproduce the configuration tree ρ byM, i.e.,

trρ(x) =
{(
ηM (ν(x), ν(x′)), µ(x′)

)
| x′ ∈ Eρ(x)

}
.

The tree ρ is a run ofM on (M,v) if µ(r) = ι and, for all x ∈ C, the run condition
is fulfilled, i.e.,

– if Eρ(x) 6= ∅, then trρ(x) ∈ mmod(δ(µ(x), λM (ν(x)))), and

– if Eρ(x) = ∅, thenM is stuck at the event ν(x) in state µ(x).

Definition .. A finite sequence of states s1s2 . . . sn is accepting if κ(sn) is even.
Now, let (si)i≥1 ∈ Sω be an infinite sequence of states. By inf((si)i≥1), we denote
the set of states occurring infinitely often in (si)i≥1. The sequence (si)i≥1 is accept-
ing if the minimum of the ranks of all states occurring infinitely often is even, i.e.,
min{κ(s) | s ∈ inf((si)i≥1)} is even.
If ρ is a run ofM, and b is a branch of ρ, then b is accepting if its label µ(b) is

accepting. A run ρ ofM is accepting if every branch of ρ is accepting. By L(M), we
denote the set of all pointed MSCs (M,v) for which there exists an accepting run of
M. Furthermore, for all p ∈ [p], Lp(M) is the set of MSCs M with (M, v) ∈ L(M)

where v is the minimal element from UMp w.r.t. �Mp .

Example .. LetM andM′ be the local MSCAs from the Examples . and .,
respectively. It can be easily checked that, for every pointed MSC (M,v), we have
(M, v) ∈ L(M) if and only if M, v |= βp where βp = 〈proc∗;msg; proc∗;msg〉Pp is
the formula from Example .. In contrast, a pointed MSC (M,v) is accepted by
M′ if and only if M,v′ |= βp for all v′ ∈ UM with v �Mq v′ (where q is the process
to which v belongs).

We also introduce the notion of global MSCAs which come as a local MSCA together
with a set of global initial states.

A global message sequence chart automaton (global MSCA) over p processes is a
tuple G = (M, I) where M = (S, δ, ι, κ) is a local MSCA over p processes and
I ⊆ Sp is a set of global initial states. The language of G is defined by

L(G) =
⋃

(s1,...,sp)∈I

⋂
p∈[p]

Lp(S, δ, sp, κ) .

The size of G is the size ofM plus the size of I.
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Intuitively, an MSC M is accepted by G if and only if there exists a global initial
state (s1, s2, . . . , sp) ∈ I such that, for every p ∈ [p], the local MSCA M accepts
(M,vp) when started in the state sp where vp is the minimal event on process p.

Example .. Let G = (M′, {(t1, . . . , t1)}) be the global MSCA where M′ is the
local MSCA from Example .. We have M ∈ L(G) if and only if M |= ϕp where
ϕp is the global formula from Example ..

. complementation of mscas

The purpose of this section is to show that the class of languages recognized by
local MSCAs is closed under complementation. Local MSCAs are very similar to
alternating one-way automata running on infinite trees. Regarding the latter, it
has been shown by Muller and Schupp [MS] using game theoretic techniques that
these tree automata are closed under complementation. Hence, by unfolding MSCs
and translating local MSCAs into suitable alternating one-way tree automata, one
could infer the complementation result for local MSCAs. However, mainly because
runs of local MSCAs also contain finite branches, all attempts to directly use the
result from Muller and Schupp turned out to be very technical and unintuitive.
Therefore, we decided to transfer the proof techniques from [MS] to our setting
and to basically reprove the complementation result.
If M is a local MSCA, then a local MSCA M# recognizing the complement of

L(M) can be easily obtained. Basically one just needs to exchange ∧ and ∨ in the
image of the transition function ofM and update the ranking function.

Let X be a set and E ∈ B+(X). Then the dual expression Ẽ of E denotes the
positive Boolean expression obtained from E by exchanging ∧ and ∨.

Let us state the following lemma on positive Boolean expressions and their dual
counterparts.

Lemma .. Let X be a set, E ∈ B+(X), and Y ⊆ X. We have:

Y ∈ mod(Ẽ) ⇐⇒
(
Y ∩ Z 6= ∅ for all Z ∈ mod(E)

)
Proof. First, consider the direction from left to right. If E = a for some a ∈ X, then
the claim easily follows. For the induction step, let us assume that E = E1 ∨ E2

such that, for all i ∈ [2], Z |= Ei, and Y |= Ẽi, we have Y ∩ Z 6= ∅. Furthermore,
let Z ∈ mod(E) and Y ∈ mod(Ẽ). Clearly, we have Z |= E1 or Z |= E2. Assume
that Z |= E1 (the other case can be dealt with analogously). Since Ẽ = Ẽ1 ∧ Ẽ2,
we also have Y |= Ẽ1. It follows from the induction hypothesis that Y ∩ Z 6= ∅.
The case E = E1 ∧ E2 is shown analogously.

It remains to show the direction form right to left. Again, if E = a for some
a ∈ X, then the claim easily follows. For the induction step, let E1, E2 ∈ B+(X)

such that, for all i ∈ [2], the following holds: if Y ⊆ X and Y ∩ Z 6= ∅ for all
Z ∈ mod(Ei), then Y ∈ mod(Ẽi). For the case E = E1 ∨ E2, let Y ⊆ X such that
Y ∩Z 6= ∅ for all Z ∈ mod(E). Let Z ∈ mod(E1). Then Z ∈ mod(E) and therefore
Y ∩ Z 6= ∅. The induction hypothesis implies Y |= Ẽ1. Similarly, we get Y |= Ẽ2.
Hence, as claimed by the above lemma, Y |= Ẽ1 ∧ Ẽ2 = Ẽ. Now, let us consider
the case E = E1 ∧E2. Towards a contradiction, suppose that there exists a Y ⊆ X
such that Y ∩ Z 6= ∅ for all Z ∈ mod(E) and Y 6|= Ẽ. Since Ẽ = Ẽ1 ∨ Ẽ2, we have
Y 6|= Ẽ1 and Y 6|= Ẽ2. From our induction hypothesis it follows that there exist
Z1 ∈ mod(E1) and Z2 ∈ mod(E2) with Y ∩ Z1 = Y ∩ Z2 = ∅. Since we also have
Z1 ∪ Z2 |= E, this is a contradiction to our definition of Y . �

We are now prepared to dualize local MSCAs.
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Definition .. Let M = (S, δ, ι, c, κ) be a local MSCA. The dual MSCA M# is
the local MSCA (S, δ#, ι, c, κ#) where

– κ#(s) = κ(s) + 1 for all s ∈ S and

– δ#(s, γ) = δ̃(s, γ) for all s ∈ S and γ ∈ Λp.

Remark .. LetM = (S,∆, ι, κ) be a local MSCA and (si)i≥1 ∈ S∞ = S∗ ∪ Sω
be a sequence of states. Because of our definition of κ#, a state s ∈ S has an
even rank inM if and only if it has an odd rank inM#. It follows that (si)i≥1 is
accepting inM if and only if it is not accepting inM#.

The rest of this section prepares the proof of the following theorem. The actual
proof can be found on page .

Theorem .. IfM is a local MSCA and (M,v) is a pointed MSC, then

(M,v) ∈ L(M) ⇐⇒ (M,v) /∈ L(M#) .

LetM = (S, δ, ι, κ) be a local MSCA and (M, v) be a pointed MSC. We construct
a game G(M,M, v) played by the two players Automaton and Pathfinder in the
arena (CA, CP , EA, EP ) where CA = UM × S, CP = UM × 2M×S , EA ⊆ CA × CP ,
and EP ⊆ CP × CA. We define(

(v, s), (v, τ)
)
∈ EA ⇐⇒ τ ∈ mmod(δ(s, λM (v))) and, for all (D, s′) ∈ τ , there

exists an event v′ ∈ UM such that ηM (v, v′) = D ,

and(
(v, τ), (v′, s)

)
∈ EP ⇐⇒ there exists D ∈M such that

(D, s) ∈ τ and ηM (v, v′) = D .

CA is the set of game positions of the player Automaton. Analogously, at a position
from CP it is Pathfinder’s turn. The game position (v, ι) is called the initial position.

A play of G(M,M, v) starts at the initial position (v, ι) ∈ CA, i.e., the player
Automaton has to move first. He chooses a transition τ from mmod(δ(ι, λM (v)))

resulting in a game position (v, τ) ∈ CP . Now, it is Pathfinder’s turn who has to
pick a movement (D, s) from τ . This leads to the game position (v′, s) ∈ CA with
ηM (v, v′) = D. After that, Automaton has to move next and so on. More formally,
we define:

LetM = (S, δ, ι, κ) be a local MSCA and (M, v) be a pointed MSC. A partial play
of G(M,M, v) is a sequence ξ of one of the following two forms:

() ξ =
(
(vi, si)(vi, τi)

)
1≤i≤n ∈ (CACP )n where

– n ≥ 1

– (v1, s1) = (v, ι)

– ((vi, si), (vi, τi)) ∈ EA for all i ∈ [n]

– ((vi, τi), (vi+1, si+1)) ∈ EP for all i ∈ [n− 1]

() ξ =
(
(vi, si)(vi, τi)

)
1≤i<n(vn, sn) ∈ (CACP )n−1CA where

– n ≥ 1

– (v1, s1) = (v, ι)

– ((vi, si), (vi, τi)) ∈ EA for all i ∈ [n− 1]
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– ((vi, τi), (vi+1, si+1)) ∈ EP for all i ∈ [n− 1]

The sequence (si)1≤i≤n ∈ Sn is called the label of ξ. By ξ � CA, we denote
the sequence (v1, s1)(v2, s2) . . . (vn, sn) which is obtained by restricting ξ to the
positions from CA.

The sequence ξ = (v1, s1)
(
(vi, τi), (vi+1, si+1)

)
1≤i<n with n ∈ (N \ {0}) ∪ {∞} is a

play of G(M,M, v) if the following conditions are fulfilled:

–
(
(vi, si)(vi, τi)

)
1≤i≤j(vj+1, sj+1) ∈ (CACP )jCA is a partial play for j ∈ [n−1]0

– if n ∈ N, then there is no (v, τ) ∈ CP such that
(
(vn, sn), (v, τ)

)
∈ EA, i.e.,

the player Automaton cannot move anymore.

If ξ is a play, then the label of ξ is the sequence s1s2s3 . . . ∈ S∞ = S∗ ∪ Sω.
Automaton is declared the winner of the play ξ if the label of ξ is accepting inM.
Otherwise, the play is won by Pathfinder.

We define (memoryless) (winning) strategies in the usual way:

A strategy of the player Automaton in the game G(M,M, v) is a total function
f : ((CACP )∗CA)→ CP . A (partial) play

ξ = (v1, s1)
(
(vi, τi)(vi+1, si+1)

)
1≤i<n

is called a (partial) f -play if (vi, τi) = f
(
(v1, s1)(v1, τ1) . . . (vi, si)

)
for all i ∈ [n−1].

The strategy f is said to be memoryless if f(ξ1) = f(ξ2) for all (v, s) ∈ CA and
ξ1, ξ2 ∈ (CACP )∗{(v, s)}. Furthermore, f is a winning strategy if every f -play
of G(M,M, v) is won by the player Automaton — no matter what the moves of
Pathfinder are.

A (memoryless) (winning) strategy for player Pathfinder is defined analogously.
Note that we can consider a memoryless strategy f as a function f : CA → CP .
Even though we require a strategy to be a total function, we often define a concrete
strategy only partially and assume that all other (uninteresting) values are mapped
to a fixed game position from CP .

In the following, letM = (S, δ, ι, κ) be a local MSCA and (M,v) be a pointed MSC.
Further, let (CA, CP , EA, EP ) be the arena of G(M,M, v) and (CA, C

#
P , E

#
A , E

#
P )

be the arena of G(M#,M, v). As stated by the following theorem from [Küs],
parity games enjoy memoryless determinacy.

Theorem . (cf. [Küs]). From any game position in G(M,M, v), either Au-
tomaton or Pathfinder has a memoryless winning strategy.

Note that the above result has been proven earlier, especially the determinacy of
parity games already follows from a result by Martin [Mar]. We kindly refer the
reader to the introduction section of [Küs] for a brief survey of the historical
circumstances.

We now establish a connection between accepting runs ofM and winning strate-
gies of the player Automaton.

Lemma .. If (M,v) is accepted by M, then Automaton has a winning strategy
in the game G(M,M, v).

Proof. Let ρ = (C,E, r, µ, ν) be an accepting run of M on (M,v). We construct
a strategy f for Automaton which ensures that, for every f -play ξ of G(M,M, v),
the label of ξ is also a label of a branch of ρ. Let x ∈ C be a configuration with
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Eρ(x) 6= ∅ and b = x1x2 . . . xn be the unique path from the root r to x in ρ.
Consider the finite sequence

ξ = (v1, s1)(v1, τ1)(v2, s2) . . . (vn, sn) ∈ (CACP )n−1CA

where vi = ν(xi), si = µ(xi), τj = trρ(xj) for all i ∈ [n] and j ∈ [n − 1]. The
sequence ξ is a partial play of G(M,M, v). We define f(ξ) = (vn, trρ(xn)). The
partial function f becomes a total function and, therefore, a strategy for the player
Automaton by mapping every value, for which we did not define f , to a fixed game
position from CP .
We show that every f -play develops along a branch of ρ. Every play of the game

G(M,M, v) starts in the initial position (ι, v) = (ν(r), µ(r)). For the induction
step, let

ξ = (v1, s1)(v1, τ1)(v2, s2) . . . (vn, sn) ∈ (CACP )n−1CA

be a partial f -play and b = x1 . . . xn ∈ Cn be the prefix of the branch of ρ such
that µ(xi) = si, ν(xi) = vi for all i ∈ [n] and trρ(xj) = τj for all j ∈ [n− 1]. IfM
is stuck in xn, then we have Eρ(xn) = ∅ and the player Automaton cannot proceed
in ξ. Otherwise, we have Eρ(xn) 6= ∅ and f(ξ) is defined. After Automaton’s
f -conform move, we are at game position f(ξ) = (vn, trρ(xn)) ∈ CP . For every
move (D, s) ∈ trρ(xn) of Pathfinder, there exists a configuration x ∈ Eρ(xn) with
µ(x) = s and ηM (ν(xn), ν(x)) = D. Hence, every f -play ξ develops along a branch b
of ρ. Since b is accepting and b and ξ are labeled by the same sequence over S, ξ
is a play won by Automaton. Therefore, f is a winning strategy of Automaton in
the game G(M,M, v). �

Lemma .. If the player Automaton has a winning strategy in G(M,M, v), then
the pointed MSC (M,v) is accepted byM.

Proof. Let us assume that there exists a winning strategy f for Automaton in the
game G(M,M, v). By Theorem ., we can assume that f is memoryless. We
inductively construct an accepting run ρ of M on (M,v). First of all, we set
ρ1 = (C1, E1, r, µ1, ν1) where C1 = {r}, E1 = ∅, µ1(r) = ι, and ν1(r) = v. Now,
let us assume that the (S,M, v)-configuration tree ρi = (Ci, Ei, r, µi, νi) is already
defined. Let {x1, x2, . . . , xn} be the set of all leaves of ρi in whichM is not stuck,
i.e., for all j ∈ [n], the local MSCAM is not stuck in state µi(xj) at position νi(xj).
For every j ∈ [n], let τj be the transition such that f(νi(xj), µi(xj)) = (νi(xj), τj).
We set ρi+1 = (Ci+1, Ei+1, r, µi+1, νi+1) to the smallest (w.r.t. the size of the set of
configurations Ci+1) (S,M, v)-configuration tree such that ρi+1 � Ci = ρi and, for
all j ∈ [n], trρi+1(xj) = τj .
Let ρ = (C,E, r, µ, ν) =

⋃
i≥1 ρi. It can be easily checked that ρ is a run of M

on (M, v). Now, let b = x1x2x3 . . . ∈ C∞ be a branch of ρ. Consider the play

ξ =
(
ν(x1), µ(x1)

)(
ν(x1), trρ(x1)

)(
ν(x2), µ(x2)

)(
ν(x2), trρ(x2)

)
. . .

of G(M,M, v). It follows from the construction of ρ that ξ is an f -play. Since f is
a winning strategy for player Automaton, ξ is won by Automaton. Since ξ and b
share the same label, the branch b is accepting inM. Hence, ρ is an accepting run
of the local MSCAM. �

The next two lemmas state that a player has a winning strategy in the current game
if and only if there exists a winning strategy for its opponent in the dual game.

Lemma .. If Automaton has a winning strategy in G(M,M, v), then Pathfinder
has a winning strategy in the game G(M#,M, v).
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Proof. Let fA be a winning strategy of Automaton in the game G(M,M, v). We
show that there exists a strategy fP for Pathfinder such that, for every fP -play ξ# in
G(M#,M, v), there exists an fA-play ξ in G(M,M, v) such that ξ � CA = ξ# � CA.
Note that the initial positions of the games G(M,M, v) and G(M#,M, v) are the
same. For the induction step, let n ≥ 0, ξ# ∈ (CAC

#
P )n{(w, s)(w, τ#)} be a

partial play of G(M#,M, v), and ξ ∈ (CACP )n{(w, s)(w, τ)} be a partial fA-play
of G(M,M, v) such that ξ# � CA = ξ � CA. From Lemma . it follows that there
exists a movement (D, s′) ∈ τ ∩ τ#. Pathfinder chooses (D, s′) as his next move
resulting in a game position (w′, s′) where ηM (w,w′) = D, i.e., fP (ξ#) = (w′, s′).
Clearly, the sequences ξ(w′, s′) and ξ#(w′, s′) are equal when restricting them to
positions from CA.
Thus, for every fP -play ξ# in G(M#,M, v), there exists an fA-play ξ in the

game G(M,M, v) such that µ(ξ#) = µ(ξ). Since fA is a winning strategy, ξ is a
play won by Automaton in G(M,M, v). From Remark . it follows that the play
ξ# in G(M#,M, v) is won by Pathfinder. Hence, we showed that Pathfinder has a
winning strategy in the game G(M#,M, v). �

Lemma .. If Pathfinder has a winning strategy in G(M#,M, v), then Automa-
ton has a winning strategy in the game G(M,M, v).

Proof. Let fP be a winning strategy of Pathfinder in the game G(M#,M, v). We
show that there exists a winning strategy fA of Automaton ensuring that, for every
fA-play ξ in the game G(M,M, v), there exists an fP -play ξ# in G(M#,M, v)

such that ξ# � CA = ξ � CA. The initial positions of the games G(M,M, v) and
G(M#,M, v) are the same. For the induction step, let ξ ∈ (CACP )n{(w, s)} be
a partial play of G(M,M, v), and ξ# ∈ (CAC

#
P )n{(w, s)} be a partial fP -play in

G(M#,M, v) such that ξ � CA = ξ# � CA. We define

X = {(D, s′) ∈ S ×M | there exists τ# ∈ mmod(δ#(s, λM (w))) and w′ ∈ UM

such that fP (w, τ#) = (w′, s′) and ηM (w,w′) = D}

to be the set of the possible fP -conform moves of Pathfinder after Automaton’s next
move in the play ξ#. We claim that there exists a transition τ ∈ mmod(δ(s, λM (w)))

with τ ⊆ X.
Towards a contradiction, suppose there is no such transition τ . Then, for all

transitions τ ′ ∈ mmod(δ(s, λM (w))), there exists a movement (Dτ ′ , sτ ′) ∈ τ ′ with
(Dτ ′ , sτ ′) /∈ X. If Z = {(Dτ ′ , sτ ′) | τ ′ ∈ mmod(δ(s, λM (w)))}, then Z∩Y 6= ∅ for all
Y ∈ mod(δ(s, λM (w))). From Lemma ., it follows that Z ∈ mod(δ#(s, λM (w))).
Hence, there exists a transition τ ′′ ∈ mmod(δ#(s, λM (w))) with τ ′′ ⊆ Z. However,
we have τ ′′ ∩X = ∅ which is a contradiction to our definition of X.

Automaton chooses the above transition τ with τ ⊆ X as his next move resulting
in a game position (w, τ) in the game G(M,M, v), i.e., fA(ξ) = (w, τ). For every
move (D, s′) of Pathfinder in G(M,M, v), there exists a τ# ∈ mmod(δ#(w, s))

with fP (ξ#(w, τ#)) = (w′, s′) and ηM (w,w′) = D. This follows from the fact that
(D, s′) ∈ X. Clearly, the sequences ξ(w, τ)(w′, s′) and ξ#(w, τ#)(w′, s′) are equal
when restricting them to positions from CA.

Let ξ be an fA-play in G(M,M, v). There exists an fP -play ξ# in G(M#,M, v)

with ξ � CA = ξ# � CA. Since µ(ξ) = µ(ξ#) and since ξ# is a play won by
Pathfinder in G(M#,M, v), the play ξ in G(M,M, v) must be won by Automaton
(by Remark .). Thus, fA is a winning strategy for Automaton in G(M,M, v).�

We are now able to prove our main theorem from this section.

Proof (of Theorem .). By the Lemmas . and ., the pointed MSC (M,v)

is accepted byM if and only if Automaton has a winning strategy in G(M,M, v).
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c | 0 ι | 1 c | 0
{γ} id

ι | 1 c | 0
Λp proc

Figure : Illustrations of the local MSCAsMtt,Mγ , andM〈proc〉tt (from left to right).

By the Lemmas . and ., the latter is the case if and only if Pathfinder has
a winning strategy in G(M#,M, v). From Theorem . it follows that this is the
case if and only if Automaton has no winning strategy in G(M#,M, v) respectively
M# does not accept (M, v) (again by the Lemmas . and .). �

. translation of local crpdl formulas

In this section, we show that, for every local CRPDL formula α, one can compute
a local MSCA Mα in polynomial time which exactly accepts the set of models of
α. More formally:

Theorem .. Given a number of processes p and a local formula α, one can con-
struct in time poly(|α| ·p) a local MSCAMα such that, for all pointed MSCs (M, v),
we have M,v |= α if and only if (M, v) ∈ L(Mα). The size ofMα is in poly(|α| ·p).

The rest of this section prepares the proof of the above theorem. The actual proof
can be found on page .

.. Construction

If α is a local formula, then we distinguish the following cases:

Case α = tt

We defineMtt = ({c}, δ, c, c, κ) where κ(c) = 0 and δ(c, γ) = ⊥ for all γ ∈ Λp. The
local MSCAMtt is illustrated on the left-hand side of Fig. .

Case α = γ with γ ∈ Λp

We defineMγ = ({ι, c}, δ, ι, c, κ) where κ(ι) = 1, κ(c) = 0, and

δ(s, γ′) =

(id, c) if γ = γ′ and s = ι

⊥ otherwise

for all s ∈ {ι, c} and γ′ ∈ Λp. The local MSCA Mγ is depicted in the middle of
Fig. .

Case α = ¬β

We defineM¬β to be the dual automaton ofMβ (see Definition .).

Case α = 〈D〉 tt with D ∈M

We defineM〈D〉tt = ({ι, c}, δ, ι, c, κ) where κ(ι) = 1, κ(c) = 0, and

δ(s, γ) =

(D, c) if s = ι

⊥ otherwise

for all s ∈ {ι, c} and γ ∈ Λp. On the right-hand side of Fig. , there is an
illustration ofM〈proc〉tt.
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M〈π1〉tt M〈π2〉ttι1 | 1 c1 | 1 ι2 | 1 c2 | 0
Λp id

Figure : Illustration ofM〈π1;π2〉tt.

Mβ

ι | 1 c | 0

ι′ | 1

Λp id

id

Figure : Illustration of the local MSCAM〈{β}〉tt.

Case α = 〈π1;π2〉 tt

If M〈πi〉tt = (Si, δi, ιi, ci, κi) for i ∈ [2], then we define M〈π1;π2〉tt to be the local
MSCA (S, δ, ι1, c2, κ) where S = S1 ] S2,

κ(s) =


κ1(s) if s ∈ S1 \ {c1}

1 if s = c1

κ2(s) if s ∈ S2

and

δ(s, γ) =


(id, ι2) if s = c1

δ1(s, γ) if s ∈ S1 \ {c1}

δ2(s, γ) if s ∈ S2

for all s ∈ S and γ ∈ Λp. Figure  shows an illustration ofM〈π1;π2〉tt.
The automatonM〈π1;π2〉tt is the concatenation of the local MSCAsM〈π1〉tt and
M〈π2〉tt. Intuitively,M〈π1;π2〉tt starts a copy ofM〈π1〉tt and, when this copy changes
into its concatenation state c1, the automatonM〈π1;π2〉tt proceeds with starting a
copy of the local MSCAM〈π2〉tt. Note thatM〈π1;π2〉tt is forced to start the copy of
M〈π2〉tt since runs of local MSCAs are maximal by definition (see Definition .)
and we have {(id, ι2)} ∈ mmod(δ(c1, γ)) for every γ ∈ Λp.

Case α = 〈{β}〉 tt

If Mβ = (S′, δ′, ι′, c′, κ′), then we define M〈{β}〉tt = (S, δ, ι, c, κ) where S = S′ ]
{ι, c}, κ = κ′ ∪ {(ι, 1), (c, 0)}, and

δ(s, γ) =


(id, ι′) ∧ (id, c) if s = ι

⊥ if s = c

δ′(s, γ) if s ∈ S′

for all s ∈ S and γ ∈ Λp. The automatonM〈{β}〉tt is depicted in Figure .
Intuitively, the local MSCAM〈{β}〉tt startsMβ to test whether M, v |= β holds

and, at the same time, changes into its concatenation state.
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M〈π1〉tt

M〈π2〉tt

ι | 1 c | 0

ι1 | 1 c1 | 1

ι2 | 1 c2 | 1

Λp

Λp

id

id

id

id

Λp

Λp

Figure : Illustration ofM〈π1+π2〉tt.

M〈π〉tt

ι | 1 ι̂ | 1 c | 0

ι′ | 1 c′ | 1

Λp id

id

Λp

Λp

id

id Λp

Figure : Illustration of the local MSCAM〈π∗〉tt.

Case α = 〈π1 + π2〉 tt

If M〈πi〉tt = (Si, δi, ιi, ci, κi) for all i ∈ [2], then we define M〈π1+π2〉tt to be the
local MSCA (S, δ, ι, c, κ) where S = S1 ] S2 ] {ι, c},

κ(s) =



κ1(s) if s ∈ S1 \ {c1}

κ2(s) if s ∈ S2 \ {c2}

1 if s ∈ {ι, c1, c2}

0 if s = c

and

δ(s, γ) =



(id, ι1) ∨ (id, ι2) if s = ι

(id, c) if s = ci and i ∈ [2]

δi(s, γ) if s ∈ Si \ {ci} and i ∈ [2]

⊥ if s = c

for all s ∈ S and γ ∈ Λp. The local MSCAM〈π1+π2〉tt is visualized in Fig. .

Case α = 〈π∗〉 tt

IfM〈π〉tt = (S′, δ′, ι′, c′, κ′), we set M〈π∗〉tt = (S, δ, ι, c, κ) where S = S′ ] {ι, ι̂, c},
κ and κ′ coincide on S′ \ {c′}, κ′(s) = 1 if s ∈ {ι, ι̂, c′}, κ′(c) = 0, and

δ(s, γ) =



(id, ι̂) if s ∈ {ι, c′}

(id, ι′) ∨ (id, c) if s = ι̂

⊥ if s = c

δ′(s, γ) if s ∈ S′ \ {c′}
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M〈π〉ttι | 1 c | 0
id

Λp

Figure : Illustration of the local MSCAM〈π〉ω .

for all s ∈ S and γ ∈ Λp. See Fig.  for a visualization ofM〈π∗〉tt.
Intuitively, the local MSCA M〈π∗〉tt executes a copy of the automaton M〈π〉tt

and, every time this copy changes into its concatenation state c′, the local MSCA
M〈π∗〉tt nondeterministically decides whether it restarts this copy again or changes
into the concatenation state c.

Case α = 〈π〉ω

IfM〈π〉tt = (S, δ′, ι, c, κ), then we setM〈π〉ω = (S, δ, ι, c, κ) where

δ(s, γ) =

(id, ι) if s = c

δ′(s, γ) if s ∈ S \ {c}

for all s ∈ S and γ ∈ Λp. Figure  shows an illustration ofM〈π〉ω .
Intuitively, the local MSCAM〈π〉ω executes a copy of the automatonM〈π〉tt and,

every time this copy changes into its concatenation state c, the local MSCAM〈π〉ω
restarts this copy again.

.. Concatenation States

In this section, we prove a technical proposition stating that, for all path formulas
α, every accepting run of the local MSCA Mα exhibits exactly one configuration
labeled by the concatenation state. It will be of use in Sect. .. to show the
correctness of our construction.
Firstly, we introduce the notion of main states. A state s is called a main state if

the concatenation state can be reached from s. The intuition of this type of states
is the following: If π is a path expression and ρ is an accepting run ofM〈π〉tt, then
ρ exhibits one main branch b by whichM “processes” the path expression π. The
label of b solely consists of the not yet formally defined main states. In all the other
branches of ρ, i.e., in the branches which fork from b,M basically executes tests of
the form {α}. All these branches are labeled by non-main states.

LetM = (S, δ, ι, c, κ) be a local MSCA and s ∈ S. We inductively define the set of
main states ms(M) ofM: ms(M) is the least set such that, for all s ∈ S, we have
s ∈ ms(M) if and only if

– s = c or

– there are s′ ∈ ms(M), γ ∈ Λp, D ∈ M, and τ ∈ mmod(δ(s, γ)) such that
(D, s′) ∈ τ .

By examining our construction, one can make the following two simple observations.



 crpdl: pspace-completeness

Remark .. If α is a path formula and Mα = (S, δ, ι, c, κ), the following condi-
tions hold:

() we have δ(c, γ) = ⊥ for every γ ∈ Λp

() for all s ∈ ms(Mα), we have

κ(s) =

0 if s = c

1 otherwise

Lemma .. If α is a path formula andMα = (S, δ, ι, c, κ), then the following two
conditions hold:

(a) ι ∈ ms(Mα)

(b) for all s ∈ ms(Mα), γ ∈ Λp, and τ ∈ mmod(δ(s, γ)), we have

|τ ∩ (ms(Mα)×M)| = 1 ()

Intuitively, the above lemma states that every run ofMα exhibits exactly one branch
labeled solely by main states and that all other configurations of this run which are
not part of this path are labeled by non-main states.

Proof. By simple inspection, our claim follows for the cases α = 〈D〉 tt with D ∈M
and α = 〈{β〉}tt. As our induction hypothesis, let us assume that the above lemma
holds forM〈πi〉tt = (Si, δi, ιi, ci, κi) where i ∈ [2]. If α = 〈π1;π2〉 tt, then it can be
easily checked that ms(Mα) = ms(M〈π1〉tt) ∪ ms(M〈π2〉tt). Hence, ι1 ∈ ms(Mα)

and, therefore, property (a) is fulfilled. Now, let τ ∈ mmod(δ(s, γ)) for some
s ∈ S and γ ∈ Λp. Then τ = {(id, ι2)} (if s = c1), τ ∈ mmod(δ1(s, γ)), or
τ ∈ mmod(δ2(s, γ)). Together with our induction hypothesis it follows that ()
holds for τ . Now, let us consider the case α = 〈π1 + π2〉 tt. By easy inspection it
follows that

ms(Mα) = {ι, c} ∪ms(M〈π1〉tt) ∪ms(M〈π2〉tt) .

