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Mathematical Symbols

a, aj sphere radius of (jth) sphere
an Mie coefficient (electric) of scattered field
anm scattering coefficient (electric)
αe, αm electric and magnetic polarizability
A0νµnm, B0νµnm translation coefficients
Aνµnm, B

νµ
nm normalized translation coefficients

bn Mie coefficient (magnetic) of scattered field
bnm scattering coefficient (magnetic)
B magnetic induction
c speed of light (vacuum)
Cabs absorption cross section
Cext extinction cross section
Csca scattering cross section
D dielectric displacement
êr, êθ, êϕ unit vectors (spherical coordinates)
êx, êy, êz unit vectors (Cartesian coordinates)
E electric field
|E0| magnitude of incident electric field
Einc incident electric field
Eint internal electric field
Enm prefactor of field expansion
Esca scattered electric field
ε permittivity
ε0 vacuum permittivity
ε̂ generalized permittivity
h

(1)
n , h

(2)
n spherical Hankel function of first and second kind

H magnetic field
Hinc incident magnetic field
Hint internal magnetic field
Hsca scattered magnetic field
jcond conduction current density
jmacr macroscopic current density
jn spherical Bessel function
k wavevector
κ magneto-electric coupling
m magnetic dipole moment
µ permeability
µ0 vacuum permeability
Mnm vector spherical harmonic (magnetic)
MQ magnetic quadrupole moment
n number density
N number of orders for field expansion
Nnm vector spherical harmonic (electric)
η refractive index contrast



p electric dipole moment
P electric dipole density
pnm expansion coefficient (electric) of incident field
Pm
n associated Legendre function of first kind

Ψ
(J)
n one of the four spherical Bessel functions (depending on J)

qnm expansion coefficient (magnetic) of incident field
Q electric quadrupole moment
R reflection
σ conductivity
T transmission
τ transmittance
Wel electric interaction energy
x size parameter of a sphere
yn spherical Neumann function
Z impedance

Abbreviations
EF enhancement factor
IR infrared
FDTD finite-difference time-domain method
FEM finite element method
FWHM full width half maximum
LSPR localized surface plasmon polariton resonance
MM metamaterial
NP nanoparticle
PE polyelectrolyte
SEM scanning electron micrograph
SERS surface enhanced Raman spectroscopy
SRR split-ring resonator
TEM transition electron micrograph
UV ultraviolet
VSH vector spherical harmonic
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1 Introduction

Nichts ist getan,

wenn noch etwas zu tun übrig ist.

Carl Friedrich Gauss

How far can we push chemical self-assembly? This is one of the 25 biggest questions science
is facing over the next quarter century, as reported by the Science journal in 2005 [1]. There,
self-assembly is mentioned with the same priority as other big questions in physics such as
“What is the universe made of?” or “Can the laws of physics be unified?”. In essence it can
be said that the idea of self-assembly is to fabricate synthetic structures or materials from
the bottom-up. This principle is adopted from the way how structures are build by nature.
In nature, all plants and creatures consist of molecules which are self-assembled by weak
interactions into complex structures, such as, e.g., proteins. The idea is to understand these
chemical and biological self-assembly processes, make them controllable and finally to exploit
them to fabricate synthetic materials from the bottom-up. In principle, up to date a huge
class of distinct structures were successfully demonstrated to be fabricated by self-assembly
[2, 3].
One important scientific area that exerts the ideas of self-assembly arose from the fusion

of the fields of colloidal nanochemistry and nanooptics. There, the focus is on the fabrication
of bottom-up nanophotonic structures with a tailored optical response [4–8]. During the last
decade much progress has been made and self-assembled optical materials became accessible
for a wide variety of uses. Very interesting are self-assembled metamaterials (MMs) [9].
They promise to widen the possibilities on how to control the propagation of light to an
extraordinary degree [10, 11]. Manifold applications for MMs have been predicted and
already partially realized. Most notably, cloaking devices that hide objects from an external
observer [12–15] or optical imaging below the diffraction limit [16–18] found their way from
theoretical predictions to experimental realizations [19–27]. Apart from that, manifold MM
devices have been proposed such as perfect absorbers [28–34], MMs offering asymmetric
transmission [35–39], chiral MMs [40–43], a trapped rainbow [44] and zero-index MMs [45–
49], to mention just a few of the almost unlimited list. The study of MMs has therefore
become an important field within optical science and has grown tremendously during the
last decade.
Commonly, natural materials such as usual dielectrics and metals are characterized by
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structure sizes that are much smaller than the wavelength in the surrounding. According
to that, the spatial extension of the unit cells (the atoms or molecules) is only a fraction of
the wavelength. This enables a description of isotropic, homogenous natural materials by
a frequency-dependent permittivity ε(ω) and permeability µ(ω). Apart from natural ma-
terials a huge class of artificial structured materials exists today, like e.g. photonic crystals
[50]. They consist of unit cells made of structured natural materials. In contrast to natural
materials the spatial extension of the unit cells is in the range of the wavelength or even
larger. Thus, the description of light propagation in most artificial materials requires the
solution of the full set of Maxwell’s equations. The idea of MMs is the construction of ar-
tificial structured materials with optical properties inaccessible by natural materials and, in
addition, a suitable description of the light propagation by so-called effective material pa-
rameters. Therefore, in the simplest case, the MM should be described similarly to a natural
homogeneous isotropic material by a frequency-dependent effective permittivity εeff(ω) and
effective permeability µeff(ω). The precise geometry of the structured unit cell is replaced by
an effective material and the exact solution of Maxwell’s equations (taking the geometry of
the unit cell into account) is no longer needed. The possibility to describe MMs by effective
material parameters usually requires their structure sizes to be considerably smaller than
the wavelength of interest.
Although, various MMs exists for almost every frequency range, starting from radio fre-

quencies up the ultraviolet (UV) [11, 51], the focus of this thesis is on MMs in the optical
domain. To be precise, the optical domain is considered here to cover the spectral range
from the UV to the near infrared (IR), i.e. from 200 to 1500 nm. The unit cells of MMs,
also called meta-atoms, are commonly made of natural materials. Particularly, nanoparticles
(NPs) such as nanospheres or nanorods are the basic building blocks for meta-atoms made
by self-assembly.
A key feature to obtain a MM with extraordinary optical properties is a strong dispersion

in the effective permittivity and permeability for the requested wavelength domain. This is
only possible if resonances are sustained by the meta-atoms. Off-resonant meta-atoms will
only cause an optical response that is identical to a dilution of the natural material they
are made of. Depending on the utilized material to construct the meta-atom different types
of resonances are possible. The most common types are plasmonic resonances in metals
or dielectric resonances. Localized surface plasmon polariton resonances (LSPRs) can be
excited in metallic NPs [52]. There, the free electrons of the metallic NP are driven into
resonance by an external electromagnetic field. These LSPRs are very beneficial since their
resonance frequency depends only slightly on the size of the NPs. Hence, also tiny metallic
NPs down to approximately 5 nm offer pronounced resonances [53]. By relying on dielectric
materials to construct the meta-atoms the situation gets more complicated. The reason
is the strong dependency of dielectric resonances on the NP size. For a dielectric sphere,
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resonances are induced if the wavelength inside the sphere compares approximately to its
diameter [54]. Therefore, since the meta-atoms should be of sub-wavelength dimension high
index dielectric NPs are required. Of course there exist also other types of resonances in the
optical domain, such as excitonic resonances in semiconductors but they are rarely used for
MMs [55].
If the meta-atom only consists of a single resonant NP the optical response of the entire

MM remains limited. Therefore, the coupling of two or more of resonant NPs in one meta-
atom is desired. Strongly coupled NPs allow for the emergence of new types of resonances,
such as, e.g., asymmetric or Fano resonances [56]. Furthermore, the geometrical parameters
of the NP assembly allow to control the resonance properties such as strength, position, and
lifetime.
The focus of this thesis is on self-assembled MMs and the question on how far they can be

pushed to obtain artificial materials with an extraordinary optical response. The following
section briefly summarizes the possibilities to fabricate MMs by self-assembly techniques.
Most importantly, the common meta-atom geometries that can be achieved are summarized
as well as the ways on how they are spatially aligned. In the subsequent section the ad-
vantages and issues of self-assembled MMs are outlined. Finally, in the last section of the
introduction the major goals of this thesis are laid out.

1.1 Self-assembly fabrication of metamaterials

The pioneering work on self-assembled MMs was done by the fabrication of two strongly
coupled nanospheres (termed a dimer) by chemical self-assembly techniques. The groups of
Alivisatos et al. [57] and Brousseau et al. [58] used DNA and molecular linkers, respectively,
to bind the nanospheres to each other. After these first demonstrations of a fabrication of
meta-atoms by self-assembly more than one decade ago, the race was on to design more
sophisticated meta-atoms from the bottom-up [4–9].
With respect to the spatial alignment of the meta-atoms the quickly growing field of self-

assembled bottom-up MMs can be divided into two distinct groups. If the self-assembly
technique allows a deterministic alignment of a huge number of meta-atoms, the resulting
MM belongs to the first group, the long-range order group. It has to be said that not exclu-
sively periodic or quasi-periodic alignments of the meta-atoms are considered in this group.
As long as there exists any type of alignment between the meta-atoms, e.g. they are arranged
along chains, but these chains do not exhibit any specific symmetry, the self-assembled MM
belongs to the long-range order group. The second group, the short-range order group,
includes all MMs with an amorphous arrangement of the meta-atoms. Consequently, the
respective self-assembly process is only responsible to build up the single meta-atoms, i.e.
it works at the short-range scale. Hence, the spatial alignment of the meta-atoms is not
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controllable and therefore amorphous. The highly growing field of self-assembled MMs is
too large to give a comprehensive review of all self-assembly techniques. However, in the
following, an attempt will be made to introduce some of the primary techniques commonly
used and to classify them regarding both groups of spatial alignment.
Block-copolymer self-assembly is one prominent example of the long-range order group.

Different block-copolymers are covalently bound to each other [59–64]. The self-assembly
into different geometries is controlled (in the simplest case) by one geometrical parameter
such as the length of one polymer chain [60]. The doping of the resulting structure with
resonant NPs yields the MM. Using liquid crystals as the host medium for the NPs is
another example for the long-range order group [65–70]. The tunable anisotropy of the
liquid crystal can be exploited to control the resonances of the NPs. Apart from this, the
precisely chosen geometry of the NPs can be used to achieve a long-range order. Polyhedral
silver NPs were demonstrated to assemble into their densest packing or exotic lattices by a
sedimentation process [71, 72]. Surprisingly, even quasiperiodic structures were fabricated
by binary mixtures of NPs using an entropy-driven crystallization [73]. Another possibility
to achieve long-range alignment is the adaption of techniques that commonly work on the
short-range scale. The use of DNA to assemble the NPs is one important example thereof,
since it normally works on the short-range scale to connect two or more single NPs to
each other. However, by using hybridization interactions of DNA strands the assembly of
spherical NPs into periodic three-dimensional lattices was demonstrated [74]. A further
combination of DNA self-assembly with evaporation [75] or substrate pattering techniques
[76] yields long-range order MMs. Similar effects have been demonstrated for polymer ligands
(to assemble the single meta-atom) in combination with an entropy-driven drying mediated
process [77, 78]. Ultra-large scale arrays of NPs were fabricated by evaporating a solution
including the NPs [79]. In combination with additional substrate pattering more complex
geometries can be achieved [80] such as, e.g., stripes [81], cylinders [82] or rings [83] made
of densely packed NPs. This pre-structuring of the substrate is known as template assisted
self-assembly [84]. Plenty of the chemical self-assembly processes working at the short-range
can produce long-range order MMs by using well structured substrates. This procedure is
not restricted to an evaporation of a solution including the NPs (where the self-assembly on
the substrate is driven by capillary forces) even though it is the most common one [85, 86].
The substrates are commonly structured by top-down fabrication techniques. Thus, template
self-assembly is, in principle, a combination of top-down and bottom-up techniques. Another
example for such a combination is the self-assembly of single-crystalline gold flakes [87, 88].
These gold flakes can be subsequently structured to the desired meta-atom geometry by fast
ion-beam milling [89]. In Fig. 1.1 some MMs that are fabricated by self-assembly techniques
that offer long-range alignment are shown.
A very promising, simple, and robust way to fabricate short-range aligned MMs is the
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Figure 1.1: Long-range aligned self-assembled MMs. (A) Scanning force micrograph of TiO2

NPs that are self-assembled by block-copolymers [63]. (B) Scanning electron micrograph (SEM)
of self-assembled Ag truncated octahedra NPs into their densest packing by sedimentation [72].
(C) Transition electron micrograph (TEM) of a self-assembled dodecagonal quasicrystal made of a
binary mixture of Au and Fe2O3 NPs [73].

evaporation of a solution including the NPs. Commonly, in a preceding process step the
NPs are coated by a polymer to define their interparticle distance and therewith the optical
coupling strength [90]. The evaporation is usually performed on a substrate and yields two-
dimensional meta-atoms. Various geometries have been realized such as, e.g., trimer [91],
heptamer [86, 90] and quadrumer clusters [92]. Another widely used self-assembly technique
(working on the short-range) to fabricate the meta-atoms is to use DNA [93]. After pioneering
work [57, 94] more complex geometries have been achieved [95], such as, e.g., trimer [96] and
tetramer clusters [97], binary mixtures of NPs [98], dimers made of asymmetric NPs [99],
heteropentamer NP clusters [100], and chains of NPs [101]. All these meta-atoms are in
principle planar ones, i.e. two-dimensionally arranged on a substrate. However, even three-
dimensional meta-atoms can be fabricated by DNA as demonstrated in the case of Janus
particles [102]. More sophisticated techniques such as, e.g., DNA-guided crystallization
[103], DNA-scaffolds [104] or DNA-origami [105–108] yields three-dimensional meta-atoms
as well. Apart from DNA self-assembly, organic molecular linkers are a prominent technique
of the short-range alignment group. Various meta-atom geometries such as again dimers
and trimers [58], pyramidal structures [109] or larger aggregates of NPs were realized [110–
112]. Electrostatic forces to assemble charged NPs into a desired meta-atom serve as another
example of short-range alignment [113]. Manifold two- [114–117] or three-dimensional [118–
121] meta-atoms have been fabricated . The advantage of this technique is its applicability
to almost all chargeable NPs independently on most of the chemical and physical properties
of the NPs. The modification of the NPs surface by so-called surfactants is another way
to achieve short-range self-assembly [122, 123]. In combination with capillary forces [124]
controllable separations of NPs in the sub-nanometer regime have been reported [125]. A
more specialized short-range order technique is the directional solidification of eutectics. The
successful fabrication of split-ring resonator (SRR) like structures [126] and polaritonic MMs
for THz applications [127] have been demonstrated. Furthermore, short-range self-assembly
of meta-atoms has been realized by introducing defect states in liquid crystals [128]. In
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Fig. 1.2 some meta-atoms made by self-assembly techniques working on the short-range can
be seen.

100 nm 50 nm 20 nm 200 nm 

(A) (B) (C) (D) 

Figure 1.2: Short-range aligned self-assembled MMs. (A) SEM image of plasmonic core-shell
clusters made of Au NPs attached to a dielectric core by electrostatic forces [118]. (B) SEM image
of a self-assembled Au NP chain by DNA [101]. (C) TEM image of self-assembled Au NPs into a
pyramidal structure by DNA [104]. (D) TEM image of an Au heptamer cluster self-assembled by
evaporation [90].

Regarding both groups of self-assembled MMs the following remarks are in order. A
majority of MMs of the long-range group appear planar fashioned on a substrate. Only a
minor part of the self-assembly techniques that allow a control over the spatial alignment
of meta-atoms can fabricate three-dimensional MMs. Furthermore, most of the meta-atoms
of the long-range group consist solely of one single resonant NP. More sophisticated meta-
atoms are still hard to achieve with respect to a long-range alignment. Consequently, this
allows only for a very limited optical response of the entire MM. Just a few examples exists
for long-range MMs where the optical response differs from that of spatially diluted NPs.
For example artificial magnetism has been demonstrated for stripes made of NPs [81]. In
contrast, the short-range order group allows to fabricate sophisticated meta-atoms consisting
of a precise alignment of many NPs. This is possible either for two- as well as for three-
dimensional meta-atoms. Therewith, a complex optical responses of the meta-atoms can
be achieved, e.g., Fano [90, 92, 100] or magnetic dipole resonances [91, 100, 118]. However,
short-range self-assembly does not allow to control the meta-atom positions and hence their
alignment is amorphous. An overview about different self-assembly techniques categorized
with respect to the achieved alignment and dimension of the meta-atoms is given in Fig. 1.3.

1.2 Advantages and issues of self-assembled

metamaterials

From Figs. 1.1 to 1.3 it can already be seen that self-assembled bottom-up MMs differ
tremendously from the commonly investigated MMs made by top-down nanofabrication
techniques. A short comparison of both MM types is now given for the purpose of identifying
advantages and challenges of self-assembled MMs.
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Figure 1.3: Schematic diagram showing a representative set of self-assembly techniques. The
images of the fabricated structures are arranged with respect to the spatial alignment of the meta-
atoms on the x-axis and their dimension on the y-axis. On the bottom left (orange area) self-
assembly techniques are listed that yield short-range, two-dimensional meta-atoms: directional
solidification of eutectics [126], electrostatic forces [114], molecular linkers [109], evaporation of
solutions including the NPs [90], and DNA self-assembly [101]. The top left (yellow area) includes
self-assembly techniques that result in short-range but three-dimensional meta-atoms: electrostatic
forces [118] and molecular linkers [110] (they offer two- as well as three dimensional meta-atoms and
appear in both quadrants), DNA origami [108], DNA scaffolds [104], and DNA guided crystallization
[103]. On bottom right (green area) techniques that allow for two-dimensional long-range alignment
are shown: evaporation [86] and DNA [76] can be adapted to offer long range alignment by substrate
patterning (template self-assembly), block-copolymers [63], and liquid crystals [68]. The last one
also allows for fully three-dimensional long-range meta-atoms and therefore it appears on the top
left (pink area) as well [67] in one line with DNA strand hybridization [74] and sedimentation of
NPs by geometry [72].

Top-down MMs are usually fabricated by lithographic processes or direct writing resulting
in a sequential fabrication of meta-atoms. Commonly planar MMs are achieved by such
techniques [129]. The possibility to fabricate bulk MMs with an essential extension into the
third-dimension remains limited. Only a few approaches exist to fabricate three-dimensional
MMs, e.g., a stacking of different layers of the meta-atoms [130] or by direct laser writing [40].
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Furthermore, the sequential fabrication renders top-down approaches slow and expensive
compared to their bottom-up counterparts. A big advantage of self-assembly is that a huge
class of these techniques takes place already in solution and therefore it is straightforward
to fabricate three-dimensional MMs. Furthermore, self-assembly happens everywhere in
solution and no sequential fabrication of meta-atoms occurs. This allows the fabrication
of large volumes of bottom-up MMs to be incredibly fast and even cheaper compared to
top-down MMs. Another difference between top-down and bottom-up MMs is linked to
the feature sizes that can be controlled. The resolution limit of top-down techniques is
obviously limited, e.g. by the spot size of the writing process. Today, highly sophisticated
techniques, such as electron beam lithography using hydrogen silsesquioxane as a resist can
reach resolutions slightly less than 10 nm [131, 132]. However, up to date the international
technology roadmap for semiconductors predicts a possible fabrication of CMOS chips with
14 nm resolution in the next two years [133]. So it remains challenging to fabricate MMs
with small feature sizes by relying on top-down techniques. In contrast, for self-assembly
processes no such limit exists, i.e. the minimal distance that can be controlled is given by,
e.g., the length of a linker molecule. Typical separations down to one nm are reported
[114, 117] and even sub-nm separations have been achieved [125].
Apart from these obvious advantages of bottom-up fabrication a few more differences exist

compared to top-down techniques. In most cases, the meta-atoms of top-down MMs consist
of elongated metal wires like for a SRR. On the contrary, self-assembled meta-atoms are
almost all made of an alignment of resonant NPs. This difference in nature of the meta-
atoms has a pivotal impact. Most importantly, usual design strategies for top-down MMs
cannot be adapted for self-assembled MMs. Consequently, completely new designs have to
be developed for self-assembled MMs to achieve a desired optical response. A further impor-
tant difference between top-down and bottom-up MMs is the alignment of the meta-atoms.
Since in top-down fabrication techniques every meta-atom is sequentially fabricated, highly
periodic MMs can be achieved, i.e. the long-range order can be controlled at will. This allows
an exact description of these MMs by rigorously solving Maxwell’s equations on the base of
Bloch eigenmodes. In contrast, as has been previously discussed, almost all self-assembled
MMs with a non-trivial optical response exhibit an amorphous arrangement of meta-atoms.
Most importantly, the amorphous arrangement results in an isotropic response of the MM,
as it is well-known for natural amorphous materials, such as glass. However, amorphous
MMs require completely novel physical approaches to describe the light propagation in these
structures. Common concepts from periodic top-down MMs such as Bloch eigenmodes are
no longer applicable to describe amorphous MMs.
The possibility to fabricate bulk materials at large scale and of low cost renders the

investigation of self-assembled MMs as a very promising direction of research. Thus bottom-
up self-assembled MMs carry appealing promises but, in addition, important issues remain
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to be solved. The next section lays out the aim of the thesis which is to mitigate and solve
some of the challenges of self-assembled MMs in order to further improve this promising field
of MMs.

1.3 Aim and structure of the thesis

At the time when the work on this thesis started, only little was known concerning self-
assembled MMs and only a few basic ideas had been formulated that gave, however, rise to
many speculations. The field seemed to be very promising to solve some of the pertinent
problems associated with traditional top-down MMs [8]. However, the language to discuss
the optical properties of self-assembled MMs was not yet developed. Furthermore, the theo-
retical and numerical means to quantify their response (that is a prerequisite for a numerical
optimization) were not available and suggestions for the actual design of meta-atoms were
not yet given. To find answers to all these issues the focus of this thesis is on the investigation
and description of the optical response of amorphous self-assembled MMs.
As discussed previously, these are very promising structures that should allow to overcome

most of the limitations of conventional top-down MMs. The thesis is aimed of significantly
contributing and improving this rather new and quickly evolving scientific field.
The first goal is the introduction and development of a feasible theoretical description of

amorphous MMs. Most notably, with respect to experimental realizations, this should result
in new design rules to achieve a desired optical response allowing extraordinary applications.
To date, it is possible to fabricate highly sophisticated structures by chemical self-assembly.
However, in most of the cases the optical properties are not considered or the interpretation
of the observed effects is done on rather simplifying physical pictures. Therefore, the devel-
opment of a theoretical description of amorphous MMs is an important step to bridge the
gap between what is possible from the fabrication side and what is required from theory.
Once the theory is established the second goal in this thesis is on experimental realizations

of self-assembled MMs. The advantage and also the challenge of self-assembled MMs is the
involvement of two scientific disciplines, chemistry and physics. Therefore, apart from a
theoretical description of self-assembled MMs it is important to understand the requirements
and restrictions from the chemical side to develop new materials. This can be only achieved
in strong collaborations with partners from chemistry. The second goal of the thesis is to
propose, in strong collaborations with chemists, new designs for MMs that can be fabricated
later on by devoted self-assembly techniques. It should be stressed that for some presented
structures of this thesis the innovation was vice versa. In other words, chemists were already
able to fabricate very promising structures and it was on the theoretical side to describe the
optical properties of the resulting MM.
The content of this thesis has found its way into two book chapters, more than 15 publi-
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cations in peer-reviewed international journals, including one review article, and numerous
invited and contributed conference contributions. The following chapters of this thesis repro-
duce the most important findings of this work and put them in a general and comprehensive
context.
The thesis is structured as follows. The next chapter outlines the fundamentals of the

theoretical description of self-assembled MMs. Subsequently, in Chap. 3, design propos-
als and applications of planar self-assembled MMs, so-called meta-surfaces, are given and
Chap. 4 summarizes possible three-dimensional MMs. Finally, a conclusion summarizes the
major goals of the thesis and an outlook is given about open questions. Furthermore, this
last chapter shortly outlines further research directions, e.g. the interaction of self-assembled
meta-atoms with quantum-mechanical systems.
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2 Theoretical background

Wenn man die Probleme nur

mathematisch bewältigen will,

so darf man die paradoxesten

Annahmen machen.

Gustav Mie

This chapter of the thesis sets the stage for the theoretical and numerical description of the
interaction of light with amorphous MMs on the base of Maxwell’s equations. At the begin-
ning, in Sec. 2.1, the general electromagnetic scattering problem is introduced. Maxwell’s
equations are reduced to the Helmholtz equation and common methods are discussed how
to solve it. The subsequent Sec. 2.2 describes the solution of the Helmholtz equation for the
electromagnetic scattering of a single sphere. The formalism is well-known as Mie theory. In
Sec. 2.3 a very powerful tool to understand the interaction of light with single meta-atoms
is introduced. The so-called multipole analysis of meta-atoms is based on the eigenfunctions
known from Mie theory. After a formal introduction representative examples of meta-atoms
are discussed. It is shown that for a given incident field all excited Cartesian multipole
moments of a meta-atom can be revealed. This allows an association of resonances in the
far-field with excited multipole moments of the meta-atom. This multipole analysis is one
important step to describe the light propagation through amorphous MMs, as it is analyzed
in detail in Sec. 2.4. This section starts with a short discussion on effective material param-
eters and spatial dispersion. Afterwards, the multipole analysis of meta-atoms of Sec. 2.3
is exploited to obtain effective material parameters of an amorphous MM. This is achieved
by using effective medium theories. The benefit of this approach is revealed and a proof-
of-principle is given by an representative example. Finally, the special case of anisotropic
meta-atoms as well as the limitations of the presented formalism are discussed. The last
section of this chapter is on more technical grounds. In Sec. 2.5 the analytical solution of
Maxwell’s equations for a cluster of spheres is introduced. This is a very powerful tool since
most self-assembled MMs are made of spherical NPs, as discussed in Chap. 1. Therefore, the
meta-atoms of these MMs can be safely assumed as clusters of perfect spheres. This chapter
ends with a short section giving some concluding remarks.
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2.1 The electrodynamic scattering problem

Consider a situation as shown in Fig. 2.1. There, an incident electromagnetic field impinges
on an arbitrary particle, called the scatterer. The given incident field will be disturbed by
the particle resulting in a yet unknown scattered field and a field inside the particle, the
internal field. To obtain the entire electromagnetic field of such a scattering problem the
solution of Maxwell’s equations is required. In time domain they read as [52]

∇ ·D(r, t) = 0 , ∇ ·B(r, t) = 0 , (2.1)

∇× E(r, t) +
∂

∂t
B(r, t) = 0 , ∇×H(r, t)− ∂

∂t
D(r, t) = jmacr(r, t) , (2.2)

with the dielectric displacement D, the electric field E, the magnetic field H, the magnetic
induction B, and the macroscopic current density jmacr. No external charges appear as it is
usually considered in optics. Therefore, the macroscopic current density contains only the
conducting current density jcond and the convection part is zero.

Incident field 
(Einc, Hinc) Scattered field 

(Esca, Hsca) 

Internal field 
(Eint, Hint) 

Homogeneous 
medium 

Figure 2.1: Schematic of the general electromagnetic scattering problem. An incident field
(Einc,Hinc) impinging on a scatterer (shaded region) generates a scattered (Esca,Hsca) as well
as an internal field (Eint,Hint).

