
Numerical investigations of shallow

moist convection

Thomas Weidauer

Department of Mathematics and Natural Science

Ilmenau University of Technology

A thesis submitted for the degree of

Doctor rerum naturalium

urn:nbn:de:gbv:ilm1-2013000050



Acknowledgements

I would like to acknowledge everyone who contributed to this work. Es-

pecially my supervisor Jörg Schumacher, for his help, support and advice

over the past years. Furthermore, I wish to thank Olivier Pauluis for help-

ful hints and discussion. Also all colleagues at the Institute of Thermody-

namics and Fluid Mechanics and the Computing Center of the Technical

University of Ilmenau, friends, relatives and the referees. Special thanks to

Gautam Pulugundla for proof-reading the thesis. Sorry to everyone I forgot

to mention. In this sense:

“Errare humanum est.”



Zusammenfassung

Atmosphärische Konvektion ist ein sehr aktives Forschungsfeld mit vielen

Richtungen, etwa Messtechnik, Laborexperimente und numerische Simu-

lationen. Ein Großteil dieser Simulationen sind sogennante Large-Eddy-

Simulationen, bei denen nur die großskaligen Strömungsstrukturen aufgelöst

werden und kleinere Strukturen der Turbulenz modelliert sind. Jedoch spie-

len genau diese kleineren Strukturen eine wichtige Rolle für das Verständnis

physikalischer Prozesse innerhalb von Wolken. Deshalb werden in dieser Ar-

beit bevorzugt direkte numerische Simulationen durchgeführt, die alle tur-

bulenten Längenskalen auflösen. Die höhere Auflösung geht aber auf Kosten

der physikalischer Komplexität und der erreichbaren Turbulenzstärke.

Die Arbeit beginnt mit einer kurzen Einführung in die Gebiete thermische

und atmosphärische Konvektion. Besondere Beachtung erhält dabei das

komplexe Zusammenspiel zwischen turbulenter Strömung und physikalischer

Prozesse auf sehr kleinen Größenskalen. Auch wie Wolken auf das Klima der

Erde einwirken wird diskutiert. Anschließend wird das Model für feuchte

Rayleigh-Bénard Konvektion vorgestellt.

Im Hauptteil der Dissertation werden Resultate der numerischen und ana-

lytischen Untersuchungen präsentiert. Zu Beginn liegt der Fokus auf dem

Übergang zur Turbulenz. Einige Eigenschaften dieses Übergangs sind ähn-

lich derer einfacher Scherströmungen. Folglich können Methoden, die für

die Untersuchung des Turbulenzübergangs solcher Strömungen entwickelt

wurden, in abgwandelter Form hier genutzt werden. Im weiteren wer-

den Ergebnisse direkter numerischer Simulationen diskutiert. Geometrische

Eigenschaften der simulierten Wolken sowie der Einfluss der thermischen

Randbedingungen sind Inhalt der folgenden Abschnitte. Über die ganze Ar-

beit hinweg werden die Resultate mit Erkenntnissen aus trockener Rayleigh-

Bénard und atmosphärischer Konvektion verglichen.

Das Hauptaugenmerk der Arbeit liegt auf der Erforschung des Effekts

latenter Wärmefreisetzung auf atmosphärische konvektive Prozesse, ohne

Berücksichtigung anderer relevanter Prozesse, wie zum Beispiel Nieder-

schlag.



Abstract

Atmospheric convection is a matter of ongoing research, either in terms

of measurement techniques, laboratory experiments or numerical simula-

tions. Usually the numerical computations are performed using large eddy

simulations – where only large scale flow structures are resolved and the

effect of small scale flow structures on turbulent motion is modelled using

subgrid scale models. However, it is well-known that the small scale flow

structures play an important role in understanding the physics of shallow

cumulus convection. Therefore, in the thesis, direct numerical simulations

are performed – where all the turbulent length scales are resolved. This

naturally limits the work to moderate turbulence and a reduced physical

complexity. In this thesis, the simulations are performed using a simplified

model for moist convection.

The thesis opens with a brief introduction to thermal and atmospheric con-

vection. Light is shed on the complex interaction between cloud physics and

fluid turbulence. Furthermore, the larger picture of the influence of clouds

on the Earth’s climate is also discussed. After that, the moist Rayleigh-

Bénard convection model is introduced.

In the main part of the thesis the results of computer experiments and

analytical investigations are presented and analyzed. First, focus is placed

upon the onset of convection and the transition to turbulence. The onset

of moist convection is found to share some properties with the transition

in simple shear flows, techniques developed for the investigation of shear

flows are adopted to the current problem. Results of direct numerical sim-

ulations are presented afterwards. Geometric properties and the influence

of the thermal boundary conditions are investigated in the last sections.

Throughout this work the results are compared with those from the case

of dry Rayleigh-Bénard convection and other investigations of atmospheric

convection.

The quintessence of this work is to clarify how latent heating affects atmo-

spheric convection, in absence of further relevant effects, such as precipita-

tion.



Contents

Contents iv

1 Introduction 1

1.1 Thermal convection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Atmospheric moist convection . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Turbulence in the atmosphere . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Energy budget of the Earth . . . . . . . . . . . . . . . . . . . . . . . . 8

1.5 Scope of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 Model for shallow moist convection 13

2.1 Equations of motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 Moist thermodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3 Buoyancy for moist convection . . . . . . . . . . . . . . . . . . . . . . . 17

2.4 Model equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.5 State of the art . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3 Onset of convection 27

3.1 Linear stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.2 Transition to turbulence . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2.1 Galerkin approximation . . . . . . . . . . . . . . . . . . . . . . 34

3.2.2 Subcritical regime . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2.3 Supercritical regime . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.3 Summary and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4 Cloud pattern analysis in the linearly unstable regime 52

4.1 Numerical scheme and initial configurations . . . . . . . . . . . . . . . 52

iv



CONTENTS

4.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.2.1 Cloud size distribution. . . . . . . . . . . . . . . . . . . . . . . . 56

4.2.2 Box counting analysis of cloud fields . . . . . . . . . . . . . . . 58

4.2.3 Perimeter-area analysis of cloud fields . . . . . . . . . . . . . . . 60

4.2.4 Intermittency of the upward buoyancy flux . . . . . . . . . . . . 62

4.3 Summary and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5 Thermal boundary conditions in the conditionally unstable regime 67

5.1 Numerical methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.2 Relation between both sets of boundary conditions . . . . . . . . . . . 76

5.3 Convection without phase changes . . . . . . . . . . . . . . . . . . . . . 79

5.4 Convection with phase changes . . . . . . . . . . . . . . . . . . . . . . 81

5.4.1 Mean buoyancy profiles and cloud cover . . . . . . . . . . . . . 82

5.4.2 Buoyancy transport . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.4.3 Mean velocity fluctuations . . . . . . . . . . . . . . . . . . . . . 87

5.4.4 Flow, cloud and buoyancy field structure . . . . . . . . . . . . . 89

5.5 Summary and outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

6 Proper orthogonal decomposition 97

6.1 Numerical methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

6.2 Preliminary results and discussion . . . . . . . . . . . . . . . . . . . . . 103

7 Summary 112

8 Outlook 115

References 117

v



Chapter 1

Introduction

René Descartes (1596-1650) about clouds: “Since one must turn his eyes toward heaven

to look at them, we think of them ... as the throne of God ... . That makes me hope

that if I can explain their nature ... one will easily believe that it is possible in some

manner to find the causes of everything wonderful about Earth.” [1]

The french philosopher and mathematician Descartes realized in the 17th century

that the understanding of the versatile cloud phenomenon will be challenging for hu-

manity. Almost 400 years later the knowledge about clouds and related processes is

still far from being complete. This is because of a wide range of physical mechanisms

and their complex interplay like droplet growth, turbulence, radiation, and many more

that are involved in clouds. Over the last years increased computing resources and

new measurement facilities [2] helped to improve the understanding of atmospherical

problems and in the future more and more mysteries about the nature of clouds will

be revealed.

The investigation of clouds brings two reasearch areas, which are already com-

plicated in their own, together. On the one side the physics of turbulent flows and

transport, on the other side the highly nonlinear thermodynamics of phase changes.

In clouds, phase transitions between gaseous, liquid and ice phases are the core of the

complex interplay between thermodynamics and fluid dynamics. This introduction will

give a short insight on both topics, by explaining basic concepts and ideas and will also

touch upon their respective research fields. It does not claim completeness, but will

help to get a first impression of this interesting and complex topic. Additional infor-

mation can be found in the cited references. At the end of this chapter, the structure

of the thesis is explained.
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1.1. THERMAL CONVECTION

1.1 Thermal convection

Thermal convection is a common process in nature and technology. In fact it extends

from a simple phenomenon like boiling water in the kitchen to oceanic circulations [3],

convective flows in stars [4] and planets. Similarly it is widely believed that thermal

convection is the basic cause of tectonic processes in the Earth’s crust. Furthermore,

in engineering applications such as heat exchangers for power plants [5], indoor ven-

tilation in aircrafts [6] or cooling of computer chips [7], thermal convection plays an

important role. In spite of their rather different specific nature, all these processes

share a common thread, that is the fact that they are all driven by temperature differ-

ences in the fluid. This leads to density variations there by creating buoyancy forces

and finally causing convective fluid motion. Often these thermal convection phenom-

ena are accompanied by other processes like chemical reactions or radiation and are

influenced by electromagnetic fields or particles in the fluid.

Figure 1.1: Left: convection cells in Bénards experiment, from [8]. Right: cylindrical setup
of the RB experiment, from [9].

The archetype to study purely thermal convection is the Rayleigh-Bénard (RB) ex-

periment [10]. As the name suggests, it goes back to Henry Bénard and Lord Rayleigh.

Bénard described the problem in 1900 in his dissertation [11]. The experiment con-

sists of a heated plate on which melted wax was cast, above this wax layer was air

at room temperature. In Fig. 1.1 (left) the resulting patterns of the experiment are

pictured, where hexagonal cells represent the fluid motion. RB systems often organize

into various patters like rolls, hexagonal or cell structures to transport heat most effi-
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1.1. THERMAL CONVECTION

ciently. Today it is known that the observations of Bénard are not only the result of a

temperature gradient, but are also, to a large portion, due to surface tension.

One of other major contributors to the field of convection was Lord Rayleigh. In

1916 [12], he provided a first explanation for the transition from conduction to con-

vective motion. His setup was slightly different compared to Bénards experiment, at

the upper boundary an additional plate was installed avoiding consequently the effects

of surface tension. In Fig. 1.1 (right), a sketch of a typical setup is given, here for a

cylindrical geometry. Ideally the two plates are held at constant temperature, a hot

plate at the bottom and a cold one at top. The temperature difference is given by

∆T = Thot−Tcold. If this value is strong enough then a fluid parcel has sufficient buoy-

ancy, compared to its environment, to overcome viscous drag and thermal diffusion;

the fluid parcel will start to move. All RB experiments with the same geometry can

be expressed through three dimensionless parameters:

Ra =
gα∆TH3

νκ
, Pr = ν/κ, Γ = L/H . (1.1)

Here g is the gravity acceleration, α the thermal expansion coefficient, ν the kinematic

viscosity and κ the thermal diffusivity. The Rayleigh number Ra describes the ratio of

convective forces to viscous forces, the Prandtl number Pr is a material constant which

gives the ratio of momentum diffusivity to thermal diffusivity and Γ is the aspect ratio

given by the ratio of a typical lenght scale (like the diameter of the cylinder) and the

vertical distance between the plates.

Since the early pioneering works of Rayleigh and Bénard, many researchers have

contributed to the physical understanding of convective phenomenon. In fact it has

been a very extensively studied problem, either in the regime of transition to turbulence

[13] and pattern formation [14] or the fully turbulent case [10]. Beside other interest-

ing phenomena the central question in RB convection is how the convective motion

increases the heat transport across the layer compared to the diffusive heat transport.

This relation is given by the dimensionless Nusselt number. The key issue for exper-

iments and numerical simulations is to find a physical law for the Nusselt number in

dependence on Rayleigh and Prandtl number for very high Rayleigh numbers [9].

3



1.2. ATMOSPHERIC MOIST CONVECTION

1.2 Atmospheric moist convection

In contrast to thermal convection, moist convection is not only driven directly by

temperature differences. It is mostly also driven by the water vapor distribution and

the related latent heating, or by radiative cooling (on top of stratocumulus at night).

A further difference is the tendency of moist convection to cluster in turbulent cloudy

patches separated by a rather quiescent environment, also in nature these clouds are

not bounded between flat conducting plates compared to the RB experiment. For

moist convection a key feature is that air parcels behave differently whether they are

saturated or not. This is the essence why the earlier mentioned understanding of moist

convection is still rather incomplete compared to its dry counterpart.

Figure 1.2: Schematic overview of cloud types and their altitude, from [15].

Atmospheric moist convection is visible through clouds, which can have a rich

variety of forms reaching from smaller fair weather clouds to huge thunderstorm clouds

(see Fig. 1.2). Each type of this polymorphous phenomenon has distinct properties and

different circumstances under which they evolve. Clouds are not passive, they interact

in multiple ways with other parts of the atmosphere through mechanism like radiation

4



1.2. ATMOSPHERIC MOIST CONVECTION

[16] or microphysical processes (precipitation) [17]. In Ref. [18] basic cloud types are

reviewed and also many textbooks deal with this topic [19, 20]. In the following, light

is shed on one archetype of moist convection, shallow (cumulus) convection. As the

name suggests these clouds are confined in relatively shallow layers and are denoted

as low clouds in Fig. 1.2. This does not mean that the importance of the other types

should be underestimated.

Shallow or low clouds are ubiquitous and span large expanses of the world’s oceans

and are common over land during daytime. Two main types can be identified, isolated

cumulus clouds and closed stratocumulus cloud layers. The vertical thermodynamic

properties of the atmosphere and also large scale global circulations are strongly in-

fluenced by shallow cumulus convection. The surface evaporation over oceans can be

increased enormously by the transport of heat and moisture due to shallow clouds.

This upward transported moisture is then carried away by trade winds towards the

equator where the stored latent heat is released in deep convective precipitating cumu-

lus towers. This process is known as the Hadley circulation and cumulus clouds can

be regarded as one fuel supplier for this global circulation [21].

Figure 1.3: Cartoon of the dynamics of cumu-
lus clouds, from [21]

Besides their global importance, the

aspects of individual clouds are also rel-

evant. Many measurements of shallow

cumulus clouds (for an ongoing mea-

surement campaign see [22]) provide a

good knowledge about their statistical

properties like their short lifetime and

the fact that they are rarely precipi-

tating. In the ideal nonprecipitating

form, shallow cumulus convection acts

irreversibly only through local mixing

with environmental air, in this sense it

is similar to dry convection. Differences

to RB convection are the asymmetry of

up- and downward motion. Rising air is

more likely to be saturated and releas-

ing latent heat for maintaining the rise

while falling air tends to be unsaturated

5



1.3. TURBULENCE IN THE ATMOSPHERE

and must do work on the flow [23]. For

a long time, it has been thought that this is the reason why cumulus clouds tend to

have a small area fraction [24]. Nevertheless, cell structures are often observed for

cumulus convection, they may look similar to dry convection cells, but are much larger

(e.g. the ratio of their vertical to the horizontal dimension).

Now a simple description of cumulus convection and involved transport mechanisms

will be given. For this in Fig. 1.3 typical conditions over oceans under which cumulus

convection evolves are shown in a sketch, with typical setting for potential temperature

θ (the temperature a parcel would have, if brought adiabatically to a standard reference

pressure) and the water vapor content qv (mass fraction of water vapor of an air parcel).

Near the surface, a thin unstable layer can be found, on the other hand, the surface

layer provide an upward heat and moisture flux. Above is the dry convective boundary

layer, because of small temperature differences or other perturbations some air parcels

will start to rise in this layer. During the ascent, it will cool and expand adiabatically

until it reaches the lifting condensation level (LCL) where it gets oversaturated. A

parcel that has enough kinetic energy to cross this altitude will start to release latent

heat, making it lighter and positively buoyant compared to its environment. A cumulus

cloud is born with well defined cloud boundaries, it will grow and rise further. This

cloud layer is usually conditionally unstable which means that dry air is stably and

saturated air is unstably stratified (see also section 2.4). But the cloud cannot rise

endlessly, on top is the dry and warm inversion layer which acts like a potential barrier

for rising parcels. The cloud is now in the passive state with a blurred boundary and

will eventually evaporate through mixing with environmental air. What remains is

water vapor in the conditionally unstable layer. Of course this is a very simple view

and reality is much more complicated than this short explanation.

1.3 Turbulence in the atmosphere

Clouds are clustered water droplets and ice crystals. They are nonstationary, inhomoge-

nous and include a wide range of temporal and spatial scales. On all scales, turbulence

will be present and is coupled in many ways with microphysical processes. Fig. 1.4

provides an overview of various scales of turbulence that influence atmospheric pro-

cesses and vice versa. For example, turbulence drives entrainment (a mixing of cloudy

and dry air across the cloud boundary) and mixing inside clouds. Consequently this

6



1.3. TURBULENCE IN THE ATMOSPHERE

will result in enhanced fluctuations of temperature,

aerosol concentration or humidity and thus affect the

evolution of water droplets and ice crystals just as

phase transition processes, collision and breakup of

particles. All these processes are not passive and will

feed back on the turbulence via buoyancy and drag

forces. Droplets affect tubulence by changing the wa-

ter vapor field in their surroundings and by the re-

lease of latent heat. This can thus affect dynamical

processes up to the largest scales, like cloud clusters.

Another example of scale interactions is an increased

collision rate of droplets due to inertial clustering in

turbulence, which will amplify the formation of rain

– that under conscience circumstances, can evaporate

below the cloud base and maybe reverse flow struc-

tures [25]. All this shows that it is not possible to

investigate one phenomenon in the atmosphere in iso-

lation from the rest without considering the relation

between the whole system and the individual process.

That makes the investigation of the atmospheric mo-

tion much more complicated.

Figure 1.4: Interaction of turbulence and cloud dynamics
on different scales. Figure is from Ref. [26].

How exactly the individual processes work and

affect each other is for some of them not yet re-

solved. The understanding of fully developed turbu-

lent flows and the investigation of cloud microphys-

ical processes will help in gaining new insights into

this field [27, 28]. Laboratory experiments under con-

trolled circumstances, precise observations and mea-

surements of clouds and atmospheric flows, and nu-

merical simulations are the tools at hand that will

7



1.4. ENERGY BUDGET OF THE EARTH

help to explore the full complexity of microphysical

and fluid-dynamical interactions in clouds. A good example is the formation of rain –

which is difficult to observe on small scales. For a long time it has been assumed that

rain forms as a result of collision and subsequent coalescence of falling cloud particles

with different speeds. But this view neglects that clouds are turbulent, which results

in complex particle trajectories. With increased computational resources, numerical

simulation of particle paths can help to answer the question of whether turbulence

increases the collision rate of water droplets [29] and ice particles.

1.4 Energy budget of the Earth

Figure 1.5: The global annual mean Earth’s energy budget estimated from measurements
between March 2000 and May 2004. The arrows indicate the schematic flow of energy and
the size indicates their relative importance. Figure is from Ref. [30].

Today’s climate and its sensitivity to human perturbations are thought to depend

in multiple ways on all forms of moist convection. To explain why, first some facts

about the Earth’s energy system are given. The climate of the Earth is driven by

solar radiation. The absorbed sunlight warms the atmosphere and is responsible for

8



1.4. ENERGY BUDGET OF THE EARTH

photosynthesis and weather. But the Earth is not heated evenly by the Sun, the

heating varies in space and time. This is because the Earth is almost spherical, the

alternation of day and night, and the Earth’s axis of rotation is not vertical with respect

to the path of its orbit around the Sun (the reason for the cycle of seasons). Several

mechanism like evaporation, rainfall, atmospheric convection and oceanic circulations

try to balance out solar heating differences. The atmospheric and oceanic circulations

are called the Earth’s heat engine. It distributes heat from the equator towards the

poles (for example by the Gulf stream) and between Earth’s surface and atmosphere.

The planet does not heat up endlessly because the net flow of energy out of the Earth’s

system (through thermal infrared radiation) is on average equal to the incoming solar

radiation. Therefore, the energy budget is balanced and the mean global temperature

is maintained relatively constant.

The incoming solar energy and its distribution in the Earth’s system is given in

Fig. 1.5 through a sketch of the estimated energy fluxes. Ref. [30] provides a more

detailed explanation of this figure. In order to be in radiative equilibrium, the amount

of incoming and outgoing energy must be equal at three levels as seen in this figure:

the surface, where most of the solar heating takes place, at the edge to space and

the atmosphere in between. The atmosphere absorbs a huge amount of solar energy,

mostly through clouds, dust, ozone, and water vapor. Interestingly almost one half of

the sunlight is absorbed at the ground while most of the radiative cooling happens in

the atmosphere. How does the redistribution of energy work? With convective motion,

evaporation and thermal radiation. Evaporation on tropical oceans and the release of

latent heat in the atmosphere is the main driver of the atmospheric heat engine, e.g.

through processes involving clouds.

An important role in the energy system is played by the natural greenhouse effect

due to clouds and specific gases at different altitudes. The effect causes that the

largest part of thermal radiation is reflected back to the surface. This increases the

surface temperature and the infrared radiation outcome at the surface. But because

the emission of thermal radiation inreases with temperature to the power of 4, more

thermal radiation will directly escape to space and balance the surface temperature

at a certain value. An increase of the greenhouse effect will thus also alter the global

temperature. Also various other things can influence the energy system of the Earth, for

example volcano ashes or a resizing of the ice and snow sheets captured regions at the

poles. As a response to such influences the global temperature has to adjust, this is not

9



1.4. ENERGY BUDGET OF THE EARTH

a spontaniously effect, it takes a couple of decades to come to a new equilibrium state.

For completeness it should be mentioned here that in this context ideas are developed

to control the global warming by manipulating the evolution of clouds and assuming

a resulting higher reflectivity of solar radiation [31]. Manipulations of the sensible

climate system can have unforeseeable consequences, for example on rain distribution,

and needs much more research effort, especially on the effect of clouds.

The impact of clouds on the climate change is a matter of ongoing research [32]

and should not be underestimated. As seen in Fig. 1.5, clouds play a crucial role

in the energy budget. An assumed higher global temperature could result in more

evaporation of water and thus in a higher amount of clouds. Some clouds will then

reflect more sunlight directly back to space. This would reduce the available energy in

the system and reduce in part the effect of global warming. However, clouds will also

increase the greenhouse effect through a higher reflection of thermal radiation back

to the surface. This will amplify the global warming. Different cloud types influence

the climate in different ways, clouds in higher altitudes have a higher influence on the

greenhouse effect while lower clouds refelct more sunlight to space, mainly a result

of their temperature. How these different cloud types interact on different scales is

an additional problem. These two sides of clouds make it difficult for climate models

to estimate the influence of a change in the cloud fraction. Another issue is that

mechanisms responsible for the formation and evolution of cloud pattern are poorly

understood and also reduce the ability to simulate realistic reflectivity effects of clouds

[33]. For example, atmospheric aerosol particles and their influence on precipitation

formation [34] help to determine if open or closed cellular convection can be found

(having different reflectivity properties). This is one reason why clouds add the biggest

uncertainty to predictions for the climate change [35]. It is thus worth to investigate

the properties, the evolution and decay of low clouds.

To summarize the issues, the low resolution of global climate models results in a

weak representation of shallow cumulus convection, many of the mechanisms that con-

trol low clouds (e.g. turbulence, entrainment, heat and moisture transport) are not

explicitly resolved and instead need to be parameterized [36]. An improved under-

standing of clouds, their lifecycles and other involved processes such as their interplay

with other parts of the atmosphere can help to reduce uncertainties.

10



1.5. SCOPE OF THE THESIS

1.5 Scope of the thesis

A increased understanding of shallow moist convection and a better parameterization of

these processes in climate prediction models are challenging problems in atmospheric

research. One approach to overcome these problems is to include as many physi-

cal processes of the atmosphere as possible and thus increase the complexity of the

parametrizations as done in large eddy simulations (LES) or cloud-resolving models to

capture the variety of cloud phenomena [21]. Because the computational costs increase

rapidly with the number of included physical processes, the grid resolution must be

coarser which requires subgrid-scale models and parameterizations of small scale turbu-

lence. To get realistic results, turbulence needs to be resolved down to the smallest flow

structures in clouds without modeling. Therefore, the approach used here is to reduce

the dynamics to a few essential processes and unravel their complex interplay in order

to get a simplified model, which can then be the subject of systematic studies. This less

complex model is accessible to parametric direct numerical simulations (DNS), stud-

ies without parametrizations of the smallest scales of turbulence. This model can be

extended step by step by further processes that should be investigated (like radiative

cooling) to see what the influence of this new particular process on moist convection

is. The main question that should be investigated with this model is: How are the

global turbulent heat transport, the large scale pattern and the fine-scale statistics of

the turbulence affected by the presence of moisture and condensation?

The model used in this work is explained in chapter 2. The chapter is based on the

paper of Pauluis and Schumacher [37], where a more detailed derivation of the model

can be found. It is a direct extension of classical dry RB convection incorporating

the physics of phase changes in a simplified way, but keeping the main ingredient, the

release of latent heat, denoted as moist Rayleigh-Bénard convection (MRBC) model.

