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TWO-DIMENSIONAL HAMILTONIAN SYSTEMS

HENRIK WINKLER

Abstract. This survey article contains various aspects of the direct and in-

verse spectral problem for two–dimensional Hamiltonian systems, that is, two–

dimensional canonical systems of homogeneous differential equations of the
form

Jy′(x) = −zH(x)y(x), x ∈ [0, L), 0 < L ≤ ∞, z ∈ C,
with a real non-negative definite matrix function H ≥ 0 and a signature matrix

J , and with a standard boundary condition of the form y1(0+) = 0. Addition-
ally it is assumed that Weyl’s limit point case prevails at L. In this case

the spectrum of the canonical system is determined by its Titchmarsh-Weyl

coefficient Q which is a Nevanlinna function, that is, a function which maps
the upper complex half-plane analytically into itself. In this article an out-

line of the Titchmarsh-Weyl theory for Hamiltonian systems is given and the

solution of the direct spectral problem is shown. Moreover, Hamiltonian sys-
tems comprehend the class of differential equations of vibrating strings with a

non-homogenous mass-distribution function as considered by M.G. Krein. The
inverse spectral problem for two–dimensional Hamiltonian systems was solved

by L. de Branges by use of his theory of Hilbert spaces of entire functions,

showing that each Nevanlinna function is the Titchmarsh-Weyl coefficient of a
uniquely determined normed Hamiltonian. More detailed results of this con-

nection for e.g. systems with a semibounded or discrete or finite spectrum are

presented, and also some results concerning spectral perturbation, which allow
an explicit solution of the inverse spectral problem in many cases.

1. Introduction

In this survey article direct and inverse spectral problems for two–dimensional
canonical systems of homogeneous differential equations of the form

Jy′(x) = −zH(x)y(x), x ∈ [0, L), 0 < L ≤ ∞, z ∈ C,

with a real non-negative definite matrix function H ≥ 0 and a signature matrix J
are considered. There is a standard boundary condition of the form y1(0+) = 0,
and it is assumed that Weyl’s limit point case prevails at L. Then the spectral
properties of the canonical system are determined by an unique Titchmarsh-Weyl
coefficient Q, which belongs to the class N of Nevanlinna functions. Without loss of
generality one can suppose that H is trace normed, that is traceH ≡ 1 on [0,∞).
If the canonical system corresponds to an operator, see Theorem 2.6 below, its
spectral measure σ is given by means of the Titchmarsh-Weyl coefficient Q via the
common representation formula for Nevanlinna functions (2.14).

The study of two or higher-dimensional canonical systems of differential equa-
tions has its roots in the Hamilton-Jacobi formalism in theoretical mechanics, see
[K1] for details. Canonical systems were investigated by M.G. Krein and I.S.
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Gohberg under operator-theoretic aspects, see e.g. [K1], [GK], by F.V. Atkin-
son, see e.g. [At], and by L.A. Sakhnovich, see e.g. [S2]–[S6]. Further contribu-
tions were made by V.I. Potapov, A.L. Sakhnovich, H. Dym and A. Iacob, see
e.g. [P, S1, DI, GKS], and many other authors. A function-theoretic approach
to canonical systems can be found in the works of D.B. Hinton and J.K. Shaw
[HSh1, HSh2], V.I. Kogan and F.S. Rofe-Beketov [KoR], and A.M. Krall [Kr].

Titchmarsh-Weyl coefficients were originally introduced in the context of Sturm-
Liouville problems, see [T, We]; for the inclusion of these problems in the theory
of canonical systems see [At]. A spectral theory for two-dimensional canonical
systems was presented by L. de Branges in his theory about Hilbert spaces of
entire functions, see [dB1]–[dB5]. The methods of L. de Branges led to the solution
of the inverse spectral problem for two–dimensional systems, that is each function
Q ∈ N is the Titchmarsh-Weyl coefficient of a canonical system with a trace normed
Hamiltonian H which is uniquely determined by Q, see Theorem 2.4 below.

The approach to general canonical systems via the extension theory of linear
relations goes back to B.C. Orcutt [O] and I.S. Kac [Ka1]–[Ka3], and is extended
in [LeM] and [BHSW]. Canonical systems on R such that the limit point case
prevails at both ends where considered in [Ka4], and with interface conditions in
e.g. [HSW, SW1, SW2] and [BH]. For systems with the spectral parameter in
the boundary condition see [DLS1, DLS2]. Direct and inverse spectral results for
higher dimensional canonical systems where investigated by D. Arov and H. Dym,
see [AD1]–[AD7].

For spaces with an indefinite metric, so-called Pontryagin spaces of entire func-
tions, a generalization of the theory of L. de Branges is presented by M. Kaltenbäck
and H. Woracek in [KaW1]–[KaW7], where a generalization of the inverse spectral
result of L. de Branges is contained. Spectral problems for higher dimensional
canonical systems in an indefinite situation where considered by J. Rovnyak and
L.A. Sakhnovich, see [RS1]–[RS4].

M.G. Krein and H. Langer, see [KL1, KL2], considered canonical systems in
connection with the continuation problem for positive definite functions. For ap-
plications to moment problems see [At].

