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Abstract. During the flow of evolution, animals have developed specific 
sensory systems for the interaction with their environment. One example are 
tactile hairs – so called sinus hairs or vibrissae – on the body surfaces of 
mammals. These sinus hairs provide inspiration for technical development, 
since the variability of the biological sensors is due to mechanical structure. 
The aim of our research is to provide a technical, non-visual characterization of 
substrate contacts based on the biological model of carpal sinus hairs of rats. 
Rats live in a tactile world, they have poor visual acuity and lack binocular 
fusion, making their tactile senses crucial in very different occasions, regarding 
orientation, locomotion, grasping and more. Carpal sinus hairs may be found at 
the distal end of the lower arm near the carpal bones in arboreal mammals as 
well as in mammals with high grasping abilities. 

In this contribution, we present methods and first results from motion studies 
with living rats are introduced, which shall help to clarify the functionality and 
role of carpal sinus hairs in the detection of substrate disturbances, which 
investigate the influence of mystacial and carpal sinus hairs on different 
walking parameters, analyses of geometrical, structural and mechanical 
properties of carpal sinus hairs and the transfer of these into mechanical 
models, and at last a macroscopic model of a sinus hair. 

Mathematico-mechanical models at various levels of abstraction (rigid body 
models, continuum mechanics), based on experiments (movement studies, 
biomechanical measurements), and analyses of the results serve as an 
augmentation in basic research as well as a foundation for biomimetic (more 
exactly: bionic) transfer. 

Index Terms – sinus hair · vibrissae · carpal · tactile sensor · substrate contact · non-visual · 
statics and dynamics · applied mechanics 
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1. INTRODUCTION

Vibrissae or sinus hairs are known from, e.g., rats, cats, seals or hamsters. These animals use 
different habitats, are competent climbers or swimmers, or possess high grasping skills. 
Olfactory and visual senses help to coordinate positional control of the locomotion during the 
above mentioned activities, but this may not be sufficient, if animals hunt in dark environment 
[13, 14, 16, 39, 43]. The senses of touch are very important abilities not only implying social 
factors, but grasping activities and determination of surface conditions as well as establishing 
a role in body stabilization. Within the stem lineage of Theria a reorganization of limbs and 
vertebrae took place which resulted in a high dynamic stability during locomotion on 
discontinuous substrate [10]. To support such a balanced motion of the trunk, special sensors 
were added. One of these sensors are the sinus hairs, which have a high sensibility for surface 
contact and might assist the limbs during a stabilized walking over different substrates [12, 
17, 40]. 

For object determination and texture discrimination, mammals especially use mystacial 
vibrissae as high-acuity sensors. During a typical foveal whisking, animals thrust their 
mystacial vibrissae forward to sweep against and over an object ahead of them. Rats, for 
example, can differentiate rough and smooth surfaces with a groove depth of 30 μm [8]. The 
ability of mammals to make these high-acuity distinctions prompts that the vibrissa system is 
made for acquisition of information with high-frequency. The vibrissa, namely, a thin, long, 
pliable hair attached underneath the skin in a follicle-sinus complex, has no receptors along its 
length [9]. Therefore, all the tactile signals at the tip of the vibrissa must be transmitted 
mechanically to sensory receptors inside the follicle-sinus complex (Fig. 1). According to 
HARTMANN et al. [20] and NEIMARK et al. [30] mechanical resonance properties of vibrissae 
could facilitate detection, and bandpass filter properties may enhance texture discrimination. 
The vibration of vibrissae with emphasis on prediction of natural resonant frequencies was 
investigated theoretically by YAN et al. [46]. 

Fig. 1: Schematic drawing of a vibrissa sweeping past a rough surface 
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2. CATEGORIZATION OF HAIRS 

 
All mammals except humans reveal three different types of hairs, so called vellus hair, guard 
hairs and sinus hairs [43]. Human skin lacks sinus hairs. In mammalian hairy skin all sinus 
and guard hairs, and many vellus hairs, are tactile organs. They reveal differences in 
innervation amount and types of mechanoreceptors [11], [18]. In this section, hairs shall be 
differentiated regarding their innervation and sensory features to gain insight on their sensory 
capabilities (Fig. 2).  
 