The scatterer is considered to be made of a local, isotropic, homogeneous and linear
material. The same holds for the surrounding. Although this sounds restrictive, it actually
is an adequate choice for all materials from which common optical MMs are fabricated,
such as metals (e.g. silver and gold) or dielectrics (glass, silicon, etc.). The general idea on
the solution of the scattering problem is the following. The scatterer and the surrounding
are subspaces that are homogeneous. In these subspaces Maxwell’s equations are solved by
an expansion of the fields into the eigenmodes of the homogeneous space. Afterwards, the
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boundary conditions at the boundary of the subspaces (in the present configuration this
is the surface of the scatterer) are taken into account to connect the expansions in both
subspaces.
In the following part the possibility to solve Maxwell’s equations on the base of eigen-

modes is discussed. We consider the constitutive relations of homogeneous, local, linear
and isotropic materials. They can be written as algebraic equations in frequency domain
(quantities labeled by a bar denote the frequency space) and read as

D(r, ω) = ε0ε(ω)E(r, ω) ,

B(r, ω) = µ0µ(ω)H(r, ω) ,

jcond(r, ω) = σ(ω)E(r, ω) , (2.3)

where ε, µ, and σ are the permittivity, permeability, and the conductivity of the material,
respectively. The free space permittivity and permeability are given in SI units as ε0 ≈
8.854 ·10−12 Fm−1 and µ0 = 4π ·10−7 Hm−1. The Fourier transformation transforms a vector
field from temporal domain A(r, t) to frequency space A(r, ω) in the following way

A(r, t) =

∫ ∞
−∞

A(r, ω) e−iωtdω ,

A(r, ω) =
1

2π

∫ ∞
−∞

A(r, t) eiωtdt . (2.4)

Therewith, in frequency domain (with the above defined constitutive relations) Maxwell’s
equations read as

∇ · E(r, ω) = 0 , ∇ ·H(r, ω) = 0 , (2.5)

∇× E(r, ω) = iωµ0µ(ω)H(r, ω) , ∇×H(r, ω) + iωε0ε(ω)E(r, ω) = σ(ω)E(r, ω) . (2.6)

By taking the curl of Eqs. 2.6 and considering the divergence equations (Eqs. 2.5) the
Helmholtz equation for the electric and magnetic field can be derived

∆E(r, ω) +
ω2

c2
ε̂(ω)µ(ω)E(r, ω) = 0 , ∆H(r, ω) +

ω2

c2
ε̂(ω)µ(ω)H(r, ω) = 0 , (2.7)

where c is the speed of light in vacuum and the following generalized permittivity ε̂ has been
introduced

ε̂(ω) = ε(ω) +
iσ(ω)

ε0ω
. (2.8)

Of course the Helmholtz equation can be solved by devoted numerical methods. However,
here a commonly used technique should be introduced that is convenient to provide a physical
insight into the scattering process. It is based on an expansion of the electromagnetic field
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into the eigenmodes of the Helmholtz equation. An analytical solution of this equation is
possible in eleven coordinate systems [134], such as, e.g., spherical or Cartesian coordinates.
These coordinate systems are known to allow a separation of coordinates for the Laplace
operator. The appropriate choice of the coordinate system (and therewith the resulting
eigenmodes) depends on the the geometrical shape of the scatterer. The expansion of the
electric and magnetic fields into a chosen set of eigenmodes Aj of the Helmholtz equation
reads as [135]

E(r, ω) =
∑
j

cj(ω)Aj(r, ω) , H(r, ω) =
∑
j

dj(ω)Aj(r, ω) , (2.9)

with the complex expansion coefficients cj and dj of the electric and magnetic field, respec-
tively. In Cartesian coordinates the eigenmodes are simply plane waves [52]

A
pw

j (r, ω) = exp [ikj(ω)r] . (2.10)

Inserting the field decomposition of Eq. 2.9 for plane waves as eigenmodes into the Helmholtz
equation (Eq. 2.7) yields the dispersion relation of these modes in a local, isotropic, homo-
geneous, linear medium

k2
j (ω) =

ω2

c2
ε̂(ω)µ(ω) . (2.11)

The dispersion relation links the material properties ε̂, µ to the characteristics that describe
the spatial evolution of the plane waves, i.e. the wavevector k. From now on, for the rest
of the thesis every quantity is given in frequency space, if nothing else is explicitly stated.
Therefore, we omit the frequency ω as explicit argument and quantities in frequency space
are no longer denoted by a bar. Furthermore, the generalized permittivity ε̂ is simply written
as ε.
It has been shown that Maxwell’s equations can be reduced to the Helmholtz equation

for linear, local, isotropic and homogeneous materials. The Helmholtz equation can be
solved in homogeneous space by an expansion of the fields into eigenmodes. Now, the
scattering problem as introduced in Fig. 2.1 should be solved. Therefore, the boundary
conditions between the homogeneous scatterer and the surrounding needs to be specified. In
a preliminary step the electric and magnetic fields are decomposed into three parts

E(r) = Einc(r) + Esca(r) + Eint(r) ,

H(r) = Hinc(r) + Hsca(r) + Hint(r) , (2.12)

which are the incident fields Einc,Hinc illuminating the scatterer and the scattered fields
Esca,Hsca defined in the surroundings as well as the internal fields Eint,Hint defined inside
the scatterer. They are connected to each other by the boundary conditions at the surface
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S of the scatterer [54]

[Einc(rS) + Esca(rS)]× n = Eint(rS)× n ,

[Hinc(rS) + Hsca(rS)]× n = Hint(rS)× n , (2.13)

with n being the vector normal to the surface S of the scatterer that is described by rS.
It is important to note that in three dimensions each boundary condition splits into two
independent equations of distinct field components [136]. For a sphere as a scatterer this
would be the θ and ϕ component in spherical coordinates. Furthermore, if the scattered
and the incident fields are known the internal field can be extracted from the boundary
conditions. Physically this means, as expected, that the internal field carries no additional
information and the solution of the scattering problem can be reduced to computing the
scattered field for a given illumination.
The solution of the scattering problem, as sketched in Fig. 2.1 is the following. The

incident and the scattered field are decomposed into a chosen set of eigenfunctions

Einc(r, ω) =
n∑
j=1

pj(ω)Aj(r, ω) , Esca(r, ω) =
n∑
j=1

aj(ω)Aj(r, ω) , (2.14)

with the expansion coefficients pi of the incident and ai of the scattered field, the latter
ones are termed scattering coefficients. Since the incident field is assumed to be known, its
expansion coefficients can be obtained by using orthogonality relations of the eigenmodes.
The scattering coefficients are computed by applying the boundary conditions at the surface
of the scatterer, as given by Eq. 2.13. The transformation between the coefficients of the
incident field to the scattering coefficients is described by the so-called T-matrix [137, 138].
It is a general concept in the context of the scattering problem. The T-matrix is defined as
follows 

a1

a2

...
an

 =


T11 T12 · · · T1n

T21 T22 · · · T2n

...
... . . . ...

Tn1 Tn2 · · · Tnn




p1

p2

...
pn

 . (2.15)

The T-matrix is a square matrix the order of which depends on the number n of modes
that haven been taken into account to describe the fields by eigenfunctions (cf. Eq. 2.14).
In general, n has to be sufficiently large to appropriately describe the electromagnetic field
everywhere in space. However, in practice only a finite number of eigenmodes is considered
reflecting the fact that the scatterer itself is finite as well.

To sum up, the scattering problem of Fig. 2.1 has been solved by the well-known concept
of eigenmodes. Therewith, the solution of Maxwell’s equations has been reduced to the
calculation of the elements of the T-matrix. Once they are known, the scattered field can be
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calculated everywhere in space for a given illumination. It is obvious that for an arbitrary
scatterer the calculation of the T-matrix is a highly complex task. The entries depend on the
material parameters, the shape of the scatterer, and also reflect the boundary conditions.
Analytical solutions are only known for highly symmetric scatterers such as e.g., spheres
[139], ellipsoids [140] or clusters of spheres [141, 142]. For any other geometry the T-matrix
entries have to be computed numerically [143–145]. In the next section the T-matrix is
introduced for the most important symmetric scatterer in the context of this thesis; a single
sphere.

2.2 Scattering by a single sphere

Consider the scatterer shown in Fig. 2.1 to be a perfect sphere with radius a made of a
homogeneous, local, linear, and isotropic material described by εsph(ω), µsph(ω) embedded
in a surrounding with ε(ω), µ(ω). This scattering problem is known as Mie scattering of a
single sphere [146, 147], or simply Mie theory. The Helmholtz equation (Eq. 2.7) is solved
by a separation of the Laplace operator in spherical coordinates (r, θ, ϕ). The resulting
eigenfunctions are the so-called vector spherical harmonics (VSHs) M and N. They are
defined as [54, 148]

M(J)
nm(r, θ, ϕ) = [iπnm(cos θ)êθ − τnm(cos θ)êϕ] Ψ(J)

n (kr)eimϕ ,

N(J)
nm(r, θ, ϕ) = n(n+ 1)Pm

n (cos θ)
Ψ

(J)
n (kr)

kr
eimϕêr

+ [τnm(cos θ)êθ + iπnm(cos θ)êϕ]
1

kr

d

dr

[
rΨ(J)

n (kr)
]
eimϕ , (2.16)

where êr, êθ, êϕ are the unit vectors in spherical coordinates. The function Ψ
(J)
n describing

the radial dependency of the VSHs refers to one kind of the four spherical Bessel functions:
J=1 to the spherical Bessel function jn, J=2 to the spherical Neumann function yn and
J=3, 4 to the spherical Hankel functions of the first and second kind h(1)

n , h
(2)
n , respectively.

The dependency on θ of the VSHs is described by the associated Legendre function of the
first kind Pm

n of degree n and order m and by the two functions τnm and πnm that are defined
as follows

τnm(cos θ) =
d

dθ
Pm
n (cos θ) ,

πnm(cos θ) =
m

sin θ
Pm
n (cos θ) . (2.17)



2 Theoretical background 19

The VSHs N,M of Eq. 2.16 allow an expansion of the incident and scattered electromagnetic
fields according to Eq. 2.14 [148, 149]

Einc(r, ω) = −
∞∑
n=1

n∑
m=−n

iEnm
[
pnm(ω)N(1)

nm(r, ω) + qnm(ω)M(1)
nm(r, ω)

]
,

Hinc(r, ω) = − 1

Z

∞∑
n=1

n∑
m=−n

Enm
[
qnm(ω)N(1)

nm(r, ω) + pnm(ω)M(1)
nm(r, ω)

]
,

Esca(r, ω) =
∞∑
n=1

n∑
m=−n

iEnm
[
anm(ω)N(3)

nm(r, ω) + bnm(ω)M(3)
nm(r, ω)

]
,

Hsca(r, ω) =
1

Z

∞∑
n=1

n∑
m=−n

Enm
[
bnm(ω)N(3)

nm(r, ω) + anm(ω)M(3)
nm(r, ω)

]
, (2.18)

with Z =
√
µ0µ/ε0ε being the impedance of the surrounding, pnm, qnm the expansion co-

efficients of the incident field and anm, bnm the scattering coefficients. The prefactor Enm
is chosen variably in literature. Here, the historical motivated definition from Ref. [54] is
applied

Enm = |E0| in(2n+ 1)
(n−m)!

(n+m)!
, (2.19)

where |E0| is the magnitude of the incident electric field. It is worth to mention that only two
of the four spherical Bessel functions of the VSHs are used to expand the fields; namely the
spherical Bessel function and the spherical Hankel function of the first kind. The spherical
Bessel function has no singularity at r = 0 and is used to expand the incident field. The
spherical Hankel function of first kind takes the form of an outgoing spherical wave for
kr → ∞ and the chosen time dependency of Eq. 2.4 [150]. Therefore, this function is used
to expand the scattered field in Eq. 2.18. Applying the boundary conditions (cf. Eq. 2.13)
at the surface of the sphere yields the connection between the expansion coefficients of the
incident field (pnm, qnm) and the scattering coefficients (anm, bnm)

anm = anpnm , bnm = bnqnm , (2.20)

where an, bn are the well-known Mie coefficients that are defined as [54, 146]

an =
µη2jn(ηx)[xjn(x)]′ − µsphjn(x)[ηxjn(ηx)]′

µη2jn(ηx)[xh
(1)
n (x)]′ − µsphh

(1)
n (x)[ηxjn(ηx)]′

,

bn =
µsphjn(ηx)[xjn(x)]′ − µjn(x)[ηxjn(ηx)]′

µsphjn(ηx)[xh
(1)
n (x)]′ − µh(1)

n (x)[ηxjn(ηx)]′
. (2.21)
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The prime in Eq. 2.21 indicates a differentiation with respect to the argument in parenthesis.
The Mie coefficients depend on two dimensionless parameters

x =
ω

c

√
ε(ω)µ(ω)a , η =

√
εsph(ω)µsph(ω)

ε(ω)µ(ω)
, (2.22)

that account for the radius of the sphere with respect to the wavelength in the surrounding
(termed the size parameter) and to the refractive index contrast between the sphere and
the surrounding. From Eq. 2.20 it is clear that the T-matrix takes a simple diagonal form
containing the Mie coefficients of a single sphere

a1m

a2m

...
anm

b1m

b2m

...
bnm


=



a1

0a2

. . .

an

b1

b2

. . .0
bn





p1m

p2m

...
pnm

q1m

q2m

...
qnm


. (2.23)

The T-matrix has to be diagonal since the used eigenfunctions N,M were obtained by
solving the Helmholtz equation in spherical coordinates. Nevertheless, the VSHs and the
application of the T-matrix concept are not restricted to spherical objects. Instead they can
be equally applied to scatterers of an arbitrary shape [143, 144]. However, in the general
case the T-matrix is no longer diagonal. The off-diagonal entries explain how a given VSH
of the illumination is scattered into different VSHs describing the scattered field.
The knowledge of the T-matrix and therefore of the scattering coefficients anm, bnm for

any given incident field (decomposed into its expansion coefficients pnm, qnm) allows for the
calculations of measurable quantities in the far-field. Namely these are the scattering cross
section Csca, the extinction cross section Cext, and the absorption cross section Cabs [149]

Csca =
4π

k2

∞∑
n=1

n∑
m=−n

n(n+ 1)(2n+ 1)
(n−m)!

(n+m)!

(
|anm|2 + |bnm|2

)
,

Cext =
4π

k2

∞∑
n=1

n∑
m=−n

n(n+ 1)(2n+ 1)
(n−m)!

(n+m)!
<(p∗nmanm + q∗nmbnm) ,

Cabs = Cext − Csca , (2.24)

where the superscript ∗ refers to a complex conjugation.
The following remarks are in order. The field expansions of Eq. 2.18 have to be truncated
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in numerical simulations at n = N depending on the size parameter x (cf. Eq. 2.22) of the
sphere. For a sphere the following truncation is usually considered to be valid [54]

N = x+ 4x1/3 + 2 . (2.25)

Furthermore, also the internal field of the sphere can be expanded into the VSHs analogous to
Eq. 2.18 [148, 149]. The unknown coefficients of this expansion can be related by two further
Mie coefficients to the expansion coefficients of the incident field. Anyhow, as discussed in the
previous section, the internal field carries no further information and it is of minor interest
for the field of MMs. Therefore, it is not explicitly discussed here.
The scattering of a single sphere appears to be a very special case. However, in the next

section it is shown, that on the base of the single sphere results the scattering problem of
a huge class of MMs can be accessed. Moreover, a formalism is developed that allows to
describe complex MMs by a few physical quantities that are beneficial to understand the
fundamental excitations in these MMs.

2.3 Multipole analysis of meta-atoms

In this section a formalism is introduced that allows the reliable description of the elec-
tromagnetic scattering by an arbitrarily shaped scatterer, or meta-atom, on the base of a
few dominating multipole moments. This allows for a deep physical insight into the excited
resonances of the meta-atom, as shown later. Thus, the meta-atom can be designed for a
desired response. Furthermore, it serves as a first step for a treatment of amorphous MMs by
effective medium theories. After the analytical description of the formalism a few examples
of meta-atoms are discussed and the advantage of the formalism is outlined.

2.3.1 Formal introduction

The formalism is based on the previously described scattering by a single sphere. The
expansion of the electrodynamic fields into the VSHs N,M of Eq. 2.18 is, except some
prefactors, identical to a multipole expansion in spherical coordinates [151]. The scattering
coefficients serve as the multipole moments. Please note, in this section a slightly different
formulation of the field expansion is used when compared to the historically established
one from Bohren and Huffman [54] of the last section. The only purpose is to derive more
symmetrical transformation rules when the Cartesian multipole moments are expressed in
terms of the spherical multipole moments, as will be shown later. The scattered electric field
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is expanded into the VSHs as follows

Esca(r, ω) =
∞∑
n=1

n∑
m=−n

k2Enm
[
anm(ω)N(3)

nm(r, ω) + ibnm(ω)M(3)
nm(r, ω)

]
, (2.26)

and the prefactor Enm is now defined as

Enm = (−1)m
|E0|
2
√
π

√
(2n+ 1)

(n−m)!

(n+m)!
. (2.27)

Consider the scattered electric field Esca of an arbitrary meta-atom to be known for a given
incident field. In general, the scattered field can be calculated by numerical techniques such
as, e.g., the finite-difference time-domain (FDTD) or the finite element method (FEM). The
field expansion of the scattered field into VSHs [cf. Eq. 2.26] can be applied for an arbi-
trary scattered field too. Of course, in such case the previously introduced Mie coefficients
(Eq. 2.21) do no longer connect the scattering coefficients to the expansion coefficients of
the incident field. Moreover, all entries of the T-matrix are potentially non-zero and the
T-matrix is no longer diagonal (as in Eq. 2.23) for an arbitrary scatterer. Nonetheless, or-
thogonality relations of the VSHs [54] can be exploited to calculate the scattering coefficients
from the known scattered field

anm =

∫ 2π

0

∫ π

0

Esca(r = a)N
(3)∗
nm (r = a) sin θdθdϕ

k2Enm

∫ 2π

0

∫ π

0

∣∣∣N(3)
nm(r = a)

∣∣∣2 sin θdθdϕ

,

bnm =

∫ 2π

0

∫ π

0

Esca(r = a)M
(3)∗
nm (r = a) sin θdθdϕ

ik2Enm

∫ 2π

0

∫ π

0

∣∣∣M(3)
nm(r = a)

∣∣∣2 sin θdθdϕ

. (2.28)

The overlap integrals of Eq. 2.28 are performed on a virtual sphere of radius a. For non
spherical meta-atoms the points of highest symmetry are chosen as the center of the virtual
sphere. The obtained scattering coefficients are independent on the radius a as long as
the virtual sphere fully encloses the scatterer. Since the scattered field was assumed to
be known, Eq. 2.28 yields the scattering coefficients for an arbitrary meta-atom, which are
the multipole moments in spherical coordinates. However, spherical multipole moments
are sometimes hard to interpret. Therefore, transformation rules into Cartesian multipole
moments are required that appear to be the natural choice to discuss the properties of most
of the meta-atoms. Transformation rules between the scattering coefficients of Eq. 2.28
and Cartesian multipole moments can be obtained by comparing the field expressions in
Cartesian coordinates (as given by Ref. [52]) and in spherical coordinates (Eq. 2.26) for the



2 Theoretical background 23

far-field (kr → ∞). For the Cartesian electric and magnetic dipole moments, p and m,
respectively, one obtains [151]

p =

 px

py

pz

 = C0

 (a11 − a1−1)

i (a11 + a1−1)

−
√

2a10

 , m = cC0

 (b11 − b1−1)

i (b11 + b1−1)

−
√

2b10

 , (2.29)

with C0 =
√

6πi
cZk

. The chosen prefactor of Eq. 2.27 avoids any m-dependent prefactors in
the above transformation rules. Furthermore, as might be expected, only the first order
scattering coefficients (n = 1 in Eq. 2.26) contribute to the Cartesian dipole moments. The
transformation rule for the electric quadrupole moment reads as [151]

Q =

 Qxx Qxy Qxz

Qyx Qyy Qyz

Qzx Qzy Qzz

 ,

= D0

 i (a22 + a2−2)− i
√

6
2
a20 (a2−2 − a22) i (a2−1 − a21)

(a2−2 − a22) −i (a22 + a2−2)− i
√

6
2
a20 (a2−1 + a21)

i (a2−1 − a21) (a2−1 + a21) i
√

6a20

 , (2.30)

with D0 = 6
√

30π
iZck2

. The transformation rules for the magnetic quadrupole moment MQ can
be obtained from Eq. 2.30 by replacing the scattering coefficients a2m by b2m and modifying
the prefactor D0. Of course, it is possible to provide these transformation rules for all higher
order Cartesian multipole moments (such as octupole moments). Anyhow, in the case of
meta-atoms considerations up to the quadrupole moments are sufficient in most cases [152],
as will be demonstrated later on. The overall procedure to obtain the Cartesian multipole
moments for an arbitrary meta-atom is summarized in Fig. 2.2.
Apart from the field distributions of the Cartesian multipole moments in Fig. 2.2 further

quantities are required to develop a physical understanding of the optical response of meta-
atoms. In experiments field distributions are hard to measure, but far-field quantities such
as the cross sections of Eq. 2.24 can be obtained by standard experimentally techniques.
The scattering cross section with the introduced prefactor of Eq. 2.27 reads as

Csca = k2

∞∑
n=1

n∑
m=−n

n(n+ 1)
(
|anm|2 + |bnm|2

)
. (2.31)

The contributions of the Cartesian multipole moments to the scattering cross section are
obtained by inserting the transformation rules of Eqs. 2.29 and 2.30 in an inverted sense into
Eq. 2.31. The contributions of the electric dipole moment Cp

sca, the magnetic dipole moment
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Figure 2.2: Conceptional sketch of the multipole analysis of meta-atoms. (A) The scattered electric
field of a selected meta-atom is simulated by a devoted numerical method. Here, a supramolecular
cluster of silver spheres (6 nm radii) embedded in a dielectric ε(ω) = 2.6 is chosen as the meta-atom
[112]; this meta-atom is discussed in detail in Sec. 4.1.1. It is illuminated by a plane wave as sketched
at 575 nm. The magnitude of Esca is plotted on a logarithmic scale. The illumination scenario and
the colorbar are maintained for (B)-(E). (B) Solely the scattered field outside a virtual sphere of
radius a enclosing the meta-atom is considered to obtain the scattering coefficients by Eq. 2.28. The
transformation rules of Eqs. 2.29 and 2.30 yield the Cartesian multipole moments. The contribution
of the electric dipole moment (C), the magnetic dipole moment (D), and the electric quadrupole
moment (E) to the total scattered field (B) is revealed.

Cm
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The entire scattering cross section is given by the sum of the different multipole contributions

Csca = Cp
sca + Cm

sca + CQ
sca + . . . . (2.33)
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2.3.2 Multipole moments of representative meta-atoms

The advantages of the multipole analysis as introduced is outlined in more detail in the
following. This is done by discussing the scattering properties and excited multipole moments
of some selected meta-atoms. It is shown that the formalism is useful to understand the
excited resonances in meta-atoms as well as to develop new design rules to improve them
further.

(A) (B) 

(C) (D) 

Figure 2.3: Cartesian multipole moments of meta-atoms as they contribute to the scattering cross
section Csca (cf. Eq. 2.32); p - electric dipole moment, m - magnetic dipole moment, Q - electric
quadrupole moment, MQ - magnetic quadrupole moment. (A) A silicon sphere (200 nm radius)
embedded in vacuum is illuminated by a plane wave as sketched. The illumination scenario is
maintained for (B)-(C). (B) Multipole moments of a single gold sphere (40 nm radius) embedded
in glass (ε = 2.25). In (C) and (D) two different illumination scenarios are shown for a dimer made
of two gold spheres (40 nm radius) separated by 5 nm that is embedded in glass.

Figure 2.3 presents the Cartesian multipole moments of meta-atoms made of spheres. All
moments are shown as they contribute to Csca (cf. Eq. 2.32), i.e. their sum yields the entire
scattering cross section. The multipole moments of a silicon sphere of Fig. 2.3 (A) offer
the typical resonances of a dielectric sphere with a large dielectric constant [in simulations
the permittivity of silicon is assumed as a real valued constant (εsph = 12) for the shown
wavelength domain] [153]. The first order resonance (excited at longest wavelengths) is
dominated by a magnetic dipole resonance [154, 155] that appears at around 1500 nm for a
200 nm radius silicon sphere. The next higher order resonance at 1100 nm is electric dipolar
and the third order resonance at around 1000 nm is magnetic quadrupolar. The analysis
of the Cartesian multipole moments allows the explanation of the complex scattering cross
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section. At a particular wavelength the precise contribution of each multipole moment to
the scattered field can be extracted. Of course, the observed features in Fig. 2.3 (A) are
the resonances of the Mie coefficients (cf. Eq. 2.21). Therefore, they are commonly termed
Mie resonances of high permittivity spheres. In a lowest order approximation the magnetic
dipole resonance (at 1500 nm) appears if the wavelength inside the sphere is identical to its
diameter [156]. So the resonance position can be tuned by the permittivity and the radius of
the sphere. Currently, these magnetic dipole resonances of high index spheres are attracting
a lot of interest to build up all-dielectric MMs that sustain artificial magnetism [154–171].
The second example in Fig. 2.3 (B) presents a single gold sphere (40 nm radius) embedded

in glass. These plasmonic spheres of sub-wavelength dimension are commonly used building
blocks of self-assembled meta-atoms. As can be seen in Fig. 2.3 (B) they possess resonance
features in the visible that can be fully described by an electric dipole resonance over the
entire spectra. This resonance is linked to a resonance of the Mie coefficient a1, as introduced
in Sec. 2.2. In the electrostatic approximation the size parameter x and the refractive index
contrast η can be assumed as x � 1, |η|x � 1. In this regime the Mie coefficient a1 of
Eq. 2.21 is much larger than all remaining ones and it can be approximated as [54]

a1 = −2ix3

3

η2 − 1

η2 + 2
. (2.34)

Inserting this result into the cross sections (cf. Eq. 2.24) yields

Csca =
8

3
πk4a6

∣∣∣∣ εsph − ε
εsph + 2ε

∣∣∣∣2 , Cabs = 4πka3=
{
εsph − ε
εsph + 2ε

}
. (2.35)

The following remarks are in order. First, the absorption cross section scales with the volume
of the sphere (a3) whereas the scattering cross section scales with the volume squared (a6).
Therefore, as long as the spheres are not too small, scattering dominates over absorption.
Second, both cross sections exhibit a term in the dominator that is resonant if εsph + 2ε =

0. This resonance condition can be fulfilled for real valued permittivities of the sphere
and the surrounding with opposite signs. For complex permittivities of the sphere or the
surroundings the resonance condition cannot be met perfectly. That causes a finite full width
half maximum (FWHM) of the cross sections that is connected to the imaginary part of the
permittivity. For a gold sphere in vacuum the resonance wavelength is around 500 nm and
it can shifted to longer wavelengths by changing the dielectric environment. In Fig. 2.3 (B)
the resonance wavelength is 590 nm for a gold sphere in glass. The observed resonance is
the LSPR as introduced in Chap. 1. The free electrons of the gold sphere are driven into
resonance by the incident field [172]. The important conclusion of Fig. 2.3 (B) is that the
electric dipole moment is fully sufficient to describe the scattering of a small metal sphere
in the visible domain.
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Therefore, the coupling between two of these spheres can be discussed on dipole-dipole
interaction models. A famous example is the hybridization model that is adapted from
molecular physics [173, 174] and will be discussed in detail in Chap. 3. It allows predicting
the resonance positions of two coupled spheres or other symmetric objects. In Fig. 2.3
(C) and (D) two examples of coupled spheres are shown. The so-called dimer structure is
illuminated perpendicularly to the connection line of the spheres [Fig. 2.3 (C)] and parallel to
it [Fig. 2.3 (D)]. The perpendicular illumination shows a shift of the maximal scattering cross
section to longer wavelengths compared to the single sphere LSPR of Fig. 2.3 (B). As for the
single sphere the scattering can be fully described by that of an electric dipole. The shift of
the resonance wavelength in Fig. 2.3 (C) is in line with the predictions of the hybridization
model. The only possible oscillation of the electric dipoles of the two spheres for the highly
symmetric illumination is shown by the black dashed arrows in Fig. 2.3 (C). Both dipoles
are oscillating in phase along the connection line of the spheres [175]. Considering dipole-
dipole interaction the resonance frequency for such a configuration of dipoles is shifted to
longer wavelengths compared to the single dipole resonance [173, 174]. Exactly this can
be observed in Fig. 2.3 (C). However, an additional resonance appears in Fig. 2.3 (C) at
around 550 nm. This so-called higher order resonance is not covered by simple dipole-dipole
interaction models. These resonances occur for small sphere separations. The higher order
resonances stem from the coupling of higher order multipole moments of the single spheres
[174, 176]. Although the origin of the resonance at 550 nm might be more complex the
scattering response of the entire dimer can be fully described by that of an electric dipole.
This conclusion shows one further advantage of the multipole analysis.
The last example shown in Fig. 2.3 (D) offers a more complex scenario. The illumination

of the two spheres parallel to the connection line allows the excitation of an out of phase
oscillation of both dipoles [as again sketched by the black dashed arrows in Fig. 2.3 (D)].
Regarding to the dipole-dipole interaction a π out of phase oscillation of both electric dipoles
should occur at slightly longer wavelengths compared to the LSPR wavelength [173, 174].
Obviously, such an out of phase oscillation should cause a magnetic dipole moment of the
entire dimer. The resonance of the magnetic dipole can be seen in Fig. 2.3 (D) at 610

nm. The broadband contribution of the electric dipole moment stems from the different
strength of the electric dipoles in both spheres. Therefore, even a π out of phase oscillation
yields a net electric dipole moment. The influence of this electric dipole moment can be
decreased by using spheres of different size, as shown in [177]. Furthermore, a significant
contribution of an electric quadrupole moment can be observed close to the magnetic dipole
resonance wavelength. This quadrupole contribution is usually neglected in dipole-dipole
interaction models. However, it is of major importance if effective material parameters
should be assigned to a MM made by these meta-atoms [178, 179], as will be discussed in
Sec. 2.4.1.
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(A) (B) 

Figure 2.4: (A) Cartesian multipole moments of a cut-plate pair as a function of the wavelength
for plane wave incidence as sketched. The cut-plate pair consists of two strongly coupled gold
plates (180 nm lateral dimension; 30 nm thickness) with an MgO layer in-between (identical lateral
dimensions; 45 nm thickness). (B) Multipole moments of a SSR under plane wave incidence. The
SRR is made of gold (300 nm arm and base length and 40 × 40 nm geometrical cross section).
The small insets of the SRR that contain black arrows indicate the current oscillation of the shown
resonances.