The class of canonical systems of differential equations contains large classes of
linear ordinary differential equations studied in the literature. The theory of vi-
brating strings with non-homogeneous mass distributions developed by M.G. Krein,
see e.g. [KaK2], [K3]–[K5], [Ka5], is included in the theory of canonical systems,
see e.g. [L, LW, KaWW]. A presentation of the theory of strings with applica-
tions in the extrapolation problem for stationary stochastic processes going back
to M.G. Krein [K5] is given by H. Dym and H.P. McKean in [DMcK], where the
theory of de Branges is connected with operator-theoretic methods.

There has been an extension of canonical systems to so-called S-hermitian sys-
tems, studied by H.D. Niessen, F.W. Schaeffke and A. Schneider, see [HS1]–[HS3]
for current results, and H. Langer and R. Mennicken [LM] have shown how S-
hermitian systems can be reduced to canonical systems. In particular, A. Schneider
[Sch] has shown how large classes of differential expressions can be written in terms
of canonical and S-hermitian systems; this includes ordinary differential operators,
see [C1, C2], and pairs of ordinary differential operators.
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2. Canonical Systems

Let H be a real, symmetric and non-negative definite matrix function on [0, L)
with 0 < L ≤ ∞ :

(2.1) H(x) =

(
h1(x) h3(x)
h3(x) h2(x)

)
, x ∈ [0, L),

with locally integrable functions h1, h2 and h3, and H(x) 6= 0 for x ∈ [0, L) Two
matrix functions H1 and H2 are considered to be equivalent if H1(x) = H2(x) a.e.
on [0, L) with respect to the Lebesgue measure. Let J be the following matrix:

J =

(
0 −1
1 0

)
.

A two dimensional canonical system with Hamiltonian H, shortly Hamiltonian sys-
tem, is a homogeneous differential equation of the form

(2.2) J
dy(x)

dx
= −zH(x)y(x), x ∈ [0, L),

which is considered to hold almost everywhere on [0, L). Here z ∈ C is a param-
eter and y is a vector-valued function, y(x) = (y1(x) y2(x))T , which satisfies the
boundary condition

(2.3) y1(0+) = 0.

If not stated otherwise, it is also assumed that for the Hamiltonian (2.1) the con-
dition

(2.4)

L∫
0

traceH(x)dx =∞

holds. Note that the condition (2.4) is equivalent to the fact that for the canonical
system (2.2) Weyl’s limit point case prevails at L.

For φ ∈ [0, π), denote

(2.5) ξφ =

(
cosφ
sinφ

)
.

An open subinterval I of [0, L) is called H-indivisible of type φ, 0 ≤ φ < π, if the
relation

(2.6) H(x) = k(x)ξφξ
T
φ , a.e. on I,

holds with some positive function k on I (see [Ka3]). An H-indivisible interval is
called maximal if it is not a proper subset of another H-indivisible interval. Note
that detH = 0 on H-indivisible intervals. According to L. de Branges, a point
x ∈ [0, L) is called singular if x belongs to an H-indivisible interval, otherwise x is
called regular.

With the Hamiltonian H are associated the following linear spaces, see [Ka1,
Ka3]: The Hilbert space L2(H) is the set of all (equivalence classes of) 2-vector
functions f(x) = (f1(x) f2(x))T on [0, L) with the property that

L∫
0

f(x)∗H(x)f(x)dx < +∞,
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equipped with the inner product

[f, g]L2(H) :=

L∫
0

g(x)∗H(x)f(x)dx.

Let L̂2(H) be the linear subspace of L2(H) which consists of all (equivalence classes
of) functions f ∈ L2(H) with the property that for each H-indivisible interval I of
type φ there exists a constant cI,φ,f ∈ C such that

ξTφ f(x) = cI,φ,f , x ∈ I.

It can be shown that L̂2(H) is a closed linear subspace of L2(H), in particular,

L̂2(H) is a Hilbert space.
For the Hamiltonian H the matrix initial value problem

(2.7)
dW (x, z)

dx
J = zW (x, z)H(x), W (0, z) =

(
1 0
0 1

)
is considered. Its solution, the 2× 2 matrix function

W (x, z) =

(
w11(x, z) w12(x, z)
w21(x, z) w22(x, z)

)
,

is said to be the fundamental matrix function of the canonical system (2.2). The
relation (2.7) implies that the matrix function W (·, z̄)∗ is the solution of the initial
value problem

(2.8) J
dW (x, z̄)∗

dx
= −zH(x)W (x, z̄)∗, x ∈ [0, L), W (0+, z̄)∗ = I.

It follows that for z, λ ∈ C

(2.9) W (x, z)JW (x, λ)∗ − J = (z − λ̄)

x∫
0

W (t, z)H(t)W (t, λ)∗ dt, x ∈ [0, L),

and in particular, for z ∈ C

(2.10) W (x, z)JW (x, z̄)∗ = J, W (x, z̄)∗JW (x, z) = J, x ∈ [0, L).