 
Fig. 2: Classifiction of specialized tactile hairs of mammals regarding innervation and other sensory features  

 
Least innervated are vellus hairs (lanugo or pelage hair). They mostly possess only some free 
nerve endings (nociceptors). Just larger vellus hairs feature free and lanceolate nerve endings 
(velocity receptors). Merkel nerve endings (pressure receptors) at vellus hairs appear only in 
some few body regions. Other nerve endings are very uncommon. Guard hairs (tylotrich hair 
or contour hair) in comparison feature more nerve endings. They have more free nerve 
endings, up to 20 Merkel cell nerve endings and lanceolate nerve endings each, and pilo-
Ruffini corpuscles (tension receptors) at each hair follicle [18].  
 
Sinus hairs are a special characteristic of Theria [27, 29, 32, 34, 35]. These sensors own a 
follicle-sinus-complex, which surrounds the normal root of the hair: the hair follicle is almost 
completely embedded in a blood sinus and in large follicles equipped with more than 2.000 
sensory nerve endings [11, 19]. The types of nerve endings and receptors are comparable to 
that of guard hairs, although their number is way bigger. Instead of 20 Merkel nerve endings 
they have some 500 to 2.000. Additionally, lamellated corpuscels of Pacini type (acceleration 
detectors) can be found in each follicle [18]. Furthermore, sensory nerve endings show a 
constant topographic pattern [19, 37]. 
 
Vibrissae (Latin, singular vibrissa) are sinus hairs, which move in a rhythmic pattern. Recent 
studies have even shown that rats actively change the patterns of their mystacial vibrissae 
according to different boundary conditions [2]. The common term ‘whiskers’ has to be used 
with special attention. Colloquially ‘whiskers’ means a summarization of mystacial sinus 
hairs of all mammals, independent of their rhythmic moving ability. ‘Whisking’ is a rhythmic 
movement of the sinus hairs. For this reason, whiskers can be interpreted as a subgroup of 
vibrissae, which are specially located (Fig. 2), or as a direct subgroup of sinus hairs parallel to 
vibrissae.  
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3. AIMS OF THE STUDY PRESENTED 

 
The main focuses of the overall investigation are: 
 

• clarification of the role of carpal sinus hairs on the detection of substrate disturbances,  
• analysis of geometrical, structural and mechanical properties of carpal sinus hairs 

from Rattus norvegicus by microscopy (light microscopy, SEM), µCT and via 
force/displacement measurements,  

• modeling and computer-based simulation carpal sinus hairs, based on models with 
different degree of abstraction (multi-body systems with low degree of freedom to 
continuum models) and dynamics. 
 

For these purposes, a better understanding of the mechanical behaviour of sinusoidal hairs as 
well has to include aspects concerning mystacial as well as carpal sinus hairs: 
  

• simulation of the contact process of the sinus hairs using analytical and numerical 
methods as well as  

• development, implementation and simulation of control algorithms for the 
reproduction of the sensual capacity in sinus hairs sensory systems. 

 
In the current study, methods and results are introduced, which shall help to clarify the 
functionality and role of carpal sinus hairs. Therefore, motion studies with living rats, which 
examine the influence of mystacial and carpal sinus hairs on different walking parameters as 
well as analyses of geometrical, structural and mechanical properties of carpal sinus hairs, are 
performed. Integrating these results with information available from literature, the process of 
foveal whisking based on the mechanical model of the vibrissa as an EULER-BERNOULLI beam 
is investigated theoretically. Conditions of parametric resonance are obtained, when the 
vibrissa performs oscillations, whose amplitude progressively increases.  
 

4. CARPAL SINUS HAIRS 
 
Sinus hairs can be found on different body parts and are named after their position [26, 41].  
 

 
Fig. 3:  Triple of carpal vibrissae (arrows) at a forelimb of Rattus norvegicus 

 right – schematic illustration with positional relations and numbering 
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Carpal sinus hairs can be found at the distal end of the lower arm close to the carpal bones in 
arboreal species as well as in species with a high grasping ability [3, 29, 41], e.g., Galidia 
elegans, Herpestes ichneumon, Martes martes, Mustela nivalis, Cricetus cricetus, Meriones 
persicus, Ondatra zibethicus, Sigmodon hispidus, Xerus inauris. While the knowledge about 
carpal sinus hairs in comparison to especially mystacial sinus hairs is very limited, this study 
deals with carpal sinus hairs of Rattus norvegicus. Carpal sinus hairs of rats appear in a 
number of about three (Fig. 3). 