Techniques developed for the investigation of RB convection can be applied to the moist

convection case. This chapter starts with an introduction to the thermodynamics of

moist air followed by a derivation of the idealized model equations to study the effects

of phase transitions on atmospheric dynamics. Also in chapter 2 the model parameters,

boundary conditions (BC) and the geometrical setup for the simulations are explained.

In chapter 3 the transition to turbulence is in the focus of interest. The first part

deals with the linear stability of the present MRBC model. This technique is helpful

in RB convection to determine the critical Rayleigh number for the onset of convection

11



1.5. SCOPE OF THE THESIS

and to analyse the first convective flow structures. The application of this method

to moist convection is somewhat difficult, but yields important results about moist

convective structures. This part of the chapter is based on the work of Bretherton

[38] and is in part published in [39]. In the second part of this chapter the approach is

extended in three dimensions in the nonlinear regime using a truncated Galerkin model.

The following questions are adressed there: How is the transition characterized and

how does it depend on the parameters? Which phase space structures are associated

with the onset of convection? Results are published in Ref. [40], this part of the

chapter is directly from this publication and is only slightly modified here.

The geometrical properties of clouds and cloud fields are the topic of chapter 4. Does

the actual MRBC model accurately reproduce clouds in fully resolved simulations?

Data from three dimensional DNS with different diffusive equilibrium states are the

basis of the investigation. Results from fractal analysis and perimeter to area analysis

are compared in part with results from LES and satellite observations. The same

results can be found in Ref. [41].

Two different sets of boundary conditions (BC) of temperature and total water

content are compared in chapter 5 with the help of fully resolved three-dimensional

simulations. In one setup constant amplitudes for the scalar field fluctuations about

the quiescent diffusive equilibrium are imposed, in the other constant imposed flux

boundary conditions. These two different simple BC can be regarded as rough approx-

imations of different conditions over continents and oceans. Simulations for both are

performed with the same parameters, trends in growing Rayleigh numbers are investi-

gated with focus on how the differences in the turbulent transport for both BC depend

on the Rayleigh number. This chapter is identical to what can be found in Ref. [42].

In chapter 6 the proper orthogonal decomposition (POD) method is introduced.

The essence of this method is to find the most energetic structues of a flow configu-

ration, represented by eigenfunctions. A discussion of these structures and how they

contribute to the convective heat and moisture transport is given. These orthonormal

functions obtained with the POD method can be used to set up a reduced model that

includes only the most energetic structures and will thus dramatically reduce the com-

putational effort. Some first results are presented followed by a discussion of problems

using POD modes for moist convection.

Finally a summary of the entire thesis is given, followed by an outlook to further

research directions using the actual model for shallow moist convection.
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Chapter 2

Model for shallow moist convection

In this chaper an idealized framework to study shallow moist convection is described.

It is based on the work of Kuo [43, 44] and Bretherton [38, 45] but has not been studied

since, it has been revisited and further extended in [37]. This macroscopic model (no

microphysic processes for individual droplets are regarded, gaseous and liquid water are

treated as scalar fields) is a straighforward extension of the dry RB convection model,

it gives a simple fluid dynamical framework in which the influence of phase transitions

can be explicitly investigated. The thermodynamics of phase changes is approximated

by a piecewise linear equation of state close to the phase boundary. The idea is to

see which aspects of atmospheric convection are reproduced and which aspects are

not. This chapter is closed with an overview of state of the art simulations of cumulus

convection.

2.1 Equations of motion

Convection is fluid motion and therefore it can be described by the Navier-Stokes

equations (proofs of existence and uniqueness of solutions are still missing). They are

the formulation of Newton’s law of motion for a continuous distribution of matter in

the fluid state, characterized by an inability to transport shear stress [46] together with

conservation of mass, and material properties. For an incompressible (atmospheric air

can be regarded as incompessible for a shallow layer because relevant velocities are
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2.2. MOIST THERMODYNAMICS

much smaller than the speed of sound) and newtonian fluid they are given by

∂tu+ (u · ∇)u = −(1/ρ)∇p+ ν∇2u+ (1/ρ)f (2.1)

∇ · u = 0 . (2.2)

with u = (ux, uy, uz) being the velocity field, ρ the constant density and p the pressure.

The term (u·∇)u represents advection of velocity, ν∇2u describes dissipation of kinetic

energy and f is an external body force acting on the fluid. The external body force is

the only source for kinetic energy in these equations, while dissipation is the only sink.

The second equation (2.2) is the expression for incompressibility.

2.2 Moist thermodynamics

Convection is also buoyancy driven fluid motion. To determine the buoyancy of an air

parcel knowledge about its thermodynamic state is necessary. It will be now explained

which assumptions are made for shallow moist convection and how the buoyancy is

related to the thermodynamic state of an air parcel. Of special interest will be how

properties like specific volume can be expressed in terms of adiabatic invariants and

pressure. The thermodynamic state of an air parcel is uniquely determined by the

knowledge of some of its state variables. A well known example of a equation of state

is the ideal gas law, it relates the specific volume v = 1/ρ of the gas to its temperature

T and pressure p by

v =
RT

p
, (2.3)

with R being the specific gas constant. The state of an ideal gas is determined by the

pressure p and temperature T , all other state variables can be derived knowing these

two.

For shallow conditions, clouds can be assumed to be warm clouds with no ice inside.

Moist air can then be treated as a mixture of the ideal gases, dry air and water vapor,

and condensed water (neglecting its volume and treating it as incompressible). The

thermodynamic state of moist air can be obtained by the knowlege of four of its state

variables. Like the pressure p, temperature T , the liquid water content ql and the water

vapor content qv (the mass of liquid water or water vapor to the mass of dry air of a

parcel). Every other thermodynamic quantity such as entropy or specific volume can
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2.2. MOIST THERMODYNAMICS

be written as a function of these four variables F = F (p, T, ql, qv). Of course not all

combinations of the four can be observed in the atmosphere. A result of ongoing phase

changes, evaporation and condensation act to restore the thermodynamic equilibrium

between water vapor and liquid water. The saturation water vapor pressure es(T ) is

the partial pressure of water vapor in thermodynamic equilibrium with liquid water at

temperature T . The ratio of the water vapor pressure e to the saturation value is the

relative humidity H = e/es(T ).

Observations indicate that supersaturation (the water vapor pressure is higher than

es(T )) is relativly little in clouds (H < 1.01), in part because of the huge amount of

cloud condensation nuclei in the atmosphere. Nevertheless small supersaturation is

necessary to activate these nuclei [19] in real clouds, and might be a central element

of connecting microphysics and turbulence in clouds [47]. Two exceptions are possible,

super-cooled water can be found at temperatures as low as −40◦C, and precipitation

falling through unsaturated air without evaporating instantly. Besides these special

cases moist air parcels can be treated to be in local thermodynamic equilibrium. Only

two types of parcels are then possible: unsaturated parcels (H < 1) only with water

vapor and saturated (H = 1) parcels where the water vapor pressure is equal to the

saturation value. Here the assumption of local thermodynamic equilibrium is used, the

model excludes supersaturation and the formation of rain.

The thermodynamic equilibrium assumption gives an additional constraint on the

state of moist air and will be used to reduce the number of state variables required to

describe the state of a parcel down to three. This can be achieved by introducing the

new state variable of the total water content qT = ql + qv. It is a conserved variable

for adiabatic and reversible motions. Knowing this value together with temperature

and pressure, it is possible to determine how much liquid and gaseous water are in the

parcel. To do so the concentration of water vapor at saturation must be known, it is

given by

qs(T, p) = (Rd/Rv)
es(T )

p+ (Rd/Rv − 1)es(T )
(1− qs(T, p)) , (2.4)

where Rv and Rd are the ideal gas constants for water vapor and dry air. If qT is

smaller than qs only water vapor is present, otherwise qv = qs and ql = qT − qs.

This fact includes a intrinsic property of the equation of state of moist air: its partial

derivatives are discontinuous at the saturation line. For example the derivative of the

liquid water content with respect to the total water concentration (for constant pressure
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and temperature):

(

∂ql
∂qT

)

p,T

=







0 for qT < qs(T, p)

1 for qT > qs(T, p) .
(2.5)

Such discontinuities can be found in many relationships between physical properties,

such as temperature, specific volume, internal energy or entropy. This feature is the

mathematical expression that unsaturated and saturated air behave as two different

fluids. Now the state of a parcel of moist air is uniquely determined by T, p and qT .

Of course it is possible to use the temperature to describe the thermodynamic state,

but here the entropy per unit mass of dry air S, (see [20]) will be used, defined as

S = [Cpd + qTCl] ln
T

T0
−Rd ln

pd
p0

+ qv
Lv

T
− qvRv lnH . (2.6)

Where Cpd and Cl are the specific heat capacities at constant pressure of dry air and

liquid water, pd is the partial pressure of dry air, and Lv is the latent heat of vaporiza-

tion. The quantities T0 and p0 are arbitrary values for the reference temperature and

pressure. The reason to use entropy instead of temperature is that it can often be as-

sumed that atmospheric motions are adiabatic and reversible, leading to a conservation

of a parcels entropy. The dynamics of qT and S in a flow are given by:

∂tS + (u · ∇)S = Ṡ + κ∇2S (2.7)

∂tqT + (u · ∇)qT = q̇T + κ∇2qT . (2.8)

Throughout this work no internal sinks or sources of entropy and water are regarded,

e.g. Ṡ = q̇T = 0.

All thermodynamic properties of moist air can now be expressed as a function of

S, p and qT . In most cases this function can be quite complex, and is rarely analytic

(see Fig. 2.1). Nevertheless these equations can be solved and it is frequently done in

atmospheric models to retrieve other thermodynamic properties. The approach here

will be different and is described in the next subsection. It takes advantage of the

conservation law for S and qT to implicitely include phase transitions through the

equation of state without directly calculating the latent heat release by condensation.
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2.3. BUOYANCY FOR MOIST CONVECTION

2.3 Buoyancy for moist convection

Figure 2.1: Specific volume (in the figure de-
noted with α instead of v) as a function of en-
tropy S and total water content qT for constant
pressure p = 900mb. Picture from Ref. [37].

The external volume force for (moist)

convection is the buoyancy, determined

by density differences in a gravitation

field acting on the vertical direction.

The buoyancy is a function of pres-

sure, total water content and entropy,

B = B(p, qT , S). With the Boussi-

nesq approximation the dependency on

pressure can be transformed into a de-

pendency on the height. This approx-

imation is widely used to study atmo-

spheric motions. The influence of the

temperature field is to change the den-

sity, in the Boussinesq approximation

these density differences are only rele-

vant for the buoyancy and are neglected

in the continuity equation, also the local heat source through viscous dissipation is ne-

glected. A defined reference profile with uniform entropy Sref and total water content

qT,ref is needed. This reference state is hydrostatic, thus the reference pressure pref is

obtained by integrating the hydrostatic balance ∂zpref = −ρ(Sref , qT,ref , pref(z))g.

The reference profile enters the equation for the buoyancy, which is expressed by

the difference of the specific volume v of a parcel to its environment, this gives a

dependency on height

B(S, qT , z) = g
v(S, qT , pref(z))− vref(z)

pref(z)
. (2.9)

Note that here the specific volume is evaluated at the reference pressure pref(z) rather

than the total pressure pref(z) + p′(z).

The equation of state for moist air is highly nonlinear. The discontinuity in the

partial derivatives at saturation is one such nonlinearity. Others can be found for

example in the equation for entropy, in the temperature dependence of the saturation

vapor pressure es, of the latent heat Lv and of the heat capacities. To make the model
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2.3. BUOYANCY FOR MOIST CONVECTION

accessible for fully resolved simulations the approach here is to further simplify the

equation of state so that the only nonlinearity is due to phase transitions. To do so it

is assumed that the entropy and moisture are close to reference values Sref and qT,ref

[38]. The next assumption is that partial derivatives of the buoyancy with respect to

entropy and total water content depend only on the saturation state of a parcel, i.e.

unsaturated or saturated

(

∂B

∂S

)

qT ,z

=
g

vref

(

∂v

∂S

)

qT ,p

=







BS,u if qT ≤ qs(S, z)

BS,s if qT > qs(S, z)
(2.10)

(

∂B

∂qT

)

S,z

=
g

vref

(

∂v

∂qT

)

S,p

=







BqT ,u if qT ≤ qs(S, z)

BqT ,s if qT > qs(S, z) .
(2.11)

The values BS,u, BS,s, BqT ,u and BqT ,s are thought to be constant in the domain. This

last step and the Boussinesq approximation restrict the study to shallow layers since

the height variations of thermodynamic quantities have to remain small, see Fig. 2.1.

With these four constants the partial derivatives of the buoyancy in the saturated

and unsaturated regions are fixed. The conserved variables qT and S will be now

rearranged into two new variables, the dry buoyancy D and the moist buoyancy M ,

through

D = BS,u(S − Sref) +BqT ,u(qT − qT,ref) (2.12)

M = BS,s(S − Sref) +BqT ,s(qT − qT,ref) . (2.13)

Variations of buoyancy in dry environment are only controlled by D while those in

saturated regions only by M . The two variables can be thought of as the equivalent

of liquid water potential temperature θl (the temperature a parcel would have if all

liquid water is evaporated) for D, and the equivalent potential temperature θe (the

temperature of a parcel if all water vapor would be condensed) for M . From (2.7,2.8)

it follows

∂tM + (u · ∇)M = κ∇2M (2.14)

∂tD + (u · ∇)D = κ∇2D . (2.15)

What still is missing for a complete set of equations is a criterion that determines
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if a parcel is saturated or not, also an equation for the buoyancy B. A condition that

determines if a parcel is saturated should have the form

F (M,D, z) ≥ 0 , (2.16)

and unsaturated otherwise. When F (M,D, z) = 0, the parcels is at saturation, that

means such a parcel can be made either saturated or unsaturated by small changes of

its current thermodynamic state. The criterion can be determined by linearizing the

equation of state for moist air. It turns out to be

F (M,D, z) = M −D −N2
s (z) (2.17)

with Ns being the Brunt-Vaisala frequency, defined as N2
s = g(Γd−Γs)/Tref . Here, Γd

and Γs are the dry and moist adiabatic lapse rates and Tref is a reference temperature,

e.g. the temperature at the bottom plane [21]. Similarly, an expression for buoyancy

is given by

B(M,D, z) = max(M,D −N2
s z) . (2.18)

For a saturated/unsaturated the amount/deficite of liquid water is proportional to how

much M −D exceeds/deceeds the following saturation condition

ql ∝ M −D +N2
s z . (2.19)

Consequently, all points ql ≥ 0 belong to moist plumes with droplets or clouds.

2.4 Model equations

The Navier-Stokes equations (2.1,2.2), with the buoyancy as external volume force,

together with the advection-diffiusion equations (2.14,2.15) for the adiabatic invariants,

and the relation (2.18) build the complete set of equations for the MRBC problem. This

model should not be viewed as a rigorous representation of moist processes in the lower

atmosphere (for this, among other things, individual cloud particles in the turbulent

flow must be regarded). But with the discontinuity of (2.18) in its partial derivatives

at the phase boundary, the simplified state equation provides a consistent describtion

of phase transition and the model provides a simple analogue for atmospheric moist
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convection.

Similar to dry RB convection the setup is a fluid bounded between two horizontal

planes with distance H apart. These planes are a very rought approximation of the

continental or oceanic surface and the inversion layer on top of the cloud layer. Without

any fluid motion this layer will be in the diffusive equilibrium with constant values of

M and D at the planes:

M(0) = M0, M(H) = MH , D(0) = D0, D(H) = DH . (2.20)

Thus M and D can be decomposed in the linear diffusive profile and a fluctuating part

M = M ′ +M0 +
(MH −M0)

H
z = M ′ + M̄ (2.21)

D = D′ +D0 +
(DH −D0)

H
z = D′ + D̄ . (2.22)

To obtain dimensionless equations, characteristic scales has to be defined. These

are of course the height of the layer H , the characteristic moist buoyancy difference

between top and bottom planes M0 −MH , the free-fall velocity Uf =
√

(M0 −MH)H,

the resulting time scale Tf = H/Uf and the characteristic kinematic pressure U2
f . The

dimensionless Navier-Stokes equations in the Boussinesq approximation for shallow

moist convection together with the decomposition (2.21,2.22) are then given by (a

tilde indicates dimensionless quantities)

∂tũ+ (ũ · ∇̃)ũ = −∇̃p̃+

√

Pr

RaM
∇̃2ũ+ B̃ez (2.23)

∇̃ · ũ = 0 (2.24)

∂tD̃
′ + (ũ · ∇̃)D̃′ =

1√
PrRaM

∇̃2D̃′ +
RaD
RaM

ũz (2.25)

∂tM̃
′ + (ũ · ∇̃)M̃ ′ =

1√
PrRaM

∇̃2M̃ ′ + ũz . (2.26)

with p̃ being the kinematic pressure. The set of equations is closed by an additional

expression for the buoyancy field B̃(x̃, t̃) which follows from (2.18) and takes the di-

mensionless form

B̃ = −z̃ +max

[

M̃ ′, D̃′ +

(

1− RaD
RaM

− CSA

)

z̃ + SSD

]

. (2.27)

20



2.4. MODEL EQUATIONS

Note that the first term on the right-hand side is horizontally uniform. This implies

that it can be balanced by a horizontally uniform pressure field. Thus the mean

contribution from the buoyancy field can be removed without any loss of generality,

e.g. ∇̃p̃+ B̃ = ∇̃p̃+ B̃′, and the buoyancy B̃′ is given by

B̃′ = max

[

M̃ ′, D̃′ +

(

1− RaD
RaM

− CSA

)

z̃ + SSD

]

. (2.28)

The equation for the liquid water (2.19) amount translates to

q̃l(x̃, t̃) = M̃(x̃, t̃)− [D̃(x̃, t̃)− CSAz̃] . (2.29)

Because the rest of the thesis deals only with nondimensional quantities the tildes in

the equations (2.23-2.29) will be abandoned from now on for a better representation.

The parameters RaD, RaM , Pr, CSA and SSD of the system found in Eqns.

(2.23-2.29) are determined by the unique equilibrium state which is given by the linear

profiles D̄(z), M̄(z), the Brunt-Vaisala frequency Ns, the kinematic viscosity ν and

the thermal diffusivity κ. The Prandtl number is like in dry convection Pr = ν/κ

(throughout the whole work only the Prandtl number of air Pr = 0.7 is used). The

dry and moist Rayleigh numbers RaD and RaM , which quantify the driving of the

unsaturated and saturated fields D and M , are given by

RaD =
(D0 −DH)H

3

νκ
, RaM =

(M0 −MH)H
3

νκ
. (2.30)

Mostly the amount of water decreases with hight which results in a higher moist

Rayleigh number than the dry one. The last two parameters which appear in the

saturation condition (2.27) are related to the phase changes. These are the so-called

surface saturation deficit SSD and the condensation in saturated ascent CSA. The

former defines the saturation value of air at the lower plane. A negative amplitude

stands for a deficit of liquid water, a positive for a prescribed amount of liquid water.

The second parameter determines how much liquid water can be formed in the convec-

tion layer when an air parcel that is saturated at z = 0 rises adiabatically to the top.

They are given by

SSD =
D0 −M0

M0 −MH
, CSA =

N2
sH

M0 −MH
. (2.31)
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For the numerical simulations the set of equations is solved in a rectangular box of

horizontal size L for x and y directions and height H for the z direction. At the side

walls of the domain periodic boundary conditions for all fields are imposed. For the

velocity field, either free slip (or no stress) BC are applied at both planes

uz = ∂zux = ∂zuy = 0 , (2.32)

or no slip BC

ux = uy = uz = 0 . (2.33)

For the buoyancy fields two sets of BC are considered, one option is fixed values or

Dirichlet (D) BC, the other option is fixed fluxes or Neumann (N) BC. They are always

carried by the diffusive equilibrium profile, which results in the fluctuating fields D′

and M ′ to

D ⇒ M ′|z=0 = M ′|z=1 = 0 (2.34)

N ⇒ ∂zM
′|z=0 = ∂zM

′|z=1 = 0 . (2.35)

The original studies of Kuo [43] and Bretherton [38, 45] deal with free slip BC for the

velocity field and Dirichlet BC for the buoyancy field fluctuations. A uniform viscosity

throughout the simulations is applied, even for the largest aspect ratios. Effects of

different viscosities in lateral and vertical directions for convection have been discussed

in [48].

To reduce the computational effort, often only one of the Eqns. (2.25,2.26) is solved

directly. Note that the (linear) equations for the dry and moist buoyancy fields are not

independent [38, 41]. Defining the function

Φ = M ′ − RaM
RaD

D′ , (2.36)

then from (2.25) and (2.26) an advection-diffusion equation for the conserved scalar Φ

can be derived, which is given by

∂tΦ + (u · ∇)Φ =
1√

PrRaM
∇2Φ . (2.37)

It follows that if M ′ and D′ have different initial conditions they will tend to become
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equal. If M ′(t = 0) = (RaM/RaD)D
′(t = 0) is used as initial condition it is clear from

the equation above that both buoyancy field are synchronized for all times via

D′ =
RaD
RaM

M ′ . (2.38)

Now, the main focus is on the stability of an atmospheric air layer, as it was briefly

touched in the introduction. Convective motion can be triggered out of an equilib-

rium state in which no fluid motion is present. In the atmosphere different equilibrium

states are possible which obey different stability properties, and coincide with different

parameter settings in the moist convection model derived above. The stability of a

moist convection layer can then be divided into three categories: absolutely stable,

conditionally unstable and linearly unstable (see e.g. Refs. [20], [21]). In an abso-

lutely stable convection layer all air parcels are stable with respect to any vertical

displacement and relax back into their initial position. For a linearly unstable envi-

ronment infinitesimal vertical displacements result in convective motion of unsaturated

and saturated air parcels. Both buoyancy fields are unstably stratified. This regime

is closest to the original dry Rayleigh-Bénard convection and has been investigated in

Ref. [49]. It can be considered as an intermediate stage between dry convection and

conditionally unstable moist convection. Of special interest in the atmospheric context

is the conditionally unstable equilibrium in which dry air parcels are stably stratified

and saturated air parcels are unstably stratified [21]. If a saturated parcel is displaced

upward, the heat release due to condensation increases its buoyancy, while if it moves

downward and becomes unsaturated adiabatic warming does the same. Consequently

clouds growing in a conditionally unstable atmosphere will tend to have downdrafts

near their edges. The regime was studied for example in Ref. [50] for the case of Dirich-

let boundary conditions. Also the original works by Bretherton [38, 45] are for this

case. From the definition of the Rayleigh numbers (2.30) the three stability regimes

coinside with:

absolute stable RaD < 0, RaM < 0 (2.39)

linear unstable RaD > 0, RaM > 0 (2.40)

conditional unstable RaD < 0, RaM > 0 . (2.41)

This is a rought classification of stability regimes based only on the Rayleigh num-
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bers neglecting the other system parameters. Another classification between absolute

stability and the other two regimes based on the available potential energy in the

atmospheric layer is explained in section 3.2.1.

Figure 2.2: Example for a conditionally unstable dif-
fusive equilibrium state with saturated air in the upper
part and unsaturated air in the lower part of the layer
(DE4).

Different diffusive equilib-

rium states can be also classi-

fied by their saturation. Four

startes can be defined. First

a fully saturated equilibrium

(DE1) across the layer, sec-

ond a fully unsaturated one

(DE2), third a equilibrium at

saturation (DE3) also denoted

as Kuo-Bretherton equilibrium

(KB), and the last type is a

mixed type equilibrium (DE4)

with saturated air in the upper

part and clear air in the lower part (the possible artificial case of dry air in the upper

part and moist air in the lower part is excluded). In the last case an equilibrium cloud

base can be determined to

zCB =
SSD

−1 +RaD/RaM + CSA
. (2.42)

The four diffusive equilibrium profiles can be explicitly defined with the help of the

parameters:

DE1: 0 > SSD + (1− RaD/RaM − CSA)z, z ∈ (0, 1) (2.43)

DE2: 0 < SSD + (1− RaD/RaM − CSA)z, z ∈ (0, 1) (2.44)

DE3: 0 = 1−RaD/RaM − CSA, SSD = 0 (2.45)

DE4: 0 < SSD < −1 +RaD/RaM + CSA . (2.46)

To illustrate these different categories, in Fig. 2.2 a conditionally unstable DE4 equi-

libruim is shown.
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2.5 State of the art

Even neglecting observations and measurement campaigns, laboratory experiments and

analytical investigations related to shallow cumulus convection and cloud physics, still

the amount of numerical investigations and the variety of used methods on these topics

is overwhelming. This is because of the complex physics and the number of relevant

processes, many different approaches exist to study their behavior on different scales.

The efforts made in the last years and the number of publications will offer enough

material to fill whole books. A complete review will go beyond the scope of this thesis.

Therefore, here only a few selected current publications are cited, no claim is made to

give a comprehensive overview. The aim is rather to show the variety where numerical

simulations are used to gain new insights on shallow moist convection. Even not up to

date but still excellent are the reviews [18] and [21], a nice discussion of the challenges

for atmospheric research and simulations that turbulence in the atmosphere provides

is given in [26].