Aside from the meta-atoms made of spheres as shown in Fig. 2.3 two prominent examples
of meta-atoms commonly fabricated by top-down techniques are discussed in the following.
The multipole moments of a cut-plate pair [180] and a split-ring resonator (SRR) [151, 180]
are shown in Fig. 2.4. The cut-plate pair consists of two strongly coupled gold plates with
a dielectric spacer in-between. The excited multipole moments for plane wave illumination
perpendicular to the plates are shown in Fig. 2.4 (A). A broad electric dipole moment with
a resonance at 800 nm is observed. A further magnetic dipole resonance at 1180 nm can
be seen accompanied by a small contribution of a electric quadrupole moment. The overall
multipole analysis looks quite similar to that of the previously discussed dimer of Fig. 2.3 (D)
though the precise resonance positions and strengths are different. The reason for this similar
behavior of different meta-atoms is linked to the physical origin of the excited resonances.
For a single gold plate a LSPR is excited which scattered field can be fully described by
that of an electric dipole oscillation [181]. Therefore, the coupling of two gold plates, as
for the presented cut-plate pair, allows the same resonances as the dimer of gold spheres.
The observed magnetic resonance in Fig. 2.4 (A) can be explained by a π out of phase
oscillation of the electric dipoles in both gold plates [182]. Interestingly, the contribution of
the electric quadrupole moment at the magnetic dipole resonance is much less compared to
the gold sphere dimer. This is of enormous advantage if effective material parameters should
be assigned, as discussed in the next section.

The second example presented in Fig. 2.4 (B) shows the multipole moments of a gold
SRR [151, 180]. The SRR is illuminated by a plane wave propagating parallel to its base
and a polarization along the arms. The first order resonance at 2300 nm offers the expected
magnetic dipole contribution. There, currents in the SRR arms are excited that oscillate π

out of phase. This current distribution is shown by the black solid arrows in the SRR in
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Fig. 2.4 (B). However, due to conductive coupling an additional current is excited in the
SRR base (shown by the black dashed arrow in the SRR base). The base current causes a
resonant electric dipole moment pz at the magnetic dipole resonance. For a regular lattice
of SRR for the investigated illumination in Fig. 2.4 this dipole moment cannot be observed
since it radiates neither in forward nor in backward direction. However, the pz moment has
dramatic impact if the SRRs are rotated to each other in a lattice or if they are amorphously
arranged [126]. The additional multipole moment pz causes more complicated constitutive
relations, as will be discussed in Sec. 2.4. Furthermore, the pz moment had a great historical
influence to indirectly probe the magnetic resonance of SRRs under normal incidence (along
the y-direction) [183–186]. Under normal incidence the pz dipole moment can be excited that
causes a magnetic dipole moment my [151, 187]. In this situation the my dipole moment
cannot be probed in a regular lattice of SRRs. However, it has crucial impact on the coupling
of neighboring SRR in the lattice [187, 188].
The second resonance of the SRR of Fig. 2.4 (B) at 1200 nm offers a resonant electric

dipole moment px. There, the currents in both SRR arms are oscillating in phase. There-
fore, no additional current is excited in the SRR base and the pz dipole moment is small
at these wavelengths. The third order resonance at 900 nm has contributions of several
multipole moments. Especially, an electric quadrupole moment is observed that hampers
the description by simple effective material parameters at these wavelengths.
The multipole analysis can be used now to suggest novel designs for meta-atoms where

the unwanted electric dipole contribution pz at the magnetic dipole resonance is suppressed.
Consider another SRR that has its base on the opposite site of the arms. This SRR should
obtain the same electric multipole moment pz but π out of phase compared to the SRR of
Fig. 2.4 (B). The combination of two SRRs with opposite base position should, therefore,
totally suppress the contribution of the electric dipole moment pz [189, 190]. This can be
clearly seen by the two possible SRR orientations that fulfill this requirement as shown in
Fig. 2.5. In both cases the electric dipole moment pz could be totally suppressed at the
first order magnetic dipole resonance [180]. Furthermore, as expected, one observes a slight
shift of all resonance positions due to the coupling of both SRRs and a more complicated
multipole contribution at the second and third order resonance.
To sum up, in this section the multipole analysis of meta-atoms has been introduced. If the

scattered field of an arbitrarily shaped meta-atom is known, this field can be decomposed into
its Cartesian multipole moments. This is done by applying the VSHs from Mie theory and
by using transformation rules between spherical and Cartesian multipole moments. Several
examples of single meta-atoms have been discussed and the enormous advantage of the
introduced formalism was outlined. At every frequency all contributing multipole moments
can be identified. That allows an easy understanding of the complex response of meta-atoms
by a few physical quantities, i.e. by the multipole moments. Furthermore, the knowledge of
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(A) (B) 

Figure 2.5: Cartesian multipole moments of two SRRs with opposite base orientation under plane
wave incidence as sketched. The SRRs are separated by 40 nm to each other along the propagation
direction and the polarization of the incident magnetic field in (A) and (B), respectively.

the multipole moments can be exploited to design meta-atoms for a desired optical response,
as shortly outlined by the example of two coupled SRRs. In the next section the issue on how
to describe light propagation through amorphous MMs is discussed based on the multipole
analysis.

2.4 Light propagation in amorphous metamaterials

The general introduction of self-assembled MMs in Chap. 1 implies the following conclusion.
To date, all self-assembly techniques work on two different length scales. Therefore, they are
divided into two distinct groups. The first one, the so-called short-range group, allows only a
control of the self-assembly to build the individual meta-atom. The spatial alignment of the
meta-atoms cannot be controlled and is therefore amorphous. The second group, called long-
range group, allows for a control of the spatial alignment of the meta-atoms. Unfortunately,
until now most meta-atoms of this group consists solely of individual metallic NPs. This
is in contrast to the short-range order group where quite complex meta-atoms are achieved
consisting of many precisely arranged NPs.

Of course a single plasmonic NP as the meta-atom constitutes quite a restriction to the
achievable optical response since the scattered field of these NPs is dominated by electric
dipole radiation [cf. Fig. 2.3 (B)]. Therefore, a complex response of MMs build up by self-
assembly techniques only seems to be possible for the short-range group which yields amor-
phously arranged meta-atoms. This section describes a formalism on how light propagation
through these amorphous MMs can be properly described.

The problem concerning the description of light propagation in amorphous MMs is con-
ceptually sketched in Fig. 2.6 (A). There, a few amorphously arranged meta-atoms (that
shall form a slab) are illuminated by an incident field. The incident field causes a scattered
field from every meta-atom. The problem gets highly complex since every scattered field
illuminates all other meta-atoms, too. Therefore, the illumination field of a chosen meta-
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Figure 2.6: Different concepts on how light propagation in amorphous MMs can be described. In
(A) the incident field causes scattered fields of all amorphously arranged meta-atoms. All scattered
fields and the multiple scattering events between different meta-atoms are taken into account. The
idea is to simplify the description by replacing all meta-atoms by a slab made of an homogeneous
material (doted line). Then the remaining task is the assignment of effective material parameters
to this material, as shown in (B). These effective material parameters describe the reflection and
transmission of the incident field on the MM slab.

atom consists of the external incident field and, in addition, of the scattered fields from all
remaining meta-atoms. The self-consistent solution of this problem requires a consideration
of the precise position and orientation of every meta-atom that is illuminated by the incident
field. Since the meta-atoms are assumed to have sub-wavelength dimensions, a huge number
of them is usually illuminated. Furthermore, as mentioned previously, the meta-atoms are
supposed to have a complicated geometry not just consisting of a single NPs to assure the
desired optical response. Consequently, the correct description of light propagation through
amorphous MMs is a highly complex and challenging task with the computational resources
that are available today. Indeed, for reasonable sized material volumes this is not possible
at all. Therefore, the effective description of the light propagation in amorphous MMs is not
just scientific but rather a practical requirement to study optical effects in these materials.

2.4.1 Effective material parameters and spatial dispersion

The idea how to describe light propagation in amorphous MMs more effectively is shown in
Fig. 2.6 (B). Instead of a self-consistent solution of the scattering problem, as in Fig. 2.6
(A), the entire MM is assumed to act as a homogeneous material to which effective material
parameters can be assigned. This concept is identical to periodically arranged meta-atoms
that are commonly achieved by top-down fabrication techniques. The advantage of such a
periodicity, however, is the possibility to introduce periodic boundary conditions between
the meta-atoms. This reduces the complexity of the simulation, in principle, to a single
meta-atom. Furthermore, the Bloch theorem and the corresponding Bloch eigenmodes can
be used to describe and understand the light propagation in these periodic MMs [191–194].
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This allows a precise discussion if (and under which circumstances) the assumption of a MM
as a homogeneous material with effective material parameters is possible.
Here, in the case of amorphous MMs a different concept is established. One common form

of effective material parameters that can be introduced for a local MM is based on the so-
called bi-isotropic constitutive relations. The idea of locality is important. It suggests that
the electromagnetic field at a specific position induces a polarisation of the material solely
at this position. The local response is important to assure the applicability of the standard
boundary conditions (cf. Eq. 2.13). The bi-isotropic constitutive relations read as [195]

D(k, ω) = ε0ε(ω)E(k, ω) +
i

c
κ(ω)H(k, ω) ,

B(k, ω) = µ0µ(ω)H(k, ω)− i

c
κ(ω)E(k, ω) , (2.36)

where κ(ω) accounts for the magneto-electric coupling. In contrast to the previously intro-
duced constitutive relations (cf. Eq. 2.3), they are given in frequency and spatial frequency
domain. This highlights the fact that none of the material parameters depends on k which
means they are not spatially dispersive. Spatial dispersion is an unwanted property. If the
material parameters would depend on k this would cause a non-local response in the real
space. Obviously, additional boundary conditions are required for a non-local response [178].
These additional boundary conditions are controversially discussed [196] and therefore, spa-
tial dispersion should be suppressed. It has to be mentioned that the most general case of
constitutive relations that assure standard boundary conditions are bi-anisotropic constitu-
tive relations. Then, all material parameters in Eq. 2.36 become tensors. The case of an
anisotropic response is of minor interest when investigating amorphous MMs. An amorphous
spatial alignment of meta-atoms yields an isotropic response, as will be outlined later on in
Sec. 2.4.3. Therefore, solely the isotropic case is considered here. Now, the different mecha-
nisms that cause spatial dispersion are briefly discussed. They are important to appreciate
the advantage of bottom-up MMs when compared to top-down structures. General rules on
how the scattering response of a single meta-atom should look like are derived. Afterwards,
the assignment of effective material parameters to amorphous MMs is introduced.
Two basic mechanisms can cause spatial dispersion in a MM. The first one is related to

a perfect periodic alignment of the meta-atoms. This is typically achieved by top-down
fabrication techniques where meta-atoms are periodically arranged into single layers. Thus,
the entire MM forms a grating and its optical response is described by a few propagating
diffraction orders. Obviously this causes a strong dependency of the optical response on the
propagation direction of the light, which is spatial dispersion. Even for sub-wavelength grat-
ings that only sustain a zeroth diffraction order to be propagative, the periodic alignment is
problematic [197]. Here the near-fields between adjacent meta-atoms can resonantly couple
to each other which may cause in most of the cases a dependency of the material parameters
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on k. Since a huge number of self-assembled MMs result in amorphous structures, this amor-
phous arrangement constitutes enormous advantage concerning spatial dispersion. Spatial
dispersion due to periodically arranged meta-atoms is not observed for self-assembled MMs.
The second mechanism yielding spatial dispersion is related to higher order multipole

moments of the single meta-atom. It has been shown in literature that higher order spatial
derivatives of the electric field can be linked to spatial dispersion. While first order spatial
derivatives can be transformed into a magneto-electric coupling κ(ω), this is not possible
for second order spatial derivatives of the electric field [178, 198–200]. It is beyond the
scope of this thesis to prove this statement, but we want to discuss the consequences by
some illustrative considerations. If the electric interaction energy Wel between an external
electric field and a given charge density is expanded into a Taylor series, the following result
is obtained (ignoring electric monopole moments) [52]

Wel(ω) = −p(ω)E(r, ω)− 1

6

∑
i,j

Qij(ω)
∂Ej(r, ω)

∂xi
+ · · · . (2.37)

The dipole moment interacts with the electric field and the electric quadrupole moment with
the first derivative of the electric field. The same is obtained if the multipole expansion of
the external charge density ρext is performed as it appears in Maxwell’s equations [200–202].
There, the quadrupole moment enters the equation with the first derivative of the electric
field. The remaining question is about the excitation of the quadrupole moment in the meta-
atom. If it is excited by gradients of the incident field then the quadrupole moment itself is a
function of the derivative of the electric field, i.e. Q = Q(∂E/∂r). Since, as motivated above,
the quadrupole moment itself enters the equation in combination with a first derivative of
the electric field, this MM will definitely require spatially dispersive material parameters to
describe the light propagation through it. However, it should be mentioned for completeness,
that quadrupole moments in meta-atoms can be induced without a gradient of the incident
field. Consider, e.g., a meta-atom consisting of two small spheres with permittivities of dif-
ferent sign (e.g. a dielectric and a metal sphere). An incident field propagating perpendicular
to the connection line of the spheres will induce electric dipoles in the spheres that are out
of phase, independently on the frequency and therewith on the variation of the field over the
spheres. Therefore, even without a gradient of the field along the spatial extension of the
meta-atom a quadrupole moment can be excited. Thus, the resulting MM can be described
by local material parameters; especially by a non-vanishing magneto-electric coupling term
κ(ω) [178, 200, 203]. However, in the case of amorphous MMs, an isotropic response of the
meta-atom is desired to assure for a pronounced response of the MM, as will be motivated
in Sec. 2.4.3. Therefore, in this thesis the focus is on isotropic meta-atoms which have at
least three orthogonal mirror planes. It can be shown that such meta-atoms do not yield
electro-magnetic coupling, i.e. κ(ω) = 0 [204]. Consequently, for all meta-atoms discussed
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in this thesis the quadrupole moment can only be excited by a gradient of the electric field.
Finally, the existence of a quadrupole moment of the single meta-atom directly yields spatial
dispersion of the entire MM.
To sum up this somehow sketchy discussion of electric quadrupole moments and spatial

dispersion, the following points are important. An electric quadrupole moment of a meta-
atom is an undesired property if the resulting MM should be described by simple material
parameters as in Eq. 2.36 that are not spatially dispersive. Concerning amorphous MMs,
higher order multipole moments (except electric and magnetic dipole moments) are the only
physical origin of spatial dispersion. The multipole analysis, as introduced in Sec. 2.3, is a
very beneficial and powerful tool. It reveals how the meta-atoms can be fully described by
dipole moments and if the entire amorphous MM can be treated as a homogeneous material
with simple constitutive relations as in Eq. 2.36.

2.4.2 Clausius-Mossotti relation

In the following discussion it is assumed that the MM of interest is build up by meta-atoms
that can be fully described by electric and magnetic dipole moments. Based on the Clausius-
Mossotti relation a formalism is introduced that allows the description of the resulting MM
by an effective permittivity εeff and effective permeability µeff . In other words, it is described
how the material parameters of an effective slab, as shown in Fig. 2.6 (B), can be derived
from the known dipole moments of the meta-atom.
The basic idea of the Clausius-Mossotti relation is the following. It is assumed that the

amorphous MM can be described by effective material parameters. A single meta-atom of
this MM is selected. Around this meta-atom a sphere of macroscopic dimensions is removed
from the MM. Here, macroscopic dimensions refers to a sphere with a radius that is a multiple
of the incident wavelength. So the precise positions of the meta-atoms of the remaining MM
close to the sphere surface have no effect. The local electric field Eloc at the origin of the
meta-atom is decomposed into three independent parts according to [52]

Eloc(r) = Einc(r) + EP(r) + Ei(r) . (2.38)

The field Einc is the external incident electric field. The second term EP accounts for the
field that is generated by charges on the boundary between the sphere (around the chosen
meta-atom) and the remaining MM. Consider a MM that offers only a response to an electric
field, i.e. εeff 6= 1 and µeff = 1. Such a material is described by an electric dipole density
P. Removing a sphere from such a material induces a homogeneous electric dipole density
inside the sphere. For a perfect sphere a simple relation between P and EP can be derived,
namely EP = P/(3ε0). The last term in the above equation, Ei describes the field that is
generated by the electric dipole moments of all the remaining meta-atoms inside the sphere.
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This term is zero if the meta-atoms are arranged on a cubic lattice [205]. For each meta-
atom inside the sphere another meta-atom on the cubic lattice can be found that chancels
the electric dipole field at the center of the sphere (where the chosen meta-atom is located).
Obviously, the same can be done for an amorphous arrangement of the meta-atoms. As long
as the sphere has macroscopic dimensions one will find two meta-atoms inside the sphere
that chancel their dipole fields at the center of the sphere. The same decomposition as in
Eq. 2.38 can be done for the local magnetic field Hloc. For the interpretation of the three
terms the electric dipole moment has to be replaced by the magnetic dipole moment.
From now on only meta-atoms with an isotropic response are considered. The more general

anisotropic case is discussed later on in Sec. 2.4.3. If the scattered field of the meta-atom
is fully described by electric and magnetic dipole moments (as claimed previously), the
following relations between the local electric field and the dipole moments can be drawn

p(ω) = ε0αe(ω)Eloc(r = 0, ω) , m(ω) =
1

Z0

αm(ω)Eloc(r = 0, ω) . (2.39)

The two scalar quantities αe and αm are the electric and magnetic polarizability, respectively.
It is important to note that the response of the meta-atom is assumed to offer no magneto-
electric coupling, i.e. the electric dipole moment is solely excited by the incident electric field
and vice versa for the magnetic terms. This restriction is perfectly suitable for all discussed
meta-atoms of this thesis, but of course it can be lifted, as shown in [205–208]. The Clausius-
Mossotti relation links these polarizabilities of the chosen meta-atom to effective material
parameters (εeff , µeff) of the entire MM in the following way [52]

εeff(ω) = εext(ω) · 3εext(ω) + 2nαe(ω)

3εext(ω)− nαe(ω)
,

µeff(ω) = µext(ω) · 3µext(ω) + 2nαm(ω)

3µext(ω)− nαm(ω)
, (2.40)

where εext and µext are the permittivity and permeability of the surrounding, respectively
and n is the number density of the meta-atoms.
In conclusion, the Clausius-Mossotti relation seems to be suitable to describe the light

propagation through amorphous MMs on the base of effective material parameters. The
multipole analysis of meta-atoms, as presented in Sec. 2.3 yields the dipole moments of the
scattered field of a single meta-atom. Furthermore, the influence of higher order moments on
the scattered field can be investigated. If solely dipole moments contribute to the scattered
field, the polarizabilities of the meta-atom can be obtained by Eq. 2.39. Finally, the Clausius-
Mossotti relation (Eq. 2.40) links these polarizabilities to effective material parameters of
the entire MM.
The possibility to assign effective material parameters in such a way is discussed now by

an representative example, namely the cut-plate pair as discussed in Sec. 2.3. The multipole
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analysis has revealed that the scattering response of a meta-atom consisting of two gold
plates (180 nm lateral dimension and 30 nm thickness) with an MgO spacer in-between (45

nm thickness) can be fully described by dipole moments in the spectral domain from 500 to
1500 nm, cf. Fig. 2.4 (A). Here, this meta-atom is chosen to verify the assignment of effective
material parameters to a MM as described by Eq. 2.40. The results of the Clausius-Mossotti
relation are compared to results obtained by a commonly used technique for periodic MMs.
This common technique is based on the inversion of the transmission T and reflection R

coefficients from a MM slab [209, 210]. Therefore, the MM slab as shown in Fig. 2.6 (B),
is assumed as a homogeneous slab with infinite lateral dimensions. The well-known Fresnel
formulas relate the wavevector and the impedance of the plane wave in the slab to complex
transmission and reflection coefficients. On the contrary, if R and T are known in amplitude
and phase, the Fresnel formulas can be inverted to obtain the wavevector and the impedance.
For a periodic arrangement of meta-atoms the light propagation in this MM slab can

be described by Bloch eigenmodes [192–194]. Commonly, it is assumed that only a single
Bloch eigenmode can propagate in the MM and that all remaining ones are strongly damped
[191]. It has to be said, that it is of course possible to consider more Bloch eigenmodes which
makes the description more complicated, see e.g. Ref. [194]. If only a single Bloch eigenmode
is excited in the MM slab and propagates through it, the wavevector and impedance of
this eigenmode can be obtained by the inversion of R and T . To assign effective material
parameters to the MM slab the functional dependency of the Bloch wavevector on the angle of
incidence is important. Here, only the assignment of isotropic effective material parameters
is discussed. If the frequency is fixed the Bloch wavevector should resemble a spherical
dispersion relation as given by Eq. 2.11. Only if this requirement is fulfilled isotropic effective
material parameters can be assigned to the MM slab [152, 193].
In the case of amorphous MMs, Bloch eigenmodes provide no longer a feasible description.

However, it is still possible to simulate R and T by large-scale simulations taking an extended
section of the amorphous MM into account [180]. Consider an amorphous arrangement of
cut-plate pairs as shown in Fig. 2.7 (A). A so-called supercell as considered in the simulations
is shown. The supercell consists of four layers of amorphously arranged cut-plate pairs. All
cut-plate pairs are oriented identical with respect to the incident field. This assures a strong
excitation of the magnetic dipole moment in all meta-atoms. Furthermore, the cut-plate pairs
are only amorphously arranged within one layer, i.e. each layer has a fixed distance to each
other. This allows an experimental realization of the structure by conventional top-down
approaches that fabricate the structure layer by layer [211]. The lateral dimensions of the
supercell are large compared to the incident wavelength. In other words, the actual lateral
dimension of the supercell does not influence its optical response. The chosen supercell is
periodically repeated along the lateral dimensions of the slab. In this way, an infinite slab of
amorphously arranged meta-atoms is obtained. The scattering response of such a slab can
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be simulated by large-scale FDTD simulations.

(A) (B) 

Figure 2.7: (A) Supercell geometry of amorphously arranged cut-plate pairs [identical geometry
to Fig. 2.4 (A)]. (B) Amplitude of simulated transmission T for the supercell geometry (red dashed
curve) from (A) and a periodic arrangement (black solid curve) of the cut-plate pairs with identical
filling fractions.

The simulated amplitude of the transmission through a slab of amorphously arranged cut-
plate pairs is shown in Fig. 2.7 (B). Clearly, two resonances are observed. The first order
resonance (at about 1100 nm) stems from the magnetic dipole moment of the single cut-plate
pair and the second order resonance (at about 750 nm) from the electric dipole moment.
This can be easily seen by the multipole analysis of the cut-plate pair in Fig. 2.4 (A). The
transmission through a slab of periodically arranged cut-plate pairs (with the same filling
fraction in the four layers) is also shown in Fig. 2.7 (B). The comparison with the amorphous
arrangements yields the following observations. For the magnetic dipole resonance, the
transmission spectra of the periodic and the amorphous arrangement are almost identical.
In contrast, at the electric dipole resonance, the resonance in transmission for the amorphous
arrangement is weaker and broader compared to the periodic arrangement. This observation
can be explained by two effects. The first one is linked to the different resonance positions
of the electric and magnetic dipole resonance. At the electric dipole resonance the ratio
of the average distance between neighboring cut-plate pairs to the wavelength is close to
unity. This causes radiation losses at the electric resonance for an amorphous arrangement
[188, 195]. The periodic arrangement has only one distance between neighboring cut-plate
pairs, i.e. each layer forms a grating and the radiation losses can only happen through discrete
propagating diffraction orders of the grating. For the magnetic dipole resonance the ratio
of the average distance between the cut-plate pairs to the incident wavelength is much less
than unity. Therefore, enhanced radiation losses due to an amorphous arrangement have
only minor influence on the resonance strength and width. The second effect is linked to the
larger absorption cross section of the magnetic resonance. In contrast to the electric one,
the scattered field of the magnetic resonance is weaker and therefore the radiative coupling
is reduced at the magnetic resonance. Generally, these two effects can only be distinguished
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by applying some analytical formulas describing dipole-dipole interactions. For the present
example of cut-plate pairs it has been shown that the dominating effect is linked to the
enhanced absorption at the magnetic resonance [212].
The obtained transmission and reflection coefficients from the large-scale simulations of

the entire amorphous MM slab can be inverted to obtain the effective material parameters, as
discussed above [180]. The results are shown in Fig. 2.8. Resonances of Lorentzian shape are
observed for the effective permittivity at around 800 nm and for the effective permeability at
around 1100 nm, as expected from Fig. 2.7 (B). The effective material parameters that are
obtained by the Clausius-Mossotti relation are given in Fig. 2.8 as well. Here, the electric and
magnetic dipole moments for a single cut-plate pair, as obtained by the multipole analysis,
were translated into polarizabilities, as described in Eq. 2.39. An identical filling fraction as
for the simulated supercell was chosen to obtain the effective material parameters from the
polarizabilities (cf. Eq. 2.40).
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Figure 2.8: Effective material parameters for a MM slab made of amorphously arranged cut-plate
pairs [cf. Fig. 2.7 (A)]. The real parts of the effective permeability and permittivity are shown in (A)
and (B), respectively. Black solid curves correspond to results obtained by the Clausius-Mossotti
relation and red dashed curves to the results from the inversion of R and T .

The comparison of the effective material parameters obtained by inversion of R and T and
by the Clausius-Mossotti relation offers a remarkable agreement for the effective permeability.
The resonance position, strength and width are almost identical for both methods. Of course
there exist some minor wiggling of the effective permeability for the inversion of R and T at
off-resonance positions that is not reproduced by Clausius-Mossotti. This is expected since
to obtain R and T the entire amorphous arrangement of the cut-plate pairs in the supercell
was taken into account; so the wiggling comes from the coupling of adjacent cut-plate pairs.
However, for Clausius-Mossotti no fine details of the arrangement are taken into account
and only the density of the cut-plate pairs enters the equations. Regarding the effective
permittivity, both methods offer the same trend. Although there is a slight difference in
the precise resonance position, the strength and width are the same for R/T inversion and
Clausius-Mossotti. Again, the minor wiggling of the effective permittivity from R and T is
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not reproduced by the Clausius-Mossotti results.
It is important to mention that the given example of amorphously arranged cut-plate pairs

demonstrates the possibility to describe the light propagation through amorphus MMs by
using effective medium approaches such as the Clausius-Mossotti relation. Instead of time
consuming large-scale simulations of an amorphous supercell (as done in Fig. 2.7) the dipole
moments of a single meta-atom can be used to obtain effective material parameters. It is
an enormous advantage since, in principle, the simulation of the entire amorphous MM has
been reduced to a single unit cell. This is identical to the case of periodic MMs where the
description of light propagation can be understood in terms of Bloch eigenmodes. There,
the simulations are reduced, in principle, to a single meta-atom. The formalism introduced
in this subsection is very beneficial to describe light propagation through an amorphous MM
by a few physical quantities. Furthermore, it confirms the big advantages to understand self-
assembled MMs on the base of the previously introduced multipole analysis of meta-atoms.