Hence, property (a) follows. If we have τ ∈ mmod(δ(s, γ)) for some s ∈ S and
γ ∈ Λp, then τ = {(id, ι1)}, τ = {(id, ι2)}, τ = {(id, c)}, τ ∈ mmod(δ1(s, γ)), or
τ ∈ mmod(δ2(s, γ)). Property (b) follows from our induction hypothesis.
Finally, we need to deal with the case α = 〈π∗〉 tt. For this, we assume that the

above lemma holds for M〈π〉tt = (S′, δ′, ι′, c′, κ′). Again, it can be easily verified
that ms(Mα) = {ι, ι̂, c} ∪ ms(M〈π〉tt). Thus, property (a) holds. Now, assume
τ ∈ mmod(δ(s, γ)) for some s ∈ S and γ ∈ Λp. We have τ = {(id, ι̂)}, τ = {(id, ι′)},
τ = {(id, c)}, or τ ∈ mmod(δ′(s, γ)). Property (b) follows from our induction
hypothesis. �

Proposition .. Let α be a path formula and ρ = (C,E, r, µ, ν) be an accepting run
ofMα = (S, δ, ι, c, κ). There exists exactly one configuration x ∈ C with µ(x) = c.

Proof. By Lemma ., the configurations x ∈ C with µ(x) ∈ ms(Mα) form a
unique branch b = x1x2x3 . . . ∈ C∞ of ρ. Since ρ is accepting, b must be accepting.
It follows from Remark . that µ(b) ∈ (ms(Mα) \ {c})∗{c}. Therefore, every
accepting run ofMα contains exactly one configuration labeled by c. �

Let α be a path formula and ρ = (C,E, r, µ, ν) be an accepting run of the local
MSCA Mα = (S, δ, ι, c, κ). By Prop. ., there exists exactly one x ∈ C with
µ(x) = c. We call x concatenation state configuration and denote it by csc(ρ).
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ρ1r1

ι1 x1

c1
ρ2r2

ι2

x2

c2

Figure : The run ρ ofM〈π1;π2〉tt.

.. Correctness

Let α be a local formula. We show by induction on the construction of α that
L(Mα) = L(α). The following claim is used as the induction hypothesis of our
proof. Recall that reachM (v, π) is the set of all events which can be reached from
v by a path described by π in the MSC M (see Def. .).

Claim .. Let α be a path formula. For all MSCs M and v, v′ ∈ UM , we have
v′ ∈ reachM (v, α) if and only if there exists an accepting run ρ of Mα on (M,v)

with ν(csc(ρ)) = v′.

The following four technical lemmas deal with the correctness of the constructions
of the local MSCAsM〈π1;π2〉tt andM〈π∗〉tt.

Lemma .. Let M be an MSC, v1, v
′ ∈ UM , and π1, π2 be path expressions.

If Claim . holds for 〈π1〉 tt and 〈π2〉 tt and we have v′ ∈ reachM (v1, π1;π2),
then there exists an accepting run ρ = (C,E, r, µ, ν) of M〈π1;π2〉tt on (M, v1) with
ν(csc(ρ)) = v′.

Proof. Let M〈π1;π2〉tt = (S, δ, ι, c, κ) and M〈πi〉tt = (Si, δi, ιi, ci, κi) for i ∈ [2].
If v′ ∈ reachM (v1, π1;π2), then, by definition, there exists an event v2 ∈ UM

such that v2 ∈ reachM (v1, π1) and v′ ∈ reachM (v2, π2). It follows from our as-
sumption that there exists an accepting run ρ1 = (C1, E1, r1, µ1, ν1) of the local
MSCA M〈π1〉tt on (M,v1) with ν1(csc(ρ1)) = v2 and that there exists an ac-
cepting run ρ2 = (C2, E2, r2, µ2, ν2) of M〈π2〉tt on (M,v2) with ν2(csc(ρ2)) = v′.
Now, consider the (S,M, v1)-configuration tree ρ = (C1 ] C2, E, r1, µ, ν) where
E = E1∪E2∪{(csc(ρ1), r2)}, µ = µ1∪µ2, and ν = ν1∪ν2. It can be easily checked
that ρ is a run of the local MSCAM〈π1;π2〉tt on (M, v1) with csc(ρ) = csc(ρ2). In
Fig. , the run ρ is depicted where csc(ρi) is denoted by xi for i ∈ [2].
It remains to show that ρ is accepting. Let b be a branch of ρ. We distinguish

two cases: If b ∈ C∞1 , then b is also a branch from ρ1. Since ρ1 is accepting, the
branch b is accepting in M〈π1〉tt. Since κ1 ⊆ κ and µ1 ⊆ µ, b is accepting in
M〈π1;π2〉tt, too. Otherwise (i.e., if b ∈ C+

1 {r2}C∞2 ), there exists a suffix of b which
is an accepting branch in ρ2. Because of this fact, µ2 ⊆ µ, and κ2 ⊆ κ, the branch
b is also accepting in M〈π1;π2〉tt. Hence, ρ is an accepting run of the automaton
M〈π1;π2〉tt on (M, v1) with ν(csc(ρ)) = ν(csc(ρ2)) = v′. �

Lemma .. Let M be an MSC, v, v′ ∈ UM , and π1, π2 be path expressions. If
Claim . holds for the formulas 〈π1〉 tt and 〈π2〉 tt and there exists an accepting
run ρ = (C,E, r1, µ, ν) of M〈π1;π2〉tt on (M, v) with ν(csc(ρ)) = v′, then we have
v′ ∈ reachM (v, π1;π2).

Proof. Let M〈π1;π2〉tt = (S, δ, ι, c, κ) and M〈πi〉tt = (Si, δi, ιi, ci, κi) for all i ∈ [2].
Since µ(csc(ρ)) = c and c = c2 ∈ S2, there has to exist a configuration r2 ∈ C

with µ(r2) = ι2. Towards a contradiction, let us assume that there exists another
configuration r3 ∈ C with µ(r3) = ι2. Because ι2 is a main state in M〈π1;π2〉tt
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(see the proof of Lemma .) and due to Lemma ., r2 and r3 must occur
in a branch of ρ. This is a contradiction since ι2 is not reachable from ι2 in
M〈π1;π2〉tt. This can be checked by a simple inspection of our construction. Let
C2 = {y ∈ C | (r2, y) ∈ E∗} and C1 = C \ C2. It can be easily checked that the
configuration tree ρi = ρ � Ci is a run ofM〈πi〉tt for all i ∈ [2]. From the definition
of the transition function δ, it follows that there exists a configuration x1 ∈ C1 with
µ(x1) = c1, Eρ(x1) = {r2}, ν(x1) = ν(r2). Figure  shows a depiction of the run
ρ consisting of ρ1 and ρ2 where csc(ρ) = x2.
If b is a branch of ρ2 and b′ is the unique path in ρ from r1 to x1, then b′b is a

branch of ρ. Since ρ is accepting, µ2 ⊆ µ, and κ2 ⊆ κ, b is accepting in M〈π2〉tt.
Hence, ρ2 is an accepting run ofM〈π2〉tt on (M,ν(x1)) with csc(ρ2) = csc(ρ). Now,
let b be a branch of ρ1. If b ∈ (C \ {x1})∞, then b is a branch of ρ with µ(b) ∈ S∞1 .
Since ρ is accepting, µ1 ⊆ µ and κ1 ⊆ κ, b is accepting inM〈π1〉tt. Otherwise (i.e.,
if b ∈ C∗{x1}), b ends in a configuration labeled by c1. By Remark ., κ1(c1) is
even and, therefore, b is accepting in ρ1. Hence, ρ1 is an accepting run ofM〈π1〉tt on
(M,v) with csc(ρ1) = x1. By our assumption, it follows that ν(x1) ∈ reachM (v, π1)

and v′ ∈ reachM (ν(x1), π2). Therefore, we have v′ ∈ reachM (v, π1;π2). �

Lemma .. Let M be an MSC, v, v′ ∈ UM , and π be a path expression. If
Claim . holds for 〈π〉 tt and we have v′ ∈ reachM (v, π∗), then there exists an
accepting run ρ = (C,E, r, µ, ν) ofM〈π∗〉tt on (M, v) with ν(csc(ρ)) = v′.

Proof. Assume that M〈π∗〉tt = (S, δ, ι, c, κ) and M〈π〉tt = (S′, δ′, ι′, c′, κ′). Since
v′ ∈ reachM (v, π∗), there exist an n ≥ 0 and events v1, v2, . . . , vn+1 ∈ UM such
that v1 = v, vn+1 = v′, and vi+1 ∈ reachM (vi, π) for all i ∈ [n]. If n = 0, then
the lemma follows by easy inspection of the construction of M〈π∗〉tt. Now, let us
assume that n ≥ 1. Since Claim . holds for 〈π〉 tt, we can assume that there
exist, for all i ∈ [n], accepting runs ρi = (Ci, Ei, ri, µi, νi) of the automatonM〈π〉tt
on the pointed MSC (M,vi) with νi(csc(ρi)) = vi+1. Without loss of generality, we
may assume that Ci∩Cj = ∅ for all i, j ∈ [n] (note that we can enforce Ci∩Cj = ∅
by renaming the nodes of the Ci’s). Let xi = csc(ρi) for all i ∈ [n]. The (S,M, v)-
configuration tree ρ = (C,E, y1, µ, ν) where

C =
⋃
i∈[n] Ci ] {y0, y1, y2, . . . , yn+1, z} ,

E =
⋃
i∈[n]Ei ∪ {(y0, y1)} ∪ {(yi, ri) | i ∈ [n]} ∪ {(xi, yi+1) | i ∈ [n]} ∪ {(yn+1, z)} ,

µ =
⋃
i∈[n] µi ∪ {(y0, ι)} ∪ {(yi, ι̂) | i ∈ [n+ 1]} ∪ {(z, c)} ,

ν =
⋃
i∈[n] νi ∪ {(y0, v)} ∪ {(yi, vi) | i ∈ [n+ 1]} ∪ {(z, v′)}

is a run ofM〈π∗〉tt on (M,v) with csc(ρ) = v′ — this follows by an easy inspection
of the construction ofM〈π∗〉tt. Figure  shows a depiction of ρ for the case n = 3.
It remains to show that ρ is accepting. Let b be a branch of ρ. If b ∈ (C \ {z})∞,

then there exist a suffix b′ of b and an index i ∈ [n] such that b′ is a branch of
ρi. Note that we have µ(b′) ∈ (S′ \ {c′})∞. Since ρi is accepting, b′ is accepting
in M〈π〉tt. Since µi ⊆ µ and κ′ � (S′ \ {c′}) ⊆ κ, it follows that b is accepting in
M〈π∗〉tt. Otherwise (i.e., if b ∈ C∗{z}), we have µ(b) = S∗{c}. Since κ(c) is even,
b is accepting in M〈π∗〉tt. Hence, ρ is an accepting run of M〈π∗〉tt on the pointed
MSC (M,v) with ν(csc(ρ)) = v′. �

Lemma .. Let M be an MSC, v, v′ ∈ UM , and π be a path expression. If
Claim . holds for 〈π〉 tt and there exists an accepting run ρ = (C,E, y1, µ, ν) of
M〈π∗〉tt on (M,v) with ν(csc(ρ)) = v′, then v′ ∈ reachM (v, π∗).

Proof. Let M〈π∗〉tt = (S, δ, ι, c, κ) and M〈π〉tt = (S′, δ′, ι′, c′, κ′). Let R be the set
of all configurations from C labeled by ι′. If we have R = ∅, then ρ consists of
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Figure : The run ρ ofM〈π∗〉tt consisting of three runs ofM〈π〉tt (n = 3).

exactly one branch b = y0y1z with µ(b) = ιι̂c and ν(y0) = ν(y1) = ν(z). This
can be easily verified by inspecting the transition function δ. From ν(y0) = v and
ν(z) = ν(csc(ρ)) = v′, it follows that v = v′. Hence, v′ ∈ reachM (v, π∗).
Now, let us assume that R 6= ∅. It follows from ι′ ∈ ms(M〈π∗〉tt) (see the last

paragraph of the proof of Lemma .) and Lemma . that all configurations from
R occur in a unique finite branch b = z1z2 . . . z` of ρ. Without loss of generality, we
can assume that R = {r1, r2, . . . , rn} such that there exist i1 < i2 < . . . < in with
zik = rk for all k ∈ [n]. By examining the transition function δ, one can see that:

– For every i ∈ [n], there exists a yi ∈ C with Eρ(yi) = {ri} and µ(yi) = ι̂.

– There is a configuration y0 ∈ C with Eρ(y0) = {y1} and µ(y0) = ι.

– There is a configuration yn+1 ∈ C with Eρ(yn+1) = {csc(ρ)} and µ(yn+1) = ι̂.

– For all i ∈ [n], there is a configuration xi with Eρ(xi) = {yi+1} and µ(xi) = c′.

Let Ci = ({x ∈ C | (ri, x) ∈ E∗} \ {x ∈ C | (yi+1, x) ∈ E∗}) for all i ∈ [n]. It can
be easily verified that the configuration tree ρi = (Ci, Ei, ri, µi, νi) = ρ � Ci is a
run ofM〈π〉tt on (M,ν(ri)) with csc(ρi) = xi. Figure  shows a depiction of the
runs ρ1, ρ2, . . . , ρn forming the run ρ for the case n = 3.
We now show that ρi is an accepting run for every i ∈ [n]. Let i ∈ [n] and b be a

branch of ρi. If b ∈ (Ci \ {xi}), then there exists a path b′ from y1 to yi in ρ such
that b′b is a branch of ρ. Since ρ is accepting, b′b is accepting inM〈π∗〉tt. Because
of µi ⊆ µ, µ(b) ∈ (S′ \ {c′})∞ and κ′ � (S′ \ {c′}) ⊆ κ, b is accepting inM〈π〉tt. If
b ∈ C∗{xi}, then µ(b) ∈ S′∗{c′}. By Remark ., κ′(c′) is even and, therefore, b
is accepting inM〈π〉tt. Hence ρi is an accepting run ofM〈π〉tt on (M,ν(ri)) with
csc(ρi) = xi.
Since Claim . holds for 〈π〉 tt, we can assume that ν(xi) ∈ reachM (ν(ri), π). By

checking the definition of δ, one can verify that ν(xi) = ν(yi+1) and ν(yi) = ν(ri)

holds for all i ∈ [n]. Hence, ν(yi+1) ∈ reachM (ν(yi), π) for every i ∈ [n]. From
ν(y0) = ν(y1) and ν(yn+1) = ν(csc(ρ)), it follows that v′ ∈ reachM (v, π∗). �

The following lemma dealing with the correctness of the construction of M〈π〉ω
finishes the preparatory work needed in order to proof Theorem ..

Lemma .. LetM be an MSC, v ∈ UM , and π be a path expression. If Claim .
holds for 〈π〉 tt, then

M,v |= 〈π〉ω ⇐⇒ (M, v) ∈ L(M〈π〉ω )

Proof. Assume that M, v |= 〈π〉ω. There exist infinitely many v1, v2, v3, . . . ∈ UM
such that v1 = v and vi+1 ∈ reach(vi, π) for all i ≥ 1. Since Claim . holds for
〈π〉 tt, there is an accepting run ρi = (Ci, Ei, ri, µi, νi) of M〈π〉tt on (M,vi) with
ν(csc(ρi)) = vi+1 for all i ≥ 1. The (S,M, v)-configuration tree ρ = (C,E, r1, µ, ν)

with C =
⊎
i≥1 Ci, E =

⋃
i≥Ei ∪ {(csc(ρi), ri+1) | i ≥ 1}, µ =

⋃
i≥1 µi, and

ν =
⋃
i≥1 νi is a run of M〈π〉ω on (M,v). Let b be a branch of ρ. If there exists
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an i > 1 such that b ∈ (C \ {ri})∞, then there exists a suffix b′ of b such that b′

is an accepting branch of ρj for some j with 1 ≤ j < i. Hence, b is accepting in
ρ. Otherwise (i.e., b is a branch going through ri for every i ≥ 1), it follows from
Remark . that we have min{κ(s) | s ∈ inf(b)} = κ(c) = 0. Hence, b is accepting
and, therefore, ρ is accepting.
Conversely, assume that (M,v) ∈ L(M〈π〉ω ). Then there exists an accepting

run ρ = (C,E, r, µ, ν) of M〈π〉ω on (M,v). Let M〈π〉tt = (S, δ, ι, c, κ) and R be
the set of all configurations from C labeled by ι. Since µ(r) = ι, we must have
R 6= ∅. It follows from Lemma . that all configurations from R occur in a
unique branch b = z1z2 . . . of ρ. Without loss of generality, we can assume that
R = {r1, r2, . . .} such that there exist i1 < i2 < . . . with zik = rk for all k ≥ 1.
Now, assume that R is finite, i.e., there exists n ≥ 1 such that R = {r1, r2, . . . , rn}.
Let C ′ = {x ∈ C | (rn, x) ∈ E∗}. It can be shown that the configuration tree
ρ′ = ρ � C ′ is an accepting run of M〈π〉tt on (M,ν(rn)). By Prop. ., there
exists x ∈ C ′ labeled by c. It follows from the definition of the transition function
of M〈π〉ω that there exists rn+1 ∈ C with µ(rn+1) = ι and rn+1 /∈ R. This is a
contradiction to the definition of R. Hence, R is an infinite set.
Let Ci = ({x ∈ C | (ri, x) ∈ E∗} \ {x ∈ C | (ri+1, x) ∈ E∗}) for all i ≥ 1. It

can be show that the configuration tree ρi = ρ � Ci is an accepting run of M〈π〉tt
on (M,ν(ri)) with csc(ρi) = ri+1. Since Claim . holds for 〈π〉 tt, we can assume
that ν(ri+1) ∈ reachM (ν(ri), π) for all i ≥ 1. Together with the fact ν(r1) = v, it
follows that M,v |= 〈π〉ω. �

We are now able to prove our main theorem of this section.

Proof (Theorem .). By an easy analysis of our construction, one can see that,
for all local formulas α, the automatonMα can be constructed in time poly(|α| · p)

and that its size is in poly(|α| · p).
Now, we inductively show that L(α) = L(Mα) for every local formula α. Let us

first consider the base cases. If α = tt, then it is easily checked that L(α) = L(Mα).
By simple inspection, it also follows that Claim . holds for the cases α = γ with
γ ∈ Λp and α = 〈D〉 tt with D ∈ M. Regarding the induction step, we need to
distinguish the following cases: If α = ¬β, the claim follows from Theorem ..
By Lemma ., we have L(α) = L(Mα) for α = 〈π〉ω. Claim . holds for
α = 〈π1;π2〉 tt and α = 〈π∗〉 tt because of the Lemmas ., ., ., and ..
Analogously, it can be shown that Claim . is also true for the cases α = 〈{β}〉 tt
and α = 〈π1 + π2〉 tt. Note that we have M, v |= α if and only if reachM (v, α) 6= ∅
for all pointed MSCs (M,v). Hence, L(α) = L(Mα) holds for the above path
formulas. �

. translation of global crpdl formulas

In this section, we demonstrate that, for every global CRPDL formula ϕ of the form
Eα or Aα, one can compute a global MSCA Gϕ in polynomial time which exactly
accepts the set of models of ϕ. Let ϕ be a global formula of the above form.

Case ϕ = Eα

If Mα = (S′, δ′, ι′, c, κ′), then we set MEα = (S, δ, ι, c, κ) where S = S′ ] {ι, f},
κ(s) = κ′(s) for all s ∈ S′, κ(ι) = 1, κ(f) = 0, and, for all s ∈ S and γ ∈ Λp,

δ(s, γ) =


(proc, ι) ∨ (id, ι′) if s = ι

⊥ if s = f

δ′(s, γ) otherwise
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Figure : Illustration of the local MSCAMEα.
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Figure : Illustration of the local MSCAMAα.

Intuitively, the automatonMEα (depicted in Fig. ) moves forward on a process
finitely many times. At some event v, it nondeterministically decides to start the
automatonMα to check whether (M, v) |= α holds.
Now, GEα = (M, I) is meant to work as follows: it nondeterministically chooses

a process on which it executes a copy ofMEα in state ι. On all the other processes
it accepts immediately by starting MEα in the sink state f with rank 0. More
formally, we let GEα = (MEα, I) where

I = {(s1, s2, . . . , sp) | there is p ∈ [p] such that sp = ι and sq = f for all p 6= q} .

Case ϕ = Aα

If Mα = (S′, δ′, ι′, c, κ′), we set MAα = (S, δ, ι1, c, κ) where S = S′ ] {ι1, ι2},
κ(s) = κ′(s) for all s ∈ S, κ(ι1) = 1, κ(ι2) = 0, and

δ(s, γ) =


(id, ι2) ∧ (id, ι′) if s = ι1

(proc, ι1) if s = ι2

δ(s, γ) otherwise

Informally speaking, the automatonMAα (depicted in Fig. ) moves forward on a
certain process p and checks, for every event v ∈ UMp of this process, if (M, v) |= α

holds. Note that, ifMAα is in state ι2 at an event v such that there exists a successor
v′ of v on the same process, thenMAα is forced to move to v′ and to change into
the state ι1. That is due to the fact that runs of local MSCAs are maximal by
definition (see Definition .) and because we have {(proc, ι1)} ∈ mmod(δ(ι2, γ))

for every γ ∈ Λp.
We define GAα = (MAα, I) where I = {(ι1, ι1, . . . , ι1)}. That means GAα ensures

(M,v) |= α for every v ∈M by startingMAα in the state ι1 on every process.

Using Theorem . and by simple inspection of the above construction, the follow-
ing theorem can be shown.
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Theorem .. Given a number of processes p and a global formula ϕ of the form
ϕ = Eα or ϕ = Aα, one can construct in time poly(|ϕ| · p) a global MSCA Gϕ such
that, for all MSCs M , we have M |= ϕ if and only if M ∈ L(Gϕ).

If ϕ is an arbitrary global formula, then we can also construct an equivalent global
MSCA Gϕ = (M, I). However, this time the size of the resulting automaton is
exponential in the number of “global” conjunctions occurring in ϕ. In fact, the size
ofM is still polynomial in |ϕ| ·p but |I| is exponential in the number of conjunctive
connectives occurring outside of subformulas of the form Eα and Aα, respectively.
When constructing a global MSCA from an arbitrary global formula, we need to

distinguish the following two additional cases:

Case ϕ = ϕ1 ∨ ϕ2

Let Gϕi = (Mi, Ii) andMi = (Si, δi, ιi, κi) for i ∈ [2]. We define Gϕ1∨ϕ2 = (M, I)

whereM = (S, δ, ι1, κ), S = S1 ] S2, δ = δ1 ∪ δ2, κ = κ1 ∪ κ2, and I = I1 ∪ I2.

Case ϕ = ϕ1 ∧ ϕ2

Let Gϕi
= (Mi, Ii) andMi = (Si, δi, ιi, ci, κi) for i ∈ [2]. We set Gϕ1∧ϕ2

= (M, I)

where

I =
{(

(s1, s
′
1), (s2, s

′
2), . . . , (sp, s

′
p)
)
| (s1, s2, . . . , sp) ∈ I1, (s′1, s′2, . . . , s′p) ∈ I2

}
,

M = (S1 ] S2 ] S, δ, ι1, c1, κ), S = S1 × S2, κ = κ1 ∪ κ2 ∪ {(s, 1) | s ∈ S}, and, for
all s ∈ S1 ∪ S2 ∪ S, s1 ∈ S1, s2 ∈ S2, and γ ∈ Λp:

δ(s, γ) =


(id, s1) ∧ (id, s2) if s = (s1, s2) ∈ S

δ1(s, γ) if s ∈ S1

δ2(s, γ) if s ∈ S2

Together with Theorem ., we obtain:

Corollary .. From a global formula ϕ, one can construct in time poly(|ϕ| · p)|ϕ|

a global MSCA Gϕ such that, for all MSCs M , we have M |= ϕ if and only if
M ∈ L(Gϕ).

. decision procedure

In general, the satisfiability and model checking problems of CRPDL are unde-
cidable. This follows from results concerning Lamport diagrams which can be
easily transferred to MSCs [MR]. However, if one only considers existentially
B-bounded MSCs [Pel, MM, GMSZ, GKM], then these problems become
decidable. Even more, we can show that they are PSPACE-complete. The rest of
this chapter prepares the corresponding proofs.

.. From MSCAs to Word Automata

In order to be able to give uniform definitions of multi-way automata over MSCs
and words, we fix the set W = {prev, next, id} of directions.



. decision procedure 

A word W induces a partial function ηW : (UW × UW ) → W. For all v, v′ ∈ UW ,
we define

ηW (v, v′) =



next if v lW v′

prev if v′ lW v

id if v = v′

undefined otherwise

We define two-way alternating automata over words in the style of local MSCAs.

Let Λ be an alphabet A two-way alternating parity automaton (APA) over Λ is a
quadruple P = (S, δ, ι, κ) where

– S is a finite set of states,

– δ : (S × Λ)→ B+(W× S) is a transition function,

– ι ∈ S is an initial state, and

– κ : S → {0, 1, . . . ,m− 1} is a ranking function with m ∈ N.

The size of P is |δ|. If |τ | = 1 for all τ ∈ mmod(δ(s, γ)), s ∈ S, and γ ∈ Λp (i.e.,
P does not make use of universal branching), then P is called a two-way parity
automaton (or PA). IfW is a word and i ∈ UW , then the definition of an (S,W, i)-
configuration tree is analogous to Def. .. Furthermore, an (accepting) run of
a APA is defined in a similar way as it is defined for a local MSCA (cf. Defini-
tions ., ., and .). By L(P), we denote the set of words W for which there
exists an accepting run of P on (W, v) where v is the minimal element from UW

w.r.t. �W .

Let G = (M, I) be a global MSCA. We can construct a APA PG = (S, δ, ι, κ)

that accepts exactly the set of words Mv,b where v is a b-bounded linearization
of an MSC from L(G). In order to construct PG , there is one issue which needs
to be addressed. Let M be an MSC and v be a b-bounded linearization of M . If
v, v′ ∈ UM with ηM (v, v′) = proc, then a local MSCA is capable of directly moving
to v′. In general, this cannot be accomplished by a APA running on Mv,b since
there may exist events v′′ ∈ UM with v v v′′ v v′. To circumvent this limitation,
the idea is to introduce transitions which allow the APA to move forward onMv,b
and skip non-relevant events until it reaches the event v′. Of course, we have to
analogously deal with proc−1, msg, and msg−1 transitions of local MSCAs.
More precisely, regarding the APA PG , we use states of the form (s, p, next) to

remember that we are searching for the next event on process p in the next-direction.
In contrast, a state of the form (s, p!q, i, prev) means that we are looking for the
nearest send event p!q indexed by i in the prev-direction. The first component is
always used to remember the state from which we need to continue the simulation
of the local MSCA M after finding the correct event. If M = (S′, δ′, ι′, κ′), then
the set of states of PG is the following:

S ={ι, t} ∪ S′ ∪ {(s, p, prev), (s, p, next) | s ∈ S′, p ∈ [p]}
∪ {(s, γ, i, prev), (s, γ, i, next) | s ∈ S′, γ ∈ Λp, 0 ≤ i < b}

The intuition for the states from I is as follows: From the initial state ι, the APA
PG nondeterministically chooses a global initial state (ι1, ι2, . . . , ιp) from I. That
way, it simulates p copies ofM where the p-th copy ofM is started in the state ιp
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in the minimal event of process p (w.r.t. �Mp ). More formally, for all (γ, b) ∈ Λp,b,
we define

δ(ι, (γ, b)) =
∨

(ι1,...,ιp)∈I

(
id, (ι1, 1, next)

)
∧
(
id, (ι2, 2, next)

)
∧ . . . ∧

(
id, (ιp, p, next)

)
.

Assume that the automaton PG is in a state of the form (s, p,D) resp. (s, γ, b,D)

at an event v. If λM (v) /∈ Γ(p, p) × [b − 1]0 resp. λM (v) 6= (γ, b), i.e., if v is not
the event at which the simulation ofM needs to be continued, then we stay in the
current state and move into direction D. Otherwise, we stay in v and change into
the state s. Formally, for all s ∈ S′, p ∈ [p], γ ∈ Λp, b ∈ [b − 1]0, D ∈ W, and
(γ′, b′) ∈ Λp,b, we have

δ
(
(s, p,D), (γ′, b′)

)
=


(
D, (s, p,D)

)
if γ′ /∈ Γ(p, p)

(id, s) if γ′ ∈ Γ(p, p)

δ
(
(s, γ, b,D), (γ′, b′)

)
=


(
D, (s, γ, b,D)

)
if (γ′, b′) 6= (γ, b)

(id, s) if (γ′, b′) = (γ, b)

If the automaton PG is in a state s ∈ S′ at an event v, then we simulate a tran-
sition τ ∈ mmod(δ′(s, λM (v))) of the local MSCA M in the following manner: If
(proc, s) ∈ τ , then we change into the state (s, p, next) and move along the next-
direction. If (proc−1, s) ∈ τ , then we act analogously in the prev-direction. Now,
let us assume that (msg, s) ∈ τ . If λM (v) is of the form (p!q, b), then we change
into (s, q?p, b, next) and move along the next-direction. In contrast, if v is a receive
event, then the local MSCA M is unable to execute the movement (msg, s). To
simulate this behavior, we change into the sink state t and stay at v. From state
t, the APA PG is unable to accept. If (msg−1, s) ∈ τ , then we proceed similarly.
Formally, for all s ∈ S′, γ = pθq ∈ Λp, and b ∈ [b− 1]0, we have

δ(s, (γ, b)) = g(s, (γ, b))

δ(t, (γ, b)) = ⊥

where g(s, (γ, b)) is the positive Boolean expression which is obtained from δ′(s, γ)

by applying the following substitutions: for all s′ ∈ S′, we exchange

– (proc, s′) by
(
next, (s′, p, next)

)
,

– (proc−1, s′) by
(
prev, (s′, p, prev)

)
,

– (msg, s′) by (id, t) if θ = ?,

– (msg, s′) by
(
next, (s′, q?p, b, next)

)
if θ = !,

– (msg−1, s′) by (id, t) if θ = !, and

– (msg, s′) by
(
prev, (s′, q!p, b, prev)

)
if θ = ?.

It remains to define the ranking function κ of PG . We define κ(s) = κ′(s) for all
s ∈ S′. If s ∈ S \ S′, then we set κ(s) = m where m is the smallest odd natural
number larger than maxs∈S′ κ

′(s).

