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1 Introduction

In his seminal work of 1905, Albert Einstein provided a thermodynamic explanation for
the random motion of microscopic particles dispersed in a fluid [1], which had been in-
dependently observed by Jan Ingenhousz1 in 1785 and the botanist Robert Brown in
1827 [2]. Einstein was able to show that randomly impinging molecules of the fluid drive
the motion of the particles, which depart from their initial position and follow a random
trajectory. The associated Gaussian probability distribution of the particle position has a
standard deviation broadening with the square root of evolution time. This phenomenon
of diffusion is a prototype of a classical random walk. Such processes are ubiquituous in
natural and man-made environments with examples ranging from the path of foraging an-
imals [3] and population statistics of species [4] to fluctuations in commodity prices [5,6]
- underlying potentially more complex probability distributions. A common feature of
all classical random walks is that they are in principle deterministic processes, meaning
that if all parameters driving the process were determined, the exact trajectory would be
known.

A fundamentally different behaviour arises in the realm of quantum mechanics. As long
as no measurement is conducted, the exact position of a single quantum is unknown.
Instead, according to the prevalent Kopenhagen interpretation, its wavefunction evolves
coherently over time, occupying a superposition of all possible locations. This leads to the
notion of a quantum random walk (QRW), in which the ‘quantum walker’ simultaneously
undergoes a superposition of multiple trajectories. This concept is equally applicable for
a series of discrete time steps [7] as well as a continuous-time evolution [8]. The inher-
ent indeterminism of quantum mechanics has a tremendous impact on the motion of the
particles. For example, the probability distribution of a single particle subjected to an
isotropic, stationary and homogeneous QRW on a line expands linearly in time, much
faster than in the classical Brownian motion scenario [9, 10].
QRWs are known to govern many natural as well as artificial transport processes, such
as the energy transport in photosynthetic complexes [11] or spin-excitation transfer in
ferromagnets [12, 13]. Moreover, they are considered as universal for quantum computa-

1a Dutch physician better known for the discovery of photosynthesis
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1. INTRODUCTION

tion, meaning that any envisioned task of a quantum computer can be equally solved by
a QRW [14].

There exists a large number of physical implementations of single-particle QRWs on a vari-
ety of platforms, including nuclear magnetic resonance [15,16], trapped neutral atoms [17]
or ions [18, 19] as well as photons in fiber loops [20] or cascades of spatial beam displac-
ers [21]. As the probability amplitude of a single particle evolves according to wave
mechanics, it is naturally also possible to perform a single particle QRW with classical
light waves [22]. In fact, the very first QRW was implemented on coupled frequency modes
of laser light in a resonator [23]. More recent classical realisations employed beam splitter
cascades [24] or coupled waveguide lattices [25].

In particular the latter system offers many beneficial properties for the observation of
continuous-time QRWs. A waveguide lattice is a discrete set of single-mode optical wave-
guides which are mutually coupled via their evanescent fields2 [26–28]. Each waveguide
represents a possible state of the quantum walker and its guided light amplitude corre-
sponds to the probability amplitude of the walker occupying that state. The temporal
evolution of the walker is mapped to the spatial propagation of the light. Hence, the QRW
can be investigated in a static setting, with the possibility to freely control the ‘time scale’
of the walk by an appropriate choice of the lattice parameters. Light in waveguides is
intrinsically insensitive to environmental influences and alignment issues, thus coherence
can be maintained over large length scales as required for the multi-path interferences
driving the QRW. Moreover, as no collapse of the wavefunction occurs for classical light,
the intensity can be monitored throughout the entire evolution process in a single experi-
ment [29]. Finally, a high degree of control over the lattice properties can be achieved by
several established fabrication techniques [30–35].

The classical wave regime is left behind, however, as soon as multiple particles are in-
volved. Moreover, in absence of additional degrees of freedom allowing for a distinction
of the particles, their exchange symmetry will inevitably start to play a role. The QRW
of two indistinguishable photons in a one-dimensional (1D) uniform, nearest-neighbour
coupled lattice of waveguides was first proposed in 2009 [36] and experimentally realised
shortly thereafter [37]. Due to their bosonic exchange statistics, the two photons do not
evolve independently. Instead, all the possible paths the pair may take interfere with each
other. This quantum path interference causes the positions of the particles to be mutually

2Here, the term ‘lattice’ implies merely discreteness; it is commonly used for periodic as well as aperiodic
waveguide configurations.
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correlated. Such correlated QRWs span a Hilbert space which grows exponentially with
the number of quanta [37,38]. Therefore, the intricate correlations of a photon pair could,
in principle, be exploited for resource-efficient quantum information processing, encoding
much more information per photon than single photon schemes.
If one scales the dimensions of the state space beyond the case of a pair on a uniform
1D-graph, the potential of the system for quantum information applications will be even
further enhanced. The most obvious way to achieve this is to increase the number of
photons in the system. However, the controlled generation of multiphoton states faces
considerable practical challenges due to the limited scalability of the photon sources.
Currently, the record is held by an eight-photon state, implemented by tremendous ex-
perimental effort [39].

An alternative route is the extension of the waveguide lattice towards more complex
graphs, offering larger Hilbert spaces with the same amount of photons. One can ei-
ther investigate 1D arrays with non-uniform properties, thus establishing the transverse
position as a degree of freedom, or turn to two-dimensional (2D) networks. The idea
behind the latter option is that M indistinguishable particles in a 1D lattice involve the
same complexity as a single-particle in M spatial dimensions [38]. Conversely, two spatial
dimensions provide the same complexity as the twofold number of walkers in a single
dimension [40–42].

While these approaches mitigate the need for more than two photons, they bring about
new challenges on their own. Most importantly, one requires a fabrication technique
which is capable to precisely assemble waveguides in up to two spatial dimensions in a
permanent fashion. The direct waveguide inscription in transparent materials by ultra-
short laser pulses [32,33] has developed into a rather mature technology which offers these
capabilities. The feasibility of laser-written evanescently coupled waveguides for quantum
path interferences [43–49] and even 1D QRWs [50, 51] has been demonstrated in several
experiments over the last years. Therefore, the laser waveguide inscription lends itself as
the method of choice.
The second challenge is that the performance of the waveguide systems should be char-
acterised after the fabrication step with as little effort as possible. However, running
an actual correlated QRW on a large lattice is not a trivial endeavour, as a multitude
of waveguide channels has to be interfaced with photon sources and detection devices,
and a certain measurement time is needed in order to obtain sufficient photon counting
statistics [37]. Therefore, a classical characterisation technique which allows to catch the
essential features of the expected QRW seems highly desirable. Indeed, such a technique
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1. INTRODUCTION

has been employed in the original correlated QRW proposal, albeit with a certain bias in
the estimation of the photon correlations [36].

In this thesis, several possible strategies towards QRWs with increased complexities are
pursued. To this end, 1D waveguide lattices with spatially dependent coupling proper-
ties as well as 2D networks are devised. Correlated QRWs of indistinguishable photon
pairs in these structures are investigated via numerical calculations and their experimen-
tal implementations performed in cooperation with the Universities of Bristol and Central
Florida are presented. Moreover, a novel characterisation technique is developed and ap-
plied, which simulates the photon correlations with classical light in an unbiased fashion,
thereby overcoming the above mentioned challenge.

Following a recapitulation of the theoretical foundations for the evolution of photon pairs
in waveguide lattices, the laser inscription technique as well as the technologies required
for photon generation and detection in chapter 2, the achievements of this work are
presented in four main chapters. Chapter 3 introduces the classical characterisation tech-
nique which is subsequently employed in other parts of this thesis. The fourth chapter
presents the investigation of QRWs in a 2D waveguide lattice, whereas the two remaining
chapters treat 1D systems beyond the uniform configuration. Chapter 5 covers so-called
Glauber-Fock lattices with a judiciously engineered coupling distribution and the final
chapter deals with disordered lattices entailing a random variation of the coupling across
the lattice. The thesis concludes with a brief summary of the results and an outlook to
further developments in the field.
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2 Fundamentals

2.1 Field quantisation in a waveguide

If optics enters the regime of single quanta, the electromagnetic field can no longer be
treated classically. In this section it will be reiterated how the quantisation of an elec-
tromagnetic field arises via the equivalence of the classical field-Hamiltonian and the
Hamiltonian of a classical harmonic oscillator. Along these lines, it is shown how the
real and imaginary parts of the quantised electric field translate into the position and
momentum operator of the quantised oscillator and how the oscillator eigenstates count
the number of photons in the field.
In the literature this derivation is usually presented in the context of plane waves pro-
pagating in free space [52–55]. However, as this work is concerned with light guided in
single-mode optical waveguides, this approach will be adopted for the field quantisation
in an isolated single-mode waveguide and then later generalised to a system of several
weakly coupled waveguides.

2.1.1 Hamiltonian of the electromagnetic field

The first step towards a quantum description of the light field is the determination of the
Hamiltonian for a classical electromagnetic field in a waveguide. The starting point are
Maxwell’s equations in the frequency domain for source-free electric and magnetic fields
E (r, ω) and B (r, ω) in an isotropic dielectric medium with permittivity ε (r, ω) [56]:

∇×E (r, ω) = iωB (r, ω) (2.1a)

∇×B (r, ω) = −i
ω

c2
E (r, ω) (2.1b)

∇ ·B (r, ω) = 0 (2.1c)

∇ · [ε (r, ω) E (r, ω)] = 0, (2.1d)

with angular frequency ω and c = (ε0μ0)
− 1

2 denoting the speed of light. In the course of
this work, only monochromatic fields will be of interest. For convenience, the argument
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2. FUNDAMENTALS

ω is henceforth omitted in all functions. Nevertheless, the following derivation of the
classical Hamiltonian will be equally valid for arbitrary spectra.
A dielectric waveguide has a permittivity profile which depends on the transverse coor-
dinates (x, y), but is invariant along the longitudinal direction z: ε (r) = ε + Δε (x, y), ε

denoting the permittivity of the surrounding bulk material. It is assumed that the wave-
guide is weakly guiding, i.e., it has a shallow profile Δε (x, y) � ε.1 Then the Eqs. (2.1a),
(2.1b) and (2.1d) can be combined to the Helmholtz equation for the electric field:[

∇2 +
ω2

c2
ε (x, y)

]
E (r) = 0. (2.2)

A second assumption is that the waveguide is so weakly guiding that it supports only one
bound mode with eigenvalue γ as solution of Eq. (2.2):

E (r) = E0 (x, y) eiγze (x, y) , (2.3)

with transverse amplitude E0 (x, y) and a normalised polarisation vector e · e = 1. For
weak guiding the transverse components of this mode are dominating2, i.e., e · ez ≈ 0. In
the following, γ will always be treated as a real number, i.e., the waveguide is assumed to
be passive and lossless. The associated magnetic field follows from Eq. (2.1a) and is also
primarily oriented in a transverse direction:

B (r) =
γ

ω
E0 (x, y) eiγze (x, y)× ez. (2.4)

To calculate the total energy contained in the electromagnetic field one requires the real
parts of the fields Er = 1

2
(E + c.c.) and Br = 1

2
(B + c.c.):

H =
1

2

∫
d3r

[
ε0ε (x, y) Er (r) ·Er (r) +

1

μ0

Br (r) ·Br (r)

]

=
1

8

∫
d3r

{
ε0ε (x, y) [E (r) + c.c.]2 +

1

μ0

[B (r) + c.c.]2
}

.

Substituting with Eqs. (2.3) and (2.4) yields:

H =
1

8

∫
d3r

[
ε0ε (x, y) e · e +

γ2

μ0ω2
(e× ez)2

] [
E0 (x, y) eiγz + c.c.

]2
.

1More strictly speaking, the condition is |∇ε (x, y)| � λ−1ε (x, y), with λ = 2πcω−1 as the wavelength
of the field. If this condition is met, ∇ · E ≈ 0 will follow from Eq. (2.1d). See Fig. 2.1(a) for a
typical permittivity profile.

2As
∣∣∂E

∂z

∣∣ = γ |E| � ∣∣∂E
∂x

∣∣ , ∣∣∣∂E
∂y

∣∣∣ for weakly guided modes (see again Fig. 2.1(a) for a typical example),
the condition ∇ ·E ≈ 0 can only be satisfied for |Ez| � |Ex| , |Ey|.
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2.1 Field quantisation in a waveguide

The scalar products of the polarisation vectors are unity e · e = (e× ez)2 = 1 and the
permittivity profile can be treated as nearly constant within the integral ε (x, y) ≈ ε.
Furthermore, the transverse electric field amplitude can be decomposed into its real and
imaginary parts:

E0 (x, y) ≡ ωq (x, y) + ip (x, y) . (2.5)

With that one obtains for the Hamiltonian:

H =
1

8

(
ε0ε +

γ2

μ0ω2

)∫
d3r
{
[ωq (x, y) + ip (x, y)] eiγz + c.c.

}2
.

All rapidly oscillating terms vanish upon longitudinal integration:
∫

dze±2iγz = 0. More-
over, the eigenvalue of the weakly guided mode can be approximated with the wavenumber
in the bulk medium γ ≈ ω

c

√
ε, so one ends up with:

H =
ε0εL

2

�
dxdy

[
ω2q2 (x, y) + p2 (x, y)

]
,

with L denoting the length of the waveguide. Finally, the introduction of the integrals of
the transverse fields Q2 ≡ √ε0εL

�
dxdyq2 (x, y) and P 2 ≡ √ε0εL

�
dxdyp2 (x, y) yields

H =
1

2

(
ω2Q2 + P 2

)
, (2.6)

revealing the formal correspondence to the Hamiltonian of a classical harmonic oscillator
with conjugated position and momentum variables Q and P , unit mass and frequency ω.

2.1.2 Quantisation of the oscillator

Now one can proceed entirely analogous to the quantisation of a harmonic oscillator.
The conjugated variables are replaced by operators Q̂ and P̂ , required to satisfy the
commutation relation [

Q̂, P̂
]

= i�. (2.7)

It is convenient to introduce the ladder operators [52]:

â ≡
√

1

2�ω

(
ωQ̂ + iP̂

)
â† ≡

√
1

2�ω

(
ωQ̂− iP̂

)
, (2.8)

9



2. FUNDAMENTALS

which according to (2.7) satisfy the commutator relation:

[
â, â†
]

= 1. (2.9)

From a comparison of Eqs. (2.5) and (2.8) it is evident that the operator â is essentially
the operator of the electric field. This will be an important notion in chapter 5. With the
ladder operators the Hamiltonian (2.6) becomes for the quantised field:

Ĥ = �ω

(
â†â +

1

2

)
. (2.10)

This Hamiltonian has a semi-infinite set of eigenstates {|n〉}∞n=0, so-called number states or
Fock states [57], which have an equidistant energy spectrum seperated by integer multiples
of �ω:

Ĥ |n〉 = �ω

(
â†â +

1

2

)
|n〉 = �ω

(
n +

1

2

)
|n〉 .

As Einstein reasoned in another of his annus mirabilis publications, the light field is
composed of single quanta [58] - termed photons - of energy �ω. With this in mind, the
following interpretation is apparent: The Fock state |n〉 has n quanta in the waveguide
mode and the number operator n̂ = â†â counts this number. The ladder operators â and
â† are also referred to as annihilation and creation operator, respectively, as their action
on an eigenstate literally destroys or generates a photon:

â |n〉 =
√

n |n− 1〉
â† |n〉 =

√
n + 1 |n + 1〉 . (2.11)

The ground state |0〉 containing no photons is referred to as the vacuum state. Fig. 2.1(b)
illustrates the eigenstates of the oscillator, their equidistant energy spectrum and the
action of the ladder operators.
Note that the quantisation demonstrated in this section can be applied to a multi-mode
and/or polychromatic field in the same way. One merely has to consider a set of operators
âk and propagation constants γk = ωk

c

√
ε for the components and express the Hamiltonian

as a sum or integral of the single-mode contributions [53,55]. Such a multi-mode extension
can also be made for a system with several single-mode guides, which is what will be used
in the next section.
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2.2 Non-classical light evolution in waveguide lattices

Figure 2.1: (a) Cross-section through a Gaussian permittivity profile (blue dashed line) of 2
weakly guiding waveguides with a width (standard deviation of the Gaussian) of 5 wavelengths
λ and a separation of 40λ. The red and green solid lines show the numerically calculated field
magnitudes of these single-mode guides. The bulk permittivity is ε = 2.1 as in fused silica. (b)
Energy ladder En of the oscillator eigenstates and their response to the operators â(†).

2.2 Non-classical light evolution in waveguide lattices

Now a system of N single mode waveguides is considered. In the first part of this section,
the Hamiltonian of the general system and the Heisenberg equation of motion governing its
evolution are introduced. This is followed by a solution of the special case N = 2, leading
to the famous Hong-Ou-Mandel effect and the associated quantum path interference [59],
which is at the origin for the correlated behaviour of multi-particle QRWs. In the final
part, the formal expressions for the relevant observables of two-photon QRWs in arbitrary
lattices are presented and illustrated by the pertinent example of a uniform 1D array.

2.2.1 Coupled waveguide lattices

The total Hamiltonian of the multi-waveguide system will be the sum of the Hamiltoni-
ans (2.10) of the individual guides. In general the waveguides can be different from one
another, supporting modes with different propagation constants γk. The total Hamilto-
nian can then be written as:

Ĥ = �

N∑
k=1

ωk

(
â†kâk +

1

2

)
=

�c

n0

N∑
k=1

γk

(
â†kâk +

1

2

)
,

with n0 =
√

ε denoting the refractive index of the surrouding bulk medium. This Hamil-
tonian describes a set of waveguides which are isolated or infinitely far away from each
other. However, each waveguide supports one mode with a transverse field, decaying ex-
ponentially away from its centre. So in a system with finite extension, these exponential

11



2. FUNDAMENTALS

tails overlap to a certain degree with the other waveguides (see Fig. 2.1(a) for an example
of two identical guides). In the tight-binding or coupled-mode approximation [26,60] one
assumes that this overlap is small enough not to distort the profiles and the propagation
constants of the individual modes. If this approximation holds the waveguide modes get
pairwise coupled and the Hamiltonian of the system becomes [61,62]:

Ĥ =
�c

n0

N∑
k=1

[
γk

(
â†kâk +

1

2

)
+

N∑
l=1

Ck,lâ
†
kâl

]
. (2.12)

The coupling strength between the mode fields E0,k and E0,l of guides k and l is

Ck,l ∝
�

dxdyE0,k (x, y) E∗
0,l (x, y) [Δε (x, y)−Δεl (x, y)] , (2.13)

with Δεl denoting the permittivity profile of guide l [26, 63–65]. Note that in the tight-
binding limit the evanescent coupling strength is always real and obeys the generic sym-
metry Ck,l = Cl,k [64]. Therefore, the Hamiltonian (2.12) is always Hermitian.
The field operators of one and the same mode obey the commutator relation (2.9), whereas
they commute among different modes:[

âk, â
†
l

]
= δk,l. (2.14)

Of course also
[âk, âl] =

[
â†k, â

†
l

]
= 0 (2.15)

holds for all k and l.
The number of photons in the waveguides is now tracked by the Fock states |n1, ..., nN〉,
with nk as the photon number in guide k, obeying:

âk |n1, ..., nk, ..., nN〉 =
√

nk |n1, ..., nk − 1, ..., nN〉
â†k |n1, ..., nk, ..., nN〉 =

√
nk + 1 |n1, ..., nk + 1, ..., nN〉 . (2.16)

In this notation all photons are assumed to be indistinguishable from each other3. The
Fock states are orthogonal, satisfying

〈n1, . . . , nN |m1, . . . , mN〉 = δn1,m1 . . . δnN ,mN
.

3Indistinguishability means that there is no physical quantity besides their spatial position in which
the photons differ, so in particular they must have the same frequency, polarisation and overlap
temporally. In this work indistinguishability is always assumed if not stated otherwise.
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2.2 Non-classical light evolution in waveguide lattices

The evolution of the system is best described in the Heisenberg picture, where the states
remain invariant, but the operators â

(†)
k evolve. This evolution is governed by the Heisen-

berg equation

i�
d

dt
â†m = i

�c

n0

d

dz
â†m =

[
â†m, Ĥ

]
,

where instead of a temporal evolution, a propagation along the longitudinal coordinate z,
being related to t by the phase velocity c

n0
, is considered [36]. Evaluating this commutator

for the Hamiltonian (2.12) and using the commutators (2.14),(2.15) yields the equations
of motion for the creation operators:

i
d

dz
â†m (z) + γmâ†m (z) +

N∑
k=1

Ck,mâ†k (z) = 0.

The adjoint operators âm (z) can be obtained from complex conjugation.
Usually, the waveguides have very similar propagation constants γm = γ0 + βm, with
the average value γ0. It is therefore convenient to switch to a reference frame which
is co-propagating with γ0, thereby separating rapid phase oscillations from the coupling
dynamics. One can further introduce b̂†k ≡ â†ke

−iγ0z and absorb the detunings βm into the
coupling matrix C̃k,l ≡ βkδk,l + Ck,l to obtain:

i
d

dz
b̂†m (z) +

N∑
k=1

C̃k,mb̂†k (z) = 0. (2.17)

These will be the equations of motion to be solved for all problems this work is concerned
with. The properties of the system, which can be an arbitrary arrangement of single-mode
tight-binding waveguides, are always encoded in the coupling matrix C̃.
Note that the assumption about passive and lossless waveguides made earlier is crucial
to conserve the commutator (2.14). However, due to the transformation to the moving
frame, any global loss (i.e., a positive imaginary part of γ0) is compensated by the choice of
the operators b̂

(†)
k which still satisfy

[
b̂k, b̂

†
l

]
= δk,l. Hence, global losses have no impact on

the evolution dynamics and can, in principle, be removed by normalisation. This will be
a useful property in context of the propagation losses in laser-written waveguide lattices
(see chapter 2.3). A formal treatment of non-uniform loss distributions is possible [66],
but beyond the scope of this work.

For most problems it will be important to determine the expectation value of the photon
number distribution, i.e., the average photon number in the individual channels, at a

13



2. FUNDAMENTALS

given position z:
n̄k (z) ≡ 〈n̂k (z)〉 =

〈
b̂†k (z) b̂k (z)

〉
(2.18)

for all k = 1, . . . , N . Here 〈·〉 denotes the expectation value of an operator with respect
to the state of the system.
If more than one identical photon is present in the system at a time the two-photon-
correlation function [36]

Γk,l (z) ≡
〈
b̂†k (z) b̂†l (z) b̂l (z) b̂k (z)

〉
(2.19)

is another important quantity, as it relates to the joint probability of finding one photon
in guide k and one in l at the same time via Pk,l = 1

1+δk,l
Γk,l. Note that Γk,l = Γl,k follows

directly from (2.15). These correlations will be highly non-trivial for indistinguishable
photons as soon as several paths lead to the same result. A quantum path interference
will occur as will be illustrated by a simple example in the next section.

2.2.2 Quantum path interference - The Hong-Ou-Mandel effect

The most basic coupled waveguide system consists of two identical waveguides coupled
with strength C1,2 = C. For such a directional coupler the equations of motion (2.17) can
be analytically solved:

b̂†1/2 (z) = b̂†1/2 (0) cos (Cz) + ib̂†2/1 (0) sin (Cz) . (2.20)

For convenience, the argument (0) for the operators at the input of the lattice will from
now on always be omitted.
For a single photon input to channel 1:

|Ψ1〉 ≡ b̂†1 |0, 0〉 = |1, 0〉 ,

one finds for the average photon number (2.18) in that waveguide:

n̄1 (z) =
〈[

b̂†1 cos (Cz) + ib̂†2 sin (Cz)
] [

b̂1 cos (Cz)− ib̂2 sin (Cz)
]〉

=
〈
b̂†1b̂1

〉
cos2 (Cz) +

〈
b̂†2b̂2

〉
sin2 (Cz) +

[
i
〈
b̂†2b̂1

〉
cos (Cz) sin (Cz) + c.c.

]
= cos2 (Cz) .