2.4.3 Anisotropic response of meta-atoms

The assumption of the last subsection was an isotropic response of the meta-atom under
consideration. In this subsection, the consequences of an anisotropic response of meta-atoms
of amorphous MMs are discussed. Obviously, the previously chosen example of a cut-plate
pair offers by no means an isotropic response. Quite the contrary, its response is uniaxial
anisotropic, i.e. the discussed excitation of the magnetic dipole moment appears solely for
the chosen illumination direction perpendicular to the plates [201]. Therefore, the cut-plate
pairs were not allowed to be arbitrary oriented to the incident field in Fig. 2.7. This enabled
to probe for the optical properties along a principle axis of the cut-plate pair.
A perfect periodic arrangement of cut-plate pairs to a MM would obviously cause an

anisotropic response of the entire MM [213, 214]. The transformation into the major axis
of the permittivity and permeability tensor should allow a description of the MM by three
effective permittivity and three effective permeability components. In the special case of the
uniaxial response of the cut-plate pair two components are identical. The same situation
appears for an amorphous spatial arrangement of meta-atoms but a fixed orientation to the
incident field, identical to the previous subsection. The MM response is anisotropic and
effective material parameters can be obtained by applying the Clausius-Mossotti relation for
the three independent polarizations of the incident field [205].
The situation changes for a totally amorphous arrangement of the meta-atoms, i.e. in

addition to an amorphous position of the meta-atoms the orientation to the incident field is
allowed to be arbitrary. This situation is the common one in the experiments. For such a
case of totally amorphous MMs the response has to be isotropic. This is well-known from
ordinary amorphous materials. For example quartz glass is one amorphous form of SiO2 that
offers an isotropic response whereas most of the crystalline forms of SiO2 are anisotropic.
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The derivation of the Clausius-Mossotti relation for anisotropic meta-atoms that are amor-
phously arranged can be found in detail in [215]. Here, only the final results are given together
with a brief discussion on the consequences. In the case of a meta-atom with an anisotropic
response the polarizabilities are becoming tensors (αe, αm). The connection between the
incident fields and the dipole moments of the meta-atoms reads as

p(ω) = ε0αe(ω)Eloc(r = 0, ω) , m(ω) =
1

Z0

αm(ω)Eloc(r = 0, ω) . (2.41)

The meta-atoms as discussed in this thesis are all made of of dielectrics or metals. Hence,
these meta-atoms yield a reciprocal response, i.e. the invariance of a system when transmitter
and receiver are interchanged. A reciprocal meta-atom causes symmetric polarizabilities
[195, 216], i.e. αe = α

T
e and αm = α

T
m. If the entries of the polarizability tensors are real

valued they can be transformed to diagonal form. The situation is more complex if lossy
materials are involved. Then the entries of the polarizability tensors are complex. However,
the polarizability tensors can be transformed into a diagonal matrix if at least two orthogonal
symmetry planes exists for the meta-atom [202], which is the case for all discussed meta-atom
here. For a diagonal form of the polarizability tensors and a totally amorphous arrangement
of the meta-atoms the Clausius-Mossotti relation reads as [215]

εeff(ω) = εext(ω) ·
3εext(ω) +

2n

3
Tr
[
αe(ω)

]
3εext(ω)− n

3
Tr
[
αe(ω)

] ,

µeff(ω) = µext(ω) ·
3µext(ω) +

2n

3
Tr
[
αm(ω)

]
3µext(ω)− n

3
Tr
[
αm(ω)

] , (2.42)

where Tr
[
α
]
denotes the trace of the diagonal polarizability tensors. The consequences

of amorphously arranged meta-atoms with an anisotropic response can be clearly seen by
Eq. 2.42. First, the response of the entire MM is isotropic, as discussed previously. Second,
each independent polarization component enters the effective material parameters with a
factor of 1/3. Consequently, if the cut-plate pairs of Fig. 2.7 are allowed to be arbitrary
oriented to the incident field, the magnetic response shown in Fig. 2.8 would be lowered by
a factor of 1/3, as it was demonstrated in [180].
In conclusion, in order to obtain amorphous MMs that offer a strong artificial magnetism,

it is of great importance to construct meta-atoms with an isotopic response. The possibility
to achieve isotropic meta-atoms by self-assembly techniques is one major part of this thesis
and is discussed in detail in Chap. 4.
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2.4.4 Limitations of the Clausius-Mossotti relation

This subsection briefly outlines the limitations to describe the light propagation through
amorphous MMs by applying the Clausius-Mossotti relation.
The first limitation of the presented formalism is the obvious one. The Clausius-Mossotti

relation only relates electric and magnetic dipole moments to effective material parameters.
Higher order multipole moments are disregarded. Though it is in principle possible to con-
sider also higher order multipole moments [217, 218], these moments are undesired in the case
of MMs as discussed in Sec. 2.4.1. The second limitation of the Clausius-Mossotti relation
is the number density of the meta-atoms. It can be motivated by simple analysis [52, 205]
and has been demonstrated by numerous experiments [219–221] that the Clausius-Mossotti
relation is correct only for small number densities. In other words, sufficiently diluted MMs
are required where the number density remains to be much smaller than unity. However,
is has been shown that the Clausius-Mossotti relation yields correct results even for large
number densities as long as the meta-atoms exhibit no spatial correlation to each other [222].
In such a case even multiple scattering between adjacent meta-atoms does not disturb the
results. Concerning amorphous MMs, the radial distribution function has usually one peak
[223, 224]. This peak is caused by a certain minimal distance that is an essential part in
the fabrication procedure. Such systems are almost uncorrelated though not fully random
(a random structure offers no peak in the correlation function [225]). Therefore, amorphous
MMs should be sufficiently described by the Clausius-Mossotti relation even if the number
density of meta-atoms is large.
Of course there exists other, more general effective medium approaches in literature [226].

Prominent examples thereof are the Bruggeman formula [227, 228] or the Coherent Potential
formula [229–231]. However, here we restrict ourselves to describe amorphous MMs by using
the Clausius-Mossotti relation since it is the obvious starting point for any effective medium
approach.

2.4.5 Concluding remarks

In conclusion, this rather long Sec. 2.4 has discussed the description of light propagation
through amorphous MMs. Starting from the multipole analysis of meta-atoms the Clausius-
Mossotti relation was applied to assign effective material parameters in Sec. 2.4.2. The
accuracy of this approach was demonstrated by a MM consisting of amorphously arranged
cut-plate pairs. The Clausius-Mossotti relation was further extended to anisotropic meta-
atoms in Sec. 2.4.3. The important conclusion was drawn that an isotropic response is one
of the major features that a meta-atom should offer in order to sustain a strong dispersion in
the effective material parameters. Finally, limitations of the presented approach were shortly
discussed in this section 2.4.4.
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Up to here, everything has been introduced that is required to understand the physics
of the following chapters. The subsequent sections of the current chapter are on more
technical grounds. They focus on the solution of Maxwell’s equations for the scattering of
light on clusters of spheres. Such meta-atoms based on spherical NPs are very common
in self-assembly techniques as shown in Chap. 1. The solution of Maxwell’s equations for
such meta-atoms allows the calculation of their scattering coefficients by analytical formulas.
However, this is only a technical aspect that is presented here for completeness. All readers
that can accept that the scattered fields of the meta-atoms are simulated by some devoted
numerical method may proceed directly with the next chapter.

2.5 Scattering by a cluster of spheres

This section describes the electromagnetic scattering problem for a cluster of spheres. Based
on the analytical solution of the single sphere scattering in Sec. 2.2, a formalism is introduced
to solve the Helmholtz equation for a cluster of spheres. This is done by an expansion
of the fields into the eigenfunctions, the VSHs. The resulting analytical solution of the
electromagnetic scattering by a cluster of spheres allows a simple and fast computation
of the scattering coefficients and the T-matrix for such a system, cf. Eq. 2.15. This is very
beneficial since most of the self-assembled MMs are made of spherical NPs up to now [4–7, 9].
Therefore, their meta-atoms can be safely approximated as clusters of perfect spheres. This
assumption is valid since silver or gold spheres with radii in-between 10 and approximately
100 nm can be fabricated with an almost perfect spherical shape, as will be shown in Chap. 3.
Assume a cluster of J nonintersecting spheres. The spheres can be made of distinct

homogeneous, linear, local, isotropic materials. The same holds for the surrounding. The
problem of a single sphere J=1 has been solved in Sec. 2.2. The idea to handle a cluster of
such spheres is the following. For each sphere a separate coordinate system is introduced that
is centered at the origin of the sphere. Such a situation is sketched for three spheres (J=3)
in Fig. 2.9. Each coordinate system is assumed to be oriented along the same direction;
in other words only a translation between different coordinate systems is allowed and no
rotation.
In every of the J coordinate systems the Mie theory for a single sphere is valid, as long as

the spheres do not intersect. Therefore, it is possible to expand all fields, namely the scattered
Esca,Hsca and the incident field Einc,Hinc, in a chosen jth coordinate system (j = 1 . . . J) into
the VSHs, in analogy to the single sphere problem. The expansions of the electric fields in
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Scattered fields 
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Figure 2.9: Scattering configuration for a cluster of three spheres (named S1, S2 and S3). All
spheres can have different radii and consist of distinct materials. The external incident field on
the cluster generates scattered fields for every sphere. A coordinate system is associated with each
sphere and centered at its origin.

the coordinate system of the jth sphere read as [148, 149, 232]

Einc(j, r, ω) = −
∞∑
n=1

n∑
m=−n

iEnm
[
pjnm(ω)N(1)

nm(r, ω) + qjnm(ω)M(1)
nm(r, ω)

]
,

Esca(j, r, ω) =
∞∑
n=1

n∑
m=−n

iEnm
[
ajnm(ω)N(3)

nm(r, ω) + bjnm(ω)M(3)
nm(r, ω)

]
, (2.43)

with the prefactor Enm as defined in Eq. 2.19 and the VSHs as given by Eq. 2.16. The only
difference between this expansion and that for a single sphere (cf. Eq. 2.18) is the index j.
That index denotes the chosen jth coordinate system. Of course the expansion coefficients
of the incident field and the scattered field should depend on j. In principle, the situation
for a chosen jth sphere is identical to the single sphere problem. The Mie coefficients of the
jth sphere (as given by Eq. 2.21) still connect the expansion coefficients of the incident field
with the scattering coefficients in the following way [146, 147]

ajnm = ajnp
j
nm , bjnm = bjnq

j
nm . (2.44)

Now, the Mie coefficients ajn, bjn depend on j since different materials and radii for every
sphere are allowed. The only difference between the scattering of a single sphere and of a
cluster of spheres is that the incident field on the jth sphere is not known. The incident field
on the jth sphere is a superposition of the external incident field (illuminating the cluster of
spheres) and the scattered fields from all remaining J−1 spheres, cf. Fig. 2.9. The incident
electric field is generally expressed as follows [149]

Einc(j) = E0
inc(j) +

(1, J)∑
l 6=j

Esca(l, j) . (2.45)
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The field E0
inc(j) denotes the external incident field and the field Esca(l, j) is the scattered

field of the lth sphere transformed into the coordinate system of the jth sphere. The external
incident field can be expanded into VSHs analog to Eq. 2.43 with expansion coefficients pj0nm
and qj0nm. For a plane wave illumination simple formulas of these expansion coefficients can
be found, namely [54, 149]

pj0nm =
1

n(n+ 1)
τnm(cosα)e−imβ , qj0nm =

1

n(n+ 1)
πnm(cosα)e−imβ . (2.46)

The functions τnm and πnm are given by Eq. 2.17; α is the angle between the wavevector
of the plane wave k and the z axis of the jth coordinate system, whereas β is the angle
between the x axis and the projection of k on the xy-plane. Thus the wavevector of the
incident plane wave can be written as

k = k (sinα cos βêx + sinα sin βêy + cosαêz) . (2.47)

The transformation of the expansion coefficients of the external incident field from the jth
to the lth sphere can be easily performed for a plane wave

pl0nm = exp(ik · dj,l)pj0nm , ql0nm = exp(ik · dj,l)qj0nm , (2.48)

where dj,l is the translation vector between the jth and the lth coordinate system. The
more complicated terms in Eq. 2.45 are the scattered fields from all remaining spheres that
have to be transformed into the coordinate system of the jth sphere. One way to perform
this transformation is to apply the translation addition theorem of the VSHs. This theorem
transforms the VSHs from the lth coordinate system (that is identified by primed coordinates
in the following) to the jth coordinate system in the following way [233–235]

Mnm(r, θ, ϕ) =
∞∑
ν=0

ν∑
µ=−ν

[A0νµnm(l, j)Mνµ(r′, θ′, ϕ′) +B0νµnm(l, j)Nνµ(r′, θ′, ϕ′)] ,

Nnm(r, θ, ϕ) =
∞∑
ν=0

ν∑
µ=−ν

[A0νµnm(l, j)Nνµ(r′, θ′, ϕ′) +B0νµnm(l, j)Mνµ(r′, θ′, ϕ′)] . (2.49)

The A0nmνµ and B0nmνµ are the so-called translation coefficients for which analytical formulas
have been obtained by Stein and Cruzan [234, 235]. They depend on the separation dj,l of
both involved coordinate systems. However, regarding their numerical implementation in this
thesis the so-called Cruzan’s 3jm formulation of the translation coefficients has been used
which requires the calculation of the Wigner 3jm symbols. Details about the calculation of
the translation coefficients can be found in Refs. [236, 237]. If the scattered field is expanded
into VSHs as in Eq. 2.43 it is possible to apply the translation addition theorem of Eq. 2.49
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to transform it to another coordinate system. Therewith, Eq. 2.45 can be rewritten into a
system of linear equations for the scattering coefficients. This is done by inserting the field
expansions of Eq. 2.43 and applying the translation addition theorem (Eq. 2.49) as well as
Eq. 2.44. The linear system of equations for the scattering coefficients reads as [149, 232]

ajnm = ajn

pj0nm −
(1, J)∑
l 6=j

∞∑
ν=1

ν∑
µ=−ν

[
alνµA

νµ
nm(l, j) + blνµB

νµ
nm(l, j)

] ,

bjnm = bjn

qj0nm −
(1, J)∑
l 6=j

∞∑
ν=1

ν∑
µ=−ν

[
alνµB

νµ
nm(l, j) + blνµA

νµ
nm(l, j)

] . (2.50)

The translation coefficients have been replaced by normalized coefficients that account for
the prefactor of the field expansions (cf. Eq. 2.19). The normalized coefficients read as

Aνµnm =
Eνµ
Enm

A0νµnm = iν−n
(2ν + 1)(n+m)!(ν − µ)!

(2n+ 1)(n−m)!(ν + µ)!
A0νµnm ,

Bνµ
nm =

Eνµ
Enm

B0νµnm = iν−n
(2ν + 1)(n+m)!(ν − µ)!

(2n+ 1)(n−m)!(ν + µ)!
B0νµnm . (2.51)

The linear system of equations for the scattering coefficients in Eq. 2.50 can be solved. In
simulations the system of equations is of finite size since the field expansion of Eq. 2.43 is
truncated at a finite order n = N . A rough approximation for N is achieved by using the
value for a singe sphere as given by Eq. 2.25. However, if the spheres of the cluster are
strongly coupled to each other such that multiple scattering events play an important role,
the truncation number N has to be chosen much larger to assure converged fields.
In principle, the scattering problem of a cluster of spheres is solved now. The solution

of Eq. 2.50 yields the scattering coefficients of every sphere. The total scattered field is
obtained by a superposition of all scattered fields Esca(j) from all J spheres. However, it
would be beneficial to obtain simple relations for the cross sections of the sphere cluster, as
they were obtained for the single sphere scattering.

2.5.1 Cross sections and T-matrix of a sphere cluster

To introduce formulas for the cross sections and the T-matrix the field expansions must exist
in one common coordinate system. Therefore, the scattering coefficients ajnm of all spheres in
their corresponding coordinate systems have to be transformed into this common coordinate
system; denoted by g0 from now on. This transformation can be performed by applying the
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translation addition theorem again in the following way [148, 238]

anm =
J∑
l=1

∞∑
ν=1

ν∑
µ=−ν

[
alνµA

νµ
nm(l, g0) + blνµB

νµ
nm(l, g0)

]
,

bnm =
J∑
l=1

∞∑
ν=1

ν∑
µ=−ν

[
alνµB

νµ
nm(l, g0) + blνµA

νµ
nm(l, g0)

]
, (2.52)

where the following properties of the translation coefficients have been used [149]

Aνµnm(g0, g0) = δµmδνn , Bνµ
nm(g0, g0) = 0 . (2.53)

It is important to mention that the translation coefficients as used in Eq. 2.52 differ from
those in Eq. 2.50. The mathematical reason is that the former translation coefficients are
governed by the spherical Hankel function of the first kind and the latter ones by the spher-
ical Bessel function. The transformation of the VSHs (as given by Eq. 2.49) is valid in
distinct spatial domains, depending on the governing function of the translation coefficients.
If the spherical Hankel function of first kind is used the transformation is only valid if r′

in Eq. 2.49 is smaller or equal than the separation of both coordinate systems. The trans-
formation is valid for r′ larger than this separation, if the spherical Bessel functions are
applied. Therefore, it is clear that the solution of the scattering coefficients of all spheres
ajnm, b

j
nm (as obtained from Eq. 2.50) yields the correct scattered field in the entire space.

The total scattered field is obtained if the scattered fields of every sphere are superimposed.
In contrast, the transformation of all scattering coefficients into a global coordinate system,
as done in Eq. 2.52, yields one scattered field in the global coordinate system. This scattered
field is only correct outside a sphere that encloses the entire cluster of spheres.
However, the scattering coefficients anm, bnm of the global coordinate system are extremely

beneficial. They can be used to calculate the cross sections of the entire cluster of spheres
by applying the formulas of the single sphere scattering, as given by Eq. 2.24. Furthermore,
these scattering coefficients are required to perform the multipole analysis for such a cluster
of spheres. The overlap integral, as given by Eq. 2.28 is redundant. It should be mentioned
that the prefactor Enm was chosen differently for the multipole analysis. The transformation
between the scattering coefficients of this section (termed aCl

nm and bCl
nm in the following) and

these as used for the multipole analysis in Sec. 2.3 (named aMA
nm and bMA

nm ) is as follows

aMA
nm = (−1)m

2in+1
√
π

k2

√
(2n+ 1)

(n−m)!

(n+m)!
aCl
nm ,

bMA
nm = (−1)m

2in
√
π

k2

√
(2n+ 1)

(n−m)!

(n+m)!
bCl
nm . (2.54)
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Up to this point, the presented formalism suffices to describe the electromagnetic scattering of
clusters of spherical particles. Therefore, the formalism can be applied to meta-atoms made
of spheres. The scattering coefficients can be simply obtained by the presented analytical
formulas. Time consuming simulations of the scattered fields by another numerical method
are not required. Only for the sake of completeness, we briefly want to describe how to
extract the T-matrix for a cluster of spheres from the introduced formalism [141, 142].
The above given linear system of equations for the scattering coefficients (Eq. 2.50) can

be rearranged into a matrix form

M ·

(
ajnm

bjnm

)
=

(
pj0nm

qj0nm

)
, (2.55)

where in this short notation the vector
(
ajnm

bjnm

)
includes all scattering coefficients of all spheres.

The same holds for the vector on the right hand side of the above equation, but there the
expansion coefficients of the external incident field are contained. Therefore, the matrix
M includes products of Mie coefficients and translation coefficients (according to Eq. 2.50).
Obviously, it is a square matrix with a dimension of 2JN(N + 2) times 2JN(N + 2).
The transformation of the scattering coefficients ajnm, bjnm to one global coordinate system

of Eq. 2.52 can be written in matrix form as well

U ·

(
ajnm

bjnm

)
=

(
anm

bnm

)
, (2.56)

where the vector on the right hand side includes the scattering coefficients in the global
coordinate system. The matrix U is given by Eq. 2.52 and has a dimension of 2N(N + 2)

times 2JN(N+2). Similar to U a matrix V can be introduced that transforms the expansion
coefficients of the incident field from the global coordinate system g0 to the coordinate
systems of all spheres

V ·

(
pnm

qnm

)
=

(
pjnm

qjnm

)
. (2.57)

In principle, V is the transpose of U with the slight difference that the order of the coordinate
systems for the translation coefficients have been changed. For U the translation coefficients
transform from the jth coordinate system to the global one g0 whereas the inverse happens
for V . With these two matrices it is possible to rewrite Eq. 2.55 in the following way(

anm

bnm

)
= U ·M

−1
· V ·

(
pnm

qnm

)
(2.58)

The product of the three matrices in the above equation is nothing else than the T-matrix
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of the cluster of spheres. It connects the expansion coefficients of the incident field to the
scattering coefficients in one global coordinate system. Obviously, the T-matrix has no
simple diagonal form as for the single sphere scattering. Although the T-matrix of meta-
atoms is not discussed in detail in this thesis, it is a very powerful tool for future research
for several reasons. First, the physical excitation mechanism can be extracted from the T-
matrix. As it has been shown in Sec. 2.3 the scattering coefficients are identical (except some
prefactors) to the multipole moments of the scattered field. The same holds for the expansion
coefficients of the incident field. Having this in mind, the T-matrix reveals directly which
multipole moment of the incident field excites which multipole moment of the meta-atom.
This identification can be useful, e.g., to answer various physical questions. One example
has been shortly discussed in Sec. 2.4.1 where an important aspect of spatial dispersion was
related to the question if the electric quadrupole moment of a meta-atom is excited by a
gradient of the incident field or not. The second advantage of the T-matrix is that it allows
an upgrade of the presented scattering formalism in this section. If the T-matrix of a cluster
of spheres is known the presented formalism can be used to investigate an alignment of these
clusters. In principle, the only thing that needs to be modified is Eq. 2.44. Instead of the
Mie coefficients the T-matrix has to be used to connect the expansion coefficients of the
incident field to the scattering coefficients for the jth cluster of spheres. More general, if the
T-matrix of an arbitrary scatterer is known the presented formalism of this section can be
applied to describe the interaction of an alignment of these clusters on analytical grounds.
To sum up, in this section a formalism was introduced that describes the scattering of

electromagnetic fields on clusters of spheres. The formalism is based on an analytical solu-
tion of Maxwell’s equations and, in principle, constitutes an extension of the single sphere
problem. It has been demonstrated that the formalism allows a computation of the scatter-
ing coefficients for an arbitrary cluster of spheres. These scattering coefficients are the key
ingredients of the multipole analysis, as introduced in Sec. 2.3. Since most of the meta-atoms
that are discussed in the following chapters consist of spherical NPs, the formalism of this
section is usually applied to describe their scattering response. At the end a short discussion
was given in this section on how to obtain the T-matrix for a cluster of spheres. This part
has to be seen as a brief outlook on how the actual implemented formalism can be exploited
for further research directions.

2.6 Concluding remarks

This chapter has set the stage to describe the interaction of electromagnetic fields with
amorphous MMs which was defined in Chap. 1 as the first goal of the thesis. By starting
from a general formulation of the scattering problem in Sec. 2.1, more special cases were
discussed. The scattering at a single sphere was introduced in Sec. 2.2. Based on the
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results of the single sphere a very powerful technique called multipole analysis of meta-
atoms was discussed in Sec. 2.3. Therewith, three important points were revealed. First,
it was possible to understand excited eigenmodes in meta-atoms and to identify them in
the far-field spectrum. Second, the tunability of the meta-atoms to a desired response by
using the multipole analysis was demonstrated. And last but not least, the possibility to
describe the optical response of highly complex meta-atoms by a few physical quantities was
illustrated. It is important to mention that the multipole analysis can be done also done by
an expansion of the current densities as recently discussed [187, 239].
The description of light propagation through amorphous MMs was subsequently discussed

in detail in Sec. 2.4. The Clausius-Mossotti relation was applied to assign effective material
parameters. The validity of this approach has been demonstrated by a MM consisting of
amorphously arranged cut-plate pairs. One key message of this section was the required
isotropic response of the single meta-atom for amorphous MMs to assure pronounced reso-
nances. Section 2.5 was on more technical grounds. The scattering problem of a cluster of
spheres has been introduced. Therewith, it was possible to compute the scattering coeffi-
cients of such a cluster by analytical formulas.
The following chapters will use the methods and formulas introduced in this chapter.

Particularly, Sec. 2.3 and 2.4 include the important background for the following discussions.
Whenever meta-atoms made of spheres are considered in the next chapters the formalism of
Sec. 2.5 is applied to simulate their optical response.
Moreover, in this chapter a few aspects have been discussed that might be important for

future research. The T-matrix method seems to be a very powerful tool to understand the
excitation mechanisms of meta-atoms even in more detail. Especially, it can be investigated
which multipole moment of the incident field generates a respective multipole moment of
the scattered field. Furthermore, the formalism of Sec. 2.5 can be extended by using the
T-matrix to describe the coupling of arbitrary meta-atoms. A rather long-term objective
was motivated in Sec. 2.4.4. It would be interesting to describe amorphous MMs by more
complex effective medium approaches instead of the Clausius-Mossotti relation. Especially,
one could consider the interaction fields between neighboring meta-atoms and their influence
on the effective material parameters. Another point is the investigation of the alignment
of the meta-atoms, especially the transition from periodic via quasiperiodic to amorphous
and random arrangements. First investigations of such effects were already done based on
alignments of polarizable entities [207, 212, 222] but up to date only a few effects of the
alignment can be explained.
The next chapter examines the second goal of the thesis which is to propose new designs

of MMs that can be fabricated by self-assembly techniques.
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3 Planar self-assembled
metamaterials

Alles sollte so einfach

wie möglich gemacht werden,

aber nicht einfacher.

Albert Einstein

Prior to discussing fully three-dimensional structures in Chap. 4 this chapter presents an
in-depth investigation of planar MMs. From the point of geometrical complexity, it appears
to be the natural choice to increase the complexity of the self-assembled MMs step by step.
Thus, here we start with quasi two-dimensional structures with an extension into the third
dimension much smaller than the wavelength. Thus, these structures can be considered
as planar. Recently these planar MMs, sometimes termed meta-surfaces, attracted a lot
of interest [240]. Anomalous reflection and refraction have been demonstrated for meta-
surfaces [241, 242] as well as so-called thin meta-lenses [243, 244], metamaterial holograms
[245–247], and devices that connect propagating and surface waves [248, 249], to mention just
some prominent examples. All these meta-surfaces have been fabricated so far by top-down
techniques. In this chapter a first attempt is made to provide applications of self-assembled
planar MMs.
In the following it is revealed that a fundamental understanding of the optical properties

of self-assembled MMs can be already achieved for two-dimensional structures. Furthermore,
the basic impulse and the motivation of the resulting stream of research of this chapter were
provided by chemists. In other words, the fabrication of very promising structures on the
base of resonant NPs was already available for quite some time. It was on the theoretical side
to develop suitable models to understand and describe the optical response of these MMs
and to improve the available structures to a desired application. This should be documented
in the current chapter.
In this chapter all MMs are self-assembled on top of a substrate and hence, appear planar.

This planar geometry shares some properties of structures that can be achieved by top-down
fabrication techniques. The difference between the MMs presented here and conventional
top-down MMs is the spatial alignment of the meta-atoms. As discussed in Chap. 1, a
huge class of self-assembly techniques solely works on the short-range scale and results in
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amorphous MMs. The advantage of self-assembly is the non-sequential fabrication of the
structures. This renders the fabrication procedure fast and cost efficient and allows large-
scale planar MMs. Furthermore, manifold samples with distinct geometrical parameters can
be fabricated. By changing the geometrical parameters a tuning of the optical response is
achieved, as will be shown in this chapter.

The goal of the present chapter is the design of a self-assembled planar MM that can be
tailored for a desired application. This is achieved by investigating possible structures that
can be fabricated by an exemplarily chosen self-assembly technique. The development of
a theoretical model that allows a suitable description of these highly complex structures is
demonstrated. After the examination of the most simple geometries that are possible, i.e. an
amorphous layer of resonant NPs, the complexity of the planer MM is gradually improved
and its optical properties are revealed. Finally, the achieved understanding is exploited to
propose an application.

Although there exist manifold self-assembly techniques that allow the fabrication of planar
MMs, a technique relying on electrostatic forces is applied here exclusively [250]. This
exemplarily chosen technique results in a very huge class of possible structures that could
have also been fabricated by other self-assembly techniques. Therefore, the decision on
electrostatic forces is not a constraint. The fabricated samples are complex enough to allow
an investigation of the fundamental optical properties of self-assembled planar MMs. More
precisely, the self-assembly applied here is based on charged layers of polymers, so-called
polyelectrolytes (PEs) [251]. The three main steps for the MM fabrication are presented in
Fig. 3.1 at the example of a MM consisting of one gold and one silver NP array.
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Figure 3.1: Schematic of the three main fabrication steps (A)-(C) to self-assemble a planar MM
by electrostatic forces. Here, the resulting MM [shown in (C)] consists of one gold NP array and
one silver NP array. Details about the different steps are given in the text.