The matrix function W (·, z) is entire in z ∈ C and real, i.e. W (·, z̄) = W (·, z).
Moreover,

(2.11) detW = 1,

which follows from (2.10).
For each x ∈ [0, L) and z with Im z > 0, the linear fractional transformation

ω → w11(x, z)ω + w12(x, z)

w21(x, z)ω + w22(x, z)
, ω ∈ C+,

maps the upper halplane C+ onto a disk D(x, z) ⊂ C+. Moreover, see [dB2], if
x0 < x1 then D(x1, z) ⊂ D(x0, z). Let N be the set of Nevanlinna functions, i.e.
the set of all functions Q which are analytic on C\R, satisfy the symmetry condition

Q(z) = Q̂(z̄) for z ∈ C \ R, and map C+ into C+ ∪ R.
The following theorem goes back to [dB2], an alternative proof is contained in

[HSW].
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Theorem 2.1. Let W (·, z) be the solution of (2.7). Then for each t(z) ∈ N∪{∞}
the limit

(2.12) Q(z) = lim
x→L

w11(x, z)t(z) + w12(x, z)

w21(x, z)t(z) + w22(x, z)
, z ∈ C \ R,

is independent of t(z) and belongs to N ∪ {∞}. Moreover, for each z ∈ C \ R

(2.13) χ(z) = χ(·, z) = W (·, z̄)∗
(

1
−Q(z)

)
∈ L̂2(H).

If Q is a real constant or ∞, the only solution of (2.2) which belongs to L2(H)
is equivalent to the trivial solution. If Q is not a real constant, the function χ in
(2.13) is the only nontrivial solution of (2.2) which belongs to L2(H).

The function Q is called the Titchmarsh-Weyl coefficient of the canonical system
(2.2) or of the Hamiltonian H. Since Q is a Nevanlinna function, it has the unique
spectral representation, the so-called Riesz-Herglotz representation, see [AG, Do,
KaK1],

(2.14) Q(z) = a+ bz +

+∞∫
−∞

(
1

λ− z
− λ

1 + λ2

)
dσ(λ)

with a ∈ R, b ≥ 0 and

(2.15)

+∞∫
−∞

dσ(λ)

1 + λ2
<∞.

The non-negative measure σ is called the spectral measure of the canonical system
(2.2) or of the Hamitonian H.

Example 2.2. Let the Hamiltonian H be given by

(2.16) H(x) =

(
1 0
0 1

)
, x ∈ [0,∞).

The solution W (·, z) of the corresponding equation (2.7) is given by

W (x, z) =

(
cos(xz) sin(xz)
− sin(xz) cos(xz)

)
.

Hence the Titchmarsh-Weyl coefficient Q(z) is given by

Q(z) = lim
x→∞

sin(xz)

cos(xz)
= −i lim

x→∞

eixz − e−ixz

eixz + e−ixz
= i, Im z > 0,

since limx→∞ eixz = 0 and limx→∞ e−ixz =∞ if Im z > 0. The Stieltjes Inversion
formula, see [dB5, Do, KaK1], now implies that

σ′(x) =
1

π
lim
ε→0+

Im Q(x+ iε) = 1,

and thus

dσ(λ) =
1

π
dλ
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Example 2.3. Let the Hamiltonian H be given by

(2.17) H(x) = ξφξ
T
φ , x ∈ [0,∞).

Then H(x) is trace-normed and has rank 1 on R+. The solution W (·, z) of the
corresponding equation (2.7) is given by

W (x, z) =

(
1− zx cosφ sinφ zx cos2 φ
−zx sin2 φ 1 + zx cosφ sinφ

)
.

Hence the Titchmarsh-Weyl coefficient Q(z) is given by

Q(z) = cotφ.

The only solution of (2.2) which belongs to L2(H) is given by

χ(z) = χ(·, z) = W (·, z̄)∗
(

1
− cotφ

)
=

(
1

− cotφ

)
.

Clearly, H(x)χ(z) = 0, i.e. the solution χ(z) is equivalent to the trivial one.

With no loss of generality one can suppose that the Hamiltonian H is trace
normed, that is h1(x) + h2(x) = 1 a.e. on [0,∞). To justify this, let H be any
Hamiltonian on [0, L) and let y be a solution of the corresponding problem (2.2). By

x̂ :=
x∫
0

traceH(t)dt and Ĥ(x̂) := H(x)(traceH(x))−1 a trace normed Hamiltonian

Ĥ on [0,∞) is defined. Clearly, the relation (2.4) implies that x̂→∞ if x→ L. It
follows easily that with ŷ(x̂) := y(x) the equation

J
dŷ(x̂)

dx̂
= −zĤ(x̂)ŷ(x̂), ŷ1(0+) = 0

is satisfied. Taking into account (2.12), the Hamiltonians H and Ĥ correspond to
the same Titchmarsh-Weyl coefficient. For a detailed investigation concerning the
reparametrization of non-traced Hamiltonians see [WW2].

For the class of trace normed Hamiltonians a basic result in [dB4] can be formu-
lated as follows (see [W1]):

Theorem 2.4. (The inverse spectral Theorem) Each function Q ∈ N is the Titch-
marsh-Weyl coefficient of a canonical system with a trace normed Hamiltonian H
on [0,∞) which is not identically equal to H(x) = diag (1 0), x ∈ [0,∞); this
correspondence is bijective if two Hamiltonians which coincide almost everywhere
are identified.