The numerical investigation of shallow moist convection can be roughly divided in

three categories. DNS studies resolve all scales and are used to investigate shallow moist

convection layers without parameterization, as done in this work, or to study physical

processes in smaller domains including all necessary effects. LES has been extensively

used as a tool to understand how various processes contribute to the dynamics of the

atmosphere. These studies are complicated by the fact that only the largest scales are

resolved and many processes are inadequately resolved by LES and have to be modeled

on the subgrid scales. In global circulation models and climate models shallow clouds

are an intrinsic part to investigate their impact on global scales and climate changes,

mostly represented by properties in a statistical way and not resolving them. Some

aspects of cloud simulations were already touched in the introduction chapter. Now a

few recent examples of DNS and LES studies are given.

The MRBC model described in this section, introduced in [37] by Pauluis and

Schumacher, was also used for other fully resolved three dimensional investigations by

the same authors. In [49] the impacts of phase changes on the turbulent fluctuations

and the transfer of buoyancy through the layer is studied in dependence on the Rayleigh

number and the initial saturation of the equilibrium state. In [50] the authors dicuss

the self aggregation of clouds and they suggest the transport of static energy to be

weak compared to dry convection. Recently in [51] the model was extended to include
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radiative cooling effects. Other DNS studies concentrate on specific problems like the

interface between cloudy and clear air [52], for example in [28] the turbulent mixing

and entrainment at the boundary of a cloud is studied. The issues for computations

are the huge number of simulated cloud droplets and their microphysical interaction

with the environment, even in a small domain. Another problem is the question of

latent heat effects and buoyancy reversal due to evaporative cooling in the turbulent

mixing layer between startocumulus layers (cold and moist) and the overlying dry and

warm layer. This was studied in a two-dimensional DNS in [53].

LES codes are the most used numerical method to study shallow moist convection

and other atmospheric problems. The number of such existing codes is quite high, a

comparision of 10 LES models for shallow moist convection can be found in [54]. This

study was done under conditions obtained by observations of shallow nonprecipitating

cumulus clouds near Barbados (BOMEX). The observed vertical thermodynamic struc-

ture and the cloud cover of the simulations were found to be in good agreement with the

measurements. Also the different parameterizations of subgrid processes are compared

to stress the ability of simple subgrid models to represent the complex microphysical

processes. A similar study was done in [55] to see how changes in the microphysical

parameterization changes large scale physics in shallow cumulus convection. Another

direction compared to the study of properties of cloud layers is to investigate particular

properties of shallow clouds and a few examples are given here. Like in [56] where the

property of frequently observed subsiding shells around cumulus clouds is investigated.

Other examples for LES studies are the study of aerosol effect on clouds and precipi-

tation in [57]. Or the study of effects of turbulent collision as done in [29], where so

called superdroplets (a bunch of droplets are treated as one) are used. To summarize,

the improvement of computational resources and subgrid parameterizations increase

the precicion of LES models.
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Chapter 3

Onset of convection

The transition to convective turbulence in dry Rayleigh-Bénard convection proceeds via

a sequence of bifurcations of increasing spatial and temporal complexity. Convection

sets in with stationary roll patterns right above the critical threshold, bifurcates to

other stationary states or to smooth time-dependent flow patterns for higher Rayleigh

numbers and eventually becomes turbulent (see e.g. Ref. [13] for a comprehensive

review). Dry convection is thus one of the standard applications of normal mode

analysis to study linear stability and to seek for stationary nonlinear solutions at the

transition threshold, a very good explanation of the procedure and results in dry RB

case can be found in [8]. Such normal mode analysis is only partly applicable for the

special configurations of moist convection since derivatives of the buoyancy field with

respect to thermodynamic state variables have a discontinuity at the phase boundary,

albeit the buoyancy field (which drives the fluid motion) itself is continuous, there is

no counterpart for this feature in dry convection.

The focus of this chapter will lie on the investigation of the transition proper-

ties from conduction to convection for moist convection. For this, in the first part of

the chapter the linear stablity theory is used. In [38] the onset of moist convection

was analyzed by demonstrating the existence of linear two-dimensional growing modes

and in [45] by studying their behavior in the weakly nonlinear regime of convection.

These studies showed that moist convection preferentially develops in isolated satu-

rated rising plumes separated from each other by broad unsaturated subsiding regions.

This particular property of conditionally unstable convection was already predicted by

Bjerknes [24] in a strikingly simple qualitative model. This fact is confirmed from field

measurements such as in Refs. [58, 59] and comprehensive large eddy simulations of
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atmospheric moist convection containing additional physical processes such as radia-

tive transfer, ice formation and precipitation [21, 60]. The analysis method used by

Bretherton is transfered to the model used here. The results obtained by his studies

are also valid for the actual model.

The purpose of the second part is to extend Brethertons analysis of the conditionally

unstable regime in various directions. First, the three-dimensional case is considered,

which has not been discussed in [38, 45]. Second, the studies in these references are

limited to a situation where the initial quiescent equilibrium is always exactly at the

saturation line, case DE3 or, because for this reason, also denoted as Kuo-Bretherton

(KB) case. The conditionally unstable convection is extended in both the DE2 or

subcritical case, and the DE1 or supercritical case. This is achieved by increasing or

decreasing the degree of stratification of dry air compared to the parameters in the

KB case. Third, a statistical analysis of the transition to turbulence is performed that

unravels the underlying phase space structure of the dynamical system in the sub- and

supercritical cases. In particular, the subcritical case is known to be stable for small

perturbations. A key issue here will be to determine the ranges of the dimensionless

parameters for which ranges of the dimensionless parameters the self-sustained convec-

tive regimes can be obtained. It is shown that this transition, similar to the transition

to turbulence in fundamental shear flows such as a pipe or plane Couette flow, depends

on the shape and the amplitude of the perturbation, a result of the competition be-

tween two co-existing attracting sets in phase space which are separated by a complex

hyperplane.

The following questions are addressed in the second part of the chapter: How is the

transition to convection in the conditionally unstable (CU) regime characterized? How

does it depend on the degree of saturation of the initial equilibrium state of the system?

Which phase space structure is associated with the transition to moist convection?

3.1 Linear stability analysis

The idea of this method is to consider infinitesmal perturbations of a stationary so-

lution (no time dependence) of the Navier-Stokes equations and to predict if it gets

amplified with time. If so, then the evolution drives the system away from the sta-

tionary solution into a new stationary or turbulent one. In this case the solution is

called linear unstable, otherwise linear stable. Linear stability is a relatively weak cri-
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terion as it only considers infinitesimal perturbations and excludes the effect of both

finite amplitude perturbations and advection. Nevertheless, it is still a necessary, albeit

insufficient, condition for stability.

In the following, linear analysis by Bretherton [38] will be applied to the MRBC

model used in this work. However, not all details are presented here owing to its

similarity with the work of Bretherton. For the case of moist convection, the linear

stability analysis is only possible for special parameter settings, e.g. the KB case.

Using equation (2.38), the equation for the buoyancy (2.28) can be expressed as

B′ = max(M ′, (RaD/RaM)M ′) , (3.1)

which gives a nonlinearity between cloudy and clear air. An infinitely extended layer

is regarded, the air between is conditionally unstable. As boundary conditions at the

planes, free slip is used for the velocity field and constant values for the buoyancy

field fluctuations. The stationary solution is the state of no motion, or alternatively

the purely conducting state. The considered time dependent wavelike perturbation is

spatially two-dimensional, the vertical direction and one horizontal direction, here x.

The result will then be a periodic arrangement of convective clouds.

The term “linear” comes from the assumption that the perturbations are infinites-

mal, i.e. ǫu∗ with very small ǫ. The velocity in the ground state is zero, consequently

the considered velocity itself is given by u = 0 + ǫu∗. Plugging this ansatz in the

Navier-Stokes equations (2.23,2.24) and neglecting all terms with ǫ2 gives

ǫ∂tu
∗ = −∇p + ǫ

√

Pr/RaM∇2u∗ +B′ez (3.2)

∇ · u∗ = 0 , (3.3)

which are now linear in u∗.

The incompressibility condition (3.3) can be treated by using the streamfunction φ

representation. As mentioned above the perturbation is two-dimensional and has no

dependency on the y direction, thus uy = 0. The streamfunction is given by

ǫu∗
x = ∂xφ, ǫu∗

y = −∂zφ . (3.4)

The divergence of u∗ is then clearly zero.

In order to simplify the problem more, the influence of the pressure can be excluded
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in the calculation by taking the curl of Eqn. (3.2) to get the vorticity equation where

pressure p drops out. The equations that the perturbation has to satisfy are: the

vorticity equation, the equation (2.26) for the moist buoyancy fluctuation M ′, and

Eqn. (3.1). Under the assumptions made here the first two lead to:

(∂t −
√

Pr/RaM∇2)∇2φ = ∂xB
′ (3.5)

(
√

PrRaM∂t −∇2)M ′ =
√

PrRaM∂xφ . (3.6)

The diffusion of M ′ guarantees that M ′ is everywhere continously differentiable. It

is obvious from the equation above that ∂xB
′ will then have a discontinuity at the

boundary between cloudy and dry air (denoted with |dc) in x direction, the jump is

given by

∂xB
′|dc = (1− RaD/RaM)∂xM

′ . (3.7)

From Eqn. (3.5) it follows now that ∇4φ has to be discontinous at the boundary

between clear and moist air, but lower derivatives must be continous, the same holds

for ∂xM
′|dc and M ′|dc . These are in total 6 matching conditions at the boundary of

saturated and unsaturated air for the wavelike perturbation.

The next step in obtaining a solution is to define a moist buoyancy potential

L :=

∫

M ′dx . (3.8)

Integrating Eqn. (3.5) with respect to x and combining the result with Eqn. (3.6), a

single equation results that has to be solved, but is different for dry and moist air

(
√

RaM/Pr∂t −∇2)∇2(
√

PrRaM∂t −∇2)L

=







RaM∂xxL if M ′ > 0, saturated

RaD∂xxL if M ′ ≤ 0, unsaturated .
(3.9)

The six matching conditions resulting for L are

∂xnL|dc = 0 for n = 0, ..., 5 . (3.10)
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The boundary conditions for L result from the BC on M ′ and the velocity field to

L|z=0,1 = ∂zzL|z=0,1 = ∂zzzzL|z=0,1 = 0 . (3.11)

The two sixth order partial differential equations, which are connected via the

matching conditions, can be solved with a separation ansatz:

L(x, z, t) = exp(Ωt) sin(zπ)X(x) , (3.12)

whereby Ω determines the perturbations growth rate. Using this ansatz in Eqn. (3.9)

will give the sixth order ordinary differential equation:

(Ω
√

RaM/Pr − ∂xx + 1)(Ω
√

PrRaM − ∂xx + 1)(∂xx − 1)X

=







RaM∂xxX if M ′ > 0, saturated

RaD∂xxX if M ′ ≤ 0, unsaturated .
(3.13)

Without loss of generality it can be assumed that at x = 0 is the center of a cloud of

the periodic cloud field, which gives a symmetry axis at x = 0 for X . The distance

between two cloud centers is denoted as β and has to be prescribed (if β = ∞ only a

single, isolated cloud is regarded).

The differential equation for X , which is a ordinary homogeneous linear differential

equation with constant coefficients, can now be solved analytically with the charac-

teristic polynomial method. The resulting sixth order polynomial can be transformed

into a third order polynomial, the three roots ω1, ω2, ω3 of this polynomial (which are

different in dry and moist environment) are calculated with Cardano’s method. The

solution for the original differential equation is then given by:

X(x) =
3

∑

i=1

Ci exp (
√
ωix) + Ci+3 exp (−

√
ωix) . (3.14)

Because of the symmetry axis at x = 0 the solution transforms to:

X(x) =
3

∑

i=1

C̃i sinh (
√
ωix) . (3.15)

Remember that there are two different solutions Xdry and Xmoist. The matching con-
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ditions will be used to determine the constants C̃i of the two solutions, resulting in a

nonlinear equation depending on Ω and the width of a cloud γ (there the matching

conditions must be satisfied), which can be solved for example with the secant method.

Once a solution for X together with Ω and γ is obtained, the velocity field and M ′ can

be calculated directly from (3.8) and (3.6). Interestingly, there exist more physically

reasonable solutions for one parameter set and cloud spacing β. Solutions can have

multiple updrafts inside the cloud (the more it is, higher the Rayleigh number is). The

most unstable case is a cloud with a single updraft. In Fig. 3.1 the results for the

linear analysis in the actual MRBC model are shown, for a single (β = ∞) cloud and

parameters RaM = 2100, RaD = −700, SSD = 0, CSA = 4/3 and Pr = 0.7. For

this Rayleigh number it was possible to find two solutions, a single updraft cloud and

a triple updraft cloud.
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Figure 3.1: Result of the Linear Stability Analysis for a single isolated cloud. Left: single
updraft cloud roll. Right: triple updraft cloud roll. The cloud width is also given and is
different for the two clouds. The colorbar is for the liquid water content ql and defines the
cloud. Only one half of the cloud is shown because of the symmetry with respect to x = 0.

Other resonable separable solutions cannot be found with the settings used here. If

other diffusive equilibrium states than the KB case are used, vertical cloud boundaries

are permitted because either the lower or upper boundary are not at saturation and

thus a small region close to them are also either subsaturated or supersaturated. For

other boundary conditions (such as no slip), separable solutions maybe exist, but their

vertical structure depends on their horizontal wavenumber. A linear combination of

such solutions cannot satisfy the matching conditions. The only extension is to consider

three-dimensional perturbations which can be done and results to a single cylindrical
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cloud, as done in [38]. The qualitative behavior of the three-dimensional case is similar

to the two-dimensional case. But cylindrical clouds have higher growth rates and thus

are more instable than the roll structures. The results of the linear stability analysis

can be verified with numerical simulations of the fully nonlinear equations in this

parameter regime, as shown in Fig. 3.2. This figure is a result of a DNS run (using a

code described in chapter 5) for parameters RaM = 960, RaD = −320, CSA = −4/3,

SSD = 0 and Γ = 32, the observed patterns are not rolls, cylindrical convective clouds

were found which coinsides with the results of linear stability.

Figure 3.2: Snapshot of convective cloud pat-
terns for very low Rayleigh numbers. Yellow
isosurface is the cloud boundary with ql = 0.
Result of a fully resolved simulation (see section
5.1 for details on the numerical method).

Summarizing now shortly the results

Bretherton found which can be used in

the following chapters. Strong down-

draft occur inside and near the clouds

edge, see Fig. 3.1. He also found that

subsidence decays exponentially away

from the cloud in a horizontal distance

Rs, the subsidence radius is related to

the real root of the characteristic poly-

nomial in dry environment. The fastest

growing clouds were found to be isolated

single updraft cloud, in contrast to what

is found in DNS runs where mostly a

bunsh of clouds is found at once, see Fig.

3.2. Further detailed discussion of the

results can be found in [38].

The linear stability analysis is applicable to the moist case only under constrained

configurations, the initial diffusive equilibrium has to be a Kuo-Bretherton type. Also

vertical cloud boundaries and restriction to two dimensions are rather artificial condi-

tions. In the following sections nonlinear stability analysis in a more general setting is

investigated to overcome the restrictions from the linear method.

3.2 Transition to turbulence

In this section a systematic study of the dependence of MRBC on the dimensionless

parameters is presented, and is also focused on the transition to moist convection.
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Even for a simplified two-phase convection model used here the space of dimensionless

system parameters is at least five-dimensional and consequently prevents a detailed

exploration by DNS. In order to perform such a study, the degrees of freedom in

comparison to a fully resolved DNS are reduced significantly. For this purpose, a

three-dimensional Galerkin model based on Fourier modes is constructed. This mode

reduction limits the analysis to Rayleigh numbers of O(104) but makes it possible to

monitor parameter dependencies systematically and to sample the structure of the

underlying phase space by a statistical analysis in the spirit of recent investigations of

the transition to turbulence in wall-bounded shear flows [61, 62].

Models with reduced degrees of freedom are a powerful tool to study weakly non-

linear regimes in fluid mechanics. Several approaches to develop reduced models have

been proposed, such as Galerkin models based on proper orthogonal decomposition [63],

reduced waveset approximations of turbulent flows [64, 65] or models in which only a

least set of the largest-scale [66, 67] or a few dynamically relevant modes [68, 69, 70]

are captured. In dry Rayleigh-Bénard convection such models provided a deeper un-

derstanding of the transition to convection [66, 67] and the weakly nonlinear dynamics

right above the onset of convective motion [71, 72]. Ogura and Phillips [73] and later

Shirer and Dutton [74] applied systematic mode expansion to the moist convection case

and set up minimal models.

Galerkin approximations are frequently used to investigate dynamics that mainly

includes a few modes [69, 70, 74, 75]. This method will be used here for comprehensive

statistical and parametric studies that would not be possible with direct numerical

simulations in which all modes to the smallest flow scale are included. Thus the first

part of this section deals with the numerical implementation of the Fourier-Galerkin

approximation. The two equilibrium states are presented afterwards. Followed by

a section that summarizes the analysis of the transition behavior and the evolving

convection states. Finally the results are summarized.

3.2.1 Galerkin approximation

The geometrical setup is the same as described in section 2.4, a rectangular box of

height 1 and width Γ with periodic sidewalls. As boundary conditions free slip for the

velocity field and constant values D for the buoyancy fields are used throughout this

section. The Galerkin approximation here is based on a truncated Fourier series. For
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a simple implementation of the boundary conditions the box is virtually doubled from

z = −1 to z = 1. For a wavevector n = (nx, ny, nz) ∈ Z
3 the following notation is

introduced

n̂ =

(

2πinx

Γ
,
2πiny

Γ
, πinz

)

. (3.16)

Every field is expanded in a Fourier series. For example the velocity field is given by

u (x, t) =
∑

n∈Z3

u (n, t) en̂x . (3.17)

Again relation (2.38) will be used and consequently only the equation for M ′ need to

be considered. Using ansatz (3.17) in Eqns. (2.23,2.24,2.26) and projecting on each

mode gives the following set of ordinary differential equations

∂tu(n, t) = −
∑

p+q=n

(u(p, t) · q̂)u(q, t) +B′(n, t)ez

−n̂p(n, t) +

√

Pr

RaM
n̂2u(n, t) (3.18)

u(n, t) · n̂ = 0 (3.19)

∂tM
′(n, t) =

n̂2

√
PrRaM

M ′(n, t) + uz(n, t)

−
∑

p+q=n

(u(p, t) · q̂)M ′(q, t) . (3.20)

Since the number of modes is small compared to a direct numerical simulation, the con-

volution sums in Eqns. (3.18)-(3.20) can be calculated directly. Taking the divergence

of (3.18) and using (3.19) the following equation for the pressure is obtained

− n̂p(n, t) =
1

n̂2
n̂

∑

p+q=n

((u(p, t) · q̂)(u(q, t) · n̂)

−n̂iπnzB
′(n, t)) . (3.21)

Since all quantities have to be real in physical space it follows that

u(−n, t) = u∗(n, t) (3.22)

M ′(−n, t) = M ′∗(n, t) (3.23)

D′(−n, t) = D′∗(n, t) , (3.24)
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where the asterisk stands for complex conjugate. The free slip BC (2.32) and the

constant value BC (2.34) are implemented by an additional symmetry with respect to

the plane z = 0 for ux, uy and antisymmetry for uz and M ′. This results to

ux(x, y,−z, t) = ux(x, y, z, t) (3.25)

uz(x, y,−z, t) = −uz(x, y, z, t) . (3.26)

In Fourier space this requires

ux(nx, ny,−nz, t) = u∗
x(nx, ny, nz, t) (3.27)

uz(nx, ny,−nz, t) = −u∗
z(nx, ny, nz, t) . (3.28)

The Fourier coefficients B′(n, t) are calculated in the following way. First B′ is evalu-

ated in physical space on a grid. Then the coefficients

B′(n, t) =
1

V

∫

V

B′(x, t)en̂xdx (3.29)

are computed using a 4th-order rule for the evaluation of integrals [76]. The time step-

ping is done with a third order Runge-Kutta scheme by von Heun [77]. The choice of the

wave vectors is a compromise between computational costs and incorporating the large-

scale flow aspects. Note also that the saturation condition (2.28) will generate a fair

amount of scale interactions. Furthermore remember that B′ is not differentiable at the

phase boundary, but approximated by continuous differentiable functions. Therefore a

certain number of modes is necessary to get an appropriate approximation. All Galerkin

model runs at Γ = 3, 4 are done with the wave vectors (|nx| ≤ 5, |ny| ≤ 5, |nz| ≤ 5) if

not stated otherwise. Mode (0,0,0) is always excluded. For larger aspect ratios more

wavevectors are taken. These are in total 975 independent degrees of freedom since

one velocity component can be determined by the incompressibility condition.

One idea to classify the stability of a diffusive equilibruim profil is to define the

Convectively Available Potential Energy (WCAPE) [78] by

WCAPE =

∫ 1

0

[B(D̄(0), M̄(0), z)− B(D̄(z), M̄(z), z)]dz . (3.30)

The first term describes the potential energy of the air parcels that start at the bottom.
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The second term stands for the potential energy of the background equilibrium profile.

A necessary condition for the onset of convection is that WCAPE > 0. This is equivalent

to (SSD = 0)

WCAPE > 0 ⇔ CSA > −RaD
RaM

. (3.31)

In the following, two cases of conditionally unstable convection are discussed.
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Figure 3.3: Examples for runs in the subcritical
(solid lines) and the supercritical cases (dotted lines).
In each regime the equlibrium is perturbed either with
a finite initial perturbation or an infinitesimal pertur-
bation. The transition to convection or the return to
the equilibrium are displayed by the corresponding ki-
netic energy versus time.

Convection which arises from

the fully unsaturated DE2 case

is refered as the subcritical CU

regime. In this regime small per-

turbations cannot change the sat-

uration of air parcels. In ef-

fect, small perturbations experi-

ence the stable stratification of the

dry buoyancy field D, and the dif-

fusive equilibrium solution is lin-

early stable. Finite perturbations

however can trigger moist convec-

tion out of the equilibrium (see

next section). This is demon-

strated in Fig. 3.3 which compares

the evolution of the kinetic energy

for two perturbations of different initial amplitudes. Note that if the stable stratifica-

tion of the dry buoyancy field is too strong, WCAPE cannot be positive. This is the

absolute stability threshold, a necessary (but not sufficient) condition to initiate moist

convection. It defines one interval boundary of the subcritical regime.

The other interval boundary of the subcritical regime is set by the KB case [38, 43].

This case is established if the degree of stable stratification ofD is reduced until M̄(z) =

D̄(z)−N2
s z. Once the stratification is further reduced, small-amplitude perturbations

to the equilibrium can trigger moist convection as demonstrated by the dotted curves

in Fig. 3.3. The quiescent equilibrium is fully saturated (DE1) and is refered as the

supercritical CU regime because the equilibrium is unstable. Note that when the value

of CSA is less than 1, there is no supercritical CU regime due to the fact that saturation

of the entire layer would require a positive value of the dry Rayleigh number RaD for
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these values of the moist Rayleigh number RaM and CSA. In the following sections

both CU regimes will be discussed. Beside SSD = 0 and Pr = 0.7, CSA = 4/3 is

fixed in this section.

3.2.2 Subcritical regime

Statistical analysis of the transition to convection

In the subcritical regime, the linear equilibrium solution is stable. After an initial

perturbation and burst of convection, the layer can either return to the diffusive equi-

librium state (denoted as state A in the following) or ends up in a convective state with

fluid motion (denoted as state B) for the same set of dimensionless parameters RaM ,

RaD and Γ when a finite perturbation of different shape or amplitude is applied. Such a

behavior is similar to the transition to turbulence in wall-bounded shear flows [61]. To

investigate this behavior systematically, the aspect ratio is fixed to 4 and a statistical

investigation in the spirit of those in shear flows [79, 80] is performed. Therefore 192

perturbations among the wave vectors with wave numbers |nx| = 1, 2, |ny| = 1, 2, and

|nz| = 1, 2 for the velocity field and the moist buoyancy field are randomly selected.

The initial kinetic energy Ekin = 〈u2〉V /2 and the variance of the moist buoyancy field

EM ′ = 〈M ′ 2〉V /2 were the same for all 192 runs (averages are denoted by angle brack-

ets). The result is shown in Fig. 3.4 (left). For RaD chosen in the supercritical regime,

state B is always obtained. The probability to end in steady moist convection is unity.

For RaD taking values in the subcritical regime, the probability of a relaxation to state

B decreases to zero with decreasing RaD. Note that the value of RaD with zero prob-

ability to obtain B is still significantly larger then the dry Rayleigh number which is

associated with the threshold of WCAPE = 0. This would result to RaD = −4.98× 104

for the present example.

Also determined is the smallest value of RaD to observe a (stationary) convection

state B. State B for RaD close to zero transition probability is taken as an initial

condition for a new simulation with a slightly reduced RaD. This case is advanced in

time as long as it needs to relax anew. The procedure can be continued iteratively and

the relaxation to the new (stationary) state increases in time for decreasing RaD. In this

way, state B was found to appear at Rayleigh numbers as small as RaD = −1.99×104.
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Figure 3.4: Statistical analysis of the transition to moist convection. Shown are the transi-
tion probabilities to obtain a convective state B. Left: Dependence on RaD for fixed magni-
tude of initial perturbation, Ekin and EM ′ . The vertical line marks the dry Rayleigh number
corresponding with the KB case. Right: Amplitude dependence of the transition probability.
Solid line is for transition from convective state B to diffusive state A, dotted line from state
A to state B. The vertical line marks the kinetic energy of state B for RaD = −1.60 × 104.
All data are for Γ = 4 and RaM = 3.73 × 104 which is for the subcritical CU regime.