In the first fabrication step in Fig. 3.1 (A), the surface chemistry of the glass substrate is
altered through the functionalization with an organosilane [252]. This allows the attachment
of gold NPs to the substrate resulting in a gold NP array. The gold NPs are fabricated in
a preliminary step in solution by the well-known Turkevich method [253]. This method
yields almost perfectly spherical NPs with a net negative charge [254]. The charge prevents
agglomeration of the NPs and ensures a well distributed surface coverage of NPs on the
substrate, as will be shown later on. In the next process step, shown in Fig. 3.1 (B), the
array of gold NPs is covered by a discrete number of oppositely charged PE layers (three
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of them are exemplarily shown). Finally, on top a second array of silver NPs (that can
be fabricated with a spherical shape by the Lee-Meisel method [255] which leaves the NPs
equally slightly negatively charged) is attached by electrostatic forces, as shown in Fig. 3.1
(C). It has to be stressed that only an odd number of PE layers can be used to separate the
NP layers since all NPs are negatively charged.
The introduced fabrication of MMs consisting of two coupled arrays of charged NPs by

electrostatic forces exhibits versatile advantages. First, all kinds of chargeable NPs can be
used [113]. Second, the approach is not limited regarding the number of NP arrays and
separating PE layers. The deposition of one NP array or one PE layer can be done in a
automated dip-coating process within minutes [256]. Therefore, a huge class of different
MM geometries is possible. Third, and this is the most important point, the thickness of
one PE layer is about one nm [114, 257, 258]. Consequently, the separation of adjacent NP
arrays can be controlled at the nanometer scale in discrete steps of one nm. This allows an
unprecedented control of the coupling of different NP arrays.
In the following sections an exclusive set of MM geometries is investigated in detail that

can be fabricated by the introduced self-assembly technique. The subsequent section starts
with a brief discussion of a single gold NP array. Most importantly a suitable model to
describe the optical response is introduced. In Sec. 3.2.1 the resonances of a MM consisting
of two strongly coupled gold NP arrays are studied. Section 3.2.2 presents results of so-
called asymmetric NP arrays where different NP materials are chosen for distinct NP arrays.
Finally, all obtained results are put together to design a planar MM for an application as
tunable substrate for surface enhanced Raman spectroscopy (SERS). A last section includes
final comments and remarks about two-dimensional self-assembled MMs.

3.1 Single array metamaterials

A brief discussion of the optical properties of a single array of gold NPs is given here. This
serves as the first elementary step for an investigation before more sophisticated MMs made
of coupled NP arrays are considered. All structures of this chapter have been fabricated
and measured by Dr. Cunningham from the group of Prof. Bürgi, University Geneva. The
self-assembly technique as introduced in Fig. 3.1 has been applied. Obviously, only process
step (A) is required to obtain a single NP array. An SEM image of a fabricated structure
is shown in Fig. 3.2 (A). There, gold NPs with approximately 10 nm radius were assembled
on a glass substrate. As expected, the alignment of the NPs is amorphous. Furthermore, it
can be seen that the negative charge of the gold NPs prevents them from aggregation and
all NPs are adequately separated. A surface filling fraction of about 25− 30 % is obtained.
The measured extinction spectra of the structure under illumination normal to the substrate
is shown in Fig. 3.2 (B). It offers a single resonance peak at around 510 nm. The origin of
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this peak is explained in the following by devoted simulations.
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Figure 3.2: (A) SEM image of a fabricated gold NP array (10 nm radius) [114]. (B) Measured
(black solid) as well as simulated extinction spectra. A square lattice of gold NPs (red dashed) and
a single gold NP (blue dotted) are considered in simulations.

In simulations the gold NPs are assumed as perfect spheres with a radius of 10 nm taken
from the experiments. This assumption is verified by the almost perfect spherical NPs that
appear on the fabricated samples [cf. Fig. 3.2 (A)]. Two different kinds of simulations are
performed. First, the optical response of gold NPs arranged onto a square lattice is inves-
tigated. This is done by the so-called Korringa-Kohn-Rostoker method [259]. This method
permits considering two-dimensional lattices of spheres and layers of homogeneous materials.
Thus, the glass substrate can be taken into account in simulations. The filling fraction of
the NPs on the square lattice is set to 27 %. Additional simulations were performed for 25

and 30 % but they yield identical resonance positions and only slightly different resonance
widths and are therefore, not shown here. From such independence it can be concluded that
interparticle coupling is sufficiently weak such that it can be neglected. Material parameters
of gold are taken from literature [260] with a size dependent correction of the imaginary
part that accounts for the finite size of the NPs [261]. The permittivity of the substrate is
assumed as a real valued constant of 2.25 and the cladding is air. The results of the lattice
simulations are shown in Fig. 3.2 (B) by the red dashed curve. The extinction is defined as
Cext = 1 − τ where τ is the simulated transmittance of the square lattice. The resonance
position in simulations perfectly coincides with the experimental one. Only a slight differ-
ence appears for the resonance width. Consequently, it can be concluded that the precise
spatial positions of the gold NPs on the substrate have no influence on the optical response
if the filling fraction is about 25 − 30 %. Otherwise, the simulated results considering the
perfect lattice of NPs should tremendously differ from the experimental ones where the NPs
are amorphously arranged.
For the second kind of simulations only a single gold sphere of again 10 nm radius is

considered. The theoretical solution of this problem was given in Sec. 2.2. Since in Mie
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theory the surrounding of the sphere has to be homogeneous the glass substrate is neglected,
i.e. the surrounding is assumed to be air. The results, shown by the blue dotted curve in
Fig. 3.2 (B), almost perfectly coincide with that of the square lattice. Thus, two important
conclusions can be drawn. First, the influence of the glass substrate on the optical response
is negligible since it was not taken into account for the single sphere simulations. Second,
the extinction of a gold NP array with a filling fraction of about 25−30 % can be sufficiently
well described by just considering a single sphere. Consequently, the alignment of the gold
NPs on the substrate has no influence and the extinction resonance is dominated by the
LSPR of the single gold sphere. The possibility to describe the amorphous gold NP array,
as shown in Fig. 3.2 (A), by the LSPR of a single sphere will be frequently applied for the
rest of this chapter.

3.2 Double array metamaterials

In the last section it has been shown that the optical response of a single gold NP array is
very limited since it is identical to that of a single gold sphere. The aim of this section is
to introduce planar self-assembled MMs with more sophisticated spectral properties. This
is achieved by considering the coupling of two NP arrays. As it has been already discussed
at the beginning of this chapter, the introduced self-assembly technique allows a control of
the NP array separation on the nanometer scale (cf. Fig. 3.1). Assume that the optical
response of a single NP array can be fully described by just considering one NP, as revealed
in the last section. Consequently, the coupling of two NP arrays should be dominated by
the interaction of NPs from the bottom and from the top array. Since the distance of these
two arrays can be reduced to one PE layer in the experiments, meaning a separation about
one nm, these NPs of adjacent arrays are strongly coupled. Therewith, a complex optical
response of the self-assembled MM can be achieved. The potential of this proposed concept
is demonstrated in the following by two different MM geometries. The first one is called
symmetric NP array MM. It consists of two strongly coupled NP arrays that are made of
the same material and radii. The second one, the asymmetric NP array MM is also made
of two NP arrays. However, the NPs of both arrays differ in material as well as radii which
breaks the symmetry of the structure.

3.2.1 Symmetric nanoparticle arrays

The MM under consideration in this subsection consists of two gold NP arrays (10 nm radius)
that are separated by a discrete number of PE layers. It was fabricated and characterized by
the group from Prof. Bürgi, University Geneva, using the proposed self-assembly technique
of Fig. 3.1. An SEM image of the structure can be seen at Fig. 3.3 (A). The bright spots
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show the gold NPs of the top array whereas the grey spots correspond to NPs of the bottom
array. The filling fraction of both arrays is identical to that of the single array, as given in
Sec. 3.1. As previously claimed, the optical response of such a MM should be dominated
by the coupling of NPs from adjacent arrays. Therefore, the MM might be described by a
simple dimer model considering the coupling between one NP from the bottom and one from
the top array. The NP separation of the dimer is given by the number of PE layers that
separate both arrays. Of course, this reduction of the complex amorphous MM, as shown
in Fig. 3.3 (A), to a single dimer seems to be an oversimplification. However, the following
results of this chapter will reveal that the dimer model is very powerful and fully sufficient
to describe the optical response of the presented planar MMs.
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Figure 3.3: (A) SEM image of a planar self-assembled MM consisting of two arrays of gold NPs
(10 nm radii) that are separated by 31 PE layers [114]. (B) Hybridization diagram of two strongly
coupled plasmonic NPs; dashed black arrows depict the oscillation of the electric dipoles in the NPs.

The key to understand the optical properties of such double NP arrays is the appreciation
of the resonant eigenmodes supported by the dimer. Figure 3.3 (B) presents the possible
eigenmodes of such a NP dimer in the case that the optical response of each NP can be fully
described by that of an electric dipole. This assumption has been already verified for much
larger gold NPs in Sec. 2.3 [cf. Fig. 2.3 (B)]. The possible eigenmodes are given in the form
of a hybridization diagram, as it is well-established in molecular physics [173, 174]. If both
NPs are well-separated (approximately for center to center distances larger than four times
the NP radius) the dimer offers only one notable resonance at the LSPR wavelength of the
single gold NPs. Such a situation is identical to that of the single gold NP array. Only if the
NPs are strongly coupled, i.e. their separation distance is small, four different eigenmodes
are observed at distinct wavelengths [151]. Two of these eigenmodes are symmetric since the
dipoles of both NPs are oscillating in phase; they are named σ and π∗ similar to molecule
physics. The remaining two eigenmodes σ∗ and π are characterized by an 180 ◦ out of phase
oscillation of both dipoles. The σ and π eigenmodes have been already discussed in the
previous chapter [cf. Fig. 2.3 (C) and (D)].

In a first step the optical response of the double gold NP array is investigated by analyzing



3 Planar self-assembled metamaterials 56

the resonance positions of the extinction cross section for different samples. These samples
differ by the numbers of PE layers that separate the gold NP arrays. For each sample
extinction measurements are carried out under illumination normal to the substrate. The
resulting resonance shifts with respect to the single gold NP LSPR are shown in Fig. 3.4. In
addition to the previous use of gold NPs with 10 nm radius to fabricate the arrays also larger
NPs of 20 nm radius were considered. Both investigated radii offer a strong dependency of
the extinction resonance shift on the number of separating PE layers and therewith on the
spatial separation of the gold NP arrays. This effect is more pronounced for the larger NPs,
as shown in Fig. 3.4 (B).

(A) (B) 

Figure 3.4: (A) Resonance shift of extinction maxima for a double gold NP array (10 nm radius)
as a function of the separating PE layers. Experimental (red dots) as well as simulated (black solid)
results are plotted. The inset shows the geometry as considered in simulations; a dimer consisting
of one gold NP from the bottom and one from the top NP array; the separating PE layers are not
shown. (B) Same as in (A) but now the gold NP arrays are made of NPs with 20 nm radius.

The simulations of the optical response of the fabricated MMs are realized by a dimer
model, as motivated above. The inset of Fig. 3.4 (A) shows a sketch of the considered
geometry. From experimental observations it can be safely concluded that the bottom array
of NPs is fully covered by the PE layers [114]. Since the filling fraction is only about 25 %
the NPs of the top array should assemble into the free space in-between the NPs of the
bottom array. Thus, the dimer consists of two gold NPs, one from the top and one from the
bottom array, that are assumed as perfect spheres. The radii are taken from the experiment,
i.e. 10 nm or 20 nm. Therefore, the separation of both spheres in simulations is chosen with
respect to the number of PE layers that separate the gold NP arrays in the experiments. The
shown distance dx and dz in Fig. 3.4 (A) describe the separation perpendicular and along
the illumination direction, respectively. They are defined as follows: dx = 2rAu + NPEdPE

and dz = NPEdPE, where rAu is the gold NP radius, NPE is the number of separating PE
layers and dPE their thickness. The PE layers are assumed as homogeneous layers with a real
valued constant permittivity of 2.2 and a thickness of dPE = 0.9 nm according to literature
[114, 117, 257, 258]. Since the difference between the PE layer permittivity and the glass
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substrate is negligible, the surrounding of the dimer is assumed as a homogeneous material
with a permittivity of 2.2. The illumination is a plane wave propagating along the negative
z-direction. The linear polarization of the incident field is chosen parallel to a diagonal in
the xy-plane, such that Einc = E0êx +E0êy. This accounts for the random alignment of the
dimers in the experiments. For a linearly polarized incident field all dimer orientations appear
in the fabricated samples. This can be mimicked in simulations by choosing a polarization
of the incident field that allows the excitation of all possible eigenmodes of the dimer, as
done here.
The results of the dimer model perfectly agree with the measured resonance shifts of the

coupled gold NP arrays, as can be seen by Fig. 3.4. If the number of PE layers is decreased,
meaning an increased coupling of both NP arrays, the resonance position gets shifted to
longer wavelengths (indicated by the positive resonance shift). This strong dependency of
the resonance position on the NP separation is well-known for the σ eigenmode of the dimer
[175, 262, 263]. Consequently, this eigenmode has to dominate the extinction spectra for the
investigated planar MMs [114]. Both electric dipoles of the NPs are oscillating along their
connection line [cf. Fig. 3.3 (B)]. The accuracy of the dimer model to predict the resonance
positions of MMs made of strongly coupled NP arrays provides a huge advantage. Instead
of time consuming simulations taking the full amorphous arrangement of all illuminated
NPs into account, the dimer model appears to be really fast and sufficient to describe and
understand the optical response.
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Figure 3.5: (A) Measured extinction spectra for a single gold NP (10 nm radius) array (red dashed)
and two strongly coupled gold NP arrays with one separating PE layer. (B) Simulated extinction
spectra relying on the dimer model with one PE layer.

Of course, not only the resonance positions are important features but also the corre-
sponding spectra. Therefore, in Fig. 3.5 the measured extinction spectra are compared to
the results of the dimer model. The case of strongest coupling of the two gold NP arrays is
shown, i.e. both arrays are only separated by one PE layer. Even in this extreme coupling
regime the predictions of the dimer model are quite intriguing. The double peak structure
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of the experiments, as shown in Fig. 3.5 (A), is nicely reproduced by simulations [cf. Fig. 3.5
(B)]. Only the resonance widths slightly differ. This is somehow expected. In simulations
only two NPs with a fixed distance to each other are considered, whereas in experiments a
huge number of amorphously arranged NPs is illuminated. Obviously, not all NPs of adja-
cent arrays will form such a tight arrangement as considered in the dimer model. This causes
the experimentally observed broadening of the resonances. The double peak structure can
be easily explained by the hybridization scheme of Fig. 3.3 (B). The longer wavelength reso-
nance can be identified with the σ eigenmode, as mentioned above. The shorter wavelength
resonance is the π∗ eigenmode, where both dipoles are oscillating in phase perpendicular to
the connection line. The asymmetric eigenmodes, namely the σ∗ and π eigenmode of Fig. 3.3
(B), cannot be excited. The reason is the highly symmetric MM consisting of two NP arrays
of same material and radius and the plane wave illumination normal to the substrate. In
the following subsection the possibility to excite all four possible eigenmodes in such planar
MMs is discussed.
In conclusion, up to here, planar self-assembled MMs have been demonstrated consisting

of two strongly coupled gold NP arrays. It has been shown that the optical response is
dominated by the coupling of the NPs from the bottom and the top array. Furthermore,
the symmetric configuration and illumination allows only for the excitation of symmetric
eigenmodes. Finally, most importantly, the introduced dimer model is fully sufficient to
describe the optical response of the complicated MM even in the regime of very strong
coupling, i.e. a separation of both NP arrays of around one nm.

3.2.2 Asymmetric nanoparticle arrays

The focus of this subsection is on planar MMs that consist of two different NP arrays, i.e.
the NPs of different arrays are made of distinct metals and also have different radii. This
asymmetry in the sample should allow to excite, in principle, all four possible eigenmodes
of the dimer model [99, 115, 264–266]. Of course, it is also possible to chose an asymmetric
illumination to excited asymmetric eigenmodes [267]. Anyhow, we keep the plane wave illu-
mination and only introduce asymmetry in the MM. Especially, the asymmetric eigenmodes
promise a more complex response of the MM. The out of phase oscillation of the electric
dipoles in both spheres (one from the bottom and one from the top array) can result in
a magnetic dipole of the dimer structure [151], as already revealed in Fig. 2.3 (D). This
magnetic dipole moment is one important requirement for many envisioned applications of
MMs, as will be discussed in-detail in Sec. 4.1. Apart from the magnetic dipole moment
the asymmetric resonance is important for functional devices, e.g. for the field of plasmon
induced transparency [268, 269].
The MM considered here is made of one gold NP array with 14 nm radius that is covered

by a discrete number of PE layers and on top a second NP array of silver NPs with 20 nm
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radius. An SEM image of the fabricated structure can be seen in Fig. 3.6 (A). The smaller
NPs that are slightly out of focus show the gold NP array on the substrate. The silver NP
array on top is better resolved. Silver NPs were fabricated by a Lee-Meisel method [255].
This method results in a wider range of particle sizes and shapes as can be seen by the SEM
image but the main part of them can be safely assumed as perfect spheres with 20 nm radius
[117]. Furthermore, the surface coverage achieved by the silver NPs is not as homogeneous
as for the gold NP array. Therefore, both isolated silver NPs and small aggregates being
observed. The filling fractions of both NP arrays are around 25 %.
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Figure 3.6: (A) SEM image of a self-assembled MM made of one gold NP array (14 nm radius)
that is covered by seven PE layers and a silver NP array (20 nm radius) on top. Because of the
difference in height, the gold NPs, which are underneath, appear slightly out of focus [117]. (B)
Hybridization diagram for one strongly coupled gold and silver NP.

Figure 3.6 (B) shows the hybridization diagram for a dimer made of one gold and one
silver NP. Identical eigenmodes are possible when compared to the symmetric case presented
in Fig. 3.3 (B). However, the resonance positions are modified due to the different LSPR
resonance wavelengths of the silver and gold NP [99].

In a first step, again the optical response of the single NP arrays needs to be investigated.
Although this has in principle been done in Sec. 3.1, here different NP radii and metals
appear. The SEM image of a single array of silver NPs with 20 nm radii can be seen in
Fig. 3.7 (A). The single gold NP array (14 nm radius) is not shown, since it looks very
similar to that of Fig. 3.2 (A) except that the NPs are slightly larger here.

Figure 3.7 (B) shows the extinction spectra as obtained from measurements and simula-
tions. In simulations only one single gold or silver NP is considered, according to Sec. 3.1,
and the surrounding is set to air. The NPs are assumed as perfect spheres with a radius of 14
and 20 nm for the gold and the silver NP, respectively. An almost perfect agreement between
experiments and single sphere simulations is achieved for the gold NP array. The resonance
position is fully met and only a slight difference appears for the width. The situation gets
more complex in the case of the silver NP array. The measured extinction curve provides
two peaks, one close to the LSPR of the single silver NP and one really broad peak at longer
wavelengths around 700 nm. The latter one is a direct consequence of the more complicated
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Figure 3.7: (A) SEM image of a single silver NP array (20 nm radius) [117]. (B) Measured (solid)
and simulated (dashed) extinction spectra for single arrays of gold (red) and silver (black) NPs.

morphology of the silver NP arrays, as it can be seen by Figs. 3.6 (A) and 3.7 (A). Small
aggregates of 3 − 4 silver NPs are existing in addition to isolated NPs. These aggregates
result in the significantly red shifted peak. Furthermore, the resonance position and width of
the single silver NP simulations does not sufficiently match to the experimentally observed
peak that is slightly red shifted. This discrepancy stems from the polydispersity in size and
shape of the fabricated silver NPs. In experiments not only perfect spheres with 20 nm
radius are observed but also larger spherical NPs and even small nanorods. This causes a
slight red-shift and a broadening of the measured LSPR.
The discrepancy between experiments and simulations for the silver NP array seems to

be a disadvantage. However, it will be shown that the dominating resonances of the MM
made of coupled arrays can be fully and accurately described by relying on the dimer model.
Therewith, the resonances of the MM that correspond uniquely to the interaction between
the distinct NP arrays and the identification of asymmetric eigenmodes is possible.
Figure 3.8 (A) shows the measured extinction spectra of the strongly coupled asymmetric

NP arrays for different numbers of separating PE layers. Since the gold NPs as well as the
silver NPs exhibit a net negative charge only odd numbers of PE layers are possible (cf.
Fig. 3.1). The experimental spectra offer two peaks, one at shorter wavelengths (close to the
resonance of the single silver NP array) and one at longer wavelengths (around the single
gold NP array resonance). Before these two resonances are examined in more detail the
results of the dimer model are presented to evaluate its predictive power.
Similar to the symmetric NP array the dimer model describes only the coupling between

NPs from adjacent arrays. Here, one gold NP from the bottom array with 14 nm radius is
considered together with one silver NP of 20 nm radius from the top array. The geometry can
be seen at the inset of Fig. 3.8 (B). The separation of both NPs is, again, chosen with respect
to the number of separating PE layers of the experiments, i.e. dx = rAu + rAg +NPEdPE and
dz = NPEdPE. The notation as well as the thickness of one PE layer are identical to that of
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Figure 3.8: (A) Measured extinction spectra for a MM consisting of two strongly coupled NP
arrays. The first array on top of the glass substrate consists of gold NPs with 14 nm radius and is
covered by a discrete number of PE layers (the spectra for 1, 3, 5 and 7 PE layers are shown here).
On top of the PE layers a second NP array is deposited consisting of silver NPs with 20 nm radius.
(B) Simulated extinction spectra by the dimer model. The inset shows the geometry as considered
in simulations. The colorbar is maintained from (A).

the previous subsection. The same holds for the illumination of the dimer structure and all
material parameters. The results of the dimer model simulations can be seen in Fig. 3.8 (B).
An intriguing agreement to the experimental results is observed. The simple dimer model
yields almost the same resonance positions. Furthermore, the qualitative dependency on the
number of PE layers is identical for simulations and experiments. Only the widths of the
resonances are smaller in simulations. This is for obvious reasons, as already discussed in
the last subsection.

Now, the dependency of both observed resonances on the number of PE layers is in-
vestigated in more detail. As can be clearly seen at Fig. 3.8 (both, for experiments and
simulations) the resonance position of the shorter wavelength resonance is not affected by
the number of PE layers. In contrast the peak amplitude strongly depends on the separation
of both NP arrays. The complete complimentary behavior is observed for the longer wave-
length resonance. Here, the resonance position strongly depends on the number of PE layers
whereas the peak amplitude stays nearly constant. The dependency of both resonances on
the NP array separation is concluded in Fig. 3.9.

The relative peak amplitude of the short wavelength resonance gets enhanced with in-
creasing numbers of PE layers, i.e. a larger separation of the NP arrays, as shown in Fig. 3.9
(A). The dependency appears more pronounced in simulations. This might be expected
since the resonance width of the short wavelength resonance is much smaller in simulations,
i.e. the resonance is more pronounced. However, an increasing amplitude in extinction for
an increasing number of PE layers indicates the excitation of an asymmetric eigenmode of
the structure. If both arrays are strongly coupled the excited asymmetric eigenmode cannot
radiate into the far-field and therefore, the scattering of the dimer is suppressed. If the cou-
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Figure 3.9: Comparison of experimental results and simulations for the two observed resonances
of the extinction spectra. (A) The peak amplitude for the short wavelength resonance (appearing
at around 400 nm in Fig. 3.8) is shown as a function of the separating PE layers. From all peak
amplitudes of the extinction the peak amplitude of 1 PE layer is subtracted. (B) Resonance wave-
length for the long wavelength extinction resonance of Fig. 3.8 as a function of the separating PE
layers.

pling gets reduced, i.e. the number of PE layers is increased, the excitation into the far-field
is enhanced and therewith the peak amplitude of the extinction.
The longer wavelength resonance offers a strong dependency of the resonance position on

the number of separating PE layers, as can be seen in Fig. 3.9 (B). An almost perfect agree-
ment between experiments and simulations is observed. This dependency of the resonance
position on the number of PE layers and the strong red shift for small array separations are
a clear signature for the excitation of an symmetric eigenmode similar to the observations
for the symmetric NP array (cf. Fig. 3.4).
To facilitate a confirmation of this qualitative discussion on the origin of the excited

eigenmodes the field distributions of the dimer structure are presented in the following. This
should also allow to reveal properties of the observed resonances in terms of the provided
hybridization diagram of Fig. 3.6 (B).
The field distribution of the short wavelength resonance shown in Fig. 3.10 (A) and espe-

cially the vectorial character of the internal fields directly reveal the asymmetric character of
the excited resonance. The correlation of the internal fields identifies the observed resonance
as a combination of the σ∗ and π∗ eigenmode of the hybridization diagram of Fig. 3.6 (B).
So the induced dipoles are oscillating out of phase along the x-axis and in phase along the
y-axis. In contrast, the internal fields for the long wavelength resonance, shown in Fig. 3.10
(B), offer the typical correlation that is identified by the σ eigenmode of the dimer. This
is confirmed in addition by the huge field enhancement of about 80 times the incident field
that is observed in-between both spheres that is expected for the σ eigenmode [270–272]. An
animation of the oscillation of the internal field over an optical cycle is given in Ref. [117].
To conclude up to this point, a planar MM consisting of two different strongly coupled
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Figure 3.10: Field distributions for the dimer structure for one separating PE layer. The magnitude
of the electric field (normalized to the incident field) is shown for the short wavelength resonance (at
422 nm) in (A) and for the long wavelength resonance (at 592 nm) in (B). The fields are shown in
the xy-plane perpendicular to the illumination direction that includes the origin of the gold sphere;
the polarization of the incident field is shown by the blue arrows. The white arrows inside both
spheres depict the vectorial character of the internal fields at a specific time. In other words, the
lengths of the white arrows decode the magnitude of the internal field at this position and the
direction shows the contribution of the x- and y-component of the internal field to its magnitude.

NP arrays has been investigated in detail. Experimental extinction spectra offered two reso-
nances that could be fully reproduced by the dimer model. By investigating the dependency
of both resonances on the NP array separation, the excitation of symmetric as well as asym-
metric eigenmodes was revealed. This is in contrast to the symmetric NP array MMs where
only symmetric eigenmodes were possible. Additional field distributions obtained from sim-
ulations of the dimer model confirmed the character of the observed resonances and allowed
their characterization based on the hybridization diagram. In principle, up to here every-
thing has been investigated to understand the possible resonances of planar MMs made of
two strongly coupled NP arrays.
Before these results are exploited to design a MM for a desired application the accuracy

of the dimer model is once again verified. Up to here, the assumption that the optical
response of these MMs is mainly dominated by the coupling of NPs from adjacent arrays
was only confirmed by comparing the dimer simulations with experimental results. Rigorous
simulations taking into account the fully amorphous character of the fabricated samples have
never been performed. The slight differences, e.g., of the resonance width in simulations
and experiments was accounted to this amorphous arrangement, but this was never shown.
To provide this missing link the most complex planar MM considered up to here is once
rigorously simulated now. Anyhow, it has to be stressed that these more sophisticated
simulations are only one step that reflect the experimental geometry in more detail. Still the
simulations only consider a part of the experimental reality and it cannot be expected that
a perfect reproduction of the measured results is achieved. However, the important point
about simulations is that they should be sufficient to identify the origin the optical response
in order to predict potential applications, as it was already achieved for the dimer model.
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Figure 3.11: (A) Sketch of a MM consisting of two strongly coupled NP arrays separated by 1 PE
layer as it is considered in simulations. Details about the NP arrangement are given in the text.
(B) Simulated extinction spectra of MMs as shown in (A) for different numbers of separating PE
layers.

The structure as considered in simulations is shown in Fig. 3.11 (A) which is very close to
the fabricated samples [cf. Fig. 3.6 (A)]. An amorphous arrangement of the NPs is achieved
by allowing dimers (made of one gold NP and one silver NP) to be randomly oriented in the
xy-plane. The separation of both NPs is kept from previous simulations, i.e. they depend
on the number of separating PE layers. Furthermore, an excess of gold NPs is taken into
account and a size variation of the silver NPs (the mean radius of 20 nm is allowed to vary
by ±5 nm for every sphere). Both effects also appear in experiments. One thing that is
not taken into account is the varying shape of the silver NPs. In simulations they are still
considered as perfect spheres to ensure a description by the introduced formalism of Sec. 2.5.
The simulated extinction spectra for different numbers of PE layers can be seen in Fig. 3.11

(B). Most importantly, no additional resonances appear in the spectra compared to the single
dimer simulations as shown in Fig. 3.8 (B). Still two resonances are observed, one at shorter
wavelengths and the other at longer wavelengths. Furthermore, the important dependency
of the resonances on the number of PE layers is fully reproduced. Thus, the amplitude of
the short wavelength resonance gets enhanced when increasing the number of PE layers and
the long wavelength resonance gets red shifted when decreasing the number of PE layers.
The width of both resonances are broadened compared to the single dimer simulations and
they are now closer to the experimental ones [cf. Fig. 3.8 (A)]. This confirms the previously
given argumentation that the width is influenced by the amorphous arrangement of the NPs
and their different sizes.
The only difference is the strong peak amplitude of the long wavelength resonance com-

pared to experiments and the dimer model. The reason might be the larger variation in size
and shape of the silver NPs in experiments. There, even elongated silver rods appear and
small clusters of silver NPs. Both should essentially improve the short wavelength resonance
compared to the long wavelength one. Thus, to perfectly reproduce the experimental spectra
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one should also take into account the variations in size and shape of the NPs. However, this
would require a full numerical solution of Maxwell’s equations, e.g. by the FDTD method,
which remains challenging for such amorphous structures with the computational resources
available today. One kind of such simulations have been already presented in Sec. 2.4.2,
i.e. it is in principle possible. However, here four different structures need to be considered
depending on the chosen numbers of PE layers. Since the only possible result is a mere
verification of the experimental spectra and no further insight can be obtained from such
simulations, they were not performed.
In conclusion, in this subsection it has been shown that self-assembled MMs made of

asymmetric NP arrays exhibit symmetric as well as asymmetric resonances under plane wave
incidence. Underlying simulations by the dimer model fully reproduced the experimental
spectra and allowed an identification of the resonances in terms of a hybridization diagram.
Furthermore, the applicability of the dimer model to precisely describe the fabricated MMs
has been proven by rigorous simulations taking the amorphous arrangement of the NPs and
their size variation into account. The next section is based upon these obtained results. Since
the possible resonance properties of self-assembled planar MMs made of two strongyl coupled
NP arrays are revealed now, these results are exploited to work towards an application of
these MMs.

