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Quantenfelder im nicht-störungstheoretischen Regime – Yang-Mills-theorie und Gravitation

Zusammenfassung

In dieser Arbeit betrachten wir mögliche Kandidaten für fundamentale Quantenfeldtheorien, und

zwar nicht-Abelsche Eichtheorien und asymptotisch sichere Quantengravitation. Während er-

stere durch einen stark wechselwirkenden Niederenergiebereich charakterisiert werden, wird

zweitere bei hohen Energien stark wechselwirkend. Daher wenden wir eine Methode an, die die

Untersuchung von Quantenfeldtheorien jenseits des störungstheoretischen Bereiches ermöglicht,

nämlich die Funktionale Renormierungsgruppe.

Im ersten Teil konzentrieren wir uns auf die physikalischen Eigenschaften von nicht-Abelschen

Eichtheorien bei niedrigen Energien und untersuchen den Vakuumzustand der Theorie. Wir

berechnen das volle effektive Potenzial für die Invariante FμνF
μν aus der Kenntnis der vollen

nicht-störungstheoretischen Korrelationsfunktionen und finden ein nicht-triviales Minimum, das

der Existenz eines Gluonkondensats der Dimension vier entspricht. Wir stellen weiter einen

Zusammenhang her zwischen der infrarot-asymptotischen Form der β-Funktion der laufenden

Hintergrundfeldkopplung und dem asymptotischen Verhalten der Landau-Eichungs-Geist- und

Gluonpropagatoren, für deren Infrarot-Exponenten wir eine obere Schranke ableiten.

Wir betrachten dann die Theorie bei endlicher Temperatur und untersuchen den De-confinement-

Phasenübergang in d � 3 � 1 Dimensionen für verschiedene nicht-abelsche Eichtheorien. Für

SU(N) mit N� 3, . . . , 12 und Sp�2� finden wir, übereinstimmend mit allgemeinen Erwartungen,

einen Phasenübergang erster Ordnung. Weiterhin implizieren unsere Rechnungen auch einen

Phasenübergang erster Ordnung für E�7�. Wir beleuchten schließlich die Frage, welche Eigen-

schaften der Eichgruppe die Ordnung des Phasenüberganges bestimmen.

Im zweiten Teil betrachten wir asymptotisch sichere Quantengravitation, und untersuchen die

Eigenschaften des Faddeev-Popov-Geistsektors der Theorie in einem stark wechselwirkenden

UV-Bereich. Mehrere hier betrachtete Trunkierungen liefern weitere Evidenz für die Vermutung,

dass Gravitation asymptotisch sicher ist. Zunächst betrachten wir die anomale Dimension des

Geistfeldes, für die wir einen negativen Wert am Fixpunkt finden, was die Existenz von relevanten

Richtungen im Geistsektor impliziert. Wir untersuchen eine erweiterte Trunkierung, in der wir

zwei Fixpunkte finden, von denen einer als Infrarotfixpunkt aufgefasst werden kann, was die Kon-

struktion einer vollständigen Renormierungsgruppen-Trajektorie erlaubt. Die beiden Fixpunkte

unterscheiden sich im Vorzeichen der anomalen Dimension des Geistfeldes, die, weitere Geist-

operatoren zu irrelevanten bzw. relevanten Richtungen werden lassen kann. Wir diskutieren

die Struktur des Geistsektors im nicht-störungstheoretischen Bereich und zeigen auf, dass in

der Nähe eines wechselwirkenden Gravitations-Fixpunktes weitere Geistkopplungen generisch

ungleich Null werden können. Wir besprechen die Bedeutung von relevanten Operatoren im

Geistsektor am Beispiel einer Geist-Krümmungs-Kopplung.

Anschließend untersuchen wir die Kompatibilität von Quantengravitation mit der Existenz

leichter Fermionen. Wir stellen die Frage, ob metrische Fluktuationen chirale Symmetriebrechung

induzieren können. Unsere Resultate weisen darauf hin, dass die chirale Symmetrie sogar bei

starker Gravitationskopplung ungebrochen bleibt. Insbesondere finden wir, dass asymptotisch

sichere Quantengravitation generisch Universen mit leichten Fermionen erlaubt; daher bilden

unsere Resultate eine weitere nicht-triviale Evidenz für dieses Szenario. Wir zeigen weiter

auf, dass die Existenz von leichten Fermionen auch in anderen Quantengravitationstheorien ein

Kriterium darstellt, um die Realisierung dieser Theorie in unserem Universum zu prüfen, da eine

an der Planckskala vollständig gebrochene chirale Symmetrie nicht in Übereinstimmung mit der

Beobachtung von leichten Fermionen in unserem Universum wäre. Wir demonstrieren, wie sich

mit Hilfe dieser Bedingung Einschränkungen an eine UV-Ergänzung für Gravitation ableiten

lassen.



Quantum fields in the non-perturbative regime – Yang-Mills theory and gravity

Abstract

In this thesis we study candidates for fundamental quantum field theories, namely non-Abelian

gauge theories and asymptotically safe quantum gravity. Whereas the first ones have a strongly-

interacting low-energy limit, the second one enters a non-perturbative regime at high energies.

Thus, we apply a tool suited to the study of quantum field theories beyond the perturbative

regime, namely the Functional Renormalisation Group.

In a first part, we concentrate on the physical properties of non-Abelian gauge theories at

low energies.

Focussing on the vacuum properties of the theory, we present an evaluation of the full ef-

fective potential for the field strength invariant FμνF
μν from non-perturbative gauge correlation

functions and find a non-trivial minimum corresponding to the existence of a dimension four gluon

condensate in the vacuum. We also relate the infrared asymptotic form of the β function of the

running background-gauge coupling to the asymptotic behavior of Landau-gauge gluon and ghost

propagators and derive an upper bound on their scaling exponents.

We then consider the theory at finite temperature and study the nature of the confinement

phase transition in d � 3 � 1 dimensions in various non-Abelian gauge theories. For SU(N)

with N� 3, . . . , 12 and Sp�2� we find a first-order phase transition in agreement with general

expectations. Moreover our study suggests that the phase transition in E�7� Yang-Mills theory

also is of first order. Our studies shed light on the question which property of a gauge group

determines the order of the phase transition.

In a second part we consider asymptotically safe quantum gravity. Here, we focus on the

Faddeev-Popov ghost sector of the theory, to study its properties in the context of an interacting

UV regime. We investigate several truncations, which all lend support to the conjecture that

gravity may be asymptotically safe. In a first truncation, we study the ghost anomalous dimension

which we find to be negative at the fixed point. This suggests the existence of relevant couplings

in the ghost sector. In an extended truncation, we then discover two fixed points, one of which

can be interpreted as an infrared fixed point, thereby allowing the construction of a complete RG-

trajectory. Furthermore, the two fixed points differ in the sign of the ghost anomalous dimension,

shifting further ghost operators towards relevance or irrelevance, respectively. We further discuss

the structure of the ghost sector in the non-perturbative regime and point out that in the vicinity

of an interacting fixed point for gravity further ghost couplings will generically be non-zero. We

then discuss the implications of relevant operators in the ghost sector and give an explicit example

for such an operator, namely a ghost-curvature coupling.

Finally we study the compatibility of quantum gravity with the existence of light fermions. We

specifically address the question as to whether metric fluctuations can induce chiral symmetry

breaking in a fermionic system. Our results indicate that chiral symmetry is left intact even at

strong gravitational coupling. In particular, we find that asymptotically safe quantum gravity

generically admits universes with light fermions. Thus our results in this sector also support the

asymptotic-safety scenario. We then point out that a study of chiral symmetry breaking through

gravitational quantum effects is also an important test for other quantum gravity scenarios, since

a completely broken chiral symmetry at the Planck scale would be in severe conflict with the

observation of light fermions in our universe. We demonstrate that this elementary observation

already imposes constraints on a generic UV completion of gravity.
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"In any region of physics where very little is known, one must keep to the experimental basis if

one is not to indulge in wild speculation that is almost certain to be wrong. I do not wish to

condemn speculation altogether. It can be entertaining and may be indirectly useful even if it

does turn out to be wrong. One should always keep an open mind receptive to new ideas, so one

should not completely oppose speculation, but one must take care not to get too involved in it."

(P.A.M. Dirac [1])

Modern high-energy physics is described in terms of quantum field theory, which is a frame-

work determined by the unification of Quantum Mechanics with Special Relativity. The quantisa-

tion of a classical theory works, e.g. in the path-integral framework. Within this setting, theories

are determined by two properties, namely their field content, and their symmetry properties. Both

can, to some extent, be deduced from experimental observation, although the relation between the

fields used in the path integral and observable degrees of freedom is not always straightforward.

In the path integral also field configurations which do not fulfill the classical equations of mo-

tion, i.e. which are called "off-shell", contribute to expectation values of operators. All contributing

configurations are weighted by a complex phase factor, which is a function of the classical ac-

tion. Accordingly the solution of the quantum equations of motion for the expectation values of

operators can be much more involved than the solution of the classical equations of motion, since

a part of the challenge lies in the derivation of the quantum equations of motion.

As observations indicate that all presently known fundamental, i.e. non-bound, matter turns

out to be fermionic, the standard model of particle physics is built on theories involving fermionic

fields1. An important class of symmetries is presented by space-time dependent, i.e. local, gauge

symmetries. Imposing gauge symmetries on fermionic theories leads to the introduction of bosonic

force fields, the gauge bosons. Using the Abelian gauge group U(1) as the symmetry group allows

to construct Quantum Electrodynamics, which has been tested to extremely high precision, see,

e.g. [2]. The framework of quantum field theory itself is rather well-understood and allows to

incorporate a wealth of different physical phenomena2. In the following, we will state some major

challenges of high-energy (particle) physics and discuss, whether it is possible to follow the

1If it is found experimentally, a fundamental scalar Higgs boson will of course provide an exception.
2In particular, the framework of quantum field theory does not only allow to describe observations in particle

physics, or condensed matter systems, but, within standard cosmological scenarios for inflation even provides for an

understanding of the large-scale structure of matter in the universe: Quantum fluctuations in the very early universe

form the seeds for later structure-formation processes and therefore allow for an understanding why galaxies like

our own are formed.
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4 1. Motivation: Challenges in fundamental quantum field theories

conservative route to try to incorporate these into this well-tested framework.

Employing non-Abelian symmetry groups such as, e.g. SU(3) results in a very fascinating

property: Non-Abelian gauge theories with a limited number of fermions turn out to be asymp-

totically free, since gluons have an antiscreening effect. Accordingly perturbative tools allow

to access the properties of the theory at high energies, where experimental confirmation from

accelerator experiments is possible. The most prominent example of such a theory is Quantum

Chromodynamics (QCD), which describes strong interactions between coloured quarks and glu-

ons. Here, the low-energy regime of the theory corresponds to a regime with a large coupling,

and therefore shows a number of intriguing physical phenomena: The degrees of freedom of the

theory change from quarks and gluons to hadrons, colourless bound states. This property, known

as confinement, remains to be explained in terms of a physical mechanism. Different candidates

for confining field configurations, typically of topological nature, and distinct criteria for con-

finement are discussed in the literature. A clear picture has only started to emerge, due to the

notorious difficulty of treating a strongly-interacting theory.

Furthermore it remains to be clarified if and how confinement can be linked to the second

property determining the appearance of QCD at low energies, namely chiral symmetry breaking.

In particular the phase diagram of QCD at finite baryon densities and finite temperature is

qualitatively as well as quantitatively only partially under control. The existence of exotic phases,

such as a quarkyonic phase [3] with restored chiral symmetry and confinement is currently debated.

Moreover the existence of a critical endpoint of the chiral as well as the deconfinement phase

transition, and the question if the two transition lines lie on top of each other, is a further

unresolved question. Answering some of these will also allow us to understand astrophysical

observations of neutron stars, as well as the dynamics in the early universe in more detail.

In QCD the main challenge lies in establishing, how these properties of the macroscopic

theory emerge from the microscopic physics. It is usually believed that although the problem is

hard to solve due to its non-perturbative nature, the framework of quantum field theory can fully

account for all physics properties of low-energy QCD. This will also imply, that we then have

understood the main origin of our own mass, which is mostly not due to the Higgs mechanism,

but arises from the non-perturbative dynamics of QCD. In this sense, one might say that a full

understanding of QCD is not a purely academic problem, but directly related to properties that

we observe in our everyday world.

A second main challenge in theoretical high-energy physics may even fundamentally change

the framework of high-energy physics, namely (local) quantum field theory. It lies in the recon-

ciliation of Quantum Mechanics and General Relativity to a theory of quantum gravity. Unlike

QCD, a quantum field theory of gravity cannot be accessed with perturbative methods at high

energies, which manifests itself in the well-known perturbative non-renormalisability of General

Relativity.

One can now adopt measures of different "degree of radicalness": One might introduce new

degrees of freedom, following the physical idea that the metric is not the (only) fundamental

field necessary to describe gravity at high energies. On the technical side these new degrees

of freedom cancel the divergences leading to the perturbative non-renormalisability, as is the

main idea behind, e.g. supergravity theories. Furthermore one may abandon the requirement

of locality. The physical assumption related to this is the existence of a fundamental physical

scale, often identified with the Planck scale. Such an idea might be seen in accordance with the

development of physics during the last two centuries, where a continuous picture of matter had

to give way to discrete atoms, and a continuous notion of energy is given up in many examples

in Quantum Mechanics. Similarly a continuous description of space-time may be wrong, and

space-time might be fundamentally discrete. This idea is at the heart of proposals such as causal
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set theory or non-commutative space-times, and might also come out of loop quantum gravity and

spinfoams.

Furthermore one may hypothesise that the symmetry properties of gravity are changed at

high energies. In particular (local) Lorentz invariance may either be broken, or deformed at high

energies. Such a deformation or breaking of symmetries by quantum gravity effects provides one

of the very few possibilities to currently test some properties of quantum gravity experimentally.

Finally some approaches, such as loop quantum gravity, causal and Euclidean dynamical

triangulations, as well as the asymptotic-safety scenario suggest that a perturbative approach

to gravity is incorrect and genuinely non-perturbative information is crucial to quantise the

theory. In analogy to the low-energy regime of QCD, which is expected to describe the physics

of the strong interactions correctly, but is characterised by a breakdown of perturbation theory, a

quantum field theory of the metric may be a valid description of the physics of quantum gravity,

but might not be accessible by perturbative tools at high energies. Hence one also might have

the choice to remain in the framework of local quantum field theory without introducing any

new degrees of freedom, as is proposed in the asymptotic-safety scenario. This scenario is not

excluded by the perturbative non-renormalisability of General Relativity. It simply implies that a

quantum field theory of the metric has to be non-perturbatively renormalisable, if it is supposed

to make sense as a fundamental, and not just as an effective theory. This scenario seems to be

the least radical of the currently available choices, as it stays within the well-tested framework

of local quantum field theories. On the other hand it is a rather bold conjecture, that the metric

is indeed the fundamental degree of freedom of gravity on all energy scales. However since we

do currently not have any experimental hints on what more fundamental gravitational degrees of

freedom might be, we may test to what extent a local quantum field theory of the metric is self-

consistent and therefore potentially realisable. Of course this does not entail that it is indeed

realised in our universe, since nature may have "chosen" a different internally consistent theory.

Ultimately either some of the approaches to quantum gravity will turn out to be inconsistent

within themselves, or finally experimental results may shed some light on the question, which

of several approaches to quantum gravity is the one favoured by nature. Although the typical

scale of quantum gravity, the Planck scale, is not currently experimentally accessible, one should

not cast aside the possibility of experimental results on quantum gravity in the near future. In

particular cosmology and astrophysics provide settings where even tiny effects may accumulate

to a sizable contribution.

As emphasised by Wilczek [4] "whether the next big step will require a sharp break from

the principles of quantum field theory or, like the previous ones, a better appreciation of its

potentialities, remains to be seen". In this spirit we may try to push the existing framework as

far as possible. In one direction, coming from a known microscopic description, this entails that

we deduce and understand all observable properties of the macroscopic theory, such as in the

example of QCD. In the other direction, it requires us to test whether UV completions of known

low-energy theories, such as gravity, can be incorporated into the framework of local quantum

field theory. If in particular the second possibility fails, this might require us to completely rethink

properties of our theories which we have taken to be fundamental properties of nature, such as,

e.g. the assumption of a continuous space-time.

To address such non-perturbative questions adequately we need to evaluate the complete

quantum theory, i.e. we need a non-perturbative handle on the generating functional. This

may be done within the Functional Renormalisation Group (FRG), which allows us to take into

account quantum fluctuations in the path-integral momentum shell by momentum shell. Thereby

the functional integral is reformulated into a functional differential equation, which is much easier

to handle.

The FRG is a very flexible tool that is applicable to diverse problems, ranging from the
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BEC-BCS-crossover in ultracold quantum gases [5], to supersymmetric field theories, see, e.g.

[6], the phase diagram of QCD [7, 8], the Higgs sector of the Standard model, see, e.g. [9, 10],

non-commutative quantum field theories [11] and quantum gravity, see, e.g. [12, 13].

In this thesis we will apply the framework of the FRG to QCD, to better understand and derive

properties of the macroscopic theory from our microscopic description. In particular we will focus

on questions related to confinement at zero and finite temperature.

In the second part of this thesis we will focus on the asymptotic-safety scenario for quantum

gravity, testing its internal consistency and its properties in a specific way and also investigating

its compatibility with matter.

This thesis is structured as follows: In chap. 2 we will introduce the Functional Renormalisa-

tion Group, with a particular emphasis on its application to gauge theories. We employ the FRG

in a study of non-Abelian gauge theories in chap. 3, where we are interested in the physics of

the infrared sector, where the theory is strongly interacting. We investigate the non-perturbative

vacuum structure of Yang-Mills theories, which might contain a gluon condensate. Here we also

deduce a bound on the infrared scaling exponents of gluon and ghost propagators for low mo-

menta. In a second step we move towards the evaluation of the full phase diagram of QCD and

study the deconfinement phase transition in the limit of infinitely heavy quarks. We determine

the critical temperature and the order of the deconfinement phase transition for diverse gauge

groups and present evidence on the question, what determines the order of the phase transition.

We then proceed to introduce the asymptotic-safety scenario for quantum gravity in chap. 4

and explain how it can be investigated with the help of the FRG on the example of the Einstein-

Hilbert term. Here we present a method of evaluating the flow equation in gravity, which avoids

making use of heat-kernel techniques. We report on new results concerning the Faddeev-Popov

ghost sector of the theory. In particular, we investigate the properties of this sector within a

non-perturbative setting, studying the fixed-point structure and the RG flow in several trunca-

tions. In chap. 5 we focus on the inclusion of quantised matter into the asymptotic-safety scenario

for quantum gravity. In particular we examine if gravity, similar to non-Abelian gauge theories,

can break chiral symmetry in a fermionic system and induce fermion masses. Since we observe

fermions much lighter than the Planck scale, the compatibility of light fermions with quantum

gravity is a crucial test for any quantum theory of gravity. Here we use that the framework of the

FRG is also applicable to effective theories, where the UV completion of the theory needs not to

be known in order to study the RG flow within a finite range of scales. In the case of quantum

gravity this allows us to derive conditions for the existence of light fermions within other UV

completions for gravity.

The compilation of this thesis is solely due to the author, however, a large part of the work

presented here has been published in a number of articles and in collaboration with several

authors. Chap. 3 relies on work in collaboration with Holger Gies and Jan M. Pawlowski [14],

and a further collaboration also involving Jens Braun [15]. Chap. 4 is founded on work in

collaboration with Holger Gies [16, 17] and additionally with Michael M. Scherer [18]. The work

presented in chap. 5 was done in collaboration with Holger Gies [19].
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2.1 The basic physical idea: Connecting microscopic and macro-

scopic physics

Physics looks very different on different scales, and effective descriptions of the same system on

different scales can be structurally as well as conceptually very different. Consider the example of

nuclear forces, which are mediated by pions between neutrons and protons. For a large part of our

understanding of this system we do not have to know the microscopic structure, which, according

to our current understanding, consists of quarks and gluons. Similarly the nuclear structure is not

relevant for the description of physics on atomic scales, and an effective description suffices. In

particular the effective degrees of freedom as well as the realisation of fundamental symmetries

may be altered on different scales, since spontaneous symmetry breaking may occur. In such

cases the details of the microscopic physics do not play a role for the description of the effective

macroscopic dynamics, which can often be parametrised by only a few effective parameters. The

microscopic theory then allows to determine the values of these couplings, and determines the

relations between the effective and the microscopic degrees of freedom.

To obtain a fundamental description of nature, we ultimately want to derive the effective

theories governing physics on large scales from the microscopic dynamics. We want to establish

a connection between the dynamics over a large range of scales, and determine the parameters

of effective theories from the microscopic theory. This connection is from small to large scales,

which intuitively makes sense: Knowing a microscopic, fundamental theory, we can deduce an

effective description on larger scales. In particular, different microscopic theories can lead to the

same effective dynamics. In some sense, the information on microscopic details gets "washed out",

when we go to an effective description on larger scales.

In certain areas of physics on the other hand we only know the effective, macroscopic dynamics,

and do not have any experimental guidance as to the nature of the microscopic, fundamental

theory. A quantum theory of gravity is one of the examples. Here we want to establish a

connection from large to small scales, and find the microscopic theory underlying the effective

description that is currently accessible to experiments.

In both cases, when making the transition from the microscopic to the macroscopic regime

and vice-versa, we need a tool that allows us to connect effective descriptions on different scales,

and derive macroscopic physics from underlying microscopic descriptions, including the effect of

quantum fluctuations on all intermediate scales. In particular we want to access regimes where

physics is governed by strong correlations and non-perturbative effects, such as, e.g. in QCD at

large, or quantum gravity at small scales.

7
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Here, we will introduce a tool that is particularly suited to these situations, namely the

Functional Renormalisation Group (FRG).