Dependence on initial perturbation amplitude

Results on the amplitude dependence of the transition at a fixed set of system

parameters are shown in Fig. 3.4 (right). Therefore the starting point is either state

A or B and the probability to reach state B or A, respectively, is determined by

varying the amplitude of the initial perturbation. The moist buoyancy field M ′ is not

perturbed. It can be observed that the convective state B is very stable with respect

to small perturbations (solid line) and becomes unstable when the kinetic energy of

the perturbation exceeds a threshold which is marked as a solid vertical line in the

figure. In contrast, the diffusive state A (dotted line) behaves differently and shows

a finite probability to switch to the convective state B over nearly the whole range of

perturbations.

The observation suggests a more systematic monitoring of the plane which is spanned

by the perturbation amplitude and RaD, as done for example in a Galerkin model for

a plane shear flow [70]. Now the shape of the perturbation is fixed. The amplitude of

the perturbation and the dry Rayleigh number are varied to cover both CU regimes.

The detailed scan of the parameter plane is shown in Fig. 3.5 for aspect ratios of Γ = 3

(right) and Γ = 4 (left). Perturbations that cause a return to A are in red and those

that initiate a convection state are in blue.
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Figure 3.5: Transition to moist convection as a
function of the perturbation amplitude and the dry
Rayleigh number. Left: Γ = 4. Here, 120 different
values for RaD and 192 different amplitudes are taken.
Right: Γ = 3. Here, 40 different values of RaD and
94 different perturbation amplitudes are taken. Blue
stands for reaching state B out of the equilibrium, red
for a return to state A. The vertical line marks the
KB case at the border between sub- and supercritical
regimes. Each simulation was run for 300 dimension-
less time units which is more than a diffusive time
td = H2/ν.

The figure illustrates nicely

that the boundary between the

two attracting regions is complex

if one samples the phase space,

even for the moderate Rayleigh

numbers discussed here. This is

for example obvious from the iso-

lated island that can be seen in

the left panel of Fig. 3.5 for

Γ = 4. The observation is simi-

lar to what has been observed in

low-dimensional shear flow mod-

els. An additional property of

shear flows is the finite lifetime of

transient states [79, 80] which is

not observed for the present sys-

tem. Once moist convection is ini-

tiated it remains sustained, except

at the boundary of the basin of at-

traction of state B (see Fig. 3.8

and subsequent text).

Structure of convection states in the subcritical regime

When convection is initiated, state B takes the shape of a single localized steady

moist plume (or cloud) at small aspect ratio. It is characterized by a strong saturated

upward motion inside the cloud balanced by a weak downward motion outside, a well

known feature of moist convection in this regime as already mentioned in the introduc-

tion and for example in [20]. The position of the single cloud in the box differs from

case to case, but the shape and the flow structure are always the same. It is observed

for moderate magnitudes of RaD and RaM at different aspect ratios as seen in Fig.

3.6. Similar solutions have been reported by Bretherton [45] in his two-dimensional

simulations of the nonlinear evolution.

For Γ = 2, the convective state B was not detected at all. The size of the box is then
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Figure 3.6: Examples for stationary single moist plume (or cloud) at RaD = −1.50×104 and
RaM = 3.73 × 104. The left plot shows the kinetic energy vs. time that becomes eventually
stationary. The solid line corresponds to Γ=6 and the upper right plot, the dashed one to
Γ=4 in the lower right plot. The right panels show centered cross section contour plots in
the x − z plane of the final (stationary) states. Shown are the velocity field vectors in the
plane and the contours of liquid water content ql (2.29). The red line in the mid and bottom
figures marks the boundary with ql=0.
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Figure 3.7: Maximum vertical velocity inside the
moist plume and fraction of saturated air with ql ≥ 0
as a function of the aspect ratio. Here, RaD = −1.50×
104 and RaM = 3.73 × 104.

too small to provide enough space

for the dry subsidence outside the

cloud and thus to form a stable

cloud pattern. For the remaining

cases, i.e. Γ = 3, 4, 5, 6, a single

cloud appears in the box. Neigh-

boring clouds are stabilizing each

other (recall the periodic bound-

ary conditions in x and y). States

B for several Γ do not differ qual-

itatively in their overall structure

as supported by the right panels of

Fig. 3.6. With increasing Γ, the
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3.2. TRANSITION TO TURBULENCE

clouds become more and more smooth and grow in diameter relatively to the aspect

ratio. Quantitatively, the velocity magnitude and the cloud fraction (all points with

ql > 0) of the layer increase with the aspect ratio, as displayed in Fig. 3.7.

For even larger aspect ratios, such as Γ = 7 and 8, still a single cloud in the domain

is observed, but now temporal fluctuations of all fields can evolve. The stabilizing

mechanism from neighboring clouds is too weak. It is mentioned here that the number

of wave vectors and the computational grid have been always adjusted with growing

Γ in the Galerkin model. Multiple clouds with periodic distance apart have also been

observed in [45] and DNS.

Equilibrium and moist plume as coexisting attractors

One possible explanation for the observed transition behavior in the subcritical

regime is that two coexisting attractors (or fixed points) which are associated with

equilibrium state A and (stationary) convective solution B. Both attractors and their

associated basins of attraction in phase space will vary with changes in the parameters.

While the basin of B will grow with increasing RaD, the basin of state A will shrink.

The coexistence of two attractors is also supported by the observation that initiated

convection states do not decay after a finite time.

To confirm that there is a small attracting set in the phase space close to both,

states A and B, the following study was performed for one particular parameter set.

Both fixed point solutions, denoted as X∗
A and X∗

B, are slightly perturbed. The time

advancement is started with initial conditions taken from a sphere in phase space

around both attracting states, i.e., Xj
A,B(t = 0) = X∗

A,B + δXj with j = 1, ..., 1016.

They are randomly selected on this sphere with |δXj| = 5 × 10−4. All cases relaxed

either to states A or B. The dry Rayleigh number was fixed at RaD = −1.85× 104 for

this investigation, and the aspect ratio is Γ = 4. This study is not a rigorous proof,

but provides evidence for the present picture of phase space. Repeating this procedure

in the supercritical regime at RaD = −104, it was found that the system escapes from

state A for all 1016 initial conditions, while state B remains attractive as before. In

other words, the saturated equilibrium state (state A) is now linearly unstable.
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Tracking the edge state between both attractors
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Figure 3.8: Edge state tracking for Γ = 4 and
RaD = −1.60× 104 . Plotted is the kinetic energy ver-
sus time. Shown are always the two runs at the given
refinement level that enclose the edge state. To distin-
guish the refinement levels the corresponding kinetic
energy curves are plotted red and black in alternating
sequence. The last iteration that was possible with
double precession corresponds to the blue curves.

In the following, the bound-

ary between both basins of attrac-

tion is explored in more detail.

Solutions which can be found on

this boundary are denoted as edge

states [81, 82]. Here an edge track-

ing method which is similar to Ref.

[83] is used. The boundary that

separates both basins of attraction

must be somewhere between states

A and B, and can be obtained as a

linear combination of the two fixed

points:

X(t = 0) = λX∗
A

+(1− λ)X∗
B , (3.32)

with λ ∈ [0, 1]. Because state A is

the origin it reduces simply to λX∗
B. The interval [0,1] is divided into 65 equidistant

points and the bin with the value of λ that separates state A from state B is detected.

This procedure is refined successively and the refined values of λ are used to start a

new run at t = 0. Results for RaD = −1.60× 104 are shown in Fig. 3.8. The detected

edge state is a periodic orbit. It is a cloud fixed at one position that first grows to

a cloud with shape and flow structure very similar to state B (see Figs. 3.6 and 3.10

(top)). Afterwards it collapses to a small cloud pen, but never vanishes.

A picture of the phase space structure in the subcritical case is illustrated in Fig.

3.9. Shown are the original equilibrium state A, the steady moist convection state B

and the edge state. The figure indicates also the complex interface between both basins

of attraction that is detected in several ways in the present study.
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Figure 3.9: Sketch of the phase space structure in the subcritical regime. The idea for this
figure is taken from Ref. [81] and has been adapted to the resent case.

3.2.3 Supercritical regime

Structure of convection states in the supercritical regime
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Figure 3.10: Velocity and liquid water content in the x − z plane for Γ=4. The red line
marks again ql = 0. Left figure: RaD = −1.96 × 104 in the subcritical regime. Right figure:
RaD = −7.85× 103 in the supercritical regime. For both cases RaM = 3.73 × 104.

In the supercritical regime, the diffusive equilibrium is saturated and linearly un-

stable. A convective state can always be initiated. This was already shown in Fig. 3.5

for aspect ratios 3 (right) and 4 (left). Typical convection states B in the sub- and
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Figure 3.11: Dependence of several fields on RaD for convection in steady state B in
the cell with Γ = 4. The dotted vertical line marks the KB case right between subcritical
and supercritical regimes. The L2-norm of the fields is used which is given by ‖ · ‖2=
1/V

∫

V | · |2dx. For the whole range of RaD convection is still in a stationary regime.
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Figure 3.12: Transition from stationary to time-
dependent moist convection. The dry Rayleigh num-
ber RaD is therefore increased from -7840 up to -7540
in increments of 60. Data are for Γ = 4, SSD = 0,
CSA = 4/3, and RaM = 3.73 × 104.

supercritical regime are compared

in Fig. 3.10. It can be seen

that the shape of the moist plume

changes qualitatively. While in

the subcritical regime an isolated

cloud exists, in the supercritical

regime a closed cloud layer at the

top is found. For decreased strati-

fication the moist updraft becomes

stronger while the overall shape

remains the same. In Fig. 3.11

(left), the L2 norms of the velocity

components as a function of RaD

are shown. The two horizontal ve-

locity magnitudes are the same as

expected due to the symmetry. All three contributions to the kinetic energy grow

steadily until state B becomes non-stationary in the supercritical regime. This is ob-

served at about RaD = −7820 (see Fig. 3.12). Interestingly, the maximal vertical
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velocity inside the cloud varies much less for the range of RaD. The right panel of the

same figure displays the L2 norms of moist and dry buoyancy. The moist updraft in-

creases in intensity as the stable stratification is reduced which is indicated by ||M ′||2.
The shrinking of the buoyancy fluctuation at the KB case is due to the fact, that the

background equilibrium switches from fully unsaturated to fully saturated case. Note

also that the moist Rayleigh number RaM remains constant in this study.

Recharge-discharge convection
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Figure 3.13: Example for the recharge-discharge
convection for Γ = 4. The initial equilibrium state is
fully saturated and very close to the KB case. When
time axis is rescaled by the diffusion time of the flow,
td = H2/ν, the two recharging events will appear at
t/td = 1 and 2.

For dry Rayleigh numbers

in the supercritical regime right

above the KB case, in some

instances moist convection in

a highly intermittent recharge-

discharge regime is observed which

is displayed in Fig. 3.13 via the

graphs of the L2 norms of the ve-

locity and the buoyancies versus

time. After an initial convective

burst of activity, the system slowly

relaxes toward the quiescent equi-

librium. However, after a while,

convection is reinitiated and de-

cays again. Interestingly, a simi-

lar behavior has been found in a

channel flow with a strong transverse magnetic field [84] that enforces a switching

between two-dimensional and three-dimensional flow states. The reason of why the

conditionally unstable moist convection is not fully relaxing to the quiescent state can

be explained as follows. In the supercritical regime, the equilibrium state is unsta-

bly stratified. Small perturbations can trigger new moist convection. The end of this

section gets back to this discussion.

The number of such cycles can vary from one to several. An observed trend is that

the closer the parameter set is to the KB parameter set the more cycles are possible.

In the Galerkin model, it is found that the recharge-discharge regime also depends on
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the two Rayleigh numbers. For higher Rayleigh numbers, more cycles can be observed,

which implies that viscosity plays an important role for this phenomenon. In particular,

the duration of the cycle is approximately equal to the diffusive time-scale td = H2/ν.

This indicates that the quiescent relaxation is associated with the diffusion of dry and

stably stratified air across the entire layer. However, as the origin is a linearly unstable

equilibrium, the quiescent relaxation cannot be sustained indefinitely. It is terminated

by the abrupt onset of a cloudy moist plume. This behavior has been reproduced with

DNS in Ref. [50].

Figure 3.14: Snapshots of the liquid water content ql and the projection of the velocity
field into the plane for the same data as in Fig. 3.13. They are taken in the plane with angle
π/4 to the x − z and y − z plane, the horizontal axis is thus w = (x2 + y2)1/2. Bright line
marks ql = 0. Upper left panel is at t = 183. Velocity vectors are enhanced by a factor of
250. Upper right panel is at t = 198 and velocity enhanced again by 250. Lower left panel is
taken at t = 210. The velocity vectors are now stretched by a factor of 6. Lower right panel
taken at t = 224, velocity is enhanced by a factor of 4. Note that the colorbars of the panels
differ by orders of magnitude.

This dynamics are illustrated in detail for an example in Figs. 3.13 and 3.14.
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3.2. TRANSITION TO TURBULENCE

Different phases of the evolution are displayed. The cycle starts at t = 27 and is

characterized by an exponential decay of all quantities (see Fig. 3.13). At that time,

the entire box is filled with unsaturated air and is stably stratified, except in the

vicinity of the upper plate which is weakly saturated due to the boundary conditions.

Since the system converges to the quiescent equilibrium state, moist air starts fill-

ing slowly the box from the upper plate. This process begins at t = 171 where the

buoyancy B′ is not decreasing any further because of the occurrence of moist buoy-

ant air. The upper left panel of Fig. 3.14 taken at t = 183 illustrates this stage

slightly before the onset of convection. Fluid motions are very weak, and mostly

50 100 150 200 250
−5

−4

−3

−2

−1

lo
g 10

(E
ki

n)

dimensionless time units

Figure 3.15: Effect of mode reduction on the
recharge-discharge convection regime. Solid line is for
the usual resolution in the Galerkin approximation,
dashed line for the reduced resolution.

horizontal. Saturated air begins to

fill the layer slowly from above. At

time t = 191, the buoyancy is in-

creasing rapidly and the moist air

in the box is rearranged to column-

like clouds as shown in the upper

right panel for t = 198. The solid

red line is again the cloud bound-

ary. The velocity remains small.

But at t = 203 the buoyancy is

strong enough to form moist up-

ward motion in the cloud columns

(see the lower left panel at t =

210). Due to latent heat release

this process is self-amplifying. The

velocity increases very rapidly and the cloud columns form intense single updrafts up

to t = 224 (lower right panel of Fig. 3.14). If the updrafts are too strong, the con-

vection can over-stabilize the layer which then must be destabilized by diffusion again.

This means that a new recharge-discharge cycle is initiated. Alternatively, weaker

updrafts may lead to a sustained convective regime in which the stabilization by con-

vection balances diffusion on the same time-scale. In general, the larger the domain

the easier to escape this cyclic recharge-discharge convection. In order to detect which

Galerkin modes are mainly included in the recharge-discharge dynamics, the wavenum-

ber space was reduced stepwise. It was possible to reproduce the cycles with wavenum-

bers (|nx| ≤ 1, |ny| ≤ 1, |nz| ≤ 2) (see Fig. 3.15). It can be thus concluded that this
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regime of convection is dominated by the large-scale degrees of freedom in the flow

model.

The conditions for the onset of a recharge-discharge cycle can be understood as

follows (see also Fig. 3.14). First, nearly the whole box must be filled with dry and

stable air. Second, the velocity field is then almost horizontal, because an upward

motion could create moist and unstable air and thus more upward motion. If taken

such an initial condition for less stably stratified dry air (i.e. a lower RaD) it is possible

to produce at least one cycle. For parameter sets close to the KB case it is easier to

satisfy these conditions. A small perturbation in the dry buoyancy field is enough to

get an almost dry domain. That is why this phenomenon is observed mostly close to

the KB case. The closer to the KB case the more cycles are observable. Fig. 3.16

gives a picture for the phase space structure for the recharge-discharge convection. It

is clear from the equations of motion that perturbations in ux and uy only will always

relax to state A. This path corresponds with a stable manifold and is indicated by the

red arrow in Fig. 3.16.

3.3 Summary and discussion

In the second part of the chapter the transition to turbulence in moist Rayleigh-Bénard

convection has been studied in a Fourier-Galerkin model. The transition behavior and

the evolving dynamics are significantly altered by the degree of saturation (subcritical

unsatureted to supercritical saturated) which is controlled at the top of the layer by

RaD (when the parameters SSD, CSA, RaM and Pr are held fixed) and the aspect

ratio Γ of the layer. The study extends earlier results of Bretherton [38, 45] discussed

in the section 3.1 by demonstrating the existence of nonlinear three-dimensional con-

vective regimes in a broad portion of the parameter space.

In contrast to classical dry RB case, convection is localized and does not fill the

entire layer with rolls and thermal plumes. In the subcritical case it was shown that

a narrow moist plume is surrounded by dry unsaturated air in which the fluid moves

downward by diffusion (see Fig. 3.6). In the supercritical regime, the top layer is

however always saturated, a closed cloud layer is then fed by a narrow moist plume

from below (see Fig. 3.10). The up-down symmetry as known from the dry RB

case is consequently broken. Moist CU convection is additionally constrained by the

aspect ratio. Time-dependent and eventually turbulent convection requires sufficiently
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State A

State B

Figure 3.16: Sketch of the phase space structure which is associated with the recharge-
discharge behavior. The red arrow marks the case of a perturbation only in the ux and uy
direction. The blue line is a example for a two cycle recharge-discharge run.

extended cells.

In the subcritical case, when the atmosphere remains subsaturated at the top, two

stable attractors or fixed points coexist. The first one corresponds to a diffusive at-

mosphere with no motion, while the second one exhibits an overturning circulation in

the form of a steady rising moist plume (or cloud) balanced by subsidence in the un-

saturated environment. The existence of these multiple attractors has been confirmed

through several statistical analyses. With decreasing RaD, it becomes less likely that

a convective equilibrium can be obtained. For a sufficiently negative dry Rayleigh

number, that is however still well above the threshold for which the layer is absolutely

stable (WCAPE < 0), the probability to switch to moist convection becomes zero. In

this range of RaD a periodic orbit at the edge of the basin of attraction was found

(see Fig. 3.9). Some of the transition properties in this regime are similar to those of

wall-bounded shear flows. To mention here the sensitive dependence on the amplitude

of the finite perturbation and the complex shaped boundary between laminar and tur-

bulent states. Furthermore the convective state is localized in space, very similar to

turbulent spots in a shear flow [85].

If the layer is held saturated at the top (M̄(z) > D̄(z)−N2
s z), the initial equilibrium

is linearly unstable with respect to small amplitude perturbations. The system switches
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into a moist convection mode which in dependence on the chosen aspect ratio and the

degree of saturation at the top can be a recharge-discharge mode or a stationary moist

plume mode. A further increase in the dry Rayleigh number RaD, which corresponds

to a decreasing stratification in the unsaturated environment, causes the moist plume

structure to become time-dependent and eventually turbulent.

A possible extension of the study performed here is to use DE4 equilibrium states

(e.g. SSD 6= 0) which will probably result in distinct transition properties and phase

space structures. Note that, with a view to moist convection in the atmosphere, ra-

diative cooling or non-equilibrium effects such as precipitation step in and can become

important physical processes to establish moist convection in the conditionally unsta-

ble regime. They can provide an additional dissipation mechanisms that amplify the

downward fluid transport outside the moist plume which will alter the transition prop-

erties. Interesting would be to repeat the study in the Galerkin model for the MRBC

model including such processes.
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Chapter 4

Cloud pattern analysis in the

linearly unstable regime

Three-dimensional direct numerical simulations (DNS) of the MRBC model are pre-

sented in this chapter, for Rayleigh number up to 108. In the beginning the DNS

method and the performed runs are briefly discussed. The sensitivity of the MRBC

model to changes of the Rayleigh number, the aspect ratio of the convection layer and

the water vapor concentration are studied. Here, the focus lies primarily on sensitivity

of the simulated cloud field impact to the Rayleigh number and to the water vapor

supply. Several techniques to study geometrical properties of cloud fields are used.

The findings are summarized in the end of this chapter.

4.1 Numerical scheme and initial configurations

The data used for the investigations in this chapter are provided by a code from Jörg

Schumacher, who also performed the runs. The code solves both equations (2.25) and

(2.26) and does not use the property that both fields are coupled (2.38). Also equation

(2.28) is used instead of (2.27). The model equations are solved by a pseudospec-

tral scheme (expansion in Fourier modes in all three directions, see also section 5.1)

with volumetric fast Fourier transformations and 2/3 de-aliasing in a Cartesian slap

described in section 2.4. In the vertical z direction free-slip boundary conditions are

applied at planes z = 0 and z = 1, for the fluctuating buoyancy fields fixed value BC

(D) are perscribed. Time-stepping is done by a second-order Runge-Kutta scheme.
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run Nh Nv RaM RaD Γ CSA
1 512 65 1.1× 106 7.0× 105 8 2.28
2 512 65 1.4× 106 7.0× 105 8 2.86
3 512 65 1.9× 106 7.0× 105 8 2.43
4 1024 129 9.5× 106 7.0× 106 8 1.9
5 1024 129 1.1× 107 7.0× 106 8 2.28
6 1024 129 1.4× 107 7.0× 106 8 2.86
6d 4096 129 1.4× 107 7.0× 106 32 2.86
7 1024 129 1.9× 107 7.0× 106 8 2.43
7b 512 129 1.9× 107 7.0× 106 4 2.43
7c 2048 129 1.9× 107 7.0× 106 16 2.43
7d 4096 129 1.9× 107 7.0× 106 32 2.43
8 1024 129 2.9× 107 7.0× 106 8 5.87
9 2048 257 1.1× 108 7.0× 107 8 2.28
10 2048 257 1.9× 108 7.0× 107 8 2.43

Table 4.1: Parameters of simulation runs: grid resolution, RaM , RaD, Γ = L/H and CSA.
For all runs, Pr = 0.7 and SSD = 0.

The data is collected in the statistical stationary regime (time averages of any

property are not changing). In this regime the rate of energy supply to the turbulent

flow is in mean equal to the rate of viscous energy dissipation. For spectral methods the

average kinetic energy in the wavenumbers can be considered, this is called Kolmogorov

energy casscade. Three ranges can be identified [46], the forcing range where the largest

scales are driven by the external body force and act like a source for kinetic energy.

The inertial range is dominated by the kinetic energy transport from larger scales to

smaller scales throught the advection term (u · ∇)u. This nonlinear energy transfer

is conservative, no energy is consumed for these interactions. On the smallest scales

dissipation takes place due to ν∇2u, this range is called the viscous range. The length

scale where the energy spectrum cuts off is of the order of the Kolmogorov scale, given

by

ηK = ν3/4/〈ǫ〉1/4 (4.1)

depending on the viscosity ν and the statistical mean energy dissipation rate ǫ(x, t) =

(ν/2)(∂iuj + ∂jui)
2 with i, j = x, y, z. A DNS code have to resolve all scales up the

order of this length scale to be accurate. For the spectral method used in this chapter

the maximum resolved wavenumber is kmax = 2
√
2Nh/(3Γ). For all DNS here the
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Figure 4.1: Aspect ratio dependence. (a) Relaxation of the turbulent kinetic energy to
the turbulent state. (b) Cloud cover. Data are for runs 7, 7b, 7c and 7d. The dashed line
indicates the closed cloud layer, i.e., P (z|ql ≥ 0) = 1.

spectral resolution goes not go below kmaxηK = 2.45.

Table 4.1 summarizes the grid resolutions and dimensionless parameter sets which

were taken in the direct numerical simulations. In this chapter only linear unstable

diffusive equilibrium states are considered, which are either fully saturated (DE1) or

fully unsaturated (DE2). The influence of the saturation level at the bottom plane is

not of interest here, thus SSD = 0 for all runs.

4.2 Results

Now the investigation of the cloud patterns is discussed, clouds are defined in the

MRBC model by equation (2.29). The analysis has been performed in parts for runs

at different aspect ratios but the same set of RaD, RaM and CSA (see table 4.1). This

is to confirm that no artefacts are introduced by the periodic boundary conditions

in x and y. Note that the resolution remains unchanged which causes significant

numerical efforts for the largest Γ. Furthermore, the larger the aspect ratio the longer

the relaxation period into the fully developed turbulent state. This is illustrated in

Fig. 4.1(a) where the turbulent kinetic energy versus time for aspect ratios Γ = 4, 8, 16

and 32 are plotted. It can be seen in Fig. 4.1(b) that the cloud cover, which is defined

as the probability to find clouds at a height z, is not affected significantly by Γ.