Theorem .. Let M be an MSC and @ some b-bounded linearization of M . We
have M ∈ L(G) if and only if Mv,b ∈ L(PG). Furthermore, PG can be obtained in
polynomial time and the size of PG is polynomial in p, b and the size of G.
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Proof (Sketch). If ρ is a successful run of PG on an MSC M , then ρ immediately
splits into p subtrees ρq. By an easy inspection of the transition function of PG it
follows that there is a global initial state (ι1, . . . , ιp) ∈ I such that, for every q ∈ [p],
there is exactly one subtree ρq = (Cq, Eq, rq, µq, νq) with µq(rq) = (ιq, q, next). Each
of these subtrees ρq can be pruned in such a way that one obtains an accepting
run ρ′q ofM starting in state ιq from the minimal event of UMq (w.r.t. �Mq ). Thus,
M is accepted by G. Note that we obtain ρ′q from ρq by essentially removing all
configurations x with µq(x) /∈ S′; of course, we need to update Eq accordingly.
The converse can be shown analogously. Basically, one only needs to pad and

combine the accepting runs of the local MSCA M on the different processes in
order to obtain a successful run of PG .
By simple inspection of the construction, one can see that PG can be obtained in

polynomial time and that the number of states of PG is polynomial in p, b and the
size of G. �

.. Checking the Emptiness of APAs

In order to solve the emptiness problem for a APA P, we transform P into a Büchi
automaton. In an intermediate step, we also need to deal with two-way (alternat-
ing) Büchi automata (ABA and BA for short) which are defined analogously to
APA and PA but implement the Büchi acceptance condition instead of the parity
acceptance condition.

More precisely, a two-way alternating Büchi automaton (ABA for short) is a tuple
B = (S, δ, ι, F,R) where S, δ, and ι are defined as for APA’s, F ⊆ S is the set of
“finite” final states, and R ⊆ S is the set of “infinite” final states. An (accepting)
run of B is defined in a similar way as it is defined for a APA with the following
modification regarding the acceptance condition: An infinite sequence of states
(si)i≥1 ∈ Sω is accepting if and only if there exists some state from R occurring
infinitely often in (si)i≥1 ∈ Sω. In contrast, a finite sequence of states is accepting iff
it ends in a state from F . A two-way Büchi automaton (BA) is defined analogously
to a PA.

In [DK], Dax and Klaedtke showed the following:

Theorem . ([DK]). From a APA P, one can construct a Büchi automaton
B whose size is exponential in the size of P such that L(P) = L(B).

Note that Dax and Klaedtke actually stated that one can construct a Büchi au-
tomaton of size 2O((nk)2) where n is the size of P and 2k is the maximal rank of a
state from P. Since we can assume that the maximal rank of a state of P is linear
in the number of states of P, it follows that the size of B is exponential in the size
of P. Furthermore, in [DK], only infinite words are considered. Nevertheless, it
can be easily seen that the result also applies to automata recognizing infinite and
finite words at the same time.
In the following, we recall parts of the proof of Theorem . and adapt it to our

setting in order to be able to prove Prop. .. Let P = (S, δ, ι, κ) be an APA over
the alphabet Λp and let Υ be an abbreviation of the function space S → 2W×S . If
W is a word and ρ = (C,E, r, µ, ν) is an accepting run of P onW , then the authors
of [DK] argue that we can assume without loss of generality that all nodes x
and y of ρ with µ(x) = µ(y) and ν(x) = ν(y) exhibit isomorphic subtrees. Hence,
ρ can be thought of as a directed acyclic graph (DAG) which can be represented
as a (possibly infinite) word of functions f = f1f2 . . . ∈ Υ∞ where fj(q) = trρ(x)

(cf. Def. .), µ(x) = q, and ν(x) is the j-th position of W w.r.t. lW . From P, an
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intermediate PA P ′ = (S, δ′, ι, κ′) over the alphabet Λp ×Υ is constructed where
κ′(s) = κ(s) + 1 for all s ∈ S and, for all s ∈ S, γ ∈ Λp, and f ∈ Υ, we have

δ′
(
s, (γ, f)

)
=


∨

(D,s′)∈f(s)(D, s
′) if f(s) ∈ mmod(δ(s, γ))

(next, s) otherwise .

Note that the automaton P ′ is of exponential size since the size of the alphabet Υ is
exponential in the size of P. However, the set of states of P ′ equals the set of states
of P. It is shown that P ′ rejects exactly those words (γ0, f0)(γ1, f1) . . . ∈ (Λp×Υ)∞

where the function word (fi)i≥0 represents an accepting run of B on (γi)i≥0. It
follows from [Lö] that P ′ can be transformed into a BA B with L(B) = L(P ′)
in time exponential in the size of P. Afterwards the construction from [Var,
Theorem .] is used to obtain a Büchi automaton B′ whose size is exponential in
P with L(B′) = (Λp ×Υ)∞ \ L(B). It is shown that the projection of L(B′) to the
alphabet Λp equals L(P).
We also recall the essential parts of the proof of Theorem . of [Var], apply a

minor correction and adapt it to our setting.

Let B = (S, δ, ι, F,R) be a BA. By bwl(B), we denote the set S2 × {0, 1}.

Intuitively, a triple (s, t, b) ∈ bwl(B) expresses that at the current position there is
a backward loop starting in state s and ending in state t. We have b = 1 if and
only if this loop visits a final state from R.

A word (γ0,m0, n0)(γ1,m1, n1) . . . ∈ (Λp × bwl(B) × 2S)∞ of length h ∈ N ∪ {∞}
is B-legal if and only if there exists a sequence `0`1 . . . ∈ bwl(B)∞ of length h such
that the following conditions are fulfilled:

– (s, t, 0) ∈ `i iff either {(id, t)} ∈ mmod(δ(s, γi)) or i ≥ 1 and there are s′, t′ ∈ S
and b ∈ {0, 1} such that (s′, t′, b) ∈ mi−1, {(s′, prev)} ∈ mmod(δ(s, γi)), and
{(t, next)} ∈ mmod(δ(t′, γi−1))

– (s, t, 1) ∈ `i iff either {(id, t)} ∈ mmod(δ(s, γi)) and t ∈ R or i ≥ 1 and
there are states s′, t′ ∈ S and b ∈ {0, 1} such that we have (s′, t′, b) ∈ mi−1,
{(s′, prev)} ∈ mmod(δ(s, γi)), {(t, next)} ∈ mmod(δ(t′, γi−1)), and in addition
either b = 1 or {s′, t′, t} ∩R 6= ∅

– (s, t, 0) ∈ mi iff there are s0, s1, . . . , sk ∈ S and b0, b1, . . . , bk−1 ∈ {0, 1} with
k > 0 such that s0 = s, sk = t, and (sj , sj+1, bj) ∈ `i for all 0 ≥ j > k

– (s, t, 1) ∈ mi iff there are s0, s1, . . . , sk ∈ S and b0, b1, . . . , bk−1 ∈ {0, 1} with
k > 0 such that s0 = s, sk = t, (sj , sj+1, bj) ∈ `i for all 0 ≥ j > k, and
{b0, b1, . . . , bk1} ∩ {1} 6= ∅

– s ∈ ni iff there exists a state s′ ∈ S and b ∈ {0, 1} such that (s, s′, b) ∈ mi

and one of the following conditions holds:

∗ (s′, s′, 1) ∈ mi

∗ s′ ∈ F and B cannot make a transition at position i in state s′

∗ i ≥ 1 and there is a state s′′ ∈ S such that {(s′′, prev)} ∈ mmod(δ(s′, γi))

and s′′ ∈ ni−1

Note that the `i’s are only used to simplify the definition of the mi’s. The intro-
duction of the ni’s is a minor correction of the proof of Theorem .. Intuitively,
we have s ∈ ni if there exists a position j ≤ i and a state s′ ∈ S such that there
exists a backward run starting in s allowing B to visit the j-th position of the input
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word in state s′ such that the following holds: either s′ ∈ F and B cannot make a
transition at position j in state s′ or, at position j in state s′, the automaton B can
enter infinitely often a loop containing a final state from R. Note that without the
information contained in the ni’s, we would not capture accepting runs of B which
do not visit all positions of the input word but, at some position i, go backward
and then accept without returning to i again.
From the BA B = (S, δ, ι, F,R), we can construct a Büchi automaton B1 recog-

nizing the set of all B-legal words. Let B1 = (S1,∆1, ι1, S1, S1) be the Büchi automa-
ton where S1 = 2S

2×bwl(B)×2S , ι1 = (∅, ∅, ∅), and, for all (p′,m′, n′), (p,m, n) ∈ S1

and (γ,m, n) ∈ Λp × bwl(B) × S, we have
(
(p′,m′, n′), (γ,m, n), (p,m, n)

)
∈ ∆1 if

and only if there exists ` ⊆ bwl(B) such that the following conditions hold:

– m = m, n = n,

– (s, t) ∈ p iff {(next, t)} ∈ mmod(δ(s, γ))

– (s, t, 0) ∈ ` iff {(id, t)} ∈ mmod(δ(s, γ)) or there are s′, t′ ∈ S and b ∈ {0, 1}
such that (s′, t′, b) ∈ m′, {(prev, s′)} ∈ mmod(δ(s, γ)), and (t′, t) ∈ p′

– (s, t, 1) ∈ ` iff {(id, t)} ∈ mmod(δ(s, γ)) and t ∈ R or there are s′, t′ ∈ S and
b ∈ {0, 1} such that (s′, t′, b) ∈ m′, {(prev, s′)} ∈ mmod(δ(s, γ)), (t′, t) ∈ p′,
and in addition either b = 1 or {s′, t′, t} ∩R 6= ∅

– (s, t, 0) ∈ m iff there are s0, s1, . . . , sk ∈ S and b0, b1, . . . , bk−1 ∈ {0, 1} with
k > 0 such that s0 = s, sk = t, and (sj , sj+1, bj) ∈ ` for all 0 ≥ j > k

– (s, t, 1) ∈ m iff there are s0, s1, . . . , sk ∈ S and b0, b1, . . . , bk−1 ∈ {0, 1} with
k > 0 such that s0 = s, sk = t, (sj , sj+1, bj) ∈ ` for all 0 ≥ j > k, and
{b0, b1, . . . , bk−1} ∩ {1} 6= ∅

– s ∈ n iff there exists a state s′ ∈ S and b ∈ {0, 1} such that (s, s′, b) ∈ m and
one of the following holds:

∗ (s′, s′, 1) ∈ m

∗ s′ ∈ F and the automaton B cannot make a transition at the current
position in state s′

∗ there is s′′ ∈ S such that {(s′′, prev)} ∈ mmod(δ(s′, γ)) and s′′ ∈ n′

It remains to specify a Büchi automaton B2 such that a B-legal word of the form
(γ0,m0, n0)(γ1,m1, n1) . . . from (Λp × bwl(B)× 2S)∞ is accepted by B2 if and only
if (γi)i≥0 is accepted by the BA B. Let B2 = (S2,∆2, ι2, F2, R2) where

– S2 = (S ∪ {⊥})× {0, 1},

– ι2 = (ι, 0),

– F2 = (F ∪ {⊥})× {0, 1},

– R2 = (S ∪ {⊥})× {1}, and,

– we have
(
(s, b), (γ,m, n), (s′, b′)

)
∈ ∆2 if and only if one of the following

conditions is fulfilled:

∗ there exist s′′ ∈ S and b′′ ∈ {0, 1} such that we have (s, s′′, b′′) ∈ m,
{(s′, next)} ∈ mmod(δ(s′′, γ)), and b′ = 1 iff (b′′ = 1 or s′ ∈ R)

∗ s ∈ n, s′ = ⊥, and b′ = 1

∗ s′ = t′ = ⊥ and b = b′ = 1
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Intuitively, the states of B2 come with a flag. If (s, b) ∈ S2 with s ∈ S, then b is set
to 1 if and only if the simulated automaton B just visited a final state from R. It
can be shown that the projection of L(B1) ∩ L(B2) to the alphabet Λp equals the
language of B.

Proposition .. If P is a APA, then one can check the emptiness of L(P) in
polynomial space.

Proof (Sketch). It follows from Theorem . that we can construct a Büchi au-
tomaton B = (S,∆, ι, F,R) whose size is exponential in the size of P such that
L(B) = L(P). Clearly, remembering a state of B requires only polynomial space.
By inspecting the construction of B (which we described in detail above), one can
see that B can be obtained in space polynomial in the size of P. This means in
particular: given two states s, t ∈ S and γ ∈ Λp, one can check in polynomial space
whether (s, γ, t) ∈ ∆ holds. The language L(B) of B is non-empty if one of the
following conditions is fulfilled:

– there exists a final state s ∈ F which is reachable from ι

– there exists a final state s ∈ R which is reachable from ι and s

Hence, the emptiness problem of P can be solved in polynomial space. �

Note that Prop. . also follows from [KPV] in which a PSPACE upper bound
on the satisfiability problem of some extended linear temporal logic called ETL2a

is shown. This is because two-way alternating Büchi automata are considered to
be modalities of ETL2a. However, using this approach, we do not obtain the Büchi
automaton B from Prop. . which is later needed to decide the model checking
problem of CRPDL.

.. Satisfiability and Model Checking Problems

We are now able to prove the main theorem of this chapter:

Theorem .. The problems SAT-CRPDL-MSC and MC-CRPDL-MSC are complete
for polynomial space.

Proof. Let ϕ be the input to SAT-CRPDL-MSC. The global formula ϕ is a positive
Boolean combination of global formulas ϕ1, . . . , ϕn where, for every i ∈ [n], ϕi is of
the form Aαi or Eαi for some local formula αi. It follows from Theorem . that
we can construct in polynomial time a global MSCA Gi such that L(ϕi) = L(Gi)
and the size of Gi is in poly(|ϕi| · p) for every i ∈ [n]. By Theorem ., we
can construct in polynomial time, for every i ∈ [n], a APA Pi such that, for all
MSCs M and b-bounded linearizations v of M , we have M ∈ L(ϕi) if and only if
Mv,b ∈ L(Pi). Furthermore, the number of states of Pi is polynomial in p, b, and
the size of Gi. Using standard automata constructions for alternating automata, we
can combine the automata P1, . . . ,Pn according to the construction of ϕ to obtain
a APA Pϕ such that, for all MSCs M and b-bounded linearizations v of M , we
have Mv,b ∈ L(Pϕ) if and only if M ∈ L(ϕ). This can be again accomplished
in polynomial time and the number of states of Pϕ is also polynomial in p, b and
the size of ϕ. Using standard techniques, we can obtain from Pϕ and the Büchi
automaton from Prop. ., a APA P such that ϕ is satisfiable by an existentially
b-bounded MSC if and only if L(P) is non-empty. Hence, by Prop. ., the
satisfiability problem of ϕ can be decided in polynomial space.
In [BKM], it was shown that one can construct in polynomial space a Büchi

automaton BC from a CFM C which recognizes exactly the set of all b-bounded
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linearizations of the MSCs from L(C). Its number of states is polynomial in the
maximal number of local states a transition system of C has and exponential in b.
Furthermore, it follows from an easy inspection of the proof of Prop. . that one
can construct from Pϕ in polynomial space a Büchi automaton Bϕ of exponential
size accepting the set of all b-bounded linearizations of the MSCs satisfying ϕ.
Hence, the model checking problem can be decided in polynomial space, too.
The hardness result follows from the PSPACE-hardness of the satisfiability prob-

lem of LTL. �

The model checking problem for CRPDL and high-level message sequence charts
(HMSCs) asks, given an HMSC H and a global CRPDL formula ϕ, is there an MSC
M ∈ L(H) with M |= ϕ. Using techniques from [BKM, Theorem .] and the
ideas from the proof of Theorem ., it can be shown that this problem is also
PSPACE-complete.





8
CONCRETE MODAL IT IES : PSPACE AND EXPSPACE
UPPER BOUNDS

The aim of the present chapter is to show that many modalities usually used in
the context of model checking concurrent systems can be evaluated on existentially
b-bounded MSCs in space polynomial in the channel bound b and exponential in
the number of processes. For instance, we investigate Thiagarajan’s temporal logic
TrPTL [Thi].

Example .. We also consider the strict universal until, denoted by SU. Intuitively,
if F1 and F2 are formulas, then F1 SUF2 expresses that there is an event y satisfying
F2 in the proper future of the current event z such that F1 is fulfilled at all events x
lying properly between z and y (see Fig. ). The strict universal since SS is the
past counterpart of SU, it ensures the existence of such an event y in the past of z.

In the spirit of [GK], we reduce the model checking problem of our concrete
modalities and CFMs to the emptiness problem of Büchi automata. However, in
contrast to Gastin and Kuske, we do not directly construct Büchi automata from
modalities but give easy-to-follow constructions for CFMs which are then translated
into Büchi automata. We find this approach less error-prone and much more natural
in the setting of MSCs.
In particular, we prove that our concrete modalities are tractable modalities.

The latter are modalities which correspond in some sense to the PSPACE-effective
modalities introduced in [GK]. Intuitively, a modality is tractable if one can
construct an equivalent (w.r.t. to existentially b-bounded MSCs) Büchi automaton
in space logarithmic in the channel bound b and polynomial in the number of pro-
cesses p. It can be shown that the model checking problem of tractable modalities
can be solved in space polynomial in the channel bound, the CFM and the tempo-
ral formula and exponential in the number of processes. For this, we introduce a
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Figure : Strict universal until: z fulfills F1 SUF2 if F2 holds at y and F1 is fulfilled at
every event x.
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less expressive variant of CFMs, namely message-monotone CFMs. In contrast to
classic CFMs, they allow to be transformed into Büchi automata in space logarith-
mic in b and polynomial in p. Further, we identify several MSO-Formulas, called
CFM-effective formulas, for which one can build equivalent message-montone CFMs.
These formulas constitute a tool box permitting easy-to-follow and modular proofs
for the tractability of our concrete modalities.

We proceed as follows. In Sect. ., we define tractable modalities and temporal
logics and investigate their model checking problem. In Sect. ., we introduce the
concept of message-monotone CFMs which allow to be transformed into small Büchi
automata, whereas in Sect. ., we give the definition of CFM-effective formulas.
Finally, in the Sections ., ., and . we prove the tractability of various concrete
universal, process-based, and path modalities.

. tractable temporal logics

We now define so-called tractable modalities which correspond in some sense to the
PSPACE-effective modalities introduced in [GK].

Definition .. Let MOD be an m-ary modality. We say that MOD is tractable if,
given p ≥ 2 and b ≥ 1, one can construct in space log b · poly(p) a Büchi automaton
B accepting exactly the set of words (Mv,b, X1, . . . , Xm, {x}) where

– M is an MSC, X1, . . . , Xm ⊆ UM , x ∈ UM ,

– v is a b-bounded linearization of M , and

– M,X1, . . . , Xm, x |= defi(MOD).

A temporal logic is tractable if all its modalities are tractable.

Note that, in the above definition, we consider the number of processes p to be part
of the input. However, technically speaking, the number of processes is already
determined by the modality definition defi(MOD) of MOD. For the sake of simplic-
ity, we imagine MOD to come with a modality definition from MSO( p) for every
number of processes p and refrain from extending our definitions in this regard.
We now define the model checking problem MC-TL-MSC+ where TL is some fixed

tractable temporal logic. In contrast to MC-TL-MSC (see Def. .), the number of
processes p is part of the input.

Definition .. Let TL be a fixed tractable temporal logic. The model checking
problem for TL and CFMs, denoted by MC-TL-MSC+, is defined as follows:

Input: number of processes p ≥ 2 (given in unary),
CFM C over p processes,
temporal formula F ∈ TL,
channel bound b ≥ 1 (given in unary)

Question: Do we have M, v |= F for all existentially b-bounded MSCs
M ∈ L(C) and v ∈ minM?

Let TL be a tractable temporal logic and MOD be a modality from TL. Given p ≥ 2

and b ≥ 1, one can construct the Büchi automaton B from Def. .. In order to use
[GK, Lemma .], we also need to consider the general variance of B. To avoid
the definition of the latter notion, we just state that it is bounded by the number
of states (which is βpoly(π)) of B. It follows from [GK, Lemma .] that, from
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B, one can construct a Büchi automaton BMOD such that, for all extended MSCs
(M,X1, . . . , Xm+1) and b-bounded linearizations v of M , we have

(Mv,b, X1, . . . , Xm+1) is accepted by BMOD

iff
Xm+1 = {x ∈ UM |M,X1, . . . , Xm, x |= defi(MOD)} .

Furthermore, BMOD can be constructed in space bpoly(p). By combining the Büchi
automata BMOD constructed for each modality MOD of TL using the idea from
[GK, Prop. .], we obtain a Büchi automaton B such that, for all MSCs M and
b-bounded linearizations v of M , we have

Mv,b ∈ L(B) iff M,v |= F for all v ∈ minM .

The automaton B can be constructed in space |F |·bpoly(p). Together with Prop. .,
one obtains that the model checking problem for tractable temporal logics and
CFMs can be solved in space polynomial in the channel bound b and exponential
in the number of processes p:

Theorem .. If TL is a fixed tractable temporal logic, then MC-TL-MSC+ is solvable
in EXPSPACE. More precisely, if p, C = (S,H,∆, I, E), F , and b is the input, then
it can can be solved in space p · log |S|+ log |H| · b · poly(p) + |F | · bpoly(p).

Note that only the number of processes p occurs in the exponent. Hence, if p is
fixed, the problem can be solved in polynomial space.

Corollary .. If TL is a fixed tractable temporal logic, MC-TL-MSC can be solved
in PSPACE.

. message-monotonicity

In order to show that SU (see Example .) is tractable, we could directly con-
struct the Büchi automaton from Def. .. However, it is less error-prone, more
convenient and much more natural to work with CFMs instead of Büchi automata
in the context of MSCs. Hence, if MOD is a modality, then we strive for a small
CFM C accepting exactly those (m+1)-extended MSCs (M,X1, . . . , Xm, {x}) with
M,X1, . . . , Xm, x |= defi(MOD). Later, from C a Büchi automaton shall be ob-
tained.
Unfortunately, transforming an arbitrary CFM into a Büchi automaton involves

an exponential blow-up (cf. Prop. .). More precisely, the number of states of the
resulting automaton is exponential in the number of processes and in the channel
bound. Since in most applications the channel bound b will most likely be very large
compared to the number of processes p, it is desirable to reduce its influence on the
size of the resulting Büchi automaton. Therefore, we introduce the new notion of
message-monotone CFMs. The latter allow to be transformed into Büchi automata
whose size is polynomial in b. Intuitively, a CFM C is called message-monotone if
for each channel (p, q) one can establish a linear ordering on the message contents
of C such that, independently from the actual run of C, the content of every new
message sent via (p, q) equals or is above the content of the previous message.

Let C = (S,H,∆, I, F ) be an m-CFM over p processes. Furthermore, let R ⊆ S2

such that (s, s′) ∈ R if and only if there exist γ ∈ Λp, b1, ..., bm ∈ {0, 1}, and h ∈ H
such that (s, γ, b1, ..., bm, h, s

′) ∈ ∆. We say that the state s′ is reachable from s if
(s, s′) ∈ R∗.

We call C message-monotone if, for all (p, q) ∈ Chp, there exists a linear order
≤p,q on H such that, for all (s1, p!q, b1, . . . , bm, h, s2), (s′1, p!q, b

′
1, . . . , b

′
m, h

′, s′2) ∈ ∆

with s′1 is reachable from s2, we have h ≤p,q h′.
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Remark .. It can be shown that message-montone CFMs are strictly less expres-
sive compared to classic CFMs. For instance, they are unable to check whether
there exists a path between two marked events such that every event on this path
fulfills some property. Intuitively, because this path can alternate between two or
more processes, the CFM needs at least two message contents expressing that the
current message edge is / is not part of the path. Since the path can alternate
unboundedly between processes, one cannot establish a linear order on the message
contents.

We transform a message-monotone CFM C into a Büchi automata B by adapting
the construction developed by Bollig, Kuske, and Meinecke. In [BKM], the states
of B are basically tuples consisting of p local states and p2 words from H∗ of
length at most b representing the channel contents. However, since C is message-
monotone, the content of every channel (p, q) ∈ Chp belongs to h∗1h∗2 . . . h∗m where
h1 <p,q h2 <p,q . . . <p,q hm are all message contents from H. Therefore, the
contents of each channel can be represented using m numbers of size at most b.
Hence, in the case of message-monotone CFMs, one obtains the following:

Proposition .. Let C = (S,H,∆, I, F ) be a message-monotone m-CFM over p ≥ 2

processes. Given b ≥ 1, one can construct in space p · log |S|+ |H| · log(b) · poly(p)

a Büchi automaton B such that, for all m-extended MSCs (M,X1, . . . , Xm) and
b-bounded linearizations v of M , we have

(M,X1, . . . , Xm) ∈ L(C) if and only if (Mv,b, X1, . . . , Xm) ∈ L(B) .

One can observe that, in contrast to Prop. ., the size of the resulting Büchi
automaton is now exponential in the number of message contents. However, this
does not cause problems in our context: Later, we present constructions which,
given a number of processes p, produce a CFM CMOD for every modality MOD of a
fixed temporal logic. The number of message contents of CMOD will be independent
from p and therefore constant.
The next lemma states that message-montone CFMs are effectively closed under

union and intersection.

Lemma .. If C1 and C2 are message-monotone CFMs, then one can construct in
polynomial time message-montone CFMs C∪ and C∩ with L(C∪) = L(C1) ∪ L(C2)

and L(C∩) = L(C1) ∩ L(C2).

Proof. It can be easily checked, that if Ci = (Si, Hi,∆i, Ii, Fi) is a message-montone
CFM for i ∈ [2], then the CFM C = (S1 ] S2, H1 ]H2,∆1 ∪∆2, I1 ∪ I2, F1 ∪ F2) is
message-montone and accepts L(C1) ∪ L(C2).
In [BKM], it is stated that arbitrary CFMs are effectively closed under inter-

section. An analysis of the corresponding proof shows that in some cases finite
processes are mistakenly accepted. However, this can be easily repaired using the
technique from [BKM, Lemma .]. We now argue that, if their fixed construction
algorithm is fed with two message-monotone CFMs C1 and C2, then the resulting
CFM C = (S,H,∆, I, F ) is again message-monotone: If Ci = (Si, Hi,∆i, Ii, Fi),
then H is set to H1 ×H2. Let (p, q) ∈ Ch and ≤ip,q be the linear order testifying
that Ci is message-montone for i ∈ [2]. Furthermore, let ≤p,q ⊆ H2 be some linear
order with

(h1 ≤1
p,q h

′
1 and h2 ≤2

p,q h
′
2) =⇒ (h1, h2) ≤p,q (h′1, h

′
2)

for all h1, h
′
1 ∈ H1 and h2, h

′
2 ∈ H2. It can be easily checked that, for all transitions

(s, p!q, b1, . . . , bm, h, t) and (t, p!q, b′1, . . . , b
′
m, h

′, r) from ∆, we have h ≤p,q h′. Hence,
C is message-montone. �
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The following lemma states that message-montone CFMs are effectively closed un-
der projection. Its proof is analogous to the one for finite automata.

Lemma .. If C is a message-monotone m-CFM for some m ≥ 1 and i ∈ [m],
then one can construct in polynomial time a message-montone (m − 1)-CFM C′
such that:

L(C′) = {(M,X1, . . . , Xi−1, Xi+1, . . . , Xm) | ∃Xi ⊆ UM : (M,X1, . . . , Xm) ∈ L(C)}

. cfm-effectiveness

To show the tractability of the strict universal until modality SU from Example .,
the following proposition inspired by [GK, Lemma .] will be helpful.

Proposition .. Given p ≥ 2, one can construct in space polynomial in p a
message-monotone CFM C over p processes with poly(p) many message contents
such that, for all extended MSCs (M,X, Y, Z), we have (M,X, Y, Z) ∈ L(C) if
and only if there exist x ∈ X and z ∈ Z with x <M z such that y ∈ Y for all
x <M y <M z.

The proof of Prop. . can be found on page .

Remark .. To prove the above proposition, one could argue as follows: Con-
struct a CFM C which consists of three parts. Running on an MSC M , the first
part colors the strict future (w.r.t. ≤M ) of every event from X blue. The second
part (re-)colors all those events red which are properly above blue events not con-
tained in Y . Finally, a third part tests whether their exists a blue event in Z. In
the positive case, C accepts and otherwise M is rejected. It can be shown that C
can be implemented in a message-monotone way.

However, in our experience, formalizing constructions of this kind is tedious and
error-prone. In particular, the resulting transition relations quickly become hard to
handle. For this reason, we choose another approach which allows us to conveniently
present easy-to-follow and modular proofs of the tractability of several modalities.
The idea is to identify several MSO( p)-formulas for which we can construct small
message-monotone CFMs. These so-called CFM-effective formulas can then be used
as building blocks for CFM-effective definitions of the modalities we are interested
in. It turns out that this is a convenient way to prove that many concrete modalities
are tractable.

Let ϕ(X1, . . . , Xm, y1, . . . , yn) be an MSO( p)-formula. We say that ϕ is CFM-
effective if, given p ≥ 2, one can construct in space poly(p) a message-monotone
CFM C with at most poly(p) many message contents over p processes such that

L(C) = {(M,X1, . . . , Xm, {y1}, . . . , {yn}) |M,X1, . . . , Xm, y1, . . . , yn |= ϕ} .

Let MOD be a modality whose modality definition defi(MOD) is CFM-effective. It
follows from Prop. . that, given p ≥ 2 and b ≥ 1, we can construct a Büchi
automaton B in space log(b) · poly(p) such that we have

(Mv,b, X1, . . . , Xm, {x}) ∈ L(B) ⇐⇒ M,X1, . . . , Xm, x |= defi(MOD)

for all MSCs M , sets of events X1, . . . , Xm ⊆ UM , events x ∈ UM , and b-bounded
linearizations v of M . Hence, we obtain:

Proposition .. If MOD is a modality and defi(MOD) is CFM-effective, then
MOD is tractable.



 concrete modalities: upper bounds

We now list some simple CFM-effective MSO( p)-formulas which are needed as
basic building blocks for CFM-effective definitions of concrete modalities like SU
etc.

Lemma .. The following holds:

() If ϕ is a (possibly negated) atomic formula, then ϕ is CFM-effective.

() There exist CFM-effective formulas with free variables X, Y , and Z expressing
that X = Y , X \ Y = Z, and X ∩ Y = Z, respectively.

() If ϕ1 and ϕ2 are CFM-effective MSO( p)-formulas, then ϕ1 ∧ ϕ2, ϕ1 ∨ ϕ2,
∃xϕ1, and ∃X ϕ1 are also CFM-effective.

Proof. First of all, let m ≥ 1 be fixed. It is straightforward to construct a message-
montone CFM Cm accepting exactly those extended MSCs (M,X1, . . . , Xm) where
X1, . . . , Xm are singleton sets.
Regarding (possibly negated) atomic formulas, we only consider msg(x, y) as an

example. First, we construct a (non-message-montone) CFM C = (S,H,∆, I, F )

for msg(x, y). The idea is the following: There are only two message contents 0

and 1. Message content 1 is sent if and only if x was just encountered; whereas 1

is received if and only if the current event equals y. More precisely, the sole state
of C is s and the global state (s, s, . . . , s) is initial and final at the same time. The
triple (s, γ, x, y, c, s) with γ = pθq is a transition from ∆ if and only if one of the
following conditions holds: either

– θ = !, c = x, y = 0 or

– θ = ?, c = y, x = 0.