This result holds only for two-dimensional canonical systems; for a inverse results
for canonical systems of higher dimension see [AD1]–[AD7]. The Titchmarsh-Weyl
coefficient corresponding to the trace normed Hamiltonian H is denoted by Q. Note
the following result from [dB2] (see also [W1]):

Lemma 2.5. For the number b in the representation (2.14) of Q holds the relation

b = sup{x : (0, x) is H-indivisible of type 0} ∪ {0}.

Hence, H(x) = diag (1, 0) on (0, b).

Let A be the linear relation which consists of all pairs {f, g} ∈ (L̂2(H))2 where
f is absolutely continuous, f1(0+) = 0, and

(2.18) J
df(x)

dx
= −H(x)g(x), x ∈ [0, L),
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holds. The domain of A is denoted by domA. The next theorem goes back to I.S.
Kac, see [Ka3]:

Theorem 2.6. If the Hamiltonian H of a canonical system satisfies the following
two conditions:

a)
ε∫
0

h2(x)dx > 0 for each ε > 0,

b) (0, L) is not an H-indivisible interval,

then domA is dense in L̂2(H) and A is a self-adjoint operator.

We say that a Hamiltonian H corresponds to an operator A if it satisfies the
conditions a) and b) of Theorem 2.6. According to Lemma 2.5, the condition a)
excludes that 0 is the left end point of an H-indivisible interval of type 0. In the
terminology of [Ka3] this means that the “first exceptional case” is excluded.

Under the assumptions a) and b), the spectral measure σ of the canonical system
is a spectral measure of the operator A in the following sense: There exists a linear

and isometric mapping F from L̂2(H) into L2
σ with the property FAF−1 ⊂ Mλ,

where Mλ is the operator of multiplication by the independent variable in L2
σ:

Mλ(f)(λ) := λf(λ), f ∈ L2
σ. Indeed, F can be chosen to be the following “Fourier

transformation”: Denote by L̂2
0(H) the subset of L̂2(H) of elements which vanish

identically near L, and define

(2.19) f̂(z) := (Ff)(z) :=

L∫
0

(w21(x, z) w22(x, z))H(x)f(x)dx.

Then the mapping f 7→ Ff is an isometry from L̂2
0(H) onto a dense subset of L2

σ.

Hence it can be extended by continuity to all of L̂2(H). The inverse transformation,

mapping L2
σ onto L̂2(H), is given by

(2.20) f(x) = l.i.m.N→+∞

+N∫
−N

(w21(x, λ) w22(x, λ))T f̂(λ)dσ(λ), x ∈ [0, L),

where l.i.m. denotes the limit in the norm of L̂2(H). For f, g ∈ L̂2(H), the relation

[f, g]L̂2(H) = [f̂ , ĝ]L2
σ

is also called Parseval’s identity, see [dB3, Ka3].

3. Hilbert spaces of entire functions

Now some aspects of the theory of L. de Branges [dB1]-[dB5] on Hilbert spaces of
entire functions (see also [DMcK]) are considered. A de Branges space K is defined
to be a Hilbert space whose elements are entire functions such that the following
axioms are satisfied (see [dB1]):

(H1) Whenever the function f belongs to K and has a non-real zero ω, the
function g defined by g(z) := f(z)(z− ω̄)/(z−ω) belongs to K and has the
same norm as f.

(H2) For each non-real ω, the functional Fω defined on K by Fωf := f(ω) is
continuous and linear.

(H3) The function f∗ given by f∗(z) := f(z̄) belongs to K whenever f belongs
to K and has the same norm as f.
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An entire function E with the property

(3.1) |E(z)| > |E(z̄)| for Im z > 0

will be called a de Branges-function (as in [DMcK]). For a given de Branges-function
E(z) the set K(E) of entire functions f(z), which satisfy the conditions

(3.2) ‖f‖2 :=

+∞∫
−∞

|f(t)|2|E(t)|−2dt <∞

and

(3.3) |f(z)|2 ≤ ‖f‖2 |E(z)|2 − |E(z̄)|2

2πi(z̄ − z)
, Im z 6= 0,

is a de Branges space satisfying (H1), (H2) and (H3) with respect to the scalar
product

(3.4) 〈f, g〉 :=

+∞∫
−∞

f(t)g(t)|E(t)|−2dt for f, g ∈ K(E).

For the components w21 and w22 of the fundamental matrix W of a canonical
system the function

(3.5) E(x, z) := w22(x, z) + iw21(x, z)

is a de Branges–function for any fixed x ∈ [0, L). If x is a regular point, the space
K(E(x, ·)) is isometrically imbedded in L2

σ. L. de Branges has shown in [dB1]-[dB5]
that for each non-negative Borel measure σ which satisfies (2.15) there exists a
canonical system such that σ is its spectral measure (Theorem 12, [dB2]). Moreover,
for each spectral measure σ there exists exactly one family of in L2

σ isometrically
imbedded de Branges spaces which is is completely ordered with respect to inclusion
(Theorem 7, [dB4]). This result is essential for the proof of Theorem 2.4 (see [W1]).
The function

(3.6) Kx(ω, z) =
w22(x, z)w21(x, ω)− w21(x, z)w22(x, ω)

z − ω̄
.

is a reproducing kernel for the de Branges space K(E(x, ·)), that is

(3.7) f(z) = 〈f,Kx(z, .)〉 =

+∞∫
−∞

f(λ)Kx(z, λ)dσ(λ).

for each f ∈ K(E(x, ·)), and the set of functions {Kx(ω, ·)} is dense in K(E(x, ·)).
Let

(3.8) u(x, z) :=

(
w21(x, z)
w22(x, z)

)
.