The geometric analysis will be based on vertically averaged quantities. The moti-

vation for this kind of analysis comes from LES of mesoscale convection and satellite
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Figure 4.2: Instantaneous snapshots of the spatial distribution of clouds and strong upward
fluid motion. Upper panel: run 7d for CSA = 2.43. Lower panel: run 6d for CSA = 2.86.
The gray transparent isosurfaces display the cloud boundaries with ql(x, y, z, t0) = 0. All
points which are enclosed by the gray isosurfaces belong to clouds or cloud clusters. The red

isosurfaces display upward fluid motion with uz(x, y, z, t0) ≥ urms with urms =
√

〈u2i 〉V,t.
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image analysis of cloud patterns in atmospheric mesoscale systems with extensions

L ∼ 102 km (see e.g. Ref. [86] for a review). The vertically averaged cloud cover is

defined as

Q(x, y, t0) =

∫ 1

0

ql(x, y, z, t0)Θ(ql) dz , (4.2)

where the Heavyside function Θ(ql) = 1 for ql > 0 and 0 otherwise. Similarly the

upward buoyancy flux is defined as (see [87] for a similar defintion for a convective-

radiative flow)

B(x, y, t0) =

∫ 1

0

uz(x, y, z, t0)b(x, y, z, t0)Θ(uz)Θ(b) dz , (4.3)

where the buoyancy fluctuations are obtained via a decomposition of the total buoyancy

field B in a fluctuation part and a vertical mean part

b(x, t) = B(x, t)− 〈B(z)〉A,t . (4.4)

Figure 4.2 shows two instantaneous snapshots of the distribution of clouds (gray iso-

surfaces) and the related strong upward motion of fluid. Clouds are formed where the

air rises up and can form a condensate. While the data for the smaller value of CSA in

the upper panel display isolated clouds, the data in the lower panel display an almost

closed cloud layer interrupted by fjord-like breakups. Both cloud distributions are con-

nected with a skeleton of upward motion which displays an arrangement in circulation

cells with a diameter ∼ 4H and larger. It implies that the aspect ratio should be at

least four.

4.2.1 Cloud size distribution.

The calculation of the cloud size distribution requires first to identify the subsets of

grid points which form a cloud, a typical task of image segmentation. This can be

done by complex multiscale algorithms which have been applied e.g. in [88] to study

maxima of the scalar dissipation rate. Here the so-called flood-fill algorithm is applied.

The result is shown in Fig. 4.3 where the snapshot of Q(x, y) in the left panel with the

separated clouds in the right panel are compared. The left panel of Fig. 4.4 reports

the analysis of the relative cloud size A as a function of the aspect ratio Γ in a plot

with double-logarithmic axes. The relative size A is defined as the ratio of the number
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Figure 4.3: Left: Height-averaged and instantaneous cloud cover Q(x, y, t0) in a layer with
Γ = 32 (run 7d for CSA = 2.43 and RaM = 1.9 × 107). Right: Isolated clouds as obtained
after image segmentation. Different clouds are colored differently for a better visibility. Data
are the same as in the left panel. The horizontal bar in the picture has a length of Γ/26 and
will be discussed in the geometric analysis of the height-averaged cloud patterns.
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Figure 4.4: Cumulated density function (CDF) of the size of the clouds. (a) Data are for
runs 7, 7c and 7d at RaM = 1.9 × 107. (b) Data are for runs 3, 7 and 10 at Γ = 8. The
comparison of different Rayleigh number (and thus different grid resolutions as seen in table
4.1) is such that the relative bin-size is the same in all three cases.
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of grid points which belong to a cloud to Nh × Nh. The cumulated density function

(CDF)

F (A) =

∫ A

0

f(Ā) dĀ , (4.5)

is plotted. As seen in panel (a) the CDF is basically independent of Γ which confirms

the results of Fig. 4.1 (right). Panel (b) displays the dependence of the cloud size

on the moist Rayleigh number. It was found (not shown) that the algebraic decay

of the PDF f(A) ∼ A−γ for small and moderate values of A becomes steeper with

increasing RaM . More clouds of smaller size result in the observed trend for the CDFs

with respect to RaM . The findings here reflect the observations on the cloud cover

reported in [49]. The larger the Rayleigh number of moist convection the smaller the

amplitude of the root-mean-square velocity fluctuations. Reduced fluctuations of the

velocity field will cause reduced fluctuations of supersaturation and thus of cloud cover.

4.2.2 Box counting analysis of cloud fields

Contours of Q can be considered as level sets and inspected by box counting procedure

in order to deduce a monofractal behaviour of the turbulent mixing or not. Set of

clouds are defined as

L0 = {(x, y)|Q(x, y) ≥ 0} , (4.6)

and the level set which corresponds with the cloud boundary as

L1 = {(x, y)|Q(x, y) = 0} . (4.7)

Note that in case of the largest aspect ratio, geometric properties can be observed over

more than three orders of magnitude. The plane A = Γ2 is decomposed into boxes

of size δ × δ with side length δ = 2mΓ/Nh and m = 0, ..., log2Nh. The box counting

dimension is defined as

D0 = − lim
δ→0

logN(δ)

log δ
, (4.8)

where N(δ) is the number of boxes of side length δ that are necessary to cover the sets

L0 or L1. It is clear that this limit in definition (4.8) cannot be carried out for a finite

grid resolution. In Fig. 4.5 the findings are summarized. Instead of plotting N(δ), the
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Figure 4.5: Boxcounting analysis of cloud patterns. (a) Local slope of the relation N(δ) as
obtained from a box counting analysis of the cloud set L0. (b) Local slope of the relation
N(δ) as obtained from a box counting analysis of the cloud boundary level set L1. The
biggest length scale which is associated with the plateau in the local slope is also indicated in
the right panel of Fig. 4.3. Note that for the data in (a) and (b) clouds with an area smaller
than 103∆2, where ∆ = Γ/Nh is the grid spacing of the DNS, are excluded.

local slope is shown which is given by

Dloc(δ) = −d logN(δ)

d log δ
. (4.9)

A plateau of the local slope would indicate an algebraic scaling of N(δ) and thus a

monofractal behaviour. In panels (a) and (b) the data for the two runs at Γ = 32 are

compared, panel (a) is for L0 and panel (b) for L1. A closed cloud layer would result

in a constant local slope Dloc = 2. The fjord-like break-ups of the cloud layer cause a

slight decrease of the local slope, Dloc < 2, for the smallest scales at CSA = 2.86.

The isolated cloud case at CSA = 2.43 diplays a significant decrease to a minimal

local slope of 1.4. The minimum is found at scales of δ ≈ 2−5Γ. The level set analysis

for the cloud boundary in panel (b) reveals a plateau of the local slope in the same range

of scales, between δ = 2−7Γ and 2−5Γ, and at the same magnitude of 1.4, indicating a

short range of scales with monofractal behaviour. At smaller scales the data decrease

to a local slope ≤ 1 which can be interpreted as (interrupted) lines. At larger scales,

the local slopes converge to 2 since the level set L1 becomes area-filling. Also indicated

is the scale of the plateau in the right panel of Fig. 4.3. Similar to studies of high-
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Schmidt-number mixing of passive scalars in turbulence, a strict monofractal behaviour

of level sets [89, 90, 91] for the box counting method is not detected.

4.2.3 Perimeter-area analysis of cloud fields
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Figure 4.6: Perimeter-area analysis of cloud patterns for runs 3, 7 and 10. (a) Test of log-
normal statistics of the ratio c/

√
A for the three Rayleigh numbers. (b) The sketch illustrates

how the perimeter is calculated (black boxes) for a given cloud (blue boxes) following [92].
(c) Perimeter of the isolated clouds is plotted over the square root of their corresponding
area content

√
A both rescaled by the cell length Γ. Differently coloured point sets have

been fitted with different power laws. The corresponding scaling dimensions are indicated by
straight blue lines in the double logarithmic plot. A slight shift of the border between both
subsets of points did not alter the coefficients significantly. Data are for run 3. The dashed
vertical line marks the Taylor microscale. (d) Same as in (c) for run 10.

A second method was performed in Ref. [93] with satellite image data and in

Ref. [94] with data from LES of cumulus convection. The perimeter of a cloud c is

therefore related to the square root of its area content
√
A which can be considered

as a “cloud diameter”. Figure 4.6(b) illustrates how the perimeter (black cells) is

counted for a cloud (blue cells) following [92]. The results for isolated cloud patterns
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at RaM = 1.9× 106 and 1.9× 108 are shown in Figs. 4.6(c,d) in a double-logarithmic

scatter plot. Two subgroups can be identified in the data sets following different

algebraic power laws. For the smallest clouds, the power law exponent of c ∼
√
A

Dp

is found to be Dp ≈ 0.94–0.95. The largest clouds seem to follow a 4/3–scaling for all

analysed data which agrees well with Dp = 1.32 as in [94]. The result for Dp is also

within the range of scaling dimensions that have been found in Ref. [93]. Note also

that the perimeter dimension can vary with the cloud type as has been discussed in

Ref. [95].

In the light of percolation processes in the plane the 4/3-scaling is considered as

a universal result which follows independently of the underlying physics [92, 96]. The

crossover to the 4/3 scaling for the largest clouds can thus be interpreted here as an

independence of specifics of the underlying turbulent flow which advects and forms the

liquid water content. Interestingly, this crossover coincides quite well with the Taylor

microscale of the turbulence which is calculated as λ =
√

5ν/〈ǫ〉 〈u2
i 〉

1/2
V,t (see dashed

vertical line in panels (c) and (d)). This scale is of the order of the mean curvature of

the vortex filaments in the flow. It is also considered as the Markov-Einstein coherence

length above which velocity increment statistics can be described well as a Markov

process [97]. This interpretation would also rationalize why in Ref. [94] a 4/3 scaling

is detected over the whole data set: LES will probably not resolve λ.

While the cloud size distribution depends on the Rayleigh number, this geomet-

ric relation between perimeter and area is found to be rather insensitive. It can be

rationalized as follows. When the Rayleigh number increase similar flow patterns on

smaller spatial scales will be generated which stirr and generate local level sets of the

liquid water content in the same way, but on smaller scales. This dynamical process is

shifted consequently to smaller scales as panels (c) and (d) suggest.

To go one step further a quantity which is the ratio of both quantitites is defined,

the so-called shape complexity c/
√
A [98]. For any circle it gives 2

√
π. Recent analysis

in dry convection [99] suggested that the shape complexity follows a log-normal distri-

bution. The present results for the shape complexity of the clouds do not support this

finding as can be seen in Fig. 4.6(a). Recall that the cloud fields are structures that

arise from the competition of two scalar fields via Eqn. (2.18) which is probably one

reason for the difference.
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Figure 4.7: Dimensionless saturation fraction profile F (z) as a function of the moist
Rayleigh number RaM and height z. With increasing moist Rayleigh number the crossover
from the unsaturated level to the fully or partially saturated level becomes sharper. (a)
CSA = 2.28. (b) CSA = 2.43.

4.2.4 Intermittency of the upward buoyancy flux

The last part of the geometric analysis is regarding to trends of the buoyancy flux with

Rayleigh number. In Ref. [49] it is shown that the buoyancy flux is bounded between

the fluxes of a completely unsaturated layer and a completely saturated layer,

〈uzD(z)〉A,t ≤ 〈uzB(z)〉A,t ≤ 〈uzM(z)〉A,t . (4.10)

This suggests to define a dimensionless saturation fraction

F (z) =
〈uzB(z)〉A,t − 〈uzD(z)〉A,t

〈uzM(z)〉A,t − 〈uzD(z)〉A,t
, (4.11)

which is bounded between 0 and 1. In Fig. 4.7(a) F (z) is plotted and it is demon-

strated that crossover from a fully unsaturated to a fully saturated slab is sharper with

increasing moist Rayleigh number. This is a manifestation of the reduced diffusivity

present in the layer. Figure 4.7(b) shows the same quantity for a case of isolated clouds.

The increase from unsaturated to partially saturated is again sharper, but superposed

with an overall dryer layer, and thus a confirmation of the results from Fig. 4.4(b).

The intermittency of the upward buoyancy flux B can be quantified by a multifrac-

tal analysis which generalizes the boxcounting. While the boxcounting analysis (see

section 4.2.2) counts the number of cubes (or squares) of a particular side length δ (or
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Figure 4.8: Snapshots of upward directed buoyancy flux B(x, y, t0). (a) RaM = 1.9 × 106.
(b) RaM = 1.9 × 107. (c) RaM = 1.9 × 108. (d) RaM = 1.1 × 108. All runs are for Γ = 8
and CSA = 2.43. The colour coding in all four figures is as follows. Deep blue corresponds
always to the minimum B = 0. Maxima are in red. (a) max(B) = 1.25. (b) max(B) = 0.5.
(c) max(B) = 0.4. (d) max(B) = 0.6. The colour scale is in linear units.
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r/Γ) which form a cover of a (level) set, the multifractal analysis assigns a weight, in

mathematical terms, a measure µi, with each box i of the cover. For example this is

important if it should be counted how frequently a trajectory passes the boxes of a

cover of an attractor. Or, as in the following, to quantify the spatial intermittency of a

scalar field over a plane. Since the support of the field is the whole plane here, D0 = 2.

The spectrum of generalized dimensions Dq for q real is defined as [100, 101]

Dq = − 1

1− q
lim
δ→0

log
∑N(δ)

i=1 µq
i

log δ
, (4.12)

Definition (4.8) follows for q = 0. In the present case of the upward buoyancy flux,

the measure which is accumulated in squares i of sidelength r̂ = r/Γ is given by the

following normalized integral

µ
(i)
r̂ =

∫

A
(i)
r̂
B(x̄ + x̄i, t) d

2x̄
∫

A
B(x̄, t) d2x̄

=
1

N(r̂)

B
(i)
r̂

〈B〉A
. (4.13)

A
(i)
r̂ is for the present case the area content of the ith square segment of side length r̂

centered around xi and it holds A = ∪N(r̂)
i=1 A

(i)
r̂ = 1. Similar analysis is conducted for

kinetic energy [102] or scalar dissipation rate fields [90] or for the heat flux in radiatively

driven convection [87]. The trend with the moist Rayleigh number is shown in Fig.

4.8. The three snapshots in panels (a), (b) and (c) which are taken at three different

Rayleigh numbers and the same CSA illustrate the increasingly intermittent nature

of the upward buoyancy flux. The contours of B(x, y) are increasingly filamented and

the spatial regions of strongly enhanced flux narrower. Quantitatively, this manifests

in the spectra Dq as follows: it was discussed in Ref. [90], that increasing spatial

intermittency is in line with a spectrum of generalized dimensions ever closer to the

monofractal behaviour, namely that Dq → D0 = 2 for all powers q. The fourth data set

at RaM = 1.1× 108 (run 9 at CSA = 2.28) has been added in Fig. 4.8(d). Since more

liquid water is present in case of a closed cloud layer more pronounced maxima of B

are obtained in comparison to panel (c). However, the multifractal spectrum collapses

almost perfectly with the data of RaM = 1.9× 108 (run 10 at CSA = 2.43) as can be

64



4.3. SUMMARY AND DISCUSSION

0 1 2 3 4 5
1.5

1.6

1.7

1.8

1.9

2

2.1

2.2

2.3

2.4

2.5

q

D
q

 

 
Ra

M
=1.9 * 106

Ra
M

=1.9 * 107

Ra
M

=1.9 * 108

Ra
M

=1.1 * 108

10
−4

10
−2

10
0

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

log
10

(r/Γ)

lo
g 1

0
Q̂

 

 

q=−0.6

q=0.0

q=1.2

q=2.7

Figure 4.9: Multifractal analysis of the upward buoyancy transfer. Left: Moments of
succesively coarse grained upward buoyancy flux Q̂ (see equation (4.14)) vs. coarse graining
scale r̂. Four data sets at different exponents q are displayed for RaM = 1.1 × 108. The fit
range is always from 22Γ/Nh to 25Γ/Nh and is indicated by a solid line in the main figure.
Right: Spectra of generalized scaling dimensions as obtained from Eqn. (4.12), which is not
defined for q = 1.

seen in Fig. 4.9, using the notation

Q̂ =

[

∑

i=1

(µ(i)
r )q

]1/(q−1)

. (4.14)

It implies that the present measure of the intermittency is insensitive to the fact that

the cloud layer is closed or not.

4.3 Summary and discussion

In this chapter three-dimensional direct numerical simulations of moist turbulent con-

vection were conducted using the MRBC model. The simulations are performed in

the parameter regime where both buoyancy fields are linear unstable stratified, the

diffusive equilibrium is neither subsaturated nor saturated at the bottom plane. The

Rayleigh number is found to impact the behavior of the system in multiple ways the
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flow exhibits a higher spatial and temporal intermittency at higher Rayleigh number.

This is in line with an enhanced intermittency of the upward buoyancy flux which was

quantified by a multifractal analysis.

Furthermore, geometrical properties of the cloud formations averaged with respect

to the height of the layer were studied. The aspect ratio together with the periodic

boundary conditions seem to have, for the aspect ratios used here, no essential influence

on the shape of individual clouds. Also the cloud size in dependence on the Rayleigh

number was investigated. Similar to isocontours in scalar mixing, the boundaries of

isolated clouds show no strict (mono-)fractal behaviour. The results of the perimeter-

area analysis of the largest isolated clouds agree well with those of LES of cumulus

convection. The smalles scales, which are not resolved by LES runs, add a new regime

in the perimeter-area analysis. This perimeter-area scaling is also similar to that of

percolation processes in a plane.

The simulations of this chapter are limited to specific parameter settings, namely

linear unstable DE1 and DE2 equilibrium states with fixed SSD and CSA. It would

be thus interesting to investigate the geometrical properties of clouds for conditional

unstable states and for varying SSD and CSA values. How sensitive are the cloud

shape and the intermittency of the buoyancy flux to the different parameters for the

actual MRBC model? Also of general interest is the question if other processes, such as

different thermal boundary conditions, shear winds, or radiative cooling, are relevant

for the geometry of clouds or not. If the MRBC model is extended about such an

additional process, this question should be considered. Another task for the future is

to compare the results of the three-dimensional simulations directly with measurements

of real clouds. Here comparision was done with results from LES and satellite images

(which are two-dimensional). Both do not deliver informations about the smallest

scales of turbulence. This will also help to evaluate the MRBC model more detailed.
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Chapter 5

Thermal boundary conditions in

the conditionally unstable regime

Oceanic and continental surfaces at the bottom of the troposphere have different ther-

mal properties and therefore can act differently on turbulent convection. This in turn

can directly affect the cloud formation as pointed out for example in Ref. [45]. Con-

vection over land surfaces supplies usually very heterogenous surface conditions, such

as different degrees of roughness or moisture fluxes due to changes in vegetation. Such

effects were studied in LES by a reduction of complex surface conditions to a strip-like

heterogeneity with a prescribed variation scale [103]. It was shown that the resulting

buoyancy fluxes depend sensitively on the scale heterogeneity due to partly initiated

secondary convective circulations close to the boundary. In the simplest case, BC for

the temperature and moisture can be prescribed by constant values, constant fluxes

or mixtures of both. In particular, constant amplitude BC (2.34) can be considered

as a first approximation of moist convection over an ocean surface with a constant sea

surface temperature, constant flux BC (2.35) as a first approximation for a shelf region

close to the coast line. In this chapter the impact of such simple BC on the buoyancy

flux and the cloud formation by means of three-dimensional DNS is studied. How do

the differences in the turbulent transport for both BC depend on the Rayleigh number?

The atmospheric context as a motivation in mind the DNS is carried out in flat cells

with an aspect ratio of 16 and larger.

Interestingly in classical dry Rayleigh-Bénard convection the case of fixed tempera-

tures at the plates is mostly investigated [10, 104, 105]. Only in the last years fixed flux

BC or combinations of fixed value and fixed flux BC came into the focus of interest in
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order to understand differences in simulations and experiments. Emphasis was given to

the dependence of the global turbulent heat transport as quantified by the Nusselt num-

ber Nu on the Rayleigh number Ra [106, 107]. Otero et al. [108] and later Wittenberg

[109] derived an analytical upper bound on the turbulent heat transport for the case of

fixed flux and no slip boundary conditions for the flow that has the same dependence

on the Rayleigh number as the fixed temperature case, that is Nu ≤ const × Ra1/2.

It is known that constant flux BC decrease the critical Rayleigh number Rac for the

onset of convection and shift instabilities to the largest scales [110, 111]. The critical

wavenumber is thus zero in an infinitely extended layer. This also holds for stress free

or free slip BC of the velocity field. It is different to the fixed temperature case where

the critical wavenumber is of the order of one. Thus for Rayleigh numbers right above

the linear instability threshold a box of arbitrary length will contain a single convec-

tion roll only and it can be expected that relics of this property are observable in the

turbulent regime.

The impact of fixed flux BC on turbulent heat transport in Rayleigh-Bénard con-

vection is still a matter of ongoing research. In Ref. [106], DNS with fixed heat flux

BC at the lower heating plate and fixed temperature at the upper cooling plate of a

cylindrical cell were performed. It was found that for Rayleigh numbers larger than

108 the Nusselt number Nu is larger than for the case of both plates being held at

constant temperature. Differences in the evolution of the rising thermal plumes at

the lower plate were suggested as a reason for such an increase. Later it was shown

that for higher resolutions the plume detachment does not depend on the particular

choice of temperature boundary conditions [112]. A further series of DNS was done

by Johnston and Doering [107]. The authors compared both sets of BC within two-

dimensional simulations of Rayleigh-Bénard convection with periodic side walls over

a large range of Rayleigh numbers. Their work was focussed on the turbulent heat

transport and its dependence on the aspect ratio of the domain. The main result was

that for Rayleigh numbers increasing beyond Ra ∼ 107 the Nusselt number of the

fixed flux case converges to that of fixed temperature case and eventually coincides for

108 ≤ Ra ≤ 1010. The authors mention that two-dimensional convective turbulence

could be however different to the three-dimensional case. DNS in three dimensions [113]

compared the evolving plume structures and temperature fluctuations for both sets of

boundary conditions. Fluctuations were found to be enhanced when the constant flux

case is compared with the constant temperature case.
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5.1. NUMERICAL METHODS

This previous work on dry Rayleigh-Bénard convection together with the original

motivation coming from applications in an atmospheric context sets the stage for the

study of the BC dependence in shallow moist convection. The outline of this chapter

is as follows. In the beginning the numerical implementation is explained, followed

by an discussion of how both BC can be compared. Sections 5.3 and 5.4 presents the

results of the DNS starting with reference runs which were performed without phase

transitions. It is followed by results of the runs that include phase transitions. The

focus is on the dependence of mean profiles, vertical fluxes and velocity fluctuations on

the Rayleigh number. The results are summarized at the end of the chapter.

5.1 Numerical methods

Now the basic steps of the numerical schemes used for the direct numerical simulations

are described. The methods and techniques are widely used in computational fluid

dynamics, a detailed explanation for a similar problem can be found in [114] and is

adopted to the MRBC model used here, all methods are also explained in [115]. The

wide range of scales in turbulent flows result in difficult problems in numerical simula-

tions, in terms of speed and memory capacities. Like the data in the last chapter were

generated with a pseudospectral method, here also a pseudospectral method is applied,

with the advantage that different types of boundary condition can be prescribed.

The first idea is that the incompressibility constraint (2.24) represents a scalar

condition which can be used to express one velocity component by the other two.

This fact can be used to reduce the number of equations by the use of the so-called

poloidal-toroidal decomposition of the flow field, given by

u = ∇× (∇× ezΦ) +∇× ezΨ , (5.1)

where Φ describes the poloidal part and Ψ the toroidal part. With this representation

the incompressibility is always satisfied. Instead of three equations for the velocity field

and the incompressibility condition the equations for uz and ωz (the vorticity, defined

as ω = ∇× u) can be used. The reconstruction of the horizontal velocity components

ux and uy from this representation is only unique up to the horizontal mean velocity

components. Equations for both can be obtained by averaging equation (2.23) over

horizontal cross-sections of the periodicity domain, i.e. U(z, t) :=< ux >x,y (z, t) and
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V (x, t) :=< uy >x,y (z, t).

The equations for the velocity field in the poloidal-toroidal decomposition are given

by:

∂tωz =
√

Pr/RaM∇2ωz +∇× (u× ω)ez (5.2)

∂t∇2uz =
√

Pr/RaM∇4uz + (∂xx + ∂yy)B

−∂z(∇ · (u× ω)) +∇2(u× ω)ez (5.3)

∂tU =
√

Pr/RaM∂zzU − ∂z < uxuz >x,y (5.4)

∂tV =
√

Pr/RaM∂zzV − ∂z < uyuz >x,y . (5.5)

For the boundary conditions the following can be derived:

no slip: uz = ωz = ∂zuz = U = V = 0 (5.6)

free slip: uz = ∂zzuz = ∂zωz = ∂zU = ∂zV = 0 . (5.7)

The horizontal velocity components are given by the solution of the equations

(∂xx + ∂yy)ux = −∂x∂zuz − ∂yωz (5.8)

(∂xx + ∂yy)uy = −∂y∂zuz + ∂xωz , (5.9)

and the horizontal mean contributions U and V .