2.2 Coarse graining and the effective average action

Quantum field theories (QFTs) can be defined by a path integral that weighs quantum fluctuations

with a complex phase factor eiS , where S is the classical (or microscopic) action1. The central

object in the path-integral approach to a QFT is the generating functional from which all n-point

correlation functions are calculable, thus allowing to access all observables. In Euclidean space2,

the generating functional for a scalar field φ coupled to a source J is given by

Z �J� �

�
DΛφ e

�S�φ��J�φ. (2.1)

Equivalent definitions hold for fermion, vector and tensor fields, which may also transform non-

trivially under internal, local or global, symmetries. We denote the appropriate index contractions

by a dot, which also includes an integral over real space, where the dependence of the fields on

space-time coordinates is understood implicitly. The path-integral measure DΛφ is understood to

be UV-regularised, which may be a highly non-trivial issue in theories, where no regularisation

may exist that is compatible with the symmetries. Such a theory is called anomalous, which

simply means that quantum effects break the classical symmetry. We will neglect this in the

following, and simply assume that the path integral is UV-regularised.

The generating functional for all one-particle irreducible correlation functions, the effective

action, is defined by a Legendre transform:

Γ�φ� � sup
J

��
J � φ� lnZ �J�

�
. (2.2)

Here the expectation value φ � �φ� is evaluated at the supremum J � Jsup, which automatically

ensures the convexity of the effective action.

The quantum equations of motion, which govern the dynamics of expectation values, can be

derived from the effective action by functional variation:

J �
δΓ�φ�

δφ
. (2.3)

Ultimately we are interested in solving these in theories such as non-Abelian gauge theories or

quantum gravity, to understand the vacuum state of, e.g. QCD or our universe and derive the

properties of excitations on top of this state.

The microscopic equations of motion can be vastly different from the effective, macroscopic

equations of motion for the expectation values of the quantum fields, see eq. (2.3). These take

into account the effect of all quantum fluctuations, and will therefore generically contain effective

interactions, that are not present in the microscopic dynamics.

The main purpose of the Functional Renormalisation Group (FRG) is to connect the description

of physics on different momentum scales, in weakly as well as strongly interacting regimes. It

1Mathematically, the path integral is challenging, in particular for interacting theories, however it beautifully

generalises the quantum mechanical idea that a particle simultaneously "takes all possible paths", weighted by phase

factors, instead of just travelling along the classical trajectory. Therefore it presents a very intuitive approach to

quantum field theories.
2The transition to Euclidean space implies that we will focus on the vacuum properties as well as equilibrium

physics of the theory. Real-time dynamics are accessible in a Lorentzian setting.
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presents a tool that allows to derive effective dynamics from the underlying microscopic dynamics,

even in cases where perturbative tools become inapplicable.

The main idea of the FRG states that in order to describe dynamics at a momentum scale k

it is not necessary to consider the microscopic interactions at scales greater than the scale k .

Instead it suffices to consider an effective theory that is constructed from the microscopic theory

by integrating out quantum fluctuations at high momenta. This idea implies that the infrared,

i.e. low-energy physics, decouples from the ultraviolet, i.e. high-energy physics: High-energy

degrees of freedom do not explicitly show up in the theory in the infrared, their effect is only

indirect by determining the values of the coupling constants of the effective theory. Of course

such a decoupling does not directly hold for massless degrees of freedom, unless phenomena such

as confinement or dynamical mass generation occur.

The implementation relies on the Wilsonian idea of performing the path-integral momentum-

shell wise [20, 21, 22], by introducing a floating infrared(IR)-cutoff k , which can be identified with

an inverse coarse-graining scale. This is most easily realised in a Euclidean formulation, see

eq. (2.1).

In real space the procedure can best be exemplified by Kadanoff’s idea of block spinning

[23]: If one is interested in the low-momentum, i.e. large distance, physics of an Ising spin

system, one can imagine to average microscopic spins over a finite region of space. The system

is then constituted by the averaged spins. Subsequently one rescales the system, which implies,

that now one effectively considers a larger number of degrees of freedom (microscopic spins),

when looking at the same size of the sample. The effect of this procedure exemplifies the basic

property of this coarse-graining procedure: While the model we started with typically contains

only nearest-neighbour interactions, the effective, i.e. coarse-grained spin system after averaging

and rescaling contains all possible interactions that are compatible with the symmetries, e.g. also

next-to-nearest-neighbour interactions.

This procedure indeed relies crucially on the concept of locality: If an interaction is non-local

in the sense that it cannot be rewritten as a finite number of terms in an expansion in powers

of derivatives, it implies that one cannot meaningfully average quantum fluctuations over a finite

region in space. Typically one considers only local microscopic dynamics in QFTs. Non-local

interactions should only emerge in the limit where all quantum fluctuations have been integrated

out. A well-known example is the Polyakov action in two dimensions, where, e.g. a scalar field is

coupled minimally to gravity. Integrating out the scalar field explicitly yields a non-local action

for gravity [24], see also [25]. The non-locality is in this sense an emergent phenomenon.

Let us stress that the requirement of locality is also at the heart of the necessity to renormalise:

Since interactions are local, their expansion in Fourier components requires the inclusion of com-

ponents of arbitrarily high momentum p. This leads to divergent loop-integrals in perturbation

theory, where the divergences are then removed by a regularisation and subsequent renormali-

sation procedure. Introducing a physical cutoff into the theory, which can be interpreted as the

scale of non-locality implies that physical results will depend on this scale, but it removes the

UV-divergences in perturbative loop integrals.

The simple example of Kadanoff’s block spinning procedure may be misleading in a crucial

point, as it suggests that the coarse-graining scale may be identified with a length scale. This

may not be always correct: Degrees of freedom are usually integrated out according to their

eigenvalue of the kinetic operator3. In many theories this corresponds precisely to the simple

Laplacian operator and therefore to an inverse length scale. In particular quantum field theories

3It is also possible to study theories with a trivial kinetic term such as matrix models for 2-dimensional gravity.

Here the procedure of integration out quantum fluctuations proceeds in a more abstract space, allowing the continuum

limit of such theories to be studied [26].
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on a flat background with vanishing background fields typically have a kinetic operator which

is just given by the momentum squared. In the case of theories with UV-IR mixing (e.g. field

theories on a non-commutative background) such a separation does not occur. Also considering

quantum fluctuations around a non-trivial classical background field will typically result in the

spectrum of the kinetic operator depending on this background field.

Let us now formalise the above ideas: A momentum-shell-wise integration of quantum fluctu-

ations can be implemented by defining a scale-dependent generating functional

Zk�J� �

�
DΛφe

�S�φ��
�
Jφ�ΔSk with ΔSk �

1

2

�
p

φ��p� � Rk�p
2� � φ�p�. (2.4)

Here the infrared regulator function Rk�p
2� with Rk�p

2� � 0 for p2

k2 	 0 ensures that the contribu-

tion of quantum fluctuations with momenta below k2 is suppressed by a k-dependent mass-like

term4. As the regulator function is chosen to vanish for p2 � k2, high-momentum quantum fluc-

tuations are unsuppressed and fully contribute to the path integral, see fig. 2.1.

Rk�p2�

k2
�

�tRk�p2�

p2

Figure 2.1: We show a reg-

ulator of the type Rk�p
2� �

p2

e
p2

k2 �1

and its scale-derivative

�tRk�p
2�, to exemplify the

suppression of low-energy

modes. The scale-dependent

mass-term vanishes for p2 �
k2.

Furthermore the limit Rk�p
2�

k��
�� � ensures that the effective average or flowing action, defined

by a modified Legendre transform

Γk	φ
 � sup
J

��
J � φ� lnZk	J


�
� ΔSk. (2.5)

fulfills Γk
k��
�� S, see, e.g. [27]: The exponential of the flowing action satisfies

e�Γk �φ� �

�
D φ e�S�φ��

� δΓ�φ�
δφ �φ�φ�e�

1
2

�
�φ�φ�Rk�φ�φ�. (2.6)

As in the limit k � � the regulator suppresses all modes  k2, the second exponential is

proportional to a delta function δ�φ � φ�.
In the limit k � 0 we recover the effective action which includes the effect of all quantum

fluctuations, since the regulator function vanishes in this limit.

The flowing action defines a family of effective theories, labelled by the scale k , which can

be used to describe dynamics at the momentum scale k and which interpolate smoothly between

4Although we use a notation that suggests that the regulator depends on the momentum, it generically depends

on the kinetic operator, which may be the momentum squared in simple cases, but can also be an appropriate

covariant differential operator or similar. In such cases the regulator distinguishes quantum fluctuations with respect

to their eigenvalues of the kinetic operator. The variable p2 therefore is to be understood as a placeholder for the

eigenvalues of the kinetic operator, and
�
p

correspondingly can also be a sum over discrete eigenvalues.
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the classical action in the ultraviolet and the effective action in the infrared.

To evaluate the main contributions to a process that involves external momenta at the scale k ,

a tree level evaluation of Γk suffices, since external momenta effectively act as a cutoff in loop

diagrams5.

To better understand the effective average action let us turn to theory space, which is the space

spanned by the couplings of all operators compatible with the field content and the symmetries

of the theory. Clearly this space is typically infinite dimensional, so that we can only depict a

subspace.

The effective average action at a scale k is specified by giving the values of all couplings at

this scale, defining a point in theory space. Integrating out quantum fluctuations in the momentum

shell δk then results in a shift of the couplings. For a theory with a known microscopic or classical

action we can thus start in the far ultraviolet and integrate out fluctuations all the way down to

k � 0, where we reach the full effective action, cf. fig. 2.2.

  

g
1

g
2

microscopic action S

effective action 

RG trajectory

infinitesimally: 

g
n

Figure 2.2: Integrating out quan-

tum fluctuations results in a flow

in theory space, which connects

the microscopic action Scl to the

full effective action Γk�0.

The effect of quantum fluctuations hence is to induce a flow in theory space, which connects the

classical action in the ultraviolet to the full effective action in the infrared. The tangent vectors to

the flow lines are given by the scale derivative of the effective average action, which is governed

by the Wetterich equation.

2.3 Wetterich equation for gauge theories

The Wetterich equation [29] is an exact equation for the scale derivative of the effective action,

which does not rely on the existence of a small parameter and holds for arbitrary values of the

couplings. Reviews can be found in [30, 31, 32, 33, 34, 35]. For the specific case of gauge theories,

see [36, 37, 38].

5This is the main rationale, e.g. behind a particular type of RG-improvement: Assuming the validity of the classical

equations of motion, the effect of quantum fluctuations in a semi-classical regime can be included by substituting

the couplings with their running counterparts. A crucial step in this procedure is the suitable identification of k with

a physical scale of the problem. In the context of asymptotically safe quantum gravity many results on the effect of

quantum gravity in cosmology and astrophysics can be derived in this way, for a review see [28].
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For gauge theories we have a choice between two formulations: One may either construct a

gauge-invariant flow equation [39, 40, 41], or work in a gauge-fixed formulation. The first may be

considered to be cleaner conceptually; the second is more adapted to practical calculations.

We therefore proceed to gauge-fix, using the well-known Faddeev-Popov procedure (see, e.g.

[42] or [12] for the case of gravity), which is a procedure developed in the context of perturbation

theory. In a gauge-fixed approach we may encounter a serious problem, namely the Gribov

problem [43, 44]: The perturbative gauge-fixing procedure is not well-defined in some gauges in

the non-perturbative regime. One example is the Landau gauge in Yang-Mills theory, where the

gauge condition is

F � �μA
μ
� 0, (2.7)

and the corresponding Faddeev-Popov operator is

Mab � ��μD
μ
ab, (2.8)

where by Latin indices we denote colour indices.

The gauge-fixing condition eq. (2.7) is not unique, so each gauge field configuration has

several Gribov-copies, which are related by a gauge transformation and nevertheless also fulfill

the gauge condition eq. (2.7). Thus a gauge orbit, which corresponds to only one particular

physical field configuration, intersects the gauge-fixing hypersurface in gauge field configuration

space multiple times, cf. fig. 2.3. Furthermore the Faddeev-Popov operator eq. (2.8) is not positive

definite for large values of the gauge field. This property follows directly from a consideration

of gauge copies of a field configuration which also fulfill the gauge condition eq. (2.7). For

an infinitesimal gauge transformation, there exists a gauge copy also fulfilling eq. (2.7), if the

Faddeev-Popov operator has a zero eigenvalue6. For perturbation theory the problem is non-

existent, since ��μD
μ
ab � ��2δab has a positive spectrum for vanishing coupling. Both problems

imply that the generating functional, on which the flow equation is founded conceptually, is

ill-defined non-perturbatively.

A solution to the Gribov problem is given by a restriction of the domain of integration in the

generating functional to the first Gribov region, or even the fundamental modular region, which

both have a positive definite Faddeev-Popov operator, and the second of which singles out exactly

one representative per gauge orbit, thus uniquely implementing the gauge condition [45], cf.

fig. 2.3. It can be shown that the origin of gauge field configuration space is contained in both

regions, and both are bounded and convex regions. Interestingly this restriction results in non-

trivial boundary conditions for the ghost and gluon propagator in the deep infrared, which can

be incorporated in the flow equation. For more details see, e.g. the review articles [37, 46]. For

details on how the restriction to the first Gribov region is implemented within the flow equation,

see sec. 3.2.2.

It is known that in Yang-Mills theory no local and Lorentz covariant gauge exists, which

singles out only one representative per gauge orbit. In other words, all these gauges suffer

from the Gribov problem [44]. The non-uniqueness of gauge-fixing ultimately follows from the

topology of the gauge group, which is why a unique gauge-fixing can be defined locally, e.g.

in perturbation theory, but not globally. In the case of gravity the Gribov problem also exists

[47, 48], but it has not been studied yet, how it can be solved and what the consequences, e.g.

for the metric and the ghost propagator will be in a strongly-interacting regime.

6To see this explicitly, consider a gauge transformed configuration Ãμ of a configuration Aμ that fulfills the gauge

condition, i.e. �μA
μ � 0. Requiring that the gauge-transformed field also satisfies the gauge condition, results in

�μ�U��μU � U�AμU� � 0, where U is an element of the gauge group. Specialising to infinitesimal transformations

U � 1 � ω, and using that Aμ satisfies the gauge condition, we finally get �2ω � �μωA
μ � Aμ�μω � 0, which

we recognise as the Faddeev-Popov-operator acting on ω. Thus the Faddeev-Popov operator has to have a zero

eigenvalue.
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Figure 2.3: We show a

sketch of the (infinite dimen-

sional) gauge field config-

uration space, indicating a

gauge orbit by the blue line.

The gauge-fixing hypersur-

face is indicated by the green

plain, and the first Gribov

region and the fundamental

modular region are shown in

blue and yellow, respectively.

Note that these include the

origin of gauge-field config-

uration space and share a

common boundary.

Let us now proceed to state and explain the Wetterich equation in a gauge-fixed setting,

keeping in mind that depending on the gauge we might have to deal with the Gribov problem.

The generating functional in a gauge-fixed formulation with source terms for the gauge and

ghost fields is then given by

Zk�J� �

�
D Aμ D c D c̄e

�S�A��Sgf�Sgh�
�
J�A�

�
η̄c�

�
c̄η�ΔSk , (2.9)

where the classical action S�A� is supplemented by a gauge-fixing term

Sgf �
�1

2α

�
x

F � F (2.10)

with the gauge-fixing functional F . For the sake of simplicity we suppress whatever indices it

might carry. The corresponding Faddeev-Popov ghost term reads

Sgh � �

�
c̄ �M � c, (2.11)

where M is obtained by deriving the gauge-transformed condition F with respect to the gauge

parameter. Note that the regulator term is present for all quantum fields, i.e. also for the ghosts.

The Wetterich equation can then be derived straightforwardly:

�tΓk�A, c̄, c� � k�kΓk�A, c̄, c� �
1

2
STr

�
�tRk

�
Γ
�2�
k �A, c̄, c� � Rk

��1
�
. (2.12)

Here Γ
�2�
k denotes the second functional derivative of the flowing action with respect to the

gauge field Aμ and the ghost and antighost fields c and c̄. It is therefore a (not necessarily

diagonal) matrix in field space, and also carries Lorentz and internal indices as well as space-

time dependence. The supertrace STr implements a trace over all, continuous as well as discrete

indices and introduces an additional negative sign for Grassmann valued fields. For minimally
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coupled fields on a flat background and zero classical background fields, it implies a simple

integration over the momentum7.

The flow equation is automatically UV as well as IR finite: The IR finiteness follows by

construction. The UV finiteness follows from the scale derivative of the regulator in the numerator,

which vanishes for p2 � k2 and is typically peaked around p2 � k2. The trace on the right-

hand side of the flow equation receives the main contribution from eigenvalues of the inverse

propagator which are comparable to k . This implements the idea of performing the functional

integral momentum-shell wise.

Structurally, the flow equation, although in spirit based on the path integral, is independent

of the question of the path integral being well-defined. It is a functional differential equation,

allowing for an analytical as well as numerical treatment also beyond the perturbative regime

and in regions where, e.g. numerical simulations of the path integral based on Monte-Carlo

techniques break down.

Note that the flow equation has a one-loop structure, which is technically very favorable,

as no overlapping loop integrations, as they do occur, e.g. in other non-perturbative functional

equations such as Dyson-Schwinger equations, have to be performed. Nevertheless, the equation

is exact and does not miss contributions that are formulated as two-loop or higher terms in other

approaches. Using fully dressed vertices and propagators corresponds to a particular type of

resummation of diagrams, which accounts for the compatibility of being exact and one-loop.

In particular, perturbation theory can be reproduced to any order by iteratively applying the

Wetterich equation [50, 51].

One may also choose to regularise the theory with an operator insertion that depends on

higher powers of the field. As discussed in [51], the fact that expectation values with more than

two fields involve multi-loop integrals will result in the flow equation not being of one-loop type.

Since this is a highly desirable property for computational reasons, the regulator insertion is

chosen to be quadratic in the fields.

The flow equation has a diagrammatic representation: Denoting the full propagator by a

straight line for gauge bosons and a dashed line for Faddeev-Popov ghosts, it reads:

�tΓk�A� �
1
2

Figure 2.4: Diagrammatic represen-

tation of the flow equation: The

trace over the full propagator gives

a closed circle, with the regulator

insertion �tRk denoted by a crossed

circle.

This diagrammatic representation, reminiscent of Feynman diagrams, emphasises again that the

flow equation does not contain any functional integrals.

7Note that one can also derive the Wetterich equation by assuming that the theory is defined by some generating

functional for the n-point correlation functions. No path-integral representation needs to be invoked at any point in

the derivation here [49], which clarifies, why the Wetterich equation is not directly influenced by issues related to

the path-integral measure such as anomalies etc. This does of course not preclude the treatment of an anomalous

theory within the framework presented here. The boundary conditions required to solve the Wetterich equation can

include such effects. Furthermore terms that arise due to an anomaly can be included in the effective average action,

and their physical implications can be studied.
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Typical applications of the flow equation will be theories, which show a transition from weak

to strong interactions over a range of scales, which prohibits the use of perturbation theory. Often

such a transition is accompanied by a change in the effective degrees of freedom (e.g. in QCD from

quarks and gluons to hadrons, or in cold atoms in the BEC-BCS crossover), and by a spontaneous

breakdown of symmetries (such as chiral symmetry in QCD). Here the huge advantage of this

approach is that it also works in cases, where we do not a priori know the effective degrees of

freedom, or the realisation of a symmetry. The functional RG comes with a toolbox that allows

to "ask" the theory, which degrees of freedom are relevant, and what is the status of fundamental

symmetries. The first is implemented simply by checking, which degrees of freedom give the

dominant contribution to physics at a scale k . Phenomena such as, e.g. hadronisation in QCD

are accounted for by including effective boson fields through a (scale-dependent) bosonisation

[52, 53]. The spontaneous breaking of global symmetries is accessible through the evaluation of

the full effective potential, which determines the vacuum expectation value of the field.

2.3.1 Fundamental theories from β functions and fixed points

Expanding the effective average action in the infinite sum

Γk �
�

i

gi�k�Oi (2.13)

of operators Oi multiplied by running couplings, the Wetterich equation can be rewritten as an

infinite tower of coupled differential equations. The scale dependence of the couplings is captured

in the β functions, which are defined by

βi � �t gi�k�. (2.14)

β functions thus form a vector field in theory space, the "flow", which yields an RG-trajectory

upon integration.

Of special interest are fixed points in theory space, where βi � 0 �i, hence the theory is

scale-independent. Here we are interested in the β-functions of the dimensionless couplings

g̃i � k�ngi, where n is the canonical dimension of the coupling. Using dimensionless couplings

ensures that we have a true scale-independence of the effective average action at a fixed point.

If, e.g. the dimensionful couplings tend to a constant, this implies, that we have kept a scale in

the theory. We are interested in discovering truly scale-free theories, thus we should work with

dimensionless couplings.

We are particularly interested in fixed points of essential couplings, as these cannot be set to

unity by a redefinition of the fields. Examples for inessential couplings for which no fixed-point

condition holds (and the β functions of which are algebraic functions of the other couplings only)

are usually the wave-function renormalisation factors; in the case of the metric this is actually

more subtle, see [54].

Fixed points allow us to take the UV (k � �) limit in such a way as to avoid divergences

in couplings and thus also in measurable quantities. If a β function has a (UV-attractive) fixed

point, then the couplings approach their fixed-point values when k � �.

Therefore UV fixed points are interesting as they allow to define a UV completion of an effective

theory. Here we would like to clarify one issue, as the statement that the FRG can be used to

search for UV completions may be confusing at first sight. This is, since the "natural" direction of

the flow is from the UV to the IR, where high-momentum degrees of freedom are integrated out.

However FRG equations such as the Wetterich equation can also be used explicitly to discover a

possible UV completion of an effective theory. Technically a necessary condition for this to work
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is the fact that the classical action does not enter the Wetterich equation. Instead of specifying

a classical action, we determine a theory space. Then the Wetterich equation determines the β

functions in this theory space, which may admit fixed points. Such fixed points can then be used

to construct a UV completion. The Wetterich equation therefore is a tool that allows to predict

the classical action, given a field content and symmetries.