3.3 Application: Surface enhanced Raman spectroscopy

Surface enhanced Raman spectroscopy (SERS) has been established as a very powerful
analytical tool for the characterization of molecules [273–275]. This further development
of conventional Raman scattering is based on inelastic light scattering by molecules that are
brought in close proximity to a plasmonic structure. Since each molecule exhibits a unique
Raman spectrum its measurement allows for the unambiguous identification of the molecules
and potentially also for the concentration. However, the relatively low cross section of SERS
remains a challenging task and it would be naturally desirable to enhance it even further.
This low cross section prohibits potential applications where only a few or even a single
molecule needs to be detected by SERS [276, 277].
Two enhancement mechanisms are known that influence the SERS cross section; the chem-

ical and the electromagnetic enhancement. The first one is linked to the chemical binding
of the molecule under investigation to the plasmonic structure. Enhancements due to high
local electromagnetic fields are correlated to the electromagnetic enhancement, the second
mechanism. Recently, it became possible by numerical investigations and underlying exper-
iments that the influences of both enhancement mechanisms could be distinguished from
each other for an exclusively chosen molecule [278, 279]. It has been found that the chemical
enhancement, in principle, modifies the Raman spectra, i.e. it shifts the resonance positions,
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whereas the electromagnetic mechanism accounts for the pivotal enhancement of the res-
onances. Thus, the aim of a SERS substrate is to provide huge local fields at respected
wavelengths.
In a first order approximation the electromagnetic enhancement scales with the square of

the local electric field at the excitation wavelength λ0 times the square of the electric field at
the Stokes wavelength λS. Therewith, an electromagnetic enhancement factor (EF) of the
SERS cross section can be defined as

EF(λ0) =
1

V

∫
V

dV |Eloc(r, λ0)|2 |Eloc(r, λS)|2 , (3.1)

where the local electric fields Eloc are integrated over the volume V that is occupied by the
molecules.
Of course, manifold approaches exists today to fabricate SERS substrates that offer huge

local fields [280–286]. This is either done by top-down or bottom-up techniques [123, 283,
287–292]. The aim of this section is a further development of the already presented planar
MMs made of two coupled NP arrays such that they can be applied as SERS substrates. As
it has been already shown in Fig. 3.10, these MMs can offer huge local field enhancements.
Furthermore, their resonances can be easily tuned over a broad spectral range by changing
the numbers of separating PE layers, see e.g. Fig. 3.4. This might be not possible with most
of the conventional SERS substrates. And last but not least the structures can be fabricated
at large-scale (cm2) in reasonable time and at low costs.
To start with, an estimation of the possible field enhancements is provided. Symmetric

as well as asymmetric NP arrays are considered. Two common excitation wavelengths are
taken into account that are available in a perspective SERS experiment. Here, exemplarily
514 and 633 nm are chosen, the possible wavelengths by an Helium Neon and Argon ion
laser, respectively. Figure 3.12 presents the cumulative distribution function for the forth
power of the local electric field. The dimer model is considered for all simulations from now
on since it was proven as very powerful and effective tool to sufficiently describe the optical
response of coupled NP arrays in the previous section.
The NP dimers that have been considered in simulations are the following. For the sym-

metric NP array two gold spheres of 20 nm radius are chosen. This radius should offer a
stronger dependency of the resonance wavelength on the number of PE layers, as was shown
in Fig. 3.4. The dimer for the asymmetric NP array was exactly chosen as in Sec. 3.2.2. The
number of separating PE layers for the results in Fig. 3.12 is selected in such a way that the
NP dimers offer the maximum local field enhancement at the excitation wavelength. This
happens for one separating PE layer for all considered MMs and wavelengths in Fig. 3.12
except for the symmetric NP array at 633 nm excitation wavelength. In the latter case the
maximum field enhancement is obtained for three PE layers. The cumulative distribution
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Figure 3.12: (A) Simulated cumulative distribution function for the forth power of the local electric
field for different types of planar MMs as shown in (B) and the two chosen excitation wavelengths
as given by the legend. Details about the considered geometry in simulations are given in the text.

function is calculated at a fixed volume that fully encloses the NP dimer. From the shown
results of Fig. 3.12 the following conclusion can be drawn. It is assumed that the position
of the molecule to the NP dimer is not known as it might be the case in an experiment. In
such a situation the probability to have a molecule at a point in space with a sufficiently
high local electric field is maximal for the symmetric NP array consisting of gold NPs of
20 nm radius and an excitation wavelength of 633 nm. Therefore, only this specific planar
MM and excitation wavelength are considered in the following to design the SERS substrate.
Next, simulations based on the chosen MM are presented to evaluate the SERS performance.
Subsequently, the obtained results are used for an experimental implementation.

Figure 3.13 shows the results of the dimer model simulations for the chosen symmetric
gold NP array with 20 nm radius. The presented extinction spectra for varying numbers of
separating PE layers in Fig. 3.13 (A) emphasize the tuning capability with respect to the
resonance wavelength. In principle, the resonance of the MM can be accurately adjusted
from 550 to 750 nm depending on the chosen number of PE layers. As already shown in
Sec. 3.2.1 the σ resonance is excited in such symmetric dimer structure that offers a strong
dependency of the resonance position on the NP separation [114]. The grey shaded area
in Fig. 3.13 (A) assigns the wavelength range between the excitation wavelength of 633 nm
and a possible Stokes wavelength in the experiments of about 660 nm. This domain is the
most important one for the SERS efficiency, i.e. the local electric field has to be enhanced
inside this domain. Figure 3.13 (C) shows the maximum of the extinction curves at the
excitation wavelength of 633 nm. A clear optimum can be identified for three separating PE
layers. Since the σ resonance of the dimer structure is associated with a sufficient local field
enhancement, this resonance for three PE layers of the extinction curves should also define
the maximum EF of the SERS signal as defined by Eq. 3.1. The simulated EF as a function
of the number of PE layers, as shown in Fig. 3.13 (D), perfectly confirms this deduction.



3 Planar self-assembled metamaterials 68

k 
E 

k 
E PE 

15 

13 

11 

9 

7 

5 

3 

1 

0 

(A) (B) (C) 

(D) 

Figure 3.13: (A) Simulated extinction spectra by the dimer model taking into account two gold
NPs with 20 nm radius, as sketched in (B). The number of separating PE layers varies from bottom
to top, where 0 corresponds to a single gold NP array. The grey shaded area defines the wavelength
range between the excitation (633 nm) and a possible Stokes wavelength in the experiments. (C)
Amplitude of extinction curves from (A) at excitation wavelength of 633 nm. (D) Simulated SERS
EF as a function of the separating PE layers.

A maximal EF is obtained for three PE layers. It is important to note that the double
NP arrays always performs better than the single NP array that serves here as a reference
sample.

The important conclusions for the presented dimer simulations are the following ones.
First, it is possible to tune the resonance wavelength of the planar MM over a broad spectral
range. In practice, this might be the most important point. With respect to the chosen
molecule and excitation wavelength, a planar MM working as a SERS substrate can be
designed that offers the field enhancement at the required wavelength. The spectral operation
range of the MM can be further improved by choosing silver as the NP material. In this
case even resonances down to 400 nm might be addressed [117, 151]. Another important
point of Fig. 3.13 is the possibility to identify the sufficient number of PE layers for the field
enhancement already by the resonances of the extinction cross section. This is clear since
Fig. 3.13 (C) and (D) offer the same number of PE layers for an optimal field enhancement
and share the same dependency on the number of PE layers. Therefore, instead of a more
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complicated integration of the local fields to obtain an EF [Fig. 3.13 (D)], fast computations
of the extinction spectra [Fig. 3.13 (C)] are sufficient to obtain the optimal number of PE
layers.
The verification of these theoretical predictions on the performance of a self-assembled

planar MM as SERS substrate is given by an experimental realization in the following.
Therefore, MMs consisting of two strongly coupled gold NP arrays with 20 nm radius where
fabricated by the group of Prof. Bürgi, University Geneva. The fabricated samples were
doped by a model analyte (Nile blue). Measurements of the SERS signal were carried out
by Dr. Cialla and Dr. Weber, Institute of Photonic Technology Jena, by illuminating the
samples at 633 nm. The resulting spectra can be seen in Fig. 3.14 (A).
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Figure 3.14: (A) SERS spectra of Nile blue as a function of the wavenumber of the molecular
vibration of Nile blue for the fabricated gold NP arrays for different numbers of PE layers. The
notation and the colorbar are chosen identical to Fig. 3.13. (B) SEM image of a fabricated sample
where both gold NP arrays are separated by 15 PE layers. (C) Integrated intensity of the pronounced
SERS peak at 590 cm−1 as a function of the number of separating PE layers.

The SERS spectra offer a pronounced Raman peak at 590 cm−1 for the single NP array and
for all investigated samples. The peak position coincides with documented values for Nile
blue [293, 294]. The peak intensity with respect to the background strongly depends on the
number of PE layers. An optimum is observed for three PE layers. In this case a multitude of
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additional peaks can be observed at higher wavenumbers that were not visible for the other
samples. The quantification of the performance of the fabricated structures is done by an
integration of the pronounced Raman peak at 590 cm−1 as a function of the number of PE
layers. The results shown in Fig. 3.14 (C) clearly indicate an optimum of the performance for
three separating PE layers. This result is fully in line with the previously given simulations
of the samples by the dimer model. Furthermore, the theoretically predicted dependency
of the SERS EF on the number of PE layers, as given by Fig. 3.13 (D), is fully reproduced
by the experiments. Of course, in simulations the enhancement appears more pronounced
to the measured values. This is expected, as mentioned previously, since the simulations do
not account for the amorphous arrangement of the NPs and therefore the resonances appear
much sharper compared to the experiments.
In conclusion, in this section it has been demonstrated that the proposed self-assembled

MMs of this chapter can be tuned to a desired application. The focus was on the enhancement
of the local electric field to design a suitable SERS substrate. It has been shown that
planar MMs of two strongly coupled gold NP arrays can be tuned to offer the required field
enhancement at a defined spectral range given by the investigated molecule. The predicted
performance based on simulations by the dimer model were finally verified by experiments
investigating the SERS spectra of the dye Nile blue.

3.4 Concluding remarks

This chapter provided an in-depth study of planar MMs that were self-assembled onto a
substrate. The line of research was driven by an existing and well-controllable self-assembly
technique based on electrostatic forces [250]. Amorphous arrays of resonant NPs served
as the main building blocks for the MMs. After preliminary investigations of the optical
properties of a single array, two of them were strongly coupled.
The advantage of the self-assembly process is the controllable separation of both arrays in

discrete steps of one nm [114, 117]. A theoretical model has been developed to sufficiently
describe the optical response of these MMs. The combination of theoretical predictions and
measurements provided the possible excitation of symmetric as well as asymmetric reso-
nances in these structures. Finally, an application of these planar MMs has been proposed
as a tunable SERS substrate. Again theoretical predictions were verified by underlying
experiments.
Obviously much more complex MMs are possible by the presented self-assembly technique

of this chapter. Although even the studied structures of two coupled NP arrays offered very
promising resonance features, the stacking of more arrays might be of interest for future
research [295]. For example the emergence of bulk material properties of MMs could be
studied. Furthermore, instead of single NPs more complex plasmonic structures can be
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arranged in one array, as it was already demonstrated for honeycomb islands [296]. Apart
from the investigation of the mere plasmonic properties of the NP arrays, the interaction
of the possible systems with molecular or atomic systems is a very promising direction for
further research. First implementations have already demonstrated that the PE layers can
be doped by dyes or replaced by fluorescent layers [297].
Most of these mentioned points were partially investigated (and sometimes resulted in a

publication) during the work of this thesis. However, the focus of the chapter has been put on
an in-depth study of two coupled NP arrays. This provided a fundamental understanding on
how such complex MMs might be theoretically described and what possible optical properties
can be already achieved by them.
The next chapter removes the geometrical constraint of two-dimensional planar MMs.

Fully three-dimensional self-assembled structures are presented and their intriguing optical
properties are discussed in detail. The focus is on the development of MMs with an isotropic
magnetic response in the visible and a self-assembled cloaking device. This has to be seen
as the second contribution (the first one was given in this chapter) to the second goal of this
thesis which is on proposing new designs to experimentally realize self-assembled MMs.
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4 Three-dimensional self-assembled
metamaterials

Richtiges Auffassen einer Sache

und Mißverstehn der gleichen Sache

schließen einander nicht vollständig aus.

Franz Kafka (Der Prozeß)

Whereas the last chapter discussed planar MMs in detail, the focus of this chapter is on
self-assembled MMs with a notable extension into the third dimension. One consequence of
this bulk character is the vanishing requirement to consider a substrate since the fabrication
of these three-dimensional structures usually takes place in solution. This entails the oppor-
tunity to restrict the consideration even stronger on the study of the scattering properties
of the isolated meta-atom [180]. The possibility to fabricate bulk MMs that tend to be in
addition isotropic is the key advantage and one major reason for the fast development of
self-assembled MMs during the last years [9]. To date it is difficult to imagine that top-down
fabrication techniques can be further improved such that bulk MMs can be equally provided
in reasonable time and at low costs [8]. Of course, some ideas to solve this problem exist
like, e.g. the stacking of various functional layers [130] or direct laser writing [40], but the
sequential fabrication of the meta-atoms is still the vital drawback of top-down techniques.
Therefore, these approaches for top-down techniques may mitigate the problem of being only
able to fabricate planar structures, but cannot solve it entirely. This, however, can only be
done by self-assembly techniques.
Nonetheless, MM fabricated with top-down techniques on substrates of course where deci-

sive for the success of the field and its entire evolution. Most notably, this development has
been promoted by the opportunity to experimentally realize already quite a lot suggested
applications and to prove with that the unconventional way to affect the propagation of light.
While relying on self-assembly bottom-up fabrication the strategy of the implementation of
functional MMs, a comparable degree of sophistication, and particularly the demonstration
of applications was not yet achieved. Of course, this should by no means imply that no
functionalities have been demonstrated. But some of the intriguing self-assembled MMs
that have been demonstrated, e.g. structures that offer a Fano resonance [56, 90], were al-
most all assembled two-dimensionally on a substrate. Furthermore, just a few bulk MMs
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with more advanced optical properties have been demonstrated prior to the work of this
thesis. A possible explanation why only a few of them have been realized by bottom-up
approaches, although a lot of concepts exists on how a MM should be designed, was already
given in Chap. 1. Proposed meta-atom geometries for top-down MMs cannot be implemented
straightforward by bottom-up techniques. Thus, based on the physical concepts of top-down
MMs new designs of self-assembled meta-atoms made of resonant NPs were required to be
developed. Most importantly, the resulting MMs should be fully three-dimensional to ex-
ploit the advantage of the self-assembly and to obtain real materials rather than a functional
surface. This chapter contains important contributions to solve these problems.
Therefore, it is of major interest to demonstrate the implementation of MMs by bottom-

up techniques to further advance the field of self-assembled MMs. To date a lot of possible
bottom-up techniques exist that allow fabricating structures with a fascinating complexity
(cf. Fig. 1.3). However, an investigation of the optical properties of these structures is rarely
documented and only very seldom structures are demonstrated that offer tailored optical
responses. In this chapter, two major subjects that crucially influenced the initial develop-
ment of MMs are realized by self-assembly techniques. The first one is the demonstration
of self-assembled meta-atoms which offer a magnetic dipole response in the visible domain
[118]. This serves potentially as one key ingredient for many applications such as perfect
lenses [16] or proposals from the field of transformation optics [12, 13, 298]. Furthermore,
a self-assembled cloaking device working at optical frequencies is demonstrated [299]. Both
MMs were fabricated in solution, i.e. they are bulky. These two demonstrations of functional
self-assembled MMs are, to the best of our knowledge for the first time, one important step
to push this field towards real applications. In principle, it will be shown that sophisticated
concepts from top-down MMs can be realized by bottom-up techniques.

4.1 Magnetic dipolar meta-atoms in the visible

Possibly the first historical considerations of what we would call today MM by Veselago
[300], assumed an artificial material with an optical response to the electric as well as to the
magnetic field. This was quite an intellectual leap since in the visible domain the response
to the magnetic field of natural materials is vanishing, i.e. the permeability corresponds
to that of free space [52]. Therefore, the hypothesized material was merely considered an
intellectual curiosity and could not be realized in the optical domain for many years.
The situation changed with the further improvement of top-down techniques. They made

it possible to fabricate meta-atoms with dimensions smaller than the optical wavelength.
Therewith, meta-atoms were achieved with a response to the magnetic field even at optical
frequencies [10, 51, 301]. Prominent examples thereof are the SRR [302] or the cut-plate
pair [181]. Optical properties of materials made of such unit cells can be understood while
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considering the medium to have a dispersion in the permeability. The development has been
further promoted by extraordinary applications that have been proposed for such MMs that
are characterized by a dispersive permeability, e.g. a perfect lens [16] or a cloaking device
[12].
Metamaterials made of periodically arranged meta-atoms such as the SRR or the cut-

plate pair possess a suitable optical response under certain conditions, i.e. there response is
usually anisotropic [183]. However, an unambiguous assignment of true material properties
is not possible. The presented MMs usually suffer from spatial dispersion, i.e. their effective
material parameters depend in most of the cases on the propagation direction of the incident
field [152].
The aim of this section is the suggestion and description of functional meta-atoms that

offer a strong magnetic dipole response in the visible and that can be fabricated by bottom-
up techniques to obtain bulk MMs. As already mentioned several times the amorphous
arrangement of self-assembled meta-atoms directly results in an isotropic response. This
is one of the big advantages of self-assembled MMs. The precise discussion on how to
assign effective material parameters to such amorphous MMs in Sec. 2.4 yields the following
important conclusion. The response of the single meta-atom is required to be isotropic
in order to assure a strong impact of the meta-atom response on the effective material
parameters (cf. Sec. 2.4.3). Therefore, in addition to a strong magnetic dipole response of
the meta-atom also isotropy is an important factor of the design of the meta-atoms. Last
but not least the contribution of higher order multipole moments to the scattering should
be small to circumvent spatial dispersion [151].
The simplest way to achieve an isotropic magnetic response has been already presented in

the thesis. The idea is to exploit the first order Mie resonance of a high permittivity sphere,
as it was discussed for silicon [154, 155] in the near IR [cf. Fig. 2.3 (A)]. The magnetic dipole
moment is excited if the wavelength inside the sphere is comparable to its diameter [156].
Recently, it has been experimentally demonstrated that it is possible to shift this magnetic
resonance to the visible by fabricating silicon spheres with diameters in-between 50−100 nm
[166, 167]. However, it remains challenging to precisely control the diameter of the spheres
in experiments and therewith the exact resonance position. Other materials such as, e.g.,
silicon carbide only work in the near IR or at longer wavelengths [163, 164]. Using glass
as the sphere material also is not a promising solution. The induced dipole moment is too
weak because of the relatively low real part of the glass permittivity. Therefore, in order to
achieve a controllable and sufficiently strong magnetic dipole resonance in the visible more
sophisticated meta-atoms are required. The already investigated dimer structure [cf. Fig. 2.3
(C), (D)] does not provide a solution since the optical response is anisotropic.
In the following two different meta-atom geometries are introduced that offer a strong

isotropic magnetic dipole response in the visible. They are based on spherical alignments
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of resonant plasmonic NPs. The next section demonstrates the magnetic dipole response
for so-called supramolecular clusters [110, 112] whereas the same is done in the subsequent
section for core-shell clusters [118].

4.1.1 Supramolecular clusters of nanoparticles

This section demonstrates the possibility to achieve an isotropic magnetic dipole reso-
nance in the visible by arranging plasmonic NPs into clusters with a spherical outer shape.
These meta-atoms are called supramolecular clusters according to a notation from colloidal
nanochemistry [111].

The basic idea on the optical response of these supramolecular clusters is identical to
that of magnetic resonances of high permittivity spheres. As discussed above it remains
quite challenging to shift the magnetic resonances of these spheres to the visible if ordinary
materials are applied. The idea is to chose already an artificial material for the sphere. Since
the focus is on structures that should be fabricated by self-assembly techniques later on, the
most reasonable choice of the artificial material is an amorphous arrangement of metallic
NPs. The concept is sketched in Fig. 4.1 (A).

(A) (B) 

 >> 1 

single 
sphere 

supramolec. 
cluster 

Figure 4.1: (A) Concept of meta-atoms with a magnetic resonance in the visible. Instead of a
single sphere made of a high permittivity material (as shown at the left) silver NPs are arranged
into a meta-atom with a spherical outer shape (as shown at the right), called a supramolecular
cluster. (B) Effective permittivity of amorphously arranged silver NPs (6 nm radii) in a dielectric
environment (ε = 2.6) with a filling fraction of 0.25.

Figure 4.1 (B) shows the effective permittivity of an alignment of silver NPs with a filling
fraction of 0.25. The results where obtained by the Clausius-Mossotti relation [cf. Eq. 2.40]
by inserting the silver NP polarizability. This polarizability is obtained from Mie theory, i.e.
the silver NPs are assumed as perfect spheres. Material parameters are taken from literature
[260] with a size dependent correction of the imaginary part [261] and the silver sphere is
illuminated by a plane wave propagating along z-direction with a linear polarization along
x-direction. This illumination scenario is fixed for the rest of this chapter if nothing deviating
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is explicitly stated. However, it has to be stressed that it is of marginal importance since
the considered structures are isotropic due to their spherical shape. The surrounding is set
to a real valued constant of 2.6.
As expected, the effective permittivity offers a Lorentzian line shaped resonance at 460

nm close to the LSPR of the single silver NP (around 415 nm, not shown here). Most
importantly for a magnetic dipole resonance, the effective permittivity exhibits large real
values for wavelengths larger than 460 nm. In other words, an artificial material made
of densely arranged silver NPs works at these wavelengths effectively as a high permittivity
material. Therefore, forming a sphere out of such a material should allow to excite a magnetic
dipole resonance in the visible [303].
In a first order approximation a supramolecular cluster of silver NPs [as shown in the

right panel of Fig. 4.1 (A)] can be treated as a single sphere if the material parameters of
this sphere are taken from the Clausius-Mossotti results, as shown in Fig. 4.1 (B). In the
following, the results of this approximation are shortly discussed to understand the basic
properties of the magnetic dipole moment. Subsequently, the introduced extension of Mie
theory in Sec. 2.5 is applied to rigorously simulate the supramolecular clusters.
The results of a single sphere that is made of a permittivity from Fig. 4.1 (B) are presented

in Fig. 4.2. The surrounding is set to a real valued permittivity of 2.6. The extinction spectra
for different sphere radii (that correspond to different radii of the supramolecular cluster later
on) are given in Fig. 4.2 (A). Independently on the radius of the sphere a resonance can be
observed at around 430 nm. At this wavelength the permittivity of the sphere is negative [cf.
Fig. 4.1 (B)] and therefore the observed resonance is the LSPR. More importantly, a second
resonance is observed at longer wavelengths if the sphere radius is larger than 35 nm.
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Figure 4.2: (A) Extinction cross section of single spheres with different radii (given in nm by the
legend) that are made of a permittivity as shown in Fig. 4.1 (B). (B) Magnitude of the magnetic
dipole moments of the spheres from (A); the legend is maintained. The dipole moments are given
according to their contribution to the scattering cross section (cf. Eq. 2.32).

The origin of this second resonance can be easily identified by investigating the excited
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multipole moments of the sphere, as discussed in Sec. 2.3. Figure 4.2 (B) shows the contribu-
tion of the magnetic dipole moment to the scattering cross section of the sphere for different
radii. Obviously, the observed long wavelength resonance in extinction can be linked to
the excitation of a magnetic dipole moment in the sphere. The resonance positions of the
magnetic dipole moments and of the extinction curves coincide. Furthermore, a magnetic
dipole moment can be only observed for sphere radii larger than 35 nm.
The above given idea on how to excite magnetic dipole moments in the visible is confirmed.

This can be seen by a rough estimation of the magnetic dipole resonance position. The
effective permittivity given in Fig. 4.1 (B) has a real value of 18 at about 500 nm. Assuming
that the magnetic dipole resonance is given if the wavelength inside the sphere is comparable
to the diameter, the radius of the sphere should be around 60 nm to excited the magnetic
resonance at 500 nm. This is perfectly met, as can be seen at Fig. 4.2 (B) by the blue dotted
curve.
A second important effect can be seen in Fig. 4.2 (B). The peak amplitude of the magnetic

dipole gets enhanced by increasing the sphere radius. Of course, also the extinction cross
section gets enhanced for larger spheres, as can be seen by Fig. 4.2 (A), but this trend is
weaker compared that of the magnetic dipole moments. In conclusion, the larger the sphere,
or later on the supramolecular cluster, the stronger the magnetic dipole moment. However,
one constraint is the sub-wavelength dimension of the meta-atom (the supramolecular clus-
ter) to ensure a description of the MM by effective material parameters. Therefore, no sphere
radii larger than 75 nm are considered, since even in this case the diameter of the meta-atom
is about half the illumination wavelength.
Now, after these preliminary discussions that approximated the supramolecular cluster

as a perfect sphere, rigorous simulations are presented. These simulations take the precise
position of every silver NP inside the supramolecular cluster fully into account. However,
considering different implementations of nominally identical structures eventually lead to
identical results. The silver NPs are arranged into a supramolecular cluster as follows.
Starting by a single NP, additional NPs are added step by step. The position of the next NP
to be added is amorphously chosen, i.e. in spherical coordinates both angles are randomly
chosen but a minimal distance of 1.5 nm between the NPs is fixed. This nearest neighbor
distance is enforced by appreciating technological details of the different fabrication methods
that can be used to obtain the desired meta-atoms. It results in a filling fraction of about
0.25 of silver NPs in space. The NPs that lay outside a defined radius of the supramolecular
cluster are not considered. Following this procedure supramolecular clusters as sketched in
Fig. 4.1 (A) are obtained. Depending on the three previously considered single sphere radii
of 35, 50, 60, and 75 nm the supramolecular clusters consist of 49, 144, 247, and 466 NPs,
respectively. The NPs are assumed as perfect spheres in simulations with a radius of 6 nm.
The surrounding and illumination are maintained from the single sphere simulations.
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Figure 4.3: (A) Extinction cross section of supramolecular clusters made of silver NPs (6 nm
radii) for different cluster radii in nm as given by the legend. The inset in (B) shows a sketch of
the structure as considered in simulations for a cluster radius of 75 nm. (B) Magnitude of magnetic
dipole moments for supramolecular clusters from (A); the legend is maintained. The dipole moments
are given as they contribute to the scattering cross section.