Note that u satisfies the equation

(3.9) J
du(x, z)

dx
= −zH(x)u(x, z), x ∈ [0, L), u(0, z) =

(
0
1

)
and that

(3.10) Kx(λ, z) =

x∫
0

u(t, λ)∗H(t)u(t, z)dt = −u(x, λ)∗Ju(x, z)

z − λ̄
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An entire function F belongs to the Cartwright class of the exponential type T if

+∞∫
−∞

| ln |F (x)||
1 + x2

dx <∞, and T = lim sup
|z|→∞

|z|−1 ln |F (z)|.

In [dB2] it is shown that the components wij(x, ·), i, j = 1, 2, of the fundamental
matrix W (x, ·) belong to the Cartwright class of the same exponential type T (x),
given by

T (x) =

x∫
0

√
detH(t)dt.

Moreover, the de Branges space K(E(x, ·)) consists of functions of exponential type
not exceeding T (x).

4. The spectrum of canonical systems

In this section some explicit relations between the Hamiltonian H and the cor-
responding Titchmarsh-Weyl coefficient Q or the spectral measure σ are listed.

4.1. Relations between H and Q. This subsection contains some results from
[W1]-[W3] about eigenvalues at 0, the meaning of the real constant a in (2.14), and
the shift of the spectrum.

Theorem 4.1. (see [W3]) For a canonical system with Hamiltonian H defined on
[0, L) and spectral measure σ the relation

(4.1) σ({0}) =

 L∫
0

h2(t)dt

−1

holds.

Lemma 4.2. (see [W1]) Let a canonical system with a trace normed Hamiltonian
H, fundamental matrix W and Titchmarsh-Weyl coefficient Q be given. For s ∈ R

and S =

(
1 s
0 1

)
, let

x̃(x) := trace

S x∫
0

H(t)dtST


and

H̃(x̃(x)) := SH(x)ST
(
trace (SH(x)ST )

)−1
.

Then limx→∞ x̃(x) = ∞ and H̃ (with respect to the scale x̃) is the trace normed

Hamiltonian corresponding to the fundamental matrix W̃ given by

W̃ (x̃, z) = SW (x, z)S−1

and the Titchmarsh-Weyl coefficient

Q̃ = Q+ s.

The following result (see [W2]) shows how the Hamiltonian changes if the cor-
responding spectral measure is “shifted” along the real line.
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Lemma 4.3. Let Q be the Titchmarsh-Weyl coefficient of a canonical system with
trace normed Hamiltonian H and fundamental matrix W. For l ∈ R, by

x̃(x) = trace

 x∫
0

W (t,−l)H(t)W (t,−l)T dt


H̃(x̃) = W (x,−l)H(x)W (x,−l)T dx

(
dx̃

dx

)−1
,(4.2)

a Hamiltonian H̃ is determined on [0,∞) whose Titchmarsh-Weyl coefficient Q̃ has
the property

Q̃(z) = Q(z − l), dσ̃(λ) = dσ(λ− l).

4.2. Canonical Systems with a semibounded spectrum. Recall that a subset
of R is called semibounded if its infimum or its supremum is finite. A canonical
system is called semibounded if its spectrum, that is the support of its spectral
measure σ, is semibounded. The following result is from [W3].

Theorem 4.4. If suppσ is semibounded and the corresponding Hamiltonian is
trace normed, then detH = 0 a.e. on [0,+∞) and the components h1, h2 and h3
of H are functions of locally bounded variation.

Corollary 4.5. If the spectral measure σ of the canonical system with Hamiltonian
H has the property suppσ ⊂ [0,∞), then the set D(v) := {x : x ≥ 0, h2(x) > 0}
is connected and the function

v(x) :=
h3(x)

h2(x)

(
=
h1(x)

h3(x)

)
, x ∈ D(v),

is non-decreasing. If suppσ ⊂ (0,∞), then D(v) = (b,∞) with the constant b from
the representation (2.14) of the Titchmarsh-Weyl coeffcient Q.

At the points where h2 > 0 the Hamiltonian of a semibounded canonical system
is characterized by the function v. It turns out that it is sometimes more convenient
to consider Hamiltonians which are normalized as follows:

(4.3) H(x) =



(
v2(x) v(x)

v(x) 1

)
if h2(x) 6= 0,(

1 0

0 0

)
if h2(x) = 0.

x ∈ [0, L), L ≤ +∞,

Note that the function v2 is locally integrable on [0, L) as
x∫
0

traceH(t)dt < +∞ if

x < L.