In this case one may wonder, how the RG flow can actually be used "backwards", since one

actually loses microscopic information when using the RG flow from the UV to the IR (i.e. in

the natural direction). Due to universality many different kinds of UV completions can result in

the same effective theory in the infrared. If the values of all running couplings where known to

arbitrary precision at some IR scale, this would determine a unique RG trajectory, the UV limit

of which could be investigated. If this trajectory ran into a FP, this would define a possible UV

completion, however not necessarily a unique one, since a different microscopic theory might show

similar behaviour in the IR. In particular in cases where the UV degrees of freedom are actually

different from the effective IR degrees of freedom, the theory space built from the IR degrees of

freedom is not the correct one to search for a UV completion. From a "bottom-up view" there is

no possibility to decide whether the degrees of freedom change at some very high scale. This is

precisely due to universality: Totally different UV completions may all have the same effective

low-momentum description. Using the FRG to search for UV completions therefore only tests

whether there is a consistent possibility to find a UV completion for an effective theory in the

same theory space.

Ultimately having established the existence of the fixed point one then uses the flow in the

"natural" direction to integrate out quantum fluctuations to get to the IR and investigate whether

the low-momentum regime agrees with expectations from effective theories such as General Rel-

ativity, or the Standard Model.

We may then distinguish two types of fixed points: The Gaußian fixed point (GFP) is defined

by βi � 0 with fixed-point values gi� � 0 �i. At a GFP all interactions vanish, and only the

kinetic terms of a theory remain. In its vicinity, physical observables can then be calculated by

perturbative tools in an expansion in small couplings.8

The most prominent example of a Gaußian fixed point is given by non-Abelian gauge theories

with a limited number of fermions in the fundamental representation. The Gaußian fixed point

is UV stable, as can be seen from the negative coefficient of the one-loop β-function of such

theories. The theory then exhibits highly non-trivial IR behaviour, due to the running of the

relevant coupling.

A less well-studied case is given by a non-Gaußian fixed point (NGFP), where βi � 0 at

gi� � 0 (for at least one i). This defines a theory with residual (and possibly strong) interactions

at the fixed point. Perturbative calculations become highly challenging here and typically cannot

be implemented straightforwardly. Nevertheless defining the UV completion with a NGFP yields

a fundamental theory, as does also the use of a GFP.

The classification of fixed points works by the number of attractive directions and the values

of the critical exponents, which are universal (i.e. regularisation-scheme independent) numbers

that parametrise the flow in the vicinity of the fixed point. Many universality classes are well-

known from thermodynamics, where they describe the dependence of observables on external

8Note however that some observables may depend on the coupling non-perturbatively even for small coupling,

i.e. a resummation of the perturbative expansion may be necessary to recover the correct behaviour. That is to

say, the small-coupling expansion and a perturbative expansion are not necessarily the same thing. As an example,

consider the small-coupling expansion of the free energy of the quark-gluon plasma, which contains genuinely

non-perturbative coefficients at O�g6�, see [55] and references therein.
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parameters such as the temperature in the vicinity of a second-order phase transition. Fixed

points can actually be linked to second order phase transitions, as there the correlation length

diverges which implies that the theory becomes scale-free at the phase transition. In other words,

fluctuations on all scales are important for the dynamics of the theory. A scale-free theory in

turn is one that lives at a fixed point.

Let us introduce the critical exponents by considering the linearised flow around the fixed

point:

βgi � �tgi � Bij

�
gj�k� � g�j

�
�O�gj�k� � g�j �

2, where (2.15)

Bij �
�βgi
�gj

���
g�

(2.16)

is the stability matrix. A solution to eq. (2.15) is given by:

gi�k� � g�i �
�
n

CnV
n
i

�
k

k0

�
�θn

. (2.17)

Herein �θ� � �spect�Bij� are the eigenvalues of the stability matrix (including an additional

negative sign) and Vn are the (right) eigenvectors of Bij . The scale k0 is a reference scale and

the Cn are constants of integration. The behaviour of the couplings gi�k� clearly depends on the

eigenvalues θn, see fig. 2.5: In order for gi�k� to hit the fixed point in the ultraviolet, the constants

Cn have to be set to zero for those n where θn 	 0. Directions with θn 	 0 are called irrelevant

directions. They do not contain any free parameter. In cases where the stability matrix has zero

eigenvalues, the behaviour of these marginally (ir) relevant directions is determined by the next

order in the linearised flow. If the zero persists to all orders such a direction is truly marginal.

If we have set all Cn � 0 for θn 	 0, we are on the critical surface. This implies that the θn 
 0

which belong to relevant directions, will ensure that we are attracted into the NGFP towards

the ultraviolet. This happens irrespective of the value of the Cn of the relevant directions, which

implies that these Cn correspond to free parameters. Note that typically the operators entering

the effective action do not simply correspond to (ir)relevant directions at a NGFP; non-trivial

superpositions of these typically do.

g1

g2

g3

Figure 2.5: Sketch of the flow towards

the ultraviolet in a three-dimensional

subspace of theory space: The critical

surface and the NGFP are indicated

in purple, relevant directions are blue,

irrelevant directions red. Trajectories

that lie slightly off the critical surface

(green) are attracted by the NGFP, but

then flow away from it due to the irrel-

evant couplings.

The issue of predictivity is related to the flow towards the IR: UV attractive directions are of

course IR repulsive, therefore the IR observable value of the coupling is not determined by the
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fixed point, and has to be fixed by an experiment. This feature leads to the name "relevant"

coupling, and it is linked to a free parameter, as the constant of integration remains unfixed. The

IR values of irrelevant couplings are predictable from the values of the relevant couplings. For

examples of this in the context of a NGFP see, e.g. [9, 56]. In order to approach the NGFP in

the UV the initial conditions in the IR have to lie exactly on a trajectory that ends up within the

critical surface. A slight shift away from the critical surface suffices that, at possibly very large

k , the flow is driven away from the NGFP along a repulsive direction. Since the couplings thus

have to agree with values in the critical surface to arbitrary precision, the requirement to hit the

NGFP might, loosely speaking, be understood as a certain type of fine-tuning problem 9.

The search for a UV completion is a very interesting issue in the case of gravity. On the other

hand the use of the flow equation is also highly useful in the context of Yang-Mills theories,

where due to asymptotic freedom perturbative calculations break down in the infrared. In both

cases we are interested in applying the Wetterich equation to a gauge theory, so we have to

understand the relation between symmetries and the FRG.

2.3.2 Symmetries in the Functional Renormalisation Group

In the case of gauge theories the introduction of a cutoff is a rather subtle issue: A simple

momentum cutoff clearly breaks the gauge invariance by cutting off modes that are gauge equiv-

alent to modes that are integrated out. Another way of saying this is that the cutoff corresponds

to a mass-like term, which is clearly incompatible with gauge invariance, as we are not in the

Higgs-phase of the theory, and the mass is not induced by a non-trivial vacuum expectation value

(VEV)10. Thus, a cutoff term will appear in the Ward-identities, which we briefly discuss here.

A crucial aspect of gauge theories is the consideration of the remnants of gauge symmetry in

a gauge-fixed formulation. Using translation invariance of the path integral in field space, one

may easily derive the Ward-identities:

GΓk � �GΔSk � �G �Sgf � Sgh � ΔSk��. (2.18)

Herein G is the symmetry generator of the symmetry under consideration.

Accordingly the regulator term simply adds an additional contribution to the Ward identity,

which at k � 0 reduces to the standard Ward identity. From eq. (2.18) it is also clear that one

may in principle choose to regularise a theory with a symmetry using a regulator which breaks

that symmetry. Then the only term in eq. (2.18) results from the regulator. Such a construction

should however be avoided if possible since a symmetry-breaking regulator implies that the flow

will take place in the larger theory space which is subject to the remnant and not the physical

symmetry.

It is possible to show that the modified Ward-identity holds under the flow, if it holds at an

initial scale, see, e.g. [37]. For practical purposes however an exact solution of the flow equation

is impossible to find, see sec. 2.3.4. Thus the Ward identity will typically be violated.

2.3.3 Gauge theories: Background field method

The background field method allows to construct an effective average action that is gauge-

invariant in the limit k � 0 [58]. This is accomplished by gauge-fixing with respect to an

9Note that here we mean something quite different from the usual fine-tuning problem, which pertains to a

hierarchy of scales and implies that values of couplings have to be tuned very precisely at high energies, in order

to allow for dimensionful couplings to be of O�1� at low energies.
10And of course due to Elitzur’s theorem [57] a non-zero VEV in a gauge theory is only observable after having

fixed a gauge.
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auxiliary background field Āμ (or ḡμν in the case of gravity).

To this end the physical field is split into a background field and a fluctuation field

Aμ � Āμ � aμ gμν � ḡμν � hμν. (2.19)

Note that for the metric this entails that the inverse metric will have an expansion in powers of the

fluctuation field hμν with terms of arbitrary high order, since gμνg
νκ � δκμ holds. This property will

(in part) be responsible for a larger number of different interaction vertices that can be constructed

in gravity from very basic truncations. In particular the ubiquitous metric determinant
�
g in the

volume factor generates couplings to arbitrary powers of the fluctuation metric. Therefore in the

case of gravity, every truncation involving at least a cosmological term λ
�
ddx

�
g can be expanded

to arbitrary order in fluctuation-n-point functions. This is very different from Yang-Mills theory,

and one of the reasons why terms of a similar structure (e.g. minimally coupled fermions), may

give rise to very different flows in Yang-Mills theory and gravity, see chap. 5 for details.

In the case of gravity this split has the additional advantage that one can use the background

metric to construct a background-covariant Laplacian with respect to which one can classify

fluctuation modes into "high-momentum" and "low-momentum" modes, for details see chap. 4.

One may choose the background field to fulfill, e.g. the quantum equations of motion, but this

is not strictly necessary. The background field need not be understood as a physical background,

around which small quantum fluctuations are considered. In particular in the case of gravity it is

crucial, that the background field method does not imply that hμν is a small fluctuation around a

flat (or possibly cosmological) background. Let us emphasise that the background field method is

to be understood primarily as a technical tool, and for its use does neither require the background

field to be the true physical expectation value of the gauge field, nor assume that the fluctuations

are restricted in amplitude.

We now gauge-fix the fluctuation field with respect to the background field, by generalising

covariant gauge conditions without a background (resp. a trivial, i.e. flat one in the case of

gravity). The gauge-fixing condition is, e.g. given by

F � D̄μa
μ � 0, (2.20)

for the case of non-Abelian gauge theories. In the case of gravity, the background field gauge

condition will typically contain several terms, which is a simple consequence of the metric being

a tensor instead of a vector. Accordingly the gauge comes with two parameters in gravity, as the

different terms in the gauge condition may have different weights. Explicitly it is given by

Fμ � D̄μh
μ
ν �

1� ρ

d
D̄μh

ν
ν, (2.21)

in d dimensions. Hence the gauge-fixing term fixes the fluctuation fields with respect to the

background fields. In both cases it contains a transversality condition of the fluctuation field with

respect to the background. In the case of gravity the second term is a condition to be fulfilled by

the trace of the fluctuation field.

The corresponding Faddeev-Popov operator reads

Mac � �D̄ab
μ Dμ bc (2.22)

for non-Abelian gauge theories. In gravity we have

Mμ
ν � D̄ρḡμκgκνDρ � D̄ρḡμκgρνDκ � 1

2
�1� ρ�D̄μḡρσgρνDσ. (2.23)
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Again the fact that the metric is a tensor entails a more complicated structure and also demands

the Grassmannian ghost fields to transform as vectors. The crucial step in the background field

method is the introduction of an auxiliary background gauge transformation (for details see, e.g.

[37, 12, 13]). Let us stress that this is purely auxiliary and does not acquire a physical meaning at

this stage. The above gauge-fixing term is then invariant under the sum of the auxiliary and the

physical gauge transformation. We therefore conclude that the effective action in the background

field formalism is gauge-invariant if we identify the background field with the full gauge field.

These considerations can be directly transmitted to the effective average action Γk�a, Ā�, for

details see, e.g. [59, 60, 33, 37, 12, 13]. Note however that setting Aμ � Āμ (gμν � ḡμν) before

the evaluation of the full RG flow is incorrect, as the flow in the extended theory space contains

operators that vanish in this limit. This does however not imply that they cannot contribute to

the flow of operators that will be gauge invariant under the identification of background field and

gauge field. Therefore the price to pay for the construction of a gauge invariant effective action

in the limit k � 0 is the dependence of the flow on two gauge fields/ metrics. Note that of course

the modified WTI’s (derived from acting with the physical gauge transformations on the effective

average action) still have to be fulfilled and impose non-trivial symmetry constraints.

Within the background field formalism, the inverse propagator is given by Γ
�2,0�
k �a, Ā�, hence

we need the second functional derivative with respect to the fluctuation field. This quantity is

not accessible from the flow of Γk�0, Ā�. Hence the flow equation for the effective action of the

background field (i.e. at zero fluctuation field) is not closed [33, 61, 62, 51, 63, 64].

�tΓk�0, Ā� �
1

2
STr

�
Γ
�2,0�
k �0, Ā� � Rk

��1

�tRk . (2.24)

Several routes are now open: One may set Aμ � Āμ (gμν � ḡμν) after deriving the inverse

propagator, i.e. setting Γ
�2,0�
k �0, Ā� � Γ

�2�
k �Ā�. What one typically does here is to neglect all

operators in theory space which depend on the background field apart from the gauge-fixing term

and the ghost term. One then evaluates the second functional derivative with respect to the gauge

field, and then proceeds to identify the gauge field and the background field. This neglects all

differences between the flow of background quantities and quantities that are constructed from the

physical gauge field, or from a combination of background and physical fields. In particular, one

neglects the back-coupling of terms depending on both fields into the flow, except the gauge-fixing

and ghost terms. For examples, see [65, 66] and [12] for the case of gravity.

One may also work in a truncation where terms that depend on both the full gauge field and

the background field are taken into account. This strategy has recently been applied to the case

of quantum gravity [67, 68]. Working in this extended theory space naturally implies a larger

number of terms that couple into the flow and usually necessitates a higher level of technical

sophistication in order to distinguish the flow of different operators.

The last possibility is to use a relation between the background field gauge and covariant

gauges like the Landau gauge: As is clear from the gauge condition eq. (2.20), the former is related

to the latter for vanishing background field. This allows to reconstruct the inverse propagator

in the presence of a background field from the inverse Landau gauge propagators. The idea has

first been applied in [69] and will be used in this thesis to investigate aspects of confinement in

Yang-Mills theories, see chap. 3.

2.3.4 The necessity to truncate

The Wetterich equation is an exact one-loop equation, however for practical computations it

usually yields only approximate results, due to the following reason: As discussed above (see
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sec. 2.1), the flow equation generates a vector field in theory space. In general this vector field

has non-vanishing components in all (infinitely many) directions in theory space. Therefore only

a treatment including all these directions leads to exact results. This however is in general im-

possible, as the Wetterich equation constitutes an infinite tower of coupled differential equations.

As an example, consider the flow equation for an n-point vertex, which implies taking the nth

functional derivative of the right-hand-side of the Wetterich equation with respect to the field:

Using that (schematically)

δ

δφ

�
Γ
�2�
k

��1

�

�
Γ
�2�
k

��1

Γ
�3�
k

�
Γ
�2�
k

��1

, (2.25)

it is easy to see that �tΓ
�n�
k will then be related to Γ

�n�1�
k and Γ

�n�2�
k . To deal with this infinite

tower of equations is in general impossible11. Therefore it is necessary to truncate the theory

space by simply making an ansatz for an (infinite) subset of couplings (generically one simply

sets these to zero). Then one can proceed to derive the flow equation in this truncation, which

in general is different from the flow equation projected onto the truncation.

The strength of the approach lies in the fact that truncations may be chosen following very

different guiding principles: A truncation adapted to the perturbative regime neglects opera-

tors generated by higher powers of the coupling. In such a truncation it is possible to recover

perturbation theory to any order [50, 51].

On the other hand, e.g. a derivative expansion sorts operators by the number of derivatives

they contain and is therefore intrinsically non-perturbative. It is therefore a well-adapted tool to

study theories in the non-perturbative regime. It is also possible to work in a vertex expansion,

which is "orthogonal" to the derivative expansion in the sense, that an infinite number of different

operators from the derivative expansion can in principle contribute to one operator in the vertex

expansion (since, e.g. the three-point function can contain an arbitrary function of the momenta).

Within gauge theories a derivative expansion allows for a more straightforward incorporation of

the gauge symmetry, as gauge symmetric operators can, in Yang-Mills theories as well as gravity,

easily be sorted by the number of derivatives they contain. On the other hand an n-point function

Γ
�n�
k is a gauge-covariant object in gauge theories, as is clearly visible, e.g. in the case of the

inverse propagator.

One should however note that the term "expansion" used here simply refers to an organisation

scheme for the infinitely many operators, and is not to be confused with an expansion, where

higher-order terms are in some sense smaller than the ones from lower orders12.

In the non-perturbative regime a control over the error of the calculation is highly desirable.

Here we have to state that in the FRG framework, as also in most other non-perturbative methods,

this is in general highly challenging, and not always possible. As it is very intricate to devise

a small parameter to control the expansion, the size of neglected terms is not easily accessible

from a truncation13.

One may however use two different methods to judge the quality of a truncation, apart from the

obvious possibility to compare results obtained with the flow equation with results from other

methods (or ideally experimental results). The regulator dependence vanishes in the limit k � 0

in the untruncated theory space. As soon as one works within a truncation, a residual regulator

11Note, e.g. the following important exception: In the deep-IR limit where all momenta go to zero, a scaling ansatz

for the vertices in Yang-Mills theory presents a consistent solution to the complete tower of equations [70, 71].
12An exception to this is given, e.g. by the search for relevant couplings at a non-Gaußian fixed point, where, as

explained in sec. 4.1.2, only the first few canonically irrelevant couplings in a derivative expansion may be expected

to turn into relevant ones.
13As an example, consider a scalar theory in a derivative expansion, where the size of the anomalous dimension

η can be used to estimate if a derivative expansion works well in this case.
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dependence remains. Studying the extent of the regulator dependence allows to give an estimate

for the truncation error; however this is a rather crude estimate and one cannot prove that the

distance of the result to the true physical result may not be larger than this estimate. Here,

optimisation techniques have been devised, that allow to construct a regulator that minimises the

truncation error [72].

At a NGFP the quantities that are universal (i.e. mainly critical exponents) acquire a regulator

dependence within truncations. Again variations of the regulator function allow to estimate the

quality of the truncation.

To check the importance of terms outside a truncation is obviously possible by studying the

stability of the result under an enlargement of the truncation. Of course this only allows to clearly

determine the effect of previously neglected operators, but will not yield a reliable estimate of all

terms outside the truncation. In the worst scenario a result may be highly stable under several

successive enlargements of the truncation, from which one may be tempted to conclude that the

result is already very close to the exact one. However an operator outside the largest truncation

studied can still spoil this picture completely.

Therefore such studies of the stability of results should always be taken with a grain of salt.

The reliability of a truncation can only be determined rigorously by a comparison with the exact

result, which may not be known in many interesting cases.

Here it is very useful if complementary methods exist, as is the case in many field theories that

can be simulated applying lattice discretisation and numerical Monte Carlo studies of the path

integral. Assuming, that these methods have a good control over their respective error sources

(e.g. finite-size effects and discretisation artifacts), they can be used to check results obtained

with the FRG.

In some settings the necessity to truncate may also be turned into an advantage, as it may

allow for a clear investigation of physical effects: As the effect of removing a certain operator

from a truncation can be studied, the origin of a physical effect can be identified and under-

stood within the flow equation. Here, truncations can be used to study the mechanisms behind

physical phenomena, and understand, e.g. which operators are responsible for phenomena such

as spontaneous symmetry breaking (for an example see chap. 5). In particular in the strongly-

interacting regime, where potentially many couplings are non-zero, it is important to understand

the mechanisms behind physical properties of the theory. Changing the truncation used to study

a physical question helps to appreciate which operators are important in a specific question.
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3.1 Motivation: Strongly interacting physics in the low-energy

limit

QCD is a paradigmatic example for the application of the ideas of the Renormalisation Group.

Its UV behaviour is governed by a Gaußian fixed point with one marginally relevant direction,

i.e. the theory is asymptotically free and shows a non-trivial RG running towards the IR. In

the low-energy regime, it becomes strongly-interacting. The microscopic degrees of freedom,

quarks and gluons, are then unobservable, instead effective degrees of freedom emerge in the

form of colourless massive bound states, the hadrons, which constitute the observable degrees

of freedom at low energies. This regime is then characterised by two central properties, namely

confinement and spontaneous chiral symmetry breaking. As a result the low-energy bound states,

the hadrons, become massive. It is important to emphasise that this mass is not related to the

Higgs mechanism, which only provides the small current quark masses. The hadron mass is

mainly a consequence of the dynamics of QCD.

This plethora of interesting physics results from the fact that the theory does not sit exactly

on the GFP, but arbitrarily close to it in the far UV. Since it has one relevant direction, a non-

trivial RG-flow occurs, which leaves the scale-free regime in the vicinity of the fixed point. As the

coupling is dimensionless in four dimensions and explicit gauge boson mass terms violate gauge

invariance, the theory does not possess any inherent classical scale. Quantum fluctuations thus

generate a non-trivial scale, ΛQCD. The theory becomes strongly interacting at this scale, and

exhibits confinement as well as chiral symmetry breaking.

At finite temperature, the QCD phase diagram then shows at least two phases, the confined

phase with broken chiral symmetry and the quark-gluon plasma phase with restored chiral sym-

metry. There has to be a crossover or a phase transition, the deconfinement phase transition,

in between. Also the chiral transition occurs at a similar temperature (at least for vanishing

chemical potential), but its connection to the deconfinement transition is not fully clear. Further

phases, such as a quarkyonic phase with confinement but restored chiral symmetry might occur

in the QCD phase diagram at high chemical potential. At very high chemical potential, even

colour superconductivity might be found. This region of the phase diagram remains to be ex-

plored from first principles, and the properties of phases as well as the phase boundaries remain

to be understood from the microscopic theory.