Spatial discretization of a quantity F is achived through an expansion in a finite

series of orthonormal functions. In the horizontal periodic directions Fourier modes

are used, in the vertical direction Chebyshev polynomials. The pth order polynomial

Tp is given by

Tp(z) = cos(p arccos(z)), z ∈ [−1, 1] , (5.10)

they are orthonormal with a weight function w(z) = 1/
√
1− z2. They also can be

derived recursively, with T0 = 1 and T1 = z and the recursion formula

Tp+1(z) = 2zTp(z)− Tp−1(z) . (5.11)
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The expansion is given by

F (x, y, z, t) =

Nh/2
∑

n,m=−Nh/2

Nv
∑

p=0

exp((2πi/Γ)(mx+ ny))Tp(2z − 1)F̂ (m,n, p, t) , (5.12)

with Nh is the number of Fourier modes in the horizontal directions and Nv the number

of Chebyshev polynomials in the vertical direction. Here, the Chebyshev polynomials

are considered in the intervall [0, 1] instead of [−1, 1]. For a better representation the

following notation is used later:

F (m,n, z, t) =
Nv
∑

p=0

Tp(2z − 1)F̂ (m,n, p, t) . (5.13)

The next step is to plug this ansatz in the equations obtained from the poloidal-toroidal

decomposition and projecting on all orthonormal basis functions. The result is a set of

coupled ordinary differential equations. The temporal discretization is done with finite

differences. The implicit backward Euler scheme for the linear terms and the explicit

second order Adams-Bashforth scheme for the nonlinear terms are implemented. This

results for each horizontal wavenumber pair (m,n) (not indicated in the equations

below) in a set of Helmholtz equations, given by

(∂zz − k − τ
√

RaM/Pr)ωz
j+1(z) = −

√

RaM/Pr(τωz
j(z)

+(3/2)N j
1(z)− (1/2)N j−1

1 (z)) (5.14)

(∂zz − k − τ
√

RaM/Pr)∆uz
j+1

(z) = −
√

RaM/Pr(τ∆uz
j
(z)

+(3/2)N j
2(z)− (1/2)N j−1

2 (z)) (5.15)

(∂zz − k)uz
j+1(z) = ∆uz

j+1
(z) (5.16)

(∂zz − k − τ
√

PrRaM)D′j+1
(z) = −

√

PrRaM(τD′j(z)

+(RaD/RaM)uz
j+1(z)− (3/2)N j

3(z) + (1/2)N j−1
3 (z) (5.17)

(∂zz − k − τ
√

PrRaM)M ′j+1
(z) = −

√

PrRaM(τM ′j(z)

+uz
j+1(z)− (3/2)N j

4 (z) + (1/2)N j−1
4 (z) , (5.18)

with j indicating the timelevel, τ is the inverse of the time step, and k = ((2π)2(m2 +
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n2)). The expressions for the nonlinear terms are given by

N1 = [∇× (u× ω)]

N2 = [∆(u× ω)ez − ∂z(∇ · (u× ω))− kB]

N3 = [(u · ∇)D′]

N4 = [(u · ∇)M ′] .

For the mean horizontal velocity components the equations are

(∂zz − τ
√

RaM/Pr)U j+1 = −
√

RaM/Pr(τU j − (3/2)[∂z < uxuz >x,y]
j)

+(1/2)[∂z < uxuz >x,y]
j−1 (5.19)

(∂zz − τ
√

RaM/Pr)V j+1 = −
√

RaM/Pr(τV j − (3/2)[∂z < uyuz >x,y]
j)

+(1/2)[∂z < uyuz >x,y]
j−1 . (5.20)

Boundary conditions are the same as in equations (5.8) and (5.9) for the velocity field.

To complete a time step, all equations (5.14)-(5.20) have to be solved for all

wavenumber pairs (m,n), i.e. the righthand side of these equations must be calcu-

lated. The equations for ωz and the mean flow components U and V are independent

of the other equations and can be solved directly for given boundary conditions. The

equations for ∆uz and uz are coupled and a solution is obtained in the following way.

The solution is represented by a linear combination of different solutions

∆uz = ∆uz
0
+ λ∆uz

1
+ µ∆uz

2
(5.21)

uz = uz
0 + λuz

1 + µuz
2 . (5.22)

∆uz
1
and ∆uz

2
are the solution of the homogeneous Eqn. (5.15) with BC

∆uz
1
(0) = ∆uz

1
(1) = ∆uz

1
(0) = −∆uz

1
(1) = 1 ,

∆uz
0
is the solution of the inhomogeneous eqautions with BC

∆uz
0
(0) = ∆uz

0
(1) = 0 .
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Using these three solutions in Eqn. (5.16) with BC

uz
0(0) = uz

0(1) = uz
1(0) = uz

1(1) = uz
2(0) = uz

2(1) = 0 ,

to obtain uz
0, uz

1 and uz
2. To get the coefficient λ and µ, the expressions (5.21) and

(5.22) are insert in the expression for the considered BC (free slip or no slip).

All the equations (5.14-5.20) are Helmholtz equations of the form

(∂zz − λ)g(z) = h(z) , (5.23)

which are solved with the Chebyshev-Tau method [114]. For an expansion with Nv

Chebyshev polynomial an projection of the orthogonal polynomials gives Nv − 1 equa-

tions for the Nv +1 expansion coefficients, the degree of the polynomial of the solution

decreases by two because of the derivations (here ĝ′′j denotes the expansion coefficient

of ∂zzg(z))

ĝ′′j = λĝj + ĥj 0 ≤ j ≤ Nv − 1 . (5.24)

The coefficient ĝ′′j can be expressed by a linear combination of the coefficients ĝj using

the recursion formula (5.11). The two missing linear equations are given by the two

boundary conditions at the lower and upper plane, they are of the form

Nv
∑

j=0

αj ĝj = const . (5.25)

The derivation of the αj is staightforward, for example if the boundary condition

for g at the upper plane is ∂zg(1) = const, then αj = ∂zTp(1). In this way, all

boundary conditions can be satisfied that prescribe a fixed value of a linear combination

of derivatives of g(z). Now the Nv + 1 linear equations can be rearranged in a Nv + 1

linear equation system with quasi tridiagonal shape and can be solved with the efficient

O(Nv) Thomas algorithm [116].

To compute the nonlinear terms, like the advection terms (u · ∇)u, is computa-

tionally very expensive. It requires to evaluate convolution sums for every expansion

coefficient. These transformations are the expensive part of the numerical method.

That is why this part is parallized using the MPI interface (also a parallelization using

OpenMP was developed for small Rayleigh numbers). The efficient algorithm for the

parallelization with minimal inter-process communication is explained in [114]. The
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Figure 5.1: Example of the Gauss-Lobatto points zj for Nv = 32.

idea is to use fast Fourier transformations (FFT) methods between physical space and

Fourier-Chebyshev space [117] (based on quadrature formulas to switch between the

physical and expansion space). This reduces the costs of the evaluation for nonlinear

terms enormously from O(N2) to O(N logN). The grid in the physical space is uni-

form in the horizontal directions where Fourier modes are used, in the vertical direction

Gauss-Lobatto points [115] are needed to use a fast cosine transformation. They are

not equally spaced and tend to cluster at the boundary planes (see Fig. 5.1). An ex-

ception is the criterion for the buoyancy (2.27) which cannot be evaluated in the space

of expansion function and must be evaluated at each grid point, but still fast transform

methods can be used to calculate D′ and M ′ in physical space and to transform B to

the expansion space.

Using fast transformation methods is unfortunately algorithmically not equivalent

to the evolution of convolution sums. The discrete transform methods aliase wavenum-

bers outside the basic range in the sum, these components are wrongly added to lower

wavenumbers, this is called the aliasing error. To overcome this error several dealiasing

techniques are available, here the 2/3 rule is used since only the lower two thirds of

the wavenumbers are effectively used (the upper third is set 0).

Rac Γc

both free slip 657.511 2.828
both no slip 1707.762 2.016

one no slip and one free slip 1100.65 2.342

Table 5.1: List of critical Rayleigh number Rac and coresponding aspect ratio Γc for free
slip BC, no slip BC, and a mixture of both BC, see Ref. [8].

The developed code was tested in several ways. One option was to compare results

with another code, the one used in chapter 4, with very good agreement between them.

The other way was to change the code slightly to be able to simulate dry RB convection
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Figure 5.2: Examples of testruns of the developed code under dry conditions close to the
critical Rayleigh number. Shown are projections of the velocity field in the x− z plane. Left:
convective rolls with free slip BC on top and no slip BC at the bottom plane. Right: free
slip BC at both planes.

(see section 5.3), the obtained results were compared with numerical results of dry RB

convection. A good test for numerical programs in dry RB convection is to test the

critical Rayleigh number Rac obtained with the linear stability analysis for the onset of

convection. If a run with a Rayleigh number slightly below the threshold is performed,

no convection should be visible. Using a Rayleigh number slightly above the critical

value typical flow roll patterns should be visible. In table 5.1 the critical Rac and the

associated aspect ratio are listed for free slip and no slip BC, from [8]. Here it was

tested with RaC ± 0.1 with the expected results for all four BC combinations, see Fig.

5.2 for examples.

The speed up of the parallelization method gained by the increased number of

involved CPUs was calculated for a test case. The parallelization depends on the

number of horizontal grid points Nh. For the code this number is always a power of

two and the number of CPUs must also be a power of two. The test case was done

with Nh = 29 = 512. The speed up is defined as the quotient of the time one CPU

need for the test run and the time n CPUs need for the run, given by

speed up =
user time on one processors

user time on n processors
. (5.26)

The result is shown in Fig. 5.3, the straight line marks the ideal linear speed up (a

doupling of the number of CPUs halves the required time). The speed up is quite good

up to 27 CPUs, a further increase to 28 is not efficient. There the time needed for the

inter-process communication is very high and eats the time saved by the distribution
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of work over the processors. One reason is the global communication in the FFTs. As

a rule of thumb the number of CPUs is one fourth of Nh or less.
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Figure 5.3: Speed up measurements
for a test case with Nh = 29

The code takes advantage of Eqn. (2.38)

to reduce the computational effort. The time

stepping cannot be chosen independently from

the grid resolution, otherwise the time-stepping

scheme will be unstable and blow up within a few

time steps. To control the time resolution the

Courant-Friedrichs-Levy number (CFL) is used

[114]. It is based on the idea the a particle in

the flow, which is just advected and does not in-

teract with the flow, should move less than one

grid cell in one time step. Experience shows that

CFL<0.3 is a good value to avoid blow up events

for this code. The spatial resolution is controlled by the Kolmogorov scale ηK as in

the last chapter. For this code kmaxηK ≥ 1.5 is a appropriate criterion [118, 119] (note

that, compared to the code in the last chapter, the maximum resolved lenght scale is

kmax = 2Nh/(3Γ)). Nevertheless sometimes simulations were repeated with a higher

grid resolution to see if the results change and the resolution is sufficient.

5.2 Relation between both sets of boundary condi-

tions

It is now discussed how the simulations with the two sets of boundary conditions

have to be compared. Two strategies are possible, either to run simulations with the

same buoyancy fluxes or with the same mean buoyancy values at the planes. Here the

second option was chosen. The first strategy turned out to be less feasible due to the

transitional properties of the present model (see section 3 or [40]). The reference point

will be thus always the run with N. The corresponding run with D results from the

moist turbulence conditions as they evolve in the former.

The comparison is as follows. First, a conditionally unstable Kuo-Bretherton (KB)

equilibrium state is defined, like in Fig. 5.4(a). The equilibrium state is given by the

parameters R̂aM , R̂aD, ˆSSD(= 0) and ˆCSA. It is neither subsaturated nor supersat-
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Figure 5.4: Sketch of equilibrium states and their relation. (a) Equilibrium for a run with
Neumann BC N in the KB regime. The quiescent layer is held therefore exactly at the
saturation threshold. (b) Vertical mean buoyancy profiles of D and M (dashed lines) as
obtained with N when moist convective turbulence is generated from case (a). The resulting
mean values at the planes determine the linear profiles of the corresponding run with Dirichlet
BC as indicated by thin dotted vertical lines in (b) and (c). (c) Resulting equilibrium for the
D case. Since Ns is unchanged and SSD∗ 6= 0 a partly saturated equilibrium DE4 results.
The horizontal line marks the equilibrium cloud base zCB.

urated. Then the equilibrium is perturbed and convective turbulence is initiated for

the N case which will evolve into a statistically stationary state. Second, the mean

buoyancy profiles for D and M are calculated. Averages over horizontal planes and

time are denoted by 〈·〉x,y,t (see Fig. 5.4(b)). Third, the mean values at the plates

determine the equilibrium configuration in the corresponding case D as shown in Fig.

5.4(c). The resulting dimensionless parameters Ra∗M , Ra∗D, SSD
∗( 6= 0) and CSA∗ are

now based on these mean values which have to be inserted into (2.30) and (2.31). For

the rest of this chapter parameter dependencies will be expressed in terms of the second

set of dimensionless parameters which are denoted as effective parameters.

Note that a similar translation is necessary in dry Rayleigh-Bénard convection [107].

At the top plate the resulting mean temperature in the fixed flux case is then smaller

than the original temperature of the equilibrium state, at the bottom plate it is higher

than the original one. The same is observed in Fig. 5.4(a) and (b) of the present

setting.

This translation results in an equilibrium for case D that is partly saturated and

partly unsaturated. Unsaturated air is present in the lower part of the layer and

saturated air in the upper part (see Fig. 5.4(c)). Consequently, a cloud base zCB

is found inside the slab that is given by Eqn. (2.42). Because the simulations for
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the D and N case are started out of different diffusive equilibrium states they have

different characteristic quantities that enter the dimensionless parameters. In order

to compare both types of runs the data from the D case has to be rescaled with

the characteristic scales of the N case. For example if the Neumann BC run has a

characteristic moist buoyancy difference δMN and the Dirichlet BC run has δMD then

the buoyancy B of the D case is multiplied with δMD/δMN or in other words with

Ra∗M/R̂aM . Now the buoyancies for both runs are expressed in the same dimensionless

units. In this study trends for growing Rayleigh numbers are investigated. An increase

in the Rayleigh numbers can be performed in two ways: the first way is to increase

the difference MH − M0 and leave ν and κ unchanged. The second way is to obtain

growing Rayleigh numbers through a decrease of ν and κ such that the Prandtl number

remains unchanged. The last way which is chosen here has the technical advantage

that velocities and buoyancies are measured in the same units for all runs. The Brunt-

Vaisala frequency Ns is also the same.

Run 1/∆t Nh Nv Ra∗M SSD∗ CSA∗

N0/D0 100/100 128 17 5.789 · 103 0.61 2.69
N1/D1 90/90 256 33 1.427 · 104 1.01 3.64
N2/D2 120/120 256 33 3.270 · 104 1.47 4.76
N3/D3 150/120 512 65 1.066 · 105 1.45 4.87
N4/D4 120/150 512 65 3.530 · 105 1.20 4.41
N5/D5 120/160 512 65/129 1.394 · 106 0.85 3.72
N6/D6 200/230 1024 129 4.441 · 106 0.74 3.53
N7/D7 200/280 1024 129 1.526 · 107 0.67 3.40

DryN4/DryD4 200/200 512 65 1.254 · 105 - -

Table 5.2: List of parameters of all performed DNS runs. N is for runs with Neumann BC
and D for corresponding runs with Dirichlet BC. Compared are always runs with the same
number, i.e., N2 with D2. Pr = 0.7 and Γ = 16 for all runs.

In table 5.2 a list of the performed DNS runs is given with effective physical and nu-

merical parameters. The Prandtl number is 0.7 for all runs. Without loss of generality

D̄(z) = (−1/3)M̄(z) is used throughout the work for the diffusive equilibrium pro-

files of both buoyancy fields. This is one particular possible choice for a configuration

DE3 which was always the starting point. The choice results to R̂aD = (−1/3)R̂aM .

Thus the fluctuations from M ′ and D′ are correlated via (2.38) and it follows that

Ra∗D = −1/3Ra∗M . That is why Ra∗D is not listed separately in table 5.2. The effective

78



5.3. CONVECTION WITHOUT PHASE CHANGES

0 0.004 0.008
0

0.5

1

< u2

z >x,y,t

z

(a)

0 0.02 0.04
0

0.5

1

< u2

x +u2

y >x,y,t

z

(b)

−0.55 −0.5 −0.45
0

0.5

1

< M >x,y,t

z

(c)

0 5 10
0

0.5

1

Tconv(M)/T eq
diff

z

(d)

Figure 5.5: Mean vertical profiles of (a) the vertical velocity fluctuations, (b) the horizontal
velocity fluctuations, (c) the mean buoyancy (equivalent to temperature) and (d) the con-
vective heat transport. The dash-dotted line represents run DryD4 and the solid line run
DryN4.

parameters are defined in a way that they are the same for both boundary conditions.

The diffusive equilibrium for theD case based on these parameters is of mixed type (see

Fig. 5.4(c)). In addition a run for constant fluxes without phase changes denoted as

DryN4 and a corresponding run for D denoted as DryD4 are performed. Furthermore

run N3 was repeated with aspect ratio 24 to study the impact of different aspect ratios

on the dynamics. The number of equally spaced grid points in the horizontal directions

is given by Nh, the number of the Chebyshev Gauss-Lobatto grid points by Nv (or the

number of orthonormal expansion functions). The time increment is denoted with ∆t.

Turbulent convection is always triggered out of the equilibrium state, either by

an infinitesimal perturbation of the linearly unstable quiescent layer or by a finite-

amplitude perturbation of the conditionally unstable layer. Then the system relaxes

into a statistically stationary state after passing a transient. Statistical and structural

analysis is provided for the statistically stationary regime in the following.

5.3 Convection without phase changes

As a starting point two runs without phase changes are compared, these runs serves as

dry reference cases. In order to get to the dry Rayleigh-Bénard convection equations,

M (or alsoD) can be regarded as being now directly proportional to the temperature T .

The buoyancy term B is replaced in the momentum equation (2.23) by B = M = gαT

. The field is again decomposed into a linear and a fluctuating part, M(x, t) = M̄(z)+

M ′(x, t).
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In Fig. 5.5 mean profiles of some quantities with respect to z are plotted in order to

compare them later with the results of the runs with phase changes. Symmetry with

respect to the mid plane is an intrinsic property of dry Rayleigh-Bénard convection

and is established here. Velocity fluctuations in all three directions (see panels (a)

and (b)) are enhanced in the constant flux case N in comparison to the constant

amplitude case D. The mean buoyancy (or temperature) profiles are compared in

panel (c). The typical boundary layers at the planes form which enclose a well-mixed

bulk. The convective buoyancy flux in panel (d) is also enhanced for N. Both, the mean

buoyancy (or temperature) and the vertical velocity fluctuation profiles for the D case

are qualitatively similar to what was found in DNS of dry convection with large aspect

ratio such as in Ref. [14], although stress free instead of no slip BC for the velocity field

are used for the study here. The reason for the higher amplitudes in case N might be

due to the observed flow patterns. For the case N, a large diamond-like structure of the

buoyancy field B is found in combination with a ribbon of downwelling fluid motion

is observed. Again, this could be a relic of the fact that the critical wavenumber for

the onset of convection is zero [111]. Such a pronounced flow structure enhances the

fluctuations.

In large eddy simulations of dry convection in large aspect ratio cells, Fiedler and

Khairoutdinov [120] found similar extended structures in the buoyancy field in combi-

nation with smaller patterns of the velocity field. These simulations are close to the

present case N in terms of the BC. It is therefore concluded that the applied Smagorin-

sky subgrid-scale model results in effective Rayleigh numbers that are comparable with

the values in this chapter. This might be the reason for similar observed structures.

This observation for moderate Rayleigh numbers is also in line with the findings of

Johnston and Doering [107].

As mentioned earlier of particular interest in turbulent convection are always the

vertical transport properties. The global transport is measured by a dimensionless

Nusselt number Nu. The turbulent heat transport is composed of a convective Tconv

and a diffusive flux Tdiff , and are normalized by the diffusive flux at equilibrium T eq
diff .

Here the mean values of the buoyancy fields at the top and bottom planes are known

in both cases due to the boundary conditions. Thus the mean gradient of the moist

buoyancy in dimensional form is given by (MD
0 −MD

H )/H .

As stated above, in convection without phase changes the dry and moist buoyancies

are equivalent. Since it makes for this section no difference the Nusselt number will be
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Figure 5.6: Mean vertical profiles of (a) the vertical velocity fluctuations, (b) the horizontal
velocity fluctuations, (c) the mean buoyancy and (d) the convective buoyancy transport. The
dash-dotted line represents run D4 and the solid line run N4.

already based on the moist buoyancy diffusive flux of case D, as it will be used for the

rest of this chapter. The Nusselt number with respect to any of the three buoyancy

fields A = D,M or B is thus defined by

NuA(z) =
Tconv(A) + Tdiff (A)

T eq
diff

=
H

(

〈uzA〉x,y,t − κ∂〈A〉x,y,t
∂z

)

κ(MD
0 −MD

H )
. (5.27)

The Nusselt numbers for both dry runs are NuN = 9.32 and NuD = 7.07 (see table

5.2 for the parameters). Recall that there exists no dependence of Nu on the vertical

coordinate z in dry convection. This is a direct consequence of averaging the buoyancy

equation in planes at fixed height and in time. Other definitions for the Nusselt numbers

in the moist convection case are possible, e.g. by relation to the dry buoyancy flux [49].

5.4 Convection with phase changes

In order to emphasize the differences of Rayleigh-Bénard convection with and without

phase changes the same quantities are shown in Fig. 5.6 as in Fig. 5.5 for the dry con-

vection case. In panels (c) and (d) the buoyancy B and the corresponding convective

flux Tconv(B) is displayed. The main difference is the breaking of the top-down sym-

metry of all vertical profiles, a consequence of the latent heat release that is a source

of additional kinetic energy in the upper part of the convection domain. As discussed

further below, the convective buoyancy transport can now become even negative since

the lower part of the layer is still stably stratified.
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Figure 5.7: Vertical dependence of various mean quantities. The data for the different runs
(N0–N7 and D0–D7) are successively shifted. The Rayleigh number increases from left (run
0) to right (run 7). (a) Moist buoyancy profiles which are shifted by 0.2. (b) Buoyancy
profiles B using Eqn. (2.27) which are shifted by 0.5. (c) Liquid water content profiles which
are shifted by 0.2. (d) Cloud fraction profiles following from Eqn. (5.29) which are shifted
by 1. Line style is the same in all four panels.

5.4.1 Mean buoyancy profiles and cloud cover

Now the result of the moist convection runs are discussed. As mentioned in the in

the beginning of this chapter, turbulence properties are monitored as a function of

the Rayleigh number and are compared for both BCs. First vertical mean profiles of

quantities that are directly related to M ′ are regarded. The first inspection of the

vertical profiles in Fig. 5.7 unravels a similar asymmetry which was already mentioned

in Fig. 5.6 and which is discussed in detail in previous studies [37, 45, 49]. In Fig.

5.7(a) it is demonstrated that the mean moist buoyancy coincides for both cases at

the boundaries. The profiles become increasingly asymmetric with increasing Rayleigh

number. It is very close to the linear diffusive equilibrium profile in the lower part of

the layer which is a hint for almost absent turbulent mixing, a consequence of the stable

stratification. The profiles turn to be constant with height in the upper part. This in

turn is a clear indication for well-mixed turbulence with a small boundary layer at the

top. A further interesting result is that 〈MD(z)〉x,y,t > 〈MN(z)〉x,y,t. Since the moist

buoyancy is relevant for many other quantities a measure is defined that quantifies how
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much the profiles differ for the two cases of boundary conditions,

Q1 =
〈

|〈MN〉x,y,t − 〈MD〉x,y,t|
〉

z
. (5.28)
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Figure 5.8: Difference of the vertical moist
buoyancy profiles for corresponding runs of
cases D and N using Eqn. (5.28). Data are
plotted against the effective moist Rayleigh
number.

A decrease of Q1 for Ra∗M & 105 is observ-

able as shown in Fig. 5.8. The quantity

indicates that the differences diminish pro-

gressively. In Fig. 5.7(b) the mean profiles

of the buoyancy B follow. Again, a differ-

ence for the lower and upper parts of the

layer can be detected which is similar to

that of the moist buoyancy M . For the

highest Rayleigh numbers the mean buoy-

ancy profiles become almost indistinguish-

able.

From Eqns. (2.38) and (2.19) it follows

that M is also directly related to the water

content. In Fig. 5.7(c) the mean profiles

of ql are shown. The saturation threshold for each data set is marked as a vertical

solid line segment. Similar to the mean profiles of M , the profiles for the water content

converge to each other with increasing Rayleigh number. The fixed amplitude runs

obey always slightly more liquid water across the domain than the constant flux runs,

except for the run 6 in the lower part of the box. A possible explanation could be that

the fixed amplitude case sustains the water content to a constant value throughout the

whole DNS run. In the constant flux case, this water content can fluctuate in space

and time across the boundary planes and thus affect the cloudiness across the whole

layer.

Furthermore, in Fig. 5.7(d) the cloud fraction as a function of z is shown, which is

defined by (I is the indicator function)

F (z) = 〈Iql>0(z)〉x,y,t . (5.29)

For the runs D0 and N0–N2 one can observe subsaturated air at all heights which

corresponds with an open cloud layer. All other runs obey a closed cloud layer in the

upper and completely unsaturated air in the lower part. In between subsaturated and
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saturated air coexist and the percentage of saturated air increases with height. The

cloud cover profiles converge again such that the albedo for different thermal boundary

conditions would be nearly the same in the actual moist convection model.

The thickness of this intermediate layer is different for the two boundary conditions

and can be explained as follows: the liquid water content is slightly higher for the D

case as shown in panel (c) which should give a bigger cloud fraction. For the case N it is

found that the buoyancy M ′ has a higher variance about the mean value (not shown).

This results in a higher variation of the liquid water content and thus a thicker crossover

layer from a completely cloudless state to a full cloudy one. The thickness of this

intermediate layer and the difference in the thickness for the two boundary conditions

are also decreasing with increasing Rayleigh number, respectively. It is known that for

higher Rayleigh numbers the individual plumes become more fragmented. Furthermore

diffusion decreases and the degree of stable stratification in the lower part increases.

The stronger fragmented moist filaments penetrate less easily into the dry layer and

evaporate. This all seems to result in a thinner transition layer between both regions.