 
4.1 Follicle-Sinus-Complex 
 
General Structure 
 
In general, the follicle-sinus-complex of carpal sinus hairs is comparable to that of mystacial 
sinus hairs. They possess a follicle-sinus-complex with a cavernous and a ring sinus, 
sebaceous glands, relative thick septum around the follicle and collagenous capsule as well as 
a high innervation with different types of mechanoreceptors [11, 25]. But FUNDIN et al. [11] 
have shown differences in type and number of mechanoreceptors between mystacial and 
carpal sinus hairs. 
 
Furthermore, observations often show the existence of two hairs in one follicle, which are 
separated through own cellular rings. We assume that it is a matter of coexistence of an old 
and a renewable hair. 
 
Innervation 
 
A comparative study of FUNDIN et al. [11] between differently located sinus hairs reports 
differences in innervation as well as in number and types of mechanoreceptors between carpal 
and mystacial sinus hairs [36, 38]. Functional differences between sinus hairs in different 
locations seem obvious. Among the types investigated carpal sinus hairs show the most 
pronounced deviations from the typical follicle-sinus-pattern of innervation. The innervation 
of the inner conical body (ICB) is relatively sparse in comparison to mystacial follicle-sinus-
complexes. No circumferentially oriented nerve endings are connected to the ICB. Further-
more, a large section of the carpal ICB innervation ascends from the deep vibrissal nerve, 
which is rarely seen in other follicle-sinus-complexes. 
 
Carpal sinus hairs feature relatively few ring-sinus Merkel endings, which are diffusely 
distributed. They lack reticular and irregular lanceolate-like endings in the cavernous sinus 
and have extremely few lanceolate endings in comparison to other sinus hairs. Instead they 
show a unique set of corpuscular endings (afferents that terminated in bulb-like swellings) in 
the ICB, ring sinus and cavernous sinus, which are placed distant from the glassy membrane. 
Fundin et al. assume that they are corpuscular endings with multiple lamellae (in comparison 
to ANDRES [1]), but no replacement for reticular endings. Some carpal sinus hairs were 
examined that are innervated by cervical dorsal root ganglion cells. These did not contain any 
lanceolate endings. 
 
With the sparse Merkel innervation, it has to be assumed that carpal sinus hair are less precise 
regarding directional sensitivity than other sinus hairs. Merkel endings are purported to have a 
high directional sensitivity [15].  
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Musculature 
 
Own histological observations show that strong muscles are connected with the capsule of 
carpal sinus hairs in the lower third. This suits studies made by FUNDIN et al. [11] who found 
a sling-like piloerector muscle affiliated to the follicle-sinus-complex. This muscle is attached 
to the skin at the side where the sinus hair shaft forms an acute angle with the skin. With this 
muscle, follicle-sinus-complex and hair can be levered to a more perpendicular or opposite 
position. 
 
Carpal sinus hairs have not been observed so far to be moved in a rhythmic pattern or to 
change strategy in vibrissal active sensing like mystacial sinus hairs [2]. Lacking this 
information at present, it has to be assumed that carpal sinus hairs cannot be moved 
rhythmically to support sensing function. So they might play a role model for passive, but not 
for actively moved sensor systems. 
 
4.2 Hair 
 
After different studies on length, diameter, weight, Young’s modules and other mechanical 
parameters regarding mystacial sinus hairs [6, 7, 33, 44], some of our current studies collect 
comparable data for carpal sinus hairs. Due to the smaller size of carpal sinus hairs, methods 
used for mystacial sinus hairs have to be adapted or new approaches have to be found. 
Differences or similarities between carpal and mystacial sinus hairs might point on crucial 
parameters for sensor functionality and biological role. 
 
For all carpal sinus hairs, examinations are based on 20 female and 20 male rats to ensure a 
statistical relevant amount of probes. Statistical data later on will be used as parameters for 
mechanical models (see chapter 5) and macroscopic demonstrators (see chapter 6). 
 