As phase transitions and crossovers are typically linked to a change in the degrees of freedom

of the system and the formation of bound states, they cannot be described by perturbation theory

to any finite order. Even at zero temperature, the properties of the macroscopic theory, such

23
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as its ground state, are determined by non-perturbative physics. Hence non-perturbative tools

that allow to investigate a transition between different phases of the theory, and do not break

down in the non-perturbative regime are required. The FRG can account for a change in the

effective degrees of freedom, and can describe the transition between a strongly and a weakly

interacting regime. In particular, in the case of QCD, functional methods can incorporate quarks

at a finite chemical potential and realistically small masses, and therefore have access to the

complete phase diagram of QCD [8, 73, 74, 75].

Let us stress that functional methods rely on a gauge-fixed formulation, which may yield tech-

nical simplifications, as one may adapt the choice of gauge to the problem under investigation1,

but is of course more challenging from a conceptual point of view: As all physical quantities,

as well as dynamical processes are by definition gauge-invariant, a gauge-fixed calculation may

"blur" the physical picture. For example, a physical mechanism such as confinement might manifest

itself very differently in different gauges, and a straightforward relation of results from different

gauges might not be possible. Hence one goal of functional methods should be to connect results

in different gauges and finally account for the physical, i.e. gauge-independent mechanisms of

confinement and chiral symmetry breaking, as well as the dynamics of the quark-gluon plasma

and of hadronisation processes and so on.

A challenging point of current functional methods is their dependence on truncations. It is

therefore non-trivial to gain qualitative as well as quantitative control over the non-perturbative

regime of a theory. Here a method that works without truncations, such as lattice gauge the-

ory, is a very useful counterpart of a functional RG (or DSE) calculations, as it allows to check

the quantitative precision of continuum functional calculations, assuming that the systematic as

well as numerical and statistical errors of the lattice calculation are under control. Having found

agreement in a certain area of parameter space, one can use functional methods to explore regions

which are unaccessible to lattice calculations, for either conceptual reasons, as, e.g. calculations

at finite baryon density, or computational power, as, e.g. the investigation of large gauge groups,

or chiral fermions. Besides, functional methods are a very useful tool to gain a deeper under-

standing of the properties of the theory. Here a seeming disadvantage, the necessity to truncate,

can be turned into an advantage, as it is possible to cleanly distinguish which operators are

necessary to induce a certain physical phenomenon. Clearly lattice simulations and functional

methods are complementary and could be used concertedly to obtain a full understanding of QCD

in the non-perturbative regime2.

A crucial first step in the attempt to fully understand QCD is the understanding of the pure

gauge sector of the theory, which one obtains from QCD by taking the limit of infinite quark

masses and thus suppressing quark fluctuations in the path integral. Then static quarks can still

be employed as fundamental colour sources. As confinement is a property induced by the gauge

sector of the theory, it may be investigated within this reduced setting.

In this chapter we will first focus on the zero-temperature limit of the theory. Here the ground

state of the theory is an interesting question, which may be linked to the confining properties of

the theory. We then go one step further and study the deconfinement phase transition at finite

temperature. Here, we will also shed light on the question what determines the order of the

1As an example, we will see that in covariant gauges, such as Landau gauge, both in Yang-Mills theory and

gravity certain modes of the gauge-field or metric, resp. drop out of all diagrams with external vertices.
2Both lattice gauge theory as well as functional methods work in the Euclidean path integral formalism, which is

appropriate for systems in thermodynamic equilibrium. To realistically describe processes in real time, further steps

are necessary, as emphasised in [76]. As the vacuum state and thermodynamic equilibrium present only very special

cases of the more general formalism admitting non-equilibrium and real-time dynamics, many interesting physics

questions relating to the equilibration process in the quark-gluon-plasma, or processes in the early universe are not

easily or not at all accessible from the Euclidean formulation.
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phase transition.

3.2 Gluon condensate in Yang-Mills theory

3.2.1 The ground state of Yang-Mills theory and confinement

The ground state of Yang-Mills theory cannot be inferred from perturbative considerations [77], i.e.

the perturbative vacuum is presumably unstable in Yang-Mills theory. This is suggested by the

fact that due to asymptotic freedom large values of the expectation value of the field strength �F 2�
correspond to the perturbative domain, whereas the domain of low field strengths is controlled

by the strongly-interacting regime3. Hence, as emphasised in [77], the vacuum configuration of

Yang-Mills theory will not be deducible from perturbative calculations. Notably, in a strongly-

interacting regime there is no reason to suspect that the solution to the classical equations

of motion will also solve the quantum equations of motion. In more physical terms, quantum

fluctuations break the classical scale invariance and can lead to non-vanishing, dimensionful

expectation values, whereas these vanish perturbatively. Hence the Yang-Mills vacuum state

is characterised by the values of gauge-invariant quantities such as �F 2�, ��F �F�2�, etc.4. This

suggests a non-trivial vacuum structure of Yang-Mills theories. In particular the well-known trace

anomaly, i.e. the impossibility to quantise the theory in a way that respects scale invariance,

implies �F 2� � 0. This is also known as dimensional transmutation, i.e. the generation of a

mass-scale by the quantisation of a classically scale invariant theory.

An explicit calculation of the one-loop effective action by Savvidy [78, 79] provides evidence

for the instability of the perturbative vacuum to the formation of a non-vanishing constant colour-

magnetic field configuration. The one-loop potential for such a field strength shows a non-trivial

minimum, which implies �F 2� � 0. This may be interpreted as the condensation of gluons in

the vacuum. However this calculation suffers from two problems: The chosen background field

configuration is unstable, as indicated by the existence of a tachyonic mode in the spectrum

of the two-point function parametrising small fluctuations around this background [80]. As this

tachyonic mode is a long-range phenomenon, the introduction of a spatial inhomogeneity and

a configuration of finite-sized "patches" of colourmagnetic background field, also known as the

"Kopenhagen vacuum" [80, 81, 82, 83], renders the configuration stable. A second problem which

calls for a calculation of the effective action beyond one loop is the fact that the one-loop running

coupling diverges when the effective potential traverses zero, coming from large field strengths.

Accordingly the interesting region of field strengths, where Savvidy’s calculation implies the

formation of a gluon condensate, lies beyond its domain of validity.

Note that the existence of a gluon condensate �F 2� � 0 is physically highly attractive,

since it might be linked to confinement. This connection exists within a model for the effective

potential, which retains the classical form of the effective potential, but evaluates the one-loop

logarithmically running coupling at a scale set by the field strength:

Weff�F
2� �

1

4g2�F 2�
F 2 � F 2 lnF 2. (3.1)

(Note that we redefined the gauge field here to scale out the coupling.) Within this model the

vacuum acts as a non-linear dielectric medium, where the dielectric constant exhibits a field-

dependence, and develops a zero for small field strengths. This leading-log model [77, 84, 85, 86,

3Here we should clarify the following subtlety: Of course a small value of the fluctuation field aμ corresponds to

the regime where perturbation theory is applicable. However a large classical background field strength corresponds

to a high mass scale and therefore to the perturbative regime.
4For an overview of our notation, see app. A.1.1.
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87, 88, 89], as well as more sophisticated dielectric confinement models [90, 91, 92] incorporate the

non-trivial minimum indicated by Savvidy’s calculation, and furthermore have interesting physical

consequences: Considering a static quark-antiquark pair on this background leads to a linearly

rising potential between the two sources [77, 86]. In particular, the string tension parametrising

the potential V � �
σr, can be related to the non-trivial minimum for the gauge group SU(3):

�
σ �

�
1

3
F 2
���
min

� 1
4

. (3.2)

Since, in the case of non-dynamical quarks a linearly rising potential can be used as a criterion for

confinement, the non-trivial minimum results in confinement of static fundamental colour sources.

Consequently we apply a criterion for confinement that cannot be maintained in full QCD with

dynamical quarks. There the potential shows a linearly rising part and then flattens due to string-

breaking, where the energy stored in the string suffices for the creation of a quark-antiquark pair

and a subsequent formation of two mesonic bound states. (For a further discussion of how criteria

for confinement can be devised in full QCD, see, e.g. [93].)

We will evaluate the effective potential from the functional RG here. Accordingly we have

to integrate the Wetterich equation for a non-vanishing background field (cf. eq. (2.24)), which

requires information on the fluctuation field propagators. Previous work [94, 65] relied on the

approximation of setting Aμ � Āμ after evaluating the inverse propagator, see also sec. 2.3.3.

3.2.2 Propagators in the background field gauge

The relation between the background field gauge and the Landau gauge

Here we follow a route to construct the required fluctuation field propagators, that has been

put forward in [69], where it was successfully applied to connect the properties of the Landau

gauge propagators to quark confinement. As we will be interested in projecting the flow equation

onto a pure background-field effective potential with vanishing fluctuation field, we only need the

fluctuation field propagators evaluated at vanishing fluctuation field. The spectrum of fluctuations

on a non-trivial background can then be reconstructed from the Landau gauge propagators. Here

we use that the background field gauge condition reduces to the Landau gauge condition in the

limit of vanishing background field:

D̄μ�Aμ � Āμ� � D̄μaμ � 0
Āμ�0�� �μAμ � 0. (3.3)

Thus correlation functions in the background field gauge must reduce to Landau gauge correlation

functions in the same limit. The background field formalism requires the effective action to be

invariant under simultaneous background and gauge transformations. Thus the n-point correlation

functions have to transform as tensors under background field transformations. This allows to -

at least partly - reconstruct background field correlation functions from Landau gauge correlation

functions. In the case of the two-point function, this correspondence reads explicitly:

Γ
�2�
k 	a � 0, A
 � Γ

�2�
k Landau	0, A
��D 2� � fμν�D�Fμν. (3.4)

Herein D 2 is a Laplace-type operator that reduces to the Laplacian in the limit of vanishing

background field. For notational simplicity we drop the bar on the background quantities, as we

only work with the background field and the fluctuation field from now on. The function fμν that

multiplies the background field strength has to be non-singular in the limit Aμ � 0, such that

Γ
�2�
k 	0, 0
 � Γ

�2�
k Landau, but is unrestricted otherwise. Unless the background field configuration has

vanishing field strength, higher-order correlation functions in the Landau gauge are necessary

for the reconstruction of the additional terms.
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Landau gauge propagators

The inverse ghost and gluon propagators can be parametrised as

�Γ
�2,0�
k,A �abμν �0, 0��p

2� � p2ZA�p
2�PT μν�p�δ

ab � p2ZL�p
2�

α
PL μν�p�δ

ab , (3.5)

for the gluon5 with the gauge parameter α and

�Γ
�2,0�
k,C �ab�0, 0��p2� � p2ZC�p

2�δab (3.6)

for the ghost. The complete effect of the quantum fluctuations, in particular the non-perturbative

physics, is encoded in these wave-function renormalisation factors6.

For the longitudinal wave-function renormalisation, we have ZL � 1 � O�α�. Hence it drops

out of all diagrams beyond one loop in Landau gauge α � 0.

Following extensive work during the past decade, FRG calculations [95, 96, 97, 98, 99, 100,

101, 102, 103], DSE calculations [104, 105, 106, 107, 70, 102, 71], and lattice calculations [108,

109, 110, 111, 112] are in agreement in the dynamically important momentum regime, and only

deviate in the far infrared (see fig. 3.1).

Figure 3.1: The inverse wave-function renormalisation factors (i.e. dressing functions) for the

gluon (left panel) and the ghost (right panel) propagator [102] carry the non-trivial momentum

dependence of the full propagator. Results from lattice calculations and the FRG only deviate in

the deep IR regime. The deviation of the DSE calculations to the FRG and lattice results in the

mid-momentum regime arises from a truncation of the full DSEs.

In the deep infrared, the wave-function renormalisations ZA,C exhibit a leading momentum be-

haviour

ZA�p
2 � 0� � �p2�κA , ZC�p

2 � 0� � �p2�κc . (3.7)

Here, functional methods and lattice results differ: In accordance with the fact that one expects

a NGFP for the Landau gauge coupling in the deep infrared [104, 106, 70], functional methods

observe a scaling solution [113, 106], first found in [104, 105] with

κA � 	2κc (3.8)

κc 
 0.595. (3.9)

5Here we have used the projection operators onto transversal and longitudinal directions: PT μν�p� � δμν �
pμpν
p2

and PL μν�p� � δμν � PT μν�p�.
6Note that the dressing functions G and Z , conventionally used in DSE approaches, are defined to be the inverse

of the wave-function renormalisations ZC,A, respectively.
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The sum rule eq. (3.8) follows from the existence of a scaling solution: As observed in [70, 71], a

scaling ansatz that simultaneously solves the tower of functional RG as well as Dyson-Schwinger

equations implies that the ghost-gluon vertex remains bare. This property, also known as a non-

renormalisation theorem, was deduced in [114] from the transversality of the gluon propagator

in Landau gauge. The value for κc is regulator-dependent, with eq. (3.9) being the value for

the optimised regulator [99], which agrees with the originally found value [106]. Indeed the

critical exponent κc parametrises the scaling behaviour of all n-point ghost and gluon correlation

functions for the scaling solution [115, 116]. For the scaling solution, the Kugo-Ojima criterion

κc � 0 [117, 118] and the Gribov-Zwanziger condition κc �
1
2

[43, 119] are satisfied. The first

follows from the definition of the physical Hilbert space with the help of a well-defined global

BRST charge. Hence colour confinement is realised for the scaling solution. The second is

related to a solution of the Gribov problem by restricting the domain of integration in the path

integral to the first Gribov region, or the fundamental modular region, where each gauge orbit has

a unique representative and the Faddeev-Popov operator is positive semi-definite. Here one may

wonder how boundary conditions on the path integral, such as the restriction to the first Gribov

region, are implemented correctly within the FRG, since the form of the differential equations for

the n-point correlation functions is not altered by restricting the path integral to the first Gribov

(or even the fundamental modular) region. However solving the equations with the non-trivial

boundary condition on the ghost propagator then implements a solution to the Gribov problem

within this setting. The Gribov-Zwanziger scenario is also related to confinement, since it states

that configurations close to the Gribov horizon dominate the IR, and thus are responsible for

confinement7.

The scaling solution eq. (3.9) and eq. (3.8) implies that the gluon propagator vanishes in the

deep infrared, which means that a simple picture of confinement due to a diverging gluon propaga-

tor cannot be sustained8. Instead the ghosts become dynamically enhanced, as their propagator

is even more divergent than a perturbative propagator. This dominance of an unphysical sector

of the theory is naively rather unexpected and implies that ghosts (at least in Landau gauge) can

be crucial to determine the physical properties of the theory.

On the other hand, lattice calculations, as well as some DSE studies [121, 122, 123] indicate

κA lat � �1 κc lat � 0, (3.10)

which has become known under the name decoupling solution, since eq. (3.10) implies an infrared

finite, and therefore massive gluon propagator. This entails the decoupling of gluons in the deep

infrared. As the gluon propagator is positivity-violating for the decoupling solution [102, 124],

gluons are not part of the asymptotic state space, although the Kugo-Ojima criterion is not

satisfied.

Finite-size effects [125] cannot be made responsible for this difference [126]. As argued in [127],

the non-perturbative incompleteness of Landau gauge allows for a further gauge fixing condition

in the non-perturbative regime, which might resolve the Gribov ambiguity and is related to the

infrared value of the ghost propagator. Hence the deviating results on the deep-IR behaviour

from functional methods and lattice might be understood as arising from the implementation of

two different gauge conditions.

For a part of the investigations in this and the following sec. 3.3, these differences will play no

role, as we observe a separation of scales between the deep IR and the scale of the deconfinement

phase transition as well as the gluon condensate. As an important conclusion our results are

independent of the IR asymptotics.

7A direct relation to an almost linearly rising quark potential can be established in Coulomb gauge, see, e.g. [46]

and references therein.
8In fact the quark-antiquark-gluon vertex diverges strongly enough to ensure confinement [120].
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Let us emphasise that the definition of a global BRST charge is necessary for the construction

of a physical Hilbert space within the framework of Kugo and Ojima. This singles out the scaling

solution in contradistinction to the decoupling solution [128], as only the former satisfies the

criterion that well-definiteness of the global BRST charge imposes on the ghost propagator.

As the propagators that we will employ encode colour confinement due to the Kugo-Ojima/

Gribov-Zwanziger scenario, we will establish a connection between this scenario and a model

showing confinement of static quarks, the leading-log model.

Finding such connections between seemingly unrelated confinement scenarios will hopefully ul-

timately allow to arrive at a fully consistent and gauge-independent understanding of the con-

finement mechanism. Here we only perform a first step in such a direction, as we link correlation

functions respecting a confinement criterion in one particular gauge to a classical model for the

Yang-Mills ground state that shows confinement of static quarks.

Propagators on a self-dual background

As we are interested in the effective potential Wk�F
2� � Γk�F

2�
Ω

, where Ω denotes the space-

time volume, the reconstruction of the background gauge propagators requires knowledge on the

function fμν�D� in eq. (3.4). This function is related to higher order correlation functions in Landau

gauge. Here, we perform a "minimal" reconstruction, by generalising p2 � DT, DL, Dgh.

for the transversal gluon: DT μν �
�
D2δμν � 2igFμν

�
(3.11)

for the longitudinal gluon: DLμν � DμDν (3.12)

for the ghost: Dgh � D2. (3.13)

We include the spin-one coupling of the transversal gluon fluctuation field to the background

and use the covariant derivative with respect to the background field, which is given by Dab
μ �

�μδ
ab � gfabcAc

μ. This choice is motivated by a correct perturbative limit.

3.2.3 Self-dual field configuration

We now choose a background field configuration that allows to project onto the effective potential

W �F 2�. Hence a covariantly constant field strength with DμF
κλ � 0 suffices. As the spectrum of

the above Laplace-type operators eq. (3.13), or at least the heat-kernel trace for these operators

has to be known, we have a limited choice in the possible background field configurations. To

avoid problems with tachyonic modes that indicate the instability of a background [80, 129] we

project onto the only known stable covariantly constant background, which is selfdual, hence

�Fμν �
1

2
ε κλ
μν Fκλ � Fμν. (3.14)

This implies that we have to give up on the uniqueness of the projection, as the desired potential

W �F 2� is indistinguishable from functions depending also on the dual background field strength.

In the possible case that terms such as �F �F�2 etc. are negligible in comparison to �F 2�2-terms9,

the non-uniqueness will not affect our result much.

Note that, as we are interested in a non-trivial vacuum expectation value, the background

field has a direct physical meaning here, as we will choose a stable field configuration that gives

�F 2� 	 0. In this case, one may think of the background field as the physical solution to the

quantum equations of motion, around which the vacuum expectation value of quantum fluctuations

9Note that due to parity conservation only even powers of �F �F� can be non-zero.
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is zero. This should enhance the stability of the flow, since we expand around a physical point

[63]. We have to remark however, that our background is only locally a candidate for the true

ground state. For a more realistic configuration, see, e.g. [130] and references therein.

The gauge configuration yielding such a field strength can then be chosen to be

Aa
μ � �

1

2
Fμνxνn

a, with na � const., n2 � 1. (3.15)

We then set Fμν � 0 apart from F01 � F23 � f � const.; all other non-zero components follow

from the antisymmetry of the field strength tensor. This field configuration, fluctuations around

it and its stability properties have first been analysed in [131, 132, 133]. Due to the enhanced

symmetry properties connected to the self-duality, zero-modes, so-called chromons, exist. These

carry important information (e.g. a main contribution to the one-loop Yang-Mills β function), and

have to be regularised with care, since the standard choice Rk � Γ
�2�
k is zero on the zero-mode

subspace.

Our truncation reads:

Γk�a, A� �

�
d4x

�1

2
aaTμ

�
Γ
�2,0�
k,T �DT�

�ab
μν
abTν 	

1

2
aaLμ

�
Γ
�2,0�
k,L ��D2�

�ab
μν
abLν

	c̄a
�
Γ
�2,0�
k,gh ��D

2�
�ab

cb
�
, (3.16)

where aaTμ, a
a
Lμ and c̄a and ca denote the transversal and longitudinal gluonic and ghost and

antighost fluctuations, respectively. The inverse propagators depend on the Laplace-type opera-

tors introduced above, see eq. (3.13), which satisfy [134]

spec �DT � � 2gfl�n	m	 2� with n,m 
 N and with multiplicity 2 in 4 dimensions,

2gfl�n	m� with n,m 
 N with multiplicity 2 in 4 dimensions. (3.17)

spec
�
�D2

�
� 2gfl�n	m	 1� with n,m 
 N (3.18)

with a degeneracy factor f2

�2π�2 . Herein fl � �νl�f and νl is given by

νl � spec��Tana�bc�n2 � 1, (3.19)

with the generators in the adjoint representation �Ta�bc and therefore depends on the direction

of the unit vector na.

As a regulator we choose a cutoff of the following type

Rk � Γ
�2,0�
k �k2� r�y�, y �

D

k2
, (3.20)

where D � DT, DL, Dgh. For r�y� � e�y the regulator meets all standard requirements10. This

choice will allow us to establish an explicit connection between the deep-IR asymptotics of the

Yang-Mills β function and the critical exponents κA,c in the following.

For the regularisation of the zero modes, we cannot set D � DT in the argument of the

regulator function, since then y � D �k2 � 0 (because DT � 0 on the zero-mode subspace). In

particular, this would not properly account for the decoupling of the zero mode, once it acquires a

10 lim
x

k2 �0
Rk�x� � Γ

�2�
k �k2� � Zk k

2. In particular, using the IR and the UV limit of the propagators, we find

lim
k2

x
�0

Rk�x� � 0, and lim
k2�Λ2��

Rk�x� � �, since Γ
�2�
k �k2� � k2 for k2 � Λ2.
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field-dependent mass, which already happens perturbatively [132]. Instead, we choose D � �D2

as the argument of the regulator on the zero-mode subspace which makes the regulator satisfy

all standard requirements. On the zero-mode subspace, we have D � �D2 � 2fl, cf. eq. (3.18)

for n � m � 0.