Figure 4.3 (A) shows the simulated extinction cross sections of the supramolecular clusters.
The comparison with the single sphere considerations of Fig. 4.2 (A) yields the following
conclusions. The spectra of the supramolecular clusters are much broader compared to the
single sphere. The LSPR resonance that appears at 430 nm for a single sphere can only
be observed for a cluster radius of 75 nm in Fig. 4.3 (A). However, most importantly also
the supramolecular clusters offer a second extinction resonance at longer wavelengths if the
cluster radius is increased. For a radius of 75 nm clearly the double peak structure similar
to the single sphere simulations can be seen. This emerging long wavelength extinction peak
can be related by a multipole analysis, as it is shown in Fig. 4.3 (B), to the excitation of a
magnetic dipole moment in the supramolecular clusters. Therefore, the previously outlined
concept of magnetic dipole resonances has been verified by rigorous simulations. In other
words, it is possible to excite a magnetic dipole moment in the visible in a supramolecular
cluster of silver NPs, as shown in the inset of Fig. 4.3 (B).
The differences in the extinction cross section of the supramolecular cluster [Fig. 4.3 (A)]

and the single sphere [Fig. 4.2 (A)] can be linked to the finite size of the supramolecular
cluster. A cluster of 35 nm radius includes only 49 NPs which cannot be safely assumed as
homogeneous bulk material since the number of NPs is too low. Furthermore, the finite size
of the cluster causes a rough surface of the meta-atom [as can be already seen in the inset of
Fig. 4.3 (B)] which is far away from being a perfect sphere. This surface roughness evokes
additional scattering losses and therefore, smears out the resonances. In addition, as will be
explicitly shown later on for the cloaking device in Sec. 4.2, the Clausius-Mossotti relation
does not work properly close to the LSPR wavelength of the silver NPs [304].
In Fig. 4.4 (A) all contributing multipole moments to the scattering cross section are shown
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Figure 4.4: (A) Multipole moments of a supramolecular cluster with 75 nm radius. All moments
are shown as they contribute to the scattering cross section (Csca); px - electric dipole, my - magnetic
dipole, Qxz - electric quadrupole. (B) Effective permeability of the resulting MM by arranging the
supramolecular clusters with a filling fraction of 0.68 in space.

for a supramolecular cluster with 75 nm radius. A dominating electric dipole contribution
over the entire spectral domain can be observed and, especially, also at the resonance position
of the magnetic dipole moment my at 580 nm. Consequently, the excited magnetic dipole
moment does not dominate the spectra. The resulting effective permeability, shown in
Fig. 4.4 (B), is obtained by the Clausius-Mossotti relation. The magnetic polarizability is
taken from the magnetic dipole moment my and a filling fraction of 0.68 is chosen. The
presented results offer a moderate dispersion of the effective permeability across the spectral
range of Fig. 4.4 (B). Although no negative values of the effective permeability are obtained,
these results serve as a first principle demonstrations that MMs can be self-assembled offering
an isotropic response to the magnetic field in the visible.
It has to be said, that the obtained dispersion in the effective permeability is weaker when

compared to previous results published in literature where negative values of the real part
were obtained [303]. This weaker optical response of the supramolecular clusters is explained
by two effects. First, the amorphous arrangement of the NPs in the supramolecular cluster
lowers the dispersion in µeff . As already discussed in Sec. 2.4.2 this amorphous arrangement
causes additional scattering losses [212] which where not obtained by previous considerations
relying on perfectly periodically arranged silver NPs. Second, previously theoretical consid-
erations of the problem always applied experimentally obtained bulk material properties, or
even a Drude model, for the silver NP permittivity. This underestimates the imaginary part
and therewith the absorption compared to experimental results. If the size of the NPs tends
to become comparable to the mean free path of the free electrons, additional scattering of
electrons on the physical surface of the NPs has to be taken into account. Here, a heuristic
correction of the material parameters was considered resulting in an increased imaginary part
of the permittivity [261]. This reflects the finite size of the NPs and allows a more feasible
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description of the experiments. However, indeed it broadens the simulated resonances and
therewith the oscillation strength of the effective permeability gets decreased.
The proposed idea of an isotropic magnetic dipole response in the visible based on supra-

molecular clusters has been realized by manifold different self-assembly techniques [81, 110–
112, 305]. One example was already given in Chap. 1 in Fig. 1.3. The figure shows the
possibility to fabricate supramolecular clusters made of gold NPs by molecular linkers [110].
A TEM image of a fabricated supramolecular cluster can be seen at the top left of Fig. 1.3
that shows three-dimensional meta-atoms with short-range alignment.
Another way to fabricate the supramolecular clusters is based on the concept of oil-in-water

emulsion. Briefly, a solution of oil containing silver NPs (6 nm radius) is mixed with water
under stirring. This forms oil droplets (defining the spherical shape of the supramolecular
cluster) which are stabilized by a specific molecular linker. These stabilized oil droplets
encapsulate the supramolecular clusters. The size of the supramolecular clusters is defined
by the concentration of the NPs in the oil phase as well as by the size of the oil droplets.
The latter depends on, e.g., the oil-water ratio as well as on the surfactant composition and
concentration. The fabrication of the supramolecular clusters and respective measurements
have been done by Dr. Dintinger and Dr. Scharf from the EPFL in Switzerland. Details
thereof can be found in Ref. [112].
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Figure 4.5: Experimental realization of supramolecular clusters [112]. (A) SEM image of the
stabilized oil droplet encapsulating the silver NPs. (B) TEM image of supramolecular clusters
formed inside the oil droplets. (C) Measured extinction cross section for different cluster radii
(black solid curve shows smallest and green dashed doted the largest cluster radius). All extinction
curves are normalized to their maximum.

Figure 4.5 (A) and (B) show the fabricated supramolecular clusters that consist of silver
NPs with 6 nm radius. Of course the SEM image shows only the outer surface and the silver
NPs inside are not visible. Therefore, in Fig. 4.5 (B) a TEM image is shown, where the
formed supramolecular clusters can be seen. A proper fabrication of clusters with a nearly
spherical outer shape is observed.
In Fig. 4.5 (C) measured extinction spectra are shown for a gradually increased cluster



4 Three-dimensional self-assembled metamaterials 81

radius from about 40 up to 80 nm. Most notably, the theoretically predicted red shift of
the extinction peak for an increasing cluster radius is fully confirmed by the measurements.
Even the precise resonance positions nicely fit to the simulations [cf. Fig. 4.3 (A)]. Therefore,
the resonance in extinction in the experiments can be linked by underlying simulations
to the excitation of a magnetic dipole moment in the meta-atom, i.e. the supramolecular
cluster. The only deviation between experiments and simulations is the measured resonance
width that appears to be broadened. This effect is linked to the investigation of ensembles
of supramolecular clusters in experiments, i.e. the optical response of the self-assembled
MM is measured. In contrast, in simulations solely one single supramolecular cluster is
considered with a specific alignment of the silver NPs. As can be already seen in Fig. 4.5
(B) the cluster radius of the fabricated samples varies in a given range and only a mean
radius is considered in simulations. This results in a spectral broadening of the ensemble
measurements compared to the simulations. However, despite these slight deviations between
experiments and simulations the excitation of the magnetic dipole moment is unambiguously
revealed by the measured resonance positions of the extinction spectra.
To sum up, in this subsection a first approach has been proposed on how to achieve a

meta-atom by self-assembly techniques that offers a resonant magnetic dipole moment in
the visible. Supramolecular clusters with a spherical outer shape made of resonant NPs were
presented as possible meta-atoms. The excitation of the magnetic dipole moment could
be explained by the description of the cluster as a high permittivity sphere. Theoretical
predictions based on rigorous simulations of the supramolecular clusters were fully confirmed
by experiments. The advantage of the presented meta-atoms in this section is the possibility
to fabricate them by versatile self-assembly techniques and their isotropic response due to the
spherical outer shape. The latter one allows a notable dispersion in the effective permeability.
A slight disadvantage is the still dominating electric dipole response of the supramolecular
clusters, especially at the magnetic dipole resonance, cf. Fig. 4.4 (A). In other words only
a part of the scattering response of the meta-atom contributes to the dispersion in the
effective permeability and the remaining part effects the effective permittivity. To mitigate
this challenge, the next subsection presents another possible meta-atom geometry that allows
magnetic dipole resonances in the visible which dominate the scattering response.

4.1.2 Core-shell clusters

The aim of this subsection is the development of a meta-atom that offers a stronger magnetic
dipole response in the visible. This requires, in contrast to the previous subsection, that
the magnetic dipole moment should dominate the scattering cross section in the visible.
But advantages that were already achieved by supramolecular clusters should be preserved.
Therefore, the meta-atom shall equally be made of resonant NPs to allow a fabrication by
self-assembly techniques. Furthermore, the response shall be isotropic in order to assure a
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strong impact of the magnetic dipole moment on the effective permeability of the entire MM,
as discussed in Sec. 2.4.3.

(A) (B) 

Figure 4.6: Origin of the magnetic dipole response in core-shell clusters. (A) A ring of gold NPs.
One possible excitation of the electric dipoles in the NPs are shown that will cause a strong magnetic
dipole moment. (B) Three-dimensional expansion of the ring towards a core-shell cluster. The blue
arrow depicts one possible excitation of the effective current in the shell that equally causes a strong
magnetic dipole moment.

The idea is to use core-shell clusters as the meta-atom, as sketched in Fig. 4.6 (B). They
consist of a dielectric core sphere that is covered by a huge number of gold NPs forming an
effective shell. To understand how magnetic dipole moments can be excited in these clusters
a meaningful consideration is a ring of gold NPs, as it can be seen in Fig. 4.6 (A). The gold
NPs are assumed to be small enough to allow a description of their scattering response by
an electric dipole. It has been shown that one possible eigenmode of the ring structure is an
oscillation of all electric dipoles of the NPs around the center of the ring [306], as shown by
the black dashed arrows in Fig. 4.6 (A). Obviously, this eigenmode can be to the excitation
of a magnetic dipole moment.

Unfortunately, the optical response of a single ring of gold NPs is anisotropic. To assure an
isotropic response of the meta-atom the idea that led to the suggestion of the ring structure
is extrapolated into the third dimension. This results in the core-shell cluster as shown
in Fig. 4.6 (B). Similar to the ring structure, also the core-shell cluster should sustain an
eigenmode where all electric dipoles of the gold NPs are oscillating around the core. This
yields an effective current in the shell that oscillates around the core which causes the core-
shell cluster to have a strong magnetic dipole moment [307]. This structure clearly posses
the advantage of an isotropic response due to the spherical symmetry of the meta-atom, i.e.
independently on the illumination direction and polarization the magnetic dipole moment
can be excited. The remaining question is, how strong the magnetic dipole moment will be.
In the following this somehow sketchy explanation of the magnetic dipole response is proven
and quantified by a devoted analysis.

To start the investigation of the optical response of the core-shell clusters, the extinction
curves of two exclusively chosen geometries are simulated. The numerical method introduced
in Sec. 2.5 is applied. The first core-shell cluster consists of 274 gold NPs with 8 nm radii
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Figure 4.7: (A) and (B) contain the simulated extinction spectra of two different core-shell clusters
(red dashed curves) together with the single gold NP spectra (black solid curves). All extinction
curves are normalized to their peak intensity. The insets depict the geometry as considered in
simulations. Details are given in the text.

that are arranged around a silica core sphere of 80 nm radius. The alignment of the NPs in
the shell is amorphous, i.e. there exists a fixed distance to the core and no NP separation
smaller than one nm is allowed. Apart from this the gold NP positions are chosen arbitrarily.
A sketch of the geometry is given by the inset of Fig. 4.7 (A). The surrounding is assumed
as a material with a constant permittivity of 2.24. The resulting extinction spectrum under
plane wave illumination is given in Fig. 4.7 (A) together with the extinction curve of the
single gold NP for the chosen surrounding.
The second core-shell cluster is made of 354 gold NPs with 10 nm radius that are covering

a silica core sphere of 120 nm radius. Water is chosen as the surrounding with a constant
permittivity of 1.77. The extinction spectrum under plane wave illumination together with
the single gold NP response are given in Fig. 4.7 (B). Although the chosen geometrical
parameters and the surroundings make the impression as being quite arbitrary, they were
selected in such a way that it is possible to realize both of them by distinct self-assembly
techniques later on [118].
The extinction curves of Fig. 4.7 offer for both core-shell cluster geometries the same trend.

The extinction peaks are strongly shifted to longer wavelengths when compared to the single
gold NP resonance. To provide a better understanding of this red shifted peak the multipole
analysis is performed for this special type of meta-atoms.
The presented multipole moments at Fig. 4.8 allow the following conclusions. For both

simulated core-shell clusters of Fig. 4.7 the red-shifted peak in extinction can be linked to
the excitation of a magnetic dipole moment my. For the smaller core-shell cluster [80 nm
core radius, shown in Fig. 4.8 (A)] the amplitude of the magnetic dipole moment is almost
comparable to the amplitude of the electric dipole moment. This is actually an advantage
with respect to the supramolecular clusters where the electric dipole moment dominates the
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Figure 4.8: Multipole moments of two different core-shell cluster geometries as given by Fig. 4.7.
In (A) the smaller core-shell cluster with 80 nm core radius is simulated whereas in (B) the larger
core-shell cluster with 120 nm core radius is considered. All multipole moments are given as they
contribute to the scattering cross section. For definiteness, the illuminating plane wave is propa-
gating along z-direction with a linear polarization of the electric field along x-direction.

entire spectrum. The situation is even better for the larger core-shell cluster shown in Fig. 4.8
(B). There, the magnetic dipole moment dominates the spectrum around the resonance of
the scattering cross section. The contributions of the electric dipole moment and the electric
quadrupole moment are much smaller in this spectral domain.
To sum up the already obtained results, it has been demonstrated that the investigated

core-shell clusters serve as very beneficial meta-atom geometries that allow the excitation
of a strong magnetic dipole moment in the visible. For both clusters the contribution of
the electric quadrupole moment to the scattering cross section is small. This allows the
description of the resulting MM by effective material parameters.
Next, field distributions of the two core-shell cluster geometries are presented. That should

allow an identification of the origin of the excited magnetic dipole moment. The presented
amplitude of the magnetic field in Fig. 4.9 shows for both core-shell cluster geometries the
expected field distribution of a magnetic dipole moment.
More important seems to be the orientation of the electric dipole moments in the gold

NPs at the shell, as shown by the blue arrows in Fig. 4.9. It can be clearly seen that the
electric dipoles are oscillating around the core sphere, as it was motivated at the beginning
of this subsection in Fig. 4.6. However, the distribution of the electric dipoles moments
is not as homogeneous as sketched for the ring structure in Fig. 4.6 (A). These deviations
are caused by the amorphous arrangement of the gold NPs and the accompanied varying
distances between them. However, from Fig. 4.9 it can be safely concluded that the origin of
the magnetic dipole moment of the core-shell cluster is based on an oscillation of the electric
dipole moments around the core sphere. Consequently, the amorphous alignment does only
weakly disturb the possible magnetic resonance of the core-shell clusters.
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Figure 4.9: Simulated field distributions for the two core-shell cluster geometries as given by
Fig. 4.7. In (A) the core radius is 80 nm whereas in (B) it is 120 nm. The illumination scenario
is identical to Fig. 4.8. The magnitude of the y-component of the magnetic field (normalized to
the incident field) is shown in a plane through the center of the core sphere (green circle). Field
distributions are calculated at the wavelength of the maximum amplitude of the magnetic dipole
moment; at 650 nm and 689 nm for (A) and (B), respectively. The blue arrows depict the excited
electric dipole moments in the gold NPs covering the shell. The center of each arrow coincides with
the center of the respective gold NP.

The idea to self-assemble a MM with a magnetic response in the visible on the base of
core-shell clusters has been realized by different bottom-up techniques. Two of them are
exemplarily presented here. The first one is based on the attachment of the gold NPs to
the silica core sphere by molecular linkers. More specifically, thiol groups have been applied
to attach the gold NPs. The fabrication and the extinction measurements were done by
the group of Dr. Pacholski from the MPI Stuttgart. Details about the fabrication process
are given elsewhere [118]. The fabricated core-shell clusters can be seen in Fig. 4.10 (A).
The second bottom-up technique that was used to obtain core-shell clusters is based on
electrostatic forces. In principle, it is an extension of the self-assembly technique that was
intensively discussed in Chap. 3. Here, instead of planar substrates silica spheres are used.
The surface chemistry of the silica spheres, however, is altered (comparable to the planar
substrates) to achieve a net positive charge [252] such that negatively charged gold NPs
can attach to them. The fabrication and the extinction measurements have been done by
Dr. Cunningham from the group of Prof. Bürgi, University of Geneva. The resulting core-
shell clusters can be seen in Fig. 4.10 (B).
Since the geometrical parameters of the core-shell clusters in all previous simulations have

been chosen exactly as they are achieved now by the experiments, the measured extinction
curves of Fig. 4.10 (C) and (D) can be directly compared to the simulated ones of Fig. 4.7
(A) and (B), respectively. The comparison yields an almost perfect agreement between
simulations and experiments. Most notably, the extinction maxima perfectly coincide and
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Figure 4.10: Experimental realization of core-shell clusters [118]. In (A) a SEM image of core-shell
clusters fabricated by molecular linkers is shown. The geometrical parameters are identical to those
given in Fig. 4.7 (A), i.e. the core radius is 80 nm and approx. 274 gold NP with 8 nm radius
are forming the shell. The SEM image in (B) shows core-shell clusters that were fabricated by
electrostatic forces and exhibit the geometrical parameters of Fig. 4.7 (B). Thus the core sphere of
120 nm radius is covered by approx. 354 gold NPs with 10 nm radius. Measured extinction spectra
for the structures in (A) and (B) are given in (C) and (D), respectively, along with the extinction
of the single gold NPs.

even their resonance width is comparable. Only one slight deviation can be seen in Fig. 4.10
(D) where the extinction curve offers a second resonance close to the single NP peak that is
not observed in simulations. However, this additional peak is caused by gold NPs which do
not cover the dielectric sphere but are left in solution. The reason for that is an excess of
gold NPs as required by the fabrication process by electrostatic forces [118].
The perfect agreement between experiments and simulations underlines the predictive

power of the presented theoretical results. Furthermore, the experimental realization of
the core-shell clusters serves as the first demonstration on fabricating meta-atoms by self-
assembly that offer a strong magnetic dipole moment in the visible. In comparison to the
supramolecular clusters of NPs the magnetic dipole resonance was demonstrated to be dom-
inating the scattering spectra. This stronger resonance of the core-shell clusters is linked to
the reduced amount of metal in the meta-atom. Since only the shell is covered by plasmonic
NPs the absorption of the core-shell clusters is less to the supramolecular clusters which
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results in a sharpening of the resonances of the meta-atom.

4.1.3 Concluding remarks

The aim of this section was the development of self-assembled meta-atoms that offer a strong
magnetic dipole resonance in the visible. This was achieved by two different geometries of
meta-atoms that were both based on a proper alignment of resonant NPs. In the case of
supramolecular clusters as the meta-atoms as well as for core-shell clusters the possibility
to excite magnetic dipole moments was revealed by underlying simulations. Subsequential
experimental realizations fully confirmed the theoretical predictions. Whereas in the case of
supramolecular clusters the strength of the magnetic dipole moment was less to the electric
one, this limitation could be lifted in the case of core-shell clusters. There the magnetic
dipole moment dominated almost the entire scattering spectrum.
The presented results of this section serve as one important step for the development of

self-assembled MMs. It has been revealed that structures can be fabricated by self-assembly
that offer a strong magnetic dipole moment and therefore, promise a remarkable dispersion
in the effective permeability. In order to achieve these bottom-up MMs, completely new
design rules of the meta-atoms had to be developed. Although, no negative values of the
real part of the effective permeability could be observed yet, the presented meta-atoms serve
as first principle demonstrators.
Recently, it has been shown for case of core-shell clusters that it is possible to achieve a

negative effective permeability by using silver NPs or silver shells instead of gold NPs or
dimers of silver NPs to cover the dielectric core sphere [308–310]. However, an experimental
realization of these structures still remains. Anyhow, it is anticipated that the presented
results will entail more efforts from the fabrication side to obtain these highly promising
meta-atoms.
The next step that needs to be performed is a realization of functional MMs by self-

assembly that allow an unprecedented control of the light propagation in these materials.
The ultimate goal would be a self-assembled three-dimensional MM that offers an isotropic
negative real part of the permeability as well as permittivity. This might be achieved by a
further improvement of the presented meta-atoms in this section.
A further question remains on what else could be achieved with the structures accessible

with the indicated methodology. Of course MMs are a major driving force for their devel-
opment but they also suffer from some limitations as indicated above. Therefore, a further
question concerns the achievement of more primary applications with these meta-atoms.
As an example the next section discusses the possibility to fabricate a cloaking device by
self-assembly techniques. This is done by the adoption of a meta-atom that was already
discussed in this section.
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4.2 A self-assembled cloak

This section includes the investigation of a cloaking device fabricated by self-assembly tech-
niques. The general concept of cloaking, i.e. hiding an object from an external observer,
was scientifically substantiated in 2006 [14, 15]. Two different suggestions were proposed by
Leonhardt [13] and Pendry et al. [12] that allow a two- or three dimensional object to be
concealed from an external observer, respectively. Both suggestions require the object to
be cloaked to be covered with a MM [10, 11]. These MMs shall have material parameters
that attain quite unusual values, e.g. for the cloaking of the three-dimensional object a bi-
axial anisotropic permittivity and permeability is required [311]. These material parameters
can only be achieved by suitably designed MMs. Their achievement, however, is beyond
what is feasible and experimental realizations of these perfect cloaks where not reported yet.
However, a well defined goal was set to realize such a functional cloaking device and many
approximate cloaks have been reported thus far [25, 26, 312–316]. They were usually studied
at radio or microwave wavelengths [19, 315, 317–319] where absorption is less an issue but
also specific cloaks for elevated frequencies were reported.
Specifically, the fabrication of a cloak in the visible was achieved by a major simplification,

which is nowadays called a ground plate or carpet cloak [314]. There, the idea is to hide an
object that lies above a ground plate. The purpose of the cloak is to render the reflected
light from the ground plate with the object to be cloaked to be identical to that in the
absence of the object [25, 26, 315]. This concept has been implemented both for two- and
three-dimensional objects [20–24, 318]. Anyhow, for obvious reasons the carpet cloak is not
the ultimate solution to hide free-standing three-dimensional objects.
Another simplification that allows to construct a cloaking device is the restriction to sub-

wavelength objects that should be hidden from an observer [27]. In the quasi-static limit,
these objects scatter as a pure electric dipole and a suppression of this scattered field by
a suitable designed cloak renders the object to be invisible. The cloak can be roughly
considered as an anti-reflection layer for an isolated object. Ideas about this concept to hide
three-dimensional sub-wavelength objects exist for quite some time [320] and were reinforced
by Alù et al. [312, 321]. At a first glance it might be less impressive to hide solely sub-
wavelength objects. Anyhow, this effect has important implications on controlling light-
matter interactions and entails the realization of sophisticated functional devices [322, 323],
i.e. in the field of aperture-less scanning near-field optical microscopes [324]. There, the
unwanted background scattering from the tip can be suppressed by the cloak [325, 326].
Furthermore, forces and torques exerting on nanoscale objects can be controlled which entails
novel schemes to manipulate nano-mechanical objects in free space [327].
The experimental realization of a cloak that suppresses the scattered light from a sub-

wavelength object, a so-called scattering cancellation cloak, has been demonstrated in the
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microwave regime [317, 319, 328]. Recently, also an implementation was given for visible
wavelengths but solely for a two-dimensional object, i.e. a cylinder [329, 330]. The aim of
this section is the development of a scattering cancellation cloak that works in the visible
domain and which is appropriate to hide free-standing three-dimensional objects [299]. The
possibility to fabricate the cloak with self-assembly techniques serves as another requirement.
In other words, the cloak should be made of a suitable alignment of plasmonic NPs.

Figure 4.11: Artistic view of a scattering cancellation cloak. On the left it is seen that a dielectric
object reveals its presence to an external observer by scattering the light. This is different on the
right where a suitably designed shell of plasmonic NPs suppresses the scattered light and renders
the dielectric object undetectable.

In Fig. 4.11 the working principle of the scattering cancellation cloak, as it will be investi-
gated here, can be seen. A suppression of the scattered field by a suitable shell of plasmonic
NPs hides the sub-wavelength object from an external observer [304, 331]. The chosen ge-
ometry of a core-shell cluster, where the core serves as the object to be cloaked, allows a
fabrication of the structure by various self-assembly techniques, as discussed in Sec. 4.1.2.
Before the highly complex cloaking structure of Fig. 4.11 is considered, a preliminary dis-
cussion on a more simple geometry is given which allows a principle understanding of the
cloaking mechanism.
In this first step the object is assumed as a perfect sphere made of a homogeneous, isotropic

material. The scattering of this object is canceled by a homogeneous, isotropic, spherical
shell. Thus the scattering cancellation cloak is an ideal core-shell sphere. Alù et al. developed
an analytical expression for the cloaking condition for this geometry [312]. The expression
includes the material properties and the geometrical parameters of the ideal core-shell sphere
that allow for a perfect suppression of the scattered field. It reads as

γ3 =
[εs (λ)− εb(λ)] [2εs (λ) + εc(λ)]

[εs (λ)− εc(λ)] [2εs (λ) + εb(λ)]
, (4.1)

where γ is the ratio of the core to the shell radius; the shell radius is understood as the outer
radius of the structure. The other quantities εs(λ), εc(λ) and εb(λ) are the permittivity of
the shell, the core, and the background material, respectively.
For a given geometry, i.e. a fixed γ, and an assumed weakly dispersive, real valued core
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and background permittivity, the above equation is quadratic in terms of the shell permit-
tivity. In other words, it is possible to perfectly suppress the scattering of the core sphere
by two different shell permittivities. For instance for a dielectric core a real valued shell
permittivity reaching values in-between zero and one and a negative shell permittivity sup-
press the core scattering. The first solution is termed positive and the latter one negative
cloaking resonance. Both cloaking resonances suggest that the magnitude of the electric
dipolar polarization of the core is identical to that of the shell whereas their phases differ
by π. This causes destructive interference in the far-field and a suppression of the scattering
response [304]. From Eq. 4.1 it is directly clear that the cloaking principle only works per-
fectly for real valued permittivities. If the cloak includes lossy materials imperfect cloaking
is achieved, i.e. the scattering cannot be totally suppressed though to a remarkable extend
[27], as shown in the following. Furthermore, the object might become detectable in an ex-
tinction measurement. However, this is of minor importance for the suggested applications
above.
This analytical treatment can be used as a guideline to design the suggested cloaking

device made of a core-shell cluster (as sketched in Fig. 4.11). For this purpose, the shell
formed by the huge number of tiny plasmonic NPs is assumed as effectively homogeneous
isotropic material. Effective material parameters of the shell are obtained by the Clausius-
Mossotti relation [cf. Eq. 2.40] if the polarizability of the single plasmonic NP is given.
For an exemplarily chosen shell thickness of 10 nm the NP radii are fixed to 5 nm. The
dispersion of the effective permittivity in Fig. 4.12 (A) shows the results of the Clausius-
Mossotti relation for silver NPs with a filling fraction of 0.34. The polarizability of a single
silver NP was simulated by Mie theory by assuming the NP as a perfect sphere and taking
material parameters from literature.
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Figure 4.12: (A) Effective permittivity of silver NPs (5 nm radius) that are arranged with a filling
fraction of 0.34 in space. (B) Cloaking wavelength as a function of the filling fraction of the silver
NPs that form the shell. The core is made of silica with a radius of 35 nm. Both the positive (black
solid) and the negative (red dashed) cloaking resonance are shown. The right y-axis defines the
wavelengths (in nm) for the negative cloaking resonance.
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The Clausius-Mossotti results of the shell permittivity clearly reveal that both required
real values of the permittivity can be obtained by a shell made of amorphously arranged silver
NPs. The effective permittivity offers real values in-between zero and one, as required for the
positive cloaking resonance, for wavelengths between 310 and 340 nm. In principle, there
exists also a narrow wavelength domain around 380 nm where the effective permittivity
provides the requested real parts. Anyhow, in this spectral region the imaginary part of
the effective permittivity is huge which prevents a real valued solution of Eq. 4.1 and thus
resulting in imperfect cloaking as discussed above. The required negative real values for the
negative cloaking resonance are achieved in-between 350 and 380 nm.
The geometry of the core-shell cluster is now explicitly fixed for the remainder of the

section. The core sphere, i.e. the object to be cloaked, consists of glass (with a constant
permittivity εc = 2.25) and has a radius of 35 nm. The shell exhibits a radius of 45 nm,
i.e. it is 10 nm thick. The surrounding is set to air (εb = 1). For these parameters Eq. 4.1
yields two solutions for the shell permittivity. The positive cloaking resonance, requires a
permittivity of εs = 0.49 whereas the negative cloaking resonances is given by εs = −2.28

[304].
Since the geometrical parameters and the applied materials had been fixed to the values

given above, the only free parameter is the filling fraction of the silver NPs in the shell.
Changing the filling fraction will change the dispersion relation of the effective permittivity
and therefore the precise cloaking wavelengths. This dependency is given in Fig. 4.12 (B). For
every filling fraction the effective shell parameters are calculated by the Clausius-Mossotti
relation. The cloaking wavelengths are extracted by identifying the wavelength where the
real part is either 0.49 for the positive cloaking resonance or −2.28 for the negative cloaking
resonance. From Fig. 4.12 (B) it can be seen that the positive cloaking resonance should
appear in-between 320 and 330 nm whereas the negative cloaking resonance stays nearly
constant at 357 nm independently on the filling fraction.
In the following the performance of the cloaking device is evaluated by rigorous simulations.