Theorem 4.6. (see [W3]) A canonical system which is semibounded from below has
a Hamiltonian of the form (4.3) with the following properties: Let Ik, k = 1, 2, ...
be the ordered sequence of the maximal H-indivisible intervals of type 0, and let
E := (0, L) \

⋃
k Ik. Then the intervals Ik can only accumulate at L. There is an

at most countable number of exceptional points xi ∈ E, i = 1, 2, . . . , whose only
possible accumulation point is L such that on each interval of E \ {x1, x2, . . .} the
function v is non-decreasing and right-continuous. At an exceptional point xi ∈ E
the function v has either a (finite) negative jump, that is v(xi+)− v(xi−) < 0, or
it becomes singular with v(xi−) = +∞ or v(xi+) = −∞.
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A corresponding result for canonical systems which are semibounded from above
exists, see [W3].

4.3. Canonical systems with a finite number of negative eigenvalues. A
canonical system has κ (<∞) negative eigenvalues if its spectral measure σ has the
property that suppσ∩(−∞, 0) is a set of κ points. In this case, if the Hamiltonian H
corresponds to an operator A, the number of negative squares of the form a[f, f ] :=
[Af, f ]L̂2(H) is equal to κ and A has κ negative eigenvalues. By Theorem 4.4,

the corresponding Hamiltonian H has the property that detH ≡ 0. The following
theorem from [W3] characterizes the Hamiltonian H of the form (4.3) corresponding
to a canonical system with a finite number of negative eigenvalues.

Theorem 4.7. Suppose that the canonical system has a finite number κ of negative
eigenvalues. Then its Hamiltonian H of the form (4.3) has the following properties:

(1) The number κ1 of all bounded and maximal H-indivisible intervals I1, . . . , Iκ1

of type 0 is finite.
(2) There is a finite number κ2 of exceptional points xi ∈ E := (0, L) \

⋃
k Ik

such that on each interval of E \ {x1, . . . , xκ2} the function v is non-
decreasing and right-continuous. At an exceptional point the function v
has either a negative jump or it becomes singular.

(3) If I1 = (0, b), b > 0, then κ = κ1 + κ2 − 1, otherwise, if 0 ∈ E, the relation
κ = κ1 + κ2 holds.

Conversely, if the Hamiltonian H of the form (4.3) has the properties (1) and (2),
then the canonical system has a finite number of negative eigenvalues.

If the canonical system has a finite number κ of positive eigenvalues, a corre-
sponding result exists, see [W3]. For Hamiltonians which are partially of the form
(4.3) the following results hold, see [WW1].

Theorem 4.8. Let H be a Hamiltonian defined on [0, L) and assume that for some
ε ∈ (0, L) one has

H(x) =

(
v(x)2 v(x)
v(x) 1

)
, x ∈ (0, ε) ,

with a nondecreasing function v : (0, ε)→ R. Then the limit limy→+∞Q(iy) exists
in R ∪ {−∞} and in fact

(4.4) lim
y→+∞

Q(iy) = lim
x↘0

v(x) .

Theorem 4.9. Let H be a Hamiltonian defined on [0, L) and assume that for some
l ∈ (0, L) one has

H(x) =

(
v(x)2 v(x)
v(x) 1

)
, x ∈ (l, L) ,

with a nondecreasing function v : (l, L)→ R. Then the Tichmarsh-Weyl coefficient
Q is meromorphic in C \ [0,+∞), the negative real poles of Q cannot accumulate
at 0, and the limit limz↗0Q(z) exists in R ∪ {+∞}. In fact,

(4.5) lim
z↗0

Q(z) = lim
x↗L

v(x).
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4.4. Canonical Systems with a discrete spectrum. The following result from
I.S. Kac, see [Ka6],[Ka7], contains a sufficent condition about the discreteness of the
spectrum of a canonical system, meaning that suppσ has no accumulation point in
R.

Theorem 4.10. Let H be a Hamiltonian of the form (2.1) defined on [0,∞), and

assume that the function B(x) :=
x∫
0

h3(t)dt is bounded on [0,∞). Then the spectral

measure σ is discrete if one of the following two relations hold:

(4.6) lim
x→+∞

 x∫
0

h2(t)dt

+∞∫
x

h1(t)dt

 = 0, lim
x→+∞

 x∫
0

h1(t)dt

+∞∫
x

h2(t)dt

 = 0.

Moreover, if h3 = 0 on [0,∞), then this condition is necessary.

4.5. Canonical systems with a finite spectral measure. In this subsection
canonical systems whose Titchmarsh-Weyl coefficients have the property that the
corresponding spectral measure is finite are considered. It turns out that the Hamil-
tonian starts then with an indivisible interval even in case that b = 0, see Lemma
2.5 if b > 0. The following result is from [W4].

Theorem 4.11. The Titchmarsh-Weyl coefficient Q of a canonical system with

Hamiltonian H has the property that b = 0 and
+∞∫
−∞

dσ(λ) < ∞ if and only if 0 is

the left end point of an H-indivisible interval of type different from zero. If H is
trace normed and Q has a representation of the form

(4.7) Q(z) = a+

+∞∫
−∞

dσ(λ)

λ− z

and (0, l) is the maximal H-indivisible interval of type φ 6= 0, then the relations

a = cotφ and
+∞∫
−∞

dσ(λ) = (l sin2 φ)−1 hold.