In a first step, we do not evaluate the full effective potential, but instead project the flow onto

the running background field coupling.

3.2.4 An upper bound on the critical exponents κA,c

The β function of the running background field coupling can be extracted from the flow of the

effective potential by projecting onto the first field-dependent term in the Taylor-expansion of the

effective potential:

Γk

���
F2
�

1

4g2

�
d4x FμνF

μν. (3.21)

Thus we can evaluate the β function of the background running coupling by projection onto

the first field-dependent term in a Taylor expansion of the effective potential in powers of the

background field strength. For our specific background, this corresponds to a projection onto the

term � f2:

βg2 :� �tg
2 � �g4 �t

1

g2
� �

g4

Ω
�tΓk�f�

���
f2
. (3.22)

Note that unlike the complete effective potential this first term is not affected by the ambiguity

arising from the use of a self-dual background field configuration: Operators containing an

uneven power of �Fμν would break parity conservation. Since our regulator also respects this

symmetry, the flow does not leave the symmetric theory space, and hence the couplings of the

terms �FμνF̃
μν	�2n�1� (with n � 0, 1, ...) are strictly zero.

We are now interested in the deep-IR asymptotic form of the β function, which requires a

parameterisation of the regularised asymptotic form of the inverse propagators:

�Γ
�2,0�
k,A 	abμν �p

2	 � Γ
�2�
k, A�p

2	PT μν�p	δ
ab, �Γ

�2,0�
k,c 	ab�p2	 � Γ

�2�
k, c�p

2	δab, (3.23)

where the scalar functions Γ
�2�
k, A�c�p

2	 are given by [103],

Γ
�2�
k, A�p

2	 � γA
�p2 
 cAk

2	1�κA

�Λ2
QCD	

κA
Γ
�2�
k, c�p

2	 � γc
p2�p2 
 cck

2	κc

�Λ2
QCD	

κc
. (3.24)

The dimensionless quantities γA,c account for the difference of scales between ΛQCD and the onset

of the asymptotic regime. The regulator dependence of the 2-point functions manifests itself in

the constants cA,c � O�1	. In the absence of any IR regularisation, i.e. k � 0 or cA,c � 0,

eq. (3.24) reduces to the standard form eq. (3.5), eq. (3.6) and eq. (3.7).

Since the degeneracy factor in the trace already carries a factor of f2

�2π�2 , all f dependence

outside the operator trace can already be ignored due to the projection in eq. (3.22), since we

are only interested in the term O�f2	. Note that the trace over the Laplace-type spectra and the

projection onto the Taylor coefficient of the f2 term do not commute, so that we get

�tΓk�A�
���
f2

�

��
3

2

�tΓ
�2�
k,A�k

2	

Γ
�2�
k,A�k

2	

�
Γ
�2�
k,A�0�

Γ
�2�
k,A�k

2�

 1

��1

�
�tΓ

�2�
k,c�k

2	

Γ
�2�
k,c�k

2	

�
Γ
�2�
k,c �0�

Γ
�2�
k,c �k

2�

 1

��1


 1

�
tr e

��D2

k2



�tΓ

�2�
k,A�k

2	

Γ
�2�
k,A�k

2	

�
Γ
�2�
k,A�0�

Γ
�2�
k,A�k

2�

 1

��1

tr e
�

2fl
k2

	�����
f2

. (3.25)
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To obtain the β function, we extract the coefficient of the expansion of the heat-kernel trace over

coordinate and colour space at second order in f ,

Trxce
�

�
�D2

k2

�
�

Ω

�4π�2

N2
c�1�

l�1

f2
l

sinh2
�
fl
k2

� � Ω

�4π�2

�
l

�
1�

f2
l

3
�O�f4�

�
. (3.26)

The IR form of the propagators eq. (3.24) then yields the β function in the asymptotic regime:

βg2 � �
Ncg

4

�4π�2

�
�
�1� κA�

cκ � 1
�

2

3
�1� κc� �

1

3
� 8

1� κA

cκ � 1

�
, (3.27)

where we have used that
�Nc

2�1
l ν2

l � Nc. We introduced the regulator dependent constant

cκ �
Γ
�2�
k A�0�

Γ
�2�
k A�k

2�
�

�
cA

1� cA

�1�κA

. (3.28)

In the limit cκ � 0 and κA�c � 0 we recover the perturbative one-loop form of the β function.

The seemingly trivial observations that asymptotic freedom requires the Gaußian fixed point

to be UV-attractive (i.e. IR-repulsive), and that for the realisation of physical properties such as

confinement and chiral symmetry breaking, it is necessary that the theory is strongly-interacting

in the IR, now allow us to deduce requirements on κA,c. A strongly-interacting IR regime neces-

sarily requires that the GFP is infrared repulsive, see fig. 3.2. Thus we have:

�g2βIR

g2
� 0 for g2 � 0. (3.29)

g

Βg Figure 3.2: Sketch of the background coupling β func-

tion: The form displaying asymptotic freedom as well as

an interacting IR fixed point is plotted in blue (dashed

curve). The red line shows a β function with an IR-

attractive GFP, whereas the green line exemplifies a β

function where the sign of the first coefficient is com-

patible with an interacting IR regime.

In addition, this condition is also suggested by consistency between the Landau gauge and the

Landau-deWitt gauge. Conjecturing that the running couplings are linked on all scales, the

existence of an IR fixed point for the Landau gauge coupling should imply a fixed point for the

background coupling. In the Landau gauge an interacting IR fixed point was shown to exist

[104, 106, 70], where the running coupling was fixed at the ghost-gluon vertex. The operators that

actually induce the fixed point for the background running coupling are beyond our truncation

here, and have been included in [66]. However we can still infer a necessary condition in order

for the NGFP to be infrared attractive: The β function has to have positive slope there, otherwise

the fixed point would be infrared repulsive. Thus the GFP must be infrared repulsive (see fig. 3.2).

Hence the requirement of a strongly-interacting infrared regime as well as the consistency

requirement with the Landau gauge result in the same condition on the β function. Therefore we

have established the following criterion for the critical exponents:

�
�1 � κA�

cκ � 1
�

2

3
�1 � κc� �

1

3
� 8

1 � κA

cκ � 1
� 0. (3.30)
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As cκ is a regulator-dependent quantity, we consider the most restrictive bound from the in-

equality eq. (3.30) in the following. This ensures that, irrespective of the choice of regulator, the

corresponding background coupling β function always has an IR repulsive GFP.

Using the scaling relation κA � �2κc and the limit cA � � we obtain the bound

κc �
23

38
. (3.31)

The maximum upper limit for κc,crit is reached for cA � 0.1073, where κc,crit � 0.72767. For

values of cA � 0.2, the inequality eq. (3.30) also holds if κc 	 κc,crit 2, see fig. 3.3, as the nonlinear

inequality eq. (3.30) bifurcates. We find that allowed values for κc lie to the left of the red/upper

curve (see right panel of fig. 3.3). For 0 
 cA � 0.1073, only the bound κc � 1 from unitarity

[106] remains. However, let us stress that the limit cA � 0 corresponds to a highly asymmetric

regularisation as the contribution from transverse gluons to the β function is removed in this limit

(note that cκ � � for cA � 0 and κA � �1). For this case, the Gaußian fixed point is naturally

IR repulsive for all values of κc 	
1
2
.
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Figure 3.3: κc crit as a func-

tion of cA. In the left panel

the red curve represents an

upper bound for κc. For 0.1 �
cA � 0.2 the bound bifurcates

(right panel), such that all

values of κc to the left of the

red curve are allowed, i.e. in

addition to the upper bound

κc crit a lower bound κc crit,2 ex-

ists, and only the region be-

tween these two is excluded.

The blue line is κc � 0.595.

Note that the decoupling solution also satisfies our requirement eq. (3.30).

We may read this new upper bound as a criterion for confinement and chiral symmetry breaking:

QCD is not confining in the perturbative regime. A necessary condition for confinement is a

strongly-interacting regime in the infrared. As our criterion ensures the infrared instability of

the GFP, it implies the existence of a strongly-interacting regime and therefore is a necessary

condition for confinement. Moreover chiral symmetry breaking can be related to the fact that the

gauge coupling exceeds a critical value [135, 7]. Having an IR attractive GFP for the coupling

would accordingly not drive chiral symmetry breaking. Let us emphasise, that this requirement

can be fulfilled for β functions which also admit an infrared NGFP, as well as for β functions

which correspond to a diverging coupling in the infrared, i.e. both the blue and the green curve

in fig. 3.2 are compatible with our criterion.

Together with the quark confinement criterion κc � 1
4

[69], see also sec. 3.3.4, and the

Kugo-Ojima/ Gribov-Zwanziger criterion κc � 1
2

this defines a rather narrow window for the

critical exponents. Results for the critical exponent from functional methods lie in the range

κc � �0.539 , 0.595� (see, e.g. [101]) and therefore fall right into this window. Hence we may

conclude that the asymptotic regime of the ghost and gluon propagator in Landau gauge fulfills

all known criteria for confinement.
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3.2.5 Effective potential: Gluon condensation in Yang-Mills theory

We now focus on the full effective potential, thereby extending previous calculations [94, 65].

The latter did not use the reconstructed fluctuation-field propagators, but instead employed the

standard approximation of setting Aμ � Āμ after the evaluation of the inverse propagator. All

explicit background-field dependence beyond the gauge-fixing term was neglected here. Besides

the effective potential was evaluated in a polynomial truncation. As in our work we are motivated

by models of the form W �F 2� � F 2 lnF 2 which have a non-terminating Taylor-series, a polynomial

truncation would not suffice.

As a simple parameterisation of the full correlation functions, we still use the asymptotic form

displayed in eq. (3.24) which we amend with k-dependent critical exponents κA�k� and κc�k� in

accordance with the propagators in [103]. A suitable interpolation between κA,c�k � �� � 0 and

the corresponding IR values κA,c�k � 0� � κA,c can parametrise the full momentum dependence

of the correlation functions.

After taking the trace over Lorentz indices (for details see app. A.1.2) the flow equation for

the background potential in the selfdual background can be written as

�tΓk�A	 � 3

2
tr �tRk,A�
D2�

�
Γ
�2�
k,A � Rk,A�
D2�

��1


 tr �tRk,c�
D2�
�

Γ
�2�
k,c � Rk,c�
D2�

��1

� 1

2
tr �tRk,L�
D2�

�
Γ
�2�
k,L � Rk,L�
D2�

��1

� 1

2
trP0�tRk,A�
D2�

�
Γ
�2�
k,A � Rk,A�
D2�

��1

, (3.32)

where P0 denotes the projector onto the zero-mode subspace.

This allows us to determine the effective potential by integrating the flow equation:

Wk�F 2� � 
 1

Ω

� kUV

0

dk

k

1

2
STr�tRk

�
Γ
�2�
k � Rk

��1

�WkUV
�F 2�, (3.33)

where kUV is an initial ultraviolet scale, which we choose kUV � 10 GeV, as this lies well within

the perturbative regime. Then the effective action at the UV-scale is given by the form

ΓUV � 1

4g2�kUV�F
2Ω. (3.34)

Here we require the value of the running coupling at the UV-scale kUV, which can be self-

consistently determined from our input, namely the Landau gauge propagators. The running

coupling
g2�p�

4π
� α�p2� � α�μ2�

�
Z

1
2

A �p2�Zc�p2�
��1

, (3.35)

defined from the ghost-antighost-gluon vertex approaches a fixed point in the infrared [115] with

the renormalisation point μ2 (see, e.g. [128]). Using the IR fixed-point value α�0� � 2.9 [106] then

allows to deduce the value of the running coupling at any other scale, requiring as input only

the Landau gauge propagators. Thereby we arrive at 1
4g2 k�kUV

� 1
16π 0.2294

.

Here we have used that the maximum of the gluon dressing function 1�ZA�p2� defines a scale,

such that our YM scales can be related to that used in lattice computations. The normalisation

is such that the related string tension σ (computed on the lattice) is given by
�
σ � 440 MeV.

We can then integrate the effective potential from the UV scale down to k � 0.

For SU(3) we find a non-trivial minimum at

F 2 � 0.93 GeV4. (3.36)
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Figure 3.4: The effective potential

for SU(3) as a function of F 2 (thick

blue line) shows a non-trivial min-

imum. The functional form can be

approximated by the one-loop in-

spired fit to the numerical data of

the form aF 2 lnbF 2 (orange dashed

line).

We can check the dependence on the direction in colour space, since the colour eigenvalues �νl�
enter on the right-hand side of the flow equation. Choosing these along one of the two directions

of the Cartan subalgebra for SU(Nc � 3) yields an uncertainty of � 10% in the value of the

minimum.

The result �F 2��4π � 0.074GeV4 is well compatible with recent phenomenological estimates,

�F 2��4π � 0.068�13	GeV4 from spectral sum rules [136] (note that our field definition differs from

that of [136] by a rescaling with the coupling). This good agreement might either indicate that

corrections due to �FF-terms, which are included in our estimate for W �F 2	 are rather small. In

addition terms that we neglected in the reconstruction of the propagators could also be subleading.

On the other hand an accidental cancellation of these systematic errors cannot be excluded. One

can check for the second effect with the help of a colourmagnetic background field configuration,

for which the selfduality condition does not hold. As the spectrum of fluctuations around such a

background contains a tachyonic mode, it is necessary to evaluate the Taylor-coefficients of the

effective potential separately, as then the tachyonic mode cannot contribute. A comparison to our

result would then allow to estimate the contribution from terms � F �F .

Note that the main effect in the build-up of the condensate is due to the propagators in the

mid-momentum regime and above. The deep-IR asymptotics do not play a decisive role. This

does not automatically follow from the separation of scales between the condensate scale and the

deep IR, but it can be checked explicitly in this example. We again emphasise that accordingly

we would observe a similar value for the gluon condensate using the decoupling solution for the

propagators.

Interestingly, the functional form of the full effective potential can qualitatively be well ap-

proximated by a parameterisation of the form

W �F 2	 � aF 2 ln�bF 2	, (3.37)

which is inspired by the corresponding one-loop results [78] with two fit parameters a and b, cf.

dashed line in fig. 3.2.5). The fit yields a � 0.00528 and b � 0.433 GeV�4.

This implies, that, although the one-loop calculation itself is not reliable, its prediction for the

functional form of the effective potential is recovered here. This lends non-trivial support to the

leading-log model and in particular allows us to deduce a value for the string tension between

a static quark-antiquark pair from our calculation. We find

σ 1�2 � 747 MeV (3.38)

to be compared to the correct value σ 1�2 � 440 MeV. We should stress that the string-tension

σ appears in two very different meanings in our calculation: It first occurs as an input scale for

fixing the initial condition for the flow equation, i.e. it fixes the absolute scale of the propagators.
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We then derive the physical string tension in a nontrivial way from the minimum of the effective

potential via the leading-log model. This output is linked to a mechanism of confinement, and

has therefore acquired a physical meaning beyond pure scale fixing.

The discrepancy of our result for
�
σ to the correct value has several sources: The mapping

between our full effective potential and a potential of the type F 2 lnF 2 implies that we will not

have quantitative precision, since the agreement between our form of the effective potential and

the leading-log effective potential is only at the qualitative level. Further, we do not distinguish

between the condensate �F 2�, and condensates involving the dual field strength. Assuming that

the second type also exists, our value is to be read as an upper bound, and hence, upon resolving

this ambiguity, our value for the string-tension will also be lowered.

3.2.6 Outlook: Gluon condensation at finite temperature and in full QCD

We have determined the effective potential for F 2 from generalised Landau gauge ghost and

gluon propagators. The effective potential shows a non-trivial minimum at F 2�4π � 0.074 GeV4,

indicating the condensation of gluons in the vacuum. We have established a connection between

a model for the YM vacuum that shows confinement of static colour charges, and the propagators

in Landau gauge, which satisfy the Kugo-Ojima confinement criterion and the Gribov-Zwanziger

scenario. We have thus performed a first step in connecting two specific pictures of confinement.

As several systematic errors enter our study, it will be interesting to examine their effect to

get a quantitatively precise result in future computations. The first error arises from neglecting

further terms � F in the reconstruction of the propagators. Secondly, our choice of a self-

dual background introduces a further source of error, which can be investigated by checking the

agreement between the first few Taylor coefficients of the effective potential for the self-dual

and a second type of background, e.g. a colourmagnetic one. We emphasise that even within

our approximations the difference between our result and values obtained from phenomenological

estimates is less than ten percent.

As the formation of a gluon condensate can be linked to a linearly rising potential for a static

quark-antiquark pair, it would be interesting to study the effective potential at finite temperature

to observe the "melting" of the condensate. Thus the onset of quark confinement as determined

by the Polyakov loop (see sec. 3.3), and the formation of a non-trivial minimum of the effective

potential for F 2 might be linked. It will be interesting to connect the critical temperature for both

cases.

Further it is straightforwardly possible to use gluon and ghost propagators that include the

effects of quark fluctuations. Thus our calculation can be extended to a setting within full QCD

at finite temperature, which allows to establish a connection to the QCD phase diagram.

Furthermore, as explained above, the Yang-Mills vacuum is not characterised by the invariant

�F 2� alone. Using similar techniques as explained here, however on a more elaborate background,

or a combination of several background configurations, would allow for a determination of other

invariants.

Finally let us add that it is of course also an interesting question to access not only the

vacuum state but also the complete spectrum of the theory, i.e. the glueball spectrum in the

case of Yang-Mills theory. Since glueballs are expected to become manifest in the spectrum of

appropriate operators in momentum space [137], a calculation along similar lines presented in

this chapter should allow to access the masses of the lowest glueball states.
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3.3 Deconfinement phase transition in Yang-Mills theories

The current time is an exciting time for research in QCD, since, e.g. the Large Hadron Collider

at CERN allows to study phases of QCD, that have only very recently become accessible exper-

imentally. In particular, a study of the deconfinement and chiral transition or crossover at finite

temperature and the properties of the quark-gluon plasma can directly be connected to experi-

mental results, which unfortunately has become a rare experience in some areas of high-energy

physics.

Here we will aim at an understanding of the deconfinement phase transition from the FRG.

Again we deform QCD to contain infinitely massive fundamental colour sources, i.e. static quarks,

only. This already allows to study the deconfinement phase transition, and circumvents conceptual

issues such as a proper definition of confinement within full QCD. Let us remark that the methods

presented here can also be employed successfully in the context of full QCD with dynamical

quarks [8, 73].

3.3.1 Order parameter for the deconfinement phase transition

Here we apply the framework of equilibrium finite-temperature field theory, where the partition

function can be written as a path integral with a compactified Euclidean time direction of extent

β � 1
T

. Then space-time has the topology �3 x S1. Bose symmetry implies that gauge bosons

have to satisfy periodic boundary conditions in the "time" direction11. Accordingly the zeroth

component of the momentum is replaced by the discrete Matsubara frequency p0 � 2πTn with

n � �.

To study the confinement of quarks, let us consider the wordline of a static quark, where

spatial fluctuations can be neglected due to the large mass of the quark and

�0ψ�x
0, ?x� � igA0ψ�x

0, ?x� (3.39)

holds. Using the path-ordering operator P, the solution reads

ψ�β, ?x� � Peig
�β
0 dx

0 A0ψ�0, ?x�. (3.40)

Taking the trace in the fundamental representation gives the Polyakov loop [138, 139]

L�A0� �
1

Nc

trP exp

�
�ig

β�

0

dx0 A0�x
0, ?x�

�
�, (3.41)

which is invariant under periodic gauge transformations, i.e. gauge transformations U�x0, ?x� where

U�x0 	 β, ?x� � U�x0, ?x�. It constitutes an order parameter for the deconfinement phase transition

as


�L�A0��

2  e�βFqq̄ , (3.42)

where Fqq̄ is the free energy of a static quark-antiquark pair at large separation. Since the free

energy increases with distance in the confined phase, we conclude �L�A0�� � 0, whereas in the

deconfined phase the free energy goes to a constant at large separations and hence �L�A0�� � 0.

The value of the Polyakov loop therefore allows to distinguish the two different phases. Indeed in

11Note that ghost fields also satisfy periodic boundary conditions, although they anticommute. This follows from

the Faddeev-Popov procedure, where ghost fields are simply used to exponentiate the Faddeev-Popov determinant,

which inherits the periodic boundary conditions from the gauge field.
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pure Yang-Mills theory these are separated by a phase transition which is marked by the breaking

of center symmetry in the ground state. The Polyakov loop serves as an order parameter for this

phase transition.

At finite temperature global center symmetry is a symmetry of the theory (for a review see, e.g.

[140]): Under a topologically non-trivial gauge transformation with U�x0, ?x� � zU�x0�β, ?x�, where

z is an element of the center12, the action remains invariant, yet the Polyakov loop transforms

non-trivially. Due to the trace, the net effect of a periodic gauge transformation is none, but for

the topologically non-trivial gauge transformations we find

L�A0� � zL�A0�. (3.43)

The global center symmetry of the theory therefore is broken if the Polyakov loop acquires a

non-zero vacuum expectation value, as is the case in the deconfined phase. Note that the high-

temperature phase is the one with the broken symmetry, whereas the symmetry is restored at

low temperature, in contrast to a more standard setting.

Since fields that transform in the fundamental representation, such as quarks, explicitly break

the center symmetry, the center symmetry does not survive the transition from Yang-Mills theory to

full QCD. Then the Polyakov loop is not a good order parameter any more. Similar considerations

apply to other order parameters that rely on detecting center symmetry breaking, such as the

dual condensate [141, 142, 143, 144, 8].

Clearly the Polyakov loop is a non-local quantity as it involves an integral over the time

direction. It exemplifies a connection between non-perturbative quantities related to confinement

and non-locality, which is emphasised, e.g. in [76]: In a theory with confinement, one should

expect non-local objects to carry the physical information on confinement.