Geometric Parameters 
 
Analyses of geometric parameters of carpal sinus hair are based on macrophotography (length 
and curvature) and light microscopy (diameter). For macrophotography a Canon® 60D with a 
Canon® 100 mm 1:2.8L IS USM lens was used, allowing to take a picture of a complete sinus 
hair, and to preserve natural curvature of the hair. With this setup, a spatial resolution of 
4,3 µm can be achieved at a magnification of 1:1. Light microscopy is done with an 
Olympus® BX 51 system microscope with a magnification of 20 x (Fig. 4) and 40 x (Fig. 5, 
right). Single pictures are stitched automatically using the data from the x-y-coordinate table. 
Stitching of microscopic pictures taken with a Canon®60D mounted to a Carl Zeiss® AxioStar 
Plus microscope without automated x-y-coordinate table failed due to too small changes in 
diameter of the sinus hair along the length. 
 

 
Fig. 4:  Stitched overview of a carpal sinus hair taken with an Olympus® BX 51 system microscope at a 

magnification of 20 x 
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Preliminary tests indicate that length and diameter of carpal sinus hairs are smaller than that 
of mystacial macro vibrissae [44]. Lengthes shorter than 10 mm and basal diameters (cp.  
Fig. 5) less than 60 µm have to be expected for carpal sinus hairs. Still methodical problems 
like determination of basal end/beginning of the follicle have to be solved (Fig. 5, right). 
 

   
Fig. 5: left  – Schematic overview of a sinus hair with relevant relations of position. 

right  – Detail of the root section of a carpal sinus hair with manually selected basal end of the hair.  
    Picture is taken with an Olympus® BX 51 system microscope at a magnification of 40 x 

 
Inner Structure 
 
To describe the inner structure of carpal sinus hairs by parameters like thickness of cuticula 
and cortex, existence and distribution of the medulla as well as chemical compounding, 
different methods are tested (Fig. 6, 7). Scanning electron microscopy (SEM) was performed 
at iba® (Institute for Bioprocessing and Analytical Measurement Techniques, Bad 
Heiligenstadt) and at Friedrich-Schiller-Universität Jena (FSU). High-resolution µCT-scans 
were realized at Max Planck Institute for Evolutionary Anthropology (Leipzig). Laser 
scanning microscopy was done at FSU and Center of Micro- and Nanotechnologies (ZMN, 
Ilmenau). Energy dispersive x-ray microscopy (EDX) as well as forced ion beam microscopy 
(FIB) were done at ZMN. Fluorescence and polarization microscopy were done at laboratories 
of the Department of Biomechatronics (Ilmenau). 
 

 
Fig. 6:  left  – Fluorescence microscopic picture of the basal area of a mystacial sinus hair. Picture is taken  
     with a Carl Zeiss® AxioTech 100HD microscope at a magnification of 10 x. 

right  – Polarization microscopic picture of the middle section of a carpal sinus hair. Picture is taken  
    with a Carl Zeiss® AxioTech 100HD microscope.  
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Fig. 7: left  – SEM picture of the cuticular area of a carpal sinus hair at a magnification of 10.000 x.  

right  – EDX mapping of a sliced carpal sinus hair. Distribution of secondary electrons (SE, grey), 
     carbon (C, turquoise) and sulphur (S, red) 

 
Mechanical Parameters 
 
Mechanical parameters like Young’s modulus, bending stiffness, Eigen-frequency and 
damping are obtained by static and dynamic methods. Our aim is to map (especially scale) 
these properties of carpal sinus hairs by mechanical modeling to mystacial sinus hairs and to 
compare functionalities. 
 
Static measurements are done with the Basalt Must from Tetra GmbH (Ilmenau), with special 
regard on the influences of different types of fixation of the single hair (Fig. 8). Bending line 
and bending stiffness are recorded for different distances to the basal end of the sinus hair. 
Preliminary tests show a qualitatively similar bending behavior of the carpal sinus hairs in 
comparison to mystacial sinus hairs. Differentiation to other body hairs can be pointed out 
clearly.  

 
Fig. 8: Comparison of the influence of different fixations on the bending line of a mystacial sinus hair 
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Dynamic measurements are done in two ways: via a single deflection – different ways to 
deflect the sinus hair are examined – of a carpal sinus hair, and the analysis of the provoked 
free oscillation. Alternatively, we analyse forced oscillation with a shaker.  
 
Results of measurements on geometry, structure and mechanical parameters will be published 
in separate articles.  
 