In the last step it has been exploited that the annihilation of the vacuum state yields
zero (cf. (2.16)), so that

〈
b̂†2b̂2

〉
= 〈1, 0| b̂†2b̂2 |1, 0〉 = 0 =

〈
b̂†2b̂1

〉
. Similarly, one finds

n̄2 (z) = sin2 (Cz) = 1− n̄1 (z). So the photon probability distribution oscillates between
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2.2 Non-classical light evolution in waveguide lattices

the two waveguides with period π
C

(see Fig. 2.2(a)), just in the same way as classical
light [26]. This does not come unexpected since the probability amplitude of a single
photon evolves always as the light amplitude of a classical wave [67].

A particularly interesting case is the propagation over a quarter of a period z = π
4C

,
where the single photon has equal probabilities of 1

2
to occupy either waveguide at the

output. From now on a coupler of this length is simply referred to as ‘50/50 coupler’. If
two identical photons are launched simultaneously into the coupler, one in each channel,
the input state is the product state:∣∣∣Ψ(p)

1,2

〉
≡ b̂†1b̂

†
2 |0, 0〉 = |1, 1〉 .

The average photon number at the output of the 50/50 coupler is now n̄1

(
π

4C

)
= n̄2

(
π

4C

)
=

1, so on average one photon will be detected in each channel, as one might expect from the
symmetry of the system. However, one finds for the correlation function (2.19) via (2.16)
and the commutators (2.15) the interesting result:

Γ
(p)
1,1

( π

4C

)
= Γ

(p)
2,2

( π

4C

)
= 1 ; Γ

(p)
1,2

( π

4C

)
= 0.

This means that the probability for the two photons occuring together is P1,1 = P2,2 =
1
2

for each waveguide, but they never occur in different waveguides. This is a direct
consequence of their indistinguishability as one cannot tell which photon went which way.
More specifically, there are two possible paths which would lead to a coincident detection
in channels 1 and 2: both photons could remain in their initial waveguide or they could
swap sides. As there is a phase factor of i imposed upon the coupling (cf. (2.20)), these
two paths interfere destructively. Hence, the output state is no longer a product state of
the type (2.16), but the path-entangled state [53,68,69]

|Ψout〉 =
i

2
(|2, 0〉+ |0, 2〉) . (2.21)

This is a representative of the important N00N states which are the N -photon states
with a maximal degree of entanglement [70].
Such a quantum path interference stands in stark contrast to the behaviour of classical or
distinguishable particles. If the two photons were distinguishable, they would just propa-
gate independently from another, obeying binomial statistics and resulting in the output
correlations [71]: Γ

(d)
1,1

(
π

4C

)
= Γ

(d)
2,2

(
π

4C

)
= Γ

(d)
1,2

(
π

4C

)
= 0.5, with equal probabilities for the

photons to leave the coupler together or in different waveguides.

15



2. FUNDAMENTALS

Figure 2.2: (a) Evolution of the average photon number in a directional coupler for a single
photon launched into guide 1. The dashed line indicates the propagation distance at which the
device acts as a 50/50 coupler. To illustrate the spatial distribution of the photons within a
typical waveguide, the discrete values n̄ have been multiplied with a Gaussian mode profile. (b)
The original Hong-Ou-Mandel dip from [59] for two photons launched into the input ports of
a 50/50 beamsplitter. For distinguishable photons, coincidences between the two output ports
occur, corresponging to non-vanishing off-diagonal entries in the correlation matrix (right inset).
The left inset shows the correlation matrix for indistinguishable photons, where no coincidences
occur.

The observation of quantum path interference was first made by Hong, Ou and Man-
del in their landmark experiment on a balanced beamsplitter [59], which is the bulk-optic
equivalent of a 50/50 coupler. They used pairs of identical photons with a wavepacket
duration of about 100fs. Hence, when they made their wavepackets overlap in time, a
nearly perfect destructive quantum interference could be measured in the coincidence rate
(corresponding to Γ

(p)
1,2), whereas a relative delay of the wavepackets made the photons

distinguishable, preventing any quantum interference and therefore leading to a higher
coincidence rate. The resulting curve, the famous Hong-Ou-Mandel-dip, is shown in
Fig. 2.2(b), together with the correlation matrices for perfectly distinguishable and in-
distinguishable photons.
This quantum interference of indistinguishable photons is the key phenomenon for the
understanding of this work. In the following chapters, the simple ’50/50 coupler’ will be
replaced by gradually more complex arrangements of waveguides, offering an increased
number of paths for the photon pair and, therefore, exhibiting more intricate correlation
effects.

2.2.3 Photon pairs in waveguide lattices

Returning to the general lattice of N waveguides, as governed by Eq. (2.17), one finds
that there is no analytic solution for this general case. Nevertheless, the evolution of the
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2.2 Non-classical light evolution in waveguide lattices

operators can be formally expressed as the exponential of the coupling matrix:

b̂†m (z) =
∑

k

Um,k (z) b̂†k , Um,k ≡
(
eizC̃
)

m,k
. (2.22)

Due to the symmetry of the coupling matrix, U is always unitary4. By its definition,
Um,k (z) can also be interpreted as the probability amplitude for a photon injected in
guide k to be detected in channel m after propagation over the distance z. This gets most
evident when considering the single-photon input state on guide k:

|Ψk〉 = b̂†k |∅〉 ≡ b̂†k |0, ..., 0〉 =
∣∣0, ..., 1(k), ..., 0

〉
,

with n(k) denoting n photons in guide k. Its expected photon number distribution can be
obtained by substituting (2.22) into (2.18):

n̄m (z) = |Um,k (z)|2 . (2.23)

As in the directional coupler, this is identical to the intensity distribution of a classical
beam of light injected into site k.

There are two types of two-photon input states under investigation in this work. One
is the product state of one photon being launched into waveguide k, the other in guide l,
which has been encountered in the previous chapter:∣∣∣Ψ(p)

k,l

〉
= b̂†kb̂

†
l |∅〉 ≡ b̂†kb̂

†
l |0, ..., 0〉 =

∣∣0, ..., 1(k), ..., 1(l), ...0
〉
, (2.24)

for k �= l. The other interesting configuration is a path-entangled state with the photons
being initiated together at either of the two waveguides, as it can be produced from a
waveguide coupler (2.21), potentially involving a phase shift φ:

∣∣∣Ψ(e,φ)
k,l

〉
=

1

2

[(
b̂†k
)2

+ eiφ
(
b̂†l
)2
]
|∅〉 =

1√
2

(∣∣0, ..., 2(k), ..., 0
〉

+ eiφ
∣∣0, ..., 2(l), ..., 0

〉)
,

(2.25)
again with k �= l. The configuration k = l, corresponding to both photons being always
initialised in a single waveguide, is rather trivial: As both photons start at the same
position with identical evolution dynamics, no quantum path interference can arise and
the photons will propagate independently from each other through the system.
For both types of two-photon input states one finds the following solution for the mean

4The numerical calculation of this matrix exponential is straightforwardly possible for systems of up to
a few thousand waveguides.
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2. FUNDAMENTALS

photon number, again by substituting (2.22) into (2.18):

n̄m (z) = |Um,k (z)|2 + |Um,l (z)|2 . (2.26)

This is the incoherent sum of the average photon numbers for single photon inputs in
channels k and l (see Eq. (2.23)). Hence, quantum path interference is never visible in
the average photon number, regardless of the nature of the input state. In contrast, the
correlation does depend on the input state and reveals this interference. One finds for the
product state (2.24) [36]:

Γ(p)
m,n (z) = |Um,k (z) Un,l (z) + Um,l (z) Un,k (z)|2 , (2.27)

which clearly depends on the phases of U and can no longer be decomposed into single
photon contributions. The correlation of the entangled state (2.25) yields [72]:

Γ(e,φ)
m,n (z) =

∣∣Um,k (z) Un,k (z) + e−iφUm,l (z) Un,l (z)
∣∣2 . (2.28)

To elucidate these quantities by an example, an infinite5 one-dimensional (1D) lattice of
identical waveguides (βm = 0) with uniform nearest-neighbour coupling Cm−1,m = C is
now considered. As the directional coupler, this is a system which can be solved analyti-
cally. One finds that the evolution matrices are governed by Bessel functions of the first
kind Um,k = im−kJm−k (2Cz) [26].

Fig. 2.3(a) shows the resulting mean photon number distribution for a single photon
being launched into the central waveguide. One can clearly identify two ballistic lobes
within which the photon is most likely to occur. These lobes are a characteristic feature
of the discrete diffraction occuring in such a waveguide array [26–28]. Intriguingly, the
evolution pattern spreads linearly upon propagation, just as expected for the probabil-
ity distribution in a single-particle QRW [10]. As mentioned earlier, it turns out that
the evolution of a single photon6 in a waveguide array is a spatial implementation of a
continuous-time QRW on a 1D graph [25].
From Eq. (2.26) one expects the average photon number for two photons to be merely
the incoherent sum of the single photon excitations. Indeed, if two neighbouring channels
are excited with any of the input states (2.24),(2.25), the two propagation patterns add

5Infinity means here that the physical array is so large, that the boundaries have no significant influence
on the photon evolution.

6Or a classical beam of light, which exhibits the same dynamics
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2.2 Non-classical light evolution in waveguide lattices

Figure 2.3: (a) Evolution and output distribution of the average photon number in a planar
lattice of 22 waveguides and length 1.25π/C for a single photon launched into the central guide
no. 11. (b) Same as (a), but for two photons launched into the adjacent channels 11 and 12.
The output images are normalised to their peak values and the red arrows indicate the input
positions. (c) Correlation function for the product state

∣∣∣Ψ(p)
11,12

〉
. (d),(e) Correlation functions

for the entangled state
∣∣∣Ψ(e,φ)

11,12

〉
with (d) φ = 0 and (e) φ = π.

incoherently (Fig. 2.3(b)).
However, the two-photon correlation for the product state at the output of the lattice
exhibits a clear signature of quantum interference, as shown in Fig. 2.3(c): There are
pronounced peaks on the main diagonal of the matrix corresponding to large probabilities
for both photons to occupy the same lobe. In contrast, there is almost zero probability for
the photons to propagate in different lobes, as heralded by the absence of anti-diagonal
peaks7. This behaviour, which is reminiscent of the conjoint occurence of the photons in
the channels of the 50/50 coupler (2.21), is referred to as (spatial) ‘photon bunching’.
These evolution patterns of two-photon states have no direct classical equivalent and rep-
resent an implementation of a QRW of 2 correlated particles [36,37].

The correlation of the entangled state depends strongly on the relative phase between
the two input channels. For the symmetric state with φ = 0, one finds strong anti-
diagonal peaks, but almost no peaks on the main diagonal (Fig. 2.3(d)), meaning that

7In this particular example Γ5,5 = Γ18,18 � Γ5,18, etc..
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2. FUNDAMENTALS

the two photons exhibit ‘antibunching’, i.e., they tend to occupy different lobes. On the
other hand, for the antisymmetric state φ = π (Fig. 2.3(e)) a bunching behaviour can be
observed again, which is very similar to the correlation pattern of the product state.
In all cases there is also a correlation between the lobes and the inner parts of the evolu-
tion pattern: If one photon is detected in an even(odd)-numbered inner channel for the
input states

∣∣Ψ(p)
〉

or
∣∣Ψ(e,π)

〉
, the other must propagate in the lower(upper) ballistic lobe,

and vice versa for
∣∣Ψ(e,0)

〉
.

As outlined in the introduction, a major goal of this work is the realisation of wave-
guide lattices supporting more intricate photon pair trajectories, either by introducing
a non-uniform distribution of couplings or detunings to a 1D lattice, or by exploiting
the second spatial dimension. These strategies necessitate a fabrication technique which
allows a precise control of the parameters of the waveguide lattice as well as the ability
to assemble the waveguides in two dimensions. The direct waveguide inscription by ul-
trashort laser pulses into glass represents such a technique and will be explained in the
next section.

2.3 Waveguide inscription

Optically transparent media, such as fused silica glass, exhibit an energy gap between
their valence and conduction bands which is much larger than the energy of a photon
from the visible or near-infrared spectral range. Therefore, they do not absorb light un-
der normal circumstances. However, at very high light intensities, field ionisation as well
as multiphoton absorption processes can occur in which the (cumulative) energy of the
photons is large enough to bridge the gap. Together with onsetting avalanche ionisation,
recombination and restructuring processes, this can lead to a permanent modification of
the material’s refractive index [73].
In case of fused silica and an illumination wavelength of λin = 800 nm intensities in the
order of 1017 Wm−2 are required to achieve this [32]. Such an intensity can be obtained
by focussing laser pulses with pulse durations in the order of τ ∼ 100 fs and pulse energies
in the order of Ep ∼ 100 nJ onto spot diameters of a few μm. Commercial amplified
femtosecond laser system can routinely deliver such pulse parameters.
For all experiments presented in this work a Coherent Mira/RegA oscillator/amplifier
system is employed delivering pulses with λin = 800 nm, τ ≈ 150 fs and Ep ≈ 250 nJ at a
repetition rate of 100 kHz. The pulses are focussed using a 20×-objective (numerical aper-
ture NA = 0.35). In order to fabricate waveguides, a glass chip is moved continuously on
a translation stage (Aerotech) under illumination, resulting in elongated waveguides (see
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2.3 Waveguide inscription

Figure 2.4: (a) Direct inscription of waveguide arrays by femtosecond laser pulses. The inset
shows a phase-contrast microscope image of a waveguide’s end face. (b) Top: Typical mode
profiles at λ = 800 nm for the two orthogonal linear polarisations ’H’ and ’V’. The arrows
indicate the direction of the electric field e. Bottom: Associated refractive index profiles which
are calculated from the mode profiles.

Fig. 2.4(a)). The laser pulses are polarised linearly and perpendicularly to the writing
direction. The maximum waveguide length feasible with the employed positioning system
is 10 cm. The translation velocity v0 controls the amount of energy deposited per unit
length, and thereby the propagation constant γ of the waveguide: The slower the inscrip-
tion, the more energy is deposited and the larger γ [33]. Here, velocities between 1 and
1.8 mm s−1 are typically used. The process can be repeated several times after a trans-
verse shift of the sample in order to produce 2D waveguide arrays of arbitrary shape8. As
governed by (2.13), the coupling strength C between two guides depends on the overlap
of the waveguide modes, which can also be controlled by the writing velocity, as well as by
the waveguide separation. Usually the latter option is preferable in order to tune γ and C

independently9. One finds an exponential dependence between the waveguide separation
and C over a large range of parameters [75] (see chapters 5.1 and 6.1 for details).

As visible from the inset of Fig. 2.4(a), the waveguides exhibit an elliptical cross-section
of about 10×2 μm2. Moreover, anisotropic stress fields are induced during the inscription

8The working distance of the employed microscope objective is large enough to allow waveguide in-
scription in the entire volume of the 1 mm thick glass samples. Note that the writing depth with
minimum focal radius is 170 μm, as this is the cover glass thickness for which the microscope ob-
jective is designed [74]. A variation of depth leads to slightly changing waveguide properties due to
spherical aberrations. However, this effect is insignificant for the employed low-NA objective and the
dimensions of the waveguide lattices in this work [33].

9If different writing velocities are used for the waveguides within a lattice, the impact on γ is usually
much larger than on C.
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process [76]. For these reasons, the waveguide modes are no longer polarisation degen-
erate, as they would be in circular guides of isotropic material. Instead, the waveguide
supports two modes with linear orthogonal polarisations oriented along the major princi-
pal axis of the ellipse (termed ‘V-polarisation’) and perpendicular to it (‘H-polarisation’).
Fig. 2.4(b) displays exemplary intensity profiles of these modes for waveguides fabricated
with the parameters τ = 170 fs, Ep = 300 nJ, v0 = 1.5 mm s−1 and the associated refrac-
tive index profiles Δn = Δε

2n0
,10 which can be calculated via inversion of the Helmholtz

equation (2.2) [77].
In the given example the refractive index contrast is approximately 10−3 and the propa-
gation constants of the modes (with respect to the bulk) are in the order of 500 m−1 at
λ = 800 nm. The birefringence, i.e., the difference between the propagation constants of
the two modes, has been measured in another sample with comparable fabrication pa-
rameters to be γV − γH ≈ 60 m−1. Hence, a phase shift of π between the two polarisation
modes can be expected for a propagation length of about 5 cm. Therefore, the input
polarisation of photons should always be chosen as either ‘V’ or ‘H’, as any superposition
state would change considerably during a propagation on this length scale. This will be
crucial for photon-pair experiments as discussed in chapters 4.2 and 6.2.
One can further notice from Fig. 2.4(b) that also the modal shape depends on polari-
sation, it is typically wider for ‘H’. Therefore the coupling, governed by the overlap to
neighbouring waveguide modes, is usually larger for ‘H’ than for ‘V’. Hence, one has
to choose a particular polarisation when designing specific distributions of the coupling
constant in a waveguide lattice. Some promising approaches towards waveguides with po-
larisation independent coupling will be discussed in the outlook at the end of this thesis.

The propagation loss of laser-written waveguides depends on the fabrication parameters
and the exact type of the glass used. Typical values for the parameter range used in this
work are 0.7 . . . 1.1 dBcm−1 at λ = 800 nm, with the lowest losses of 0.5 dBcm−1 obtained
for inscribing the waveguide twice. As discussed earlier, losses are uncritical as long as
they are equal among all waveguides11. They merely reduce the arrival probabilities and
correlations of the photons globally, but do not alter their distribution.
For interfacing waveguide arrays with photon sources and detectors (see the following
section for details), it is often necessary to include curved waveguide segments on a chip.
Such a bending necessarily involves additional losses [78]. Again, the severity of these
losses depends strongly on the fabrication parameters, the material and the waveguide
trajectory. Generally speaking, bending radii in the order of 1 m are bearable for most

10n0 = 1.45 for fused silica
11Of course, they should be small enough to still allow appreciable signals in an experiment.
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experiments in laser-written waveguides.

2.4 Generation and detection of indistinguishable

photon pairs

To understand what the crucial aspects in designing waveguide devices for single-photon
experiments are, a brief excursion to the commonly employed methods of photon pair
generation and detection is required.
The most widely used process for the generation of photon pairs is spontaneous paramet-
ric down-conversion (SPDC) [63,79], a nonlinear optical process, which converts a pump
photon of frequency ωp into signal and idler photons with frequencies ωs and ωi, satisfying
energy conservation ωp = ωs + ωi. To harness the required second-order nonlinearity12,
birefringent crystalline materials with non-centrosymmetric unit cell are employed. Mo-
mentum conservation (phase matching) allows only certain directions for the participating
wavevectors kp, ks and ki, depending on the frequencies, the refractive indices and the ori-
entation of the nonlinear crystal, as well as the photon polarisation. There is a manifold of
solutions to the energy and momentum conservation. Of particular interest for the gener-
ation of indistinguishable photons is the so-called type-I phase matching, where the pump
photon is extraordinarily polarised, while the signal and idler photons are both identically
polarized in the ordinary direction (see Fig. 2.5(a)) [59]. For certain angles between the
optical axis of the crystal and the pump beam Θ, the degenerate case ωs = ωi = ωp/2 is
possible. In this configuration photons of identical frequency and polarisation are emitted
into a cone with opening angle φs + φi = 2φs around the pump direction, as shown in
Fig. 2.5(b) [80]. Due to the momentum conservation, the two photons are always di-
rected at opposite points of the cone. Hence, selecting two such points by apertures and
connecting them to polarisation-maintaining optical fibers provides a source for pairs of
indistinguishable photons13. The frequency conversion is a spontaneous process, so the
photon pairs are obtained at random times with a rate depending on numerous parame-
ters, such as pump beam intensity in the crystal, the nonlinearity and phase-matching as
well as the size of the apertures.

The devices of choice for single photon detection are reverse-biased silicon avalanche

12In a second-order nonlinear optical process, the polarisation response of the medium is proportional to
the second power of the electric field.

13For a finite length of the crystal, the phase matching condition is not sharp, hence the photons have
a certain spectral width. Usually, this is further confined by interference filters, down to a few nm.
This also determines the temporal width of the photon wavepackets to the order of ∼ 100 fs for
λs = λi ≈ 800 nm.
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Figure 2.5: Generation and detection of photon pairs and their interfacing with waveguide lat-
tices. (a) SPDC in a type-I phase matched nonlinear crystal. A pump photon with extraordinary
polarisation (perpendicular to the plane) is converted to signal and idler photons with ordinary
(parallel) polarisation which are collected by optical fibers. (b) Measured intensity distribution
behind a BiB3O6-crystal pumped by a 100 mW continuous wave laser with λp = 407.5 nm and
phase matching adjusted to the degenerate case λs = λi = 815 nm. The outer ring shows the
cross-section through the cone of signal and idler photons with an opening angle of 14.4◦ after
refraction at the crystal endface and the central part belongs to residual pump light passing a
bandpass filter, which supresses the pump light by six orders of magnitude. (c) Schematic illus-
tration of the interfacing between the glass sample containing the waveguide lattice and optical
fibers coming from the source and going to SPCMs. Images are taken from [80].

photo diodes, in which a large voltage is applied against the current transmitting direc-
tion of their pn-junction. Upon absorption of a photon within the depletion region, an
electron-hole pair is generated, separated and swept across the junction. If the voltage
is large enough, the charge carriers are accelerated to sufficient energies to generate yet
more carriers by impact ionisation. This process sustains itself, triggering an avalanche
of carriers which can be detected as a macroscopic current [81, 82]. As a single photon
suffices to start an avalanche, the photon number incident on the detector at a given
time can naturally not be resolved. Such reverse-biased avalanche diodes together with
all the required electronics are commercially available as single photon counting modules
(SPCMs), often fed by optical fibers. SPCMs are bucket detectors, i.e., they are spatially
non-resolving. Hence, one detector is required for each optical mode under investigation.

A fused silica sample containing laser-written waveguides can be interfaced on both sides
with the fibers coming from the photon source and leading to the detectors. This is done
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most conveniently by attaching the fibers to commercial fiber-arrays, which transversally
align up to eight individual fiber cores on a line with a pitch of 127 μm. These fiber
arrays must then be connected to the end faces of the waveguide lattice, as illustrated in
Fig. 2.5(c). To do so, the waveguide chip has to start with a 1D array with a waveguide
spacing of 127 μm. However, typical separations between evanescently coupled waveguides
at λ ≈ 800 nm are in the order of 15 . . . 30 μm and the waveguide lattice is not always
in a 1D geometry. To overcome this problem, the planar, widely spaced arrangement
of waveguides at the input and output faces has to be mapped to the geometry of the
particular lattice under investigation with its smaller separations by curved waveguide seg-
ments [37,71]. The curved segments of the individual guides may vary in length, which has
to be compensated by an external delay of the input photons to ensure temporal overlap
in the lattice. As mentioned in the previous section, such curvatures necessarily imply
additional losses, which tend to become severe for laser-written waveguides with bending
radii below about ∼ 1 m. This ultimately limits the number of waveguides which can be
brought together in a lattice and connected to fiber arrays on the maximum processable
glass chip length of 10 cm.
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3 Classical Characterisation of
Quantum Interference

The considerable effort of photon pair generation, detection and interfacing with the
waveguide lattice presented in the previous chapter is a seriously limiting factor to the
lattice design as well as to the speed at which a lattice can be characterised after its
fabrication. In contrast, if an investigation of the QRW with classical light was possible,
these constraints would be substantially relaxed.
In this chapter it will be shown that the quantum path interference of indistinguishable
photon pairs, as characterised by the two-photon correlation function (2.19) introduced
in the previous chapter, can be effectively simulated with classical light interference.
Instead of a single quantum experiment, a series of measurements with coherent states of
light (i.e., laser beams) is employed to obtain a classical correlation function having an
expectation value which is identical to the quantum correlation for any waveguide lattice.
This is particularly useful, as it provides a practical procedure for a characterisation of a
given waveguide array regarding its expected impact on the evolution of two-photon states
without the above mentioned issues. The basic version of this experimental procedure can
be applied to the emulation of product states of the type (2.24) and is presented in the
first section. A refined technique applicable to path-entangled states (2.25) is introduced
in the section thereafter.