The expectation value of the Polyakov loop is a quantity that is hard to access from the

knowledge of gauge-field correlation functions, as the expansion of the exponential contains

correlation functions of A0 to any order. Therefore a related quantity has been established as

an order parameter for center symmetry breaking, namely L��A0	� [69, 145]. It can be accessed

from the knowledge of two-point correlation functions of gluons and ghosts alone and does not

require the knowledge of any higher-order correlation functions. L��A0	� satisfies13

L��A0	� 
 �L�A0�	 in the deconfined phase (3.45)

L��A0	� � 0 � �L�A0�	 in the confined phase (3.46)

12Recall that the center of a gauge group is given by all group elements which commute with the rest of the group.

In the case of SU(N), e.g. the center is given by z � ZN, i.e. z � 1e2πi n
N with n � �1, ..., N�.

13To see why L��A0�� is an order parameter, let us follow [145], and consider the Polyakov gauge, where 	0A0 � 0

and Aa0 � naA0 with n2 � 1 is rotated into the Cartan subalgebra. (The Cartan subalgebra is the largest subset

of commuting generators.) Here we parametrise the direction in colour space by the unit vector na, which has

non-vanishing components in directions corresponding to the Cartan generators, only. Then the time-integral in the

Polyakov loop becomes a multiplication with 1
β
. Hence the Polyakov loop, e.g. for SU(2) is given by

L�A0�SU�2� � cos

�
1

2
gβA0

�
, (3.44)

where the factor 1
2

arises as the eigenvalues of the Cartan generator in the fundamental representation are 
 1
2

in SU(2). Then L��A0�� is an upper bound for �L�A0�� in the region 1
2
gβA0 � π

2
, since there the Polyakov loop

is positive. This region suffices to study the deconfinement phase transition, as negative values of the Polyakov

loop arise from positive values by a center transformation, and larger values are physically equivalent due to the

periodicity of the effective potential, which we will explain below. (A similar argument can be made for SU(N)

with N � 2.) As explained in [145], L��A0�� is exactly zero in the confined phase, as one can deduce directly from

�L�A0�� � 0.
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and therefore L��A0�� and accordingly also �A0� constitute valid order parameters.

To evaluate �A0�, we can use the Wetterich equation to determine the minimum of the effective

action Γ�A0� as a function of the temperature. Since the only input of the Wetterich equation

are the full propagators, the order parameter �A0� can be evaluated from 2-point functions only,

instead of all n-point functions.

As we are interested in a constant field configuration, the effective action is simply given by

a volume factor times the effective potential: Γ�A0� � ΩV �A0�.

3.3.2 Fluctuation field propagators at finite temperature

To evaluate the effective potential, we again apply the background field method (see 2.3.3), where

we specialise to a background with non-vanishing static A0. Accordingly this background has

a vanishing field strength, which simplifies the construction of the fluctuations propagators. At

finite temperature we have

Γ
�2,0�
k �0, A� � Γ

�2�
k Landau�0, A���D

2� 	 �L� terms�. (3.47)

For the case of non-zero temperature, the inverse propagator in the background field gauge may

also depend on the Polyakov loop ("L-terms"), as this is a further invariant. It is related to the

second derivative of the effective potential V
�2�
k , see [33, 61]. We will neglect this term in our

calculation, and comment on this below.

At non-zero temperature, the heat bath determines a preferred frame and the gluon propagator

can be decomposed into a part longitudinal and transversal to the heat bath. The former acquires

a thermal mass, and moreover the dressing functions can differ from their zero-temperature ver-

sions over the whole momentum range. We neglect these effects in our calculation and take only

the temperature-dependence which arises from the Matsubara frequencies into account. Such

a strategy has been shown to give quantitative insight into the finite-temperature phase struc-

ture for scalar theories [146]. Studies of the finite-temperature propagators suggest that this

approximation works well for Matsubara frequencies 2πTn with 
n
 � 2, 3, see [147, 148].

We now introduce the variable φa by

βg�Aa
0 � � 2π

�

Ta�Cartan

Taφa � 2π
�

Ta�Cartan

Tana
φ
, n2 � 1. (3.48)

Then the spectrum of the background covariant Laplacian becomes

spec��D2 � ?p 2 	 �2πT �2�n� 
φ
νl�
2 , (3.49)

where n � �, and �Ta�bc � �ifabc denotes the generators of the adjoint representation of

the gauge group under consideration and νl is defined as in eq. (3.19). The number of these

eigenvalues is of course equal to the dimension of the adjoint representation of the gauge group

dadj. For each non-vanishing eigenvalue νl there exists an eigenvalue �νl. This implies the

symmetry φ � �φ in the effective potential. Inspection of eq. (3.49) indeed reveals that φ is a

periodic variable.

Here we have used that a constant field configuration in colour space can always be rotated

into the Cartan subalgebra. Therefore the effective potential will be defined on a dC-dimensional

space, where dC is the dimension of the Cartan subalgebra. In a first step, we will use only the

perturbative form of the propagators to investigate the corresponding one-loop effective potential.

This will allow to deduce a confinement criterion for the scaling exponents of the propagators.

Further we will see that, as expected, the perturbative propagators do not carry the information

on confinement, and the knowledge on the full momentum dependence of the non-perturbative

propagators is necessary.
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3.3.3 Perturbative potential: Deconfined phase

We now use the perturbative form of the propagators, where Γ
2
k pert p

2 p2 D2. We can

easily trace over the spectrum of D2 to get the one-loop effective action:

Γ1 loop

1

2
Str lnS 2 1

2
d 1 1 2 tr ln D2 , (3.50)

where the terms are due to d 1 transversal and one timelike mode (after tracing over Lorentz

indices), one longitudinal mode and two ghosts. The perturbative effective potential for the

Polyakov loop field φ is clearly an example where the cancellation between non-physical (time-

like and longitudinal) gluon modes and ghosts works directly, and only a contribution from the

transversal gluon modes remains. The resulting potential is the well-known Weiss potential [149].

For the cases of SU(2) and SU(3) it is shown in fig. 3.5.
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Figure 3.5: One-loop effective potential for

SU(2) (to the left) and SU(3) (lower panels), nor-

malised to V φ 0 0. For SU(3) we depict

the potential in the two-dimensional Cartan sub-

algebra, where dark shades indicate smaller val-

ues. We then specialise to a cut through this

plane at φ8 0, along which one of the maxima

can be found.
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The confining values are φ 1
2

for SU(2) and φ3
2
3

for SU(3), as can be checked by a direct

inspection of the Polyakov loop, using the Cartan generators in the fundamental representation.

The coordinates of the maximum of the one-loop potential coincide with exactly these points in

each of the two cases. Accordingly the perturbative propagators do not encode quark confinement,

as one would expect. Therefore we will use the non-perturbative propagators, obtained from a

generalisation of the fully momentum-dependent Landau gauge propagators in the following.

3.3.4 Non-perturbative potential: Deconfinement phase transition

The flow equation can be rewritten as

tΓk

1

2
STr t ln Γ

2
k Rk

1

2
STr tΓ

2
k Γ

2
k Rk

1

, (3.51)
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where �t in the first term acts on both Γ
�2�
k as well as Rk . Integrating the flow over k from Λ to

zero then yields the following expression for the effective action:

Γk�0 �
1

2
STr ln

�
Γ
�2�
k�0

�
�

� Λ

0

dk

k

1

2
STr�tΓ

�2�
k

�
Γ
�2�
k � Rk

��1

� ΓΛ �
1

2
STr ln

�
Γ
�2�
Λ � RΛ

�
. (3.52)

Here we observe a clear analogy to the one-loop effective action, cf. eq. (3.50). In this more

general setting the full propagator, including the effect of all quantum fluctuations, enters. Clearly

this term is not regulator dependent. The last two terms constitute initial conditions. The term

� �tΓ
�2�
k , which can be considered as an RG-improvement term, turns out to be subdominant in

this setting. This automatically implies that the main contribution to the effective potential is not

regulator dependent.

A confinement criterion has been put forward in [69], see also [15], relating the infrared

behaviour of the ghost and the gluon to a confining Polyakov-loop potential. It relies on the

fact that the effective potential at a temperature scale T is mainly driven by momentum modes

with p2 � �2π T �2. Accordingly only the deep-IR form of the propagators plays a role for the

effective potential at T � 0. Neglecting the RG-improvement term, which actually turns out to

be subleading, the effective potential can then be rewritten as the one-loop effective potential

with a factor that depends on the critical exponents:

VIR�φ� �

�
1�

�d� 1�κA � 2κC

d� 2

�
V1�loop�φ�. (3.53)

Demanding a confining potential in the infrared thereby restricts the critical exponents. Inter-

estingly, the critical exponents of both the scaling as well as the decoupling solution satisfy this

restriction. Hence confinement of (static) quarks can thereby be inferred from the pure knowledge

of gauge two-point correlation functions.

Before we study the transition between these two phases, the deconfining and the confining

one, let us discuss the order of this transition, and how it can be related to the underlying gauge

group.

3.3.5 What determines the order of the phase transition?

To understand the properties of QCD, let us consider an enlarged parameter space, where, e.g.

the gauge group is not fixed. Thus, we consider, among others, the rank of the group as an

"external" parameter. Such a deformation of QCD allows to understand, in which way certain

physical properties of the theory depend on a specific parameter. In particular, we would like to

understand what determines the order of the phase transition. The order of the phase transition

is, e.g. important for the dynamics of our universe, since the physical properties accompanying a

first order phase transition, such as the coexistence of both phases at the transition, are vastly

different from the properties of a second order phase transition. Besides, physics beyond the

standard model might also rely on QCD-like theories, such as the technicolour proposal for the

Higgs sector, see, e.g. [150]. Here, the gauge group might be different, and therefore studying

Yang-Mills theory in a more general setting than for SU(Nc � 3) might also be of interest.

The universality class of the deconfinement phase transition in the case of a second order

phase transition is conjectured to be linked to the center of the gauge group [151], since integrating

out all degrees of freedom in the path integral of a �d � 1�-dimensional Yang-Mills theory

except the Polyakov loop results in a center-symmetric scalar field theory in d dimensions.

The dimensional reduction comes about, as the Polyakov loop already contains an integral over

the Euclidean time direction. In the case of a second order phase transition the complicated
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microscopic dynamics of this theory is "washed out" due to the diverging correlation length, and

the universality class of the theory is determined by the dimensionality, the field content and the

symmetry. This explains why SU(2) in 4 dimensions falls into the 3-dimensional Ising universality

class [152, 153, 145].

Interestingly some gauge theories show non-universal phase transitions despite the availabil-

ity of universality classes, as, e.g. in the case of the symplectic groups Sp(N) having center Z2

[154]. Here the dynamics of the theory seems to prevent the occurrence of second order phase

transitions. A physical argument to explain this observation relates to the dynamical degrees

of freedom in the two phases [154, 155]: A large mismatch in the number of dynamical degrees

of freedom on both sides of the phase transition makes a smooth (i.e. second order) transition

between both regimes unlikely. The degrees of freedom on the deconfined side of the phase

transition are free gluons, the number of which is given by the number of generators of the gauge

group. On the other side of the phase transition, glueballs are the dynamical degrees of freedom.

Their number is essentially independent of the size of the gauge group, since they are colourless

objects. Accordingly for large gauge groups the number of dynamical degrees of freedom changes

considerably. This is difficult to reconcile with a smooth change in the physical quantities of the

theory, such as order parameters. Therefore we are led to expect that large gauge groups will

not show universal behaviour, but will instead have a first order deconfinement phase transition.

We will investigate this conjecture for different gauge groups, confirming studies based on

lattice gauge theory, as well as extending these to very large gauge groups which are currently

unaccessible to lattice gauge theory due to computational resources. Here we are in the situation

to check results from the FRG against results from a method which is usually quantitatively more

precise. After having ascertained that our results reproduce lattice results for small gauge groups,

we can use the FRG to go beyond the regime that is accessible to lattice gauge theory, and study

the above conjecture for several large gauge groups.

We find a second order phase transition for SU(2) (cf. fig. 3.6), which corresponds to a

continuous change in the order parameter, and a first order phase transition for SU(3)-SU(12),

which agrees with findings of lattice gauge theory, which are available up to SU(8), see [156, 157]

for reviews.
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Figure 3.6: The order parameter for

the deconfinement phase transition for

SU(2) (red, full line) and SU(3) (green,

dashed line) as a function of T �Tc
shows a smooth, second order phase

transition for SU(2), and a discontin-

uous, first order phase transition for

SU(3), see also [69].

Before we explain these results in more detail we consider the mechanism of second and first

order phase transitions in our setting.
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3.3.6 Mechanism of second and first order phase transitions

Here it is crucial that the effective potential of a general gauge group obeys

V �φa� �
�

l

1

2
VSU�2��νl�φ��, (3.54)

where the eigenvalues νl depend on the specified direction na in the Cartan subalgebra. Note that

since the Cartan subalgebra of SU(N) is (N-1) dimensional the effective potential is a function of

an (N-1) dimensional variable. The superposition eq. (3.54) leads to shifted maxima in comparison

to an SU(2) potential and most importantly to the formation of local minima (cf. fig. 3.7), which

can induce a first order phase transition.

1 2 Φ3

�1

Β4V�Φ3,0�
Figure 3.7: Perturbative effective po-

tential for SU(3) in φ3-direction: The

two dashed lines are the contributions

of the eigenvalues ν � � 1
2

(blue) and

ν � �1 (red), respectively. The re-

sulting potential is plotted in purple

and clearly shows a shifted maximum

in comparison to the SU(2) potentials

as well as local minima.

In SU(2) the global minimum starts to move from φ � 0 to larger values, until it reaches the value

φ � 1
2

at the critical temperature. This results in a second order phase transition for SU(2). As

soon as two SU(2) potentials with different periodicities are superposed, in addition to the global

minimum local minima develop. This obviously allows for a first order phase transition, if the local

minimum reaches the same depth as the global minimum for φa
min, loc � φa

min, glob. The temperature-

dependent effective potential for SU(3) (see fig. 3.8) clearly exemplifies this behaviour. We only

show the potential in the φ3-direction, as indeed the global minimum always lies at φ8 � 0 (or

center-symmetric points). Note, however, that such a simplification is in general not possible: For

an effective potential that is spanned by several directions we have to follow the global minimum

in the full space, as it generically does not follow a straight line in this space.

���23
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Figure 3.8: Temperature-dependent ef-

fective potential for SU(3) in φ3 direc-

tion. Different temperatures are indi-

cated by different colours, starting with

yellow at T � Tc and ending with

green at T � Tc. The local minimum

deepens with decreasing temperature,

until at T � Tc (dashed line, see also

the inlay) the minima are degenerate

and φ3 jumps to φ3 �
2
3
, which is the

confining minimum.

Here we have to note how the approximations that we used in our setting could alter this

behaviour:
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• We can only rewrite the complete potential as a sum over SU(2) potentials as we use the

same propagators for all gauge groups. However the differences between the propagators

for different SU(N) are only O
�

1
N

�
and therefore will not lead to strong modifications14.

Indeed the full potential will then still be a superposition of SU(2) potentials plus a small

correction, which should not alter our findings.

• Including the V �2� term (cf. eq. (3.47)) leads to a change of the potential that depends on

the curvature of the full dC-dimensional potential, not of the single one-dimensional SU(2)

potentials. Therefore this term cannot be written as a superposition of SU(2) terms. Such

a term is important for the study of second order phase transitions and the calculation

of critical exponents, since a second order phase transition is signalled by long-range

correlations. For a study taking this term into account in SU(2), where it allows to recover

the correct critical exponents, see [145]. Thus we expect this term to be sub-leading for first

order phase transitions. Of course, the fluctuations corresponding to the V �2� term could

weaken a first order phase transition, possibly resulting in a second order phase transition.

The approach described above for SU(2) and SU(3) can then be straightforwardly generalised

to arbitrary gauge groups. In our approach the calculation of the order parameter L��A0�� only

requires the knowledge of the eigenvalues of the Cartan generators in the fundamental and in

the adjoint representation. A single numerical evaluation of the effective potential for SU(2) then

suffices to determine the critical temperature and the order of the phase transition for any other

gauge group.

3.3.7 Results: Finite-temperature deconfinement phase transition

For the numerical evaluation of the full effective potential we employ an optimised regulator of

the form [33] for the calculation of the RG improvement term � �tΓ
�2�
k in eq. (3.52):

Ropt � �Γ
�2�
0 �k2	 
 Γ

�2�
k �p2		θ�Γ

�2�
0 �k2	 
 Γ

�2�
0 �p2		. (3.55)

We again stress that the leading contribution to the effective potential is regulator-independent

(cf. (3.52)), and only the RG-improvement term � �tΓ
�2�
k depends on our choice of regularisation

scheme.

SU(N)

We investigate the groups SU(N) for N � 2, ..., 12. Whereas for the case of SU(3) the global

minimum of the effective potential only moves in the direction associated with the T3 generator,

we do not observe a straight line on which the minimum of the potential moves for the higher

gauge groups, N � 4. Therefore we investigate the minimum of the effective potential on the

complete (N-1) dimensional Cartan subalgebra.

We find a first order phase transition for all SU(N) with N � 3. This is in agreement with

lattice results for SU(3) to SU(8) [156] and shows that the first order phase transition persists

beyond the already investigated regime. The critical temperatures are listed in the following

table, where the numerical uncertainties are approximately 2 MeV:

Nc 2 3 4 5 6 7 8 9 10 11 12

TcMeV 265 291 292 295 295 295 295 295 295 295 295.

14Even the propagators for SU(2) and SU(3) have been shown to agree within errors in lattice calculations [158].
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Figure 3.9: The order parameter for

SU(N) for N � 3, 5, 7, 9, 11 shows a

first order phase transition for these

gauge groups as a function of T �Tc.
The functions L��A0���T � are highly

similar for N 	 5, where also the crit-

ical temperatures Tc agree.

In particular, the critical temperatures normalised to the string tension yield a dimensionless

quantity that can be compared to lattice calculations. Here we have, e.g.

TcSU�3�

σ

� 0.66. (3.56)

Lattice results find a similar value, see, e.g. [156].

We observe that the height of the jump as well as the critical temperature become independent

of N for N 	 5, in accordance with lattice results [157].

Let us emphasise, that the order of the phase transition as well as the critical temperature

are independent of the deep-IR asymptotics of the propagators. We again find, as for our value

of the gluon condensate, that the scaling as well as the decoupling solution both yield the same

result.

Sp(2)

For our choice of conventions regarding the symplectic group Sp(2), see app. A.1.3. The dimension

of the group is �2N � 1�N, the center Z2 and the rank is N. Sp(N) gauge groups hence are very

useful to investigate what determines the order of the gauge group, as the Ising universality class

is always available for a second order phase transition in 4 dimensions. On the other hand the

growing size of the gauge group will trigger a first order phase transition for a critical size of

the gauge group. Since Sp(1)= SU(2) has a second order phase transition the next group to

investigate is Sp(2).

In accordance with lattice results [155, 154] we find a first order phase transition here (cf. fig. 3.10),

which presumably is induced by the comparably large number of generators.

E(7)

E(7) is one of the exceptional groups. It has 133 generators and therefore a huge number of

free gluons in the deconfined phase. The center of E(7) is again Z2, hence the Ising universality

class is available for a second order phase transition. However, according to the conjecture

advanced in [154, 155], the large number of generators should induce a strong first order phase

transition, unless the glueball spectrum of E(7) is for some reason very different from other gauge

groups. Evaluating the deconfinement order parameter for E(7) in the seven-dimensional Cartan

subalgebra, we indeed observe a first order phase transition.

Note that we cannot definitely exclude a second order phase transition, which might possibly be

induced by the missing term � V �2�.
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Figure 3.10: The order parameter for

Sp(2) in comparison to SU(2) shows a

first order phase transition, although

both gauge groups have the center �2.

The number of generators of Sp(2) is

10, and therefore comparable to SU(3)

with 8 generators.

Figure 3.11: The order parameter for

E(7) shows a first order phase transi-

tion. Comparing to a gauge group with

a similar number of generators, namely

SU(12), the jump in the order parame-

ter is smaller, which implies a weaker

first order phase transition.

Surprisingly a comparison with similar-sized SU(N) gauge groups reveals, that the height in

the jump of the Polyakov loop is smaller for E(7). As the Polyakov loop is not an RG invariant,

the height itself does not necessarily carry physical meaning, however in our calculation it is

possible to link it to the properties of the eigenvalue spectrum �νl�
dadj

l�1: As the effective potential

is a sum over SU(2)-effective potentials, depending on the eigenvalues νl even a very large gauge

group can still have a second order phase transition. This happens, if at the phase transition

temperature, the value of the field φa in the Cartan subalgebra is such that �φ�νl is equal for

all l. One can now imagine two scenarios which can be termed "destructive" or "constructive

interference" of SU(2) potentials: Remember that due to equation eq. (3.54) the complete effective

potential is given by a sum over SU(2) potentials with different periodicities. The periodicities are

determined by the eigenvalues of the Cartan generators in the adjoint representation. For many

eigenvalues of the same value, the complete potential will be dominated by an SU(2) potential

of the corresponding periodicity. As the SU(2) potential induces a second order phase transition,

a dominance of one eigenvalue-size implies a weak first order, or in the extreme case of all

eigenvalues being of the same size, even a second order phase transition. This mechanism works

irrespective of the size of the gauge group, and can be understood as a constructive interference

of SU(2) potentials. In the other case, where the complete potential is a sum over many similar-

weighted SU(2) potentials with different periodicities, we observe a destructive interference of

SU(2) potentials: The complete potential will have competing local minima, such that a (strong)

first order phase transition will be induced. The two opposite cases are indeed observed in E(7)

vs. SU(N) (N>3), cf. fig. 3.12.
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Figure 3.12: Eigenvalue distribu-

tion N��νl�� of the spectrum as a

function of the (normalized) eigen-

value �νl�νlmax� for E�7� (lower

panel) and SU�12� (upper panel)

at the ground state of the poten-

tial for T � T�c . The case of E�7�
shows a dominance of eigenvalues

with �νl�νlmax� � 0.25; 0.5; 0.75,

whereas in the case of SU�12�
many eigenvalues occur with a

similar weight, and no clear dom-

inance can be seen.