4.3 Biological role 
 
FUNDIN et al. [11] assume that the effective stimuli of carpal sinus hairs might include 
behaviour such as eating and grasping, or perhaps might participate in detection of vibrations 
from the ground. Other hypotheses to the biological role of carpal sinus hairs concentrate on 
influences on locomotion and the kinematics of the segmental chain of legs. 
 
Mystacial vibrissae detect vertical obstacles and can measure the spatial body position [16, 
24]. To recognize obstacles and substrate composition is a very important skill to assure a 
stabilized body position during locomotion. Touchdown of the forelimbs occurs in a touching 
gap between the right and left mystacial vibrissae beneath the head. So another sensor has to 
measure discontinuities of the substrate where touchdown takes place. Carpal sinus hairs are 
mentioned to recognize irregular substrate and prevent the limbs from stepping into these. 
This has to be examined precisely to understand the biological role. Carpal sinus hairs exhibit 
a different length, position and a curved shape. The position of the forelimbs is an important 
factor for a stabilized locomotion. Carpal sinus hairs might detect intensities of horizontal 
disturbances and might lead to an adaption of the kinematic walking parameters. But how is 
that done? First studies suggest a temporal measurement during stance phase, while mystacial 
vibrissae react with a change of the excursion range [31]. This leads to the hypothesis of a 
coupling of sinus hair touch and walking sensors on the forelimbs. To test this hypothesis, 
mystacial vibrissae seem to compensate a loss of the carpal sensors. The swing phase, that is 
the critical period during limb motion, is characterized by a surface touching of the mystacial 
vibrissae and, shortly before touchdown, by the contact of the carpal sinus hairs to the 
substrate. The position during stem and stance phase of each forelimb seems to be controlled 
by both sinus hair groups. 
 
Other approaches try to examine if carpal sinus hairs can be used as sensors for substrate 
roughness or vibrations of the substrate. Therefore, the mechanical behavior of carpal sinus 
hairs is investigated during locomotion when they interact with different substrates. Due to 
the small size of carpal sinus hairs, this cannot be done during motion studies with living rats. 
Hence, these studies are done using a pedipulator, a mechanical gearing device which guides 
a dissected forelimb of a rat on a natural trajectory [21, 22]. 
 

5. MECHANICAL MODEL OF A VIBRISSA 
 
From the engineering point of view the passive vibrissa in the first approximation is an Euler-
Bernoulli beam. This model is applicable for understanding the basic principles of texture 
discrimination, see [42, 45]. We consider the vibrissa as a straight truncated conical beam (or 
a bending rod) of the length L initially fixed horizontally. The Cartesian coordinate system is 
placed such that the unperturbed axis of symmetry of the rod lies along the 𝑥 axis and the 
origin is at the left cross-section, see Fig. 9. We assume that the vibrissa is pinned in the 
follicle and cannot experience deflection at the base 𝑥 = 0. The vibrissa tip is pushed against 
an object, and so the end of the rod is also pinned at the right-hand support. The radius 𝑟(𝑥) 
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of the vibrissa’s circular cross-section evolves linearly along the axial direction: 𝑟(𝑥) = 𝑟𝑏 +
(𝑟𝑡 − 𝑟𝑏) 𝑥 𝐿⁄ , where 𝑟𝑏 and 𝑟𝑡 are respectively the radiuses at the base and the tip of the rod 
[30, 44].  

 
Fig. 9: Scheme of the mechanical model 

 
As the vibrissa sweeps past an uneven surface, the roughness profile exerts a time-varying 
force at the tip of the vibrissa, causing it to oscillate at specific frequencies, see Fig. 9. In our 
model we assume that the periodic axial force 𝑃�⃗ (𝑡) = −𝑃0 cos(𝜔0𝑡) 𝚤 is applied at the end of 
the rod 𝑥 = 𝐿, where 𝚤 is the unit vector of the 𝑥 axis, see Fig. 9. 
 