The CFM C can be turned into a message-montone CFM Cmsg like this: One in-
troduces a second state t and a third message content 2. If x was encountered
on some process p and therefore the message with content 1 was sent, then this
process changes into state t and all subsequent messages sent from p have content
2. By intersecting Cmsg and C2 (which ensures that we are dealing with singleton
sets) using Lemma ., we obtain a message montone CFM for the atomic formula
msg(x, y) in polynomial time. Hence, msg(x, y) is CFM-effective.
It is an easy exercise to construct message-montone CFMs for the formulas from

(). Regarding ϕ1 ∧ ϕ2 and ϕ1 ∨ ϕ2, the lemma easily follows from Lemma ..
Finally, it can be easily shown that the lemma holds for ∃xϕ1 and ∃X ϕ1 using
Lemma .. �

Hence, especially formulas of the form

∃X (positive Boolean combination of atomic formulas and formulas from ())

(where X is a tuple of individual and set variables) are CFM-effective.
Prop. . and Lemma . enable us to quickly show that the following four

very natural modalities are tractable: The sender (receiver) modality MSG (MSG−1)
expresses that a formula holds at the matching send (receive) event. Whereas the
successor (predecessor) modality PROC (PROC−1) allows to say that the successor
(predecessor) of the current event fulfills some property. By giving CFM-effective
definitions, we witness the fact that the above modalities are tractable: we set
defi(MSG) = ∃y (msg(x, y)∧X1(y)) and defi(PROC) = ∃y (proc(x, y)∧X1(y)). The
modalities MSG−1 and PROC−1 are defined analogously.
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. universal modalities

In this section, we show that the strict universal until (SU) and its past version,
the strict universal since (SS), from Example . are tractable. The actual result
is stated in Prop. ..

Following [DG], the strict universal until and the strict universal since are for-
mally defined by:

defi(SU) = ∃y ∈ X2 [x < y ∧ ∀z(x < z < y → X1(z))]

defi(SS) = ∃y ∈ X2 [y < x ∧ ∀z(y < z < x→ X1(z))]

Intuitively, X1 contains exactly those events fulfilling F1, X2 those events satisfying
F2, and < corresponds to <M which is of course MSO-definable.

Remark .. The universal until , denoted by U, can be derived from the SU
modality: F1 U F2 = F2 ∨ (F1 ∧ (F1 SU F2)). The modalities Xp and Up of
the logic introduced by Diekert and Gastin [DG] can also be represented by SU
(see [GK, GK] for details).

Our intermediate goal is to prove Prop. . by translating the proof sketch of
Remark . (speaking about the blue and red colored events) to CFM-effective
formulas. The formula of the next lemma corresponds to the CFM coloring the
strict future of a set of events.

Lemma .. There exists a CFM-effective formula ↑(X,Y ) such that, for all 2-
extended MSCs (M,X, Y ), we have M,X, Y |= ↑(X,Y ) if and only if

Y = {y ∈ UM | there is x ∈ X such that x <M y} .

Proof. We construct a suitable message-monotone CFM C = (S,H,∆, I, F ) wit-
nessing the fact that ↑(X,Y ) is CFM-effective. The idea is the following: a finite
automaton of C is in state 1 if the current event equals or is above (w.r.t. ≤M ) of
an event from X; otherwise it is in state 0. The sole initial state is (0, 0, . . . , 0)

whereas F =
∏
p∈[p] S. The set of message contents is {0, 1} where a message with

content 1 is sent iff the sender equals or is above (w.r.t. ≤M ) of an event from X.
The triple (s′, γ, x, y, c, s) with γ = pθq is a transition from ∆ if and only if one of
the following conditions holds: either

(a) θ = !, s = c = max(s′, x), and y = s′ or

(b) θ = ?, s = max(s′, x, c), and y = max(s′, c).

We only prove that M,X, Y |= ↑(X,Y ) whenever (M,X, Y ) ∈ L(C). Let (ζ, χ) be
an accepting run of C on (M,X, Y ). We inductively show for all v ∈ UM :

there exists x ∈ X such that x ≤M v ⇐⇒ ζ(v) = 1 ()

Let v be a linerization of M . If v is minimal w.r.t. v, then v must be a send event.
If v ∈ X, then it can be easily seen by inspecting the transitions of type (a) that
ζ(v) = 1. If v /∈ X, then ζ(v) = 0 because initially all local states are 0. Hence,
() holds.

Now, let us assume that () holds for all v′ ∈ UM with v′ @M v. If there exists
no x ∈ X with x ≤M v, then for all v′ ∈ UM with v′ ≤M v there exists no x ∈ X
such that x ≤M v′. Because ≤M ⊆ v it follows from our induction hypothesis
that ζ(v′) = 0 for all v′ ∈ UM with v′ ≤M v. An easy inspection of the transition
relation reveals that ζ(v) = 0. If v ∈ X then it can also be easily seen from the
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transition relation that ζ(v) = 1. Finally, assume that x <M v for some x ∈ X. If
v is receive event, then there exists an event v1 ∈ UM such that (v1, v) ∈ msgM .
There may also exist an event v2 ∈ UM with (v2, v) ∈ procM . Since x <M v holds,
we have x ≤M v1 or x ≤M v2. If x ≤M v2, then, by our induction hypothesis, we
have ζ(v2) = 1. If x ≤M v1, we have ζ(v1) = 1 and, therefore, χ(v1) = χ(v) = 1.
In all cases, we have ζ(v) = 1. The case that v is a send event can be dealt with
analogously. Hence, () holds.
An easy inspection of the transition relation ∆ shows that an event v ∈ UM is

contained in Y if and only if there exists an event v′ ∈ UM such that ζ(v′) = 1 and
(v′, v) ∈ procM ∪msgM . Hence, it follows from () that, for all v ∈ UM , we have
v ∈ Y if and only if there exists x ∈ X with x <M v.
It can be easily seen that C is message-monotone. �

We are now able to prove Prop. ..

Proof (Prop. .). Consider the formula ϕ(X,Y, Z) given by

∃B,R [↑(X,B) ∧ ↑(B ∩ Y ,R) ∧ ∃z ∈ (B ∩ Z) \R] .

In the spirit of Remark ., ϕ expresses that B is the set of all (blue) strict
successors of events from X, that R is the set of all (red) strict successors of events
from B not contained in Y , and that there exists an event from Z∩B not contained
in R. By the Lemmas . and ., ϕ is CFM-effective. �

Proposition .. The modalities SS, SU, U, Xp, and Up are tractable.

Proof. Our proof is in the style of [GK, Prop. .]. Let ϕ be the CFM-effective
formula from the proof of Prop. .. For all extended MSC (M,X, Y, Z), we have
M,X, Y, Z |= ϕ iff there exist x ∈ X and z ∈ Z with x <M z such that y ∈ Y for all
x <M y <M z. Clearly, M,X, Y, z |= defi(SS) if and only if M,X, Y, {z} |= ϕ. The
modality SU can be defined analogously. By Prop. ., SS and SU are tractable.
It can be shown that modalities which can be derived from tractable modalities
(see Remark .) are again tractable. Therefore, it follows that U, Xp, and Up are
also tractable. �

. process-based modalities

Meenakshi and Ramanujam [MR] define a temporal logic called m-LTL reasoning
about Lamport diagrams which are very similar to MSCs. In particular, they intro-
duce a new unary modality �p which can be easily transferred to MSCs. Intuitively,
it allows to express properties of the maximal event on process p (w.r.t. ≤M ) which
is below the current event (w.r.t. ≤M ).

More precisely, defi(�p) is given by

∃y ∈ X1 ∩ Up [y ≤ x ∧ ∀z (y ≺p z → z 6≤ x)] .

In [Thi], Thiagarajan extends the Propositional Temporal Logic of linear time
(PTL) to obtain a suitable temporal logic for model checking Mazurkiewicz traces.
Even though the semantics of the resulting logic, which is called TrPTL, is that
of a global temporal logic, we can still deal with it in our framework (see also
[GK, GK]). TrPTL is based on the modalities Op and Up where p ∈ [p]. The
unary Op operator is very similar to �p. Intuitively, Op F expresses that F holds at
the minimal event on process p (w.r.t. �Mp ) which is no predecessor of the current
event (w.r.t. ≤M ). Whereas F1 Up F2 says that we have F1 until F2 on the sequence
of events from process p starting with the maximal event from process p (w.r.t. �Mp )
below the current event (w.r.t. ≤M , if existent) followed by the later events from p.
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Formally, we define

defi(Op) = ∃y ∈ X1 ∩ Up [y 6≤ x ∧ ∀z (z ≺p y → z ≤ x)]

whereas defi(Up) is given by

∃y ∈ X2 ∩ Up ∀z ∈ Up

(
[z ≤ x→ z �p y]

∧ [∃z′ (z ≺p z′ ≤ x) ∨X1(z) ∨ y �p z]

)
.

Proposition .. The modalities �p and Op are tractable.

Proof. We only prove the tractability of �p since the above proposition can be
shown analogously for Op. It can be easily checked that

M,x, y |= ≤(x, y) ⇐⇒ M,x, y |= (x = y) ∨ ∃X [↑({x}, X) ∧X(y)]

M,x, y |= 6≤(x, y) ⇐⇒ M,x, y |= ¬(x = y) ∧ ∃X [↑({x}, X) ∧ ¬X(y)]

(where ↑ is the formula from Lemma .). Hence, ≤(x, y) and 6≤(x, y) are CFM-
effective. Consider the formula ϕ(X1, x) = ϕ1 ∨ϕ2 where ϕ1 and ϕ2 are as follows:

ϕ1 = ∃y1, y2 [procp(y1, y2) ∧ ≤(y1, x) ∧ 6≤(y2, x) ∧X1(y1)]

ϕ2 = ∃y ∈ Up [max(y) ∧ ≤(y, x) ∧X1(y)]

It is CFM-effective by Lemma .. It remains to be shown that M,X1, x |= ϕ if
and only if M,X1, x |= defi(�p).
Let us assume that M,X1, x |= defi(�p). There exists y ∈ X1 ∩ UMp such that

y ≤M x and (y ≺Mp z → z 6≤M x) for all z ∈ UM . If y is maximal w.r.t. �Mp , then
M,X1, {x} |= ϕ2 and, therefore, M,X1, {x} |= ϕ. Otherwise, there exists z ∈ UMp
with y ≺Mp z and z 6≤M x. Clearly, M,X1, {x} |= ϕ1 and, therefore, M,X1, x |= ϕ.

For the converse direction, assume that M,X1, x |= ϕ. If M,X1, x |= ϕ2, then
there exists y ∈ X1 such that y is maximal w.r.t. �Mp and y ≤M x. Hence,
M,X1, x |= defi(�p). If M,X1, x |= ϕ1, then there exist y1, y2 ∈ UM such that
y1 procp y2, y1 ≤M x, y2 6≤M x, and y1 ∈ X1. Let z ∈ UM with y1 ≺Mp z. Since
y2 �Mp z and y2 6≤M x, we have z 6≤M x. Hence, M,X1, x |= defi(�p).
The above proposition follows from Prop. .. �

Proposition .. The modality Up is tractable.

Proof. It can be shown that, for all processes p ∈ [p], there is a CFM-effective
formula untilp ∈ MSO( p) such that, for all 3-extended MSCs (M,X1, X2, {x})
with x ∈ UMp , the following holds: M,X1, X2, {x} |= untilp if and only if there
exists y ∈ X2 with x �Mp y such that z ∈ X1 for all x �Mp z ≺Mp y. Now, let
ϕ(X1, X2, x) = ϕ1 ∨ ϕ2 ∨ ϕ3 where ϕ1, ϕ2, and ϕ3 are as follows:

ϕ1 = ∃x1, x2

[
procp(x1, x2) ∧ ≤(x1, x) ∧ 6≤(x2, x) ∧ untilp(X1, X2, {x1})

]
ϕ2 = ∃y

[
Up(y) ∧max(y) ∧ ≤(y, x) ∧X2(y)

]
ϕ3 = ∃y

[
Up(y) ∧min(y) ∧ 6≤(y, x) ∧ untilp(X1, X2, {y})

]
It remains to be shown thatM,X1, X2, x |= defi(Up) if and only ifM,X1, X2, x |= ϕ.
Assume that M,X1, X2, x |= defi(Up). There exists y ∈ X2 ∩ UMp such that

() ∀z ∈ UMp [z ≤M x→ z �Mp y] and

() ∀z [∃z′ (z ≺p z′ ≤ x) ∨X1(z) ∨ y �p z].

We need to distinguish three cases:
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(a) Assume that z 6≤M x for all z ∈ UMp . Therefore, y 6≤M x. Because of () we
have z ∈ X1 for all z ∈ UMp with z ≺Mp y. If z is the minimal event of UMp
w.r.t. �Mp , then M,X1, X2, {z} |= untilp and, therefore, M,X1, X2, x |= ϕ3.

(b) Assume that z ≤M x for all z ∈ UMp . Therefore, y ≤M x. Because of (), y
is the maximal event of UMp w.r.t. �Mp . Hence, M,X1, X2, x |= ϕ2.

(c) Assume that there exist x1, x2 ∈ UMp such that x1 ≤M x, x2 6≤M x, and
x1 procMp x2. From (), it follows that x1 �Mp y. Because of condition (),
we have z ∈ X1 for all z ∈ UMp with x1 �Mp z ≺Mp y. Hence, we have
M,X1, X2, {x1} |= untilp and, therefore, M,X1, X2, x |= ϕ1.

For the converse direction, let us assume that M,X1, X2, x |= ϕ. Again, we distin-
guish three cases:

(a) Suppose that we have M,X1, X2, x |= ϕ1. There exist x1, x2 ∈ UMp such
that x1 procMp x2, x1 ≤M x, x2 6≤M x, and M,X1, X2, {x1} |= untilp. There
exists y ∈ UMp such that y ∈ X2, x1 �Mp y, and z ∈ X1 for all z ∈ UMp with
x1 �Mp z ≺Mp y. For all z ∈ UMp holds that z �Mp x1 implies z ≤M x and
x2 �Mp z implies z 6≤M x. If z ∈ UMp with z ≤M x, then z �Mp x1 �Mp y.
Hence, () is fulfilled. Now, let z ∈ UMp such that z ≺Mp y and there does not
exist z′ with z ≺Mp z′ ≤M x. We have x1 �Mp z and z ≺Mp y. Hence, z ∈ X1

and () is fulfilled.

(b) Suppose that M,X1, X2, x |= ϕ2. If y is the maximal event of UMp w.r.t. �Mp ,
then y ≤M x and y ∈ X2 hold. It can be easily seen that the conditions ()
and () are satisfied.

(c) Finally, suppose that M,X1, X2, x |= ϕ3. If z is the minimal event of UMp
w.r.t. �Mp , then z 6≤M x and there exists y ∈ UMp ∩X2 such that z′ ∈ X1 for
all z′ ≺Mp y. Clearly, we have z′ 6≤M x for all z′ ∈ UMp . Hence, condition ()
and () are both fulfilled.

Therefore, M,X1, X2, x ∈ defi(Up) if and only if M,X1, X2, x |= ϕ. The result
follows from Lemma . and Prop. .. �

. path modalities

Peled [Pel] considers the temporal logic TLC− for the specification and verification
of MSCs. TLC− is a subset of the temporal logic for causality, TLC for short, which
was introduced in [APP]. The latter basically comes with the following modalities
which are of interest in the setting of MSCs: ECO, EU, ES, and EG. Intuitively,
ECOF claims that F holds for some event concurrent to the current one.

Formally, defi(ECO) is given by ∃y ∈ X1 ¬(y ≤ x ∨ x ≤ y).

The modalities EU, ES, and EG were already introduced in Example ..

Proposition .. The modality ECO is tractable.

Proof. Consider the formula ϕ(X1, x) = ∃y (X1(y) ∧ 6≤(y, x) ∧ 6≤(x, y)). We have
M,X1, x |= defi(ECO) if and only if M,X1, x |= ϕ. Since ϕ is CFM-effective by
Lemma ., the result follows from Proposition .. �

Note that the modalities ES, EU, and EG can be easily expressed in CRPDL (see
Example .). Hence, it already follows from Theorem . that they can be eval-
uated in space polynomial in b and p. Nevertheless, we are also able to show that
they are tractable. In all three cases, we need to check for the existence of a path
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between two events which satisfies a certain property. By Remark ., it is impossi-
ble to construct a message-monotone CFM. However, in each case, we can directly
construct the Büchi automaton from Def. . (without proof).

Proposition .. The modalities ES, EU, and EG are tractable.
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PREL IMINARIES

The purpose of this chapter is to define the basic concepts which are common to the
succeeding chapters. In Sect. ., we introduce nested words, whereas, in Sect. .,
we define multi-stack automata accepting sets of nested words. After that, we give
the definition of several restrictions on nested words: Sect. . deals with phase-
boundedness, Sect. . is concerned with the notion of split-width, and Sect. .
gives the definition of scope-boundedness. Finally, in Sect. . we define trees and
tree automata.
Parts of this chapter were obtained in collaboration with Benedikt Bollig and

Dietrich Kuske and have been previously published as extended abstracts [BKM,
Men].

Words are finite throughout the following chapters. If W is a word, then most of
the time one can think of UW as a finite initial segment of N and of �W as the
restriction of the natural ordering of N to UW .

. nested words

Runs of concurrent systems with recursive procedure calls can be modeled by words
coming with a nesting relation yp for every process p. Then there is a yp-edge be-
tween two positions of the word if they represent matching call and return positions
on process p.

Let W be a word. A nesting relation y over W is a binary relation such that, for
all i, j, i′, j′ ∈ UW , the following conditions hold:

(a) if iy j, then i ≺W j

(b) if iy j, i′ y j′, and i �W i′, then

i ≺W i′ ≺W j′ ≺W j or i ≺W j ≺W i′ ≺W j′ or (i = i′ and j = j′).

If iy j, then we say that i is a call with matching return j. By occ(y), we denote
all positions which occur in some edge of y, i.e., we have

occ(y) = {i ∈ UW | there exists j ∈ UW with (i, j) ∈y ∪y−1} .

Recall thatW describes the execution of some recursive program. If iy j, then, at
time i, the execution calls some procedure and, at time j, the control is returned to
the calling program. Having this in mind, condition (a) expresses that every return
occurs after its matching call. Condition (b) ensures that no position is both, a call
and a return, every call has exactly one matching return and vice versa, and calls
and matching returns are well nested.
In the following, we will consider words with not only one, but with a fixed

number of nesting relations s ≥ 2.
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Figure : The nested word N from Example .. The relation yN
1 (yN

2 , resp.) is
represented by the solid (dashed) edges labeled by 1 (2). For convenience, the
elements of UN are written directly below the corresponding positions.

Definition .. For an alphabet Γ, we denote by
Γ
the nested word signature

σWORD(Γ) ∪ {ys, calls, rets | s ∈ [s]}

where, for all s ∈ [s], ar(calls) = ar(rets) = 1, ar(ys) = 2, and the arities of the
relation symbols from σWORD(Γ) are as in Def. ..
A nested word over an alphabet Γ is a finite

Γ
-structure N where

() N � σWORD(Γ) is a finite word W over Γ,

() yN
s is a nesting relation over W for all s ∈ [s],

() occ(ys) ∩ occ(ys′) = ∅ for all 1 ≤ s < s′ ≤ s,

() callNs = {i ∈ UN | there exists j ∈ UN such that iyN
s j} for all s ∈ [s], and

() retNs = {j ∈ UN | there exists i ∈ UN such that iyN
s j} for all s ∈ [s].

For convenience, we often write �N for the linear order �W of the underlying word
W . Furthermore, we identify isomorphic nested words.

Note that the condition () restricts the interplay of the different nesting relations:
it expresses that a position can only be related to at most one stack.

Example .. Figure  shows the nested word N over two stacks where UN = [13],
�N is the natural ordering on [13], λNa = {1, 3, 5, 10, 11, 13}, λNb = {2, 4, 6, 7, 9},
λNc = {8, 12}, yN

1 = {(1, 3), (5, 10), (6, 9)}, and yN
2 = {(4, 7), (8, 13), (11, 12)}.

Example .. A wide range of temporal logics has been defined for nested words and
concurrent systems. Their until operator usually depends on what is considered a
path between two word positions and, more specifically, on a notion of successor. In
the classical setting of words without nesting relations, one naturally considers the
direct successor following the linear order. The situation is less clear in the presence
of one or more nesting relations. In [AAB+, AAB+], Alur et al. identify three
different kinds of successors in singly nested words, namely the linear, call, and
abstract successor. Each of them comes with a separate until operator.
Towards nested words with multiple nesting relations, Atig et al. consider only the

linear successor [Ati, ABKSa], while La Torre and Napoli also define modalities
that correspond to linear, call, and abstract successors [LN]. As an example, we
consider the abstract until Ua

s. Intuitively, if F1 and F2 are formulas, then F1 Ua
s F2

expresses that there exists an event x fulfilling F2 which can be reached from the
current event by an abstract s-path such that every event on this path (but not
necessarily x) fulfills F1. An abstract s-path in a nested word is a path that does
not choose a linear direct successor from a call position or to a return position
(w.r.t. ys). Formally, the abstract until is given by

defi(Ua
s) = ∃Y ∃z

[
X2(z) ∧ Y ⊆ X1

∧ ∀y (Y (y) ∨ y = z)→
(
y = x ∨ ∃y′ (Y (y′) ∧ ϕs(y′, y))

)]
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where
ϕs(y

′, y) = y′ ys y ∨ (¬calls(y′) ∧ ¬rets(y) ∧ (y′ l y)) .

Note that we have defi(Ua
s) ∈ MΣ1(

Γ
) and defi(Ua

s) ∈ AΣ3(
Γ
).

Indeed, all the modalities considered in [AAB+, AAB+, Ati, ABKSa,
LN] are MSO(

Γ
)-definable. However, they appear to be just a few of many

other possibilities. For example, one may define an abstract path including two or
more nesting relations, or include past-time counterparts of until modalities, which
are not present in [LN]. Such extensions can be realized in our framework by
giving their definition inMSO(

Γ
). An elementary upper bound of the satisfiability

and model checking problem follows immediately from our result, without changing
anything in the decidability proof.

It follows from the next lemma (which is very similar to Lemma .) that, in the
context of nested words, Hanf formulas can be expressed by existential first-order
formulas. Recall that sph(S,Z,c),r is the formula from Def. ..

Lemma .. Let S be some finite
Γ
-structure, Z1, Z2, . . . , Zm ⊆ US , c ∈ US , and

r ∈ N. Then the formula sph(S,Z,c),r(X1, . . . , Xm, x) is equivalent to a formula from
AΣ1(

Γ
) ∩ FO(

Γ
) w.r.t. all nested words.

Proof. If there is no nested word N with S(N,X)(r, j)
∼= (S, Z, c) for any sets of

positions Xi and any position j, then set

sph(S,Z,c),r(X1, . . . , Xm, x0) = (x0 6= x0) .

Now, assume that for some nested word N , some sets of positions Xi, and some
position j, we have S(N,X)(r, j)

∼= (S, Z, c). Suppose US = {v0, v1, . . . , vn} with
c = v0. Let ϕ denote the conjunction of the following formulas (for a ∈ Γ, k, ` ∈ [n]0,
i ∈ [m], and s ∈ [s]):

– (xk 6= x`) if k 6= `

– Xi(xk) if vk ∈ Zi, and ¬Xi(xk) otherwise

– λa(xk) if vk ∈ λSa , and ¬λa(xk) otherwise

– (xk l x`) if vk lS v`, and ¬(xk l x`) otherwise

– xk ys x` if vk ySs v`, and ¬(xk ys x`) otherwise

– calls(xk) if vk ∈ callSs , and ¬calls(xk) otherwise

– rets(xk) if vk ∈ retSs , and ¬rets(xk) otherwise

– min(xk) if vk ∈ minS , and ¬min(xk) otherwise

– max(xk) if vk ∈ maxS , and ¬max(xk) otherwise

Then set
sph(S,Z,),r = ∃x1 ∃x2 . . . ∃xn ϕ .

Let N be a nested word, Yi sets of positions, and let y0, . . . , yn be positions in N .
Then N,Y , y0, . . . , yn |= ϕ if and only if the mapping vk 7→ yk is an embedding of
(S, Z, v) into S(N,Y )(r, y0). It remains to be shown that this embedding is surjective.
Towards a contradiction, assume it is not. Then there exist k ∈ [n]0 and a position
y in N such that distN (y0, yk) < r, distN (yk, y) = 1, and y /∈ {y0, . . . , yn}. Assume
that yk lN y. In this case, yk /∈ maxN and therefore vk /∈ maxS . Because of
(S, Z, c) ∼= S(N,Y )(r, y0), there is some ` ∈ [n]0 with vklS v`. Hence yklN y`. Since
N is a nested word, yklN y and yklN y` imply y = y` contradicting y /∈ {y0, . . . , yn}.
The other cases, namely y lN yk, yk yN

s y and y yN
s yk for some s ∈ [s] can be

handled similarly (using, instead of the atomic formula max(x), the atomic formulas
min(x), calls(x), and rets(x), respectively). �
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. multi-stack automata

Instead of defining multi-stack automata as automata coming with several stacks
as well as push and pop operations [LMP], we choose an equivalent definition.
Here (following [AM]), the automaton directly runs on nested words and it is, at
a return position, capable of retrieving the state visited earlier at the matching call
position.
More precisely, our s-stack automata exhibit transitions of the form t = (p, C, a, q)

where p, q are states, a is an input symbol, and C ∈ [s]0 ∪ ([s] × Q). Reading a
position i of a nested word, the transition t lets the automaton move on from the
current state p to the target state q if i is labeled with letter a. In addition, the
transition is guarded by C. If C = s for some s ∈ [s], then i is required to be a
call position on stack s. In contrast, if C = (s, r) ∈ [s] × Q, then i needs to be a
return from stack s and r must be the state reached at position j with j ys i. This
allows the automaton to retrieve, from a return position, the state reached after
executing the corresponding call. In a sense, this is equivalent to reading a stack
symbol previously pushed. Finally, if C = 0, then i has to be neither a call nor a
return position.

A s-stack automaton over Γ is a tuple A = (Q,∆, ι, F ) where

– Q is the finite set of states,

– ι ∈ Q is the initial state,

– F ⊆ Q is the set of final states, and

– ∆ ⊆ Q×
(
[s]0 ∪ ([s]×Q)

)
× Γ×Q is the transition relation.

Let N be a nested word with UN = [n]. A run of A on N is a mapping ρ : UN → Q

such that

–
(
ι, C1, λ

N (1), ρ(1)
)
∈ ∆ and,

– for every i ∈ {2, . . . , n},
(
ρ(i− 1), Ci, λ

N (i), ρ(i)
)
∈ ∆

where

Ci =


(s, q) if there is j ∈ [n] with j yN

s i and q = ρ(j)

s if there is j ∈ [n] with iyN
s j

0 if there are no s ∈ [s] and j ∈ [n] such that j yN
s i or iyN

s j

(note that Ci is well-defined by the definitions of a nesting relation and a nested
word). The run ρ is accepting if ρ(n) ∈ F . The set of nested words for which there
is an accepting run is denoted by L(A).

. phase-boundedness

The emptiness problem of a -stack automaton is undecidable. This can be easily
seen from the fact that a Turing machine can be simulated using two stacks. It fol-
lows that the satisfiability problem of MSO(

Γ
) and the model checking problem

of every non-trivial temporal logic is undecidable as well. La Torre et al. [LMP]
proposed the restriction of these problems to b-phase words and showed that, un-
der this restriction, the emptiness problem as well as the satisfiability problem of
MSO(

Γ
) are decidable. A phase is an interval in a nested word in which all

returns refer to the same nesting relation. More formally:
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If N is a nested word, then a phase of N is a subset I ⊆ UN for which the following
conditions hold:

– there exist i, j ∈ UN such that I = {k ∈ UN | i �N k �N j}

– if i, i′ ∈ UN , j, j′ ∈ I, and s, s′ ∈ [s] with iyN
s j and i′ yN

s′ j
′, then s = s′

Let b ∈ N. We call N a b-phase nested word if there exist phases I1, I2, . . . , Ib of
N with UN = I1 ∪ . . . ∪ Ib.

Example .. Consider the nested word N from Example .. It can be divided
into the four phases

I1 = {1, 2, 3, 4, 5, 6}, I2 = {7, 8}, I3 = {9, 10, 11}, and I4 = {12, 13} .

Hence, N is a 4-phase nested word. Note that the phases

{1, 2, 3}, {4, 5, 6, 7, 8}, {9, 10}, and {11, 12, 13}

also witness this property. However, N is no 3-phase nested word since no two of
the positions 3, 7, 9, and 12 can belong to the same phase.

Among the possible divisions of the b-phase nested word N into different phases,
the greedy division will serve as a canonical example:

Let N be a b-phase nested word. By phN , we denote the mapping UN → [b] where,
for all i ∈ UN , phN (i) is the minimal number b ≥ 1 such that the restriction of N
to the positions {1, . . . , i} is a b-phase nested word.

Then, for all b ∈ [b], Ib = ph−1
N (b) is a phase of N and we have UN = I1 ∪ . . . ∪ Ib.

Note that Ib = ∅ if and only if N is a (b− 1)-phase nested word.

Example .. Let N be the nested word and I1, I2, I3, and I4 be the phases from
Example .. We have Ib = ph−1

N (b) for all b ∈ [4].

Definition .. Let TL be a fixed MSO(
Γ
)-definable temporal logic. The phase-

bounded satisfiability problem for TL, denoted by SAT-TL-PHASE-NW, is defined as
follows:

Input: temporal formula F ∈ TL and
phase bound b ≥ 1 (encoded in unary)

Question: Is there a b-phase nested word N with N,minN |= F?

By MC-TL-PHASE-NW, we denote the phase-bounded model checking problem for
TL which is defined as follows:

Input: s-stack automaton A
temporal formula F ∈ TL, and
phase bound b ≥ 1 (encoded in unary)

Question: Do we have N,minN |= F for all b-phase nested words N
accepted by A?

. split-width

The notion of split-width was introduced in [AGK]. The basic idea is to split
nested words into components by introducing gaps in the underlying linear order.
One can then generate new split nested words by shuffling and merging components
of existing split nested words. To obtain a formal definition, we first define split
words without nesting relations.
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Figure : The 3-split word W from Example .. The individual components of W are
depicted by rectangles.

Let Γ be an arbitrary alphabet and σSWORD(Γ) = σWORD(Γ) ∪ {→} be the signature
where ar(→) = 2 and the arities of the relation symbols from σWORD(Γ) are as in
Def. ..

Let b ≥ 0. A b-split word over the alphabet Γ is a finite σSWORD(Γ)-structure W

defined as follows:

– if b ≥ 1, then

∗ W � σWORD(Γ) is a finite word over Γ,

∗ →W ⊆ lW, and

∗ |lW \→W| = b− 1;

– if b = 0, then W is the empty σSWORD(Γ)-structure.

We identify isomorphic split words.

An interval within UW which is maximal w.r.t. →W is called a component. More
formally:

We say that C ⊆ UW is a component of W if there exists an v ∈ UW such that
C = {w ∈ UW | (v, w) ∈ →∗ or (w, v) ∈ →∗}.

Let W be a b-split word. It can be easily checked that W consists of b′ components
if and only if b = b′.

Example .. Figure  depicts the 3-split word W where UW = [13], �W is
the natural ordering on [13], λWa = {1, 3, 5, . . .}, λWb = {2, 4, . . .}, λWc = {8, 12},
and →W = {(1, 2), (2, 3), (4, 5), (5, 6), . . .}. It consists of the components {1, 2, 3},
{4, 5, . . . , 10}, and {11, 12, 13}.