3.1 Photon pairs in a product state

As in chapter 2.2.3, arbitrary waveguide lattices are considered with the evolution of the
ladder operators governed by (2.17) and the general solution (2.22). The aim is to find
a procedure which allows a classical characterisation of the quantum path interference of
the product state

∣∣∣Ψ(p)
k,l

〉
.

The evolution of a classical light field in such a system is governed by the same type of
equation, only the ladder operators are replaced by z-dependent discrete modal amplitudes
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3.1 Photon pairs in a product state

{bn}N
n=1 [26, 63,65]:

i
d

dz
bm (z) +

N∑
k=1

C̃k,mbk (z) = 0. (3.1)

Of course, this equation is solved by the same matrix exponentials U as in (2.22).
If a single waveguide k is excited with intensity I0, i.e., the initial condition is bm (0) =√

I0δm,k, one obtains for the intensity distribution at a given position z:

Ik
m (z) = |bm (z)|2 = I0 |Um,k (z)|2 . (3.2)

Now consider two waveguides k and l being excited with equal intensity I0 and a certain
relative phase Φ: bm (0) =

√
I0

(
δm,k + δm,le

iΦ
)
. Clearly, the output light distribution will

depend on this phase, due to classical wave interference:

Ik,l
m (z, Φ) = I0

∣∣Um,k (z) + Um,l (z) eiΦ
∣∣2 . (3.3)

Note that there is no relative phase between the individual photons in the quantum case,
as Fock states have no well-defined phase [53,54]. On the other hand, there is no quantum
path interference in the classical case.

Nonetheless, the quantum correlation Γ
(p)
m,n of (2.27), describing the quantum path in-

terference of the two-photon product state, can be emulated with a series of classical
measurements. To this end, one measures the output intensity distribution for a series of
random settings of Φ. Then, the phase averaged intensity correlation

Γ(int)
m,n (z) ≡ I−2

0

〈
Ik,l
m (z, Φ) Ik,l

n (z, Φ)
〉

Φ
, (3.4)

can be calculated from this data, with 〈·〉Φ denoting the average over all phase realisations.
With (3.3) and the fact that all terms with a phase factor vanish upon averaging one
finds [36]

Γ(int)
m,n = |Um,kUn,l + Um,lUn,k|2 + |Um,kUn,k|2 + |Um,lUn,l|2 , (3.5)

where the argument z has been, and will be henceforth, omitted for the sake of clarity.
This intensity correlation is used in [36] to characterise the two-photon correlation function
of the product state. Clearly, it is biassed by the last two terms, which contain the output
intensities from the single waveguides excitations (3.2). However, subtracting these terms
from the intensity correlation overcomes this bias, yielding exactly the same expression
as given by (2.27):

Γ(c)
m,n ≡ Γ(int)

m,n − I−2
0

(
Ik
mIk

n + I l
mI l

n

)
= Γ(p)

m,n. (3.6)
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3. CLASSICAL CHARACTERISATION OF QUANTUM INTERFERENCE

Hence, the quantum correlation function of the product state can, in principle, be ob-
tained by a series of intensity measurements for coherent excitation of the waveguide
array, independently of the particular geometry of the lattice [62]. In other words, the
quantum path interference of two indistinguishable photons can be emulated by classical
light intereference. One just requires a larger number of measurements.

However, one should not misunderstand this result in a sense that the entire dynamics of
the quantum system and the classical light were the same. Only the expectation values
of the two-photon coincidence Γ

(p)
m,n and the classical phase-averaged intensity correlation

Γ
(c)
m,n are identical. Higher moments, such as their variances, are different for both meth-

ods [62]. In that sense the quantum interference of photon pairs is merely emulated by
classical light interference, even though both correlation functions are identical. Besides
that, only a finite number of phases can be realised in an actual experiment, therefore the
averaging required to obtain the result (3.5) will usually not be perfect.

Nonetheless, the ability to investigate quantum interference in waveguide lattices without
the complications of having to use single-photon sources and detectors should be a useful
one, which is why a procedure for such classical experiments is outlined next and illus-
trated in Fig. 3.1.
First, one has to launch a light beam subsequently into the targeted sites k and l of
the waveguide array and monitor the output intensity distribution in order to obtain the
terms for single-guide excitation in Eq. (3.6). This is done by focussing a laser beam
onto the front face of the array and image its output face onto a camera (see solid line in

Figure 3.1: Experimental setup for the classical characterisation of quantum interference. Two
beam splitters (BS) form a Mach-Zehnder interferometer with a variable delay line to control Φ.
The position of the sample is adjusted to select the input channel for the beam travelling through
the interferometer arm shown as solid line, whereas a tilt of the combining (thin) BS selects the
input waveguide for the other beam (dashed line). The power of the two beams is monitored
after the sample by a photodiode (PD) and adjusted by an attenuation filter, polarisers (P) and
half-wave plates, to accomodate for different input coupling efficiencies.
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3.1 Photon pairs in a product state

Fig. 3.1).
The two-channel input is realised in a Mach-Zehnder setup with one arm having a vari-
able delay to adjust the relative phase Φ as well as polarisers and half-wave plates to
control the power in each beam independently. The input channels of the two beams can
be chosen separately by tilting the combining beam splitter which leads to a lateral shift
on the sample’s front face. However, the tilted phase front of the beam as well as lens
astigmatisms arising from its off-optical-axis alignment lead to a reduced overlap with the
waveguide mode, thereby reducing the input coupling efficiency. To some extent, this can
be compensated by adjusting the power of the beams, but there is an ultimate limit for
the experimentally feasible separation between the two input guides mainly depending on
the input lens. For the employed microscope objectives with NA ∼ 0.1 this is in the order
of 100 . . . 200 μm, corresponding to typically ∼ 5 . . . 10 waveguides in a nearest-neighbour
coupled lattice.
To measure the intensity correlation (3.4) with this setup one has to align the two beams
onto the input channels k and l, choose a series of random phase settings and record the
output intensities for each phase, ensuring that both input waveguides are always excited
with the same amplitude. In practice, the particular value of the phase does not matter,
so one can simply apply a random displacement to the delay at each step. In this setup
an adjustable mechanical table with a positioning precision of about ∼ 5 μm was used,
which gives independent, random phase values for each displacement (λ ≈ 800 nm).
This experimental method will be applied in chapters 4.1 and 5.2.

In the following, it is briefly discussed how the finite number of random phases in an
actual measurement will affect the result. To this end, the homogeneous 1D-array of
Fig. 2.3 from the previous chapter is revisited. To simulate a measurement following the
classical scheme, Γ

(c)
m,n is evaluated according to Eq. (3.6) for a uniform distribution of

S independent phases on the interval [0, 2π]. Fig. 3.2(a) displays an exemplary classical
correlation for S = 20 and otherwise perfect conditions. A comparison to the quantum
correlation (Fig. 2.3(c)) shows a close agreement, especially in the fine structure of the
correlation map and in the absence of any off-diagonal peaks. The only notable difference
are the individual heights of the bunching-peaks on the main diagonal.
To proceed from this rather heuristic observation to a quantitative statement, a statistical
simulation with an ensemble of 10,000 realisations of S random phases is conducted. A
useful quantity for measuring the deviations from the true quantum correlation is the
mean square error

EMS
m,n ≡

〈(
Γ(c)

m,n − Γ(p)
m,n

)2〉
E

,
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3. CLASSICAL CHARACTERISATION OF QUANTUM INTERFERENCE

Figure 3.2: Intensity correlation for the emulation of product states in a 1D array with a finite
number of phase realisations. The same lattice and input state as in Fig. 2.3(c) are considered.
(a) Calculated correlation Γ(c)

m,n for averaging over 20 random phases. (b) Distribution of the
mean-square error, obtained by averaging over 10,000 sets of 20 random phases in a statistical
simulation. (c) Overall mean-square error in dependence of the number of phases. Again 10,000
sets have been used for each datapoint.

with 〈·〉E denoting the average with respect to the ensemble of random phase sets. The
mean square error for S = 20 is shown in Fig. 3.2(b), corroborating the previous obser-
vation: Errors occur mostly where the correlation function has large values, but the zeros
are practically unaffected. Here this means that the on-diagonal peaks are affected by the
finite number of phases, whereas the absence of off-diagonal peaks is not.
One finds that the distribution of the mean square error is independent of S, merely its
magnitude changes. To illustrate this dependence, the total mean square error

EMS ≡
N∑

m,n=1

EMS
m,n

is plotted against S in Fig. 3.2(c). From this graph it is evident that the overall error√
EMS scales with the inverse of the square root of S:

√
EMS ∝ S−1/2. For S = 20, the

relative error is in the range of a few percent:
√
EMS/

∑
m,n Γ

(p)
m,n =

√
EMS/2 ≈ 0.03.

It is important to note that these errors are of purely random nature. The reason is that
the expectation value of the classical correlation function is always equal to the quantum
correlation, regardless of how many phases are used for the average:

〈
Γ

(c)
m,n

〉
E

= Γ
(p)
m,n.

Therefore, the finite number of phase realisations does not bias the emulator.

So far, this classical characterisation is restricted to quantum correlations arising from
product states being input to the lattice. However, as it will be outlined in the following
section, it is even possible to obtain the quantum correlation of path-entangled input
states, which are highly nonclassical by their very nature, by purely classical measure-
ments.
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3.2 Photon pairs in an entangled state

3.2 Photon pairs in an entangled state

In this section, the procedure presented above will be extended, in order to emulate the
quantum path interference of entangled input states.
One can expand the expression for the quantum correlation of the entangled state (2.28)
to:

Γ(e,φ)
m,n = |Um,kUn,k|2 + |Um,lUn,l|2 +

(
Um,kUn,kU

∗
m,lU

∗
n,le

iφ + c.c.
)

= I−2
0

(
Ik
mIk

n + I l
mI l

n

)
+
(
Um,kUn,kU

∗
m,lU

∗
n,le

iφ + c.c.
)
, (3.7)

where the first two terms correspond again to products of classical intensities from single-
waveguide excitation. As explained before these intensities can be directly measured. One
is left with the task of finding a classical expression for the last term.
This interference term depends on the phases of U , which can clearly not be extracted
from single-waveguide input intensity measurements. A similar problem arises in classical
interferometry, where the phase information of an optical system cannot be obtained
unambigiously with a single optical mode. The solution there is to overlap two optical
modes with several well-defined relative phases [83]. Here, such a phase-stepping scheme
is employed to retrieve the phase information of the waveguide lattice. To this end, the
output intensities Ik,l

m (Φj) for a two-channel excitation of guides k and l (see eq. (3.3))
and a set of 4 fixed relative phases

{
Φj =

1

2
(jπ − φ)

}3

j=0

(3.8)

are required, assuming that the phase φ of the quantum state is known. From this data
one can calculate a modulated intensity correlation:

Γ(int,φ)
m,n ≡ 1

4I2
0

3∑
j=0

(−1)j Ik,l
m (Φj) Ik,l

n (Φj) . (3.9)

A lengthy, but straighforward calculation shows that (see Appendix A.1 for details)

Γ(int,φ)
m,n = Um,kUn,kU

∗
m,lU

∗
n,le

iφ + c.c., (3.10)

which is precisely the third term of (3.7). Hence, the correlation function of the path-
entangled photon pair and the classical expression

Γ(c,φ)
m,n ≡ I−2

0

(
Ik
mIk

n + I l
mI l

n

)
+ Γ(int,φ)

m,n = Γ(e,φ)
m,n (3.11)
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3. CLASSICAL CHARACTERISATION OF QUANTUM INTERFERENCE

are identical. Again this quantity is obtained by purely classical measurements and it
allows the determination of the expectation value of the two-photon coincidence. There-
fore, the quantum interference of path-entangled photon pairs is emulated by six classical
intensity measurements.
The main difference to the previous scheme is that instead of random phases, well-
determined phase settings are required. In principle, the same setup as shown in Fig. 3.1
can be employed, however the phase Φ has to be precisely controlled and stabilised. On
the other hand, such a phase control offers the benefit that much fewer measurements are
needed than for the phase-averaging method.

As long as the phase control is perfect, the identity (3.11) holds. However, in an actual
experiment, the precision of the phases will be limited, therefore the classical correlation
will only serve as an estimator of its quantum counterpart. To model such random phase
errors, a Gaussian distribution of the phases Φj is considered with mean values as given
in (3.8) and a standard deviation of σΦ.
Figs. 3.3(a),(b) show a calculation of the intensity correlation Γ

(c,φ)
m,n in the 1D waveguide

array considered in Fig. 2.3 for the symmetric (φ = 0) and antisymmetric (φ = π) input
states and a phase error of σΦ = 0.02π. This phase error corresponds to a path-length
precision of λ/100.1 The classical result and the corresponding quantum correlations
(Figs. 2.3(d),(e)) are practically equal, miniscule differences between some elements of
the matrices are barely noticable. Hence, the classical method recovers the quantum cor-
relation almost perfectly on this level of phase precision.

It should be noted, that systematic phase errors, e.g., due to a lack of positioning ac-
curacy in a setup, also influence the optical emulation. Any offset of the phases will be
equivalent to a shift in the quantum phase φ (see Eq. (3.8)). Therefore, the resulting
classical correlations will be affected. However, the same phase errors will be prevalent
in experimental realisations of the quantum state

∣∣Ψ(e,φ)
〉
, which also require controlled

phase shifts of some kind, with the same impact on the correlation function. Hence,
systematic phase errors in the classical procedure do not add any uncertainties to the
correlations which are not present in the quantum states themselves.

To analyse the impact of phase precision on the method more quantitatively, a statis-
tical simulation is conducted for an ensemble of random phases Φj. The difference to the
investigation in the previous section is that in this case the number of phases is fixed to
four, whereas the phase values are randomly deviating from (3.8). Here, it is helpful to

1Positioning precisions in the nm-range can be achieved by piezoelectric actuators.
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3.2 Photon pairs in an entangled state

Figure 3.3: Intensity correlation for emulation of path-entangled quantum states in a 1D array.
The same lattice and input states as in Figs. 2.3(d),(e) are considered. (a) Calculated correlation
for the symmetric state φ = 0 and phase error σΦ = 0.02π. (b) Same for the antisymmetric
state φ = π. (c) Statistical simulation of the precision and the accuracy of the method for φ = π
in dependence of σΦ. 10,000 realisations of the phases have been used for each datapoint.

make a distinction between systematic and random errors in the correlations. The total
bias square

B2 ≡
N∑

m,n=1

(〈
Γ(c,φ)

m,n

〉
E
− Γ(e,φ)

m,n

)2

sums over all squared deviations between the expectation value of the classical correlation
and the quantum correlation to be estimated. For perfect phase control the two corre-
lations coincide and B = 0. Otherwise, B accounts for systematic errors of the scheme
which are introduced by phase imprecisions and, thereby, measures the accuracy of the
method. Similarly, a total variance can be defined as

V ≡
N∑

m,n=1

〈(
Γ(c,φ)

m,n −
〈
Γ(c,φ)

m,n

〉
E

)2
〉

E

,

which measures the spread of the classical correlation around its expectation value, ac-
counting for random errors induced by phase imprecision. Hence, V measures the pre-
cision of the scheme. The previously encountered mean square error EMS = B2 + V
accounts for both types of errors. All three quantities were evaluated within the interval
0.001π ≤ σΦ ≤ 0.2π via statistical simulations with 10, 000 realisations of the phases Φj

for each value of σΦ. The result is plotted for the antisymmetric input state in Fig. 3.3(c),
very similar curves are obtained for the symmetric input state. Several statements can
be deduced from this graph:

1. For σΦ → 0, all errors vanish and the classical method yields exactly the quantum
correlation, as required by eq. (3.11).
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3. CLASSICAL CHARACTERISATION OF QUANTUM INTERFERENCE

2. As evident from the slopes of the curves, the bias scales quadratically with phase
errors B ∝ σ2

Φ, whereas the standard deviation grows only linearly
√V ∝ σΦ.

3. For σΦ � 0.1π the overall error of the classical method is dominated by random
errors. Consequently inaccuracies play a minor role in this regime, leaving the classical
estimator practically unbiased.

4. In the previously considered example σΦ = 0.02π one has a relative precision of about√V/
∑

m,n Γ
(e,π)
m,n =

√V/2 ≈ 4 ·10−3 and a relative accuracy one order of magnitude below
that: B/2 ≈ 4 · 10−4. This corroborates the previous observation from Fig. 3.3(a),(b)
that the quantum correlation is estimated very well by the classical scheme at this level
of phase precision.

Hence, the classical correlation will lend itself as a very precise and accurate estima-
tor of the correlation matrix, if the experimental setup introduced in the previous section
is enhanced to state-of-the-art phase precision levels. However, this is beyond the scope
of this work and left as a promising route for future research.
Furthermore, if such a degree of phase control is reached, the classical method for finding
the correlation function of product states, introduced in the previous section, can also be
simplified from random phase averaging to six measurements in a similar manner2.

2One just has to replace the phase-averaged correlation Γ(int)
m,n in Eq. (3.6) by a simplified version of the

intensity correlation (3.9), without the modulation factor (−1)j and with the fixed phases Φj = jπ/2.
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4 Quantum random walk in two
lateral dimensions

As discussed in the introduction and chapter 2.2.3, quantum walks in uniform, planar
lattices exhibit a rather limited complexity. They allow merely two directions of propa-
gation, as determined by the two ballistic lobes (cf. Fig. 2.3(a)). A 2D graph, on the
other hand, supports a far greater variety of paths for each photon. Hence, a correlated
QRW on a 2D graph can occupy a substantially larger Hilbert space than its 1D counter-
part, for a given number of photons. Moreover, several physical processes map directly
to a QRW on a 2D network. Examples include wave communication between parties of
unknown position [84], topological phases in 2D [85] and, if decoherence effects from the
environment are included, energy transport in photosynthetic complexes [11,86].
Therefore, it is of great interest to study correlated QRWs on non-planar geometries. An
intersection of two 1D-arrays, forming an X-shaped junction, is considered as a prototype
for a 2D-graph in this chapter. In the first part the correlations of photon pairs, which can
arise in such a system, are investigated theoretically and by the classical measurements
introduced in the previous chapter. The second part then deals with experiments on the
single-photon level conducted in cooperation with the University of Bristol. For those
measurements a single-photon compatible waveguide chip is required imposing special
constraints on design and fabrication.

4.1 Photon correlations in intersecting waveguide

arrays

The geometric structure of the system under consideration is illustrated in Fig. 4.1(a).
Two planar arrays of 7 identical waveguides intersect at their central lattice sites, resulting
in a 2D graph with 13 nodes, labelled as indicated in the figure. The nearest-neighbour
coupling C is assumed to be uniform in all branches. Due to the relative proximity of the
guides adjacent to the centre, their cross-coupling cannot be neglected and is therefore
included as a second-order coupling κ into the analysis. In agreement with the experimen-
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4. QUANTUM RANDOM WALK IN TWO LATERAL DIMENSIONS

Figure 4.1: Single-photon dynamics in an X-junction of waveguide arrays. (a) Structure of the
lattice with nearest neighbour-coupling C and second-order coupling κ. (b) Calculated mean
photon number distribution at z = 1.37π/C for an excitation of the lower left corner (guide no.
7, white circle; arrow in (a)) and κ = 0.22C. (c) Same as (b), but with a detuning of the central
guide β1 = −0.9C. (d) Measured output intensity distribution in the experimental realisation of
the lattice from (c). (e,f) As (c,d), but with a positive detuning β1 = 0.7C. The experimental
images have the same colormap as the theoretical data and are normalised to their respective
peak intensity.

tal conditions, a value of κ = 0.22C is used for all calculations; any further higher-order
couplings are neglected.

If one of the corner waveguides is excited, the photon couples ballistically towards the
centre where it is scattered into all 4 branches. Note that there is usually a significant
reflection back into the input branch, as the intersection distorts the periodicity of the ar-
ray, hence constituting a defect. After a certain propagation distance, the lobes reach the
corners and the photon is most likely localised in one of the four outermost waveguides.
For the size of the system considered here, such a distribution is reached at z ≈ 1.4π/C

(see Fig. 4.1(b)). Due to the second-order coupling κ, the symmetry between the three
non-input branches is broken, resulting in non-identical output probabilities in the ter-
mini. Specifically, less amplitude is diverted into the side branches (n̄4 = n̄13 ≈ 0.17) than
in the forward and backward direction (n̄10 ≈ 0.30 and n̄7 ≈ 0.26). Interestingly, this
distribution can be influenced by a detuning of the central waveguide β1. One finds that a
modest detuning towards lower propagation constants increases the amplitude in the side
branches, whereas a positive detuning decreases it. Fig. 4.1(c) shows the output distri-
bution for β1 = −0.9C, with enhanced probability for the side branches (n̄4 = n̄13 ≈ 0.19
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4.1 Photon correlations in intersecting waveguide arrays

and n̄7 ≈ n̄10 ≈ 0.25). For the opposite sign of detuning β1 = 0.7C, the coupling into the
side branches is reduced (n̄4 = n̄13 ≈ 0.13 and n̄7 ≈ n̄10 ≈ 0.32), as visible in Fig. 4.1(e).
In the latter scenario, it is most likely that the photon either remains in its input branch
or moves to the forward branch. The 2D character of the graph therefore becomes less
pronounced than in the case of negative detuning, as there is a lower probability for the
photon to leave its initial plane. In this sense, the propagation constant of the inner
waveguide can be employed to tune the effective dimensionality of the X-junction.

In order to test this feature in an experiment, two such X-lattices were implemented by
the laser-writing technique (see chapter 2.3). A 10 cm long lattice has been inscribed with
a writing velocity of 1.67 mm s−1 and an inter-waveguide spacing of 30 μm. The detunings
of the central waveguide were obtained by inscribing the inner guide with 1.5 mm s−1 in
the positively detuned case and 1.83 mm s−1 for the negative detuning. Subsequently, a
single H-polarised laser beam (λ = 786 nm) was focussed into the corner waveguide no. 7
and the output intensities were recorded with a CCD camera (one arm of the interferom-
eter setup shown in Fig. 3.1 was used). Figs. 4.1(d) and (f) show the measured intensity
distributions for a negative and a positive central detuning, respectively. As mentioned
earlier, normalised classical intensity distributions are identical to the probability dis-
tribution for a single photon. In this sense, the observed patterns match the expected
photon distributions very closely, with C = 0.43 cm−1, κ = 0.22C and β1 = −0.9C(0.7C)

being the best-fit parameters to the experimental data. Hence, the strength of connection
between the input and the side branches can indeed be controlled by a variation of the
refractive index of the central waveguide.

In the next step, the correlation of the two-photon product state
∣∣∣Ψ(p)

7,10

〉
is investigated

for an excitation of two opposite corners. The paths of both photons meet in all four
corners, which promises a rich quantum path interference.
The expected photon number distribution n̄ in case of a negative detuning is shown in
Fig. 4.2(a). As for any configuration, it is the incoherent sum of the distributions from
the two single excitations (cf. Fig. 4.1(c)). On average, about 0.5 (0.4) photons will be
detected in the corners of the input(side) branches. However, the photon correlation Γ

(p)
m,n

(Fig. 4.2(b)) exhibits some remarkable features. The red peaks belong to guides 7 and 10,
i.e., to the corner waveguides of the input branches, whereas the green peaks occur at the
side-branch corners 4 and 13. There are practically no correlations at all between these
two planes1, so the photons are either both in the input branches or the side branches.
This is reminiscent of the Hong-Ou-Mandel effect and the correlations in a 1D-array (see

1That is, Γ(p)
4,7 � Γ(p)

4,4, Γ
(p)
7,7, etc.
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Figure 4.2: Two-photon evolution in the X-junction. (a) Calculated average photon number

distribution at z = 1.37π/C for β1 = −0.9C and input of the product state
∣∣∣Ψ(p)

7,10

〉
. (b)

Associated two-photon correlation. (c) Correlation from a classical measurement, averaged over
59 random phases. (d-f) Same as (a-c) for a positive detuning β1 = 0.7C and 63 random phases.
As before κ = 0.22C.

left inset in Fig. 2.2(b) and Fig. 2.3(c)). On the other hand, the photons evolve inde-
pendently within each plane, as evident from the even height of the peaks. Hence, they
behave like distinguishable particles (cf. right inset in Fig. 2.2(b)) on their plane but are
highly entangled across the planes. Such a composite behaviour is not encountered in
uniform 1D arrays and a direct consequence of the 2D-geometry.