If all moments of the spectral measure σ of a canonical system exist, M.G. Krein
and H. Langer gave in [KL2] explicit representations of the Hamiltonian by means
of corresponding orthogonal polynomials (see also [A]).

4.6. Canonical systems with a diagonal Hamiltonian and strings. Canon-
ical systems of differential equations are generalizations of the so-called differential
equations of vibrating strings with a non-homogenous mass-distribution function
as considered by M.G. Krein, see e.g. [KaK2]. The particular case of strings with
a discrete mass distribution (like a pearl necklace) was already investigated by T.
Stieltjes, see [St, K3]. If the Hamiltonian H is a diagonal matrix, the entries h1
and h2 are related to the length and the mass of a string. The following result is
from [LW].

Lemma 4.12. The Hamiltonian H in (2.1) is of diagonal form,

H(x) =

(
h1(x) 0

0 h2(x)

)
, x ∈ [0, L)
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if and only if the corresponding Titchmarch-Weyl coefficient Q satisfies the relation

Q(z) = −Q(−z), z ∈ C \ R.

By defining

(4.8) x(t) :=

t∫
0

h1(s)ds, m(x) :=

max{t:x(t)=x}∫
0

h2(s)ds, l :=

L∫
0

h1(s)ds

and
φ(x, z2) := w22(t, z), zψ(x, z2) := w12(t, z),

the functions ϕ(x, z) and ψ(x, z) are solutions of the following differential equation
of a string as considered by M.G. Krein (see e.g. [KaK2])

(4.9) dy′(x) + zy(x)dm(x) = 0, y′(0−) = 0, x ∈ [0, l).

This problem arises if Fourier’s method is applied to the partial differential equation
which describes the vibrations of a string with free left endpoint 0 on the interval
[0, l), where m(x) is the mass of the string on the interval [0, x]

Between the principal Titchmarsh-Weyl coefficient QS (see [KaK2]) of the string
and the corresponding Titchmarsh-Weyl coefficient Q of the canonical system the
following relation holds:

(4.10) zQS(z2) = Q(z) z ∈ C \ R.
For more connections between strings and canonical systems see, also in an indefi-
nite situation, see e.g. [KaK2, Ka5, KL1, L, LW, KaWW].

5. Small Perturbations of Canonical Systems

The proof of Theorem 2.4 that there is a bijective correspondence between trace-
normed canonical systems and their Titchmarsh-Weyl coefficients is not construc-
tive and does not allow the determination of the Hamiltonian for a given Nevanlinna
function Q. Therefore it seems to be of interest, to give some general rules, how the
Hamiltonian changes if the Titchmarsh-Weyl coefficient (or its spectral measure)
undergoes certain transformations. They can be considered as generalizations of
corresponding results of M.G. Krein for strings and their spectral measures, see
[K3, K4, DMcK, DK1, DK2]. Some of the transformation formulas in [W2] are
special cases of Theorem 5.1 below.

If only the constants b and a in the representation (2.14) of Q are changed, the
corresponding transformations for the Hamiltonian are given by Lemma 2.5 and
Lemma 4.2, see also [W1]. In this section transformations concerning the spectral
measure σ are considered. Let σ• be the spectral measure of a Titchmarsh-Weyl
coefficient Q• with corresponding Hamiltonian H•. If the spectral measure σ• is a
small perturbation of σ, that is if the signed measure σ̃ := σ•−σ is sufficiently small
(see below), the scale x• of the Hamiltonian H• can be parametrized in terms of the
scale x of the Hamiltonian H corresponding to the spectral measure σ : x• = x•(x),
such that the corresponding de Branges spaces K(E•(x•(x), ·)) and K(E(x, ·)) con-
tain the same set of functions. We mention that these de Branges spaces need not
coincide as Hilbert spaces. Under the assumption that the spectral measure σ• is a
small perturbation of σ, in this chapter the corresponding Hamiltonian H• in terms
of the canonical system corresponding to σ is presented.

The spectral measure σ• is a small perturbation of σ if
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(i) there is a bounded interval E ⊂ R and a constant c > 0 such that on
R \ E the measure σ• is absolutely continuous with respect to σ and for

λ ∈ suppσ ∩ R \ E the relation d|σ̃|
dσ (λ) ≤ c

1+λ2 holds

(ii) the measure σ is absolutely continuous with respect to σ•.

In the sequel the expression
x∫
f(t)dt denotes some primitive of the function f.

Theorem 5.1. Let a canonical system with Hamiltonian H on [0, l) and spectral
measure σ and functions u and Kx (see (3.9), (3.10)) be given. Assume that the
spectral measure σ• := σ+ σ̃ is a small perturbation of σ. Let a(x, z) be the solution
of the integral equation

(5.1) u(x, z) = a(x, z) +

+∞∫
−∞

a(x, λ)Kx(λ, z)dσ̃(λ),

let a and b denote the vector functions defined by

(5.2) a(x) := a(x, 0), b(x) :=
da(x, z)

dz
|z=0,

and let P be the following matrix function:

(5.3) P (x) :=

(
q(x)T

a(x)T

)
=

(
q1(x) q2(x)
a1(x) a2(x)

)
,

where

(5.4) q(x) :=
b(x)

a(x)TJb(x)
− a(x)

x∫
a(t)TH(t)b(t)

(a(t)TJb(t))
2 dt.