Consider small vibrations of the rod about its equilibrium configuration in the plane 𝑥0𝑦. The 
motion of the rod under the applied concentrated harmonic force 𝑃�⃗ (𝑡) is described with a 
single partial differential equation of fourth order. With regard to the shear and the bending 
moments and in the absence a force of viscous damping, the equation of motion has the 
following form 
 

𝓛(𝑣) = 𝑚0(𝑥)
𝜕2𝑣(𝑥, 𝑡)
𝜕𝑡2

+
𝜕2

𝜕𝑥2
�𝐸𝐼𝑧(𝑥)

𝜕2𝑣(𝑥, 𝑡)
𝜕𝑥2

� + 𝑃0 cos(𝜔0𝑡)
𝜕2𝑣(𝑥, 𝑡)
𝜕𝑥2

= 0,    (1) 

 
where 𝑣(𝑥, 𝑡) is the transverse displacement of the axis points of the rod, 𝑚0(𝑥) = 𝜋𝜌𝑟2(𝑥) 
is the mass per unit length, 𝜌 is the mass density of the rod, E is Young's modulus, which is 
assumed to be constant along of the rod. Although it was shown experimentally that Young's 
modulus is larger near the vibrissa tip than near the base [33]. The moment of inertia of the 
cross-section 𝐼𝑧(𝑥) is defined as 𝐼𝑧(𝑥) = 𝜋𝑟4(𝑥) 4⁄ . 
 
To solve Eq. 1 Galerkin's Method is used, that is a method for finding the approximate 
solution of a differential equation [23]. This powerful method allows to reduce a partial 
differential equation to an ordinary one. The basic idea of the method of Galerkin is the 
following. It is required to determine the solution of the equation 𝓛(𝑣) = 0, which satisfies 
boundary conditions. We shall seek an approximate solution of the equation in the form: 
 

𝑣�(𝑥, 𝑡) = �𝑐𝑖𝜑𝑖(𝑥)𝑓𝑖(𝑡)
𝑛

𝑖=1

, 

 
where 𝜑𝑖(𝑥), 𝑖 = 1, … , 𝑛, is a certain system of chosen basis functions satisfying the boundary 
conditions, and 𝑐𝑖 are undetermined coefficients. Consider the functions 𝜑𝑖(𝑥) to be linearly 
independent. In order that 𝑣�(𝑥, 𝑡) be the solution of the equation 𝓛(𝑣) = 0, it is necessary that 
𝓛(𝑣�) be identically equal to zero. This requirement is equivalent to the condition of the 
orthogonality of 𝓛(𝑣�) to all the functions of the system 𝜑𝑖(𝑥), 𝑖 = 1, … , 𝑛. Stating these 
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conditions, the linear system of 𝑛 equations for the determination of the coefficients 𝑐𝑖 
follows 
 

�𝓛��𝑐𝑖𝜑𝑖(𝑥)
𝑛

𝑖=1

𝑓𝑖(𝑡)�𝜑𝑖(𝑥)𝑑𝑥
𝐿

0

= 0,   𝑖 = 1, … ,𝑛. 

 
Thus, substituting 𝑐𝑖 in the expression for 𝑣�(𝑥, 𝑡), the required approximate solution can be 
obtained.   
In this paper, we assume a one-term approximation by Galerkin's Method of Eq. 1 in the form 
𝑣�(𝑥, 𝑡) = sin(𝜋𝑥 𝐿⁄ ) 𝑓(𝑡), which  satisfies the pinned-pinned boundary condition of the rod: 
 

𝑣(0, 𝑡) = 𝑣(𝐿, 𝑡) = 0,    
𝜕2𝑣(𝑥, 𝑡)
𝜕𝑥2

�
(0,𝑡)

=
𝜕2𝑣(𝑥, 𝑡)
𝜕𝑥2

�
(𝐿,𝑡)

= 0. 

 
Substituting this expression for 𝑣�(𝑥, 𝑡) in Eq. 1, we obtain an ordinary differential equation 
written in dimensionless form as 
 

 𝑑2𝑓(𝜏)
𝑑𝜏2

+ [1 − 𝜀 cos(𝛾𝜏)]𝑓(𝜏) = 0.                               (2)  

   
Here, dimensionless variables are introduces as follows: 
 

𝜀 =
2𝜋𝐿2

𝑎1𝐸𝑟𝑏4
𝑃0,   𝛾 = 𝜔0�

4𝑎0𝜌𝐿4

𝑎1𝐸𝑟𝑏2
,    𝜏 = 𝑡�

𝑎1𝐸𝑟𝑏2

4𝑎0𝜌𝐿4
,   𝛿 =

𝑟𝑡
𝑟𝑏

, 0 ≤ 𝛿 ≤ 1, 

𝑎0 =
1
6

(1 + 𝛿 + 𝛿2) −
1

4𝜋2
(1 − 𝛿)2 > 0, 

𝑎1 =
𝜋4

10
(1 + 𝛿 + 𝛿2 + 𝛿3 + 𝛿4) −

𝜋2

2
(1 − 𝛿)(1 − 𝛿3) +

3
4

(1 − 𝛿)4 > 0.  
 