5.4.2 Buoyancy transport

The vertical transport properties in the conditionally unstable parameter regime are

investigated in the following. From Eqn. (5.27) the following definitions were adopted

NuN

A(z) =

[
√

PrR̂aM 〈uzA〉x,y,t −
∂〈A〉x,y,t

∂z

]

R̂aM
Ra∗M

, (5.30)

NuD

A(z) =

[

√

PrRa∗M〈uzA〉x,y,t −
∂〈A〉x,y,t

∂z

]

, (5.31)

where A = D,M or B.

Note that NuD(z) and NuM(z) for both BC are still constant functions as in dry

convection. Only the Nusselt number with respect to the buoyancy B will violate this

property since it incorporates the impact of phase changes. The focus is here on the

convective transport and Tconv(M) as discussed in Fig. 5.9(a). It was verified that the

diffusive contribution has exactly the same shape, is non-zero at z = 0 and negative

such that both sum up to a constant non-zero positive constant as given by (5.27)

or (5.30,5.31). In the upper part a fully developed turbulent layer emerges and the

convective transport of M takes the maximum value. In the lower part of the layer it
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Figure 5.9: Vertical profiles of mean buoyancy transport (from left to right for runs 0
to run 7). The profiles for the different runs are again successively shifted. (a) Profiles of
the convective transport of the moist buoyancy Tconv(M)/T eq

diff which are shifted by 2. (b)

Profiles of the convective buoyancy flux Tconv(B)/T eq
diff which are shifted by 4. (c) Profiles

of the Nusselt number NuB which are shifted by 2 as indicated at the top of the panel.
Here the curves are centered about the Nusselt number for B for the N case at height zero.
This value is always indicated at the bottom and by a vertical dotted line. Same line style
for (a)-(c). (d) Nusselt number of the moist buoyancy plotted against the effective moist
Rayleigh number Ra∗M .

becomes almost zero with increasing Rayleigh number. For runs N5–N7 close to the

bottom plane a layer of weak negative convective transport emerges. It is most strongly

in N5 and decreases for N6 and N7. This behavior might arise due to falling plume

structures which are a result of the possible variations of D and M in the boundary

plane together with mean flow structures which will be discussed in section 5.4.4.

Additionally the transport properties of the resulting buoyancy B are plotted in

Figs. 5.9(b) and (c). In panel (b) of this figure the convective transport Tconv(B) is

shown. The upper part of the curves is similar to those of Tconv(M), a result of (2.27).

However, the lower part of the curves shows negative values since the buoyancy B

is related to the dry buoyancy D as determined by (2.38). This is a manifestation

of the stable stratification of the lower part of the convection layer. Upward directed

velocity and positive buoyancy fluctuation are anti-correlated. As the Rayleigh number

is increased the transport in the lower part of the layer, which has to rely solely on

diffusion, becomes increasingly inefficient for both sets of boundary conditions. A
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destabilization requires an extension of the moist convection model, e.g. by a radiative

bulk cooling as recent complementary studies showed [51]. The profile of the convective

transport for z ≥ 0.5 in this case (see runs N7 and D7 in Fig. 5.9 (b)) is qualitatively

equal to the one in Fig. 5.5 (b) for classical dry Rayleigh-Bénard convection. Here

convective transport is fully established. The turbulent motion in the dry convection

layer is strongly suppressed, in the cloudy layer above it is amplified.

In panel (c) of Fig. 5.9, NuB(z) is given for both BC. The Nusselt number of B is

not any more necessarily constant with respect to z. The profiles are centered about

the value NuB(z = 0) of the case N. In the zone where unsaturated and saturated

air coexist the Nusselt number has a bump which is a result of the latent heat release

due to permanently ongoing phase changes. In the upper and lower parts of the layer

the profiles are nearly perfectly constant about the height since the air is either fully

unsaturated or fully saturated.

The Nusselt numbers of M for both BC are compared in Fig. 5.9(d). Note that the

values for the corresponding N are fixed through the boundary condition and are given

by definition as R̂aM/Ra∗M . For both cases the convective transport decreases in the dry

lower layer compared to the diffusive transport with increasing Rayleigh number. The

difference between both cases is decreasing as seen from the profiles. This indicates

that the vertical transport of heat and moisture becomes almost the same for the

highest Rayleigh numbers accessible. It can also be seen that the buoyancy transport

in the conditionally unstable regime is rather slightly decreasing or almost constant

with Ra∗M than increasing as known from dry convection. In Ref. [50], an upper bound

was predicted which is a consequence of the dominant and stably stratified layer of

unsaturated air above the bottom plane.

For imposed fluxes the Nusselt number at the bottom and top plane is prescribed

by the BC. In Fig. 5.9 a qualitative change between runs D4 and D5 can be observed.

For example, in Fig. 5.9(c) it can be seen that in runs D1 to D4 the Nusselt number

NuB is smaller at the upper and larger at the lower boundary than in runs N1 to N4.

The opposite is seen for runs 5 and 6. In run 7 almost no difference at the plates is

noticeable. The origin of these differences is in the diffusive equilibrium states. As

listed in table 5.2, it can be seen that both parameters, SSD∗ and CSA∗, pass a local

maxima at runs 3 and 4 and decrease for higher Rayleigh numbers. Thus less liquid

water can be formed which rationalizes the observations mentioned above.
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Figure 5.10: (a) Time average of the kinetic energy versus the moist effective Rayleigh
number. (b) The relative deviation for the kinetic energies using Eqn. (5.33) versus Ra∗M .

5.4.3 Mean velocity fluctuations

The results for the velocity fluctuations are presented now. Fig. 5.10(a) compares the

turbulent kinetic energy (TKE) for all runs, which is given by the time average of

Ekin(t) =
1

2
〈u2〉x,y,z . (5.32)

The TKE values for both sets of BC converge to each other with growing Rayleigh

number. The magnitude of the TKE in cases N is by a factor of 1.4 to 0.5 larger than

in the corresponding case D. The relative deviation of both is quantified by

Q2 =
〈EN

kin〉t − 〈ED

kin〉t
〈ED

kin〉t
. (5.33)

Two points should be mentioned to understand the results for the TKE. First it is

important to realize that for conditionally unstable settings all the kinetic energy has

its origin in latent heat release. In particular for the runs at higher Rayleigh numbers

latent heat is released in the upper part of the box only where cloudy air is present.

This upper layer is the domain where convective motion is driven only. Second, the

dry layer in the lower part is stably stratified and tends to suppress turbulent fluid

motion as discussed above. As already observed in the last subsections the differences

between both series decrease for the mean profiles of several physical quantities. The

same is now observed for the measure Q2 as can be seen in Fig. 5.10(b).

In order to detect where the differences in TKE are resulting from, the analysis is

refined and in Fig. 5.11 the horizontal and vertical mean square velocity fluctuations

are plotted as a function of height. In particular, the fluctuations of the two horizontal

velocity components are added. It is seen that the larger fraction of the kinetic en-
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Figure 5.11: (a) Vertical mean profiles of the vertical velocity fluctuations. Both BC are
compared from left to right in runs 0 to 7 which are successively shifted by 0.006. The dotted
vertical lines mark zero for each pair of runs (same in panel (b)). (b) Vertical mean profiles of
the horizontal velocity fluctuations here shifted by 0.07. (c) Shown is quantity Q3 as defined
in Eqn. (5.34). Line style is the same for (a) and (b).

ergy is always contained in the horizontal velocity components ux and uy, even when

dividing their joint contribution by two. In panel (a) of Fig. 5.11, it is observed that

with increasing Rayleigh number the vertical velocity fluctuations tend to ever smaller

magnitudes and are almost zero. This is in agreement with recent studies in Ref. [49]

and [50]. In cloudy regions the fluctuations are enhanced due to the latent heat re-

lease, but they decrease with increasing Rayleigh number since plumes which drive the

turbulent flow become increasingly fragmented. The relative difference between both

series of runs is shown in Fig. 5.11(c) as the lower curve. It is quantified by

Q3(A) =
〈AN〉x,y,z,t − 〈AD〉x,y,z,t

〈AN〉x,y,z,t
, (5.34)

with A either u2
x + u2

y or u2
z. The vertical velocity fluctuations in the case of Dirichlet

BC are larger than those of the case of Neumann BC. This results in a negative ratio

Q3 for all runs except run 0.

The profiles of the horizontal velocity fluctuations are shown in Fig. 5.11(b). For

low Rayleigh numbers it can be seen that the fluctuations are enhanced towards both

boundary planes in comparison to the center of the layer, mostly due to rising and
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falling air hitting the boundaries. With growing Rayleigh number the fluctuations

decrease everywhere in the layer. The lower part gets increasingly stably stratified

and thus diminishes the global convection motion in the whole layer. Falling plumes

from the upper layer are then strongly decelerated. The corresponding fluid motion

is redirected horizontally. The fluctuation profiles are nearly homogeneous below the

cloud base. In contrast to the vertical velocity fluctuations, Fig. 5.11(b) shows now

that the kinetic energy in the horizontal velocity components is higher for the case of

Neumann BC than for Dirichlet BC. This causes a positive Q3 for all runs.

In order to get a more complete picture in Fig. 5.12 two-dimensional projections of

the velocity field in x− z planes for runs at low and high Rayleigh numbers are shown.

For runs N1 and D1 in panels (a) and (c), it is observed that up- and downwelling

convective motion fills the whole layer. The cloud boundary fluctuates correspondingly

over the full vertical extension. The runs N7 and D7 show a different picture. The

Rayleigh number is significantly larger and thus the vertical diffusive transport in the

stably stratified environment significantly smaller. The two figures (b) and (d) show

also that the up- and downwelling flow between the two layers on top of each other

is reduced. The system can be considered as being composed of two increasingly

independent subsystems which are increasingly weaker coupled across an ever smaller

inversion layer in which the cloud base fluctuates.

5.4.4 Flow, cloud and buoyancy field structure

As stated in the last section now more light is shed on the flow and buoyancy field

structures in the following. Fig. 5.13 shows isosurfaces of the upward and downward

velocity in the layer. The data are the result of a time-averaging over a sequence of at

least 40 snapshots which were written out equidistantly for a time lag of 400-800 free-

fall time units Tf . It is seen that the imposed flux runs yield much more pronounced

large-scale flow patterns than the fixed amplitude cases, in particular at the smaller

Rayleigh numbers. For example, a roll-like region of downwelling flow can be observed

in panels (a) and (b), but not in the corresponding cases shown in panels (d) and (e).

A larger aspect ratio does not affect such roll-like structures which was confirmed in

a run similar to run N3 with aspect ratio of 24 instead of 16. Similar flow structures

can also be observed indirectly via the cloud pattern in nature [86]. With increasing

Rayleigh number the mean flow patterns develop more fine-scale features. It is also
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Figure 5.12: Vector plots of the instantaneous velocity field. Two-dimensional projections
into x− z cross-sections of the simulation domain are displayed. The solid line indicates the
cloud boundary. (a) N1, (b) D1, (c) N7 and (d) D7. In order to resolve the vertical fine
flow structures better, the size of the large aspect ratio domain and the velocity vectors are
rescaled.

known from previous studies [50] that in case of Dirichlet BC cloud aggregates increase

with growing Rayleigh number. In Fig. 5.13(d) a number of up- and downwelling areas

is observed. With increasing Rayleigh number these patches merge to bigger patches

of dominantly up-or downwelling flow motion. For the runs D5, D6 and D7 eventually

two regions of upward motion only are observed, a major larger one and a smaller

secondary region separated by a ribbon of downward moving air. Cases N7 and D7

appear much more similar in their mean flow structure than the runs at lower Rayleigh
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Figure 5.13: Isosurfaces of the mean vertical velocity 〈uz〉t taken at two levels, red is for
10 per cent of the maximal downward velocity, blue for 10 per cent of the maximal upward
velocity. (a) run N2, (b) run N3, (c) run N7, (d) run D2, (e) run D3 and (f) run D7. Aspect
ratio is 16 for all cases and the view is from above onto the layer.

numbers as the comparison of panels (c) and (f) demonstrates.

On the basis of the evolution of the flow structures it can be rationalized why Q3 is

negative for the vertical velocity fluctuations and positive for the horizontal fluctuations

as seen in Fig. 5.11. In the Neumann case the mean flow appears in form of extended

roll structures, for the Dirichlet case in form of convection cells. This results in higher

vertical velocity fluctuations for the Dirichlet case compared to the Neumann case. In

case of the horizontal velocity fluctuations the situation is opposite. Larger velocity

fluctuation amplitudes are observed in the Neumann case in connection with the roll
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Figure 5.14: Example of a vortex as found in run N6. The look is from below into the box.
The green isosurface is the cloud boundary with ql = 0. Also shown are streamline segments
seeded in a plane at height z = 0.36 below the cloud boundary.

pattern. For the highest Rayleigh numbers in runs 5 to 7, these mean structures persist

and therefore both measures, Q2 and Q3, remain nearly unchanged. In panel (f) of Fig.

5.13 it can be seen that extended convection cells in the Dirichlet case disappeared as

they were observable in panel (d) of the same figure.

In most simulations the velocity field is characterized by falling or rising plumes.

An exception are the runs N5 to N7 as mentioned already in section 5.4.2. They are

in addition accompanied by large vortices as shown in Fig. 5.14. The figure displays

nicely the correlations between the upwelling and downwelling fluid and the existence

of cloud aggregates. In the core of this vortex highly buoyant upwelling air is found

which is correlated to a deepening of cloud boundary in Fig. 5.14. The formation

of the vortices might be a result of the stable stratification which however does not

prevent horizontal fluctuations of the flow triggered by the buoyancy fields which can

fluctuate down to the boundary plane in the Neumann case.

The time-averaged buoyancy field 〈B(x, y, zi)〉t is shown in Fig. 5.15 at four different

heights zi to connect the mean flow structures showed above to this quantity. Compared
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Figure 5.15: Time averaged buoyancy for different heights zi. The two upper rows are for
run D6, the two lower rows are for the corresponding run N6. (a) and (e) z1=0, (b) and (f)
z2=0.1135, (c) and (g) z3=0.5, (d) and (h) z4=0.8865. Panel (a) has to be constant due to
the boundary conditions in cases D.

are runs D6 in the upper four panels of the figure with run N6 in the lower four. The

shape of the mean buoyancy does not change significantly for run N6 up to the cloud

boundary as seen in panels (e), (f) and (g). Above the cloud base at z ≈ 0.5 it

appears practically with reversed maxima and minima as seen in panel (h). The same

is observed for run D6 in Fig. 5.15 when panels (b) and (d) are compared. The
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reversion of maxima with minima is seen to take place in panel (c). This effect is

clearly a result of evaporation and condensation.

In Fig. 5.16 snapshots of the buoyancy B are presented together with the corre-

sponding vertical velocity uz in the lower stably stratified layer close to the bottom

plane. The figure displays an anticorrelation of buoyancy and vertical velocity in the

dry layer which was already found in Fig. 5.9 as a negative mean convective buoyancy

flux Tconv(B). In this figure it can be seen how it arises. Downwelling plumes have a

higher buoyancy than the ambient air. For both sets of boundary conditions this seems

to be similar and a brief explanation is given now. If a parcel of unsaturated air starts

to ascend from the inner part of the lower dry layer fluid has to move downward in its

vicinity due to incompressibility. Such ascending air parcels can be less buoyant than

the surrounding ambient air. When they come to a height where the saturation thresh-

old is reached latent heat can be released due to condensation of liquid water. This

causes the reversal of buoyancy which is seen in Fig. 5.15. Now upward motion of the

parcel gets amplified and eventually the upper boundary plane (see Figs. 5.11(a) and

(b)) can be reached. Incompressibility forces the parcel to sink back into the cloudy

bulk, eventually even to penetrate the interface between cloudy and cloudless layer and

to fall from above into the stably stratified lower part. As mentioned already earlier

this vertical exchange becomes increasingly difficult with increasing Rayleigh number

and thus strongly prevents convective transport of heat and moisture across the cloud

boundary.

5.5 Summary and outlook

In this chapter the influence of the boundary conditions of the dry and moist buoyancy

fields were studied with three-dimensional DNS. For smaller Rayleigh numbers differ-

ences in the behavior of the convection are observable as the analysis of vertical mean

profiles of buoyancies, velocity fluctuations and buoyancy transport currents shows.

Differences in the velocity and buoyancy fields occur due to the fact that in the case of

Neumann BC the scalar fields can vary at the plates. With increasing Rayleigh number

these differences decrease such that at Ra∗M = 107 statistical properties are nearly the

same.

A comment on the velocity boundary conditions is in order here: Many of the cited

references use no slip BC for the velocity field instead of free slip BC. Simulations
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Figure 5.16: Snapshot of buoyancy and vertical velocity at height z = 0.3087. (a) B from
N6, (b) B from D6, (c) uz from N6, (d) uz from D6.

with these BC were also performed in order to see if there are essential differences.

For the Rayleigh numbers studied, no significant differences ocured. The qualitative

picture remained unchanged. It is clear that flow patterns and mean properties will be

affected, in particular close to the boundaries where the horizontal components have

to be zero then as well.

For the present parameter settings, the convection layer can be divided into two

subregions. In the upper part of the convection layer a closed cloud layer is found

in which the saturated air parcels are in turbulent motion. The lower part consists

of a layer of unsaturated air which is mostly stably stratified and inhibits significant

convective motion as indicated by a significant reduction of the turbulent velocity

fluctuations and the convective buoyancy transport. In this layer diffusive transport

of moisture and heat dominates. Since the mean diffusive equilibria are the same for

both sets of boundary conditions similar mean profiles result particularly for the higher

Rayleigh numbers. The DNS runs indicate that with increasing Rayleigh number the

vertical transport across the full layer is more and more diminished. One reason for

this behavior is that the diffusive transport in general gets less and less efficient to

sustain fluid motion in the dry part. In a nutshell, the convection in both subsystems

decouples increasingly of each other. In the upper subsystem, classical Rayleigh-Bénard

convection of fully saturated air is observed, in the lower part weak fluid motion in

a stably stratified environment. The interfacial region between both subsystems in
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which phase changes are present becomes narrower which is indicated by a decrease

of the variance of the cloud base, but also by the shaper bump in the mean profiles

of the Nusselt number NuB(z) in Fig. 5.9. One resulting question is which additional

physical processes can re-amplify the vertical transport across the whole layer and

break up this separation between the sublayers? One suggestion might be to include

radiative cooling in the MRBC model to destabilize the whole layer, as done in [51].

Although the qualitative behavior of moist turbulent convection in the conditionally

unstable regime differs significantly from the classical dry convection case, one main

outcome of the study in the present MRBC model is very similar to what has been

found in dry Rayleigh-Bénard convection. With increasing Rayleigh number the global

transport properties for runs with both sets of boundary conditions converge to each

other. This finding seems to be also robust when switching from the two-dimensional

case as in Ref. [107] to three dimensions as here. Although the structures of the

turbulence fields in the three-dimensional case are much more complex some basic

mechanisms of the upward transport of heat (and moisture) are similar.

The properties which are relevant for atmospheric processes such as the cloud frac-

tion or the vertical transport of heat and moisture were not affected by the particu-

lar choice of the BC in the actual moist convection model for the highest accessible

Rayleigh number. Interesting would be to investigate if this insensitivity persists when

additional physical processes, such as radiative transfer and precipitation, are included

in the MRBC model. To see if the trends found here persist for higher Rayleigh num-

bers is also one aim for future work.

The thermal BC used in this chapter are very simple approximations of BC found

in nature. Chebyshev polynomials allow much more complicated boundary conditions

such as a mixture of Dirichlet und Neumann BC, and also different BC at the upper

and lower plane. It would be thus interesting to perform DNS runs with more realistic

BC (gained from observations) for the two buoyancy fields and the velocity field. Do

the properties of moist convection for growing Rayleigh numbers also converge to the

behaviour found here for the two simple BC approximations?
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Chapter 6

Proper orthogonal decomposition

The proper orthogonal decomposition (POD) is a method to extract a set of the most

energetic structures [63] from flow data. The data can be either obtained by numerical

simulations or experiments. When applied to the data, the method delivers a series

of orthogonal eigenfunctions that capture on average as much energy as possible. The

resulting modes represent the data better than every other orthogonal set of functions

of the same size (in terms of the energy content). Low dimensional models (LOM) can

be derived by projecting these modes on the governing equations. This reduces the

degrees of freedom of the dynamical system by a few orders of magnitude compared to

the full nonlinear Navier-Stokes equations.

Reducing the complexity can be helpful for many flows in technology and nature,

where it is not possible to resolve all relevant turbulent scales. The POD analysis is

a method that allows the derivation of low order models with reduced complexity and

is frequently used in fluid dynamics. For example in [121] for a differentially heated

cavity to study instability mechanism of the flow for very low Rayleigh numbers (2Rac

and 3.75Rac). LOMs with just a few modes (6 or less, which capture more than 99%

of the mean energy) were considered. Another study was done for plane Couette flow

[122] where the structure of the modes is analyzed. Also LOMs of different complexity

are compared in this study along with their ability to reproduce plane Couette flows.

Another direction for POD analysis is performed in [123]. There the authors use the

method to investigate the dependence of the convective heat transport on the aspect

ratio. These are just a few examples where POD analysis is used, many more can be

found in the literature.

The motivation to use POD analysis for the MRBCmodel is the following. The hope
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is to construct a LOM out of DNS data that can predict important mean properties of

moist convection, like cloud fraction or convective water transport, in a computationally

cheap way, without performing an expensive DNS run every time. This LOM can than

help to improve global climate models, because quantities of interest can be calculated

fast and reliably (see also the introduction). The input to the reduced model would be

only the parameters of the MRBC model. This can help to avoid artificial modelling

or parametrizations of subgrid processes in climate models. To test if POD analysis

can help to develop such a tool is one aim of this chapter.

The chapter starts with an explanation of key steps of the POD method for the

MRBC model. A nice introduction to the POD method can be found in Ref. [63]. In

the same section, it is discussed how LOMs can be derived out of the POD results. In

the second part of the chapter some results and problems using the POD approach for

moist convection are discussed.

6.1 Numerical methods

As already mentioned, POD modes are related to the average energy of the data and

are orthogonal. Consequently it should be clarified how the energy is defined and in

which sense these modes are orthogonal. This is done by defining an inner product of

an appropriate function space, here the L2(Ω),Ω = Γ× Γ× 1. For the L2(Ω) space of

vector functions the inner product is given by

[v,w] =

∫

Ω

v ·w∗dx , (6.1)

with ∗ indicating complex conjugation. The norm of the L2(Ω) is denoted by ||.||.
Of course other inner products can be used representing other physical quantities of

interest. Mostly POD analyis is performed for vector functions that obey < v >x,y,t= 0

[123]. That is why only the deviations M̃ of the mean moist buoyancy fluctuations M̂

are considered here (for the velocity the average is already zero)

M ′ =< M ′ >x,y,t (z) + M̃ = M̂ + M̃ . (6.2)

The vector for the POD method for moist convection is then v = (ux, uy, uz, M̃)T (AT

is the transpose of A). Some authors claim, that it is useful to make the contributions
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of the different physical quantities, velocity and buoyancy, equal before performing a

POD analysis [121]. For the moment, this is not done here.

The procedure starts with collecting a series of snapshots v(tk), k = 1, ...NT of DNS

runs (using the code explained in chapter 5). Now the task is to extract out of these

data a set of orthogonal functions {φi}i which capture on average as much enery as

possible of the flow data, i.e.

< |[v, φi]|2 >t /||φi||2 → max (6.3)

must be maximized under the requirement of orthogonality. Through the application

of the variational calculus this problem can be transformed into the following Euler-

Lagrange integral equation:

∫

Ω

< v(x)⊗ v∗(x′) >t φ(x
′)dx′ = λφ(x) , (6.4)

with ⊗ being the tensor product. The solutions of this problem are optimal in the

sense of capturing on average the greatest possible fraction of energy defined through

the inner product, also they are orthogonal (and can be easily made orthonormal).

The direct method

The equation (6.4) is in practise solved by transforming it into a matrix eigenvalue

problem through discretization in space and time. Two methods can be found in the

literature [63]. First, the direct method, which is more efficient in terms of computa-

tional costs when the number of snapshots is larger than the number of grid points.

Second, the method of snapshots [123] which should be used in the other case. Here

only the direct method is used, but both methods have to lead to the same results [122].

The data provided by the DNS is of the form

v =
∑

nx,ny

exp((2πi/Γ)(nxx+ nyy))Fnx,ny(z, t) . (6.5)

Before starting, one simplification can be made by taking advantage of the periodic

boundary conditions at the side walls. Because of this periodicity it can be assumed

that the data are translational invariant in the horizontal directions, and thus the POD
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modes are a priori given in these directions by Fourier modes

φnx,ny = (1/Γ) exp((2πi/Γ)(nxx+ nyy))Φnx,ny(z) , (6.6)

with Φnx,ny = (Φ1
nx,ny

, ...,Φ4
nx,ny

)T . The first step of the discretization is to replace the

time average by an ensemble average. Together with ansatz (6.6), the problem (6.4) is

given by

Γ2/NT

4
∑

j=1

NT
∑

k=1

F i
nx,ny

(z, tk)

∫ 1

0

F j∗
nx,ny

(z′, tk)Φ
j(z′)dz′ = λnx,nyΦ

i
nx,ny

(z) i = 1, ...4 .