As introduced in chapter 3.1, the correlation function of product states can be classically
estimated by an excitation of the lattice with two laser beams and a series of intensity
measurements with random relative phases. About 60 such measurements were performed
(again λ = 786 nm) with the full interferometric setup (Fig. 3.1) and the intensities from
single waveguide excitation were deducted from the phase-averaged correlation, according
to Eq. (3.6). The result of this procedure is displayed in Fig. 4.2(c), clearly reproducing
the major peaks and their relative heights. One notes an increased level of background
compared to the ideal quantum result. This can be attributed to light leaving the sample
in one of the inner waveguides (cf. Fig. 4.1(d)), as well as the finite number of random
phases in the average and the larger variance of the classical scheme [62]. Hence, these
measurements provide a worst-case estimate of how fabrication errors, leading to devia-
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tions from the desired coupling profile, may influence the quantum interference. In this
case they clearly suggest, that a waveguide lattice with the given parameters can be in-
scribed with sufficient precision to observe the quantum path interference across the four
major output channels and the associated composite entanglement.

Now it is shown that the nature of the output correlation depends strongly on the prob-
ability for the photons to switch their plane. Fig. 4.2(d)) shows the output photon
distribution for the X-lattice with a positive central detuning, where that probability is
significantly reduced2. This has a drastic impact on the correlation function: As visible in
Fig. 4.2(e), it is now far more likely for the photons to leave the lattice in the same corner
of the input plane than in different corners. Hence, they exhibit a bunching behaviour on
this plane and do no longer propagate independently. The side-branch peaks are reduced
in height, due to the lower amplitude in these branches. However, they still have mutually
equal heights, hence the independent evolution prevails in this plane, albeit with reduced
probability. Finally, there is also a limited amount of cross-correlation between the planes.
The classical measurement (f) confirms these expectations.
In essence, the aforementioned features of the 2D-lattice are washed out, as the prob-
ability for a transition into the side branches is reduced and the system approaches an
effective 1D geometry. This shows the strong impact of the dimensionality on the possible
outcomes of a quantum walk.

Finally, the evolution of entangled input states
∣∣∣Ψ(e,φ)

7,10

〉
is numerically investigated for

the lattice with β1 = −0.9C, which exhibits the most pronounced 2D features. Again,
the opposite input corners 7 and 10 are considered. As discussed in chapter 2.2.3, the
average photon number is identical for all types of two-photon input states, so the photon
distribution for the entangled states is exactly as shown in Fig. 4.2(a). The correlation
of the symmetric entangled state (φ = 0) presented in Fig. 4.3(a) is very similar to the
one of the product state (cf. Fig. 4.2(b)), with some miniscule differences at the inner
peaks. However, the antisymmetric state (φ = π) exhibits a fundamentally different cor-
relation pattern (Fig. 4.3(b)). In this case, antibunching across the planes is expected,
as evident from the location of the major peaks3. This means the photons will never be
detected on the same plane. On the other hand, all the peaks have equal height, so there
is no preference whatsoever for particular configurations which satisfy that requirement.
Hence, there is no further correlation besides the antibunching across the planes.
Again, these two correlation functions show the mixture between entanglement and in-

2n̄4 = n̄13 ≈ 0.25 compared to n̄7 ≈ n̄10 ≈ 0.65
3Here, Γ(p)

4,7 � Γ(p)
4,4, Γ

(p)
7,7, etc.
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Figure 4.3: Calculated correlation for entangled input states
∣∣∣Ψ(e,φ)

7,10

〉
in the X-junction with

β1 = −0.9C. (a) Symmetric input state φ = 0. (b) Antisymmetric state φ = π. All other
parameters are as before.

dependence which is made possible by the two-dimensionality of the lattice. One may
notice that while here the symmetric entangled state evolves very similar to the product
state and the antisymmetric state exhibits antibunching, the situation is opposite in the
1D-array (see Fig. 2.3(c-e)). This illustrates the complex dependence of the photon cor-
relations on both, the coupling properties of the lattice as well as the character of the
input state.

4.2 Direct measurement on a photonic chip

The remainder of this chapter is devoted to the experimental implementation of a cor-
related QRW in a 2D waveguide lattice. As before, the X-junction is considered as a
prototypic representative of such a non-planar system. A number of challenges has to be
overcome in order to make the laser-written waveguide lattice suitable for measurements
with true quantum light. This will be discussed in the following section. The actual
quantum measurements will then be presented in the section thereafter.

4.2.1 Lattice interfacing and polarisation control

To maintain the highest possible degree of indistinguishability throughout the propagation
in the waveguides, it is imperative that the polarisation of the photons is maintained. As
shown earlier in Fig. 2.4(b), the laser-written waveguides support two linearly polarised
modes oriented along the principal axes of the elliptical refractive index profiles. Only
these two polarisations, H- and V-polarisation are conserved during the propagation in
an isolated waveguide, whereas any superposition is subjected to a polarisation rotation
due to birefringence (see chapter 2.3). So the polarisation of the signal and idler photons
must always be aligned to one of the two principal axes.
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Moreover, if two or more waveguides are inscribed close enough together to allow evanes-
cent coupling, the associated stress fields start to overlap [87]. As long as the waveguides
are aligned along their principal axes, the axes of polarisation eigenmodes remain, thus
still conserving H and V-polarisation. However, for any diagonal alignment, the stress
fields overlap in a more complex way which distorts this property. Then the polarisation
launched into a single waveguide at the input of the device is no longer maintained within
the lattice4. This heavily degrades the indistinguishability of the photons and inhibits
the observation of quantum interference. Therefore, the X-geometry used in the previous
section has to be rotated by 45◦ to a ‘swiss cross’ arrangement of the waveguides. A
preliminary measurement in such a swiss cross lattice yielded a substantial improvement
with H and V polarisation being relatively well maintained again in comparison to an
X-lattice of the same dimensions and coupling properties5.

Fig. 4.4(a) shows a swiss cross lattice composed of 9 waveguides with coupling strength
C between nearest neighbours and second-order coupling κ, being isomorphic to the X-
lattices from the previous chapter. Such a lattice has been realised in fused silica with
the writing parameters Ep = 200 nJ and v0 = 1.33 mm s−1. Each waveguide is inscribed
twice to reduce propagation losses (see chapter 2.3). The ellipticity of the waveguides
leads to a slight anisotropy of coupling strengths, which can be compensated by varying
the waveguide separation in one axis. For H-polarisation (which will be used in the fol-
lowing) and horizontal (vertical) pitches of 18(19) μm, an approximately even coupling of
C ≈ 1.1 cm−1 is achieved in both directions.

The swiss cross has to be mapped onto the large-pitch 1D array, as required for the
interfacing with photon sources and detectors via fiber arrays (cf. Fig. 2.5(c)). To this
end, curved waveguide segments are used which connect the two geometries. However,
there are several constraints for the waveguide trajectories in this mapping procedure:
First, one has to make sure that the waveguides never intersect as this would involve
undesired losses and cross-talk between the channels. Second, the coupling between the
curved waveguides should be minimised and only occur between guides which are also cou-
pled in the lattice, in order to preserve the topology of the system. Hence, the waveguides
should maintain an appreciable distance between each other, anywhere except during the
final approach. Finally, the bending radii should be kept as large as possible, i.e., the

4A conversion from pure H or V-polarisation to an almost even mixture of both polarisations (45%
of the intensity in the respective orthogonal polarisation) was found in an X-lattice of 9 waveguides
with a length of 2.3 cm and a waveguide separation of 17.5 μm, having similar coupling properties at
λ = 800 nm as the ones presented in section 4.1.

5The intensity fraction of the orthogonal polarisation was 6% and 2.5% for input of H and V, respectively.
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4. QUANTUM RANDOM WALK IN TWO LATERAL DIMENSIONS

Figure 4.4: Swiss cross lattice for single photon experiments. (a) Lattice of 9 sites with first
and second-order couplings C and κ, respectively. Sites 1 to 4 are aligned along the x-axis, 5 is
the central waveguide and elements 6 to 9 compose the vertical branches. (b) Fanning region
mapping this lattice to a 1D array with 127μm pitch. The waveguide trajectories are designed
to avoid crossings and allow coupling only between adjacent guides in the final stage of the
approach.

overall curvature be kept to a minimum, to avoid large bending losses. A compromise
between these requirement is illustrated in Fig. 4.4(b), satisfying the latter requirement
by aligning the centres of the swiss cross and the 1D array (guide no. 5). The other
two conditions are met by fanning the guides in the vertical branches (6 to 9) to twice
the vertical separation required in the 2D structure (38 μm in this case) before they are
horizontally shifted and then brought to their final position [88]. The whole fanning is
implemented on a length of Λ ≈ 4.3 cm for the input as well as for the output end, leav-
ing L = 1.4 cm propagation length in the lattice available for the photons. Each curved
segment follows a harmonic trajectory. For a curvature in the x − z plane, the profile
is x (z) = Ax

2

[
1− cos

(
πz
Λx

)]
+ x (0), with Ax denoting the total transverse shift in the

x-direction and Λx the length on which this shift is implemented. This profile has been
found to entail losses growing linearly with Ax [29]. The same type of profile is used for
the vertical curvature y (z).

A detailled analysis of the losses was performed after a final cleaving of the sample follow-
ing the quantum measurements (see next section) and is now presented. The front and
rear ends of the sample containing the two fanning regions between the lattice and the
fiber arrays were cut from the glass chip and polished. Fig. 4.5(a) shows a microscope
image of one of the outer end faces, with all 9 waveguides aligned in one plane and sep-
arated by 127 μm. The swiss cross shape of the lattice can be seen on the inner end of a
fanning segment (b). Each of the waveguides has been excited at the large-pitched end
with H-polarised laser light at λ = 810 nm (again using a single arm of the Mach-Zehnder
setup Fig. 3.1). The power before and after the sample are monitored by photodiodes.
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Figure 4.5: (a) Microscope image of the glass chip end face with the waveguides being arranged
in a 1D array with 127 μm pitch. (b) Microscope image at the inner end of the fanning segment,
where the waveguides are aligned in a swiss cross lattice. (c-g) Observed intensity output
distribution at the inner side for an excitation of waveguides 1, 2, 5, 6 and 7 at the 1D endface.

Scattered light is excluded from the power measurement behind the sample by carefully
aligned apertures. The limited excitation efficiency due to the finite overlap between the
intensity profile in the focus of the incoupling objective and the waveguide mode is taken
into account by measuring both profiles on the CCD. Also, Fresnel reflection losses at the
sample surface as well as losses from the objectives and the other components of the setup
are considered. The remaining difference between output and input power can then be
attributed to propagation loss in the waveguide.
An effective propagation loss coefficient for the curved sections is calculated from divid-
ing the total propagation loss by the length of the waveguide and averaging over the two
fanning segments from the input and the output of the device. Table 4.1 compiles these
effective losses of all waveguides together with their horizontal(vertical) bending ampli-
tudes Ax(y)/Λx(y).

waveguide 1 2 3 4 5 6 7 8 9
Ax/Λx [μm/cm] 111 85 -85 -111 0 -86 -43 43 86
Ay/Λy [μm/cm] 0 0 0 0 0 86 43 -43 -86

effective loss [dB/cm] 0.99 0.87 1.15 1.26 0.72 1.12 0.82 0.94 1.32

Table 4.1: Measured propagation losses and bending amplitudes in the curved waveguide seg-
ments. The bending amplitude Ax(y)/Λx(y) is the total transverse shift in horizontal (vertical)
direction divided by length of the corresponding curved segment. The effective loss is averaged
over the full length of the waveguide and both fanning elements.

It should be noted, that the waveguides with vertical curvature are bent in x- and y-
direction subsequently, hence only one type of curvature occurs at a time. As expected,
the smallest loss of about 0.7 dB/cm is observed in the straight waveguide. The largest
loss of about 1.3 dB/cm occurs for waveguide 9, amounting to an intensity transmission of
about 27% through each of the fanning segments. From these values it is furthermore ev-
ident that H-polarised light incurs more losses from vertical bending than from horizontal
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bending. Interestingly, the losses seem also to depend on the direction of the curvature.
Here, a bending to the right (positive x) induces less loss than to the opposite direction
and downwards bending (negative y) is associated to more loss than a corresponding up-
wards curvature. As far as bending in a single direction is concerned, the losses grow with
the bending amplitude. These loss values will be taken into account in the analysis of the
QRW discussed in the next section.

In order to quantify the influence of the additional coupling during the approach of the
waveguides, a single fanning segment with identical parameters was fabricated and char-
acterised by exciting the waveguides at the 1D-interface. The intensity distributions at
the 2D-end are shown in Figs. 4.5(c-g) for all types of waveguides6. From these images it
can be seen that most of the light remains in the input guide and only about 10 . . . 20% of
the power leaks into the adjacent channels. This means that a significant coupling only oc-
curs between guides which are also coupled in the lattice, as it is required from the design
of the fanning element. A comparison to numerical simulations shows that the amount
of light transferred to the adjacent sites corresponds to effective coupling strengths of
Cfan ≈ 0.05 . . . 0.1 cm−1, averaged over the whole length Λ of the curved waveguides. As
the actual coupling in the inner lattice of length L = 1.4 cm is C ≈ 1.1 cm−1, the addi-
tional coupling from the two fanning segments can be modelled by enlarging the effective
coupling strength of the inner lattice to Ceff = C + 2ΛL−1Cfan ≈ 1.4 . . . 1.7 cm−1. These
are the right dimensions to localise the photon amplitude in the outer waveguides of a
cross of 9 sites, when one of the corners is excited. Hence, this device can be expected to
support an observation of the effects introduced in the previous section.

4.2.2 Observation of a two-dimensional quantum walk

In the following, the observation of a two-photon QRW in the swiss cross lattice will be
presented. The measurements, simulations and data analysis were carried out in cooper-
ation with the University of Bristol [88].
The photon source was a type-I phase matched (cf. Fig. 2.5(a)), 2 mm thick BiB3O6-
crystal, which was pumped by a 60 mW continuous wave laser diode operating at λp =

404 nm. The H-polarised photon pairs with λs = λi = 808 nm were spectrally nar-
rowed by interference filters with a 3.1 nm wide transmission window centered around
λs and coupled into polarisation-maintaining fibers. Subsequently, fiber arrays as shown
in Fig. 2.5(c) were employed to interface the photons with the glass chip carrying the
waveguides, and to transmit the output photons to SPCMs [89]. The waveguide fabrica-

6Corner waveguide and inner waveguide of horizontal and vertical branch as well as the centre
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tion parameters and the lattice geometry have been described in the previous section, as
well as the structure of the fanning region which is used to connect the lattice to the fiber
arrays (see Fig. 4.4).
As input states, an excitation of corner waveguides in branches of the same plane (sites 1

and 4, see Fig. 4.4(a)) as well as an excitation of different planes (1 and 6) were chosen.
In both cases, a single photon entered each of the two waveguides, thus the photon pair
was initialised in a product state (cf. Eq. (2.24)). The setup included an adjustable delay
stage7, which allows to control the temporal shift between the two photons at the input of
the device. Thereby, potentially different path lengths in the fanning region were compen-
sated and the temporal overlap of the photon wavepackets in the lattice, and hence their
indistinguishability, was tuned. For relative delays larger than the coherence length of
the photons, an independent propagation of the individual photons is expected, whereas a
perfect overlap in time should lead to a maximum-visibility quantum path interference. In
order to calibrate the delay and to characterise the visibility of the quantum interference,
the following experiment is conducted.

A remarkable feature of the quantum path interference of two-photon product states
in any unitary network is the doubling of on-diagonal elements of the correlation matrix
Γ(p) compared to the classical case of fully distinguishable particles [90]. An illustrative
example is the Hong-Ou-Mandel experiment, where clearly Γ

(p)
k,k = 2Γ

(d)
k,k, with k = 1, 2,

holds for perfect indistinguishability in the dip (see Fig. 2.2(b)). In fact, the visibility of
the on-diagonal quantum interference

Vk ≡
Γ

(p)
k,k − Γ

(d)
k,k

Γ
(d)
k,k

is entirely independent of the properties of the network, such as coupling distribution
or evolution length. Hence, this visibility serves as a measure for the degree of photon
indistinguishability which is achieved by the employed photon source in the investigated
network, with Vk = 1 for perfect indistinguishability at the optimum overlap. Conversely,
any effects degrading the quantum interference, either due to imperfections of the source
or due to decoherence or polarisation conversion in the waveguides will be reflected in a
reduced visibility.
To characterise the strength of the quantum path interference in the swiss cross device the
two-photon coincidence rate in output waveguide 3 is monitored for an input into opposite
corners (sites 1 and 4). As the photon detectors cannot resolve the photon number, a

7One of the fiber input coupling stages is translated longitudinally, changing the optical path length for
one photon.

45



4. QUANTUM RANDOM WALK IN TWO LATERAL DIMENSIONS

Figure 4.6: Measured coincidence rate in output channel 3 for an input of photons into guides 1
and 4 in dependence of the delay position. The error bars indicate the standard deviation of the
underlying Poissonian photon counting statistics and the red line is a best fit to the data taking
the non-Gaussian spectral shape of the interference filter into account [91]. The inset shows a
scheme of the probabilistic detection method using a balanced fiber splitter. Main image taken
from [88].

probabilistic detection technique is employed: The fiber which is attached to the output
waveguide is connected to one input port of a 50/50 fiber splitter8. As discussed in chapter
2.2.3, when two photons are incident in the same channel, they propagate independently
through the coupler, like Bernoulli trials, splitting with a probability of 50% into both
output channels which feed into SPCMs (inset of Fig. 4.6). Then, a two-photon event in
the input channel is detected as a coincidence between the two detectors with a chance of
50%. The main graph in Fig. 4.6 displays the measured coincidence rate in dependence of
the (single-pass) delay line position, with an integration time of 6 min at each data point.
The raw data has been multiplied by two, accounting for the probabilistic nature of the
detection, and corrected for differences in the efficiencies of the detectors. One clearly
sees how the coincidence rate is increased as the photons overlap in time. The width of
the peak (full width half maximum ≈ 150 μm) corresponds to a duration of ≈ 500 fs of
the photon wavepackets. One can infer the visibility of the quantum path interference
from the maximum value of the peak and the coincidence rate at full distinguishability
to V3 = (96.8± 2.5) %. This demonstrates the high degree of indistinguishability which
can be reached with the setup in the given sample and the resilience of the quantum
interference to the residual polarisation conversion in the waveguides.

8The fiber version of the 50/50 coupler introduced in chapter 2.2.2
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The QRW in the swiss cross lattice is characterised for the input configuration where
both photons start in opposite corners of the same plane (k, l) = (1, 4) as well as for
an excitation of the corners of perpendicular planes (k, l) = (1, 6). Both scenarios have
been investigated for fully distinguishable photons, i.e., with a large relative delay of the
photons, and for maximum overlap. The probability of coincidence Pm,n = 1

1+δm,n
Γm,n in

waveguides m and n has been estimated for each setting by counting all coincidence events
occuring within one hour, resulting in the count distribution Nm,n. Again, a probabilistic
detection employing fiber splitters is used to measure the on-diagonal elements (m = n).
Fig. 4.7(a) displays the resulting count distributions for the out-of-plane input of distin-
guishable, independently evolving, photons. Typical count rates are in the order of 104

events during the integration time. Photon counting is subject to a Poissonian statistics9,
with the square root of the count rate as standard deviation [54]. Hence, the uncertainty
from the counting statistics is in the order of

√N ∼ 100 counts for the peaks of the
distribution, which is neglible compared to their height.
One can identify four sectors in the plot: Two areas belong to events where both photons
occupy either the x- or y-plane together (N1−4,1−4, N6−9,6−9) while the other two sectors
(N1−4,6−9, N6−9,1−4) represent events at which the photons are detected in different planes.
One notices considerable coincidence probabilities in all 4 sectors. Hence, the photon evo-
lution cannot be explained as a simple superposition of two 1D quantum walks. Instead
both spatial dimensions are engaged by both photons, amounting to true 2D dynamics.

The picture changes significantly when the photons are overlapped in time. Fig. 4.7(b)
shows the coincidence counts for indistinguishable photons where a redistribution of sev-
eral peaks can be observed. The increase of all on-diagonal elements, as it is expected for
a quantum path interference (cf. Fig. 4.6), is clearly visible. Also some other detection
events change considerably. For instance, the four peaks N (d)

1,5 , N (d)
1,7 , N (d)

3,5 and N (d)
3,7 oc-

curing for distinguishable photons indicate that if one photon occupies channels 1 or 3 it
is likely for the other to be found in 5 or 7. These peaks have roughly the same height,
suggesting that these possibilities are mutually uncorrelated. In the case of identical pho-
tons, however, these events are no longer independent, but highly correlated as evident
from the enlarged peaks N (p)

1,5 and N (p)
3,7 , meaning that the pair tends to occupy either 1

and 5, or 3 and 7, but not the other two combinations which would be in principle allowed
by the individual photon trajectories.

To quantify the strength of the correlation in the evolution dynamics it is useful to calcu-

9For a constant photon flux, which is a very reasonable assumption over such a long integration time.
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Figure 4.7: Observation of a QRW in the swiss cross lattice. Shown are the measured coin-
cidence rates for distinguishable photons (left) and indistinguishable photons (centre) for out-
of-plane input (a,b) and in-plane input (d,e). The on-diagonal count rates have been doubled
to account for probabilistic detection and all elements have been corrected for relative detector
efficiencies. The right column (c,f) displays violations of inequality (4.1) by the indistinguishable
photons, measured in standard deviations as obtained from the underlying Poissonian photon
counting statistics. Only positive values of the violations are shown.

late the violations of an inequality which must hold for distinguishable photons. It can be
shown that their coincidence probabilities must always obey the inequality (see Appendix
A.2 for a derivation)

2

√
P

(d)
m,mP

(d)
n,n − P (d)

m,n ≤ 0, (4.1)

for m �= n. This means that the on-diagonal elements of the probability matrix (corre-
sponding to both photons occuring in the same channel) cannot exceed a certain bound
given by the associated off-diagonal elements. Hence a breach of this bound is a sufficient
criterion for a correlated evolution of the photons in the regime of bunching.
The left hand side of this inequality has been evaluated for the count distribution of the

indistinguishable photons: Δm,n ≡ 2

√
N (p)

m,mN (p)
n,n − N (p)

m,n. Positive values of Δm,n indi-
cate a violation of the inequality (4.1). To quantify the statistical significance of such
violations it is necessary to compare them to the uncertainty arising from the counting
statistics. Therefore the values Δm,n are normalised with respect to their uncertainties
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σm,n which are calculated from the standard deviations of the count rates (see Appendix
A.2 for details).
Fig. 4.7(c) displays the violations calculated from the measured data for an excitation
of orthogonal planes. It clearly shows strong signatures of photon bunching across many
combinations of waveguides. The largest violations of up to about 100 standard deviations
are found where the off-diagonal elements N (p)

m,n are strongly reduced compared to N (d)
m,n.

In these cases, it is very unlikely for the photons to occupy channels m and n separately,
instead they bunch in one of them, forming a path-entangled state.