Definition .. Let W be a b-split word. If b is clear from the context or if we do
not care about the exact b, then we sometimes omit b and call W a split word. If
W is a word, then we identify W with the split word W where RW = RW for all
R ∈ σWORD(Γ) and →W = lW .

Hence, non-empty words are identified with 1-split words whereas the empty word
ε is identified with the (unique) 0-split word and the empty σSWORD(Γ)-structure,
respectively.

Now, we define two different concatenation operations � and } carried out on two
split words W0 and W1. Both result in a split word W consisting of the components
of W0 followed by the components of W1. In the case of �, the last component of
W0 is merged with the first component of W1. More precisely:

Let Wi be a split word for i ∈ {0, 1} and op ∈ {�,}}. If UWi 6= ∅ for all i ∈ {0, 1},
then we define W0 opW1 to be the split word W where

– UW = UW0 ] UW1 ,

– λW = λW0 ∪ λW1 ,

– minW = minW0 , maxW = maxW1 ,
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Figure : The 3-split nested word N from Example .. Note that the relation yN
1 (yN

2 ,
resp.) is represented by the solid (dashed) edges labeled by 1 (2). Furthermore,
the individual components of N are depicted by rectangles.

– lW = lW0 ∪lW1 ∪ {(maxW0 ,minW1)}

– if op = �, then →W =→W0 ∪→W1 ∪ {(maxW0 ,minW1)},

– if op = }, then →W =→W0 ∪→W1 .

Otherwise (i.e., Wi = ε for some i ∈ {0, 1}), we set W0 �W1 = W0 }W1 = W1−i.

Since we identify words with their 1-split counterparts (cf. Def. .), applying the
operations � and } on (non-split) words W is justified.

Similarly to split words, we now define split nested words.

Let Γ be an arbitrary alphabet. We define σSWNW(Γ) to be the signature
Γ
∪{→}

where ar(→) = 2 and the arities of the relation symbols from
Γ
are as in Def. ..

Note that we have σSWORD(Γ) ⊆ σSWNW(Γ).

If N is a σSWNW(Γ)-structure, then we define Ñ to be N � σSWORD(Γ).

Clearly, a σSWNW(Γ)-structure N is uniquely given by Ñ and the nesting relations
yN

1 ,yN
2 , . . . ,yN

s .

For b ≥ 0, a b-split nested word over Γ is a σSWNW(Γ)-structure N such that

– N �
Γ
is a nested word and

– Ñ is a b-split word.

If b is clear from the context or if we do not care about the exact b, then we
sometimes omit b and call N a split nested word. Furthermore, if N is a nested
word, then we identify N with the split nested word N where RN = RN for all
R ∈

Γ
and →N = lN .

Example .. Figure  shows the 3-split nested word N where

– N �
Γ
is the nested word from Example .,

– Ñ is the 3-split word from Example ..

We now define two operations called merge and shuffle which are carried out on
split nested words. Note that the definitions of these operations in [AGK] are
phrased differently; however, it can be easily checked that they coincide.
The shuffle operation works by mixing the components of two split nested words

without changing the relative order of the components belonging to the same split
nested word and by taking care of the restrictions regarding nesting edges (i.e.,
we are not allowed to introduce intersecting nesting edges belonging to the same
nesting relation).
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Figure : The split nested words N1, N2, and N′ from Example ..

If Ni is a bi-split nested word, Ñi = Wi,1 }Wi,2 } . . .}Wi,bi
, and Wi,j is a word

for all i ∈ [2] and j ∈ [bi], then shf(N1,N2) is the set of all (b1 + b2)-split nested
words N such that

– yN
s = yN1

1,s ∪yN2
2,s for all s ∈ [s],

– Ñ = V1 } V2 } . . .} Vb1+b2
, and

– there exists a bijection f : (({1} × [b1]) ∪ ({2} × [b2])) → [b1 + b2] such that
Wi,j = Vf(i,j) and f(i, j) < f(i, `) for all i ∈ [2] and 1 ≤ j < ` ≤ bi.

Example .. Consider the split nested words N′, N1, and N2 from Fig. . The
bijection f =

{(
(2, 1), 1

)
,
(
(1, 1), 2

)
,
(
(2, 2), 3

)
,
(
(1, 2), 4

)
,
(
(1, 3), 5

)
, . . .} witnesses

the fact that N′ ∈ shf(N1,N2).

Intuitively, the merge operation allows to merge two or more components of a given
split nested word. More precisely:

If N′ is a split nested word, then mrg(N′) denotes the set of all split nested words
N such that

– RN = RN′ for all R ∈
Γ
and

– →N′ (→N.

Because of (), at least one pair of adjacent components of N′ has been turned into
a single component. Hence, if N′ is a b′-split nested word and N ∈ mrg(N′) is a
b-split nested word, then we have 1 ≤ b < b′.

Example .. Consider the split nested words N from Fig.  and N′ from Fig. .
We have N ∈ mrg(N′).

A split nested word N is atomic if it is of the form a , a b
s , or a b

s where
a, b ∈ Γ and s ∈ [s].

Informally speaking, b-BS is the set of all split nested words which can be built from
atomic split nested words by repeatedly applying the shuffle and merge operations
such that every intermediate split nested word consists of at most b components.

If b ≥ 2, then b-BS is the least set fulfilling the following conditions:

– all atomic nested words are contained in b-BS,

– if N1,N2 ∈ b-BS, N ∈ shf(N1,N2) is a b′-split nested word, and b′ ≤ b, then
N ∈ b-BS, and

– if N ∈ b-BS, then mrg(N) ⊆ b-BS.
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Figure : The split nested words N3, N4, N5, and N6 from Example ..

Example .. Let N1 be the 4-split nested word from Fig.  and N3, N4, N5,
and N6 be the split nested words from Fig. . It can be easily seen that there
exists a 4-split nested wordN′3 ∈ shf(N5,N6) such thatN3 ∈ mrg(N′3). Hence, N3 is
contained in 4-BS. Furthermore, there exists a 5-split nested word N′1 ∈ shf(N3,N4)

such that N1 ∈ mrg(N′1). Therefore, N1 ∈ 5-BS. It can be shown that N1 is not
contained in 4-BS.

Definition .. Let TL be a fixed MSO(
Γ
)-definable temporal logic. The split-

width-bounded satisfiability problem for TL, denoted by SAT-TL-SW-NW, is defined
as follows:

Input: temporal formula F ∈ TL and
split-width bound b ≥ 2 (encoded in unary)

Question: Is there a nested word from b-BS with N,minN |= F?

By MC-TL-SW-NW, we denote the split-width-bounded model checking problem for
TL which is defined as follows:

Input: s-stack automaton A
temporal formula F ∈ TL, and
split-width bound b ≥ 2 (encoded in unary)

Question: Do we have N,minN |= F for all nested words from b-BS
accepted by A?

. scope-boundedness

Intuitively, a nested word is scope-bounded for some b ≥ 1 if all nesting edges span
at most b contexts. The latter is an interval within a nested word in which at most
one stack is involved. The notion of scope-boundedness goes back to La Torre and
Napoli [LN]. Here, we recall a slightly adapted definition used in [AGK].
We first define N [i, j] to be the restriction of the underlying word N � σWORD(Γ)

to the positions [i, j].

Let n ≥ 0 and N be a nested word where UN = [n] and lN is the natural successor
relation on [n]. If 1 ≤ i ≤ j ≤ n, then N [i, j] denotes the wordW where UW = [i, j],
lW = lN ∩ [i, j]2, λWa = λNa ∩ [i, j] for all a ∈ Γ, minW = {i}, and maxW = {j}.

The word N [i, j] is an s-context for some stack s ∈ [s] if occ(yN
s ) ∩ [i, j] 6= ∅ and

occ(yN
s′ )∩ [i, j] = ∅ for all s′ ∈ [s] \ {s}. It is a 0-context if occ(yN

s )∩ [i, j] = ∅ for
all s ∈ [s]. The word N [i, j] is a context if there is an n ∈ [s]0 such that N [i, j] is
an n-context.
Furthermore, we say that N [i, j] can be divided into at most b ≥ 1 contexts if

there exist contexts W1,W2, . . . ,Wb such that N [i, j] = W1 � . . .�Wb. Finally, if
b ≥ 1, then N is said to be a b-scope nested word if for all s ∈ [s] and (i, j) ∈ ys,
N [i+ 1, j − 1] can be divided into at most b contexts.

Example .. Let N be the split nested word from Fig. . Consider the edge
connecting the positions  and . The positions , , and  witness the fact that
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N is no 2-scope nested word. However, it can be shown that it is a 3-scope nested
word.

In [AGK], the following connection between bounded scope and bounded split-
width was established.

Theorem . ([AGK]). If N is a b-scope (1-split) nested word, then N is con-
tained in (b + 2)-BS.

Definition .. Let TL be a fixed MSO(
Γ
)-definable temporal logic. The scope-

bounded satisfiability problem for TL, denoted by SAT-TL-SCOPE-NW, is defined as
follows:

Input: temporal formula F ∈ TL and
scope-bound b ≥ 1 (encoded in unary)

Question: Is there a b-scope nested word N with N,minN |= F?

By MC-TL-SCOPE-NW, we denote the scope-bounded model checking problem for
TL which is defined as follows:

Input: s-stack automaton A
temporal formula F ∈ TL, and
scope-bound b ≥ 1 (encoded in unary)

Question: Do we have N,minN |= F for all b-scope nested word N ac-
cepted by A?

. trees and tree automata

Let Λ be an alphabet. A Λ-tree is a structure T = (V,E0, E1, `) where V 6= ∅ is
the finite set of nodes, E0, E1 ⊆ V × V are sets of edges (E0 is the left-successor
relation and E1 the right-successor relation) with E1 ∩ E2 = ∅, and ` : V → Λ is
the labeling function. Furthermore, there is a node u ∈ V (the root) such that, for
every node v, there is a unique path in (V,E0 ∪ E1) from the root u to v. Finally,
every node has at most one successor w.r.t. E0 and at most one successor w.r.t. E1.
The set of all Λ-trees is denoted by TΛ.

A (nondeterministic bottom-up) tree automaton over the alphabet Λ is a triple
B = (S,∆, F ) where

– S is the non-empty and finite set of states,

– ∆ ⊆ S × Λ× (S ∪ {#})2 is the transition relation (where # /∈ S), and

– F ⊆ S is the set of final states.

Let T = (V,E0, E1, `) be a Λ-tree. The mapping ρ : V → S is a run of B on T if, for
all v ∈ V , there exists a transition (ρ(v), `(v), q0, q1) ∈ ∆ such that for all i ∈ {0, 1}
the following holds: if there exists v′ ∈ V with (v, v′) ∈ Ei, then qi = ρ(v′) and
qi = # otherwise. The run ρ is accepting if ρ(u) ∈ F where u is the root of T . By
L(B), we denote the set of all Λ-trees for which there exists an accepting run of B.
The size of B is |S|+ |∆|.

In order to translate not only MSO(
Γ
)-sentences but also arbitrary MSO(

Γ
)-

formulas into tree automata, we need to extend node labels by additional bits in
the usual way:
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If T = (V,E0, E1, `) is a Λ-tree, X1, . . . , Xm are sets of nodes of T , and x1, . . . , xn
are nodes of T , then (T,X1, . . . , Xm, x1, . . . , xn) denotes the new tree (V,E0, E1, `

′)

over the alphabet Λ× {0, 1}m+n where, for all v ∈ V , we have

`′(v) = (`(v), b1, . . . , bm, c1, . . . , cn)

with

– bi = 1 if and only if v ∈ Xi for i ∈ [m] and

– ci = 1 if and only if v = xi for i ∈ [n].

Note that a tree over Λ × {0, 1}m+n is of the above form if and only if, for all
1 ≤ i ≤ n, there is a unique node whose bit ci is set to 1. Hence the set of these
trees forms a regular tree language that can be accepted by a tree automaton with
2n states.

In the spirit of [GK] (cf. Prop. .), we show the following:

Lemma .. From a tree automaton B over Λ × {0, 1}, one can construct a tree
automaton B′ with L(B′) = {T ∈ TΛ | (T, v) ∈ L(B) for all nodes v of T} in space
O(|S|+ log |Λ|).

Using standard constructions, one would produce B′ from B by complementation,
projection, and complementation, again. This construction can be carried out in
space doubly exponential in the size of B. Thus, the above lemma yields an expo-
nentially more efficient construction compared to the standard one.

Proof. The idea is the following: The states of B′ are pairs (Z,O) of subsets of the
states of B. Its transition relation is defined in such a way that, on a tree T , the
tree automaton B′ can reach the state (Z,O) if and only if

– Z is the set of states that B can reach on (T, ∅) and,

– for all nodes v of T , there is a state contained in O which can be reached by
B on (T, v).

The state (Z,O) of B′ is accepting iff O is a set of accepting states of B.
More formally, let B = (S,∆, F ). The states of the tree automaton B′ are pairs

of sets of states of B, i.e., S′ = 2S×2S is the set of states of B′. A state (Z,O) ∈ S′
is accepting if and only if O ⊆ F . The transition relation ∆ is the relation fulfilling
the following properties:

– We have ((Z,O), a, (Z0, O0), (Z1, O1)) ∈ ∆′ (for Z,O,Z0, O0, Z1, O1 ⊆ S and
a ∈ Λ) if and only if

∗ Z = {p ∈ S | there are p0 ∈ Z0, p1 ∈ Z1 with (p, (a, 0), p0, p1) ∈ ∆},
∗ for all p0 ∈ O0 there exist p1 ∈ Z1, p ∈ O such that (p, (a, 0), p0, p1) ∈ ∆,

∗ for all p1 ∈ O1 there exist p0 ∈ Z0, p ∈ O such that (p, (a, 0), p0, p1) ∈ ∆,
and

∗ there exist p ∈ O, p0 ∈ Z0, and p1 ∈ Z1 such that (p, (a, 1), p0, p1) ∈ ∆.

– We have ((Z,O), a, (Z0, O0),#) ∈ ∆′ (for Z,O,Z0, O0 ⊆ S and a ∈ Λ) if and
only if

∗ Z = {p ∈ S | there exist p0 ∈ Z0 such that (p, (a, 0), p0,#) ∈ ∆},
∗ for all p0 ∈ O0 there exist p ∈ O such that (p, (a, 0), p0,#) ∈ ∆, and

∗ there exist p ∈ O and p0 ∈ Z0 such that (p, (a, 1), p0,#) ∈ ∆.
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– Similarly for transitions of the form ((Z,O), a,#, (Z1, O1)) ∈ ∆′.

– We have ((Z,O), a,#,#) ∈ ∆′ (for Z,O ⊆ S and a ∈ Λ) if and only if

∗ Z = {p ∈ S | (p, (a, 0),#,#) ∈ ∆} and
∗ there exists p ∈ O such that (p, (a, 1),#,#) ∈ ∆.

This finishes the definition of B′. Note that B′ can indeed be computed in space
O(|S|+ log |Λ|).
For a tree T and a node v of T , let Tv denote the subtree of T rooted at v. By

induction on the number of nodes of the tree Tv, one can show the following: Let
T = (V,E0, E1, `) ∈ TΛ and ρ : V → S′. Then ρ is a run of B′ on T if and only if,
for all nodes v ∈ V with ρ(v) = (Z,O), the following holds:

() Z = {p ∈ S | (Tv, ∅) ∈ L(S,∆, {p})}

() For all nodes w of Tv, there is a p ∈ O such that (Tv, w) ∈ L(S,∆, {p}).

() If there exists wi with (v, wi) ∈ Ei for all i ∈ {0, 1} and ρ(wi) = (Zi, Oi),
then,

– for all p0 ∈ O0, there are p ∈ O and p1 ∈ Z1 with (p, (a, 0), p0, p1) ∈ ∆

and,

– for all p1 ∈ O1, there are p ∈ O and p0 ∈ Z0 with (p, (a, 0), p0, p1) ∈ ∆.

() If there exists w with (v, w0) ∈ E0, (v, w1) /∈ E1 for all nodes w1 of Tv,
and ρ(w0) = (Z0, O0), then, for all p0 ∈ O0, there exists p ∈ O such that
(p, (a, 0), p,#) ∈ ∆.

() If there exists w with (v, w1) ∈ E1, (v, w0) /∈ E0 for all nodes w0 of Tv,
and ρ(w1) = (Z1, O1), then, for all p1 ∈ O1, there exists p ∈ O such that
(p, (a, 0),#, p1) ∈ ∆.

Note that the conditions () – () are actually necessary: Consider a binary tree
consisting of only three nodes, i.e., there is one root r with two child nodes c1 and
c2. All nodes are labeled by a. Assume that the tree automaton B exhibits exactly
the following transitions:

(p1, (a, 1),#,#) (p4, (a, 1), p3, p3)

(p2, (a, 1),#,#) (p5, (a, 0), p2, p3)

(p3, (a, 0),#,#) (p5, (a, 0), p3, p2)

Then the mapping ρ with ρ(c1) = ρ(c2) = ({p3}, {p1}) and ρ(r) = (∅, {p4, p5})
fulfills the conditions () and (). However, ρ is no run of B′.
Now, let T = (V,E0, E1, `) be a tree. If T ∈ L(B′), then there exists an accepting

run ρ of B′ on T . Suppose that ρ(r) = (Z,O) where r is the root of T . By the
definition of the set of final states of B′, we have O ⊆ F . From (), we obtain that
(T, v) ∈ L(B) for all v ∈ V .

For the converse direction, assume that (T, v) ∈ L(B) for all v ∈ V . Hence, for
all v ∈ V , there exists an accepting run ρv of B on (T, v). If v ∈ V , then let Vv be
the set of nodes of Tv. For all v ∈ V , we set:

Zv = {p ∈ S | (Tv, ∅) ∈ L(S,∆, {p})}
Ov =

⋃
w∈Vv

ρw(v)

We show that, for all v ∈ V , Zv and Ov fulfill the conditions () – (). Let
v ∈ V . Condition () easily follows. Let w be a node of Tv. Since ρw is a run
on (T,w), we have (Tv, w) ∈ L(S,∆, ρw(v)). Because of ρw(v) ⊆ Ov, () follows.
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Assume that there exist wi ∈ V with (v, wi) ∈ Ei for all i ∈ {0, 1} (the other
cases in which v has no child, only a left or only a right child can be dealt with
similarly). The conditions () and () hold for trivial reasons. Regarding condition
(), suppose that p0 ∈ Ow0

(the case p1 ∈ Ow1
can be shown analogously). There

exists a node x of Tw0
such that ρx(w0) = p0. Since ρx is a run of B on (T, x),

we have (ρx(v), (`(v), 0), p0, p1) ∈ ∆ for some p1 ∈ S with (Tw1
, ∅) ∈ L(S,∆, {p1}).

It can be easily seen from our construction of Ov and Zw1
that ρx(v) ∈ Ov and

p1 ∈ Zw1
. Hence, condition () holds. Since the conditions () – () hold, the

mapping ρ : V → S′ with ρ(v) = (Zv, Ov) is a run of B′ on T . Let r be the root of
T . Because ρv is an accepting run of B for every v ∈ V and Or =

⋃
v∈V ρv(r), we

have Or ⊆ F . Hence, ρ is an accepting run of B′ on T . �
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PHASE -BOUNDED NESTED WORDS : UPPER BOUND

The aim of the present chapter is to show that, in the setting of phase-bounded
nested words, the satisfiability and model checking problems of an arbitrary but
fixed BoolMΣn(

Γ
)-definable temporal logic TL, namely SAT-TL-PHASE-NW and

MC-TL-PHASE-NW, belong to (n+ 2)-EXPTIME.
The idea is to reduce MC-TL-PHASE-NW to the emptiness problem of tree au-

tomata. For this, we represent nested words as trees in the style of [LMP]. Then,
we proceed similar to Chapter : By Prop. ., the temporal formula F of the input
can be transformed into an equivalent MSO(

Γ
)-formula ψ of a very special form.

We construct equivalent tree automata for possibly negated atomic formulas from
MSO(

Γ
). Then, we combine these tree automata according to the construction

of ψ (using standard techniques for complementation and projection). Finally, we
obtain a tree automaton BF in (n + 1)-fold exponential space accepting the tree
encodings of all b-phase nested words fulfilling F . We also construct in doubly
exponential time a tree automaton BA recognizing the tree encodings of all b-phase
nested words accepted by the multi-stack automaton A of the input. Using stan-
dard techniques, BF and BA are combined resulting in a tree automaton whose
language just needs to be checked for emptiness.
The main ingredient of the above proof is the tree automaton Bl recovering the

direct successor relation of the encoded multiply nested words. We show that such
an automaton can be obtained in polynomial space, avoiding the generic doubly
exponential construction given in [LMP]. The use of Bl is also the main difference
from [ABGZ, ABGZ]. There, the nested word is interpreted in its tree encoding
and then the resulting formula is translated into a tree automaton. This results in
a non-elementary blowup since the quantifier alternation rank of the interpretation
increases linearly with the number of phases.

We proceed as follows. In Sect. . we show how to encode nested words using
trees. Section . addresses the translation of possibly negated atomic formulas
into “equivalent” tree automata. Finally, Sect. . contains our decision procedures
for the above problems.
The results of this chapter were obtained in collaboration with Benedikt Bollig

and Dietrich Kuske. They have been previously published as an extended abstract
[BKM].

. encoding phase-bounded nested words

We aim at reducing the satisfiability problem of someMSO(
Γ
)-sentence expressing

properties of nested words to the emptiness problem of tree automata. Let Γ be
a fixed alphabet and N be a nested word over Γ. Following [LMP], we will now
describe N ’s encoding as a tree phtree(N) = (V,E0, E1, `). First, the nodes of the
tree are the positions of N . The position j is the right-successor of the position i
if i and j are matching call and return positions. Moreover, the left-successor of i
is its immediate successor in N provided that this is no return position. It remains
to describe the labeling of the nodes j of the tree. Any such label `(j) will be a
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(a, 1, 0, 1)

(b, 0, 0, 1) (a, 0, 1, 1)

(b, 2, 0, 1)

(a, 1, 0, 1)

(b, 1, 0, 1)

(b, 0, 1, 3)

(a, 0, 1, 3)

(a, 2, 0, 3)

(c, 0, 2, 4)

(b, 0, 2, 2)

(c, 2, 0, 2)

(a, 0, 2, 4)

1

2 3

4

5

6
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8

9

10

11

12

13

Figure : The tree encoding of the nested wordN from Example .. For ease of reference,
the elements of UN are written directly below the corresponding nodes.

tuple. The first component of `(j) is the letter from Γ at position j. Regarding
call positions, the second component is the number s of the corresponding nesting
relation, otherwise it is 0. Similarly, in the case of return positions, the third
component is the number s′ of the nesting relation, otherwise it is 0. Finally, in
the fourth component of `(j), we want to store the phase to which j belongs in the
greedy division of N , i.e., the number phN (j).

Example .. The encoding of the nested word from Example . is depicted in
Fig. . Note that the greedy division of N , which is used in the fourth component
of the nodes of the tree, is discussed in Example ..

More formally, if N is a nested word, then phtree(N) denotes the tree (UN, E0, E1, `)

where

(i, j) ∈ E1 ⇐⇒ iyN
s j for some s ∈ [s], and

(i, j) ∈ E0 ⇐⇒ ilN j and there do not exist k and s with k yN
s j ,

and `(j) =
(
λN (j), s, s′, phN (j)

)
∈ Γ× [s]0 × [s]0 × N where

– s > 0 if and only if there exists k ∈ UN with j yN
s k and

– s′ > 0 if and only if there exists i ∈ UN with iyN
s′ j.

Clearly, if N is a b-phase nested word and j ∈ UN , then phN (j) ∈ [b]. Hence, in
this case, phtree(N) is a tree over the alphabet Γ× [s]20 × [b].
Our decision procedure will work with the above tree encodings and not with

nested words. It is therefore important to describe those trees that are actually en-
codings of nested words. Such a description was obtained by La Torre, Madhusudan,
and Parlato [LMP].

Theorem . ([LMP]). From b ∈ N, one can construct in time tower2(poly(b))

a tree automaton Bb with L(Bb) = {phtree(N) | N is a b-phase nested word}.

Note that the proof of the above theorem only considers tree encodings whose labels
belong to Γ×[b]. However, the extension to our encodings phtree(N) can be handled
in the same spirit.
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. tree automata for atomic formulas

We plan to construct, from an MSO(
Γ
)-formula ϕ(X1, . . . , Xk, x1, . . . , x`), a small

tree automaton Bϕ that accepts the tree (phtree(N), X1, . . . , Xk, x1, . . . , x`) if and
only if N,X1, . . . , Xk, x1, . . . , x` |= ϕ for any b-phase nested word N . The simplest
such formulas ϕ are the atomic formulas λa(x), xly, xys y, min(x) etc. and their
negations that we handle in this section.

Proposition .. Given b ∈ N and a possibly negated atomic MSO(
Γ
)-formula ϕ

not of the form x l y or max(x) (i.e., ϕ has at most two free individual and one
free set variable), one can construct in space poly(b) a tree automaton Bϕ with the
following property: Let N be a b-phase nested word, i, j ∈ UN , and I ⊆ UN . Then
(phtree(N), i, j, I) is accepted by Bϕ if and only if N, i, j, I |= ϕ.

Proof. Let N be a nested word and i ∈ UN . Then N, i |= min(x) if and only
if i is the root of the tree phtree(N). From the label of i in (phtree(N), i), one
can immediately tell whether N, i |= λa(x) and similarly for the formulas calls(x),
rets(x), X(x), x = y, and for their negations. Hence, for these formulas, we can
easily construct the required tree automata.
Note that i yN

s j is equivalent to (i, j) ∈ E1 and i ∈ callNs . Hence the above
automata for calls(x) and for ¬calls(x) together with standard automata techniques
allow us to handle the formulas xys y and ¬(xys y).
Note that i is no immediate predecessor of j if and only if j �N i or there exists

a position k with i ≺N k ≺N j. Since [LMP] proves the claim for the formula
ϕ = (x � y) (which is not part of our logic), standard automata techniques allow
us to handle ¬(xl y). Similar arguments apply to the formula ¬max(x). �

The real difficulty comes with the remaining atomic formulas ϕ of the form (xl y)

or max(x). We could, of course, simply complement the automaton B¬ϕ from
Prop. .. But this requires exponential space.
In a first step, we will construct a tree automaton accepting (phtree(N), X, x) if

and only if X is the set of positions of N preceding x in N . To this aim, Lemma .
gives a new characterization of the order relation �N of N in the tree phtree(N).

Let T = (V,E0, E1, `) be a tree over the alphabet Γ× [s]20 × [b]. For v ∈ V , we let
phase(v) denote its phase, i.e., the number b ∈ [b] with `(v) = (a, s, s′, b).
Then the phase word pw(v) ∈ [b]+ is defined by induction:

pw(v) =


phase(v) if v is the root of T

pw(u) if (u, v) ∈ E0 ∪ E1 and phase(v) = phase(u)

pw(u) phase(v) if (u, v) ∈ E0 ∪ E1 and phase(v) 6= phase(u)

Intuitively, the phase word of v recalls the sequence of the phases on the path from
the root to the node v where stuttering is deleted.

Example .. Let N be the nested word from Example .. The tree encoding
phtree(N) of N is depicted in Fig. . For instance, we have pw(3) = 1, pw(9) = 13,
and pw(12) = 134.

If N is a b-phase nested word, then any phase word from the tree phtree(N) begins
with 1 and its entries increase properly. On the set of these phase words, we define
a strict linear order @ as follows:

We have (s1, . . . , sm) @ (t1, . . . , tn) if and only if

– sm < tn or
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– sm = tn and (s1, . . . , sm−1) A (t1, . . . , tn−1).

Example .. For instance, (1, 2, 4) @ (1, 5) and therefore (1, 2, 4, 6) A (1, 5, 6).

Lemma .. Let N be a b-phase nested word, phtree(N) = (P,E0, E1, `) be the
tree encoding of N , and x, y ∈ UN . Then x < y if and only if

() pw(x) @ pw(y) or

() pw(x) = pw(y) and x is a predecessor of y in phtree(N) or

() pw(x) = pw(y) and there exist positions z, x′, y′ ∈ UN such that x′ 6= y′,
(z, x′), (z, y′) ∈ E0 ∪ E1, x′ is a predecessor of x and y′ one of y and

(z, x′) ∈ E0 if and only if
(
|pw(x)| − |pw(z)| even ⇐⇒ phN (x′) = phN (y′)

)
.

Proof. First of all, note that, for every x ∈ UN , we have two numbers that denote
its phase: First, seen as a position in the nested word N , we have phN (x). Secondly,
seen as a node in phtree(N), we have phase(x). By the very definition of phtree(N),
we get phN (x) = phase(x). If x, y ∈ UN , then we write x <pre y if and only if x
precedes y in the preorder traversal of phtree(N).
The lemma is shown by induction on max(phN (x), phN (y)). First of all, let

phN (x), phN (y) ≤ 1, i.e., phN (x) = phN (y) = 1 and therefore pw(x) = pw(y).
Then, by [LMP, Lemma ], x < y if and only if x <pre y. But this is equivalent
with

– x is a predecessor of y, i.e., (), or

– there exist z, x′, y′ with (z, x′) ∈ E0, (z, y′) ∈ E1, x′ is a predecessor of x and
y′ is one of y. Note that pw(z) = 1 = pw(x) and phN (x′) = 1 = phN (y′), i.e.,
().

This proves the lemma in case phN (x), phN (y) ≤ 1. Now, let phN (x), phN (y) ≤ t

for some t > 1. Then, by [LMP, Lemma ], we have x < y if and only if

(a) phN (x) < phN (y) or

(b) phN (x) = phN (y) and there is z ∈ UN with phN (z) = phN (x) that is a
predecessor of both, x and y, and x <pre y, or

(c) phN (x) = phN (y) and there are positions x1, x2, y1, y2 ∈ UN with x2 6= y2,
(x1, x2), (y1, y2) ∈ E0 ∪E1, x2 is a predecessor of x and y2 is a predecessor of
y, phN (x1) < phN (x2) = phN (x), phN (y1) < phN (y2) = phN (y), and x1 > y1.

By the definition of <pre and the induction hypothesis, we obtain that x < y if and
only if

(a) phN (x) < phN (y) or

(b) phN (x) = phN (y) and

(b.) x is a predecessor of y or

(b.) there are x′, y′, z ∈ UN such that phN (z) = phN (x), (z, x′) ∈ E0,
(z, y′) ∈ E1, x′ is a predecessor of x, and y′ is a predecessor of y or

(c) phN (x) = phN (y) and there are positions x1, x2, y1, y2 ∈ UN with x2 6= y2,
(x1, x2), (y1, y2) ∈ E0 ∪E1, x2 is a predecessor of x and y2 is a predecessor of
y, phN (x1) < phN (x2) = phN (x), phN (y1) < phN (y2) = phN (y) such that

(c.) pw(x1) A pw(y1) or
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(c.) pw(x1) = pw(y1) and y1 is a predecessor of x1 or

(c.) pw(x1) = pw(y1) and there are positions x′, y′, z ∈ UN with x′ 6= y′,
(z, x′), (z, y′) ∈ E0 ∪ E1, x′ is a predecessor of x1, y′ is a predecessor of
y1, and

(z, y′) ∈ E0 iff
(
|pw(y1)| − |pw(z)| even ⇐⇒ phN (y′) = phN (x′)

)
.