3.3.8 Outlook: Phase transition in 2+1 dimensions and thermodynamics in

the deconfined phase

In this section we have presented results on a first step in the evaluation of the QCD phase

diagram from first principles, namely the determination of the critical temperature and the order

of the deconfinement phase transition in the limit of infinitely heavy quarks. Since the standard

order parameter, the Polyakov loop �L�A0	
 requires knowledge on all n-point correlation functions

of the gauge field, its determination is challenging. Using a related order parameter, L��A0
	,
circumvents this difficulty. Within the flow-equation setup we evaluate �A0
 by numerically

determining the minimum of the effective potential. Accordingly only the gluon and the ghost

propagator enter the determination of the phase boundary in this setting.

In our approximation the complete potential is a superposition of SU(2) potentials with differ-

ent periodicities. The group structure of the gauge group enters here, since these are given by

the eigenvalues of the Cartan generators in the adjoint representation. Hence we can easily eval-

uate our order parameter for quark confinement for different gauge groups, after performing the

numerical evaluation of the temperature-dependent effective potential for SU(2). Thus we can go

beyond gauge groups studied in lattice simulations and consider SU(N) for 2� N �12, Sp(2) and

E(7). This allows to investigate which property of Lie groups determines the order of the phase

transition. Our findings, showing first order phase transitions for all investigated gauge groups

except SU(2), indicate that the size of the gauge group, and not the center of the group, is the

decisive quantity. This supports the conjecture that a large mismatch in the dynamical degrees

of freedom, resulting from a large gauge group, induces a first order phase transition. We further

relate the approach to the phase transition to the structure of the gauge group, by establishing

a picture of destructive and constructive interference for the order-parameter potential.

In (2+1) dimensions, there are less transversal degrees of freedom. Thus, for a given gauge

group, the mismatch in the dynamical degrees of freedom is reduced when passing from (3+1)

to (2+1) dimensions. Accordingly one might expect more groups to show second order phase

transitions, which is indeed supported by lattice calculations: SU(3) and Sp(2) have second

order phase transitions in (2+1) dimensions, whereas the order of the phase transition in SU(4)

is still under debate.

To implement the order parameter L��A0
	 in (2+1) dimensions, several changes are neces-

sary in comparison to the (3+1) dimensional case: The dimensional factors in the momentum

integration in the effective potential clearly change. Furthermore the Landau gauge propagators
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themselves are dimension-dependent. Implementing (2+1) dimensional propagators15 in a (2+1)

dimensional potential however fails to reproduce the second order phase transition expected in

SU(3). This is due to the back-coupling of the potential V �2� (cf. eq. (3.47)), which is neglected

in these studies. It turns out to be essential in the vicinity of a second order phase transition,

as there long-range correlations are important. In contradistinction to SU(2), where the group

structure, namely a single pair of eigenvalues, induces a second order phase transition in (2+1)

and (3+1) dimensions, the V �2�-term is crucial for larger groups. Hence it should be included in

studies of (2+1) dimensional Yang-Mills theories for SU(3) and SU(4).

Center-free gauge groups are another interesting field to study. Lattice studies suggest that,

e.g. for G(2) the Polyakov loop exhibits a jump [155, 159], although no symmetry exists to be

broken at this transition. Furthermore G(2) is of particular interest, as its generators fall into two

categories: A subset is given by the SU(3) generators. Introducing a Higgs mechanism for the

other gluons allows to interpolate between the center-free group G(2) and SU(3). Furthermore

G(2) mimics QCD with dynamical quarks in the following sense: The charge of a static quark

can be screened by gluons in G(2), such that string-breaking can occur even without dynamical

quarks. In our study we also observe a fast change in the Polyakov loop for G(2) at the critical

temperature. However, using SU(3) propagators in the (3+1) dimensional G(2)-potential yields

an order parameter L��A0�� that is slightly negative in the vicinity of Tc. As this quantity is an

upper bound for the expectation value of the Polyakov loop, it would follow that also �L�A0�� � 0.

This is in contrast to results on the lattice, where for T � Tc, �L�A0�� assumes a small, non-zero

positive value. A first improvement consists in using G(2) Landau gauge propagators. As these

are available in (2+1) dimensions, we implement the evaluation of the effective potential for G(2)

there16. This does not ameliorate our findings. The deviation in our result from the expectation

can be traced back to the observation that in the vicinity of Tc there are several local minima,

where the value of the potential is very close to the value at the global minimum. Therefore

our study of G(2) requires a very high level of quantitative precision, such that also subleading

terms such as the V �2� term are crucial here. We conclude that the V �2� term should be included

here in order to recover an order parameter that is positive everywhere in agreement with the

expectation.

Since it is notoriously difficult to do calculations in full QCD in the infrared, many models,

such as the Polyakov-Quark-Meson model have been devised to study the QCD phase diagram.

A crucial input here is the effective potential for the Polyakov loop. This can be deduced from

our order-parameter potential and can be used as an input for model calculations, see, e.g. [160].

We can furthermore derive thermodynamic properties from our setting, since we can directly

calculate the free energy F which is related to the partition function by F � �T lnZ � TΓmin.

This will allow to determine quantities such as the pressure as a function of the temperature.

Here, the full temperature-dependence of the propagators presumably plays a crucial role.

15We are grateful to Daniel Spielmann who provided lattice data on SU(2) propagators in (2+1) dimensions.
16We are grateful to Axel Maas, who provided lattice data on G(2) Landau gauge propagators.
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4.1 Asymptotic safety: A UV completion for gravity?

4.1.1 The problem with quantum gravity

In this chapter we will study a particular scenario for the quantisation of gravity. The unification

of the two "pillars" of modern theoretical physics, namely General Relativity, and quantum theory,

to a theory that incorporates quantum effects in gravity, naively pictured as fluctuations of the

space-time geometry itself, is a long-standing problem.

In view of the successful application of perturbative quantisation techniques to the standard

model of particle physics a first attempt at quantising gravity might be along the same lines.

However one can easily see why this is bound to fail: In a (local) gravity theory built from

diffeomorphism-invariant quantities like R (for our conventions regarding gravity see app. A.2.1),

contractions of Rμν and Rμνρσ , the propagator will be � 1
�p2�n

, where n is the power of curvature

(e.g. Rn, �RμνR
μν�n�2etc.). The vertices will then be proportional to �p2�n, irrespective of the

number of fields that are attached to them1. It therefore follows that the superficial degree of

divergence in a gravity theory is given by

D � dL� 2nV � 2nI, (4.1)

in d dimensions, where of course L is the number of loops, V the number of vertices and I the

number of internal lines. Using the topological relation I � V � L� 1, we arrive at

D � �d� 2n�L� 2n. (4.2)

Accordingly, the theory is presumably perturbatively renormalisable if it is built from objects

of the form Rd�2 in d dimensions. This suggests that Einstein gravity is renormalisable in 2

dimensions. Indeed explicit calculations in 4 dimensions show the necessity to include further

counterterms at two-loop order (or even at one-loop order if matter is included). Perturbative

renormalisability of Einstein gravity in 4 dimensions therefore fails [161, 162, 163, 164, 165].

In the language of fixed points of the RG flow the canonical dimensionality of the Newton

coupling and the cosmological constant implies that the Gaußian fixed point is UV repulsive in the

first direction. It follows that, although the observable values of the couplings in the IR are rather

small, perturbative quantisation schemes fail. For some reason the universe seems to sit on a

1Here we neglect the tensor structure of the propagator and assume that we quantise linearised metric fluctuations

around a flat background, so that we can make the transition to Fourier space.

49
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trajectory that passes very close to the GFP in the IR. Yet it is not possible to construct a trajectory

that terminates in the GFP in the ultraviolet. Consequently the perturbative quantisation fails.

One might then conclude that a quantum theory of gravity cannot successfully be constructed

as a theory of metric fluctuations within the framework of local QFT, and indeed many candidate

theories for quantum gravity start from different assumptions, e.g. by including additional degrees

of freedom, departing from the assumption of locality, or describing the quantum excitations of

space-time in an altogether different language than standard QFT.

Since virtually no experimental guidance is currently available in the realm of quantum gravity,

there is a large number of open questions concerning the physical as well as mathematical aspects

of the quantisation procedure and its consequences in gravity, see, e.g. [166]:

Starting with a quantisation procedure, one has a choice between the canonical framework, and

the path-integral quantisation. The former is mainly being followed in Loop Quantum Gravity

(for reviews see, e.g. [167, 168]), and allows for the construction of a kinematical Hilbert space.

Defining the dynamics of the theory then becomes a major challenge.

Here we will focus on the path-integral framework, or sum-over-histories approach, where one

is interested in evaluating the following schematic expression

Z �

�
geometries

eiS, (4.3)

that is some kind of weighted sum over geometries, but is at this point of course no well-defined

expression. At this stage, we face a physical choice: Geometries may be smooth Riemannian

geometries, or discrete ones (see, e.g. the causal set programme [169, 170, 171], as well as spin

foams, see, e.g. [167, 168]). Indeed the Planck length LPl � 1.6 10�35m may play the role of a

fundamental physical cutoff, such that no smaller lengths can exist, thus automatically regularising

quantum gravity as well as quantum field theories2. Indications for such a scenario are found,

e.g. in Loop Quantum Gravity, where the area as well as the volume operator are gapped in the

kinematical Hilbert space, see, e.g. [167].

Apart from introducing discretisation as a property of physics, one may also consider it just

as a technical device in order to regularise the expression eq. (4.3). In this case it is necessary to

take a continuum limit, very similar to lattice gauge theory, in order to arrive at physical results.

This approach is being followed in matrix models for two-dimensional gravity, see, e.g. [173, 174],

as well as Euclidean and Causal Dynamical Triangulations [175], see also the review article [176].

Furthermore it is unclear whether the fluctuations that are being summed over in eq. (4.3)

should also include fluctuations in topology, and if the number of space-time dimensions and

the signature of the metric should be fixed by hand or emerge dynamically. An example where

apart from the signature all these parameters are allowed to fluctuate is constituted by causal

set theory [169, 170, 171]. Naturally an approach which allows "quantum space-time" to depart

so radically from classical space-time is severely challenged when it comes to the recovery of a

semi-classical limit, see also [168].

Many of these aspects can be subsumed in the physical question: What are the degrees of

freedom of quantum gravity?

Here no experimental guidance is available to answer that question at very high energies3.

Therefore many possible answers, ranging from excitations of a string to discrete elements of

2Such a fundamental physical cutoff scale might then also help to resolve the singularities in cosmological as

well as black-hole solutions of Einstein’s equations. Within a setting where no such cutoff scale exists, singularity

resolution might also be possible, but is more challenging, see, e.g. [172].
3Let us emphasise that proposals to study quantum gravity by means of analogue models, where, e.g. effective

horizons for sound waves can be studied in laboratory experiments see, e.g. [177] only allow to access kinematical

aspects of the theory. For instance, the effect of an underlying discreteness of space-time on Hakwing radiation can
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a causal set have been given. Being guided by examples such as QCD, where the effective

low-energy degrees of freedom (hadrons) are rather different from the high-energy degrees of

freedom (quarks and gluons), one may argue that the metric might only be an effective degree

of freedom. This assumption is being tested within the asymptotic-safety scenario, as it opens

a possibility to construct a local, continuum quantum field theory of the metric within the path-

integral framework. A failure of this scenario accordingly would suggest that the metric is not

the fundamental degree of freedom of quantum gravity.

If one chooses to stay within the framework of local quantum field theory, eq. (4.2) suggests

one possible way to build a perturbatively renormalisable theory of gravity in four dimensions,

by including higher-derivative terms up to four powers in momentum, i.e. two powers in the

curvature. As shown in [178, 179, 180, 181, 182], this theory is perturbatively renormalisable, as

it is asymptotically free in the higher-derivative couplings. It however has a different problem,

namely unitarity. The 1�p4 propagator can be rewritten as a sum of two 1�p2 propagators, one of

which has a mass and a negative residue at the pole, i.e. it is a ghost and therefore presumably

spoils the unitarity of the theory in a perturbative framework, see [183].

To summarise the results from applying perturbation theory to the quantisation of gravity, we

find a non-renormalisable theory at lowest derivative order and a non-unitary theory at higher

derivatives, thus we conclude that the construction of a quantum field theory of the metric might

necessitate a non-perturbative framework.

We now make a physical assumption about quantum gravity, namely that its dynamics will be

governed by a NGFP instead of a GFP in the far UV, which implies that residual interactions

dominate the high-energy behaviour. Of course the validity of this claim must be supported by

explicit calculations. Within this scenario the perturbative non-renormalisability of a QFT with

the Einstein-Hilbert action as the fundamental action is interpreted simply as a breakdown of

perturbation theory. In analogy to QCD, where the existence of a strongly-coupled regime in the

IR is simply inaccessible to perturbation theory, but nevertheless a valid description of physics,

a non-perturbatively constructed QFT of the metric could be valid, and requires the existence of

a NGFP.

The approach to quantise gravity as a local quantum field theory within the path-integral

framework is very conservative, as it avoids the assumption of new physical degrees of freedom4,

or the introduction of a wholly new framework. Without being prejudiced about the question

if this route to the quantisation is the one that "nature chose", it is still highly interesting to

examine where the framework of local quantum field theories and the path integral really breaks

down, and if it cannot be pushed to incorporate the quantisation of gravity with the metric as the

fundamental field5.

be probed in these models. Such analogue systems do however not provide a doorway to access questions on the

dynamics of quantum gravity.
4Note that the degrees of freedom are not completely specified, once the field is specified, since the number of

initial conditions needed to solve the equations of motion depends on the kinetic operator of the theory. In this

sense higher-derivative gravity has more degrees of freedom than Einstein-Hilbert gravity. This choice is actually

a priori open in the asymptotic-safety scenario, since it is not clear which operators are part of the classical action.
5Note that in the strongly-interacting regime it might happen that within the path integral it is possible to

map the metric degrees of freedom onto different degrees of freedom, in which it is considerably more natural to

describe gravity. However the basic variable in the path integral would still be the metric, and no new degrees of

freedom would be introduced here, one might merely realise that a change of variables in the path integral is a more

convenient description.
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4.1.2 The asymptotic-safety scenario

As stressed by Weinberg, the concept of perturbative renormalisability is very restrictive, and

we may overlook valid quantum field theories by making perturbative renormalisability a central

requirement. Indeed "non-renormalisable theories are just as renormalisable as renormalisable

theories, as long as we include all possible terms in the Lagrangian" [42]. As, disregarding

the issue of anomalies, counterterms being required for renormalisation are always subject to

the symmetry constraints of the theory, we immediately see that including all terms allowed by

symmetry will provide an appropriate term for each possible divergence. As each term comes with

its own coupling constant, it might at a first glance seem to be difficult to arrive at a predictive

theory in such a way.

Nevertheless perturbatively non-renormalisable theories may indeed be non-perturbatively

renormalisable and parametrised by just a finite number of free parameters.

Asymptotic safety, as proposed in [184], see also [185, 186, 187, 188], is a generalisation of

the concept of asymptotic freedom, where a theory is consistent up to arbitrarily high momenta

as it sits on a trajectory that is connected to the Gaußian fixed point. Similarly a trajectory

that runs into a non-Gaußian fixed point can be used to define a theory that is valid up to

arbitrarily high momenta (see sec. 2.3.1)6. Such a theory, where the UV-cutoff can be removed

without running into a divergence is called a fundamental theory. In particular, theories which

are fundamental and also non-trivial in the infrared, provide building blocks for a complete and

consistent description of high-energy physics.

The question of whether such a theory is predictive is then analogous to a theory that is

defined at a Gaußian fixed point in the UV: If there is a finite number of UV-relevant operators,

this theory is predictive. Of course predictivity requires the couplings to be precisely tuned: The

theory has to sit exactly on the critical surface in order for it to hit the NGFP in the UV. One

may well wonder why "nature" would "choose" to place a theory exactly on the critical surface,

and expect an even more microscopic theory to account for this. On the other hand the fine

tuning is not more severe than for perturbatively renormalisable theories, where all couplings

with canonical negative mass dimension are set to zero. The principle that one invokes here,

perturbative renormalisability, is not a directly physical requirement.

Hence a theory is asymptotically safe if it has a NGFP with a finite number of relevant

directions7. One can find an argument why only a finite number of relevant directions should

be expected at a NGFP, if, indeed, it exists: The canonical dimension of the couplings of all

diffeomorphism invariant operators at higher order in momenta than the Einstein-Hilbert term is

zero or negative and decreases further with the number of momenta. Therefore the contribution

to the critical exponent resulting from quantum fluctuations would have to grow arbitrarily large

in order to outweigh the canonical dimension and turn infinitely many power-counting irrelevant

into relevant operators.

6Note, however, the following subtlety: A theory may be defined exactly at the NGFP, in which case one may

take the UV-cutoff Λ��. Then the infrared physics is also described by the fixed-point values of the couplings. If

the theory is supposed to have a non-trivial scale-dependence, we have to start arbitrarily close to the fixed point

in the UV and then flow towards the region of theory space which is compatible with the values of the couplings

that we infer from experiments at low energies. This implies however, that we have to define the theory at some,

arbitrary high, but still finite cutoff Λ with coupling values which are very close to the fixed-point values. Although

for practical purposes this does not play a role, as Λ may indeed be arbitrarily high, and the flow may stay in the

vicinity of the fixed point for many orders of magnitude in the momenta, this still leaves open the question of what

determines the initial values of the couplings at Λ.
7Note that it may actually be possible, by a clever change of variables, to formulate the theory in such a way, that

it admits a Gaußian fixed point in the new formulation. Then the asymptotic-safety scenario, in changed variables,

could be investigated by the same techniques as, e.g. Yang-Mills theories at high energies.
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The asymptotic-safety scenario is of course not restricted to the case of gravity. In particular,

the Higgs sector of the Standard Model may also be asymptotically safe [9, 189, 190], as may, e.g.

also be the non-linear sigma model, see, e.g. [191], or the Gross-Neveu model in 3 dimensions

[192]. In the last case the interpretation of the NGFP is mainly in terms of quantum phase

transitions. Furthermore SU(N) gauge theories can be asymptotically safe in 5 dimensions [193].

Let us remark on the scenario and its relation to other frameworks for quantum gravity:

• Note the crucial difference between the asymptotic-safety scenario and the framework of

effective theories, that can be applied to General Relativity straightforwardly. Here one

does not make any assumption about the UV completion of gravity, but uses that in the

low-energy regime one can calculate the effect of quantum fluctuations in gravity to any

desired precision with just a finite number of free parameters [194], assuming a decoupling

between high and low energies, such that the low-energy dynamics is independent of the UV

completion (see, e.g. [195] for a determination of the quantum corrections to the Newtonian

gravitational potential).

The asymptotic-safety scenario goes beyond such a framework in that it provides for a UV

completion of gravity. This framework will then allow to test if the decoupling assumption

of effective theories indeed holds.

Nevertheless the β functions for the gravitational couplings evaluated with the help of the

Wetterich equation are valid generally: One may either be interested in the asymptotic-

safety scenario, where fixed-point conditions for the β functions will be of particular interest.

On the other hand one may assume that an effective description of quantum gravity in terms

of metric fluctuations will hold below some scale k0 (e.g. the Planck scale), irrespective of

what the UV completion is. Such an assumption can also be valid if the UV completion is

formulated in a totally different framework than local QFT, and, e.g. assumes a physical

discreteness of space-time at small scales. The microscopic theory, whatever it may be,

and how its degrees of freedom look like, then determines the initial condition at k0 in

the theory space that we are working in. Below k0 our parameterisation holds, such that

it is possible to follow the flow further towards the IR and study the compatibility of the

initial conditions with experimental observations of gravity as well as matter. In such a

way it is possible to restrict possible UV completions of gravity, as some of them may

determine initial conditions that will lead to a clash with observations at lower scales. (Of

course the non-trivial step here is to determine the initial condition from the microscopic

theory.) This allows to study certain aspects of other UV completions for gravity besides

the asymptotic-safety scenario in our framework.

As experimentally, in the IR, it is not possible to distinguish a trajectory starting close to

the NGFP on the critical surface from one that is just slightly off the critical surface (as the

irrelevant couplings are drawn towards the critical surface towards the IR), it is difficult to

distinguish between an asymptotically safe trajectory and one that arises from a different

UV completion and has initial conditions such that it sits on a trajectory slightly off the

critical surface (see also [196]). Thus for a large range of scales the RG flow for other

microscopic theories of gravity may be very similar to the RG flow within the asymptotic-

safety scenario.

• Formulating the theory in terms of the metric, or in terms of the vielbein and the spin-

connection (which allows for the introduction of non-zero torsion), are inequivalent choices

in the quantum theory. Recent results suggest that both formulations may be asymptotically

safe [197].
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• Since a theory defined at a NGFP is scale-free, it can be analysed by conformal-field-

theory techniques. In particular, it may be conceivable, that a duality relation similar to

the AdS-CFT conjecture also applies to the, as yet unknown, fixed-point theory. Thus it

might be possible to understand the scenario, or aspects of it, with the help of perturbative

techniques applied to a dual theory.