Parameters 𝑎0 and 𝑎1 of the Eq. 2 depend only on the ratio of the radiuses at the base and the 
tip of the rod 𝛿 = 𝑟𝑡 𝑟𝑏⁄ .  
  
In particular, for the cylindrical rod with constant radius 𝑟𝑏, the moment of inertia of the 
cross-section is constant: 𝐼𝑧(𝑥) = 𝜋𝑟𝑏4(𝑥) 4⁄ . Hence, the approximate solution 𝑣�(𝑥, 𝑡) =
sin(𝜋𝑥 𝐿⁄ )𝑓(𝑡) is an exact one. In this case, Eq. 1 reduces to the same Eq. 2 with the 
parameters 𝑎0 = 1 2⁄ ,𝑎1 = 𝜋4 2⁄  as 𝛿 = 1.  
 
Eq. 2 is the second-order linear ordinary differential equation with periodic coefficient. The 
parameter 𝜀 depends on other biomechanical characteristics of the vibrissa and the amplitude 
of the applied force, and so it can be treated as a small parameter: 𝜀 ≪ 1. Eq. 2 is known as 
Mathieu equation. Oscillations of the rod described by this equation are called parametrically 
excited. When the amplitude of oscillation caused by the periodic modulation of the force at 
the end of the rod increases steadily, the phenomenon of parametric resonance takes place. In 
parametric resonance, the rod performs oscillations whose amplitude progressively increases. 
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Periodic solutions of the Eq. 2 correspond to specific values of the dimensionless parameters 
𝜀 and 𝛾. If we put 𝜀 = 0 in Eq. 2, then it describes a simple harmonic motion with 
dimensionless natural frequency 𝜔 = 1. It is shown that the parametric resonance takes place 
in the most intense way, when the value of the frequency 𝛾 is close to the doubled frequency 
of free vibrations of the rod [28]: 
 

2 −
𝜀
2

< 𝛾 < 2 +
𝜀
2

.                                                              (3) 
 
This range of parameters 𝜀 and 𝛾 is called the region of the principal parametric resonance. 
The width of this region is proportional to the parameter 𝜀. Parametric resonance can also take 
place at the frequency ranges close to the values of the form 2 𝑛⁄  for any natural number 𝑛. 
However, the width of these resonance regions gets narrow proportionally to the value 𝜀𝑛 as 𝑛 
increases.  
 
Thus, it is shown that the region of the principal parametric resonance depends on the 
biomechanical parameters of the vibrissa, such as the length, the radiuses at the base and the 
tip, the mass density and Young's modulus, see Eq. 3. For example, the arrangement by length 
of mystacial vibrissae on a mammal face may create a map of frequency sensitivity in the 
process of texture discrimination. 
 

6. EXPERIMENTAL SETUP OF TECHNICAL VIBRISSA 
 
To validate the results obtained by analytical investigations and numerical simulations, see 
[4, 5, 42, 45], an experimental setup is designed. The main idea of the experiment is to 
observe the interaction between an object and a technical vibrissa. That means that the 
reaction forces and moments should be measured for several object surface shapes and 
positions. The illustration of the experimental setup is presented in Fig. 10. Changing the real 
situation with an animal passing an object, we assume that the vibrissa with the measurement 
system stands still in the experiment, and the object is moved in a plane. Better dynamical and 
metrological conditions are the reason of this design principle. 
 

  
 

Fig. 10: Scheme of the experimental setup 
 
The analytical models allow to calculate the forces and moment in the support of the vibrissa 
[45]. Using these reactions it is possible to reconstruct the surface shape of a touched object. 
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That is why the main task of the experiment is the estimation of the mentioned reactions with 
a high accuracy.  
 
At first, the experimental setup consists of a technical vibrissa in macroscopic dimensions, 
that is the vibrissa is a steel beam with a length of about 300 mm. Even with the macroscopic 
model, the expected forces and moments are very small in sub-Newton and sub-Newton meter 
range, respectively. In the future investigations a miniaturization of the experimental setup is 
in the focus of the authors. 
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