Note that the disjunction of (a) and (c.) is equivalent to pw(x) @ pw(y) since,
in (c.), we have pw(x) = pw(x1) phN (x) and pw(y) = pw(y1) phN (y), i.e., it is
equivalent to (). Furthermore, (b.) holds if and only if pw(x) = pw(y) and x is
a predecessor of y, i.e., it is equivalent to (). It therefore remains to be shown
that the disjunction of (b.), (c.), and (c.) is equivalent to (). We start with the
implication “⇒” that naturally splits into three cases:

– Suppose that (b.) holds. Clearly, pw(z) is a prefix of pw(x) and ends with
the same number. Since all phase words are increasing, this implies that
pw(z) = pw(x). For analogous reasons, the phase words of y, x′, and y′

coincide with pw(z). Hence, we have (z, x′) ∈ E0, |pw(x)| − |pw(z)| = 0, and
phN (x′) = phN (y′), i.e., we showed ().

– Suppose that (c.) holds. From (c), we get pw(x) = pw(x1) phN (x) and
pw(y) = pw(y1) phN (y). From (c.), we know pw(x1) = pw(y1) which, to-
gether with phN (x) = phN (y) implies pw(x) = pw(y). Recall that phtree(N)

was based on the greedy division of the nested word N into phases. This im-
plies in particular that y1 ys y2 for some s ∈ [s] and therefore (y1, y2) ∈ E1.
Similarly, (x1, x2) ∈ E1 which, together with x2 6= y2, implies x1 6= y1. Let x′

be the first node on the path from y1 to x1, i.e., (y1, x
′) ∈ E0 ∪ E1 and x′ is

a predecessor of x1 (and therefore of x2 and x). If (y1, x
′) ∈ E1, then x′ = y2,

i.e., y2 is a predecessor of x1. This contradicts phN (x1) < phN (x2) = phN (y2).
Hence (y1, x

′) ∈ E0. Finally,

|pw(x)| − |pw(y1)| = |pw(x)| − |pw(x1)| = 1

is odd and phN (x′) ≤ phN (x1) < phN (x2) = phN (y2). Hence, also in this
case, we have () with z = y1 and y′ = y2.

– Finally, suppose (c.). Then, as above, we have pw(x) = pw(x1) phN (x).
Hence we get

(z, x′) ∈ E0

iff (z, y′) /∈ E0 since x′ 6= y′

iff
(
|pw(y1)| − |pw(z)| odd ⇐⇒ phN (y′) = phN (x′)

)
by (c.)

iff
(
|pw(x1)| − |pw(z)| odd ⇐⇒ phN (x′) = phN (y′)

)
since pw(x1) = pw(y1)

iff
(
|pw(x)| − |pw(z)| even ⇐⇒ phN (x′) = phN (y′)

)
since |pw(x)| = |pw(x1)|+ 1 .

Hence, () follows from (c.), too.

Finally, we have to show the implication “⇐”, i.e., we have to show that () implies
the disjunction of (b.), (c.), and (c.). So assume ().

– In the case phN (x) = phN (z), we have phN (x) ≥ phN (x′) ≥ phN (z) = phN (x)

as well as phN (x) = phN (y) ≥ phN (y′) ≥ phN (z) = phN (x) implying in



 phase-bounded nested words: upper bound

particular phN (x′) = phN (y′). Since phN (x) = phN (z), we get pw(x) = pw(z)

and therefore |pw(x)| − |pw(z)| = 0. From (), we can now infer (z, x′) ∈ E0

which, together with x′ 6= y′, implies (z, y′) ∈ E1. Hence we showed (b.).

– Next suppose phN (x) > phN (z). Then there are positions x1, x2, y1, y2 ∈ UN
such that (x1, x2), (y1, y2) ∈ E0 ∪ E1 are edges on the paths from z to x and
y, resp., phN (x1) < phN (x2) = phN (x), and phN (y1) < phN (y2) = phN (y).
Then

pw(x1) phN (x) = pw(x) = pw(y) = pw(y1) phN (y)

implies pw(x1) = pw(y1). We consider three cases depending on the relation
between x1 and y1:

∗ If y1 is a predecessor of x1, then we have (c.).

∗ If x1 is a proper predecessor of y1, then z = x1 and hence x2 = x′ 6= y′.
From phN (x1) < phN (x2), we get (z, x′) = (x1, x2) ∈ E1 and therefore
(z, y′) ∈ E0. This implies phN (z) = phN (y′). Due to (), (z, x′) ∈ E1,
and phN (x′) 6= phN (y′), the difference

|pw(y)| − |pw(z)| = |pw(x)| − |pw(z)|

is even. Consequently, the difference |pw(y1)| − |pw(z)| is odd.
In summary, we showed (z, y′) ∈ E0, |pw(y1)| − |pw(z)| is odd, and
phN (x′) 6= phN (y′), i.e., (c.) holds.

∗ If x1 and y1 are not predecessors of each other, then x′ is a predecessor
of x1 and y′ one of y1. Furthermore, we have

(z, y′) ∈ E0

iff (z, x′) /∈ E0 since x′ 6= y′

iff (|pw(x)| − |pw(z)| odd ⇐⇒ phN (x′) = phN (y′))

by ()
iff (|pw(y)| − |pw(z)| odd ⇐⇒ phN (x′) = phN (y′))

since pw(y) = pw(x)

iff (|pw(y1)| − |pw(z)| even ⇐⇒ phN (y′) = phN (x′))

since |pw(y)| = pw(y1)|+ 1 .

Hence, also in this case, (c.) holds.

This concludes the proof of Lemma .. �

Based on Lemma ., one can prove the following.

Lemma .. From b ∈ N, one can construct in space poly(b) a tree automaton B
satisfying the following property: Let N be a b-phase nested word, x ∈ UN , and
X ⊆ UN . Then (phtree(N), X, x) is accepted by B iff X = {y ∈ UN | y �N x}.

Proof. The tree automaton B is based on the following observation: For a b-phase
nested word N and x ∈ UN , let H(N, x) ⊆ UN denote the set of all positions
y ∈ UN incomparable with x such that

(z, x′) ∈ E0 iff
(
|pw(x)| − |pw(z)| even ⇐⇒ phN (x′) = phN (y′)

)
where z is the largest common prefix of x and y in phtree(N) and x′ and y′ are the
direct successors of z on the path to x and y, resp. Then y ∈ H(N, x) if and only
if y is incomparable with x and
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– the direct predecessor of y belongs to H(N, x) or

– the direct predecessor z of y is a predecessor of x and

y is a return iff
(
|pw(x)| − |pw(z)| is even ⇐⇒ phN (x′) = phN (y)

)
where x′ is the direct successor of z on the path to x.

We first construct an intermediate automaton B1 whose set of states equals

PW(b)2 × [b]20 × {0, 1}4 .

The behavior of B1 can be described as follows: For all b-phase nested words N ,
x ∈ UN , and H ⊆ UN , the tree (phtree(N), H, x) is accepted by B1. Furthermore,
every accepting run ρ of B1 on (phtree(N), H, x) satisfies the following conditions
(for all z ∈ UN where ρ(z) = (u, v, t0, t1, b, c, d0, d1)):

– u = pw(x) and v = pw(z)

– if there is y ∈ P with (z, y) ∈ E0, then t0 = phN (y) and d0 = 1 ⇐⇒ y ∈ H

– if there is y ∈ UN with (z, y) ∈ E1, then t1 = phN (y) and d1 = 1 ⇐⇒ y ∈ H

– b = 1 if and only if z is a predecessor of x in phtree(N)

– c = 1 if and only if z is a successor of x in phtree(N)

By restricting the set of transitions of B1, we get a tree automaton B2 that only
accepts (phtree(N), H, x) if H = H(N, x). Now B is obtained from B2 as follows
(recall that B runs on trees of the form (phtree(N), X, x)):

– It guesses a set H ⊆ UN and verifies that (phtree(N), H, x) is accepted by B2,
i.e., that H = H(N, x).

– It verifies that X contains precisely those positions y that satisfy

() pw(x) @ pw(y) or

() pw(x) = pw(y) and x is a predecessor of y or

() pw(x) = pw(y) and y ∈ H .

By Lemma ., B accepts the correct trees (phtree(N), X, x). Since the interme-
diate tree automata B1 and B2 need not be constructed explicitly, we have that B
can be constructed in space poly(b). �

Based on this automaton, one can easily construct tree automata for the formulas
(xl y) and max(x).

Proposition .. Given a formula ϕ of the form (xl y) or max(x) and b ∈ N, one
can construct in space poly(b) a tree automaton Bϕ satisfying the following property:
Let N be a b-phase nested word and i, j ∈ UN . Then (phtree(N), i, j) is accepted
by Bϕ iff N, i, j |= ϕ.

Proof. Running on (phtree(N), i, j), the tree automaton Bxly proceeds as follows:

() It guesses sets X,Y ⊆ UN and verifies that X = {x ∈ UN | x �N i} and
Y = {x ∈ UN | x �N j}.

() It verifies that Y \X = {j}.

Similarly, running on (phtree(N), i), the automaton Bmax(x) guesses a set X ⊆ UN
and verifies X = {x ∈ UN | x �N i} and X = UN . By Lemma ., these
automata can be constructed in space poly(b) and accept the correct encodings of
b-phase nested words. �
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. decision procedure

The main difficulties of the translation of a temporal formula expressing properties
of nested words into a tree automaton have been mastered in the Propositions
., ., and .. It remains to assemble these ingredients using quite standard
arguments:

Theorem .. Let n ≥ 0 and TL be a fixed MΣn(
Γ
)-definable temporal logic.

From a formula F from TL and a phase bound b ∈ N, one can construct in space
poly(|F |) · towern+1(poly(b)) a tree automaton BF over the alphabet Γ with the fol-
lowing property: For any b-phase nested word N , we have

N,minN |= F ⇐⇒ phtree(N) ∈ L(BF ) .

Proof. By Lemma . and Prop. ., there exists an AΣn+1(
Γ
)-definable temporal

logic TL′ such that F can be translated in time polynomial in |F | into a formula
F ′ ∈ TL′ such that we have

N, i |=TL F ⇐⇒ N, i |=TL′ F
′

for all nested words N and i ∈ UN . Let m be the size of F ′. By Prop. ., we can
construct in time poly(m) a formula

ψ = ∃X
[∧

i∈[m]

(
ψ1,i(X) ∧ ∀y ψ2,i(y,X)

)]
such that, for all nested words N , we have

N |= ψ ⇐⇒ N,minN |= F .

Recall that ψ1,i ∈ AΠn+1(
Γ
) and ψ2,i ∈ AΣn+1(

Γ
) for all i ∈ [m]. In particular,

if i ∈ [m], then ψ2,i is of the form ∃X1 ¬∃X2 . . . ¬∃Xn+1 ϕ where ϕ is quantifier-
free and Xi are tuples of individual and set variables. Even more, we can assume
that ϕ is a positive Boolean combination of possibly negated atomic formulas. Also
recall that the size of ψ2,i is independent from the size of F and that TL is fixed.
Therefore, the size of ψ2,i is a constant. Using Propositions . and . and
standard constructions (for union and intersection) from automata theory, we can
transform ϕ into a tree automaton Bϕ in space poly(b). The desired tree automaton
Bψ2,i is obtained from Bϕ by a sequence of n complementations and n+1 projections.
Hence this construction can be carried out in space towern(poly(b)). Then, by
Lemma ., we can also translate ∀y ψ2,i(y,X) into a tree automaton in space
towern+1(poly(b)). Since a formula belongs to AΠn+1(

Γ
) if and only if its negation

belongs to AΣn+1(
Γ
), we similarly obtain a tree automaton Bψ1,i for ψ1,i in space

towern+1(poly(b)). Finally, by standard automata techniques for intersection and
projection, we obtain the tree automaton for ψ in space m · towern+1(poly(b)). �

Our main theorem states that the satisfiability problem of some fixed MΣn(
Γ
)-

definable temporal logic can be solved in time exponential in the size of the temporal
formula and (n+ 2)-fold exponential in the phase bound b.

Theorem .. Let n ≥ 0 and TL be some fixed BoolMΣn(
Γ
)-definable temporal

logic. Then SAT-TL-PHASE-NW is solvable in (n+ 2)-EXPTIME. More precisely,
if F and b is the input to our problem, then SAT-TL-PHASE-NW is solvable in time

tower1(poly(|F |) · towern+1(poly(b))) .

Proof. By Remark ., we can assume that TL is also MΣn(
Γ
)-definable. We

first construct the tree automaton BF from Theorem .. Furthermore, let Bb be
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the tree automaton from Theorem .. The number of states of BF is bounded by
tower1(poly(|F |) · towern+1(poly(b))) whereas Bb is of size tower2(poly(b)). We have
L(BF ) ∩ L(Bb) = ∅ if and only if F is not satisfiable by any b-phase nested word.
This can be decided in time polynomial in |BF | · |Bb|, i.e., in time tower1(poly(|F |) ·
towern+1(poly(b))). �

Note that if one fixes the phase bound b, the above problem is decidable in time
exponential in the size of F . This fits the result from [ABGZ, ABGZ].
In order to prove an upper bound for MC-TL-PHASE-NW, we need the following

translation of s-stack automata into tree automata due to La Torre, Madhusudan,
and Parlato [LMP]:

Theorem . ([LMP]). From an s-stack automaton A and b ∈ N, one can
construct in time tower1(|A| · tower1(poly(b))) a tree automaton BA,b such that
L(BA,b) = {phtree(N) | N ∈ L(A) is a b-phase nested word}.

Let TL be some fixed MΣn(
Γ
)-definable temporal logic. Given an s-stack automa-

ton A, a formula F from TL, and b ≥ 1, one can construct the automata B¬F and
BA,b from the Theorems . and ., respectively. Note that the negation ¬
can be easily defined by an FO(

Γ
)-modality (see Example .). Every b-phase

nested word accepted by A satisfies F if and only if L(BA,b)∩L(B¬F ) = ∅. The size
of both automata is bounded by tower1(poly(|F |) · |A| · towern+1(poly(b))). Since
the emptiness problem of tree automata is solvable in polynomial time, we obtain
together with Remark .:

Theorem .. Let n ≥ 0 and TL be some fixed BoolMΣn(
Γ
)-definable temporal

logic. Then MC-TL-PHASE-NW is solvable in (n+ 2)-EXPTIME. More precisely,
if A, F , and b is the input to our problem, it can be solved in time exponential in
the sizes of A and F and (n+ 2)-fold exponential in b.





11
SPL IT -WIDTH AND SCOPE -BOUNDED NESTED WORDS :
UPPER BOUND

We strive for an upper bound for the satisfiability and model checking problems
for MSO(

Γ
)-definable temporal logics (and multi-stack automata) in the setting

of split-width-bounded (SAT-TL-SW-NW and MC-TL-SW-NW) and scope-bounded
executions (SAT-TL-SCOPE-NW and MC-TL-SCOPE-NW), respectively.

The authors of [AGK] showed that the model checking problem for multi-stack
systems restricted to split nested words from b-BS and monadic second-order logic
can be solved in non-elementary time. This was done by representing split nested
words from b-BS as so-called proof trees. The latter can be seen as an instruction
on how to obtain the represented split nested word from atomic split nested words
using the shuffle and merge operations. At the same time, the tree serves as a
proof of the containment of the split nested word in b-BS. Hence, the name proof
tree. The leaves of such a tree correspond to the positions of the split nested word
whereas the labels of the inner nodes specify concrete shuffle and merge actions.
Since there are exponentially many ways to shuffle two split nested words, the
underlying alphabet is exponentially large. Even though this was not of a problem
in [AGK], it becomes a disadvantage in our setting because it prevents us from
constructing small tree automata.

Therefore, we introduce an alternative but equivalent definition of split nested
words from b-BS. In contrast to the proof trees encoding from [AGK], this al-
lows us to represent split-width bounded nested words as trees over an alphabet
of constant size. This, in turn, enables us to transform atomic formulas specifying
properties of nested words into small tree automata. Finally, the satisfiability prob-
lem SAT-TL-SW-NW and the model checking problem MC-TL-SW-NW can then be
reduced to the emptiness problem of tree automata. This is done in a way similar
to Chapter .

It is shown that, if TL is an BoolMΣn(
Γ
)-definable temporal logic, then we

can solve MC-TL-SW-NW in (n + 1)-fold exponential time. By exploiting the
connection between scope-boundedness and bounded split-width stated in Theo-
rem ., we can infer the same upper bound for the satisfiability and model check-
ing problems w.r.t. scope-bounded nested words (called SAT-TL-SCOPE-NW and
MC-TL-SCOPE-NW).

The outline of this chapter is as follows. Section . introduces our alternative
but equivalent definition of split-width. In Sect. ., we address the encoding of
split nested words using trees whereas in the subsequent chapter we show that the
set of trees encoding split nested words is regular. Finally, Sect. . contains our
decision procedures for the above satisfiability and model checking problems.

The results of this chapter were previously published as an extended abstract
[Men].
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b b b c b aN1 =

12 2

a b a a a a cN2 =

1 1 2

Figure : The split nested words N1 and N2 from Example ..

. equivalent definition of bounded split-width

Our encoding of split nested words will be in the spirit of the proof trees defined
in [AGK]. However, proof trees exhibit an alphabet of size exponential in the
split-width bound b. This leads to the undesirable effect that a tree automaton
with polynomially many states still exhibits exponentially many transitions; hence,
it cannot be constructed in space O(log b) in any case. Therefore, we develop an
encoding using trees over an alphabet of size independent from b.
For this, we simulate the merge and shuffle operations defined for split nested

words stepwise. More precisely, given two split nested words N1 and N2, a new
split nested word N is obtained as follows: We begin with an empty split nested
word. In each step one of the remaining components of N1 and N2 is chosen and
added to N. The latter is done using either the operation � or }. During the
whole process, it is ensured that the relative order of the components of the input
split nested words is maintained and that no intersecting nesting edges referring to
the same stack are introduced. A so-called nw-container represents an intermediate
configuration of the above described iterative process.

Definition .. If b ≥ 1, then a b-split nw-container is a tuple

C = (W0,W1,W2,y1,y2, . . . ,ys)

where

() Wi is a bi-split word with universe Ui for all i ∈ [2]0,

() b0 + b1 + b2 = b,

() Ui ∩ Uj = ∅ for all i, j ∈ [2]0 with i 6= j,

() ys ⊆ U2
0 ∪ ((U0 ∪ U1)× U1) ∪ ((U0 ∪ U2)× U2) for all s ∈ [s], and,

() for all i ∈ [2], the σSWNW(Γ)-structure N given by

Ñ = W0 �Wi and

yN
s = ys ∩

(
U2

0 ∪ ((U0 ∪ Ui)× Ui)
)
for all s ∈ [s]

is a (b0 + bi)-split nested word.

If we do not care about the exact b, then we also call C an nw-container. If
N is a b-split nested word, then, for convenience, we denote by ct(N) the b-split
nw-container (Ñ, ε, ε,yN

1 , . . . ,yN
s ).

Example .. LetNi be the 4-split nested word with Ñi = Wi,1}Wi,2}Wi,3}Wi,4

from Fig.  for i ∈ [2]. Then C = (W0,W1,W2,y1,y2) is the 6-split nw-container
shown in Fig.  where:

W0 = W2,1 }W1,1 �W2,2 �W1,2

W1 = W1,3 }W1,4

W2 = W2,3 }W2,4

y1 = yN1
1 ∪yN2

1

y2 = yN1
2 ∪yN2

2
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a b a b a b

b c b a

a a c

1 1

1
2 2

2

Figure : The nw-container C = (W0,W1,W2,y1,y2) from Example . where W0

is depicted on the left-hand side and W1 (resp. W2) on the upper (lower)
right-hand corner.

We now define three different operations carried out on nw-containers. The first one
is a binary operation called union operation. It can only be applied to nw-containers
of the form ct(N) for some split nested word N. Basically, the union operation puts
two split nested words (resp., their nw-containers) into one nw-container such that,
using the not yet defined operations add and madd, their components can be shuffled
and merged.

Let Ci = (Wi,0,Wi,1,Wi,2,yi,1, . . . ,yi,s) be a bi-split nw-container for i ∈ [2]. If
we haveWi,1 = Wi,2 = ε for i ∈ [2] and UW1∩UW2 = ∅, then union(C1, C2) denotes
the (b1 + b2)-split nw-container (ε,W1,W2,y1, . . . ,ys) where ys = y1,s ∪y2,s

for all s ∈ [s]. Otherwise, union(C1, C2) is undefined.

Intuitively, the add operation appends either the first component of W1 or the first
component of W2 to the split word W0 using the } operation. In the case of the
madd operation (madd stands for merge and add), the � operation is utilized, i.e.,
the last component of W0 is either merged with the first component of W1 or the
first component of W2. More formally:

Let b ≥ 1, C = (W0,W1,W2,y1, . . . ,ys) be a b-split nw-container, m ∈ [2], and
Wm = W1 }W2 } . . .}Wn where W1, . . . ,Wn are words and n ≥ 1. Consider the
structure C ′ = (V0,V1,V2,y1, . . . ,ys) where

() V0 = W0 }W1,

() Vm = W2 }W3 } . . .}Wn,

() Vj = Wj for the other index j = 3−m.

If C ′ is an nw-container (i.e., if we did not introduce intersecting nesting edges
referring to the same stack), then we set addm(C) = C ′. Otherwise, addm(C) is
undefined.
The formal definition of maddm can be taken from the addm operation verbatim

with the exception that V0 = W0 }W1 needs to be replaced by V0 = W0 �W1

and addm(C) = C ′ by maddm(C) = C ′.

Example .. Let Ni = (Wi,1}Wi,2}Wi,3}Wi,4,yi,1,yi,2) be the split nested
word from Fig.  for i ∈ [2]. Then

(madd1 ◦madd2 ◦ add1 ◦ add2 ◦ union)
(
ct(N1), ct(N2)

)
is the nw-container C from Fig. . Note that madd2(C) is not defined, because
condition () of Def. . would not be fulfilled. Intuitively, the nesting edges of
stack 1 from W1,2 to W1,3 and from W2,2 to W2,3 would intersect each other. Of
course, the same holds for add2(C).
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By CTb, we denote the set of all those nw-containers which can be built from
the atomic split nested words (resp., their nw-containers) by applying the above
three operations such that every intermediate nw-container consists of at most b

components. More precisely:

If b ≥ 2, then we define CTb to be the least set fulfilling the following conditions:

– if N is an atomic split nested word, then ct(N) ∈ CTb

– if C ∈ CTb, then add1(C), add2(C),madd1(C),madd2(C) ∈ CTb (if defined)

– if Ci ∈ CTb is a bi-split nw-container for i ∈ [2], b1+b2 ≤ b, and union(C1, C2)

is defined, then union(C1, C2) ∈ CTb

We next prove that b-BS is the set of split nested words N with ct(N) ∈ CTb.
Informally speaking, a split nested word N can be constructed using the merge and
shuffle operations (without exceeding the b components limit) if and only if it can
be constructed using the operations add, madd and union (again, without violating
with the b components limit).

Theorem .. For all b ≥ 2 and b′-split nested words N with b′ ≤ b, we have

N ∈ b-BS ⇐⇒ ct(N) ∈ CTb .

We prove Theorem . using two separate lemmas.

Remark .. Let N be a split nested word such that Ñ = W1 } . . . } Wb and
W1, . . . ,Wb are words. Furthermore, let N′ be a split nested word. It can be easily
checked that N′ ∈ mrg(N) if and only if yN

s = yN′

s for all s ∈ [s] and there exists
a function g : {2, 3, . . . , b} → {�,}} fulfilling the following conditions:

() there exists i ∈ {2, 3, . . . , b} with g(i) = �

() Ñ′ = W1 g(2)W2 g(3)W3 g(4) . . . g(b)Wb

Lemma .. For all b ≥ 2, we have

b-BS ⊆ {N is a split nested word | ct(N) ∈ CTb} .

Proof. Assume that b ≥ 2, b ∈ [b], and N is a b-split nested word from b-BS where
Ñ = W1 } . . .}Wb and W1, . . . ,Wb are words. If N is atomic, then, by definition,
ct(N) is contained in CTb. For the induction step, we need to distinguish between
two cases. Firstly, suppose that there exist bi-split nested words Ni ∈ b-BS where
Ñi = Wi,1}Wi,2} . . .}Wi,bi andWi,j are words for all i ∈ [2] and j ∈ [bi] such that
N ∈ shuffle(N1,N2). By our induction hypothesis, we have ct(N1), ct(N2) ∈ CTb.
There exists a bijection f :

(
({1}× [b1])∪({2}× [b2])

)
→ [b] such thatWi,j = Wf(i,j)

for all i ∈ [2] and j ∈ [bi]. Hence, (hb◦hb−1◦ . . .◦h1◦union)(ct(N1), ct(N2)) = ct(N)

where, for all m ∈ [b],

hm = addi if f−1(m) = (i, j) for some j ∈ [bi] .

Therefore, ct(N) ∈ CTb.
Secondly, suppose that N is not atomic and that there exists an b′-split nested

word N′ ∈ b-BS such that N ∈ merge(N′), Ñ′ = W ′1 } . . . }Wb′ , W ′1, . . . ,W ′b′ are
words, and b < b′ ≤ b. Hence, N′ consists of at least two components. It cannot be
of the form a b

s since in this case N would be of the form a b
s . This would be a

contradiction to N being not atomic. Therefore, N′ must be the result of a shuffle
operation carried out on two split nested words N1 and N2 possibly followed by a
series of merge operations. Since subsequent merge operations can be summarized
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to a single merge operation, we can assume that N′ ∈ shf(N1,N2). By induction,
it follows that ct(N1), ct(N2) ∈ CTb and that there exist h1, . . . , hb′ ∈ {add1, add2}
such that we have (hb′ ◦hb′−1 ◦ . . .◦h1 ◦union)(ct(N1), ct(N2)) = ct(N′). Because of
N ∈ merge(N′) and Remark ., there exists a function g : {2, 3, . . . , b′} → {},�}
with

W1 } . . .}Wb = W ′1 g(2)W ′2 g(3)W ′3 g(4) . . . g(b′)W ′b′ .

Let

h′j =

maddi if g(j) = � and hj = addi

hj if g(j) = }

for all j ∈ {2, 3, . . . , b′}. It can be easily seen that

(h′b+1 ◦ h′b ◦ . . . ◦ h′2 ◦ h1 ◦ union)(ct(N1), ct(N2)) = ct(N) .

Hence, ct(N) ∈ CTb. �

Lemma .. For all b ≥ 2, we have

b-BS ⊇ {N is a split nested word | ct(N) ∈ CTb} .

Proof. Let b ∈ [b] and N be a b-split nested word where Ñ = W1 }W2 . . . }Wb,
Wi is a word for all i ∈ [b], and ct(N) ∈ CTb. If N is atomic, then N is contained
in b-BS by definition. Otherwise, there must exist bi-split nested words Ni with
Ñi = Wi,1}Wi,2}. . .}Wi,bi for i ∈ [2] and h1, . . . , hb′ ∈ {add1, add2,madd1,madd2}
such that b′ = b1 + b2, b ≤ b′, ct(N1), ct(N2) ∈ CTb, and

ct(N) = (hb′ ◦ hb′−1 ◦ . . . ◦ h1 ◦ union)
(
ct(N1), ct(N2)

)
.

By our induction hypothesis, we have N1,N2 ∈ b-BS. Let k1, k2, . . . , kb′ ∈ {1, 2}
such that kj = 1 if and only if hj ∈ {add1,madd1} for all j ∈ [b′]. Consider the
bijection f :

(
({1} × [b1]) ∪ ({2} × [b2])

)
→ [b′] such that, for all j ∈ [b′], we have

f−1(j) = (kj , `j) where

`j = |{n ∈ [b′] | n < j and there exists m with f−1(n) = (kj ,m)}|+ 1 .

If hj ∈ {add1, add2} for all j ∈ [b′], then Wf(i,j) = Wi,j . It this case, f witnesses
the fact that N ∈ shf(N1,N2) and, therefore, N ∈ b-BS. Now, suppose that there
exists a j ∈ [b′] such that hj ∈ {madd1,madd2}. Let g : {2, 3, . . . , b′} → {�,}} be
the function with g(j) = } if and only if hj ∈ {madd1,madd2} for all j ∈ [b′]. It
can be shown that

W1 }W2 } . . .}Wb = Wf−1(1) g(2)Wf−1(2) g(3) . . . g(b′)Wf−1(b′) .

By Remark ., we have N ∈ merge(N′) for some N′ ∈ shf(N1,N2) and, therefore,
N ∈ b-BS. �

Proof (of Theorem .). Theorem . follows from the Lemmas . and ..�

. encoding split nested words

Let the alphabet

Λ = Γ ∪ {union, add1, add2,madd1,madd2} ∪ {ys,
mys| s ∈ [s]}

be fixed. We understand the letters of Λ as function symbols whose arities are as
follows:
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add2

madd1

add2

add1

add2

union

y1

b b

add2

madd2

add1

add1

union

y2

b b

y2

c a

Figure : The tree encoding from Example ..

– ar(union) = ar(ys) = ar(
mys) = 2 for all s ∈ [s],

– ar(addi) = ar(maddi) = 1 for all i ∈ [2], and

– ar(a) = 0 for all a ∈ Γ.

Terms over these function symbols are meant to denote nw-containers, but since the
operations union, add1 etc. are only partial, only some terms actually do denote
nw-containers. Suppose T is a term that denotes an nw-container C. Then it
actually describes one possible construction of C from atomic nw-containers. We
next define the set Eb of all those terms that describe a construction of some nw-
container where all intermediate nw-containers consist of at most b components.
At the same time we define the mapping val which specifies, for every T ∈ Eb, the
abstract nw-container represented by T .

If b ≥ 2, then Eb is the least set such that:

– For all a ∈ Γ, we have a ∈ Eb and set val(a) = ct( a ).

– For all a, b ∈ Γ, s ∈ [s], we have t = ys(a, b) ∈ Eb and val(t) = ct( a b
s

).

– For all a, b ∈ Γ, s ∈ [s], we have t =
mys(a, b) ∈ Eb and val(t) = ct( a b

s
).

– If T ′ ∈ Eb, h ∈ {add1, add2,madd1,madd2}, and h(val(T ′)) is defined, then
T = h(T ′) ∈ Eb. We set val(T ) = h(val(T ′)).

– If T1, T2 ∈ Eb, val(Ti) = ct(Ni), Ni is a bi-split nested word for i ∈ [2], and
b1 + b2 ≤ b, then T = union(T1, T2) ∈ Eb.

We set val(T ) = union(val(T1), val(T2)).

Example .. Consider the term T ∈ E5 from Fig.  which we depict, as usual,
as a tree. We have val(T ) = N1 where N1 is the split nested word from Fig. .

If C is an nw-container, then, in general, there exist several terms T with val(T ) = C.

Example .. For instance, we have

ct( a b ) = val
(
(add1 ◦ add2 ◦ union)(a, b)

)
= val

(
(add2 ◦ add1 ◦ union)(b, a)

)
.

As another simple example, consider the nested wordN = a b c d (without nesting
edges) and the terms T1 and T2 from Fig. . We have val(T1) = val(T2) = ct(N).
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madd2

add1

union

madd2

add1

union

a b

madd2

add1

union

c d

madd2

add1

union

madd2

add1

union

madd2

add1

union

a b

c

d

Figure : The tree encodings T1 (left-hand side) and T2 (right-hand side) from Exam-
ple ..