The corresponding correlations and violations for an in-plane excitation are shown in
Figs. 4.7(d-f). Also for this input state one finds a clear trace of quantum path inter-
ference, as heralded by the increased on-diagonal elements of the correlation function for
indistinguishable photons as well as the presence of strong violations reaching nearly 150

standard deviations.
A noteworthy exception are the waveguides of the lower branch (8 and 9), where only
miniscule violations occur. This is related to the low probability of any photon being de-
tected in this branch at all10. Also intensity measurements with classical light reveal that
almost no light remains in these waveguides. In part, this is due to the relatively large
bending losses which the light incurs in the lower guides (see Table 4.1). The dominant
reason is, however, the fact that very little light couples into the lower branch in the first
place. This is most likely due to a weakened coupling C5,8 < C between guides 5 and 8, as
suggested by simulations (see later) and supported by a careful analysis of the microscope
image Fig. 4.5(b), which reveals that the separation of these two waveguides is roughly
1 μm larger than between the other guides. On the other hand, the gap between 5 and 7

is about 1 μm smaller, leading to an enlarged coupling C5,7 > C into the upper branch.
Another striking feature of the distribution of violations for this input configuration is
the near absence of violations in the sectors corresponding to detection of the photons in
the same plane, whereas strong violations occur in the sectors corresponding to detection
across the planes as well as in the central row and column. This suggests that both pho-
tons tend to occupy either the horizontal plane (without the centre) or the upper branch
and centre together, but exhibit no bunching behaviour within these two areas. This is
the composite behaviour of entanglement and independence, which has been predicted for
the cross-topology (cf. Fig. 4.2(b)) [62].

In order to visualise the relation between the branches more clearly, it is helpful to
sum the coincidences over the waveguides within each branch. In that, the network

10N8,n and N9,n nearly vanish for all n.

49



4. QUANTUM RANDOM WALK IN TWO LATERAL DIMENSIONS

Figure 4.8: (a) Branches of a swiss cross waveguide lattice. (b) Measured distribution of
coincidence counts among the branches for distinguishable photons and (k, l) = (1, 4). (c) Same
for photons with optimum temporal overlap. (d) Corresponding violations of inequality (4.1) in
standard deviations.

is effectively reduced to the five areas left (‘L’), right (‘R’), top (‘T’), bottom (‘B’) and
centre (‘C’), as indicated in Fig. 4.8(a). The coincidences of the in-plane input state are
summed according to this scheme11. The resulting coincidence counts for distinguishable
and indistinguishable photons as well as the violations of inequality (4.1), are displayed
in Figs. 4.8(b-d). The previous observations are corroborated by these plots: From the
absence of counts in the last row and column, it is evident that the lower branch B is
essentially decoupled from the remaining lattice. On another note, the large violations
(reaching up to 200 standard deviations) between branches L and R on one side and C
and T on the other, demonstrate clearly that the photon pair is located either in the
input branches or in the vertical branch (which includes the centre). However, with the
exception of a weak violation between L and R, no further violations are visible, suggest-
ing that the pair evolves almost independently within these two areas. This behaviour
is reflected in the resilience of the off-diagonal peaks N (p)

L,R and N (p)
C,T in the coincidence

pattern of the indistinguishable photons (c), whereas the other off-diagonal elements are
strongly suppressed.

Finally, the experimental results are compared to numerical calculations. In order to
separate the classical transfer properties of the waveguide lattice from other effects which
may influence the quantum interference (photon source, photon indistinguishability, de-
tectors, etc.), the output intensity distributions resulting from a classical excitation of the
central guide as well as all four corner sites with laser light (λ = 810 nm, H-polarisation)12

were measured. These intensity patterns arise from the length of the lattice (1.4 cm), the

11On- and off-diagonal terms constitute from three and four possibilities, respectively, e.g., NL,L =
N1,1 +N2,2 +N1,2 and NL,R = N1,3 +N1,4 +N2,3 +N2,4.

12The relative deviation of the coupling strength for a spectral shift of 2 nm is estimated to be ≈ 1% [75],
which is neglected here.
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coupling parameters C and κ, as well as the loss distribution in the output fanning segment
(length 4.3 cm). Furthermore, positioning errors occur during the fabrication process13,
leading to site-dependent deviations of the coupling from the ideal values C and κ. More-
over, the waveguides affect each other via their surrounding stress fields [87]. The strength
and nature of this influence depends on the location of the waveguide within the lattice
and the order of inscription. Hence, a variation of the propagation constant β among the
guides can be expected.
The most likely values for β, C and κ are estimated by a numerical optimisation, with the
9 propagation constants and 12 couplings (see Fig. 4.4(a)) as free parameters, finding a
configuration which maximises the overlap between a simulated propagation for the five
excitation configurations and the respective measured intensities. In this case, a quasi-
Newton method, the Broyden-Fletcher-Goldfarb-Shanno algorithm [92], is employed. The
fanning losses summarised in Tab. 4.1 are taken into account in the forward simulation,
whereas the losses in the straight lattice are assumed to be equal in all channels.
The optimal parameters, which result from this procedure are listed in Fig. 4.9(a). The
similarity between a measured intensity distribution In and the forward simulation I

(sim)
n

can be quantified by a fidelity parameter [37]

F (I) ≡
(

N∑
n=1

√
InI

(sim)
n

)2

/

(
N∑

n=1

In

N∑
n=1

I(sim)
n

)
. (4.2)

With the optimal set of parameters, fidelities of F (I) = 0.961 . . . 0.995 have been obtained
for the five intensity patterns. This and the fact that the values of these optimal param-
eters lie within the expectations (C ≈ 1.5 cm−1, κ ≈ 0.15 . . . 0.3C, |β| � |C|) suggests
that a plausible solution has been found which allows to model the light evolution in
the lattice with reasonable accuracy. It should be noted, though, that these coupling
strengths represent effective values incorporating the additional coupling in the fanning
region, which has been treated as a set of isolated waveguides in the simulations. Hence,
the phyical values of the couplings within the lattice are lower than listed in the table.
The weaker coupling C5,8 < C, connecting the bottom branch with the centre, and the
enlarged coupling to the upper branch C5,7 > C fit to the corresponding displacements of
the waveguides from their targeted position (cf. Fig. 4.5(b)). They seem to be the origin
for the weak connection of the lower branch to the remaining lattice, which manifests
itself in the absence of photons in this branch in the QRW (Figs. 4.7, 4.8).

The latter hypothesis is confirmed by the numerical simulation of the QRW with the op-

13The positioning precision is in the order of 0.5 μm.
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Figure 4.9: Numerical simulation of the QRW in a swiss cross lattice. (a) Lattice parameters
obtained from independent classical intensity measurements, the loss distribution in the fanning
region listed in Tab. 4.1 and subsequent numerical optimisation. The waveguides and couplings
are labelled as in Fig. 4.4(a). (b-e) Normalised coincidence probabilities for distinguishable and
indistinguishable photons for both input configurations, calculated from these lattice parameters
and the loss distribution. The fidelities are calculated by Eq. (4.3) and measure the similarity
to the experimental data in Fig. 4.7.

timal set of lattice parameters, employing Eq. (2.27) for indistinguishable and Eq. (A.2)
for distinguishable photons (see Appendix A.2). The loss distribution of Tab. 4.1 is taken
into account for the fanning section after the lattice14. The results for distinguishable
as well as indistinguishable photons and both input configurations (in-plane and out-of-
plane) are presented in Figs. 4.9(b-e). In each case, the coincidence probabilites have
been calculated and normalised to compensate loss. The empty rows and columns 8 and
9 clearly indicate that the detached behaviour of the branch B can indeed be attributed
to the uneven couplings between the two vertical branches and the centre. In three of the
four cases (b,d,e), the calculated probability patterns agree quite well to the measured

14The losses on the input side merely lead to global damping of the coincidence count rates. They have
no influence on the relative distribution of the two-photon events.
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count distributions, with fidelities

F ≡
(

N∑
m,n=1

√
Pm,nNm,n

)2

/

(
N∑

m,n=1

Pm,n

N∑
m,n=1

Nm,n

)
(4.3)

not below 90%. The good agreement demonstrates that the trajectories of the QRW,
for distinguishable as well as for indistinguishable photon pairs, are essentially controlled
by the coupling properties of the waveguide lattice and a high degree of coherence is
maintained throughout the evolution. The slight reduction in fidelity from the classical
single-waveguide excitation (the values for F (I) quoted above) to the distinguishable pho-
ton measurement (b,d) can be attributed to the additional uncertainties arising in the
quantum experiment, such as varying coupling efficiencies into the optical fibers and the
non-zero photon bandwidth. In case of indistinguishable photons the fidelity is further
reduced by limitations in the visibility of the quantum interference. The relatively poor
fidelity for maximum-overlap photons in the out-of-plane configuration (c) seems to orig-
inate mostly from a mismatch of the peaks associated to events where one of the photons
is detected in channels 1 or 3. In principle, this could be due to an unknown source of
distinguishability in these waveguides being effective only for this particular input configu-
ration. However, this seems rather unlikely as strong violations of inequality (4.1) are still
observed in the experimental data and the on-diagonal elements of the count distribution
for temporally overlapped photons nearly double in height compared to delayed photons
(cf. Fig. 4.7(a-c)). On the other hand, the lower fidelity could merely arise from errors
in the numerical optimisation which happen to shift the peaks between adjacent channels
in this setting. At least the general shape of the distribution is clearly reproduced by the
simulation15, which suggests that slightly different coupling parameters may produce a
significantly better agreement. Hence, the coherence and the indistinguishability of the
photons seem to be unaffected also for the out-of-plane excitation, which means that the
dynamics of the photon evolution is chiefly governed by the topology and the coupling
properties of the lattice.

These results demonstrate how a 2D waveguide network can be utilised to control the
behaviour of photons in a correlated QRW. The possible paths of the photons traverse
both spatial dimensions and allow for a multitude of quantum path interferences for ap-
propriately chosen lattice configurations and input states. The non-planar geometry of
the crossed network, exemplarily investigated here, triggers the genesis of intricate output

15The four peaks in channels 5 and 7, the ridge from N1,6 via N5,5 to N6,1 and the three peaks in guides
1 and 2.
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4. QUANTUM RANDOM WALK IN TWO LATERAL DIMENSIONS

states which contain features of both, path-entanglement and independence. Such a be-
haviour is not encountered in 1D configurations and illustrates how the additional spatial
degree of freedom enhances the complexity of the quantum walk without the necessity of
an increased number of quanta in the system.
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In the previous chapter, the second transverse spatial dimension was utilised in order to
enrich the quantum walk of two indistinguishable particles in comparison to the QRW on
a uniform planar lattice. Another route towards a more diverse spectrum of trajectories,
beyond the usual ballistic paths occuring in a uniform 1D lattice, is a variation of the
lattice properties along its transverse direction. Examples are the Bloch oscillations in
lattices with a linear index gradient [93], Anderson localisation in disordered arrays [94]
and the dynamics in lattices with a periodic modulation of losses [66]. If furthermore the
shift-invariance of the lattice is broken, the evolution of a quantum state will depend not
only on the relative distance between the input guides, but also on the absolute position
within the lattice.
In this chapter, a particular example of a non-shift-invariant coupling distribution is
considered. Specifically, the coupling in this semi-infinite Glauber-Fock lattice grows with
the square root of the transverse waveguide coordinate [95]. In this analytically solvable
system one finds a rich family of two-particle correlations which are highly characteristic of
the type as well as the initial position of the input state [96]. The QRW of indistinguishable
particles in such lattices will be investigated in detail in the second section.
In the precursing section, the single-particle dynamics in these systems, which is readily
accessible by classical light excitation with a single beam, is studied. It turns out that
the light evolution in these lattices is analogous to the behaviour of Fock states when
overlayed with a coherent field [97,98]. To date, this displacement of Fock states has not
been observed directly and only been implemented for the lowest-order Fock states, due
to the difficulty of generating pure higher-order number states [99, 100]. On the other
hand, the order of the Fock state translates to the transverse waveguide coordinate in the
lattice without any fundamental limit to the quantum number. At the same time, the
light evolution can be directly monitored by fluorescence microscopy techniques [29]. In
this sense, the classical light evolution in a Glauber-Fock lattice serves as a compact and
controllable optical emulator of the Fock state displacement in phase space [96].
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5.1 Displaced Fock states and their classical emulator

At first the properties of Fock states, coherent states and displaced Fock states are briefly
reviewed.
As introduced in chapter 2.1.2, the eigenstates of the harmonic oscillator Hamiltonian (2.10),
termed Fock states, form a ladder with equidistant energy separation which is ascended
(descended) by the creation (annihilation) operators as described in Eq. (2.11). In optics,
these states quantify the number of photons in a given mode; the state |n〉 carries exactly
n photons. However, the Fock states have a completely random phase [53,54].
A coherent beam of light, on the other hand, is associated to a complex field amplitude α

with well defined phase, but contains an undetermined number of photons. Its quantum
state can be formally derived as eigenstate of the annihilation operator â with eigenvalue
α: â |α〉 = α |α〉. The intuition behind this approach is the following: The annihilation
operator â represents, in essence, the operator of the electric field (see chapter 2.1). Hence,
the state of a coherent light beam with its well defined field should be an eigenstate of â.
The outcome of this approach is the coherent state which can be expanded in the Fock
basis as [52]:

|α〉 = e−
|α|2
2

∞∑
n=0

αn

√
n!
|n〉 . (5.1)

This implies that the probability to detect n photons in a coherent mode is given by a
Poissonian distribution with expectation value |α|2.

The relation to classical fields can be best understood in phase space: The conjugated
variables of the oscillator Q̂, P̂ (see chapter 2.1) essentially correspond to the real and
imaginary parts of the electric field in the optical mode. Hence, the coherent state
with ampitude α has a mean position in phase space

(〈
Q̂
〉

,
〈
P̂
〉)

which is given by

α = (2�/ω)−
1
2

〈
Q̂
〉

+ i (2�ω)−
1
2

〈
P̂
〉
. Clearly, the exact position cannot be determined

as required by the Heisenberg uncertainty principle. However, one can show that for
all coherent states ΔQ̂ΔP̂ = �/2 holds, meaning that they are minimum-uncertainty
states [54, 55]. Importantly, this uncertainty is independent of α. Hence, the relative un-
certainties ΔQ̂/

〈
Q̂
〉

and ΔP̂ /
〈
P̂
〉

vanish for large fields, thus establishing a consistent
connection to classical optics [52].
As it is well known, the superposition of coherent fields leads to a summation of the field
amplitudes. Accordingly, the superposition of two coherent states |α1〉 and |α2〉 forms
another coherent state with the summed amplitude: â |α1 + α2〉 = (α1 + α2) |α1 + α2〉.
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This can be formally expressed by a displacement of |α1〉 by α2 in phase space:

|α1 + α2〉 = D̂ (α2) |α1〉 ≡ eα2â†−α∗
2â |α1〉 , (5.2)

with the displacement operator D̂ (α2). The vacuum state |0〉 is equivalent to the coherent
state with amplitude 0. Hence, any coherent state can be obtained from a displacement
of the vacuum state:

|α〉 = D̂ (α) |0〉 .

This displacement in phase space is illustrated in Fig. 5.1(a).

Of course, not only the vacuum state can be superimposed with a coherent field of ampli-
tude α, but any photon number state |k〉. This is formally described by a displacement of
the Fock state in phase space and leads to the notion of displaced number states or dis-
placed Fock states (DFS) |α, k〉 ≡ D̂ (α) |k〉. Their photon number probability amplitudes
can be calculated as [97,98]:

〈n|α, k〉 = e−
|α|2
2

√
n!k!αn−k

k∑
j=max(0,k−n)

(−1)j |α|2j

j! (k − j)! (n− k + j)!
, (5.3)

which contains the distribution of a coherent state as special case k = 0 (cf. Eq. (5.1)).
Some examples of corresponding probability distributions Pα,k (n) ≡ |〈n|α, k〉|2 are pre-
sented in Fig. 5.1(b). The blue curve shows the single-peaked Poissonian of the coherent
state (k = 0). As evident from the other plots, the distribution broadens for growing
order k and exhibits k + 1 maxima.

Figure 5.1: Displacement of Fock states. (a) Phase space diagram illustrating the mean po-
sitions (centres of the spheres) and uncertainties (radii) of coherent states, which arise from a
displacement of the vacuum state. (b) Probability distribution of displaced Fock states |α, k〉 in
the photon number basis for α = 7.
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Besides this fundamental appearance as product of a coherent field and a photon number
state, DFS arise in a variety of further quantum optical contexts. Due to their hybrid
character containing phase as well as photon number information, they form a versatile
tool for the measurement of quasi-probability distributions of quantum states [101, 102].
This has been successfully performed on coherent states [103], on single photons [104]
and motional states of trapped ions [105]. Moreover, DFS form the eigenstates of two-
level atoms in an externally driven cavity [106] and it has recently been predicted that
the use of entangled displaced single photons can enhance communication rates in quan-
tum information processing applications, compared to conventional single photons, due to
the additional phase degree of freedom [107]. Last but not least, electronic transitions in
molecules obey the same principles [98]: The ground state as well as the excited state have
vibrational sublevels, which are in good approximation harmonic oscillator eigenstates,
typically with a displacement between the two parabolas in the energy vs. inter-atomic
distance diagram. The probabilities for electric dipole transitions between the sublevels
are given by the Franck-Condon factors [108, 109], which show the same characteristic
oscillatory behaviour as the number distribution of DFS.
Despite this ubiquitiousness, the experimental generation of DFS has so far been limited
to very low orders of k. The main reason is the difficulty in generating pure number states
to be superposed with a coherent state, be it in a photonic [99] or an ionic setting [100].
The latter approach holds the current record with k = 2 and α ≈ 2.8.

As it will be demonstrated in the following, a viable alternative to gain insight into the
genesis of DFS is offered by an emulation of the displacement process in lattices of coupled
waveguides. In a lattice with specifically engineered coupling distribution, the probabil-
ity distribution Pα,k (n) can be mapped onto the light intensity distribution In [95, 96].
In particular, the Fock state ladder is represented by the array of waveguides and the
displacement corresponds to longitudinal evolution. This has the great advantage that
the parameters k and α are only limited by the physical dimensions of the emulator.
Moreover, the evolution of the light intensity during the displacement can be directly
monitored, as no collapse of the wavefunction occurs for classical light.
The idea of this novel concept is to represent each Fock state by a single waveguide.
Therefore, a semi-infinite array of waveguides is required. The modal light amplitudes
{bn}∞n=0 are governed by the coupled mode equations (cf. Eq. (3.1)):

i
d

dz
bn (z) + Cnbn−1 (z) + Cn+1bn+1 (z) = 0, (5.4)
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with nearest-neighbour coupling Cn between guides n − 1 and n, obeying C0 = 0. The
initial Fock state |k〉 shall be represented by an excitation of the lattice at site k, i.e.,
bn (0) = δn,k. Then, the propagation along the axis z shall correspond to a growing
displacement magnitude |α|. Clearly, not the entire complex plane can be mapped onto
a single axis. Instead a displacement along the positive P̂ -axis of phase space is chosen.
One requires that the light amplitude bn (z) corresponds to the probability amplitude of
the DFS |iρz, k〉, with some constant ρ > 0:

bn (z) = 〈n| D̂ (iρz) |k〉 .

With this and the definitions of the operators (2.11),(5.2) one finds immediately for the
coupled mode equation (5.4):

i
d

dz
bn (z) + ρ

(√
nbn−1 (z) +

√
n + 1bn+1 (z)

)
= 0.

Hence, the coupling constants must grow with the square root of the transverse waveguide
coordinate Cn = ρ

√
n in order for the analogy to hold. Then the directly measurable in-

tensity In (z) corresponds to the number probability Piρz,k (n) = PiC1z,k (n). Another
benefit of the optical approach is that by a single experiment, i.e., the excitation of site
k, the displacement is monitored for the entire interval [0, αmax] with the maximum am-
plitude determined by the length of the sample L and the coupling between the first two
sites, αmax = iC1L.
In a real experimental setting, the lattice can only contain a finite number of waveguides
N . Hence, the projection of the DFS onto the Fock ladder will be truncated at the state
|N − 1〉. N is chosen such that the high-n tail of Pαmax,k (n) (see Fig. 5.1(b)) does not
reach the boundary, and hence the truncation does not significantly compromise the ana-
logue. An illustration of a Glauber-Fock waveguide lattice is given in Fig. 5.2.

Figure 5.2: Schematic illustration of a truncated Glauber Fock waveguide lattice with N wave-
guides. The square root growth of the coupling strength Cn is implemented by a judicious choice
of the waveguide separations dn.
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The coupling strength between two waveguides is determined by the overlap of their
mode fields and the index profile, as governed by Eq. (2.13). The most practical way
to tune this overlap without affecting the on-site propagation constants in an inhomoge-
neous manner is a controlled variation of the distance between identical guides. A larger
separation between adjacent guides dn, leads to a smaller overlap, reducing the coupling
Cn. Hence, the waveguides should be positioned increasingly dense towards the high-n
region of the lattice, in order to implement the square root distribution Cn ∝

√
n (see

Fig. 5.2).
The waveguide separations, which are required for a realisation of the coupling strengths
of concern in this work, lie in the range 10 μm � d � 40 μm � λ. For such distances
substantially larger than the wavelength, the waveguide modes decay exponentially away
from the waveguide centre. Hence, the coupling decays exponentially with waveguide
separation in the region of interest [75]:

Cn = C1e
− dn−d1

η . (5.5)

Here, C1 is taken as a given value whereas d1 and η are open parameters depending on
the particular inscription conditions as well as the wavelength and polarisation of the
propagating light. To obtain the desired coupling dependence Cn = C1

√
n, one finds

straightforwardly from (5.5) the required distribution of waveguide separations:

dn = d1 − η log
(√

n
)
. (5.6)

To find the values of η and d1, a series of directional couplers (see chapter 2.2.2) has
been fabricated in a L = 1.05 cm long fused silica sample with pulse energy Ep = 220 nJ,
writing velocity v0 = 1.5 mm s−1 and separations 11 μm ≤ d ≤ 30 μm. Each coupler is
excited in one of its channels, say number 1, by an H-polarised continuous wave laser
beam with λ = 633 nm. The output intensities I1 and I2 are recorded on a CCD1 and the
coupling strength C can be obtained from their ratio according to

tan (CL) =

√
I2

I1

. (5.7)

The latter expression follows directly from the analytic solution of the coupler, the clas-
sical analogue of Eq. (2.20).
The coupling strengths C have been determined employing this method for all 20 couplers
and plotted over their waveguide spacing d (see Fig. 5.3). The graph reveals clearly an

1The numeric values are taken from the peak intensities of the mode fields after a digitial low-pass
filtering for artifact removal.
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5.1 Displaced Fock states and their classical emulator

Figure 5.3: Measured coupling vs. distance dependence in directional coupler used as a cali-
bration of the parameters d1 and η of the Glauber Fock lattice for a given C1 = 0.37 cm−1 and
λ = 633 nm. The error bars indicate the positioning precision of the fabrication setup and the
red curve is the best exponential fit to the data points. The inset shows the output intensity of
the coupler with d = 19 μm, where the right waveguide has been excited with H-polarisation, as
indicated by the white arrow.

exponential dependence, as expected from Eq. (5.5), with the uncertainty in waveguide
positioning of ±0.5 μm as the major source of errors. The coupling between the first two
sites in the Glauber-Fock lattice was chosen to be C1 = 0.37 cm−1, as it provides a good
compromise between the maximum displacement amplitude αmax and the initial Fock state
order k which can be investigated on the maximum available length (10 cm) without ex-
ceeding practically feasible values for the largest coupling in the system (CN−1 � 3 cm−1).
With this choice, the parameters of interest turn out to be d1 ≈ 23 μm and η ≈ 5.5 μm.