Therefore, a filling fraction of silver NPs of 0.34 is chosen which results in a total number of
131 amorphously arranged NPs forming the shell. The inset in Fig. 4.13 shows the structure
as considered in simulations. The introduced formalism in Sec. 2.5 is used to simulate the
optical response of the core-shell cluster. Plane wave incidence with a linear polarization is
chosen as the illumination. In other words, the fine details of the amorphous arrangement of
the silver NPs are fully taken into account. The simulations are performed for two different
core permittivities of εc = 2.25 and εc = 8. The obtained results are shown as black
solid curves in Fig. 4.13. Scattering efficiencies are given, i.e. the scattering cross section is
normalized to the geometrical cross section. This serves as a quantitative measure of the
visibility.
From Fig. 4.13 it can be clearly seen that in a finite wavelength range the scattering
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Figure 4.13: Simulated scattering efficiency of the cloaking device made of a core sphere with
35 nm radius that is covered by silver NPs (5 nm radii; filling fraction of 0.34) forming the shell.
The inset in (A) depicts the structure as considered in simulations. In (A) the core permittivity is
εc = 2.25 whereas it is set to εc = 8 in (B). Rigorous simulations (black solid) are shown together
with an approximation of the shell as a homogeneous material (red dashed). For comparison the
scattering efficiency of the single core sphere (blue dotted) is presented as well.

efficiency of the core-shell cluster is dramatically reduced when compared to the scattering
of the bare core sphere (blue dotted curve). The scattering efficiency is reduced about 75 %
at 327 nm for a core permittivity of εc = 2.25 and even about 84 % at 329 nm for εc = 8.
In conclusion the scattering of the core-shell cluster is much less compared to the bare core
sphere. Thus the core is cloaked by a suitable shell made of amorphously arranged silver
NPs and the core-shell clusters work as a scattering cancellation cloak.
The comparison of Fig. 4.13 with Fig. 4.12 (B) reveals that the observed cloaking effect

stems form the positive cloaking resonance. In the spectral domain where the cloaking is
most efficient, the real part of the effective permittivity of the shell takes values in-between
zero and one. The rigorous simulations offer no reduction of the scattering efficiency for the
negative cloaking resonance that should appear around 357 nm. This effect can be explained
by the effective permittivity of the shell as given in Fig. 4.12 (A). For the negative cloaking
resonance the imaginary part of the effective permittivity is huge. Since an analytical solution
of Eq. 4.1 facilitates only real valued permittivities, this imaginary part causes imperfect
cloaking. At the positive cloaking resonance the imaginary part of the effective permittivity
is much less and therefore, the cloaking effect can be observed at these wavelengths.
To compare the previously given results, that assume the shell as an homogeneous material,

with the rigorous solution of the problem, Fig. 4.13 includes a further simulation given by
the red dashed curves. There, a perfect core-shell sphere was simulated and the permittivity
of the shell was taken from the Clausius-Mossotti results as given in Fig. 4.12 (A). A perfect
agreement of the scattering efficiency between the perfect core-shell sphere and the core-shell
cluster can be observed around the positive cloaking resonance at around 327 nm.
However, the agreement is not that good for longer wavelengths in the spectral domain
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where the effective permittivity has the strongest dispersion. For example the perfect core-
shell sphere results suggest a reduction of the scattering efficiency at the negative cloaking
resonance (around 360 nm) in Fig. 4.13 (A). This cannot be seen in the rigorous simulations.
However, at even longer wavelengths well beyond the plasmonic resonance of the NP that
causes the dispersion in the effective permittivity the excellent agreement is encountered
again. This discrepancy suggests that the Clausius-Mossotti relation is only appropriate
to describe the shell at wavelengths that are off-resonant, i.e. not too close to the single
silver NP LSPR. A similar observation was made in Sec. 4.1.1 when comparing Fig. 4.3 with
Fig. 4.2. The distance between neighboring NPs is in both cases really small due to the high
filling fraction. Therefore, a hybridization of the LSPRs is observed for adjacent NPs which
is not included in the Clausius-Mossotti results [304]. However, as can be seen by Fig. 4.13
the Clausius-Mossotti results work perfectly fine at wavelengths slightly detuned from the
LSPR.

Finally, the revealed cloaking effect is once visualized by investigating the field distribu-
tions of the core-shell cluster. In Fig. 4.14 the amplitude of the electric field is given for
the core sphere as well as for core-shell cluster. The excitation of an electric dipole moment
of the core sphere is clearly visible in Fig. 4.14 (A) whereas this dipole moment appears to
be sufficiently suppressed for the core-shell cluster in Fig. 4.14 (B). Of course some field en-
hancement in the close vicinity of the silver NPs is observed due to the excitation of LSPRs
in the NPs. However, this enhancement takes only place in the near-field and cannot scatter
into the far-field. Thus, the presence of the object, the core sphere, is concealed from an
external observer in Fig. 4.14 (B) and the proper functionality of the scattering cancellation
cloak is, again, verified.

(A) (B) (A) (B) 

E 
k H 

Figure 4.14: Simulated field distributions in a logarithmic scale of the bare core sphere (εc = 8)
in (A) and the core-shell cluster in (B). Both structures are illuminated by a unit amplitude plane
wave at 329 nm as sketched by the black arrows in (A). The chosen wavelength corresponds to that
of the positive cloaking resonance.

The concept of cloaking a dielectric sphere by a suitable shell of amorphously arranged
silver NPs has been also experimentally realized [299]. For this purpose, the fabrication
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method of Sec. 4.1.2 is adapted in the following way. Instead of gold NPs, silver NPs are
synthesized by the Lee-Meisel method [255]. Therewith, negatively charged silver NPs with
a mean radius of 6 nm are obtained. These NPs are attached to a fused silica sphere of 55 nm
radius. In a previous fabrication step the surface of the silica sphere was altered to exhibit
a net positive charge [252]. This allows an attachment of the silver NPs to the silica core by
electrostatic forces. A filling fraction of around 10−15 % is achieved in experiments. Details
about the fabrication procedure and respective SEM images can be found in Ref. [299]. The
samples have been fabricated by Dr. Cunningham from the group of Prof. Bürgi, University
Geneva.
Measurements of the scattered light were performed based on a Perkin Elmer spectrometer.

Therefore, the core-shell clusters are deposited on a borosilicate substrate. Two samples have
been investigated, one sample which contains only silica spheres for referential purposes and
one with the core-shell clusters. The filling fraction of both samples was chosen identically.
Details about the measurements are documented likewise in Ref. [299]. In short, using

different configurations, the following measurements are performed: the total transmittance,
i.e. the share of energy that is transmitted into the half-space behind the sample, the diffuse
transmittance, i.e. the same as the total transmittance but excluding a specular region of
about ±5◦, the total reflectance, and the diffuse reflectance. The latter ones are analogously
defined as their transmittance counterparts. Various important parameters can be derived;
but most notably the total scattering cross section. The scattering measurements were
performed by Dr. Dintinger and Dr. Scharf from the EPFL.
The resulting scattering measurements are shown in Fig. 4.15 (A). A clear reduction of

the scattering of the core-shell clusters (black solid curve) is observed with respect to the
single silica spheres (red dashed curve). The scattering is reduced about 25 % at around 360

nm.
The position of the cloaking resonance and the strength of the reduction of the scattering

are confirmed by underlying simulations, as presented in Fig. 4.15 (B). There, a single
core-shell cluster with the experimentally defined parameters is rigorously simulated. The
silver NPs forming the shell are again assumed as perfect spheres. The substrate was not
considered and therefore, the results of the simulations differ from the experimental ones in
the wavelength domain where the substrate is absorbing, i.e. in-between 250 and 300 nm.
Furthermore, in simulations the functional dependency of the scattering around the cloaking
resonance appears much sharper and narrower compared to experiments. The observed
peak in scattering in simulations is not observed in the measurements. Both effects can be
linked to the fact that in experiments an ensemble of a huge number of core-shell clusters
is measured whereas in simulations only one single cluster is considered. Since the precise
geometrical parameters differ from cluster to cluster in the experiments the measured optical
response is broadened compared to simulations. This effect was frequently discovered in the



4 Three-dimensional self-assembled metamaterials 95

(A) (B) 

Figure 4.15: Experimental realization of the cloaking device. In (A) measurements of the scat-
tering of the core-shell cluster (black solid) are given together with the bare object (red dashed),
a silica sphere. Details about the geometrical parameters are given in the text. In (B) the corre-
sponding simulations are shown. The inset depicts a sketch of the core-shell cluster as considered
in simulations. In both panels the wavelength range from 250 to 300 nm is shaded in gray. In
this domain the applied substrate for the shown measurements in (A) is absorptive which affects
the measured amount of scattered light in forward direction. Since the substrate is neglected in
simulations this effect cannot be seen in (B).

previous subsections.
In conclusion, in this section a cloaking device has been developed to hide free-standing

three-dimensional objects in the visible domain. The object to be cloaked is required to be
of sub-wavelength dimensions in order to properly describe its scattering by electric dipole
radiation. By designing a suitable shell made of silver NPs this dipole radiation could be
crucially suppressed [304]. An reduction of the scattering efficiency up to 84 % can be ob-
tained for high permittivity core objects. The respective reduction in scattering efficiency for
core objects with a lower permittivity tends to be smaller. Along with rigorous simulations,
an approximative model has been presented to provide an intuitive understanding on the
working principle of the cloaking device. Finally, the proposed ideas of using a core-shell
cluster as a scattering cancellation cloak have been experimentally realized by self-assembly
techniques [299]. Although the reduction of the scattering has to be further improved, the
functionality could be successfully demonstrated.

4.3 Concluding remarks

The focus of this chapter was on self-assembled three-dimensional meta-atoms and the re-
sulting MMs. The major advantage of the discussed bottom-up strategies is the possibility
to fabricate fully three-dimensional MMs instead of functional surfaces. Two important con-
cepts of MMs have been realized by self-assembly techniques in this chapter. A meta-atom
that offers a strong magnetic dipole response in the visible [118] and a cloaking device to



4 Three-dimensional self-assembled metamaterials 96

hide three-dimensional, free-standing objects at optical wavelengths [299].
Magnetic dipole resonances in meta-atoms had been previously realized by top-down tech-

niques, e.g., in the case of a SRR. However, the results of this chapter have to be seen as one
important step that further improved the field of self-assembled MMs. The demonstration
of a magnetic response for meta-atoms made of resonant NPs, as they typically appear for a
bottom-up fabrication, entails an extensive advantage. It serves as the first step to fabricate
fully three-dimensional MMs with a tailored optical response as they are required for many
envisioned applications.
The presented scattering cancellation cloak was realized for the first time for free-standing

three-dimensional objects in the visible domain. Beside the principle demonstration of a self-
assembled cloak the presented results are not achieved by top-down techniques so far. In
other words, the possibility to arrange resonant NPs into a desired geometry with unprece-
dented precision by self-assembly techniques enables the implementation of the scattering
cancellation cloak in the visible.
The next chapter includes a conclusion of the presented results of this thesis together with

a small outlook on possible future research directions of the field of self-assembled MMs.
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5 Conclusion

Die Hauptgebrechen meines Stils

sind eine unglückliche Neigung

zu allzu dichterischen Formen.

Alexander v. Humboldt

The field of self-assembled bottom-up MMs has been quickly growing in the past several
years. The results presented in this thesis considerably contributed to various developments
in this field, as will be outlined in the following.
At first, a major contribution is on the theoretical side. The proposed concept of the

multipole analysis of meta-atoms, as outlined in Chap. 2, represents a powerful tool to
understand the optical response of self-assembled meta-atoms. Therewith, it is possible to
link resonances of the far-field response to excited multipole moments of the meta-atom. In
addition to a provided physical understanding for the origin of the meta-atom resonances, this
enabled to tailor the optical response, as it has been demonstrated at the example of coupled
split-ring resonators in Sec. 2.3. Thus, the proposed multipole analysis is not restricted to
self-assembled meta-atoms but can be, in principle, applied for arbitrarily shaped meta-
atoms.
Beside these mentioned advantages of the multipole analysis, it serves as a first step

to understand and describe the light propagation in amorphous MMs, as it was equally
developed in this thesis. The multipole analysis reveals under which circumstances the
scattering response of a meta-atom can be sufficiently described by electric and magnetic
dipole moments. In such situation it is possible to treat the light propagation in the resulting
amorphous MM by effective medium theories, as shown in Sec. 2.4. Based on the Clausius-
Mossotti relation effective material parameters were assigned to the amorphous MM by
using the respective dipole moments of the meta-atoms. The accuracy of this formalism was
proven by comparing predictions of the light propagation based on such effective medium
theories with rigorous full wave simulations of the amorphous MM. This has been done
while considering a well established meta-atom, i.e. the cut-plate pair. Maybe for the first
time a formalism has been introduced to sufficiently describe the light propagation through
amorphous MMs, which has been prior to the work of this thesis a very complex task. The
key advantage of this effective medium theory is the reduction of the optical description
of amorphous MMs to the simulation of the scattering response of the single meta-atom.
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This constitutes a major advantage since the complexity of the problem could be drastically
reduced. Apart from this, an important conclusion on the scattering response of the meta-
atoms was drawn. The response of the single meta-atom is required to be isotropic in order
to achieve a strong dispersion of the effective material parameters of the resulting amorphous
MM.
Regarding all these previously given results the first goal of the thesis, as set in Chap. 1,

has been reached. A theoretical description of amorphous MMs was introduced that allows
a feasible description of the optical response of these highly complex structures. This laid
the foundations for all the following results of this thesis.
The second goal of this thesis was on proposing concepts for experimental realizations of

self-assembled MMs. Although no experiments have been directly performed by the author
of this thesis, it was the intention to work together in close collaborations with various
experimentalists. The aim was to guide them theoretically and numerically and to provide
suggestions for feasible and relevant self-assembled MMs to be fabricated. Furthermore, the
numerical support considerably contributed to the understanding of experimental results by
providing insights that were inaccessible in an actual experimental situation.
In Chap. 3 planar self-assembled MMs, so-called meta-surfaces, are discussed in detail.

Strongly coupled arrays of metallic NPs were in the focus of interest. The advantage of
these MMs was the tunable distance between adjacent NP arrays in discrete steps of about
one nm. This has been achieved by a self-assembly technique based on electrostatic forces.
Symmetric as well as asymmetric resonances have been theoretically predicted and were
experimentally demonstrated in these MMs. The achieved physical understanding of these
resonances was exploited to develop an application for these planar self-assembled MMs.
This is documented in Sec. 3.3 where self-assembled tunable SERS substrates have been
theoretically investigated and were fabricated later on by a devoted self-assembly technique.
Chapter 4 presents an in-depth study of self-assembled three-dimensional MMs. In this

thesis the fabrication of bulk MMs with a remarkable extension along the propagation di-
rection of light was identified as one major advantage of self-assembly techniques. The first
part of Chap. 4 focused on self-assembled meta-atoms with an isotropic magnetic dipole
response in the visible. Theoretical considerations predicted two possible meta-atom geome-
tries, a supramolecular cluster and a core-shell cluster. Both meta-atoms offered the desired
isotropic magnetic dipole response that is required for many envisioned applications for the
field of MMs. In addition, it has been demonstrated that the core-shell clusters yield such
a strong magnetic dipole response that it dominates the entire scattering response of the
meta-atom. Theoretical investigations of both proposed meta-atom geometries have been
experimentally realized by distinct self-assembly techniques later on.
The second part of Chap. 4 discusses a self-assembled cloaking device. The proposed

cloak is based on the concept of cancelling the scattering response of small objects. It
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has been shown that the scattering of a silica sphere can be reduced up to an remarkable
extend of 75 % by covering the sphere with tiny silver NPs. Again the theoretical concept
was realized by self-assembly techniques and first principle demonstrations yield 25 % of
scattering reduction.
To sum up, in strong collaborations with chemists various bottom-up MMs have been

presented in Chap. 3 and 4. These MMs were self-assembled in order to achieve a desired
optical response, i.e. not only the self-assembly process was in the focus of interest but also
the optical properties of the fabricated MM. Based on an achieved theoretical understanding
of amorphous MMs, various novel applications have been experimentally realized in this
thesis, such as, self-assembled SERS substrates, a self-assembled MM with a strong response
to the magnetic field and a self-assembled cloaking device. Therefore, the second goal of this
thesis has been equally met for a variety of distinct self-assembled MMs.
The next section discusses open questions on the field of self-assembled MMs and, in

addition, further research directions and perspectives with respect to the results of this
thesis are given.

5.1 Open questions and perspectives

One open question is related to the description of light propagation in amorphous MMs.
In this thesis the description was successfully treated by the Clausius-Mossotti relation and
the respective dipole moments of the meta-atom. The important question is what are the
limitations of this formalism, i.e. at which filling fraction this description might break down
and what are the implications? This question is strongly linked to the interaction between
neighboring meta-atoms in the amorphous MM and to the existence of higher order multipole
moments that contribute to the scattering response of the meta-atoms. If the filling fraction
is too large the coupling of neighboring meta-atoms will cause a hybridization of the single
meta-atom resonances which cannot be described by the Clausius-Mossotti relation. Of
course it is also not possible to consider higher order multipole moments by the applied
effective medium theory in this thesis. One possible way to solve these problems was already
touched in Sec. 2.5. There, it was stated that the T-Matrix formalism might be suitable to
describe the optical response of a cluster of arbitrarily arranged meta-atoms. Although the
spatial extension of the MM is required to be finite in this formalism, it might be a first step
to understand the interaction of neighboring meta-atoms in amorphous MMs and to develop
a description beyond effective medium theories.
A second open question is about the transition of the optical properties for different

alignments of meta-atoms. So the question is which optical properties change and how they
do it if the alignment of meta-atoms is changed from amorphous to quasiperiodic or periodic.
First investigations of such effects were already done based on alignments of polarizable
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entities [207, 212, 222]. However, these investigations should be put further by considering
also higher order multipole moments of the meta-atom. The understanding of this point
would help a lot to improve self-assembled MMs further since, in principle, it might be
possible to control or even suppress unwanted effects of the amorphus arrangement such as
the increased scattering losses.
The next open question is about the experimental realizations of self-assembled MMs.

Although a lot of functional devices have been demonstrated (also in this thesis) some
very important realizations still remain. One example is a MM with an isotropic negative
permeability and permittivity as it is required, e.g., for a perfect lens. In principle, such
a MM might be fabricated by self-assembly techniques, but up to date only self-assembled
bulk MMs with a dispersive effective permeability are shown. However, it can be safely
anticipated that these first demonstrations of a magnetic response can be improved further
in order to self-assemble a bulky MM with negative material parameters.
A relatively new, but already prominent and profitable direction of research is related to

the interaction of meta-atoms with atomic systems, such as atoms or molecules. The atomic
systems have to be described by quantum physics. So the entire description of the coupled
system requires a solution of Maxwell’s equations for the meta-atom and the Schrödinger
equation for the atomic system. In this context the meta-atoms are commonly termed nano-
antennas [263] since they mediate far-field and near-field properties [332]. Several effects
have been already intensively investigated, e.g., how the luminescence of molecules can be
controlled by nano-antennas [333–340].
Interestingly, the proposed concept of the multipole analysis can be also used to investi-

gate the interaction of nano-antennas with atomic systems. By slightly adopting the used
eigenfunctions of the multipole analysis, it is possible to extract multipole moments of the
near-field. In other words it can be revealed which multipole moment has a huge impact
on the atomic system that is brought in close proximity to the nano-antenna [341]. These
considerations already yield some very interesting results. For example, it has been shown
that it is possible to excite dipole-forbidden transitions in atomic systems by applying a
suitable designed nano-antenna [342]. The field of nano-antennas might be crucially effected
by self-assembly techniques in order to fabricate structures with small feature sizes. Further-
more, the multipole analysis of meta-atoms remains a powerful tool to understand the optical
response of these nano-antennas and to describe their interaction with atomic systems.
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Zusammenfassung

Die vorliegende Arbeit befasst sich mit der theoretischen Beschreibung und der möglichen
experimentellen Umsetzung von selbstorganisierten Metamaterialien, die ein sich schnell ent-
wickelndes und sehr erfolgreiches Feld der Optik darstellen. Entscheidende Beiträge zur
Weiterentwicklung dieses wissenschaftlichen Feldes wurden im Rahmen dieser Arbeit doku-
mentiert und sollen im Folgenden kurz zusammengefasst werden.
Der erste wesentliche Beitrag beschäftigt sich mit der theoretischen Beschreibung von

selbstorganisierten Metamaterialien. Dazu wurde in Kap. 2 das Konzept der Multipolana-
lyse von Meta-Atomen eingeführt. Dieses Konzept ermöglicht ein tiefes physikalisches Ver-
ständnis der optischen Antwort eines einzelnen Meta-Atoms. Im Speziellen ist es möglich,
auftretende Resonanzen im Fernfeld mit angeregten Multipolmomenten des Meta-Atoms in
Verbindung zu bringen. Dies ermöglicht Rückschlüsse auf den Ursprung der angeregten
Resonanzen. Weiterhin wurde am Beispiel von gekoppelten Split-Ring-Resonatoren gezeigt,
dass durch die Multipolanalyse maßgeschneiderte Resonanzen im Meta-Atom eingestellt wer-
den können. Ein weiterer Vorteil besteht darin, dass das Konzept der Multipolanalyse auf
beliebige Geometrien angewendet werden kann und daher nicht auf selbstorganisierte Meta-
Atome beschränkt ist.
Abgesehen von den eben diskutierten Vorteilen der Multipolanalyse bildet dieses Konzept

einen wichtigen Grundstein zur Beschreibung der Ausbreitung von Licht in amorphen Meta-
materialien, wie sie in dieser Arbeit entwickelt wurde. Mit Hilfe der Multipolanalyse kann
entschieden werden, ob die Streuantwort eines Meta-Atoms rein durch elektrische und mag-
netische Dipolmomente beschrieben werden kann. Ist dies der Fall, dann ist es möglich, die
Ausbreitung von Licht im resultierenden Metamaterial mit Hilfe von effektiven Medium-
Theorien zu beschreiben, wie es in der vorliegenden Arbeit in Kap. 2 gezeigt ist. Die
Clausius-Mossotti Relation ermöglicht es, den amorphen Metamaterialien effektive Mate-
rialparameter zuzuweisen. Dazu werden die entsprechenden Dipolmomente der Meta-Atome
benötigt. Die Exaktheit einer solchen Methode wurde wie folgt überprüft. Die Vorhersagen
des effektiven Medium Modells wurden mit rigorosen Simulationen eines amorphen Meta-
materials (bestehend aus sogenannten Cut-Plate Paaren) verglichen und ergaben qualitativ
und quantitativ gleiche Ergebnisse. Damit wurde im Rahmen dieser Arbeit ein Formalismus
entwickelt, der eine hinreichend genaue optische Beschreibung von amorphen Metamateri-
alien ermöglicht. Diese Beschreibung konnte vor den Ergebnissen dieser Arbeit nur durch



Zusammenfassung XIII

aufwendige Rechnungen erfolgen. Dies ist nun nicht mehr nötig, da die Verwendung von
effektiven Medium-Theorien es erlaubt, die Lichtausbreitung in amorphen Metamaterialien
unter Betrachtung der angeregten Dipolmomente der einzelnen Meta-Atome zu beschreiben.
Diese Vereinfachung stellt zugleich den wesentlichen Vorteil der hier vorgestellten Methode
dar.
Weiterhin konnte im Rahmen der Betrachtungen in Kap. 2 die folgende wichtige Eigen-

schaft für Meta-Atome abgeleitet werden. Um einen möglichst großen Einfluss der Resonan-
zen der Meta-Atome auf die Dispersion der effektiven Materialparameter des resultierenden
Metamaterials zu erzielen, ist es entscheidend, dass die Meta-Atome eine isotrope optische
Antwort aufweisen.
Unter Betrachtung aller eben diskutierten Ergebnisse lässt sich festhalten, dass die vor-

liegende Arbeit wesentlich dazu beigetragen hat, eine kohärente optische Beschreibung von
selbstorganisierten, amorphen Metamaterialien zu entwickeln und zu etablieren. Dies bildet
die Grundlage für alle folgenden Ergebnisse.
Der zweite wesentliche Beitrag der vorliegenden Arbeit besteht in der experimentelle Um-

setzung von selbstorganisierten Metamaterialien. Obgleich keinerlei Experimente vom Autor
der Arbeit direkt durchgeführt wurden, war es eine entscheidende Intention dieser Arbeit, in
enger Zusammenarbeit mit Experimentatoren funktionsfähige Metamaterialien durch Selbst-
organisation zu entwickeln und herzustellen. Im Speziellen ist dazu ein grundsolides the-
oretisches Verständnis von amorphen Metamaterialien nötig, wie es in Kap. 2 dieser Arbeit
dokumentiert ist. Auf dieser Basis konnten in Zusammenhang mit numerischen Simulationen
Vorschläge für mögliche Meta-Atom Geometrien entwickelt werden, die im Anschluss durch
ausgewählte Selbstorganisationsprozesse hergestellt werden konnten. Weiterhin erlaubten
die numerischen Simulationen ein tieferes Verständnis der experimentellen Ergebnisse, da
insbesondere Größen berechnet werden konnten, auf die man im Experiment keinen direkten
Zugriff hatte.
Kapitel 3 der vorliegenden Arbeit beschäftigt sich mit planaren selbstorganisierten Meta-

materialien, sogenannten Meta-Oberflächen. Im Speziellen wurden stark gekoppelte Lagen
bestehend aus metallischen Nanopartikeln untersucht. Der Abstand dieser Lagen konnte
in einem Selbstorganisationsprozess in diskreten Schritten von einem Nanometer eingestellt
werden. Dies ermöglichte die Untersuchung von stark gekoppelten Nanopartikeln. Sym-
metrische und asymmetrische Resonanzen konnten in diesen Systemen nachgewiesen werden.
Basierend auf einem tiefen physikalischen Verständnis dieser speziellen planaren Metamate-
rialien wurde eine Anwendung entwickelt. Substrate für oberflächenverstärkte Raman Spek-
troskopie, die sich in ihrer Resonanzwellenlänge durchstimmen lassen, wurden numerisch
untersucht und im Anschluss durch einen speziellen Selbstorganisationsprozess hergestellt.
Kapitel. 4 beinhaltet eine Untersuchung dreidimensionaler selbstorganisierter Metamateri-

alien. Die Möglichkeit Volumenstrukturen herzustellen, die eine entscheidende Ausdehnung
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entlang der Propagationsrichtung des Lichtes aufweisen, stellt einen wesentlichen Vorteil
von Selbstorganisationsprozessen dar. Der erste Teil von Kap. 4 diskutiert dreidimensionale
Meta-Atome, die eine isotrope magnetische Dipolresonanz im sichtbaren Spektralbereich
aufweisen. Durch theoretische Betrachtungen konnten zwei mögliche Meta-Atom Geometrien
identifiziert werden, ein sogenanntes Supramolekulares Cluster und ein Core-Shell Cluster.
Für beide Geometrien wurde das magnetische Dipolmoment durch numerische Rechnungen
nachgewiesen, das eine entscheidende Voraussetzung für viele vorgeschlagene Anwendungen
von Metamaterialien darstellt. Weiterhin konnte gezeigt werden, dass für Core-Shell Cluster
das magnetische Dipolmoment stark genug ausgeprägt ist, um die Streuantwort des Meta-
Atoms zu dominieren. Beide vorgeschlagenen Meta-Atom Geometrien wurden im Anschluss
durch verschiedene Selbstorganisationsprozesse hergestellt.
Der zweite Teil von Kap. 4 beschäftigt sich mit der Herstellung einer optischen Tarnkappe

durch Selbstorganisationsprozesse. Das im Rahmen dieser Arbeit vorgestellte Konzept basiert
auf der Unterdrückung der Streuantwort von optisch kleinen Objekten. Es wurde gezeigt,
dass die Streuantwort einer dielektrischen Kugel um bis zu 75 % reduziert werden kann, wenn
man sie mit kleinen Silber-Nanopartikeln umschließt. Das theoretische Konzept wurde aber-
mals durch Selbstorganisationsprozesse realisiert. Eine erste Demonstration des Konzeptes
ermöglichte eine experimentelle Reduktion der Streuantwort von 25 %.
Zusammenfassend bleibt festzuhalten, dass in enger Zusammenarbeit mit experimentellen

Partnern eine große Vielfalt von selbstorganisierten Metamaterialen im Rahmen dieser Arbeit
entwickelt und hergestellt wurden. Entscheidend dabei war der Fokus auf die resultierende
optische Antwort der Metamaterialien und nicht auf den zugrunde liegenden Selbstorganisa-
tionsprozess. Basierend auf dem entwickelten theoretischen Verständnis für amorphe Meta-
materialien wurden verschiedenartige Anwendungen von Metamaterialien im Rahmen dieser
Arbeit umgesetzt, wie z. B. selbstorganisierte Substrate für oberflächenverstärkte Raman
Spektroskopie, selbstorganisierte Metamaterialien mit einer starken magnetischen Dipolre-
sonanz und eine selbstorganisierte optische Tarnkappe. Damit trägt die vorliegende Arbeit
wesentlich zur Weiterentwicklung und experimentellen Umsetzung von selbstorganisierten
Metamaterialien bei.
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