Terms from Eb can, as usual, be understood as Λ-trees. From now on, we take this
perspective.
Clearly, the leaves of T ∈ Eb represent the positions of val(T ). The inner nodes

of t specify the relations between these positions in such a way that they can be
recovered by small tree automata. In order to make this correspondence explicit,
we give the following definition and the subsequent theorem. The latter constructs,
for instance, a tree automaton B→ that runs on trees T ∈ Eb with two marked
nodes x and y. It accepts such a marked tree if and only if x and y are leaves (and
therefore positions in val(T )) that satisfy x→ y.

If B is a tree automaton over the alphabet Λ × {0, 1}n, then we define, for every
tree T ,

rel(B, T ) = {(x1, . . . , xn) | (T, x1, . . . , xn) ∈ L(B)} .

Theorem .. Given b ≥ 2, one can construct tree automata B0, B1, B2, and
BR for all R ∈ σSWNW(Γ) in space O(log b) such that, for all T ∈ Eb, val(T ) is
isomorphic to the nw-container

expvalb(T ) =
(
(Wi)i∈[2]0 ,y1, . . . ,ys

)
where, for all i ∈ [2]0, we have:

UWi = rel(Bi, T )

RWi = rel(BR, T ) ∩ (UWi)2 for all R ∈ {l,→}
RWi = rel(BR, T ) ∩ UWi for R ∈ {min,max} ∪ {calls, rets | s ∈ [s]} ∪ {λa | a ∈ Γ}
ys = rel(Bys

, T ) for all s ∈ [s]

Proof. Let t ∈ Eb, val(t) = ((Wi)i∈[2]0 ,y1, . . . ,ys), and x, y ∈
⋃
i∈[2]0

UWi be two
positions. For all a ∈ Γ, one can decide whether x ∈ λWi

a holds for some i ∈ [2]0 by
checking the label of x in t. This can be accomplished by a tree automaton Bλa of
size independent from b. Furthermore, we have xys y if and only if

– x and y share the same parent node labeled by a symbol from {ys,
mys} and

– x is a left child and y is a right child.
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The above two conditions can be easily checked by a tree automaton Bys
of constant

size. Similarly, one can construct tree automata Bcalls and Brets for all s ∈ [s] in
space O(1).
Now, consider the auxiliary tree automaton B which can be constructed in space

O(log b). The idea is that the automaton keeps track of the two positions x and y
when running on (t, x, y). More precisely, the automaton is in the state

q = (b,mx, bx,my, by)

where b ∈ [b], bx, by ∈ [b]∪{⊥}, and mx,my ∈ {0, 1, 2,⊥} if and only if the current
node v represents an nw-container C = (V0,V1,V2,y′1, . . . ,y′s) such that

– V0 is a b-split word,

– either (a) mx ∈ [2]0, bx ∈ [b], and position x is the rightmost position of the
bx-th component of Vmx

or (b) mx = bx = ⊥ and there do not exist m′ ∈ [2]0
and b′ ∈ [b] such that x is the rightmost position of the b′-th component of
Vm′ , and

– either (a) my ∈ [2]0, by ∈ [b], and position y is the leftmost position of the
by-th component of Vmy

or (b) my = by = ⊥ and there do not exist m′ ∈ [2]0
and b′ ∈ [b] such that y is the leftmost position of the b′-th component of
Vm′ .

Based on B, one can construct in space O(log b) the tree automaton B→. The latter
changes from q into its sole accepting state when moving to the parent node v′ of
v if and only if mx = 0, bx = b, my ∈ [2], by = 1, and v is labeled by maddmy .
Intuitively, this means that x is the rightmost position of the last component of V0,
y is the leftmost position of the first component of Vmy , and these two components
get merged using the maddmy operation. Hence, we have x →V0 y and, therefore,
x →Wi y for some i ∈ [2]0. It is straightforward to specify a transition relation
implementing the above described behavior.
Towards Bl, we construct an auxiliary tree automaton B99K based on B in loga-

rithmic space. The tree (t, x, y) shall be accepted by B99K if and only if xlWi y and
x 6→Wi y hold at the same time for some i ∈ [2]0. Assume that B99K reached the
above state q at the root of the tree t. Then t is accepted if mx = my ∈ [2]0 and
b2 = b1 + 1, i.e., x is the rightmost position of a component cx, y is the leftmost
position of a component cy, cx and cy belong to Wmx , and cy is the direct successor
of cx. Therefore, we have xlWi y and x 6→Wi y for some i ∈ [2]0.
Clearly, the tree automaton Bl is the union of B→ and B99K. Hence, it can also

be obtained in space O(log b). By constructing a tree automaton keeping track of a
single position using the idea from B, one can obtain the tree automata Bmin, Bmax,
and Bi for all i ∈ [2]0 in logarithmic space, too. �

For all split nested words N, we set

swtreeb(N) = {T ∈ Eb | expvalb(T ) = ct(N)}

where expvalb is the mapping from Theorem ..

That means that swtreeb(N) is the set of encodings of the split nested word N. Each
tree from swtreeb(N) represents a construction of ct(N) where all intermediate
nw-containers consist of at most b components. Note that differently from the
encodings of b-phase bounded nested words, we can have multiple encodings for
one nested word.
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. regularity of the set of tree encodings

We now prove that, for every b ≥ 2, the set of trees from Eb encoding nested words
from b-BS is regular.

Proposition .. From b ≥ 2, one can construct in space poly(b) a tree automaton
Bb such that

L(Bb) = {T ∈ swtreeb(N) | N is a nested word from b-BS} .

Proof. We construct a (deterministic) tree automaton Bb whose states are of the
form q = (b0, b1, b2, R1, R2, . . . , Rs) where b0, b1, b2 ∈ [b] and Rs ⊆ ([2]0 × [b])2 for
all s ∈ [s]. The idea is the following: The automaton is in state q at a node v if the
subtree t′ below v represents a b-split nw-container

C = (W0,1 } . . .}W0,b0 ,W1,1 } . . .}W1,b1 ,W2,1 } . . .}W2,b2 ,y1, . . . ,ys)

(i.e., we have val(t′) = C) such that

– b = b0 + b1 + b2,

– Wi,j is a word for all i ∈ [2]0 and j ∈ [bi], and,

– for all s ∈ [s], i, j ∈ [2]0, m ∈ [bi], and n ∈ [bj ], we have
(
(i,m), (j, n)

)
∈ Rs if

and only if (i,m) 6= (j, n) and there exist positions x in Wi,m and y in Wj,n

with xys y.

If the parent of v is labeled by h ∈ {addr,maddr} for some r ∈ [2], then, using
the information encoded by q, the automaton Bb is able to verify, if h(C) is de-
fined. In fact, it only needs to check whether br ≥ 1 holds and, using the relations
R1, R2, . . . , Rs, whether applying the operation h does not lead to intersecting nest-
ing edges w.r.t. one stack. If one of the above conditions is not fulfilled, then Bb is
unable to move on. Now, let us assume that h(C) is a split nw-container. Then we
need to distinguish two cases: On the one hand, we can have h = addr. Then Bb
goes to the parent node of v and changes into the state (b0 + 1, b′1, b

′
2, R

′
1, . . . , R

′
s)

such that

– b′r = br − 1,

– b′p = bp where p ∈ {1, 2} \ {r} is the other index, and,

– for all s ∈ [s], i, j ∈ [2]0, m ∈ [bi], and n ∈ [bj ], we have
(
(i,m), (j, n)

)
∈ Rs

if and only if one of the following holds:

∗ i, j ∈ [2]0 \ {r} and
(
(i,m), (j, n)

)
∈ R′s

∗ i ∈ [2]0 \ {r}, j = r, n > 1, and
(
(0,m), (r, n− 1)

)
∈ R′s

(we have i = 0 by Def. .)

∗ i ∈ [2]0 \ {r}, j = r, n = 1, and
(
(0,m), (0, b0 + 1)

)
∈ R′s

(we have i = 0 by Def. .)

∗ i = r, m > 1, and
(
(r,m− 1), (r, n− 1)

)
∈ R′s

(we have j = r and n > 2 by Def. .)

∗ i = r, m = 1, and
(
(0, b0 + 1), (r, n− 1)

)
∈ R′s

(we have j = r and n > 1 by Def. .)

On the other hand, i.e., if h = maddr, the automaton Bb moves to the parent of v
and changes into the state (b0, b

′
1, b
′
2, R

′
1, . . . , R

′
s) such that
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– b′r = br − 1,

– b′p = bp where p ∈ {1, 2} \ {r} is the other index, and,

– for all s ∈ [s], i, j ∈ [2]0, m ∈ [bi], and n ∈ [bj ], we have
(
(i,m), (j, n)

)
∈ Rs

if and only if one of the following holds:

∗ i, j ∈ [2]0 \ {r} and
(
(i,m), (j, n)

)
∈ R′s

∗ i ∈ [2]0 \ {r}, j = r, n > 1, and
(
(0,m), (j, n− 1)

)
∈ R′s

(we have i = 0 by Def. .)

∗ i ∈ [2]0 \ {r}, j = r, m < b0, n = 1, and
(
(0,m), (0, b0)

)
∈ R′s

(we have i = 0 by Def. .)

∗ i ∈ [2]0 \ {r}, m = b0, j = r, and n = 1

(we have i = 0 by Def. .)

∗ i = r, m > 1, and
(
(r,m− 1), (r, n− 1)

)
∈ R′s

(we have j = r and n > 2 by Def. .)

∗ i = r, m = 1, and
(
(0, b0), (r, n− 1)

)
∈ R′s

(we have j = r and n > 1 by Def. .)

Now, assume that the automaton Bb is in the states (b1,0, b1,1, b1,2, R1,1, . . . , R1,s)

and (b2,0, b2,1, b2,2, R2,1, . . . , R2,s) at a left child and a right child, respectively, of a
node v which is labeled by union. The automaton is able to move to v and change
into the state (0, b1,0, b2,0, R1, . . . , Rs) where

Rs = {
(
(i,m), (i, n)

)
|
(
(0,m), (0, n)

)
∈ Ri,s}

for all s ∈ [s] if and only if b1,0 + b2,0 ≤ b, b1,1 = b1,2 = 0, and b2,1 = b2,2 = 0.
The automaton Bb starts in the state (1, 0, 0, ∅, . . . , ∅) at the leaves of the input

tree. Suppose that the automaton is in the state (1, 0, 0, ∅, . . . , ∅) at two nodes v1

and v2 such that v1 is the left and v2 is the right child of a node v. If v is labeled
by ys for some s ∈ [s], then the automaton moves to v and changes into the state
(2, 0, 0, R1, . . . , Rs) where Rs = {

(
(0, 1), (0, 2)

)
} and Rs′ = ∅ for all s′ 6= s. In

contrast, if v is labeled by
mys for some s ∈ [s], then the automaton moves to v

and changes into the state (1, 0, 0, ∅, . . . , ∅). Finally, a state (b0, b1, b2, R1, . . . , Rs)

is final if and only if b0 = 1 and b1 = b2 = 0. �

Recall that by Theorem . every b-scope nested word is contained in (b + 2)-BS.
We now show that, for all b ≥ 1, the set of trees from Eb+2 encoding b-scope nested
words is regular.

Proposition .. From b ≥ 1, one can construct in space poly(b) a tree automaton
Cb such that

L(Cb) = {T ∈ swtreeb+2(N) | N ∈ (b + 2)-BS is a b-scope NW} .

Proof. It suffices to construct a tree automaton C such that, for all nested words
N ∈ (b+2)-BS and T ∈ swtreeb+2(N), T ∈ L(C) if and only if N is a b-scope nested
word. Together with the automaton Bb+2 from Prop. . it is straightforward to
construct the tree automaton Cb using standard techniques.
Intuitively, the automaton C keeps track of the following information about the

nw-container C represented by the current node:

() for every stack s ∈ [s], the relation Rs contains all tuples of distinct compo-
nents (x, y) for which their exists a nesting edge of stack s starting in x and
ending in y
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() for every component x, the minimal natural number nx such that x can be
divided into at most nx contexts (we set nx =∞ if x cannot be divided into
at most b contexts, i.e., nx ∈ [b] ∪ {∞})

() for every component x, the type fx ∈ [s]0 of the first context (i.e., what stack
it belongs to) and the type `x ∈ [s]0 of the last context of x

() for every component x and every stack s, the minimal number of contexts
strictly right of the smallest (w.r.t. ≤) call position of stack s occurring in
x whose matching return position belongs to another component (i.e., the
call position itself is not considered when counting the number of contexts),
denoted by cx,s ∈ [b]0∪{⊥} (where ⊥means that there is no such call position)

() for every component x and every stack s, the minimal number of contexts
strictly left of the largest (w.r.t. ≤) return position of stack s occurring in x
whose matching call position belongs to another component, rx,s ∈ [b]0∪{⊥}

In case of a union or add operation, the above information can be easily maintained.
Now, suppose that two components x and y are merged using an madd operation
resulting in a new component z. The relations Rs (where s is a stack) can be
updated as in the proof of Prop. .. If `x 6= fy then the number of contexts nz
of z is nx+ny (where we assume that addition with∞ always yields∞). Otherwise,
we have nz = nx + ny − 1. Of course, it holds that fz = fx and `z = `y. Let s be a
stack. Regarding, cz,s, we distinguish the following cases:

(a) Assume that (x, y) /∈ Rs, i.e., there is no nesting edge of stack s connecting
the components x and y.

(a.) if cx,s = ⊥ and cy,s = ⊥, then cz,s = ⊥
(a.) if cx,s = ⊥ and cy,s ∈ [b], then cz,s = cy,s

(a.) if cx,s ∈ [b]0 and `x 6= fy, then cz,s = cx,s + ny

(a.) if cx,s ∈ [b]0, `x = fy, and cx,s = 0, then cz,s = cx,s + ny

(a.) if cx,s ∈ [b]0, `x = fy, and cx,s > 0, then cz,s = cx,s + ny − 1

(b) Assume that (x, y) ∈ Rs.
(b.) if there exists a component y′ /∈ {x, y} with (x, y′) ∈ Rs and `x 6= fy,

then cz,s = cx,s + ny

(b.) if there exists a component y′ /∈ {x, y} with (x, y′) ∈ Rs, `x = fy, and
cx,s = 0, then cz,s = ny

(b.) if there exists a component y′ /∈ {x, y} with (x, y′) ∈ Rs, `x = fy, and
cx,s > 0, then cz,s = cx,s + ny − 1

(b.) if there does not exist a component y′ /∈ {x, y} with (x, y′) ∈ Rs, then
cz,s = cy,s

The value rz,s can be computed analogously. It can be easily seen that the above
information can be stored in space polynomial in b.
The automaton C rejects a tree if at some node one of the following conditions

is fulfilled:

– two components x and y are merged such that (x, y) ∈ Rs, `x 6= fy, and
cx,s + ry,s > b for some stack s

– two components x and y are merged such that (x, y) ∈ Rs, `x = fy and
cx,s + ry,s − 1 > b for some stack s

It can be shown that C is correct. �
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. decision procedure

The following proposition states that (possibly negated) atomic formulas can be
transformed into small equivalent tree automata.

Proposition .. Given b ≥ 2 and a (possibly negated) atomic MSO(
Γ
)-formula

ϕ, one can construct in space O(log b) a tree automaton B with the following prop-
erty: If N is a nested word from b-BS, I ⊆ UN , i, j ∈ UN , and T ∈ swtreeb(N),
then (T, I, i, j) ∈ L(B) ⇐⇒ N, I, i, j |= ϕ.

Proof. From the label of i in T one can immediately tell whether N, i, I |= X(x)

or N, i, I |= ¬X(x) holds. Similarly, for N, i, j |= (x = y) and its negation. Hence,
space O(1) suffices.
If ϕ is one of the remaining atomic formulas, then one of the tree automata from

Theorem . can be used to check whether N, I, i, j |= ϕ holds. In the case of
¬ϕ, one can build automata similar to the ones from Theorem .. In each case,
logarithmic space is sufficient. �

Using the Lemmas . and . together with the Propositions ., ., and .,
we can also transform a temporal formula into an equivalent tree automaton.

Theorem .. Let n ≥ 0 and TL be a fixed MΣn(
Γ
)-definable temporal logic.

From a formula F from TL and b ≥ 2, one can construct in space poly(|F |) ·
towern(poly(b)) a tree automaton BF with the following property: For all nested
words N ∈ b-BS and T ∈ swtreeb(N), we have N |= F ⇐⇒ T ∈ L(BF ).

Proof. By Lemma . and Prop. ., there exists an AΣn+1(
Γ
)-definable temporal

logic TL′ such that F can be translated in time polynomial in |F | into a formula
F ′ ∈ TL′ such that we have

ν, i |=TL F ⇐⇒ ν, i |=TL′ F
′

for all nested words ν and i ∈ Uν . Let m be the size of F ′. By Prop. ., we can
construct in time poly(m) a formula

ψ = ∃X
[∧

i∈[m]

(
ψ1,i(X) ∧ ∀y ψ2,i(y,X)

)]
such that, for all nested words N , we have

N |= ψ ⇐⇒ N,minN |= F .

Recall that ψ1,i ∈ AΠn+1(
Γ
) and ψ2,i ∈ AΣn+1(

Γ
) for all i ∈ [m]. In particular,

if i ∈ [m], then ψ2,i is of the form ∃X1 ¬∃X2 . . . ¬∃Xn+1 ϕ where ϕ is quantifier-
free and the Xi’s are tuples of individual and set variables. Even more, we can
assume that ϕ is a positive Boolean combination of possibly negated atomic formu-
las. Also recall that the size of ψ2,i is independent from the size of F and that TL
is fixed. Therefore, the size of ψ2,i is a constant. Using Prop. . and standard
constructions (for union and intersection) from automata theory, we can transform
ϕ into a tree automaton Bϕ in space O(log b). The desired tree automaton Bψ2,i

is obtained from Bϕ by a sequence of n complementations and n + 1 projections.
Hence this construction can be carried out in space towern(O(log b)) and the size
of Bψ2,i

is bounded by towern(poly(b)). Then, by Lemma ., we can also trans-
late ∀y ψ2,i(y,X) into a tree automaton in space towern(poly(b)). Since a formula
belongs to AΠn+1(

Γ
) if and only if its negation belongs to AΣn+1(

Γ
), we sim-

ilarly obtain a tree automaton Bψ1,i
for ψ1,i in space towern(poly(b)). Finally, by

standard automata techniques for intersection and projection, we obtain the tree
automaton for ψ in space m · towern(poly(b)). �
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Regarding the satisfiability problem SAT-TL-SW-NW, let b ≥ 2 and F be a temporal
formula from TL. First construct the tree automaton BF from Theorem ..
Furthermore, let Bb be the tree automaton from Prop. .. Note that the size of
both automata is bounded by 2poly(|F |)·towern(poly(b)). We have L(BF ) ∩ L(Bb) = ∅
if and only if F is not satisfiable by any nested word from b-BS.
Analogously, let b ≥ 1 and Cb be the tree automaton from Prop. .. It follows

from Theorem . that L(BF ) ∩ L(Cb) = ∅ if and only if F is not satisfiable
by any b-scope nested word. Again, the size of both automata is bounded by
2poly(|F |)·towern(poly(b)). Hence, the satisfiability problem SAT-TL-SCOPE-NW can
be solved in (n+ 1)-EXPTIME, too.

Theorem .. Let n ≥ 0 and TL be some fixed BoolMΣn(
Γ
)-definable temporal

logic. Then the problems SAT-TL-SW-NW and SAT-TL-SCOPE-NW are both solv-
able in (n+ 1)-EXPTIME. More precisely, if F and b is the input to our problems,
then both can be solved in time exponential in F and (n+ 1)-fold exponential in b.

Finally, it remains to develop decision procedures for the model checking problems
MC-TL-SW-NW and MC-TL-SCOPE-NW. For this, we translate, given a bound
b ≥ 2, a stack automaton into an “equivalent” (w.r.t. nested words from b-BS) tree
automaton.

Proposition .. If b ≥ 2 and A is an s-stack automaton, then we can construct
in space O(b · log |A|) a tree automaton BA,b with

L(BA,b) = {T ∈ swtreeb(N) | N ∈ b-BS is a nested word accepted by A} .

Proof. We adapt the technique used in the proof of [AGK, Theorem ] to our tree
encodings of nested words with bounded split-width. Intuitively, BA,b remembers
a pair of states (p, q) for each component c of the nw-container represented by the
current node such that A can reach q from p when reading the component c. More
precisely, if A = (Q,∆, ι, F ), the automaton BA,b is in a state(
〈(p0,1, q0,1), . . . , (p0,b0 , q0,b0)〉 , 〈(p1,1, q1,1), . . . , (p1,b1 , q1,b1)〉 ,

〈(p2,1, q2,1), . . . , (p2,b2 , q2,b2)〉
)

if and only if the current node represents an nw-container

(W0,1 } . . .}W0,b0 ,W1,1 } . . .}W1,b1 ,W2,1 } . . .}W2,b2 ,y1, . . . ,ys)

where

– b0 + b1 + b2 ≤ b

– Wi,j is a word with UWi,j = {xi,j1 , xi,j2 , . . . , xi,jmi,j
} for some mi,j ≥ 1 for all

i ∈ {0, 1, 2} and j ∈ [bi], and

– there exist states ri,j0 , ri,j1 , . . . , ri,jmi,j
∈ Q with ri,j0 = pi,j and ri,jmi,j

= qi,j for
all i ∈ {0, 1, 2} and j ∈ [bi]

such that, for all i ∈ {0, 1, 2}, j ∈ [bi], and n ∈ [mi,j ], one of the following conditions
holds:

– (ri,jn−1, s, λ
Wi,j (xi,jn ), ri,jn ) ∈ ∆ and xi,jn is a call position (i.e., there are i′ ∈ [2]0,

j′ ∈ [bi′ ], and n′ ∈ [mi′,j′ ]0 such that xi,jn ys x
i′,j′

n′ )

– (ri,jn−1, (s, p), λ
Wi,j (xi,jn ), ri,jn ) ∈ ∆ and xi,jn is a return position (i.e., there exist

i′ ∈ [2]0, j′ ∈ [bi′ ], and n′ ∈ [mi′,j′ ]0 such that xi
′,j′

n′ ys x
i,j
n and ri

′,j′

n′ = p)
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– (ri,jn−1, 0, λ
Wi,j (xi,jn ), ri,jn ) ∈ ∆ and xi,jn is neither a call or a return position

(i.e., there do not exist i′ ∈ [2]0, j′ ∈ [bi′ ], and n′ ∈ [mi′,j′ ]0 with xi
′,j′

n′ ys x
i,j
n

or xi,jn ys x
i′,j′

n′ )

We need to take special care of the leaves of the tree. At a leaf v labeled by a, we
need to distinguish two cases:

– The automaton BA,b is able to change into the state
(
〈(p, q)〉 , 〈〉 , 〈〉

)
if

(p, 0, a, q) ∈ ∆. In this case, the automaton BA,b assumes that v is neither a
call nor a return position. If, at the parent node of v, it turns out that v is a
call or return position, BA,b rejects the tree.

– The automaton BA,b can also change into the special state (p, s, q) if there
exists a transition (p, s, a, q) ∈ ∆ with s ∈ [s]. This means that BA,b guesses
that v is a call position. Again, if v appears to be no call position, then the
tree is rejected.

– Finally, the BA,b is allowed to change into the special state (p, (r, s), q) if there
exists a transition (p, (r, s), a, q) in ∆. This means that BA,b guesses that v
is a return position. Again, if v turns out to be no return position, then the
tree is rejected.

Let us assume that v0 is the left child and v1 is the right child of a node v la-
beled by ys. Hence, v0 represents a call position whereas v1 stands for a return
position. Furthermore, suppose that BA,b is in state (p0, s0, q0) at v0 and in state
(p1, (r, s1), q1) at v1. The automaton BA,b is able to move to v and change into
the state

(
〈(p0, q0), (p1, q1)〉 , 〈〉 , 〈〉

)
if and only if r = q0 and s = s1 = s2. Now,

suppose that v is labeled by
mys′ . If r = q0 = p1 and s = s1 = s2, then BA,b changes

into the state
(
〈(p0, q1)〉 , 〈〉 , 〈〉

)
.

Only states of the form
(
〈(ι, q)〉 , 〈〉 , 〈〉

)
where q ∈ F are accepting. �

Let TL be some fixed MΣn(
Γ
)-definable temporal logic over the fixed alphabet Γ.

Given an s-stack automaton A, a formula F from TL, and b ≥ 2, one can construct
the automata B¬F and BA,b from Theorem . and Prop. ., respectively.
Note that the negation ¬ can be easily defined using an FO(

Γ
)-modality (see

Example .). We have

(A, F, b) ∈ MC-TL-SW-NW ⇐⇒ L(BA,b) ∩ L(B¬F ) = ∅ .

The automaton BA,b can be constructed in space O(b · log |A|) and B¬F can be
obtained in space poly(|F |) · towern(poly(b)). Since the emptiness problem for
tree automata can be solved in polynomial time, the model checking problem
MC-TL-SW-NW can be decided in time |A|poly(b) · 2poly(|F |)·towern(poly(b)). Similar
arguments hold for MC-TL-SCOPE-NW. Hence, by Remark ., the following holds:

Theorem .. Let n ≥ 0 and TL be some fixed BoolMΣn(
Γ
)-definable temporal

logic. Then the decision problems MC-TL-SW-NW and MC-TL-SCOPE-NW are both
solvable in (n+ 1)-EXPTIME. More precisely, given an s-stack automaton A, a
formula F from TL, and a bound b, our decision procedure runs in time

|A|poly(b) · 2poly(|F |)·towern(poly(b)) .
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LOWER BOUNDS

The purpose of this chapter is to show that, for all n ≥ 1, there exists an MΣn(
Γ
)-

definable temporal logic TL such that its satisfiability problems SAT-TL-SW-NW
and SAT-TL-SCOPE-NW are n-EXPSPACE-hard. After that we argue that one
can also construct a temporal logic TL witnessing the fact that the satisfiability
problem SAT-TL-PHASE-NW is n-EXPSPACE-hard. We also prove lower bounds
on the corresponding model checking problems.

We proceed similar to Chapter : In Sect. ., we develop a suitable encoding
of pictures using nested words. Section . contains polynomial reductions of
SAT-TL-PIC (which is hard for n-EXPSPACE) to the various satisfiability and
model checking problems from above.
Some of the results of this chapter were obtained in collaboration with Benedikt

Bollig and Dietrich Kuske and have been previously published as extended abstracts
[BKM, Men].

. representing pictures by nested words

Let TL be a fixed MΠn( Γ)-definable temporal logic expressing properties of pic-
tures. We strive to reduce SAT-TL-PIC to the satisfiability problems of some
MΠn(

Γ
)-definable temporal logic which is evaluated over nested words. For this

purpose, we represent a picture P over Γ (like the one from Fig. ) by a nested
word NP over the alphabet Λ = Γ ] {⊥,`,a}. Intuitively, we write the rows of P
one after the other. Additionally, we insert artificial positions labeled by symbols
from {⊥,`,a} since, by this means, it is easier to navigate within NP (see Fig. ).
Moving from a picture cell to its right neighbor corresponds always to going to the
next but one direct successor (w.r.t. lNP ). Whereas moving to the lower neighbor
of a picture cell is always accomplished by executing four steps: going to the direct
successor, following a nesting edge from yNP

1 , going to the direct successor again,
and moving along a yNP

2 -edge.
We kindly encourage the reader to also have a look at the Figures  and 

while reading the following definition.

If P is an (k,m,Γ)-picture, then nw(P ) denotes the auxiliary m-split nested word
N where:

UN = ([k − 1]× [4m]) ∪ ({k} × [3m])

λN(i, j) =



µP (i, dj/2e) if j ≤ 2m odd

⊥ if j ≤ 2m even

` if 2m < j ≤ 4m odd

a if 2m < j ≤ 4m even

for all (i, j) ∈ UN
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a b c

d e f

g i j

a ⊥ b ⊥ c ⊥ ` a ` a ` a d ⊥ e ⊥ f ⊥ ` a ` a ` a g ⊥ i ⊥ j ⊥ ` ` `

Figure : The picture P from Example . and the m-split nested word nw(P ). Note
that the nesting relation y1 (y2, resp.) is represented by the solid (dashed)
edges.

a ⊥ b ⊥ c ⊥ ` a ` a ` a d ⊥ e ⊥ f ⊥ ` a ` a ` a g ⊥ i ⊥ j ⊥ ` a ` a ` a

Figure : The nested word NP where P is the picture from Fig. .

lN = {
(
(i, j), (i, j + 1)

)
| 1 ≤ i < k, 1 ≤ j < 4m}

∪ {
(
(k, j), (k, j + 1)

)
| 1 ≤ j < 3m}

∪ {
(
(i, 4m), (i+ 1, 1)

)
| 1 ≤ i < k}

→N = lN \ {
(
(k, j), (k, j + 1)

)
| 2m < j < 3m}

minN = {(1, 1)}

maxN = {(k, 3m)}

y1
N = {

(
(i, j), (i, j′)

)
| i < k, j < j′, j is even, and j′ = 4m+ 1− j}

∪ {
(
(k, j), (k, j′)

)
| ex. n ∈ [m] s.t. j = 2n and j′ = 3m+ 1− n}

y2
N = {

(
(i, j), (i+ 1, j′)

)
| j > 2m, j even, and j′ = 4m+ 1− j}

ys
N = ∅ for all 2 < s ≤ s

Intuitively, NP is obtained from nw(P ) by merging all the components of which
nw(P ) is consisting. More formally:

By NP , we denote the (1-split) nested word encoding the picture P where:

UNP = UN ∪ {(k, j) | 3m < j ≤ 4m}

λNP (i, j) =

λN(i, j) if (i, j) ∈ P

a otherwise
for all (i, j) ∈ UNP

lNP = lN ∪ {
(
(k, j), (k, j + 1) | 3m ≤ j < 4m}

→NP = lNP

minNP = {(1, 1)}

maxNP = {(k, 4m)}

yNP = yN for all s ∈ [s]

Example .. Consider the picture P and its nested word representation nw(P )

from Fig. . The corresponding nested word NP is depicted in Fig. .
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⊥ ⊥ ⊥ ` ` ` ⊥ ⊥ ⊥ ` a ` a ` a ⊥ ⊥ ⊥ ` ` `

Figure : The base clause (left-hand side) and the induction step (right-hand side) of
the proof of Lemma .. Positions labeled by • represent positions labeled by
symbols from Γ.

a a a ⊥ ⊥ ⊥ ` ` `

Figure : The 2m-split nested words N1 (left-hand side) and N2 (right-hand side) of the
proof of Lemma ..

Lemma .. If m ≥ 1 and P is an m-column picture, then its encoding NP is a
max(4m− 5, 0)-scope nested word from 3m-BS.

It can be checked that NP is even contained in (2m− 1)-BS. However, in order to
present a short and simple proof, we only prove the claim of the above lemma.