Then detP = 1 holds. Let

(5.5) x•(x) :=

x∫
0

traceP (t)H(t)P (t)T dt, l• := lim
x→l

x•(x).

Then by the relation

(5.6) H•(x•) := P (x)H(x)P (x)T
(
dx•

dx

)−1
, x• ∈ [0, l•],

on the interval [0, l•] a Hamiltonian H• (with independent variable x•) correspond-
ing to the spectral measure σ• := σ + σ̃ is given.

Explanation: The definition of q shows that it is only given up to multiples of
the function a. Clearly, for each s ∈ R, the Hamiltonian H•s defined by means of
the matrix function

(5.7) Ps(x) :=

(
(q(x) + sa(x))T

a(x)T

)
=

(
1 s
0 1

)
P (x)

corresponds also to the spectral measure σ•, and for the corresponding Titchmarsh-
Weyl coefficient Q•s holds the relation Q•s − Q• = s. Conversely, to each (trace

normed) Hamiltonian H̃• corresponding to the spectral measure σ• there exists

s ∈ R such that H̃• = H•s holds, see Lemma 4.2 above.
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Example 5.2. Assume that m ∈ R is such that m+ σ([0]) ≥ 0. Let

S(x) = 1 +m

x∫
0

h2(t)dt,

A(x) = 2

x∫
0

S(t)h3(t)dt,

P (x) =

(
S(x) −mS(x)A(x),

0 S(x)−1

)
and define H•(x•) by the relation (5.6), then the following holds:

Q• = Q(z)−mz−1,
σ• = σ +mδ0.
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25–40. Part (2): Beiträge zur Analysis 15 (1981), 27–45.

[KL2] M.G. Krein and H. Langer: On some continuation problems which are closely connected
with the theory of operators in spaces Πκ. IV. Continuous analogues of orthogonal poly-
nomials on the unit circle with respect to an indefinite weight and related continuation

problems for some classes of functions. J. Oper. Theory, 13 (1985), 299–417.

[L] H. Langer: Spektralfunktionen einer Klasse von Differentialoperatoren zweiter Ordnung
mit nichtlinearem Eigenwertparameter. Ann. Acad. Sci. Fenn. Ser. A I Math. 2 (1976),

269-301.
[LM] H. Langer and R. Mennicken: A transformation of right-definite S-hermitian systems

to canonical systems. Differ. Integral Equ. 3, (1990) 901–908.

[LW] H. Langer and H. Winkler: Direct and inverse spectral problems for generalized strings.
Integral Equations Operator Theory 30 (1998) 409–431.



18 HENRIK WINKLER

[LeM] M. Lesch and M. M. Malamud: On the deficiency indices and self-adjointness of sym-

metric Hamiltonian systems. J. Differ. Equations 189 (2003) 556–615.

[O] B.C. Orcutt Canonical differential equations, Doctoral dissertation, University of Vir-
ginia, 1969.

[P] V.P. Potapov: The multiplicative structure of J–contractive matrix functions. Amer.

Math. Soc. Transl. (2), 15 (1960), 131–243.
[RS1] J. Rovnyak and L.A. Sakhnovich: Some indefinite cases of spectral problems for canon-

ical systems of difference equations. Linear Algebra Appl. 343/344 (2002), 267–289.

[RS2] J. Rovnyak and L.A. Sakhnovich: Spectral problems for some indefinite cases of canon-
ical differential equations. J Operator Theory 51 (1) (2004), 115–139.

[RS3] J. Rovnyak and L.A. Sakhnovich: Inverse problems for canonical differential equations

with singularities, IWOTA 2005 proceedings, Oper. Theory Adv. Appl. 179 (2007), 257–
288.

[RS4] J. Rovnyak and L.A. Sakhnovich: Pseudospectral functions for canonical differential
systems. Modern Analysis and Applications: The Mark Krein Centenary Conference, Vol.

2, Oper. Theory Adv. Appl. 191 (2009), 187–219.

[S1] A.L. Sakhnovich: Spectral functions of a canonical system of order 2n. Math. USSR
Sbornik 71 (1992), 355–369.

[S2] L.A. Sakhnovich: Factorization problems and operator identities. Russian Math. Surveys

41 (1986), 1–64.
[S3] L.A. Sakhnovich: Nonlinear equations and inverse problems on a semi–axis. preprint,

Inst. of Math., Acad. of Sciences of the UkrSSr, Kiev (1987), 1–55 (Russian).

[S4] L.A. Sakhnovich: The method of operator identities and problems of analysis. Algebra
and Analysis 5 (1993), 4–80.

[S5] L.A. Sakhnovich: Spectral Theory of Canonical Differential Systems. Method of Opera-

tor Identities. Birkhäuser, Basel, 1999.
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