Using these values and the same fabrication conditions, a Glauber-Fock lattice con-
sisting of N = 59 waveguides with a length of L = 10 cm has been inscribed. With
C1 = 0.37 cm−1 this amounts to a maximum coupling CN−1 ≈ 2.8 cm−1 and a displace-
ment amplitude αmax = 3.7i at the output of the lattice. The calculated intensity evolution
and output profiles are shown in the upper row of Fig. 5.4 for input sites k = 0, k = 1,
k = 4 and k = 7 which correspond to initial Fock states |0〉, |1〉, |4〉 and |7〉 respectively.
In addition to a measurement of the output intensity distribution by imaging the out-
put facet onto a CCD, it is also possible to directly monitor the intensity evolution in
1D arrays via a fluorescence microscopy technique [29]. The key to this method is the
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5. GLAUBER-FOCK LATTICES

Figure 5.4: Light propagation in a Glauber-Fock lattice of 59 waveguides, showing the intensity
evolution and the output intensity profile for the input sites k = 0, k = 1, k = 4 and k = 7.
Top row: Numerical simulation for C1 = 0.37 cm−1. Bottom row: Experimental data. Only
the region of the lattice containing appreciable light intensities is shown. Each image has been
normalised to its respective peak intensity. The fidelities F (I) are calculated from the output
distributions of theory and experiment according to Eq. (4.2). Note that for convenience the
waveguides are plotted equidistantly in the numerical simulation, whereas they are distributed
according to Eq. (5.6) in the experiment.

formation of colour centres from OH-groups in the glass during the waveguide inscription
process. As a consequence, a small fraction of guided light at λ = 633 nm is absorbed
and induces isotropic emission of fluorescence at wavelengths around 650 nm. As long as
the absorption of the colour centres is not saturated, the emitted fluorescence intensity is
proportional to the guided light intensity in the waveguide. The fluorescent light emitted
in an upward direction out of the sample is then collected by a microscope objective,
spectrally filtered to supress scattered 633 nm radiation, and imaged onto another CCD.
The whole imaging optics can be translated along the sample to consecutively measure
the entire light propagation.
The intensity evolution measured by this technique is displayed together with the mea-
sured output intensities in the lower row of Fig. 5.4 for the same input channels as in the
simulation above, exhibiting a very close agreement to the numerical data, with fidelities
ranging from 0.93 to above 0.98. It is clearly visible how in the case k = 0 the initial light
distribution broadens and evolves into the Poissonian distribution of a coherent state.
For k > 0, the characteristic probability distribution of a DFS with its k + 1 maxima
forms after an initial reflection at the n = 0 boundary. In every case, the high-n tails
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decay more slowly than the low-n tails, just as one expects from Pα,k (n) (cf. Fig. 5.1(b)).
The right-hand boundary n = N − 1 is never reached by the propagating light, hence
the system can be effectivley treated as semi-infinite, as required for an emulation of the
semi-infinite Fock ladder.

These results demonstrate how the genesis of DFS from the superposition of a Fock
state and a coherent field can be emulated in a compact, robust and controllable optical
environment. The classical wave nature of light allows a permanent observation of the
displacement process. In this case, the displacement has been investigated simultaneously
for all amplitudes in the interval α ∈ [0, 3.7i] and for Fock states up to order k = 7 in
one and the same structure. In principle, the optical analogue is not limited to the prob-
abilities of the DFS in the Fock basis. Also the phase information is contained in the
light field, which could be extracted by interferometric phase retrieval at the end of the
lattice. Such measurements have been performed in other waveguide array settings via a
superposition of the output field with a reference plane wave and phase stepping [110].

5.2 Photon correlations without shift-invariance

As demonstrated in the previous section, the single-particle dynamics in Glauber-Fock
lattices offers a great variety of evolution paths. The key is the inhomogeneous distribu-
tion of the coupling strength, which breaks the transverse shift-invariance of the array,
thus rendering the response of the system dependent on the absolute position. This be-
haviour is unencountered in lattices with transverse translational symmetry where each
waveguide is embedded in the same coupling environment, but also in disordered lattices
with shift-invariant probability distributions.
A natural question to pose is how this transverse degree of freedom influences the evolu-
tion of two-photon states and their correlation functions. The number of possible paths
for each photon will be determined by its input site, namely there will be k + 1 lobes
for a photon injected into site k. Therefore, one can expect a strong dependence of the
two-photon correlations on the absolute excitation position in the lattice. The further
away the input occurs from the n = 0 boundary, the more intricate the correlation pat-
terns should be. This stands in stark contrast to the QRW of photon pairs in uniform
lattices [36, 37](see Fig. 2.3), or otherwise shift-invariant systems [66, 93, 94], where the
two-photon correlations only depend on the relative separation of the input guides and
the type of the input state.

As in any waveguide lattice, the evolution of the bosonic creation operators is governed by
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the evolution equation (2.22). The rows of the unitary evolution matrix U are the ampli-
tude response functions of the lattice for single-site excitation. By virtue of the analogy
between the light evolution in a Glauber-Fock lattice and the displacement of number
states, as discussed in the previous section, this response is equivalent to the probability
amplitude of a DFS in the Fock basis as given in Eq. (5.3):

Uk,n (z) = 〈n|iC1z, k〉 . (5.8)

With this analytic solution at hand, all correlations of products states can be calculated
according to Eq. (2.27), whereas correlations of path-entangled states are governed by
Eq. (2.28). For both types, the average photon number distribution is given by (2.26).

The lattice under consideration has N = 59 waveguides, L = 10 cm and C1 = 0.36 cm−1.
The average photon numbers for single guide excitation can be calculated from (2.23)
and (5.8) and are shown in Fig. 5.5(a) for the first five sites k = 0, . . . , 4. Once again, the
output distribution of the photons assumes the typical probability distribution of a DFS

Figure 5.5: Single particle output distribution in a Glauber-Fock lattice. (a) Calculated nor-
malised mean photon number distribution for a lattice with C1 = 0.36 cm−1 after an evolution
length of L = 10 cm for k = 0, . . . , 4. (b) Measured output intensity distribution in such a lattice
for an excitation of the guides k = 0, 1, 2 with λ = 800 nm. The same colormap as in (a) is used
and each image has been normalised to its respective peak intensity. In both subfigures, only
the region of the lattice containing appreciable photon numbers/light intensities is shown and
the input guides are marked by yellow circles. In (a) the waveguides are plotted equidistantly,
whereas they are distributed according to Eq. (5.6) in the experiment (b). The experimental
data is discussed later in the text (see page 66).
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with its k + 1 maxima and its increasing width for larger k. If two photons enter such
a Glauber-Fock lattice, there will be many output channels in which a detection event
could originate from both of the input channels k and l. For example, the site n = 10 can
be reached from the input channels 0, 1 and 3, whereas n = 20 is connected to the input
sites 1, 2 and 4. Hence, one can expect diverse quantum path interferences which should
manifest themselves in the photon correlation functions.

The simplest case is the product state
∣∣∣Ψ(p)

k,l

〉
being initialised on the leftmost channels

(k, l) = (0, 1). In this case, the single lobe of k = 0 interferes with the two lobes of l = 1.
The resulting correlation function at the output of the lattice is shown in Fig. 5.6(a). It
exhibits two peaks on the main diagonal. They occur exactly where the overlap between
the two single photon distributions (see first two rows in Fig. 5.5(a)) is the largest, near
n = m = 10 and n = m = 16. So if a photon is in one of the two overlapping regions,
the other occurs there as well. This is the typical photon-bunching effect. However, there
are also sections, which can only be occupied by one of the photons, as the single pho-
ton distributions do not overlap there (n = 13, n < 4 and n > 25). This leads to the
anti-diagonal trench splitting the correlation function in the centre as well as to a rapid
decline away from the two maxima along the main diagonal.
In a shift-invariant lattice, the same pattern of the correlation function would be obtained
for any nearest-neighbour input. This is not the case in Glauber-Fock lattices. A mere
shift by a single site changes the two-photon probability distribution quite considerably
(see Fig. 5.6(b)): The two peaks are shifted to n = m = 7 and n = m = 21, where
the outer lobes of the single-particle distributions overlap (cf. second and third row of
Fig. 5.5(a)). Furthermore, additional off-diagonal peaks arise, such as the one around
(m,n) = (15, 7). This means that the photons may bunch in the first overlap region
around m = n = 7 as well as split between the first and third region at n ≈ 15. How-
ever, they cannot split between the first and second (n ≈ 11) or first and last (n ≈ 21)
region, as indicated by the corresponding minima of the correlation function. Hence, the
previously simple bunching characteristic is replaced by a more intricate behaviour which
exhibits bunching as well as events with separate output locations for some of the overlap-
ping photon paths. The correlation pattern is complemented by additional anti-diagonal
ridges and trenches, the latter occuring wherever the single photon distributions do not
overlap.
The correlation function of the next higher order (k, l) = (2, 3) is plotted in Fig. 5.6(c).
It clearly continues the trend towards more off-diagonal peaks, anti-diagonal ridges and
trenches as well as a spreading of the overall distribution. For very large k the coupling
profile Cn ∝

√
n gets increasingly flat and the correlation function approaches the one of
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Figure 5.6: Calculated two-photon correlation functions of a product state incident on the
Glauber-Fock lattice with parameters as in Fig. 5.5. (a-c) Nearest-neighbour excitation l = k+1.
(d-f) Next-nearest-neighbour excitation l = k+2, both for k = 0, 1 and 2. Again, the high-m(n)
region is not shown for better visibility of the relevant elements.

a uniform 1D array (cf. Fig. 2.3(c)).
A similar tendency towards increased complexity is observed for next-nearest neighbour
excitation. In the simplest case (k, l) = (0, 2), shown in Fig. 5.6(d), one finds a pro-
nounced bunching peak around m = n = 13. This peak is located in the dominant
overlap region of the single photon distributions (cf. first and third row of Fig. 5.5(a)).
The surrounding circular trench is associated to destructive quantum interference between
the inner and the outer overlapping regions as well as to events where a photon is detected
in a region which can only be reached from one of the input channels. For an increasing
separation to the boundary of the lattice this outer ring as well as the inner maximum
break up into more and more peaks (see Figs. 5.6(e,f)). There are considerable numbers
of on- as well as off-diagonal peaks, so bunching events occur as well as separate photon
detections. Again, for large k, the two-photon correlation approaches the distribution of
a next-nearest neighbour input in a uniform array (see, e.g., [36]).
These correlation functions demonstrate how the quantum interference of two indistin-
guishable photons in a Glauber-Fock lattice is governed by the site-dependent number
and structure of the interfering photon paths. Hence, the outcome of a QRW in such a
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lattice is strongly influenced by the absolute position of the input state, not only by the
distance between the input guides.

As a next step, these photon correlations are investigated by means of the classical charac-
terisation technique presented in chapter 3.1 [62,96]. To this end, a Glauber-Fock lattice
designed for the wavelength of the interferometric setup shown in Fig. 3.1 (λ = 800 nm)
is required. A calibration measurement with directional couplers, as explained in the pre-
vious section, has been conducted. From this, the distance parameters for a lattice with
C1 = 0.36 cm−1 were found as d1 ≈ 34 μm and η ≈ 10.7 μm2. Another lattice, consisting
of N = 59 waveguides and having a length of 10 cm, was fabricated with these parameters.
The output intensities from a single waveguide excitation of the first three sites are shown
in Fig. 5.5(b). They follow again the probability distribution of a DFS, the minima being
even more clearly visible than in the experiments with λ = 633 nm from the previous
section3. A noteworthy difference to the theoretical distribution (a) lies in a slight shift
towards larger n on the right hand side, causing an increased width of the intensity distri-
bution. This seems to arise from an enlarged transverse ‘acceleration’ of the light towards
higher n, likely resulting from the coupling distribution growing slightly stronger than
intended in the high-n region.
The correlation function Γ

(p)
m,n of the product state input is classically emulated for the

nearest-neighbour channels (k, l) = (0, 1) and (k, l) = (1, 2), as well as the next-nearest-
neighbour configuration (k, l) = (0, 2). The classical correlation Γ

(c)
m,n is obtained for each

case by averaging over 60 random phases in a two-beam interferometric measurement
and deducting single-waveguide excitation terms, as given by Eqs. (3.4) and (3.6). The
results are shown in Fig. 5.7. The structure of the corresponding two-photon correlations
(see Fig. 5.6(a,b,d)) is generally reproduced including all major peaks and valleys, al-
beit with reduced contrast. The increased width of the single-photon distributions on
the right-hand side in the investigated lattice is clearly reflected in the larger spread of
the correlation functions towards higher waveguide indices n and m. This also accounts
for the lower absolute values of the coincidence probabilities. In the case of next-nearest
neighbour excitation the ridges at m = 4 . . . 5 are relatively large in comparison to the
expected correlation. This can be attributed to the enlarged first and reduced central
peak in the single-photon distribution for k = 2 as well as the increased spread of the
k = 0 distribution (cf. Fig. 5.5) in the experiment, which reduces the probability for

2The mode size, and thereby the coupling strength, grows with increasing wavelength and decays slower
over distance. Hence, at 800 nm larger waveguide separations and variations of that separation, the
latter being governed by the parameter η, are needed to obtain the same coupling strengths as at
633 nm. Otherwise, the same fabrication parameters as in the previous section have been used.

3The larger value of η at λ = 800 nm makes the system less vulnerable to positioning errors.
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5. GLAUBER-FOCK LATTICES

Figure 5.7: Measured classical correlations in the Glauber-Fock lattice. The subpanels show
the input configuration (k, l) = (0, 1)(a), (1, 2)(b) and (0, 2)(c), respectively.

constructive quantum path interference in the centre.
Once again, this demonstrates the benefits of the classical measurement technique, which
allows to evaluate the expected impact of the fabrication induced imperfections on the
QRW of photon pairs in the lattice without the additional efforts necessitated by ex-
periments in the single-photon regime. In the current case, the results suggest that the
produced Glauber Fock lattice suffices to observe the key features of the predicted cor-
relation patterns. At the same time, an increased spread of the distribution towards the
strongly coupling end of the lattice as well as some alterations in the relative probabilities
of the coincidence events can be expected due to the deviations of the lattice properties
from the ideal Glauber-Fock configuration.

Before path-entangled photons will be investigated, the correlation of a pair of indistin-
guishable fermions is studied. This will prove to aid the understanding of the entangled
photon behaviour. As photons are always bosons, fermions are clearly unphysical entities
in optical waveguides. Nonetheless, it has recently been demonstrated how polarisation
entangled states of photons can be exploited to simulate the dynamics of fermions on a
lattice, be it in a coupler cascade [50] or in a continuous waveguide lattice [111]. Alterna-
tively, it is possible to investigate fermionic dynamics directly in other discrete systems,
such as trapped atoms in optical lattices [112]. Hence, a QRW of fermions in a Glauber-
Fock lattice may well be of interest for future experiments.
The propagation of fermion pairs in lattices can be formally treated just as outlined for
photons in chapter 2. The only two differences are that the fermion ladder operators f̂

(†)
n

obey the anti-commutator relation
{

f̂m, f̂ †n
}

= δm,n and that only one fermion can occupy

each mode: f̂ †n
∣∣0, . . . , 1(n), . . . , 0

〉
= 0, as required by the Pauli-exclusion principle [113].
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5.2 Photon correlations without shift-invariance

With this, the fermionic input state on channels k and l (k �= l) can be expressed as:∣∣∣Ψ(f)
k,l

〉
≡ f̂ †k f̂

†
l |∅〉

and its correlation function is [94]

Γ(f)
m,n = |Um,kUn,l − Um,lUn,k|2 .

Note that the quantum interference term in this expression has exactly the opposite sign
as for indistinguishable bosons (cf. Eq. (2.27)).

A Glauber-Fock lattice with the same parameters as before is considered for the QRW of
fermions. Of course, the single-particle distributions n̄ must be identical to the ones of
Fig. 5.5(a), as neither bosonic nor fermionic exchange symmetry plays a role in the single-
particle regime. The expected two-fermion correlation for the leftmost nearest-neighbour
input state

∣∣∣Ψ(f)
0,1

〉
is plotted in Fig. 5.8(a). As evident from the zero probability on the

main diagonal, both particles can indeed not occur together in any channel, as required
by the exclusion principle. In essence, the bosonic correlation pattern of Fig. 5.6(a) is
rotated by 90◦, which means that the fermions tend to antibunch, i.e., they never occupy
one of the two overlapping regions of the single-particle distributions together.
Similarly, the shifted input (k, l) = (1, 2) produces a correlation map which resembles the
bosonic correlation rotated by 90◦ (see Figs. 5.8(b) and 5.6(b)). A closer look reveals
that the correlation of the bosons is effectively inverted. Wherever, there is constructive
quantum interference of photons, there is now a minimum in the fermionic pattern and
vice versa. In particular, if one fermion is located in the first overlap region (n ≈ 7) of the
single-particle distributions (cf. second and third row in Fig. 5.5(a)), the other particle
may be in the second (m ≈ 11) or fourth region (m ≈ 21), but not in the first or third
(m ≈ 15).
The correlation of the next-nearest-neighbour fermionic input (k, l) = (0, 2), shown in
Fig. 5.8(c), cannot be simply regarded as a rotation of the bosonic function. Never-
theless, a very intuitive explanation of the four-peaked pattern is possible: The fermion
initialised at site k = 0 leaves the lattice most likely somewhere near the maximum of its
single-particle probability distribution centred around n = 13. Due to Pauli-exclusion, the
other fermion is effectively pushed out of the central lobe of its probability distribution,
which is also centred at n = 13. Instead, it tends to occupy one of the outer two lobes
which have very little overlap with the distribution of the fermion from k = 0, leading to
the four peaks in Γ

(f)
m,n.
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5. GLAUBER-FOCK LATTICES

Figure 5.8: Calculated two-particle correlation functions in the Glauber-Fock lattice for the
first two nearest-neighbour excitations (left and central column) as well as the first next-nearest-
neighbour configuration (right column). The top row (a-c) shows the correlation of two fermions,
whereas the central and bottom row display the correlations of the path-entangled bosonic input
states with φ = 0 (d-f) and φ = π (g-i), respectively.
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5.2 Photon correlations without shift-invariance

Finally, the evolution of path-entangled two-photon input states is investigated for the
exchange phases φ = 0 (the symmetric state) and φ = π (antisymmetric). The correlation
functions for the three input configurations (k, l) = (0, 1), (1, 2) and (0, 2) are displayed in
Fig. 5.8(d-i). A comparison to the corresponding bosonic (Fig. 5.6(a,b,d)) and fermionic
(Fig. 5.8(a-c)) correlations reveals that the correlations of path-entangled photons con-
tain features of both extremes. Hence, their QRW exhibits bosonic bunching as well as
fermionic antibunching properties. Interestingly, whether the bosonic or the fermionic
behaviour prevails, depends on the symmetry of the entangled photon state, i.e., on φ, as
well as on the separation of the input sites. For nearest-neighbour input, the antisymmet-
ric state shows predominantly bosonic characteristics (Fig. 5.8(g,h)), whereas the same
holds true for next-nearest neighbour input in case of φ = 0 (f). The other configurations
follow primarily fermionic statistics (d,e,i). However, in neither case does the entangled
state produce purely bosonic or fermionic correlations. In the boson-dominated scenarios,
additional off-diagonal peaks are always visible, whereas in the predominantly fermionic
cases no on-diagonal zero-trench occurs.

For all the photon and fermion input states investigated in this section, the absolute initial
position within the Glauber-Fock lattice has a strong influence on the correlation patterns,
by virtue of the broken shift-invariance. In general, the QRW of the indistinguishable
particles gets increasingly complex, for a growing distance to the n = 0-boundary of
the lattice. Moreover, no two input states lead to identical correlation patterns. There-
fore, each two-particle probability distribution in a Glauber-Fock lattice effectively acts
as a fingerprint of the input state. Conversely, the available state space of a two-particle
QRW in the Glauber-Fock lattice is much larger than in a uniform 1D lattice, due to the
utilisation of the degree of freedom associated to the absolute transverse position.
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6 Entangled photons in disordered
lattices

In this final main chapter, the evolution of a photon pair in a disordered 1D waveguide
lattice will be investigated. Disorder arises in physics whenever a system is subjected to
random fluctuations. In quantum mechanics, one has to distinguish between temporal and
spatial disorder. The former means that the potential changes randomly in time which
leads to decoherence of the wavefunction. The latter describes the case of a spatially ran-
dom potential which is constant in time. This case is highly relevant for an understanding
of the conductivity of solids: In a perfectly crystalline material, the atomic potential is
periodic causing the electronic eigenfunctions of the system to extend over the entire
lattice. Hence, the electrons are very mobile and the material has a high conductivity.
However, for spatially disordered potentials, as occuring in amorphous materials, some of
the eigenstates localise and charge transport is suppressed. This Anderson localisation is
at the origin of the low conductivity of electrical insulators. Since its first prediction in
1958 [114], no successful attempts have been made to observe it in a solid. The reason is
that it is inherently difficult to isolate single electrons and observe their evolution on the
relevant time scales. Moreover, oscillations of the lattice and ineleastic electronic scat-
tering cause the atomic potential to fluctuate in time, which rapidly destroys coherence.
However, Anderson localisation as such is a pure wave phenomenon, so one may use other
platforms than electronic wavefunctions in solids to observe it.
It turns out that linear optics does indeed provide the tools which are necessary for this
observation: First of all, photons do not interact with each other, such that a classi-
cal beam of light exhibits single photon dynamics. Moreover, their coherence time can
be chosen very long by using modern lasers and the photons usually interact only very
weakly with the environment. Exploiting these properties, it has been possible to observe
enhanced backscattering, a phenomenon which is associated to Anderson localisation, of
light in semiconductor powder [115].
In order to observe the suppression of transport in one or two spatial dimensions directly,
one can resort to waveguide lattices [116]. The time-independent Schrödinger equation is
equivalent to the paraxial Helmholtz equation, which describes light evolution in up to two
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transverse and one longitudinal dimensions, the latter corresponding to time in quantum
mechanics. The wavefunction in the Schrödinger equation maps to the electric field and
the potential to the refractive index profile [117]. Regular as well as disordered refractive
index profiles, which are invariant along their longitudinal axis can be fabricated by a va-
riety of techniques. Importantly, the replacement of time by a spatial coordinate enables
the direct observation of the transport by measuring the light evolution. Furthermore,
an effective scaling of the time-axis by appropriately tuning the refractive index profile
and the wavelength is possible. This idea culminated in the observation of signatures
of disorder-suppressed transport in optical fiber arrays [118] and finally in the Anderson
localisation of light in 2D [119] and 1D [30] waveguide lattices. A recent review compiles
the research on single-particle Anderson localisation and its observation in waveguide sys-
tems [120].

Beyond the single-particle regime, the exchange symmetry of indistinguishable bosons
or fermions leads to quantum path interference. This leads to a number of questions:
Will both particles localise independently, localise faster than a single particle or, on the
contrary, exclude each other from localisation? If the particles localise, will their quantum
correlation survive the localisation? Which role plays the type of the input state? Lahini
et al. started the theoretical investigation on two-particle correlations in a 1D disordered
lattice addressing several of these fundamental questions [94]. Another recent prediction
was that spatially extended entangled states, i.e., path-entangled photon pairs distributed
over many input sites, remain spatially extended upon propagation in a disordered wave-
guide lattice, even when the single-particle wavefunctions are localised. However, their
relative separation localises faster than classical light in the same system [121].
The second part of this chapter presents the experimental observation of this so-called
Anderson co-localisation which also represents the first observation of a two-particle
continuous-time QRW in a disordered lattice1. The experiment is conducted in a pla-
nar waveguide array with off-diagonal disorder, i.e., a disorder in the coupling strength.
The first part will outline the design and fabrication of the waveguide lattice in which this
disorder is implemented as well as the classical characterisation of the device. The exper-
iments in both parts have been performed in cooperation with the CREOL, University of
Central Florida.

1A discrete-time correlated QRW on a single realisation of a disordered lattice of directional couplers
has very recently been published [51].
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6. ENTANGLED PHOTONS IN DISORDERED LATTICES

6.1 Waveguide lattices with uniform coupling disorder

The starting point for an investigation of Anderson localisation is the coupled mode
equation for classical light amplitudes evolving in an infinite 1D nearest-neighbour coupled
optical waveguide array:

i
d

dz
bn (z) + βnbn (z) + Cnbn−1 (z) + Cn+1bn+1 (z) = 0.