Proof. It can be easily verified that, in the case m ≥ 2, each nesting edge of NP
spans at most 4 ·(m−1)−1 = 4m−5 contexts (cf. Fig. ). If m = 1, then each call
position from NP is immediately followed by the matching return position. Hence,
NP is a 0-scope nested word.
It remains to show that NP is contained in 3m-BS. We prove this by an induction

over the number of rows of P . Ifm ≥ 1 and P is a (1,m,Γ)-picture, then them-split
nested word nw(P ) is of the form shown on the left-hand side of Fig.  (for m = 3).
It can be easily seen from the following two facts that nw(P ) and, therefore, NP
are contained in 3m-BS.

– nw(P ) can be obtained from the atomic nested words a (for all a ∈ Γ) and
⊥ ` by a series of shuffle operations followed by one merge operation.

– nw(P ) consists of exactly 3m positions.

Let k ≥ 1. For the induction step, suppose that nw(P ) is contained in 3m-BS for
all (`,m,Γ)-pictures, ` ≤ k, and m ≥ 1. Let P be an (k + 1,m,Γ)-picture and P ′

be the restriction of P to the first k rows. The nested word nw(P ′) is of the form
shown on the right-hand side of Fig.  (for k = 2 and m = 3), i.e., it is an m-split
nested word. One can construct a 2m-split nested word N1 of the form shown on
the left-hand side of Fig.  (for m = 3) using several shuffle operations. Clearly,
N1 ∈ 2m-BS. Using one shuffle operation carried out on nw(P ′) and N1 followed
by one merge operation, one can obtain the m-split nested word N shown in Fig. 
(form = 3). Since nw(P ′) is am-split nested word from 3m-BS and N1 is a 2m-split
nested word from 2m-BS, N is contained in 3m-BS. Analogously, we can construct
a 2m-split nested word N2 ∈ 2m-BS of the form shown on the right-hand side of
Fig.  (for m = 3). Now, a shuffle operation applied to N and N2 followed by a

⊥ ⊥ ⊥ ` a ` a ` a ⊥ ⊥ ⊥ ` a ` a ` a

Figure : The m-split nested word N from the proof of Lemma ..
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merge operation yields nw(P ). Clearly, nw(P ) and, therefore, NP are contained in
3m-BS. �

Now, our intermediate goal is to show that there exists an MΠ1(
Λ

)-formula defin-
ing the set of nested words representing pictures. For this we need the following
three technical lemmas:

Lemma .. For all s ∈ [s], there exists an FO(
Γ
)-formula bijs(X) such that,

for all nested words N and I ⊆ UN , we have N, I |= bijs if and only if I can be
partitioned into sets Ic and Ir such that ys ∩ I2 is a bijection from Ic to Ir.

Proof. Consider the following formula:

bijs(X) = ∀x ∈ X ∃y ∈ X (xys y ∨ y ys x)

Let N be a nested word and I ⊆ UN . First suppose N, I |= bijs. Then, for every
position from I, there is a matching call resp. return position in I. In particular,
all positions from I are either call or return positions w.r.t. yN

s . Let Ic, Ir ⊆ I

denote set of all call and return positions from I, resp. Then yN
s ∩ I2 is a bijection

from Ic onto Ir.
Conversely, let Ic, Ir ⊆ UN be sets of call and return positions, resp., w.r.t. the

nesting relation yN
s and let I = Ic ∪ Ir. If yN

s ∩ I2 is a bijection from Ic onto Ir,
then N, I |= bijs. �

The next lemma states that there is an FO(
Γ
)-formula ϕΓa(X) which expresses

that X is an interval within a nested word of the form ΓΛ∗⊥ such that the position
directly left (resp. right) of X (if existent) is not labeled by Γ (resp. ⊥).

Lemma .. There exists a formula ϕΓa(X) ∈ FO(
Λ

) such that, for all nested
words N and I ⊆ UN , we have N, I |= ϕΓa if and only if there exist i, j ∈ UN with

() I = [i, j],

() λN (i) ∈ Γ and (i = minN or λN (k) 6= ⊥ with k lN i), and

() λN (j) = a and (j = maxN or λN (k) 6= ` with j lN k).

Proof. Consider the following FO(
Γ
)-formula:

ϕΓa(X) = ∃x, y
X(x) ∧X(y) (a)
∧ ∀z [X(z)→ (z = x ∨ ∃z′ ∈ X z′ l z)] (b)
∧ (min(x) ∨ ∃z [min(z)→ ¬X(z)]) (c)
∧ ∀z [y l z → ¬X(z)] (d)
∧ λ(x) ∈ Γ ∧ ∀z (z l x→ λ(z) 6= ⊥) (e)
∧ λ(y) = a ∧ ∀z (y l z → λ(z) 6= `) (f)

Let N be a nested word, X ⊆ P , and x, y ∈ UN such that the lines (a) – (f)
hold. Without loss of generality, we can assume that UN = [n] for some n ∈ N.
By (a), we obtain x, y ∈ X. Let us assume that there exists k ∈ X with k < x.
From line b, it follows that k − 1 ∈ X, k − 2 ∈ X, . . ., 1 ∈ X. Since k < x, we
have x 6= 1. This is a contradiction to line c. That means that [x − 1] ∩X = ∅
and, in particular, x ≤ y. From (b), we also obtain [x, y] ⊆ X. Let us assume
that k ∈ X with y < k. By (b), we have k − 1 ∈ X, k − 2 ∈ X, . . ., y + 1 ∈ X.
This contradicts (d). Hence, X = [x, y] and condition  from Lemma . holds,
respectively. It can be easily checked that the conditions  and  are ensured by
the lines (e) and (f). The converse direction follows by simple inspection. �
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1

Γ

2

⊥
3

Γ

4

⊥
5

Γ

· · · m

⊥
m+ 1

`
· · · 2m− 3

`
2m− 2

a
2m− 1

`
2m

a

Figure : The nested word N from the base clause of the proof of Prop. .. The edges
visualize the nesting relation yN

1 .

Lemma .. There exists a formula ϕ`⊥(X) ∈ FO(
Λ

) such that, for all nested
words N and I ⊆ UN , we have N, I |= ϕ`⊥ if and only if there exist i, j ∈ UN with

() I = [i, j],

() λN (i) = ` and (i = minN or λN (k) 6= a with k l i), and

() λN (j) = ⊥ and (j = maxN or λN (k) /∈ Γ with j l k)

Proof. The formula ϕ`⊥ can be obtained from the formula ϕΓa presented in the
proof of Lemma . by replacing the lines (e) and (f) by:

∧ λ(x) = ` ∧ ∀z (z l x→ λ(z) 6= a)

∧ λ(y) = ⊥ ∧ ∀z (y l z → λ(z) /∈ Γ) �

Using the Lemmas ., . and ., we can now specify an MΠ1(
Λ

)-formula
defining the set of nested words representing pictures.

Proposition .. There exists a sentence picture ∈ MΠ1(
Λ

) such that, for all
nested words N over the alphabet Λ, we have N |= picture if and only if there exists
a picture P over Γ with NP = N .

Proof. For convenience, we write λΓ as an abbreviation for
⋃
γ∈Γ λγ . Consider the

following formula ψ:

∃x (min(x) ∧ λ(x) ∈ Γ) ∧ ∃x (max(x) ∧ λa(x)) (a)

∧ ∀x, y

xl y →(
(λ(x) ∈ Γ ∧ λ(y) = ⊥) ∨ (λ(x) = ⊥ ∧ λ(y) ∈ Γ ∪ {`})
∨ (λ(x) = ` ∧ λ(y) = a) ∨ (λ(x) = a ∧ λ(y) ∈ Γ ∪ {`})

) (b)

∧y1 ⊆ λ⊥ × λ` ∧ y2 ⊆ λa × λΓ (c)
∧ ∀X,Y

[
(ϕΓa(X) ∧ Y = X ∩ (λ⊥ ∪ λ`))→ bij1(Y )

]
(d)

∧ ∀X,Y
[
(ϕ`⊥(X) ∧ Y = X ∩ (λa ∪ λΓ))→ bij2(Y )

]
(e)

∧y3 = ∅ ∧ y4 = ∅ ∧ . . . ∧ ys = ∅ (f)

Recall that bij1 and bij2 are the formulas from Lemma . whereas ϕΓa and ϕ`⊥
are the ones from the Lemmas . and .. It suffices to consider nested words
N where UN = [n] for some n ∈ N and �N is the natural ordering over [n]. It can
be easily verified that NP |= ψ holds for every picture P . Now, let us prove the
direction from left to right. By row(N) we denote the number of a-labeled positions
from [n] who do not have a direct successor which is labeled by ` (i.e., either there
is no successor or the direct successor is labeled by a symbol from Λ \ {`}). More
formally, we define

row(N) = |{i ∈ λNa | i = n or (i+ 1 ≤ n and λN (i+ 1) 6= `)}| .

Let N be a nested word where UN = [n] for some n ∈ N and �N is the natural
ordering over [n]. Assume that N satisfies ψ. Because of line (a), we have
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λN (n) = a. Hence, row(N) ≥ 1. We show that there exists a picture P with
N = NP by induction over row(N).
Assume that row(N) = 1. Together with the lines (a) and (b), it follows that

λN (1)λN (2) . . . λN (n) is contained in (Γ{⊥})+({`}{a})+. Clearly, there exists an
even m ∈ [n − 1] such that λN (m) = ⊥ and λN (m + 1) = `. Let I1 = [m] and
I2 = [m+1, n]. By (d), we obtain that yN

1 is a bijection from I1∩λN⊥ to I2∩λN` .
Together with (c), we have n = 2m and

yN
1 = {(2, 2m− 1), (4, 2m− 3), . . . , (m,m+ 1)} .

From λNa × λNΓ ∩ ≤N = ∅ and line (c) it follows that yN
2 = ∅. Because of (f),

we have yN
s = ∅ for all 3 ≤ s ≤ s. That means that N is of the form shown in

Fig. . We have NP = N for the (1,m/2,Γ)-picture P with µP (1, c) = λN (2c− 1)

for all c ∈ [m/2].
Let k ≥ 1. As our induction hypothesis, assume that there is a (row(N ′),m,Γ)-

picture P with N ′ = NP and m = n/4row(N ′) for every nested word N ′ with n

positions, 1 ≤ row(N) ≤ k, and N |= ψ. For the induction step, suppose that
row(N) = k + 1. From (a) and (b), it follows that λN (1)λN (2) . . . λN (n) is
contained in ((Γ{⊥})+({`}{a})+)row(N). Let n′ ∈ [n] be the largest position with
λN (n′) = a and λN (n′ + 1) ∈ Γ. Note that such an n′ exists since row(N) > 1.
Furthermore, letN ′ be the nested word obtained when restrictingN to the positions
from [n′]. It can be easily checked that row(N ′) = k and N ′ |= ψ. By induction,
there exists a (k,m,Γ)-picture P ′ with NP ′ = N ′ and m = n/4k. Due to our choice
of n′, we have λN (n′ + 1)λN (n′ + 2) . . . λN (n) ∈ (Γ{⊥})+({`}{a})+. Hence, there
exists i ∈ [n′ + 1, n] such that λN (i) = ⊥ and λN (i + 1) = `. Let I1 = [n′ + 1, i],
I2 = [i + 1, n], and J = [n′ − 2m + 1, n′] (i.e., J represents the last interval of `’s
and a’s in N ′). From (e), we obtain that yN

2 ∩ (J ∪ I1)2 is a bijection from
J ∩ λNa to I1 ∩ λNΓ and |I1| = |J | = 2m, respectively. Analogously, from (d), it
follows that yN

1 ∩ (I1 ∪ I2)2 is a bijection from I1 ∩ λN⊥ to I2 ∩ λN` . Therefore, we
have |I2| = 2m. Consider the (k + 1,m,Γ)-picture P with

µP (r, c) =

µP
′
(r, c) if r ∈ [k]

λN ((r − 1) · 4m+ 2c− 1) if r = k + 1

for all (r, c) ∈ UP . It holds that NP = N . �

. reduction

Let TL be an MΠn( Γ)-definable temporal logic. Similar to Sect. ., we poly-
nomially reduce the satisfiability problem SAT-TL-PIC to SAT-TL-SW-NW and
SAT-TL-SCOPE-NW, respectively. Firstly, we show that there is an “equivalent”
MΠn(

Λ
)-modality definition for every MΠn( Γ)-modality definition.

Lemma .. From a modality definition ϕ(X1, . . . , Xn, x) ∈ MΠn( Γ), one can
compute a modality definition ϕ@ ∈ MΠn(

Λ
) such that the following holds for all

(k,m,Γ)-pictures P , (r, c) ∈ UP , and I1, . . . , In ⊆ UP :

P, I1, . . . , In, (r, c) |= ϕ ⇐⇒ NP , I
′
1, . . . , I

′
n, (r, 2c− 1) |= ϕ@

where I ′i = {(r, 2c− 1) | (r, c) ∈ Ii} for all i ∈ [n].

Proof. A cell (r, c) from P corresponds to the position (r, 2c−1) from NP . For cells
(r1, c1), (r2, c2) ∈ UP , we have (r1, c1) Sv (r2, c2) if and only if there exist positions
(i1, jj), (i2, j2), (i3, j3) ∈ UP such that

(r1, 2c1 − 1) lNP (i1, j1) yNP
1 (i2, j2) lNP (i3, j3) yNP

2 (r2, 2c2 − 1) .



. reduction 

In contrast, we have (r1, c1) Sh (r2, c2) if and only if there exists (i, j) ∈ UP such
that (r1, 2c1 − 1) lNP (i, j) lNP (r2, 2c2 − 1). Furthermore, the cells from P are
precisely the positions from λNP

Γ = UNP \ (λNP

⊥ ∪ λNP

` ∪ λNP

a ). With this in mind,
it can be easily seen that the following definition of ϕ@ is sound.
Let ϕ be an MΠn( Γ)-formula. Then ϕ@ is inductively defined as follows:

ϕ@ =



λa(x) if ϕ = µa(x) = a

∃y1, y2, y3 [x→ y1 ∧ y1 y1 y2 ∧ y2 → y3 ∧ y3 y2 z] if ϕ = Sv(x, z)

∃y [x→ y ∧ y → z] if ϕ = Sh(x, z)

x = y if ϕ = (x = y)

X(x) if ϕ = X(x)

¬ψ@ if ϕ = ¬ψ

ψ@
1 ∨ ψ@

2 if ϕ = ψ1 ∨ ψ2

∃X ψ@ if ϕ = ∃X ψ

∃x [λ(x) ∈ Γ ∧ ψ@] if ϕ = ∃xψ

It can be easily checked that ϕ@ is an MΠn(
Λ

)-formula. �

Now let n ≥ 1 and let TL = (B, ar, defi) be some MΠn( Γ)-definable temporal logic
expressing properties of pictures. Then we define an MΠn(

Λ
)-definable temporal

logic TL@ = (B@, ar@, defi@) over nested words where

– B@ = B ] {PICTURE, SUCC,GAMMA,∧,¬},

– ar@ � B = ar,

– ar@(PICTURE) = ar@(GAMMA) = 0, ar@(SUCC) = ar@(¬) = 1, ar@(∧) = 2,

– defi@(MOD) =
(
ϕ@ ∧ λ(x) ∈ Γ

)
for MOD ∈ B with defi(MOD) = ϕ(X,x),

– defi@(¬) and defi@(∧) are the modalities from Examples .,

– defi@(SUCC) = ∃y (xly∧X1(y)) (intuitively, SUCCF expresses that F holds
at the immediate successor of the current position w.r.t. l),

– defi@(GAMMA) = (λ(x) ∈ Γ) (ensures that the current position is labeled by
a symbol from Γ), and

– defi@(PICTURE) = picture where picture is the sentence from Prop. ..

Every formula of TL is also a formula of TL@. Vice versa, this is not the case since
TL@ additionally contains the modalities PICTURE, SUCC, GAMMA, ∧, and ¬. If
TL is MΠn( Γ)-definable, then TL@ is MΠn(

Λ
)-definable.

Lemma .. If TL is an MSO( Γ)-definable temporal logic, F is a formula from
TL, and P is a picture, then P, (1, 1) |=TL F if and only if NP ,minNP |=TL@ F .

Proof. Let TL = (B, ar, defi). First of all, we show that the following holds:

FNP ,TL@

= {(r, 2c− 1) | (r, c) ∈ FP,TL} ()

Let F = MOD(F1, . . . , Fn) with MOD ∈ B, ar(MOD) = n, and F1, . . . , Fn ∈ TL. By
induction, we have FNP ,TL@

i = {(r, 2c− 1) | (r, c) ∈ FP,TL
i }. If (r, c) ∈ FP,TL, then,

by definition, we have P, FP,TL
1 , . . . , FP,TL

n , (r, c) |= defi(MOD). From Lemma .,
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we obtain NP , F
NP ,TL@

1 , . . . , FNP ,TL@

n , (r, 2c−1) |= defi@(MOD). Therefore, we have
(r, 2c− 1) ∈ FNP ,TL@

.
For the converse direction, let (i, j) ∈ FNP ,TL@

. Due to λNP (i, j) ∈ Γ (cf. the
definitions of defi@(MOD) and λNP ), there is (r, c) ∈ UP such that (r, 2c−1) = (i, j).
Hence, we have

NP , F
NP ,TL@

1 , . . . , FNP ,TL@

n , (r, 2c− 1) |= defi@(MOD) .

By Lemma ., we obtain P, FP,TL
1 , . . . , FP,TL

n , (r, c) |= defi(MOD) and, therefore,
(r, c) ∈ FP,TL. Hence, () holds.

Finally, let F be an arbitrary formula from TL and P be a picture. From (),
we obtain

P, (1, 1) |=TL F ⇐⇒ (1, 1) ∈ FP,TL

⇐⇒ (1, 1) ∈ FNP ,TL@

⇐⇒ NP ,minNP |=TL@ F . �

Now, we are able to prove the main theorem of this section:

Theorem .. Let n ≥ 1. There is an MΣn(
Γ
)-definable temporal logic TL

such that the satisfiability problems SAT-TL-SW-NW and SAT-TL-SCOPE-NW are
n-EXPSPACE-hard.

Proof. Firstly, consider the formula WIDTH given by( ∧
0≤j<m

SUCC (. . . SUCC (︸ ︷︷ ︸
2j times

GAMMA) . . .)

)
∧ SUCC (. . . SUCC (︸ ︷︷ ︸

2m times

¬GAMMA) . . .) .

Let P be a picture. We have NP ,minNP |=TL@ WIDTH if and only if the first m
odd positions of NP are labeled by a symbol from Γ and the (2m+ 1)-th position
is not labeled by a symbol from Γ. Hence, the formula WIDTH ensures that P is
an m-column picture.
By Theorem ., there exists an MΠn( Γ)-definable temporal logic TL whose

satisfiability problem SAT-TL-PIC is n-EXPSPACE-hard. Let F ∈ TL and m ≥ 1.
If there exists an m-column picture P with P, (1, 1) |=TL F , then it follows from
Lemma . that NP ,minNP |=TL@ F . By the above observation, we also have
NP ,minNP |=TL@ WIDTH. Finally, NP ,minNP |=TL@ PICTURE holds by Prop. ..
Hence, NP ,minNP |=TL@ G where

G = PICTURE ∧ F ∧WIDTH .

By Lemma ., NP is a max(4m− 5, 0)-scope nested word contained in 3m-BS.
For the converse direction, suppose there is an max(4m−5, 0)-scope nested word

from 3m-BS such that N,minN |=TL@ G. Because of N,minN |=TL@ PICTURE and
Prop. ., there is a picture P such that N = NP . Due to NP ,minN |=TL@ WIDTH,
P is an m-column picture. Together with Lemma . and NP ,minN |=TL@ F , it
follows that P, (1, 1) |=TL F .
Hence, F is satisfiable by some m-column picture if and only if G is satisfiable

by some max(4m − 5, 0)-scope nested word from 3m-BS. The formulas WIDTH
and, therefore, G can be constructed in polynomial time. Hence, we polynomially
reduced SAT-TL-PIC to SAT-TL@-SW-NW resp. SAT-TL@-SCOPE-NW. The claim
follows from Remark .. �

A temporal formula F from TL is not satisfiable if and only if all nested words
satisfy ¬F . One can easily construct a s-stack automaton accepting the set of all
nested words in polynomial time. Hence, the next result follows from Theorem .:



. reduction 

⊥ ⊥ ⊥ ` a ` a ` a ⊥ ⊥ ⊥ ` a ` a ` a

Figure : If P is a picture, then NP can be seen as an interleaving of “combs”. Here, the
latter are highlighted by dashed rectangles. The endpoints of the edges from
the nesting relations can then be considered as the teeth of these combs.

Theorem .. Let n ≥ 1. There is an MΣn(
Γ
)-definable temporal logic TL

such that the model checking problems MC-TL-SW-NW and MC-TL-SCOPE-NW are
n-EXPSPACE-hard.

If P is an (k,m,Γ)-picture, the nested word NP is composed of several “combs” (see
Fig. ). More precisely, the number of combs is linear in k and the number of
“teeth” (endpoints of edges from the nesting relations) of each comb is linear in m
(cf. Fig. ). In Lemma ., we show that NP is a b1-scope bounded nested word
from b2-BS where b1 and b2 are linear in m. Whereas it can be easily seen that the
number of phases of NP is linear in k and cannot be bounded in terms of m. Hence,
the encoding NP is not suitable to prove a lower bound on SAT-TL-PHASE-NW. In
the case of phase-bounded nested words, we therefore choose an encoding N ′P where
we write the columns (instead of the rows) of P one after the other. In contrast to
NP , the nested word N ′P consists of O(m) many combs and the amount of teeth of
each comb is linear in k. One can show that N ′P is a (2m − 1)-phase nested word
from (2m+ 2)-BS. However, the scope of N ′P is linear in the number of rows k and
cannot be bounded in terms of m. Using the encoding N ′P and arguments similar
to the ones above, one can then show the following:

Theorem .. Let n ≥ 1. There is an MΣn(
Γ
)-definable temporal logic TL such

that SAT-TL-PHASE-NW and MC-TL-PHASE-NW are n-EXPSPACE-hard.





SUMMARY & FUTURE WORK

All in all, our findings regarding message-passing programs and multi-stack systems
together with the results by Gastin and Kuske concerning Mazurkiewicz traces
[GK, GK] suggest that the following is almost a general law of nature: the
complexity of automatically verifying concurrent systems primarily depends on the
elaborateness of the temporal logic (measured by the number of quantifier alterna-
tions occurring in the modality definitions) and the chosen behavioral restriction,
whereas the impact of the sizes of the temporal formula and the system model are
less important.

In the rest of this section, we give a brief overview on our contributions and
raise open questions left for future work. Note that we only concentrate on model
checking problems because the lower and upper bounds apply to the corresponding
satisfiability problems verbatim.

concurrent message-passing systems

There is no generally accepted agreement on a canonical temporal logic for express-
ing properties of MSCs. Therefore, it seems natural to consider the framework of
MSO-definable temporal logics which captures almost all temporal logics (yet to
be) defined for concurrent systems. The results we obtained in this setting are
stated in Table . Concerning the lower bound, we deliver an easy-to-understand
and modular proof: we first prove lower bounds on satisfiability problems in the
setting of pictures and then give suitable reductions. In the case of MC-TL-MSC,
we managed to provide matching upper and lower bounds. In particular, we ben-
efit from a new translation of temporal formulas into equivalent MSO formulas
with a small number of quantifier alternations. With respect to the uniform model
checking problem UNI-MC-BMΣn-MSC, we especially exploit that spheres within
existentially bounded MSCs grow only polynomially in the sphere radius. This
rather unapparent fact saves us one exponent.
Regarding future work, it is very appealing to close the gap between the lower

and upper bounds on the uniform satisfiability problem UNI-MC-BMΣn-MSC. Un-
fortunately, numerous attempts by the author on tightening it were unsuccessful.
In general, it seems also worth to consider an extended framework of MSO-definable
temporal logics which also supports navigational logics like CRPDL coming with
path expressions. This would then be in the spirit of [ABGZ, ABGZ].

UNI-MC-BMΣn-MSC MC-TL-MSC

(Def. .) (Def. .)

lower bound
(n+ 1)-EXPSPACE n-EXPSPACE

(Theorem .) (Theorem .)

upper bound
(n+ 4)-EXPSPACE n-EXPSPACE

(Theorem .) (Theorem .)

Table : Complexity of model checking BoolMΣn( p)-definable temporal logics





 lower bounds

Concerning the model checking problem of CRPDL and CFMs, we state in The-
orem . that MC-CRPDL-MSC (Def. .) is PSPACE-complete. For this, we
introduce a new and intuitive automaton model called MSC automata which are
multi-way alternating automata walking on the process and message edges of an
MSC. Together with a new concept for the concatenation of alternating automata,
this allows a natural inductive translation of formulas into equivalent automata
independent from any channel bound. Of course, one can directly construct Büchi
automata from CRPDL formulas. However, by the modularity of our approach, we
identify independent parts of the proof. Hence, it can be easily adapted to other
restrictions than existentially bounded channels. Finally, since PDL is a syntactic
fragment of CRPDL, we generalize the model checking result from [BKM].
It is an interesting open question whether the bounded model checking problem

of CFMs and CRPDL enriched with the intersection operator [HKT, BKM]
is still in PSPACE. It also needs to be investigated whether PDL is strictly less
expressive than CRPDL and whether CRPDL and global MSCAs are expressively
equivalent. Furthermore, we would like to know more about the expressive power of
CRPDL and global MSCAs in general, especially in comparison with the existential
fragment of monadic second-order logic (EMSO).

In Chapter , we state upper bounds on the class of tractable temporal log-
ics. Here, tractability is a new notion similar to PSPACE-effectiveness (as defined
in [GK]) and means that one can construct an equivalent Büchi automata for
all modalities in space logarithmic in the channel bound and polynomial in the
number of processes. The model checking problem MC-TL-MSC+ (Def. .) of ev-
ery tractable temporal logic TL can be solved in exponential space (Theorem .).
Whereas it can be decided in polynomial space if one fixes the number of processes
(Corollary .). We establish the tractability for various concrete modalities usu-
ally used in the context of concurrent systems (like the strict universal until or the
modalities of Thiagarajan’s logic TrPTL). For this, we introduce the new notion
of CFM-effectiveness. If one can give CFM-effective definitions for the modalities
of some temporal logic TL, then the tractability of TL immediately follows. In
fact, from the notion of CFM-effectiveness, we obtain a framework allowing to eas-
ily demonstrate the tractability of many modalities. However, as it is the case in
Sect. ., there are modalities for which one has to prove their tractability directly.

Concerning the model checking of concurrent message-passing systems in general,
one can also explore the complexity of alternative channel types like stacks and
multisets [BL] and lossy channel systems [AJ, FS, BL, Sch, BBS].
Furthermore, one should check whether our techniques also play out well in the
setting of systems with an unbounded number of processes [LMM] as well as
parameterized systems [BGS, Bol]. Last but not least, it would be worthwhile
to consider the model checking of timed systems because of its growing importance
[ABG, ABG].

concurrent recursive systems

As for message-passing systems, there is no generally accepted agreement on a
canonical temporal logic for expressing properties of nested words. Hence, we
again consider the framework of MSO-definable temporal logics. The results we
obtained with respect to concurrent recursive systems are summarized in Table .
Concerning the lower bound, we polynomially reduce the satisfiability problem of
temporal logics expressing properties of pictures to the model checking problems
from Table . For this, we introduce a new approach to represent pictures as
phase-bounded, scope-bounded and split-width-bounded nested words. Regarding



. reduction 

MC-TL-PHASE-NW MC-TL-SW-NW MC-TL-SCOPE-NW

(Def. .) (Def. .) (Def. .)

lower n-EXPSPACE n-EXPSPACE n-EXPSPACE

bound (Theorem .) (Theorem .) (Theorem .)

upper (n+ 2)-EXPTIME (n+ 1)-EXPTIME (n+ 1)-EXPTIME

bound (Theorem .) (Theorem .) (Theorem .)

Table : Complexity of model checking BoolMΣn(
Γ
)-definable temporal logics

the upper bounds, we transform nested words into trees and benefit from a new
translation of temporal formulas into equivalent MSO formulas with a small num-
ber of quantifier alternations. In the case of phase-bounded nested words, the key
ingredient of our decision procedure is a small tree automaton recovering the direct
sucessor relation of the nested word. Concerning split-width- and scope-bounded
nested words, we give an alternative definition of the nested words from b-BS. Re-
call that b-BS is the set of nested words which can be obtained from atomic nested
words using the shuffle and merge operations in such a way that every intermediate
nested word has at most b components. This allows us to construct small tree
automata for all (negated) atomic formulas. In particular, we show that all model
checking problems can be solved in space exponential in F and at most exponential
in the size of the model. Hence, the main difficulty of the problems is caused by
the input parameter referring to the restriction.
Due to lack of time, we do not deal with the uniform model checking problem for

concurrent recursive systems where the temporal logic is part of the input. It is also
because we do not know how to avoid the triply exponential blowup resulting from
Theorem .. Recall that, at least when trying to reuse our technique, the latter is
needed to translate a temporal formula into an equivalent MSO formula with a small
number of quantifier alternations. In the context of message-passing systems, we
were at least able to save one exponent by showing that spheres within existentially
bounded MSCs grow only polynomially in the sphere radius. Unfortunately, already
singly nested words can exhibit exponentially large spheres.

Again, for time reasons, we do not investigate the complexity of model checking
concrete modalities and PDL, respectively, in the setting of concurrent recursive sys-
tems. However, there already have been results obtained in this field: It was shown
in [ABKSa, LN] for very specific temporal logics (cf. Example .) that model
checking bounded-scope multi-stack systems is in EXPTIME. In [Ais, AGKb],
PDL with converse is considered in the setting of split-width-bounded nested words.
It is shown that the corresponding model checking problem is complete for expo-
nential time. The same upper bound is then inferred for an LTL-like temporal logic
where the temporal operators are augmented with path expressions. Furthermore,
[ABGZ, ABGZ] consider temporal logics whose modalities are MSO-definable
and which also support navigation by path expressions similar to the ones of PDL.
It is shown that the corresponding model checking problem is complete for expo-
nential time with respect to phase-bounded nested words. The number of phases
has to be fixed though. Hence, one should investigate the impact on the complexity
when adding the number of phases as an input parameter.

The consideration of ordered nested words [BCCCR] is left for future work.
However, we believe that the corresponding bounded model checking problem can
be solved in at most (n+ 2)-fold exponential time. Unfortunately, in terms of the



 lower bounds

lower bound, our proof idea cannot be easily transferred to the setting of ordered
nested words.
It should also be investigated whether the more permissive definition of bounded

scope given in [LN] admits a theorem similar to Theorem .. Furthermore, we
strive to extend our investigations to infinite nested words, (infinite) nested traces
and (infinite) nested trees, respectively. Finally, we would like to find out whether
our techniques can also be used in the setting of weighted nested words [BGM].

There are efforts to marry both worlds, concurrent message-passing systems
and concurrent recursive systems. In [LMPa, MP, HLMS, BR], it is
shown that natural restrictions, partly based on the notion of bounded phases,
allow for decidable reachability and model checking problems (against MSO prop-
erties). Also the notion of split-width has been extended to such systems: in
[Ais, AGKa, AGKb], decision procedures for the model checking problem of
an extension of linear time logic, variants of propositional dynamic logic, and the
full MSO logic were presented. Still it is actually very unclear how to define canon-
ical temporal operators such as an until in the setting of recursive message-passing
systems. Therefore, our generic approach may serve here as a starting point as well.
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