(6.7)

The remaining integral in the equation can be approximated with a numerical method

like the trapezoidal rule, i.e. (ωl are the weights of the numerical integration)

∫ 1

0

F j∗
nx,ny

(z′, tk)Φ
j(z′)dz′ ≈

Nv
∑

l=0

ωlF
j∗
nx,ny

(zl, tk)Φ
j(zl)

= (F̆ j∗
nx,ny

(tk))
T Φ̆j

nx,ny
. (6.8)

The following notation was used in the equation above

Ğ = (
√
ω0G(z0), ...,

√
ωNvG(zNv))

T . (6.9)

In particular Eqn. (6.7) is satisfied at each grid point zl. Multiplying the equations

with the corresponding weight
√
ωl at zl, the resulting set of equations is

Γ2/NT

4
∑

j=1

NT
∑

k=1

F̆ i
nx,ny

(tk)(F̆
j∗
nx,ny

(tk))
T Φ̆j

nx,ny
= λnx,nyΦ̆

i
nx,ny

i = 1, ...4 . (6.10)

The original problem (6.4) is now converted in a Hermitian eigenvalue problem for a

4(NV + 1)× 4(NV + 1) matrix. It should be mentioned that the resulting eigenvectors

must be multiplied with 1/
√
ωl to obtain the desired modes. The different solutions

of the problem are indicated with an additional index q, the quantum number, giving

the order of the eigenvalues, i.e. λnx,ny,q > λnx,ny,q+1. Linear properties of the data

are conserved by the POD method (like boundary conditions or the incompressibility

constraint). For the implementation of the problem, a routine from the LAPACK
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linear algebra package [124] was used, the routine also ensures that the modes are

orthonormal.

Discrete symmetries can be used to enlarge the number of snapshots without per-

forming additional DNS runs. For the MRBC model these symmetries are rotation

about π/2 at z = 0 and reflection at the x − z plane. In this way the number of

snapshots can easily be enlarged by a factor of 8. The symmetries are herited to the

eigenvalues and eigenvectors. Also symmetry causes that all Φi
nx,ny,q are real for i = 1, 2

and pure imaginary for i = 3, 4 (an exception are Φi
0,0,q, which are all real).

Once the eigenfunctions are calculated, the vector function v can be expressed in

terms of these orthonormal functions

v = 1/Γ
∑

nx,ny,q

exp((2πi/Γ)(nxx+ nyy))Φnx,ny,q(z)anx,ny,q(t) . (6.11)

The expansion coefficients anx,ny,q of the DNS data in term of PODmodes are calculated

straightforward, they have to satisfy (δ is the Kronecker symbol):

1/NT

NT
∑

k=0

anx,ny,q1a
∗
mx,my ,q2

= λnx,ny,q1δq1q2δmxnxδmyny . (6.12)

because they represent the energy carried by the particular mode. This value is given

by the corresponding eigenvalue.

Low order model

The derivation of a low order model from POD modes will be discussed now, it is

also explained in Refs. [63, 121]. The relevant model equations, using the fact that M ′

and D′ are not independent (2.38), together with the decomposition (6.2) are

∂tu+ (u · ∇)u = −∇p +Bez +
√

Pr/RaM∇2u (6.13)

∂tM̃ + (u · ∇)M̃ + uz∂zM̂ = 1/
√

PrRaM(∇2M̃ + ∂zzM̂) + uz . (6.14)

For the buoyancy the equation becomes

B = max(M̃ + M̂,
RaD
RaM

(M̃ + M̂) + SSD + (1− RaD
RaM

− CSA)z) . (6.15)
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Using the ansatz (6.11) in Eqns. (6.13,6.14) and projection onto every POD mode

gives the following set of coupled ordenary differential equations for every expansion

coefficient anx,ny,q (remember, the modes are already incompressible and the LOM does

not have to take care of this, the same for the boundary conditions)

∂tanx,ny,q(t) = Bnx,ny,q(t) +Knx,ny,q +
∑

q1

anx,ny,q1(t)(Dnx,ny,q1,q + Lnx,ny,q1,q)

+
∑

kx+mx=nx

∑

ky+my=ny

∑

q1,q2

Nmx,my,q1,kx,ky,q2
nx,ny,q amx,my,q1(t)akx,ky,q2(t) . (6.16)

Here, the term

Bnx,ny,q(t) = 1/Γ

∫

Ω

B(x, y, z, t) exp(−(2πi/Γ)(nxx+ nyy))Φ
3∗
nx,ny,q(z)dx (6.17)

is production due to buoyancy.

Knx,ny,q(t) =







Γ/
√
PrRaM

∫ 1

0
∂zzM̂Φ4∗

0,0,qdz if nx = ny = 0

0 else ,
(6.18)

represents interactions of the system with the mean moist buoyancy. Linear interactions

are given by

Lnx,ny,q1,q =

∫ 1

0

(1− ∂zM̂)Φ3
nx,ny,q1

Φ4∗
nx,ny,qdz (6.19)

and also by the diffusion in the system

Dnx,ny,q1,q =

∫ 1

0

√

Pr

Ram

3
∑

j=1

{[(2πi/Γ)2(n2
x + n2

y) + ∂zz]Φ
j
nx,ny,q1

}Φj∗
nx,ny,q

+
1√

PrRaM
[(2πi/Γ)2(n2

x + n2
y) + ∂zz]Φ

4
nx,ny,q1

}Φ4∗
nx,ny,qdz . (6.20)

The nonlinear advection interactions are represented by

Nmx,my,q1,kx,ky,q2
nx,ny,q = −1/Γ

4
∑

j=1

∫ 1

0

[(Φ1
kx,ky,q1

(2πinx/Γ)

+Φ2
kx,ky,q1

(2πiny/Γ) + Φ3
kx,ky,q1

∂z)Φ
j
mx,my,q2

]Φj∗
nx,ny,qdz . (6.21)
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The pressure drops out during the projection.

A LOM is obtained by truncating the equations above at a certain level, i.e. only

a limited number of POD modes is used. Usually the modes are selected by their

energy content, in some cases this does not give the best representation of the flow

(essential structures are maybe neglected, e.g. small scale modes that couple bigger

ones), but ensures that the majority of turbulent energy is represented. The dynamical

behavior of the LOM is captured in the subspace of L2(Ω) spanned by the POD modes.

A careful selection of the modes for the LOM is required, if not enough modes are

considered, then the system can behave unphysically because the spanned subspace is

too small. However, very low-dimensional LOMs can capture short term dynamics of

flows [63, 125].

Two more notes about the LOM equations. The most expensive part of the com-

putation is to evaluate equations (6.17) because they are the only part that have to be

evaluated in physical space through Eqn. (6.15). For this, first M̂ must be calculated

via Eqn. (6.11). Also these equations must be evaluated at each time step, all others

only once in the beginning. That is the reason why this part was parallelized using

OpenMP. A further comment on the vertical derivatives in the equations above. They

inhibit no difficulty because the data in (6.5) are for the vertical direction an expansion

in Chebyshev polynomials. As a consequence the POD modes are also a superposition

of Chebyshev polynomials. Derivatives of polynomials are easy to calculate [115].

6.2 Preliminary results and discussion

The first POD analysis was performed for runs with relatively low parameter values,

RaM = 15000, RaD = −5000, CSA = 4/3, SSD = 0 and Pr = 0.7 with different

aspect ratios 8, 16 and 32. Consequently the runs are named G8, G16 and G32. This

parameter set is in the conditionally unstable regime and of KB type (see section 2.4),

which is a diffusive equilibrium state at saturation. Small changes can make the air

therefore saturated or unsaturated. In this section, all runs are performed with free

slip BC for the velocity field (2.32) and fixed values for the buoyancy fields (2.34). The

snapshots are produced with a time difference of 5 freefall time units between them,

in total for every run 401 are created. Typical snapshots of the cloud field are plotted

in Fig. 6.1. As discussed in section 4.2.1, the clouds look similar in shape and size for

the different Γ.
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Figure 6.1: Snapshots of the cloud boundary ql = 0. Upper left picture run G8, upper right
picture run G16, lower picture run G32. View is from below.
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In table 6.1 a list of the POD modes for the three run is given. As mentioned above,

the discrete symmetries of the data can be found also in the POD modes, the reason

why the modes are grouped relative to this symmetry. A group consists of all modes

with wavenumbers (±nx,±ny, q) and (±ny,±nx, q). In the table only one member of

each group is given. The groups are ordered by the relative contribution of each to the

total energy. Also given are the eigenvalues which are the same for all group members.

The table provides some interesting facts. First, the most energetic modes vary with

increasing Γ, but the typical horizontal wavelengths are more or less similar for all three

runs. The explanation is straightforward. As discussed in the previous chapters, in the

conditionally unstable regime turbulent kinetic energy can be found inside and around

clouds. Also the variations of M ′ that define a cloud are naturally high inside clouds.

Consequently the POD analysis, which maximizes the average total energy content of

each mode, will create the most energetic modes related to typical sizes of clouds. As

shown in Fig. 6.1 the typical length scale of a cloud does not depend on Γ, similar

findings for dry RB convection are presented in Ref. [123]. The second observation

is, that the individual energy content of each group decreases with increasing Γ, the

energy spectra become flatter. This is not suprising, because fluctuations can take

place on more scales.

POD analysis can furthermore help to get new insights of the vertical buoyancy

transport [123]. Of interest is, how large scale circulations contribute to the convective

buoyancy transport. The Nusselt number, as a volume average, is given by

NuM = 1 +
√

PrRaM < uzM
′ >x,y,z,t . (6.22)

In terms of POD modes and eigenvalues this equation translates to

NuM = 1 +
√

PrRaM/Γ2
∑

nx,ny,q

∫ 1

0

Φ3
nx,ny,qΦ

4∗
nx,ny,qdzλnx,ny,q (6.23)

:= 1 +
∑

nx,ny,q

NuM(nx, ny, q) . (6.24)

The Nusselt numbers for the three runs G8, G16 and G32 are respectively NuM =

1.6801, 1.5732, 1.5505 and do not vary much with increasing Γ. Table 6.2 is similar

to table 6.1, but now ordered concerning the contribution of the mode groups to the

convective transport (only for run G32). Here, the same can be observed as in table 6.1
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order i nx ny q members m λ Q(i)
1 1 0 1 4 0.3446 0.3901
2 1 1 1 4 0.1835 0.5978
3 2 1 1 8 0.0334 0.6736

Γ = 8 4 2 0 1 4 0.0392 0.7181
5 1 0 2 4 0.0328 0.75553

...
30 4 3 1 8 0.0009 0.9305

...
70 3 0 5 4 0.0004 0.9709
1 2 1 1 8 0.2155 0.1445
2 2 0 1 4 0.2911 0.2421
3 3 1 1 8 0.1325 0.3310

Γ = 16 4 1 1 1 4 0.1951 0.3964
5 3 0 1 4 0.1800 0.4567

...
30 4 3 2 8 0.0051 0.8369

...
70 7 0 1 4 0.0031 0.9092
1 3 1 1 8 0.2499 0.0431
2 3 2 1 8 0.2488 0.0818
3 4 1 1 8 0.2144 0.1188

Γ = 32 4 4 2 1 8 0.2124 0.1554
5 5 1 1 8 0.1985 0.1897
6 4 3 1 8 0.1930 0.2203

...
30 5 5 1 4 0.1007 0.6239

...
70 6 4 2 8 0.0118 0.7758

Table 6.1: List the most energetic mode groups for three different aspect ratios. Given are
the wavenumbers of the horizontal direction, the quantum number, the eigenvalue and the
contribution of the first most energetic groups to the total energy Q(i) = (

∑

i λnx,ny,qm)/ <
v2 >x,y,z,t.
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order nx ny q deg. NuM(nx, ny, q) Q(i)
1 5 1 1 8 0.0027698 0.0402
2 4 3 1 8 0.0026459 0.0786
3 4 2 1 8 0.0026182 0.1167

Γ = 32 4 5 2 1 8 0.0026338 0.1545
5 4 1 1 8 0.0024409 0.1900

...
30 7 5 1 8 0.0013465 0.6924

...
70 13 1 1 4 0.0002395 0.8795

...
106 1 1 1 4 -0.0001264 0.9264

Table 6.2: Same as in table 6.1 but for the convective buoyancy transport. Here Q(i) =
(
∑

i NuM (nx, ny, q)m)/NuM

with three exceptions. First, the typical horizontal length scales for the mode groups

that contribute most are slightly smaller than in the list for the energy contribution.

Second, the increments are steeper than for the energy spectra, for example the total

contribution of the first 70 groups for both lists. And third, here it is not unphysical

that some mode groups have a negative contribution, for example mode group 106 (see

also section 5.4.2).

Interesting can be to analyse the flow and cloud structure represented by single

modes [123, 126]. An example of the vertical part of mode (2, 1, 1) is shown in Fig.

6.2. For the mode Φ1,2 the real part is shown and for Φ3,4 the imaginary part. Clearly

visible are the boundary conditions. In the context of structure analysis, the time

dependence of the expansion coefficients of the DNS can help in order to see which

modes are very dynamic and which are relatively constant and represent thus a less

time dependent mean flow. Other coefficients might even have a periodical behavior.

Structure analysis is an important part of POD analysis, but has not been done yet

very detailed for the moist convection case. This work is left for the future.

Instead, it is shown in Fig. 6.3 how good the modes approximate the DNS data,

here for the cloud field of Fig. 6.1 upper left panel. In the figure from left to right with

the first 5 (75.53%), 10 (84.44%), 20 (90.41%) and 100 (98.13%) most energetic modes

(the percentage conforms how much average energy these groups represent). In terms

of the L2 norm the approximation has to become better and better and for the first
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100 mode groups it looks very good.
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Figure 6.2: Example of a POD mode, here (2,1,1).

Figure 6.3: Different approximation levels of a cloud field snapshot, from left to right the
first 5, 10, 20 and 100 most energetic groups. View is from below.

This was the motivation to start a LOM run with the first 100 mode groups. Initial

conditions are as in the right panel of Fig. 6.3 (initial conditions for the velocity field

are also from DNS). For the time integration of the LOM the explicit Euler scheme

was applied. Unfortunately, this run was not successful, as can be seen in Fig. 6.4 in

a time series of the cloud field at different times. For t = 10 the initial cloud is still

somehow visible, but as time evoles the cloud structure become unphysical. Instead

of a single cloud, a bunch of smaller clouds is visible for t = 80 at different altitudes.

Two reasons can be identified for this behavior. One is the inhomogenous distribution

of energy in the moist case compared to the dry Rayleigh-Bénard case. There the

energy is horizontally even distributed and also in the vertical direction (except close

to the planes where the boundary layer can be found). In the conditionally unstable

regime, the energy is where the clouds are. The essence of the POD procedure is to
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Figure 6.4: Cloud field of the LOM run at times t = 10, 20, 40, 80. View is from below.

Figure 6.5: Cloud field snapshot from LOM (left) and DNS (right). View is from above.

capture the most energetic structure, thus the uncloudy regions are less good resolved

by POD modes. Even the 100 most energetic modes capture more than 98% of the

average energy, the remaining two percent can be important for the regions far away

from clouds. The poor resolution in cloud free regions together with the fact that the

equilibrium state is a Kuo-Bretherton type, where small deviations of M ′ can alter the

saturation of a parcel and consequently if the parcel is positive or negative buoyant to

its environment, probably make it very difficult to perform LOM runs in this parameter

regime. Of course, the more POD modes are included in the LOM the better it should

perform, but the initial idea is to use not so much modes.

To avoid these problems, a second DNS run was performed. This time with a DE4

(or stratocumulus) equilibrium. Now the energy is horizontally more even distributed

and also small deviations of M ′ do not change the saturation of a parcel immediately.

The parameters for this run are RaM = 15000, RaD = −5000, Pr = 0.7, CSA =

4/3 + 0.5, SSD = 0.25 and Γ = 8. Again in the conditionally unstable regime. The

equilibrium is the upper half saturated and in the lower half unsaturated. In Fig. 6.5,
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Figure 6.6: Comparison of the vertical mean
water distribution < ql >x,y,t for DNS and LOM
run.

snapshots of the cloud fields are shown

in the statistically stationary regime for

the DNS and LOM run. The picture

of the LOM run looks more dynamic,

but the problem of the unphysical cloud

shapes seems to be resolved. Indeed the

vertical distribution of the liquid water

is now much more better as seen in Fig.

6.6. But a new problem occures, as

shown in Fig. 6.7, where the time de-

pendent total energy of the LOM and

the DNS run are shown. In the LOM

run the energy is much to high and as

a result the system is more dynamic.

This long term behavior of LOMs based

on POD modes is observed frequently

[126]. The high kinetic energy content

also results in way to high Nusselt num-

bers (not shown). The problem is the

missing dissipation, which takes place by mode couplings to the small scales. These

scales are missing in the LOM and thus the kinetic energy cannot dissipate and is

in part trapped in the system. To overcome this behavior, one strategy is to extend

the LOM about more modes (but again, that is not the idea of a LOM) which pro-

vide more dissipation. Other solutions for this problem are discussed in the literature

[125, 126]. Including an additional (artificial) dissipation in the equation (6.16) through

(1 + µ)Dnx,ny,q1,q can help. The constant µ can be either global or mode dependent.

The idea is to estimate the value of µ and the missing dissipation from the original

DNS data. The way of including additional dissipation can alter the behavior of the

LOM. Finding an appropriate way of handling the missing dissipation is a further task

for the future to get more reliable LOM systems.

Maybe it can be helpful to perform the POD analysis seperatly for the velocity field

and M ′. This will result in more complicated equations for the LOM, but can help

in the case of a broken cloud layer. Also the LOMs discussed here are limited to the

parameter values of the original DNS data. A suggestion is to feed the POD method
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6.2. PRELIMINARY RESULTS AND DISCUSSION
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Figure 6.7: Coparison of the total energy < v2 >x,y,z (t) for a DNS and a LOM run. Initial
conditions are the same for both.

with snapshots over a range of parameters [63] to get a LOM, where the parameters

can vary in a limited range of values. All these problems can become more difficult

for higher Rayleigh numbers, which shall be done in the future. A more turbulent flow

inhibits more scales, the energy spectra becomes flatter and thus more modes have to

enter the LOM [122]. For a LOM that can be used for climate models, as discussed in

the beginning of this chapter, much more work is required.
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Chapter 7

Summary

The theoretical studies and numerical simulations reported in the present thesis have

explored shallow convection with the help of an idealized model for moist convection

which permits supersaturation and the fallout of rain. The focus was on effects of phase

transitions on the dynamical behavior of turbulent convection which was studied in

multiple ways. They are performed in a Cartesian cell with periodic side walls, either

with different three-dimensional fully resolved pseudospectral codes based on Fourier

and Chebyshev expansions, according to requirements of the boundary conditions, or

with codes based on models with reduced complexity - so called Galerkin models. The

effort required for code development and testing has been rewarded with interesting

new results and insights on the behavior of moist convection. The main results that

complement similar studies [37, 49, 50, 51] can be summarized as follows:

• The sensitivity of the MRBC problem to changes of the Rayleigh number, aspect

ratio, saturation in the equilibrium state, and boundary conditions were studied

in various ways. The vertical asymmetry in the velocity field and the buoyancy

fields was found in all simulations beside other typical properties of cumulus

convection. To name a few, the convective turbulence is strongly localized, inside

the cloud the turbulence level is significantly higher than outside, updrafts occur

near the cloud edges in the conditionally unstable regime.

• The onset of convection has been extensively studied in the conditionally un-

stable regime, starting with a reproduction of the results from linear stability

analysis performed by Bretherton [38]. The investigation was then extended

to the nonlinear three-dimensional case for different diffusive equilibrium states,
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fully saturated and unsaturated states. The tool at hand was a reduced Fourier

expansion. For both initial equilibria a statistical analysis of the underlying phase

space structure was performed, in dependence on the aspect ratio. Similarities

in the transition properties to simple shear flows were found.

• A geometrical analysis of the observed cloud patterns was conducted. The

perimeter to area analysis in broken cloud layers agrees well with LES results. The

cloud size distribution depending on Rayleigh number and aspect ratio were dis-

cussed. Like in scalar mixing the boundaries of clouds shows no strict monofractal

behaviour. A higher spacial and temporal intermittency at higher Rayleigh num-

bers is in line with an enhanced intermittency of the upward buoyancy flux as

found with a multifractal analysis. Among other benefits, these simulations can

help to assess whether other models relying on turbulent closures, such as cloud

resolving models [18], can accurately reproduce the cloud fields.

• The influence of the BC for the buoyancy fields was investigated in a series of DNS

runs in the conditionally unstable regime. The fixed amplitude BC isa rough ap-

proximation of moist convection over an ocean surface with a constant sea surface

temperature, the fixed flux BC can be considered as a first approximation for a

shelf region close to the coast line. It was found for both cases that differences in

the turbulent velocity fluctuations, the cloud cover, and the convective buoyancy

flux decrease across the layer with increasing Rayleigh number. In both cases,

for the higher Rayleigh numbers, moist convection occur in a two layer system, a

dry stable layer in the lower part and a moist unstable one in the upper part of

the domain, the convection in both sublayers decouples more and more of each

other.

• A less efficient transport of heat and moisture, compared to the dry RB case,

across the layer was found here in the DNS runs. This property of the MRBC

model is also suspected in [50]. The behavior reflects the fact that the MRBC

model is a simple model which includes only phase transitions and their inter-

action with the turbulent flow. To be more realistic the MRBC model can be

extended to include the missing physical processes that can help amplify the

transport across the layer (such as radiative cooling [51]).

• Because the MRBC model is a direct extension of the dry RB case, throughout
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the whole work the results are compared, wherever possible, with findings in dry

Rayleigh-Bénard convection. For example for the linear stability analysis or the

different boundary conditions for the buoyancy fields. Similarities and differences

are worked out.

This list contains only the key results. It neglects those of more specific nature,

such as the details of the phase space structure found in section 3.2. Although the

idealized model used here does not include several physical problems it still exhibits

many features of atmospheric convection. Nevertheless the codes developed for this

thesis can be used and modified for future work on this topic. Some ideas and possible

applications are finally summarized in the next chapter.
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Chapter 8

Outlook

Besides the ongoing research described in chapter 6 other future directions of numerical

investigations in shallow moist convection shall be shortly discussed in this section.

From the numerical side, one aim is to perform DNS runs with higher Rayleigh

numbers than was done in this work. In the atmosphere, Rayleigh numbers between

1018 and 1022 can be found frequently. The problem is, that the computational costs

increase very fast, the necesary grid resolution N in three dimensions is proportional

to N ∝ Ra2.25. To double the Rayleigh number the number of grid points have to

increase by a factor of more than 8 for three dimensional simulations (and consequently

the requiered memory will grow, also the time step will be finer, see section 5.1). New

parallelizations approches like used in [127] can help at this point.

Another task for the future would be to compare the actual MRBC model directly

with a LES model. The LES model has to be adopted to the geometry of the MRBC

model, boundary conditions and the initial conditions in the LES have to be the same as

in the MRBCmodel. The LES has to be boiled down to the point where only turbulence

and phase transitions remain, other processes like aerosol concentrations have to be

switched off. The direct comparison will help to identify strengths and weaknesses of

both approaches. Where is the subgrid parameterization of LES methods inadequate?

Which aspects of moist convection cannot be investigated with the MRBC model?

Step by step other effects like radiative cooling can be considered in the comparison.

Interesting would be also to include Lagrangian tracers (ghost particles that go with

the flow, no influence on the flow) in the turbulent simulations, as recently done to

the case of dry convection [128]. How are the Lagrangian mixing and dispersion prop-

erties of convective turbulence affected by the local release of latent heat? Answering
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this question will give new insights on the vadility of the air parcel concept, which is

frequently used in moist turbulence. This will shed new light on heat transfer, plume

detachment from the boundary layer and on the local buoyancy flux. The results can

furthermore be compared with recent LES studies [29] including Lagrangian tracers

(using superdroplets, up to 105 droplets are treated as one quasi-particle) to evaluate

the influence of small scale turbulence on particle trajectories.

Last, but not least, the model can be extended to include additional effects. To

name two examples: shear and precipitation. A laminar additional shear flow can be

implemented quite easily by adding a forcing term f(z) in equation (2.23) on the right

hand side for one of the horizontal velocity components. This forcing will result in

a shear flow when no convection is present. The additional shear can enhance the

mixing by the presence of streamwise flow patterns. The other effect, precipitation can

be included for example in a idealized way as proposed by Kessler [129]. In section

2.2 it was stated that the MRBC model does not allow precipitation. This can be

bypassed by introducing an additional water field qR of rain water. This field will

act as a external source for water vapor (rain falling through unsaturated air) or sink

for liquid water (rain is formed), which is allowed here. At this point some theoretical

questions have to be answered, and some aspects of Kesslers model have to be adjusted

to the MRBC model, before full simulations can start. For both additional processes,

it would be interesting to see how they influence the transport properties across the

convective layer. As mentioned already, both processes can be included in the existing

code from chapter 5 with moderate effort, and is already done for shear and in part

for precipitation.

As a final point, it must be mentioned here that although this work does not unravel

all the mysteries surrounding moist convection, it certainly pushes the boundaries of

our understanding of cloud. However, it might take some years before the hope of

Descartes can be fulfilled. Hence, it does seem appropriate to finish this thesis by

mentioned an other of Descartes quote, “Doubt is the origin of wisdom.”
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