The difference to the previous chapter (see Eq. (5.4)) is that here the lattice is regarded
as infinite2 and relative detunings βn of the waveguides are allowed for the moment.
The original electronic tight-binding model of Anderson assumed even couplings Cn = C

and random values for the on-site energies, which directly translate to the propagation
constants βn, in the optical context. This type of disorder is referred to as on-diagonal
disorder, as it affects the main-diagonal of the Hamiltonian. This is also the type of dis-
order which has been implemented in many optical experiments [30,51,119].
The other type of disorder is realised in a system of identical waveguides βn = 0 with
randomised coupling strengths. In contrast to on-diagonal disorder, this off-diagonal dis-
order preserves a conjugation symmetry of the eigenmodes of the system [122], which is
relevant for certain imaging applications [123]. Besides this, essentially the same dynam-
ics of classical light intensity evolution occur for both-types of disorder. Consequently,
the suppression of transport and Anderson localisation are also observed in lattices with
off-diagonal disorder [118, 124, 125]. In laser-written waveguide lattices, it is easier to
implement a controlled disorder in the coupling than in the propagation constants, as
waveguide separations can be controlled more accurately than their refractive indices3.
Therefore, a purely off-diagonal disorder will be considered in the remainder of this chap-
ter.

The aim is to implement a uniform distribution of coupling constants on the interval
Cn ∈ [C0 −Δ, C0 + Δ], with mean coupling C0. As discussed in the previous chapter, the
coupling follows an exponential dependence on the waveguide separation (5.5):

Cn = C0e
− dn−d0

η .

In this notation d0 is the waveguide distance corresponding to the average coupling C0.
With this relation the uniform probability distribution of the couplings Cn transforms

2In practice, this means that the lattice must be large enough, such that boundary effects are irrelevant.
3While the repeatability of the waveguide propagation constants is high, their value is more difficult to

measure than the interwaveguide coupling
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6.1 Waveguide lattices with uniform coupling disorder

into an exponential distribution of the distances with probability density p (dn):

p (dn) ∝ e−
dn−d0

η �[dmin,dmax] (dn) , (6.1)

with the boundaries of the interval dmin(max) ≡ d0 − η log
(
1± Δ

C0

)
corresponding to the

maximum (minimum) coupling C0±Δ. All waveguide spacings in the array will be inde-
pendent random variables adhering to this probability distribution.
The random arrays were designed for a mean coupling C0 = 1.7 cm−1. As for the Glauber-
Fock lattices in the last chapter, a series of directional couplers has been fabricated to
calibrate the parameters η and d0. Here, 19 couplers have been inscribed into a L = 2 cm

long glass sample with distances ranging from 12 μm to 30 μm and fabrication parame-
ters Ep = 300 nJ and v0 = 1 mm s−1. One waveguide of each coupler has been excited
with λ = 800 nm and H-polarisation and the coupling strengths have been subsequently
measured from the output intensity ratios according to (5.7). The result is presented
in Fig. 6.1(a), once again showing a clear exponential dependence. From the numeri-
cal fitting procedure, the separation corresponding to the mean coupling turns out to
be d0 ≈ 17.1 μm and the scaling parameter is η ≈ 8.0 μm. The blue lines indicate

Figure 6.1: Implementation of a waveguide lattice with off-diagonal disorder. (a) Measured
coupling vs. distance dependence in directional couplers for λ = 800 nm. The parameters d0 and
η are obtained from a best exponential fit (red line) to the data for a given value of C0 = 1.7 cm−1.
The error bars indicate the positioning precision of the setup. The blue lines are the boundaries of
the coupling and distance intervals for Δ = 1.3 cm−1 ≈ 0.76C0. (b) Corresponding probability
density of the waveguide spacing dn which is needed to obtain a uniform distribution of the
coupling for the coupling-distance parameters from (a). The distance belonging to the average
coupling d0 is shown in green, the average distance 〈dn〉 in red. (c) Microscope image of the cross-
section of a disordered waveguide lattice fabricated according to this probability distribution.
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6. ENTANGLED PHOTONS IN DISORDERED LATTICES

the extreme couplings C0 ± Δ and the associated separations for the exemplary value
Δ = 1.3 cm−1 ≈ 0.76C0.
From these parameters, the exponential probability distribution of the waveguide sep-
arations in the array (6.1) can be calculated, as shown in Fig. 6.1(b). Clearly, small
distances are more likely than large ones and the interval [dmin, dmax] is not centered on
d0, but shifted to larger values. This is necessary as a larger increase of dn is required
to reach the lower bound of the coupling C0 − Δ than a decrease to reach the upper
bound C0 + Δ. Also, due to the nonlinear relationship between distance and coupling,
the average separation 〈dn〉 does not coincide with the distance of the average coupling
d0. A segment of an off-diagonally disordered waveguide lattice, implemented from this
probability distribution is displayed in Fig. 6.1(c).

In order to gain insight into the expected light evolution in disordered lattices, a numer-
ical investigation is performed. Four arrays are considered, each consisting of N = 101

waveguides with a length of L = 4.9 cm. The waveguide separations are randomly chosen
according to (6.1), with dimensions of the coupling interval Δ = 0 (a uniform array) and
Δ/C0 ≈ 0.41, 0.59 and 0.71 (termed ‘weak’, ‘medium’ and ‘strong’ disorder, respectively).
For the uniform array (see Fig. 6.2(a)) one observes the characteristic ballistic propagation
with two pronounced outer lobes and the width of the multi-peaked intensity distribution

Figure 6.2: Calculated light evolution (top row) and output intensity distribution (bottom row)
in off-diagonally disordered lattices with 101 waveguides of length 4.9 cm and C0 = 1.7 cm−1.
Only the inner waveguides surrounding the excited central site are shown in each case. (a)
Regular lattice. (b-d) Disordered lattices with increasing strength of disorder. The images
present ensemble averages with 100 realisations. The exponentials in (c,d) (red dashed lines)
serve as a guide to the eye.
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6.1 Waveguide lattices with uniform coupling disorder

growing linearly in z. Note that the boundaries of the lattice are far away from the main
lobes, so their influence on the light evolution can be neglected.
In the presence of disorder the light evolution changes considerably. In a typical realisa-
tion, the light takes a random trajectory through the disordered lattice. Of course, a single
realisation is not necessarily representative of the phenomena which can be expected for
a given level of disorder, nor does it allow to draw conclusions about macroscopic physi-
cal quantities, be it conductivities in a solid or transmission spectra of optical materials.
To this end, some averaging is required. Here, an ensemble average over the intensities
obtained from 100 independent realisations of the lattice spacings {dn}N

n=1 is performed.
The result for weak disorder is shown in Fig. 6.2(b). The ballistic outer lobes are still
visible in the intensity evolution pattern. However, compared to the regular lattice, the
multi-peaked structure of the intensity distribution is washed out. Hence, there is some
appreciable probability to find light in any of the waveguides between the two outer
lobes. Moreover, a central peak arises, corresponding to light remaining near the initial
site of excitation. For increasing disorder, the inner peak gets more and more pronounced,
whereas the ballistic lobes disappear (c,d). Another evident feature associated to An-
derson localisation are the exponential slopes of the intensity distribution (see red lines).
Interestingly, the intensity distribution always approaches the exponentially localised dis-
tribution in the limit z → ∞ in 1D lattices, as soon as some disorder is present [30, 94].
For stronger disorder, this limit is reached more quickly and the slope of the exponential
is steeper. Hence, arrest of transport always occurs in disordered 1D lattices, merely the
strength of the confinement depends on the magnitude of disorder.

Instead of ensemble averaging one can also perform spatial averaging by exciting a single
lattice at many different input positions. As long as the region over which the averaging
occurs is sufficiently large and the disorder does not change across that region, i.e., the
disorder is shift-invariant, the two averaging approaches are equivalent [126]. This fact
is commonly exploited in optical experiments on Anderson localisation [30, 115, 125] and
will also be used in the following to reduce the experimental effort. Instead of fabricat-
ing many lattices with the same disorder parameters, it is sufficient to fabricate a single
lattice which is large enough to accomodate many input positions. Each distance dn is
independently chosen from the same probability distribution p (dn). Therefore, the lattice
is effectively shift-invariant, as long as the boundaries do not play a role. The lattice size
N = 101 allows for a sufficient number of input sites which can be excited without their
ballistic lobes (or what remains of them in the disordered lattices) hitting the boundaries
(cf. Fig. 6.2).
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6. ENTANGLED PHOTONS IN DISORDERED LATTICES

Figure 6.3: Observation of Anderson localisation. (a) Spatially averaged output intensity of
the uniform lattice (blue curve) in comparison to the numerical result for C0 = 1.8 cm−1 (green).
The abscissa is the waveguide coordinate relative to the excitation site n − k. (b-d) Same for
the disordered lattices. The theoretical curve is an ensemble average over 10, 000 realisations
with C0 = 1.5 cm−1 and Δ/C0 = 0.51 in the case of weak disorder (b), Δ/C0 = 0.70 for medium
disorder (c) and Δ/C0 = 0.87 for strong disorder (d).

Consequently, four waveguide lattices have been fabricated with designed coupling and
disorder parameters as in the numerical simulation. However, in an array of laser-written
waveguides the coupling is often slightly stronger than in directional couplers of the same
waveguide separation, due to a mutual influence of the waveguides via their stress fields,
which is difficult to predict exactly. In combination with an apparent drift in the inscrip-
tion laser parameters as well as a different wavelength λ = 780 nm, which had to be used
in the following experiments for technical reasons, this led to slightly different coupling
strengths and somewhat stronger disorders being realised in the lattice, which will be
determined momentarily.

The inner waveguides k = 31 . . . 71 of the uniform lattice have been excited and the
average of the measured output intensity distributions centered around the input site was
taken4. The averaged distribution is shown as the blue curve in Fig. 6.3(a). It extends
over ≈ 40 sites, so the boundaries of the lattice are clearly irrelevant for the light evolu-

4The average is taken to compensate for miniscule variations in the output intensity between the input
sites due to positioning errors.
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6.2 Anderson localisation of entangled photons

tion at all the investigated input sites. The comparison to a numerical simulation (green
curve) reveals a very close agreement between the measured distribution and the expected
pattern for C0 = 1.8 cm−1, so the coupling in the uniform lattice is slightly larger than
designed.
Subsequently, the three disordered lattices were excited at these positions, measuring the
output intensities and performing the spatial average over all 41 input sites. The resulting
averaged intensity distributions are displayed as blue data points in Figs. 6.3(b-d). In the
weakly disordered case, residual ballistic lobes are visible as well as the central localisation
peak (see (b)). For the more strongly disordered cases (c,d), the ballistic lobes disappear
and a pronounced exponential peak forms in the centre, as expected from the theoretical
considerations. Hence, the Anderson localisation of light is clearly observed via spatial
averaging in these lattices with coupling disorder. However, the comparison to numerical
simulations (shown again in green) reveals that the parameters C0 and Δ deviate from
the intended values. The mean coupling can be estimated from the ballistic lobes in the
weakly disordered lattice to be C0 = 1.5 cm−1. The difference to the coupling in the reg-
ular lattice may arise from the fact that the fit parameters η and d0 from the calibration
measurement do not exactly reflect the coupling-distance dependence in the disordered
lattices. Therefore, the implemented distances impose a different coupling distribution,
which may well lead to a shifted mean coupling. Similarly, one finds slightly altered values
for the relative magnitudes of the disorder by numerically fitting the exponential slopes of
the localisation peak to the measured distribution. It turns out that in these laser-written
lattices the values are Δ/C0 ≈ 0.51, 0.70 and 0.87 for weak, medium and strong disorder,
respectively.

One should note that despite this deviation from the design configuration, these param-
eters are nonetheless quite suitable to investigate the effect of an increasing disorder on
the light evolution, as they clearly show the different regimes of partial and full Anderson
localisation and the associated suppression of transport. Hence, these waveguide lattices
should be a practical platform for QRWs of indistinguishable photons in these regimes,
which will be investigated in the next section.

6.2 Anderson localisation of entangled photons

An important aspect of quantum mechanics is its inherent randomness. In the following
this randomness will be exploited to perform the spatial averaging, which is required to
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6. ENTANGLED PHOTONS IN DISORDERED LATTICES

draw reliable conclusions about the system. In principle, a single extended quantum state
can replace many different classical input configurations.
The starting point is the symmetric (φ = 0) path-entangled state defined in Eq. (2.25),
which resides on two lattice sites at the same time. It can be extended to a state which
is entangled across the M input channels k1, . . . , kM :

∣∣∣Ψ(ext)
k1,...,kM

〉
≡ 1√

2M

M∑
j=1

(
b̂†kj

)2

|∅〉 =
1√
M

M∑
j=1

∣∣0, ..., 2(kj), ..., 0
〉
. (6.2)

If a photon pair is initialised in such a spatially extended state, the two photons will
always enter the waveguides together. However, it is entirely uncertain in which of the M

waveguides the photons are initialised. Therefore, this state should perform the spatial
averaging in the shift-invariant disordered lattices discussed in the previous section by
virtue of its intrinsic indeterminism [121].
A straightforward calculation leads to the average photon number distribution after the
evolution of the extended state in any waveguide lattice over the distance z:

n̄(ext)
m (z) =

2

M

M∑
j=1

∣∣Um,kj
(z)
∣∣2 .

For M = 2, this yields exactly the known two-site distribution (2.26). Regardless of M ,
the average photon number arises always as incoherent sum over the contributions from
all single input channels. For the two-photon correlation function, one obtains:

Γ(ext)
m,n (z) =

2

M

∣∣∣∣∣
M∑

j=1

Um,kj
(z) Un,kj

(z)

∣∣∣∣∣
2

which is also consistent to the two-channel result (2.28).

The evolution and output distribution of the average photon number in a uniform lattice
(parameters as in chapter 6.1.) are shown in Fig. 6.4(a) for an extended entangled input
state with M = 20 residing on adjacent channels located in the centre of the lattice. As
each input channel is associated to a ballistic propagation pattern (cf. Fig. 2.3), their
incoherent sum yields a smooth distribution, with a width determined by the ballistic
lobes of the outermost input channels k1 and kM . So the photons can, in principle, leave
the lattice at any waveguide of an extended region with a size given by M and the effec-
tive evolution length C0L. The system can again be treated as effectively infinite in the
transverse direction, as the boundary is not reached by the photons.
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6.2 Anderson localisation of entangled photons

Figure 6.4: Numerical Investigation of Anderson co-localisation for M = 20. Shown are a
uniform (a-c), a weakly disordered (d-f) and a strongly disordered lattice (g-i) of length L =
4.9 cm. Top row: Evolution and output distribution of the average photon number. Middle
row: Photon correlation at the output. Bottom row: Inter-photon distance function Gδ (L) at
the output (blue, dashed line) in comparison with the number distribution n̄n (2L) from single-
waveguide input to site k after the twofold evolution length (green, dotted line), shifted by k sites.
The results in the disordered lattices are ensemble averages with 20 realisations (500 for n̄n (2L))
in each case. The mean couplings are C0 = 1.8 cm−1 in the uniform lattice and C0 = 1.5 cm−1

in the disordered lattices, as obtained from the analysis of the classical results (see Fig. 6.3).
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6. ENTANGLED PHOTONS IN DISORDERED LATTICES

The correlation function displayed in Fig. 6.4(b) exhibits a clear trace of antibunching.
The absence of substantial on-diagonal peaks reveals that the photons are very unlikely
to occupy a waveguide together, even though this was their initial configuration. Note
that the same type of behaviour is observed in the case M = 2 (two antibunching peaks
in Fig. 2.3(d)). In addition, the long ridges parallel to the main diagonal suggest that
certain distances between the photons are more likely than others. This can be quan-
titatively analysed by introducing the following measure for the inter-photon distance
probability [94]:

Gδ (z) ≡
min(N−δ,N)∑

m=max(1−δ,1)

Γ
(ext)
m,m+δ (z) ,

with the distance δ satisfying −N + 1 ≤ δ ≤ N − 1. In case of the uniform lattice, this
quasi-distribution5 exhibits the characteristic structure of the single-site response of the
uniform lattice with its ballistic lobes. In particular, Gδ (L) for the extended input state
matches closely the distribution of the average photon number n̄n (2L) for an excitation
of the single site k with two photons, at the twofold evolution length, when shifted by
k sites (see Fig. 6.4(c)). A formal equivalence of the two quantitities can be shown to
hold in the limit M →∞ [121]. Hence, while the photon pair is distributed over a large
transverse domain, the individual photon positions are highly correlated, their relative
distance underlying a quasi-distribution which is proportional to the shifted probability
distribution of the single photon position in a lattice of double length. In case of the
uniform lattice with its pronounced ballistic lobes in the single-site response function,
this means that the photon pair is most likely separated, with the individual photons
occurring as far away from each other as possible.

Figs. 6.4(d-i) show the numerical results for an extended state initialised in a weakly
(Δ = 0.51C0) and strongly (Δ = 0.87C0) disordered lattice, respectively. In contrast to
the classical Anderson localisation from the previous section, the spatial averaging is no
longer performed by exciting several sites one after another, but from the simultaneous
excitation of all M = 20 sites with the entangled state. As M is yet too small to obtain
smooth results and a clear picture of the general trend, an additional ensemble average
with 20 independent realisations of disorder is performed in the numerical analysis.
For growing disorder, the mean photon number gets more and more concentrated around
the excitation sites, due to the diminishing ballistic lobes of the single site responses (see
(d,g)). At the same time, the correlation function changes drastically. Instead of an-

5Note, that in reality one cannot distinguish between δ < 0 and δ > 0, due to photon indistinguishability.
Therefore, one needs to remove one semi-axis of the function Gδ and multiply G0 with 1/2 in order
to obtain an actual probability distribution for the photon distance |δ|.

82



6.2 Anderson localisation of entangled photons

tibunching, the photons now tend to occupy the same output channel (e,h). The long
on-diagonal ridge corresponds to each input waveguide being a likely localisation spot for
the pair. The associated localisation peaks get more distinct for increasing strengths of
disorder.
In accordance to this bunching behaviour, the inter-photon distance becomes very small
(f,i). In particular, its distribution Gδ is exponentially localised around δ = 0, with the
steepness of the slope depending on Δ/C0. Also in case of these disordered lattices, Gδ (L)

for the extended input state has the same properties as n̄n (2L).6 Hence, the photon pair
remains transversally extended, in a sense that it can occupy many possible output chan-
nels, but the two photons will always be detected together near one of the input guides.
This Anderson co-localisation occurs twice as fast as the corresponding localisation of a
single particle wavefunction [121].

To generate the entangled input state in an experiment, once again a type-I SPDC source
is employed. In contrast to the scheme presented in chapter 4.2 (see Fig. 2.5), a collinear
setup is used here. A continuous wave laser (λp = 404 nm, power 80 mW) pumps a
1.5 mm thick LiIO3 crystal, cut such that collinear wave vectors are phase-matched in
the degenerate case λs = λi = 808 nm. Subsequently, the pump photons are removed by
a polarising beam-splitter. Signal and idler photons are imaged onto the front face of
the sample by a focussing lens (focal length f = 30 mm). Due to the collinear geometry
and the absence of any spatial filtering (such as the apertures in Fig. 2.5), the extended
spatial profile of the pump beam is imprinted on the spatial distribution of the signal
and idler photons7. This profile covers approximately M ≈ 20 waveguides at the front
face of the sample. Clearly, signal and idler can be generated anywhere within the pump
beam profile, but they will always be created at the same location and without transverse
momentum. Hence, the two photons will always hit the sample together as a pair. This
implements an approximate version of the extended path-entangled state (6.2) [127]. Of
course, most pairs will not couple into a waveguide but rather scatter into the bulk. This
is not a problem, however, as these photons diffract over the sample length of 4.9 cm to
such an extent, that their spatial density gets negligibly small. The main approximation
of Eq. (6.2) lies in the uneven spatial distribution of the photons, due to the Gaussian
intensity profile of the pump beam. Therefore, the state is not sharply truncated beyond
the M = 20 sites and the photons are more likely to excite one of the central guides, than
one of the outer channels.

6More realisations of disorder are required in the ensemble average of n̄n, as no spatial averaging arises
from the input state.

7For a schematic drawing of the source, see [127]
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6. ENTANGLED PHOTONS IN DISORDERED LATTICES

In order to characterise the output of the arrays, the end face of the glass chip is im-
aged onto two planes by another lens (f = 40 mm) and a non-polarising beam splitter.
Hence, each photon pair leaving the sample splits with a probability of 50% onto the two
image planes. In each plane, a multimode fiber is scanned across the imaged waveguide
locations to collect the photons. These fibers are connected to two SPCMs, measuring
the coincidence rate within a 3 ns detection window. Each combination of fiber positions
(m,n) provides an estimation of one element of the coincidence probability matrix P

(ext)
m,n .

Thus, collecting the data for all combinations and multiplying the on-diagonal terms
m = n by two, gives a measurement of the correlation function Γ

(ext)
m,n . The expectation

value of the photon number distribution n̄
(ext)
n is measured from the count rates of a single

scanned fiber [127]. As before, only the central region of the waveguide lattices is excited
in each case, such that the boundaries have no influence.
The measured output number distribution in the uniform lattice is presented in the blue
curve of Fig. 6.5(a). It exhibits a similar shape and size as the theoretical expectation
(cf. Fig. 6.4(a)). Some noteworthy differences are the larger separation of the two main
peaks and an increased modulation depth of the distribution. This likely arises from a
slightly larger coupling than in the classical case8, as well as the non-uniform distribution
of the photons at the input.

A Gaussian intensity profile of the pump beam, will lead to a Gaussian spatial profile
of the generated photon distribution behind the nonlinear crystal. Hence, a more realistic
input state is given by:

∣∣∣Ψ(Gauss)
k0,σ

〉
≡ 1√

2
√

πσ

N∑
k=1

e−
(k−k0)2

2σ2

(
b̂†k
)2

|∅〉 ,

with k0 and σ as mean position and standard deviation of the Gaussian envelope, re-
spectively. As long as the influence of the boundaries is negligible, the truncation of the
Gaussian plays no significant role. A straightforward calculation shows that the envelope
function also occurs in the average photon number and the correlation function, yielding:

n̄(Gauss)
m (z) =

2√
πσ

N∑
k=1

e−
(k−k0)2

σ2 |Um,k (z)|2

8Here, the wavelength is 808 nm, compared to 780 nm in the classical measurements used for the de-
termination of the simulation parameters, amounting to larger couplings. Realistic estimates for the
couplings at this wavelength are C0 ≈ 2 cm−1 for the uniform lattice and C0 ≈ 1.7 cm−1 for the
disordered lattices.
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6.2 Anderson localisation of entangled photons

Figure 6.5: Observation of Anderson co-localisation. The cases of the uniform lattice with
C0 = 2 cm−1 (a-d), weakly disordered (e-h) and strongly disordered lattice (i-l), both with
C0 = 1.7 cm−1 are presented. Top row: Average photon number distribution at the output
of the L = 4.9 cm long lattice. The experimental data is shown in blue, the numerically cal-
culated values for a Gaussian excitation profile with σ = 5.5, averaged over 20 realisations of
disorder, in red. Second row: Calculated disorder-averaged correlation function for the Gaus-
sian excitation. Third row: Measured correlation functions. Bottom row: Inter-photon distance
quasi-distribution obtained from these correlation measurements (blue circles) compared to ex-
pected photon number distribution at the double distance 2L (green symbols) from an ensemble
average with 500 disorder realisations. In (d), the case of a very weak disorder Δ = 0.15C0 has
been considered.
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and

Γ(Gauss)
m,n (z) =

2√
πσ

∣∣∣∣∣
N∑

k=1

e−
(k−k0)2

2σ2 Um,k (z) Un,k (z)

∣∣∣∣∣
2

.

The red data points in Fig. 6.5(a) show the calculated output average photon numbers
for a Gaussian excitation with a width of σ = 5.5, which is the best fit to the experimental
data. Together with the increased coupling, this retrieves the spread of the distribution
as well as the inner dip. The additional modulation of the experimental curve may result
from the fact that also

∣∣∣Ψ(Gauss)
k0,σ

〉
is an approximation of the input state, as the pump

beam profile may not be perfectly Gaussian, the nonlinear crystal may contain inhomo-
geneities and the SPDC is a spontaneous process with intrinsic noise.

The Gaussian envelope also arises along the main diagonal in the correlation function, as
it can be seen in Fig. 6.5(b). In comparison to the top-hat excitation (cf. Fig. 6.4(b))
some of inner features along the main diagonal are washed out, whereas the anti-diagonal
structure remains unaffected.
The Gaussian confinement due to the spatial pump beam profile is clearly visible in
the measured correlation function shown in Fig. 6.5(c), as the off-diagonal ridges follow
roughly a Gaussian envelope along the diagonal direction. The pattern exhibits anti-
bunching of the photon pair with strong correlations in the inter-photon distance.
These correlations are most conveneniently interpreted in the distance function Gδ (L)

(blue curve in (d)). The ballistic lobes of the ideal uniform lattice are visible, albeit
with some reduced visibility of the minima in between. Moreover, a small peak can be
seen in the inner region near δ = 0. As discussed before, the function Gδ (L) is expected
to be equivalent to the average photon number from a single-site input to a lattice of
double length. A comparison to numerical simulations of n̄n (2L) (shown in green) shows
how the inner peak can be generated from a small amount of disorder: In the simula-
tion Δ = 0.15C0 creates a peak of comparable height, which suggests that disorder from
small imprecisions of the lattice fabrication contributes to this observation. Due to the
effective doubling in evolution length, the peak is more pronounced than in the classical
investigation of the lattice (see the brief discussion on the limit z → ∞ in chapter 6.1).
However, a quantitative analysis of the classical measurement (see Fig. 6.3(a)), reveals
that the disorder can be at most Δ < 0.1C0 (which is also a realistic constraint given the
fabrication precision). Also the reduced depth of the oscillations in Gδ is only partially
explained by a mere disorder of the lattice. Another contribution to the inner peak likely
arises from limitations to the visibility of the quantum path interference. This would also
explain the on-diagonal peak near m = n = 80 in the correlation function (Fig. 6.5(c)).
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6.2 Anderson localisation of entangled photons

In the disordered lattices, the mean photon number distributions shown in the blue curves
of Figs. 6.5(e,l) narrow considerably compared to the regular lattice, yet remaining ex-
tended over about 20 sites. The distributions are more peaked in their centres than the
calculated top-hat results (cf. Figs. 6.4(d,g)). The numerical data (red points) suggests
that this can at least partially be explained by a Gaussian input state profile9. The
correlation functions in the disordered scenarios (f,g,j,k) exhibit no further trace of anti-
bunching. Instead, they get concentrated on the main diagonal, as expected from theory
and indicating the presence of Anderson co-localisation. The envelope of the correlation
ridge along the main-diagonal is again constrained by the pump beam profile. Also its
lateral width seems to agree well to the numerical data. The latter observation is corrob-
orated by comparing the experimental result for Gδ (L) with the calculated distribution
n̄n (2L) (h,l). The exponential form of the localisation peak is clearly visible in both
cases and the slopes match. This is a clear evidence for the observation of Anderson
co-localisation in disordered waveguide lattices. Note that the fluctuations of Gδ at the
level of 10−4 are most likely due to the absence of additional ensemble averaging in the
experimental data and photon counting statistics.

These results represent an implementation of a QRW of indistinguishable bosons on a
disordered lattice. They experimentally demonstrate the phenomenon of Anderson co-
localisation and answer several of the initially posed questions for the extended path-
entangled input state: The two bosons of the pair do not localise independently; the
whole pair does not even localise at all, as it retains an extended wavefunction. Instead,
the inter-particle distance is concentrated around 0, i.e., the two photons tend to occupy
the same channel. Therefore, the disorder does not compromise their initial correlation.
On the contrary, it helps to overcome the severe impact of transverse ballistic transport on
the correlation, leading to co-localisation for sufficient amounts of disorder. This localisa-
tion in the relative distance coordinate occurs at the twofold speed as the single-particle
localisation.

9For disordered lattices, another approximation of the input state lies in the fact, that the displacement
of the waveguides is not considered in the Gaussian envelope
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7 Conclusion and Outlook

In this thesis, photonic QRWs in lattices of evanescently coupled waveguides were inves-
tigated. Of particular interest was the quantum path interference of pairs of indistin-
guishable photons, which is induced by their bosonic exchange symmetry. This amounts
to correlations between the possible trajectories the pair can take through the lattice.
The complexity of QRWs scales exponentially with the number of participating quanta,
which is of great relevance for quantum information processing applications. However,
the experimental overhead grows unfavourably with the number of photons.

Therefore, the aim of this thesis was to explore alternative avenues towards QRWs with
a complexity beyond the case of a pair in a uniform 1D lattice, without increasing the
number of quanta. To this end, the second transverse dimension as well as a lateral vari-
ation of the lattice properties in 1D systems can be utilised. These degrees of freedom
are accessible by direct waveguide writing with ultrashort laser pulses. In the course of
this work, a 2D crossing of waveguide arrays, a Glauber-Fock array with a controlled
variation of the coupling strength as well as a disordered lattice have been investigated
as paradigmatic examples.

In order to allow a rapid and reliable estimation of the expected QRW performance in a
waveguide lattice, a method for the simulation of two-photon QRWs with classical light
has been developed at the beginning of this thesis. The scheme employs only two coherent
light beams of fixed intensity but variable relative phase and is applicable to arbitrary lat-
tice geometries. A sequence of random phases suffices to estimate the photon correlation
function of pairs in a product state with vanishing bias for large numbers of measure-
ments [62]. This technique has been successfully applied to a variety of waveguide lattices
throughout this work and beyond [62, 96, 128]. Furthermore, a modified version of this
method entailing controlled phases enables the unbiased and precise simulation of a QRW
of photon pairs in a path-entangled input state [72]. In both cases, the expectation value
of the two-photon coincidence rate is obtained by purely classical optics at the expense
of requiring more measurement settings than in the quantum regime. The major benefit
of the classical method is that it merely relies on ‘off-the-shelf’ coherent light sources and
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a camera compared to the need for SPDC-sources and a multitude of bucket detectors in
case of an actual quantum measurement. Thus, a rapid and reliable characterisation of the
laser-written waveguide lattices regarding their expected performance in QRWs is possible.

As it has been demonstrated in the fourth chapter of this work, the complexity of pho-
ton pair correlations can be substantially increased compared to the scenario of uniform
planar lattices by exploiting the second transverse spatial dimension. This leads to larger
Hilbert spaces being occupied by the two quanta. The structure of choice has been an
intersection of two 1D arrays. Via numerical calculations, the classical characterisation
technique developed in this work as well as an experimental implementation of a QRW,
it has been shown how the photon trajectories cover both transverse dimensions and ex-
hibit intricate correlations [62, 88]. These correlations depend on whether the photons
are injected on one or on both planes of the 2D structure. In either case, the correlation
contains features of path-entanglement and independence. A crossover between 1D and
2D characteristics can be induced by tuning the likelihood of the photons to jump onto
the other plane, which in turn can be controlled by the lattice properties [62].

Even if only a single transverse dimension is accessible, be it due to the fabrication
technology or other constraints, the complexity of QRWs can nonetheless be increased by
making use of the absolute coordinate as a degree of freedom, as was shown in chapter
5. To this end, the translational invariance of a uniform lattice has to be broken. Planar
Glauber-Fock lattices with a square root increase of the coupling strength along their
transverse dimension break that invariance and have been investigated in terms of their
single-particle as well as their two-particle dynamics [96]. In the single-particle regime,
which can be probed with classical light, these lattices act as an optical analogue of the
displacement of Fock states in phase space. Such an optical simulator has been experi-
mentally realised by a specifically engineered distribution of the inter-waveguide distance,
achieving record values of displacement amplitude and Fock state order. Due to the ab-
sence of lateral translational symmetry in these lattices, QRWs of two indistinguishable
particles exploit the transverse coordinate as an additional degree of freedom. As revealed
by theoretical analysis and the classical characterisation technique, their correlation acts
as a fingerprint of the relative separation of the input waveguides as well as their absolute
position within the lattice. Conversely, information can be encoded in both parameters.

Finally, even an uncontrolled variation of the lattice properties along the transverse di-
mension can lead to a QRW fundamentally differing from the scenario in a uniform lattice.
In this vein, disordered 1D lattices in the regime of Anderson localisation have been in-
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vestigated regarding their impact on the QRW of path-entangled photons. A uniform
distribution of the coupling, amounting to off-diagonal disorder, has been realised, again
by tuning the waveguide separation. Anderson localisation in the classical regime has
been observed in these lattices by spatial averaging [125]. In the quantum domain, a
photon pair in an extended entangled state has been considered, which performs spatial
averaging by virtue of its intrinsic randomness. It has been demonstrated numerically and
experimentally that the pair localises together while remaining spatially extended [127].
This Anderson co-localisation occurs at half the evolution length of a single particle.

These results demonstrate how the trajectories and correlations in a two-particle QRW
can be controlled by tailoring the geometry of a lattice and its properties. By introducing
either the lateral position in a 1D system or the second transverse dimension as degrees
of freedom, the state space of the QRW can be substantially enlarged. This promises an
enhanced capacity for information processing applications without increasing the num-
ber of quanta in the system. As far as bosonic QRWs are concerned, optical waveguide
lattices constitute a robust platform with the direct laser inscription technique providing
the required degree of control over the lattice parameters as well as the capability of a 2D
fabrication.

Further research already extends or may in the future extend this work in a variety
of directions:
One avenue is the experimental implementation of the classical characterisation technique
for path-entangled photon pairs. The statistical simulations presented earlier in this work
suggest that the phase precisions offered by spatial light modulators or piezoelectric ac-
tuators are sufficient for a very accurate and precise reconstruction of the quantum cor-
relation [72].

Any discrete and passive linear optical system with evenly distributed losses can be
described by a unitary transfer matrix. In a recent work, it could be shown that a
complete characterisation of all magnitudes and phases of this unitary is possible with
a series of classical interference measurements, employing a pairwise excitation of the
individual channels of the system, sweeping relative phases and time-resolved intensity
detection [129]. The continuous light evolution in a waveguide lattice discussed in this
work represents a special case of such an optical network. Hence, that scheme can be seen
as a generalisation of the method introduced in chapter 3 of this work and be employed
to determine all entries of the unitary U . This should be a very useful tool when it comes
to analysing higher-order moments, such as correlations in multi-particle QRWs, which
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are also governed by the unitary [130].

The theoretical framework of this thesis considered coupled waveguide systems which
are either unitary or exhibit at least equal losses in all channels1. However, it has been
analytically proven that the formalisms for the calculation of average photon number dis-
tributions and photon correlations carry over to arbitrary loss distributions [66]. Hence,
non-unitary lattice systems can be analysed with the same methods, as long as no gain
is involved. As recently demonstrated experimentally, the loss distribution in 1D laser-
written waveguide lattices can be controlled independently from the real part of the
refractive index by periodic curvatures and the associated bending loss [131].

The semi-infinite Glauber-Fock lattice considered in chapter 5 can be superimposed with a
linear transverse index gradient, leading to the more general concept of so-called Glauber-
Fock oscillator lattices. These systems support an oscillatory behaviour resembling Bloch-
oscillations and exhibiting revivals in both, the single-particle as well as the two-particle
regime, even for extended entangled states [132]. Such lattices have been experimentally
implemented and their single-particle response has been investigated via classical light.
The two independent fabrication parameters of writing velocity and waveguide separation
have been used to implement the required index gradient and coupling distribution [133].
Moreover, as shown by Longhi in an independent work, a Glauber-Fock oscillator lattice
superimposed with a binary superlattice2, emulates the Jaynes-Cummings model, which
governs a two-level system resonantly interacting with a bosonic mode. In this analogue,
the index contrast of the superlattice corresponds to the resonance frequency, the index
gradient determines the detuning of the field and the coupling between the waveguides
maps to the field-atom interaction strength [134].
Quite interestingly, even finite Glauber-Fock lattices have been analytically proven to ex-
hibit almost complete revivals, again for single particle distributions as well as two-particle
correlations [135].

One of the earliest devised applications of QRWs was the excitation transfer in spin
chains by a specifically engineered coupling [13]. The envisioned state transfer requires
a finite 1D lattice with binomial coupling distribution, enabling periodic revivals and a
perfect transfer from one site to its counterpart on the other end at half that revival dis-
tance. However, as spins in solids are challenging to position and manipulate in a precise
manner, such schemes have never been realised beyond very small system sizes [136]. An

1The non-uniform fanning losses in chapter 4 occured only in segments of decoupled waveguides.
2An alternation between a high and a low refractive index
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optical analogue, on the other hand, has been within reach, due to the more sophisticated
level of control accessible in laser-written waveguide lattices. Thus, a high-fidelity transfer
across a large-scale device has been successfully implemented [128]. The only difference
to the initial spin context is the bosonic nature of the optical system leading to a different
symmetry in two-particle correlations, which have been investigated via the classical char-
acterisation approach introduced in chapter 3 [128]. Moreover, extended path-entangled
input states are predicted to revive within a transfer distance, i.e., half of a single-particle
revival distance, and to flip their correlation from perfect bunching to antibunching at
every half of that distance in these lattices [137].

All QRWs considered in this work were exclusively based on the position degree of free-
dom. Clearly, information can also be encoded in the polarisation state of a photon,
thereby increasing the number of available modes on a given spatial domain. Moreover,
recent experiments have demonstrated that a QRW of polarisation-entangled photons on a
lattice can produce the same dynamics as the QRW of fermions or even anyons3 [50,111].
Therefore, the combination of the polarisation and position degrees of freedom seems
to be a very promising route for further investigation. Technical obstacles are, how-
ever, the birefringence of the waveguides, which will eventually lead to decoherence of a
polarisation-entangled state when the temporal overlap of the polarisation components
gets compromised, as well as the polarisation-dependent coupling in laser-written wave-
guides (see chapter 2.3). While the former issue does pose no serious problem for typical
birefringences, photon wavepacket durations (∼ 100 fs) and length scales (∼ 10 cm), the
polarisation dependent coupling can lead to rapidly diverging spatial evolution paths for
the individual polarisation components which mixes the two degrees of freedom. In 1D
arrangements, this problem can be overcome by a careful choice of the angle of alignment
between the waveguides [50]. Whether a similar approach can be developed for 2D lat-
tices or the coupling can be made sufficiently polarisation independent by means of the
fabrication process, e.g., via beam shaping techniques [139] or waveguide writing in the
heat accumulation regime [140], remains yet to be explored.

All these developments and prospects highlight that QRWs in optical waveguide lattices
constitute a thriving scientific field which is just starting to reveal its full potential. The
outcomes of this research may provide valuabe insights into natural transport processes
as well as lay the foundations for promising applications such as state transfer devices
and resource-efficient quantum computation.

3Particles with fractional spin that interpolate between bosonic and fermionic exchange statistics [138]
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A Appendix

A.1 Derivation of the intensity correlation

This section is devoted to the derivation of the modulated classical intensity correla-
tion (3.10) from its definition (3.9) and the phases (3.8). It will be shown that this
function is equivalent to the third term of eq. (3.7), allowing it to be used for the classical
emulation of the quantum interference of path-entangled photon pairs.
With the known intensity evolution for two-waveguide excitation (3.3) one obtains from
the definition (3.9):

Γ(int,φ)
m,n =

1

4

3∑
j=0

(−1)j
∣∣Um,k + Um,le

iΦj
∣∣2 (m ↔ n) ,

where (m ↔ n) means that the same term as written before is repeated, but the indices
m and n are exchanged. The phase of the entangled state φ is contained in the phases
between the classical beams Φj, as defined in (3.8). Separating φ from Φj yields

4Γ(int,φ)
m,n =

3∑
j=0

(−1)j
[
|Um,k|2 + |Um,l|2 +

(
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∗
m,le

i φ
2 e−ij π

2 + c.c.
)]
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which can be reordered to

4Γ(int,φ)
m,n =

3∑
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)
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. (A.1)
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Clearly, the first terms F (1) do not depend on j, hence this sum vanishes

3∑
j=0

(−1)j F (1) = 0.

Moreover, as each of the terms F
(2)
j contains a phase factor e−ij π

2 , one finds F
(2)
0 + F

(2)
2 =

F
(2)
1 + F

(2)
3 = 0, such that also these terms do not contribute to the overall sum

3∑
j=0

(−1)j F
(2)
j = F

(2)
0 − F

(2)
1 + F

(2)
2 − F

(2)
3 = 0.

Finally, in the terms F
(3)
j , the phase factor e−ij π

2 occurs twice, such that F
(3)
0 = F

(3)
2 and

F
(3)
1 = F

(3)
3 , which yields

3∑
j=0

(−1)j F
(3)
j = 2F

(3)
0 − 2F

(3)
1 .

With this, the expression (A.1) simplifies to

Γ(int,φ)
m,n =

1

2

[(
Um,kU

∗
m,le

i φ
2 + c.c.

)
(m ↔ n)−

(
−iUm,kU

∗
m,le

i φ
2 + c.c.

)
(m ↔ n)

]
=

1

2

[(
Um,kU

∗
m,le

i φ
2 + c.c.

)
(m ↔ n) +

(
Um,kU

∗
m,le

i φ
2 − c.c.

)
(m ↔ n)

]
= Um,kUn,kU

∗
m,lU

∗
n,le

iφ + c.c.,

which is the result (3.10).

A.2 Inequality for distinguishable photons

In this brief addendum, the inequality (4.1) relating on- and off-diagonal elements of the
coincidence probability matrix of distinguishable photons will be derived. Moreover, a
calculation for the statistical uncertainty of violations of this inequality will be provided.
The correlation function of a distinguishable photon pair, propagating in a waveguide
lattice after injection into guides k and l reads [71]:

Γ(d)
m,n = |Um,kUn,l|2 + |Um,lUn,k|2 . (A.2)

The interpretation for the coincidence probability P
(d)
m,n = 1

1+δm,n
Γ

(d)
m,n is quite obvious: The

photon from k can go to m and the photon from l to n or vice versa. These probabilities
add incoherently. In other words, the two photons evolve independently from each other
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A.2 Inequality for distinguishable photons

and there is no interference whatsoever.
The aim is to give a lower bound for the off-diagonal elements with respect to the on-
diagonal terms. Such a bound can be obtained analogously to the derivation of a similar
bound on classical intensity correlations [36,141]. Here one expands

(
Γ(d)

m,n

)2
=
(|Um,kUn,l|2 + |Um,lUn,k|2

)2
= |Um,kUn,l|4 + |Um,lUn,k|4︸ ︷︷ ︸

≥2|Um,kUn,lUm,lUn,k|2
+2 |Um,kUn,lUm,lUn,k|2 .

The lower bound on the first two terms can be conjectured directly from the binomial
expansion of

(|Um,kUn,l|2 − |Um,lUn,k|2
)2 ≥ 0. With this, one obtains

(
Γ(d)

m,n

)2 ≥ 4 |Um,kUm,l|2 |Un,kUn,l|2 = Γ(d)
m,mΓ(d)

n,n,

which turns into √
Γ

(d)
m,mΓ

(d)
n,n − Γ(d)

m,n ≤ 0,

after taking the square root of both sides. Hence, the coincidence probabilites must obey

2

√
P

(d)
m,mP

(d)
n,n − (1 + δm,n) P (d)

m,n ≤ 0,

which is trivially satisfied for m = n and exactly the inequality (4.1) for m �= n.

In order to decide whether this inequality is significantly violated by a given count
distribution Nm,n one has to compare the left hand side of the inequality1 Δm,n ≡
2
√Nm,mNn,n−Nm,n with the uncertainty arising from the Poissonian counting statistics.

The counts in each pair of channels obey a Poissonian distribution with mean Nm,n and
standard deviation

√Nm,n [54]. To simplify the calculation of the uncertainty propaga-
tion, one can approximate the Poissonians by Gaussian distributions. This is a reasonable
approximation, as the typical count numbers are in the order of 104. Then, the total un-
certainty is

σm,n ≈
√(

∂Δm,n

∂Nm,m

√Nm,m

)2

+

(
∂Δm,n

∂Nn,n

√Nn,n

)2

+

(
∂Δm,n

∂Nm,n

√Nm,n

)2

=
√Nm,m +Nn,n +Nm,n.

This is the standard deviation facilitated in the calculation of Figs. 4.7(c) and (f) in
chapter 4.2.2.

1Clearly, a violation is only possible for m �= n.
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Zusammenfassung

Das Ziel dieser Arbeit bestand in der Untersuchung des Verhaltens von quantenmechani-
schen Zufallsbewegungen, sog. quantum random walks (QRWs), in Systemen aus trans-
versal gekoppelten optischen Wellenleitern. Von besonderem Interesse sind hierbei QRWs
mehrerer ununterscheidbarer Photonen. Die durch deren Austauschsymmetrie hervorge-
rufene Quanteninterferenz führt zu einer gegenseitigen Korrelation der Photonenpfade im
System. Es zeigt sich, dass die Komplexität eines QRW exponentiell mit der Zahl der
beteiligten Photonen zunimmt, was für Anwendungen in der Quanteninformationsverar-
beitung von großer Wichtigkeit ist. Allerdings steigt auch der experimentelle Aufwand der
Erzeugung von Mehrphotonenzuständen erheblich mit der Quantenzahl an.
Daher galt es in dieser Arbeit Wege aufzuzeigen, wie die Komplexität gegenüber QRWs in
homogenen, eindimensionalen (1D) Arrays, gesteigert werden kann ohne die Anzahl der
beteiligten Quanten zu erhöhen. Dies kann einerseits durch Inhomogenität erfolgen oder
die zweite räumlich-transversale Dimension kann ausgenutzt werden. Beide Ansätze wur-
den im Rahmen dieser Arbeit verfolgt. Zu diesem Zweck wurden ein zweidimensionales
(2D) Gitter, ein geordnetes spezielles 1D Array, sowie ein ungeordnetes planares Array
konzipiert und mittels Femtosekundenlaserschreibtechnik in Glas realisiert.
Um eine schnelle und zuverlässige Charakterisierung der Wellenleitersysteme hinsichtlich
der zu erwartenden QRWs von Photonenpaaren zu ermöglichen, wurde ein Verfahren
entwickelt, das lediglich die Interferenz klassischen Lichts benötigt. Diese Methode wur-
de implementiert und ihre Wirksamkeit experimentell nachgewiesen. Ein weiterführendes
Verfahren, das auch die Untersuchung pfadverschränkter Eingangszustände ermöglicht,
wurde entworfen und vorgestellt.
Der Einfluss der Wellenleiteranordnung auf die Pfadkorrelation zweier Photonen wurde
für alle Arraytypen numerisch und experimentell untersucht, einerseits mittels des klassi-
schen Verfahrens, andererseits durch direkte Umsetzung von QRWs.
Die Korrelation im 2D System zeigt sowohl Charakteristika von Pfadverschränkung als
auch von Unabhängigkeit der Photonen, wobei eine gezielte Modifikation des Gitters ge-
nutzt werden kann die Balance zwischen diesen Verhaltensweisen einzustellen. Im geord-
neten 1D Array ergibt sich eine deutliche Abhängigkeit des Ausgangszustandes von der
Eingangsposition. Außerdem werden sowohl bosonische als auch fermionische Korrelati-
onsmerkmale beobachtet, d.h. koaguliertes Auftreten der Photonen bzw. effektive Absto-
ßung durch das Pauli-Prinzip. Im ungeordneten Fall wurde die Anderson Lokalisierung
des Abstandes eines räumlich ausgedehnten verschränkten Photonenpaares nachgewiesen.
Die beobachteten Korrelationen verfügen über keine Entsprechung in homogenen 1D An-
ordnungen und es zeigt sich eine deutliche Steigerung der Komplexität des QRW.
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