• There might be a further possibility how asymptotically safe quantum gravity can be linked

to other UV completions for gravity: Fixed points in theory space describe scale invariant

theories. Physically, scale invariance may be realised in second-order phase transitions,

where the correlation length diverges, and therefore the system becomes scale-free. Hence

the fixed point underlying the asymptotic-safety scenario might potentially be interpreted

as being related to a phase transition. Here, a connection to other approaches to quantum

gravity may be found: Several candidate theories to quantum gravity rely on a discretisation

of space-time, and introduce some kind of fundamental building blocks. These do often not

have a direct geometrical interpretation, as for instance the fields in group field theory,

which live on a group manifold, see, e.g. [198, 199]. One may then postulate that at very

high energies, these microscopic degrees of freedom exist in some kind of "pre-geometric"

phase. A second order phase transition may then be related to a kind of "condensation"

mechanism of these fundamental degrees of freedom [200]. The "condensed" phase on the

other side of the phase transition might then be describable by a quantum field theory of

the metric, and geometric notions would make sense in this phase. Such a scenario would

receive support if the critical exponents found at the NGFP in asymptotically safe quantum

gravity would agree with critical exponents evaluated in the discrete theory. Of course

these ideas are highly speculative, but show that seemingly very different approaches to

quantum gravity may in some sense be different sides of the same picture.

Let us nevertheless emphasise that, while the recovery of a regime where space-time can be

described in terms of a differentiable manifold with a dynamical metric is a crucial challenge

for the discrete approaches to quantum gravity, the asymptotic-safety scenario as it stands

can also be taken as complete. Here one assumes that the metric carries the fundamental

degrees of freedom of gravity up to arbitrarily high energies, and the UV behaviour of the

theory is simply governed by the fixed point. The question, whether this scenario, or the

scenario with a phase transition to a different (possibly non-geometric) phase is realised is

ultimately an experimental question.

Let us briefly discuss the implications of the fixed-point requirement in gravity. Here, the

Newton coupling GN is not dimensionless in four dimensions. Accordingly, the β function for the

dimensionless Newton coupling G will take the form

βG � 2G � GηN, (4.4)

where the factor 2G reflects the dimensionality, and ηN is a function of all couplings of the theory,

which is non-zero as an effect of quantum fluctuations. The fixed point condition for a NGFP

clearly requires

ηN � �2. (4.5)

The non-trivial fixed point hence emerges due to a balancing between dimensional and quantum

scaling.

The dimensionful coupling at high momenta, in the vicinity of the fixed point, can then be

rewritten with the fixed-point value G� as

GN �
G�

k2
. (4.6)
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Taking k2
� � results in the dimensionful gravitational coupling going to zero. This effect is due

to the dimensionality, and should be contrasted with the case of Yang-Mills theory, where the

coupling goes to zero in the UV as it is dimensionless and attracted by a Gaußian fixed point.

The fixed-point requirement ηN � �2 can then be interpreted as a sign of a dynamical reduction

to 2 dimensions in the vicinity of the fixed point, see, e.g. [201, 202].

The next important test that such a candidate for a fundamental theory has to pass is of

course the connection to observations, since a theory may be completely consistent in itself, but

simply not realised in nature. The minimal requirement here is that within the experimentally

accessible range of energies the couplings coincide with their values inferred from measurements.

In the case of gravity this implies that there has to be a regime where GN � const and also the

dimensionful cosmological constant is non-zero: λ̄ � const. For the dimensionless couplings this

translates into G �
1
k2 and λ � k2 and hence G �

1
λ
. This feature is indeed observed in some

trajectories passing close to the Gaußian fixed point in the Einstein-Hilbert truncation, cf. [203],

see also sec. 4.2.

4.1.3 The search for asymptotic safety with the Wetterich equation

First studies of asymptotic safety in gravity involved a perturbative expansion in 2�ε dimensions

[204, 205], and a 1
N

expansion in matter fields [206], where the large number of matter fields

allows to discard metric fluctuations. These calculations constitute evidence for the realisation

of the asymptotic-safety scenario. In a symmetry-reduced setting, where metric fluctuations

are severely restricted due to symmetry, a NGFP can also be found [207, 208, 209]. Further,

numerical simulations of the gravitational path integral also find support for the scenario, see,

e.g. [210, 175, 176].

The Wetterich equation is a natural tool to search for a NGFP as a UV completion of gravity,

as it allows to search the theory space for fixed points also in the non-perturbative regime.

Following the pioneering work of M. Reuter [12], extensive work on this topic has been done [211,

212, 213, 214, 215, 216, 217, 218, 219, 220, 221, 222, 54, 223, 202, 224, 225, 226, 227, 228, 229, 230,

231, 232, 233, 234, 235, 236, 237, 238, 239, 240, 241, 242, 243, 244, 18, 16, 245, 67, 246, 197, 247].

Reviews can be found in [248, 13, 249, 250, 251, 252, 253]. For work on the phenomenological

applications in astrophysics and cosmology, see, e.g. [28] and references therein.

Technically, the use of the flow equation in gravity relies on the background field method [58],

which is also extensively used in Yang-Mills theory, since it allows to define a gauge-invariant

effective action. In gravity the use of this method is mandatory, since a metric is necessary to

define a scale with respect to which quantum fluctuations are suppressed. Said in different words,

the notion of coarse graining is one which presupposes the existence of some external scale, which

allows to distinguish coarse-grained from fine-grained geometries. Solving the quantum equations

of motion defines the physical expectation value of the metric which in turn can be used to define a

notion of lengths. In the case of the effective average action such a construction would presuppose

that one solves the quantum equations of motion before one even has integrated out all quantum

fluctuations to arrive at the effective action. Clearly for technical reasons some external notion of

length scales is therefore necessary, with respect to which the coarse-graining procedure can be

defined. Accordingly the background field method is applied which allows not only to define a

gauge-invariant effective action, but also provides a background metric with respect to which one

can define low- and high-momentum modes. This entails that a straightforward implementation

of the requirement of background independence is impossible. However one may work on a

fixed background, using it only as a technical tool, and making sure that none of the physical

results depend on the choice of background. This approach circumvents some of the problems of
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strictly background-independent approaches8, and may be termed "background-covariant". The

application of the Wetterich equation to investigate the asymptotic-safety scenario is indeed such

an approach. Here we have a more subtle realisation of background independence, in the sense

that the background is just a technical necessity. If physical quantities of the resulting quantum

gravity scenario turn out to be independent of the choice of background, this theory should also

be considered background independent. One may then argue that the background dependence

is a spurious property of our formulation of the theory, but not one of its physical properties.

In particular the use of the background method does not imply that only small, linearised

metric perturbations around a fixed physical background are considered. The background is

simply a technical tool and can be chosen arbitrarily. Furthermore the fluctuations around it are

not restricted to be small, hence the use of the background field method does not presuppose

that gravity can be quantised perturbatively, with linearised excitations.

The use of the flow equation in the search for a NGFP is possible since the microscopic action

does not enter the Wetterich equation. It only serves as an initial condition when the flow is

integrated to k � 0. Therefore in circumstances when the flow equation is used in the direction

of k � �, to search for an ultraviolet completion of the theory, the fixed-point action Γk�� is

a genuine prediction of the theory. This distinguishes the construction of a quantum theory of

gravity with the help of the asymptotic-safety scenario in the framework of the Wetterich equation

from other approaches to quantum gravity, where the microscopic action is one of the axioms of

the theory.

As detailed in sec. 2.3.4 theory space has to be truncated for practical calculations. In the case

of gravity, theory space is spanned by directions which are defined by diffeomorphism invariant

quantities such as
�
ddx

�
gRn,

�
ddx

�
gRμνR

μν etc. After gauge fixing operators depending on the

background metric as well as the full metric enlarge the theory space considerably. Accompanying

the gauge fixing also operators involving Faddeev-Popov ghosts have to be taken into account.

Terms that depend on background field quantities only do not couple into the flow, as Γ
�2,0�
k �h, ḡ� �

0 on this subspace, however their flow is being driven by the other operators.

The truncations that have been investigated until now include extensive studies of the Einstein-

Hilbert truncation [12, 211, 212, 254, 213, 216, 215], truncations involving higher terms in the

curvature scalar R [217], in particular polynomial truncations up to R8 [232, 229, 236, 233] and

truncations involving the square of the Weyl tensor [238, 243]. The inclusion of matter has also

been studied [219, 220, 255, 256, 257, 258, 259, 260, 56]; for more details see chap. 5. First trunca-

tions distinguishing between the background metric ḡμν and the full metric gμν have included the

Einstein-Hilbert term for the metric gμν as well as a background metric Einstein-Hilbert sector,

and also bimetric terms [67, 68].

In total these studies provide rather convincing evidence for the possible realisation of the

asymptotic-safety scenario in quantum gravity: All truncations investigated so far show a NGFP.

Although the fixed-point values of the couplings vary, the fixed-point value of Newton’s coupling

is always found to be positive. This is a crucial requirement, as a negative value of Newton’s

coupling would lead to an unstable theory. On the other hand the microscopic value of the

cosmological constant is not restricted by observations and might be either positive or negative;

it is only the IR value that is restricted by observations. Furthermore the number of relevant

directions has been found to be � 3 in most of these studies. In particular in polynomial trunca-

tions involving the curvature scalar R , quantum fluctuations change the power-counting marginal

8Challenges arise when no background geometry at all is admitted, and gravity has to be rephrased as a purely

relational theory. Most of these approaches are then formulated in terms of discrete variables, where the discreteness

is either fundamental, or some kind of continuum limit needs to be taken. In either case, the recovery of a regime

where small fluctuations around a fixed, smooth background geometry parametrised by a Lorentzian metric describe

the dynamics appropriately, becomes a highly non-trivial task.
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operator R2 into a relevant operator, but all power-counting irrelevant operators Rn with n � 3

stay irrelevant. This is in agreement with the expectation that quantum fluctuations only turn a

finite number of power-counting irrelevant operators into relevant ones.

In the case of the inclusion of higher-derivative terms, a challenge is posed to the asymptotic-

safety scenario by unitarity. From the point of view of perturbation theory, higher-derivative

terms directly lead to a massive propagator with a negative residue at the pole, i.e. a ghost

(not to be confused with Faddeev-Popov ghosts). This leads to a violation of unitarity. Within

a non-perturbative setting, this might be evaded, since the mass of the negative-norm state is a

function of the running couplings, hence it is scale-dependent itself. The mass at a momentum

scale p2 may therefore be such that the full propagator
�

Γ
�2�
k �p2�

��1

evaluated at p2 does not

have a pole. Depending on its scale dependence, the pole may, e.g. be shifted to arbitrary

high energies (see comments in [217, 252, 249, 238]). Let us stress that a complete answer to

this problem can only be given after a full determination of the fixed point and the trajectories

emanating from it.

We now turn to a first calculation within the FRG framework for quantum gravity, namely

the study of the Einstein-Hilbert truncation. This truncation has been studied very extensively

[12, 211, 212, 254, 213, 216, 215]. Here, we add further to the evidence for the existence of the

NGFP, as we study a further combination of gauge parameters and regularisation scheme. We

also introduce a different computational scheme which does not rely on heat-kernel methods.

4.2 Einstein-Hilbert truncation

4.2.1 Method: The Einstein-Hilbert truncation on a maximally symmetric

background

The Einstein-Hilbert truncation is defined by

Γk � Γk EH � Γk gf � Γk gh, (4.7)

where

Γk EH � 2κ2ZN�k�
�
d4x

�
g��R � 2λ̄�k��, (4.8)

Γk gf � ZN�k�
2α

�
d4x

�
ḡ ḡμνFμ�ḡ, h	Fν�ḡ, h	, (4.9)

with

Fμ�ḡ, h	 �
�

2κ

�
D̄νhμν � 1 � ρ

d
D̄μh

ν
ν

�
. (4.10)

We will focus on d � 4 in the following. The gauge fixing depends on two parameters α and ρ,

which in principle should be treated as running couplings, too. Harmonic gauge (also known as

deDonder gauge) is realised for α � 1, whereas α � 0 corresponds to the Landau-deWitt gauge

and constitutes a fixed point of the RG flow [95, 261]9. In the above, κ � �32πGN�� 1
2 is related to

9For gravity, the same argument suggesting that α � 0 is a fixed point applies as for Yang-Mills theory, see

[213]: Landau-deWitt gauge α � 0 implements the gauge condition Fμ � 0 exactly, i.e. by a delta-function in the

path integral. Therefore all modes that are integrated out always exactly satisfy the gauge condition, and hence

α � 0 is stable under a change in the infrared cutoff k .



58 4. Asymptotically safe quantum gravity

the bare Newton constant GN. The ghost term with a wave-function renormalisation Zc is given

by

Γk gh � �
�

2Zc

�
d4x

�
ḡ c̄μ

�
D̄ρḡμκgκνDρ � D̄ρḡμκgρνDκ � 2

1� ρ

d
D̄μḡρσgρνDσ

�
cν. (4.11)

In this first truncation any non-trivial running in the ghost and gauge-fixing sector is neglected.

We therefore set Zc � 1 and let α � const and ρ � const.

Evaluating the right-hand side of the flow equation we have two different strategies at our

disposal: Either the spectrum and the eigenfunctions of Γ
�2�
k are known, then the full propagator

can be constructed explicitly in the basis provided by the eigenfunctions. The trace is then im-

plemented straightforwardly as a summation/integration over the discrete/continuous spectrum,

including possible trace measure factors corresponding to the density of states with one eigen-

value. If this information is not available, but the heat-kernel trace of the Laplace-type operator

D occurring in Γ
�2�
k , i.e. the trace over exp��D s�, is known, one can use a Laplace representation

of the right-hand side of the flow equation. In this case one rewrites

tr f��D � �
� �

0

ds f̃�s� tr e���D �s, (4.12)

where f̃�s� is the inverse Laplace transform of f�D �. Note that here the spectrum of the differential

operator is not required, the reduced information contained in the heat-kernel trace suffices.

In earlier studies the method employing a Laplace transform and the heat-kernel trace was

used (see, e.g. [12, 13, 213, 232]). Considering the flow equation with external fields, such as

ghost fields or fermion fields, is technically rather involved then, and has only been considered

recently [245, 262]. However here knowledge on off-diagonal heat-kernel traces is necessary, and

the calculations can become technically challenging.

Therefore, to project onto the running of operators containing, e.g. ghosts or matter fields, a

different technique is useful. Although truncations involving no running in the ghost sector can be

investigated by both methods, we will introduce the method on the example of the Einstein-Hilbert

truncation, and then use it for a study of the ghost sector [18, 16, 17] (see also [263]).

In the case of the Einstein-Hilbert truncation a background which allows to distinguish

�tZN�k� and �tλ̄�k� is sufficient. As we require knowledge on the spectrum of �D̄2, we choose a

background fulfilling both requirements. Here, it is convenient to choose a maximally symmetric

background, where due to symmetry reasons

R̄ρσμν � R̄

d�d� 1��ḡρμḡσν � ḡρνḡσμ�, (4.13)

where the dimension-dependent factor is fixed by requiring ḡμνR̄κ
μκν � R̄ .

The basic classification is then as follows: One distinguishes spaces with R̄ � 0 and positive

or negative R̄ , respectively. For Euclidean signature R̄ � 0 corresponds to d-dimensional flat

space. Spaces characterised by R̄ � 0 are hyperboloids and R̄ 	 0 spheres, which we will

concentrate on. Introducing the curvature radius r, the following relations hold:

R̄ � d�d� 1�
r2

, R̄μν � ḡμν
R̄

d
,

�
ddx

�
ḡ � Γ�d
2�

Γ�d� �4πr2� d2 . (4.14)

To bring the inverse propagator into a form where the only dependence on the covariant derivative

is through the appearance of a covariant Laplacian �D̄2 we employ a York decomposition [264]
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of the fluctuation metric, following [213]:

hμν � hTTμν � D̄μvν � D̄νvμ � D̄μD̄νσ �
1

d
D̄2ḡμνσ �

1

d
ḡμνh. (4.15)

Here the following transversality and tracelessness conditions hold:

D̄μhTTμν � 0, D̄μvμ � 0, ḡμνhTTμν � 0. (4.16)

Similarly, we decompose the ghost and antighost according to

cμ � cμ T � D̄μcL and c̄μ � c̄μ T � D̄μc̄L, (4.17)

with the transversal component D̄μcTμ � 0.

This decomposition allows to bring Γ
�2�
k into a form which only depends on the covariant

Laplacian D̄2 and the curvature tensor and its contractions. Due to the transversality conditions

all uncontracted derivatives D̄μ can be traded for a covariant Laplacian and a curvature tensor,

using that for a vector Vμ

�D̄μ, D̄ν�V
κ � Rκ

λμνV
λ. (4.18)

The change of variables in the form of the York decomposition introduces a Jacobian into the path

integral which can be cancelled by the further rescaling (see, e.g. [213])

σ �

���
D̄2

�2

�
d

d� 1
D̄μR̄μνD̄ν

��1

σ, vμ �

��
�D̄2 � �Ric

	�1

vμ (4.19)

cL �

��
�D̄2

	�1

cL, c̄L �

��
�D̄2

	�1

c̄L, (4.20)

where

�Ric v

�μ
� R̄μνvν .

The second functional derivative of the Einstein-Hilbert action on a spherical background

takes its well-known form (for explicit representations, see app. A.2.1). The propagator matrix is

non-diagonal, except in the case ρ � α for d � 4, which will be our choice of gauge condition

in the following. We then observe that the vector and scalar inverse propagators are both � α .

Therefore these components drop out of all diagrams with at least one external vertex for ρ �

α � 0, if we choose the scalar part of the regulator function Rk � Γ
�2�
k r�y	, where y � D̄

k2 with

some appropriate Laplace-type operator D̄ . Let us illustrate this by noting that, schematically,

the derivative with respect to the external field leads to a form 
tRk

�
Γ
�2�
k �1 � r�y		

��2

which is

� α . Accordingly these modes will drop out of the right-hand-side of the flow equation as soon

as a derivative with respect to an external field is performed. Interestingly no choice of ρ and α

allows to remove the contribution of the trace mode completely. Running couplings in gravity are

therefore driven by transverse traceless tensor fluctuations (being related to the spin-2-properties

of the metric), as well as trace fluctuations, and of course ghosts.

We then proceed to specify a choice of regulator which will allow us to evaluate the trace

on the right-hand side of the flow equation analytically. We use a spectrally and RG-adjusted

regulator [66, 51] with an exponential shape function

Rk � Γ
�2�
k

1

e
Γ
�2�
k

Zmodek
2 � 1

, (4.21)
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where Zmode depends on the mode of the York decomposition such that the effective cutoff scale is

the same for all modes. Here, one includes a negative sign for the trace mode, the kinetic term

of which has a negative sign10.

The complete regulator function carries an appropriate tensor structure for each sector, since

RTT
k μνκλ � Γ

�2�TT
k μνκλ (4.22)

and similar for the other modes.

Here, we employ a spectrally adjusted cutoff, i.e. a cutoff where the regulator function has

the full inverse propagator Γ
�2�
k as its argument, instead of the Laplacian, only. This has the

property that the momentum shells that are integrated out are adapted to the scale-dependent

two-point function, see [66]. Thus the flow adjusts to the change of the two-point function,

and can thereby be expected to be closer to the projection of the trajectory in the untruncated

theory space. Technically it amounts to the right-hand-side of the flow equation depending on

the couplings and the beta functions, instead of the couplings only. This might be viewed as

effectively resumming a larger class of diagrams.

We can then use the eigenvalues and degeneracy factors of �D̄2 acting on scalar, vector

and tensor hyperspherical harmonics, which form a basis in the respective space on a spherical

background [266, 267], for details turn to app. A.2.2.

The propagators can then be constructed explicitly in a basis of the appropriate hyperspherical

harmonics, which we exemplify for the transverse traceless tensor mode: As the hyperspherical

harmonics T lm
μν �x� form a basis for tensor functions on the d sphere, we can expand the Green’s

function as follows:

G�x � x��μνρσ �
��

l�2

Dl�d,2��

m�1

alm T
lm
μν �x�T

lm
ρσ �x

��, (4.23)

where there is a Dl�d, 2�-fold degeneracy of the hyperspherical harmonics for fixed l but different

m [266, 267] where

Dl�d, 2� �
�d� 1��d� 2��l� d��l� 1��2l� d� 1��l� d� 3�!

2�d� 1�!�l� 1�!
. (4.24)

Now we can invert the two-point function to arrive at the regularised k-dependent propagator,

�
Γ
�2�
TT � Rk,TT

�
μνκλ

Gκλ
ρσ �

1�
ḡ
δd�x � x��

1

2
�ḡμρḡσν � ḡμσ ḡνρ� . (4.25)

We will need several properties of the hyperspherical harmonics: They fulfil a completeness and

an orthogonality relation, and are eigenfunctions of the covariant Laplacian D̄2:

δd�x � x���
ḡ

1

2
�ḡμρḡνσ � ḡμσ ḡνρ� �

��
l�2

Dl�d,2��
m�1

T lm
μν �x�T

lm
ρσ �x

��, (4.26)

δlkδmn �

�
ddx

�
ḡ

1

2
�ḡμρḡνσ � ḡμσ ḡνρ�T lm

μν �x�T
kn
ρσ �x�,

�D̄2T lm
μν �x� � Λl,2�d�T

lm
μν �x�. (4.27)

10In the Euclidean functional integral with the action being the Einstein-Hilbert action this leads to a stability

problem, as a strongly fluctuating conformal mode can make the factor e�SEH arbitrarily large [265]. A negative

inverse propagator can lead to stability problems in the flow equation, if we choose the regulator to be positive, as

then the regularised propagator is schematically given by
�
�p2

� k2
�
�1

, which clearly may lead to divergences. The

correct choice of Zmode for the conformal mode therefore involves a negative sign, leading to the schematic regularised

propagator �
�
p2
� k2

�
�1

, which does not introduce any spurious divergences into the flow equation [12].
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The eigenvalues of the Laplacian are given by

Λl,2�d� �
l�l� d� 1� � 2

r2
. (4.28)

We insert our expression eq. (4.23) into eq. (4.25), and use the eigenvalue equation eq. (4.27).

As the regulator is some function of �D̄2, it turns into the same function of Λl,2�d� in the

hyperspherical-harmonics basis, schematically f��D̄2� � f�Λl,2�d��.
Applying the completeness relation allows to rewrite the right-hand side of the definition of

the Green’s function eq. (4.25). By a comparison of coefficients with respect to the hyperspherical-

harmonics basis, we obtain

alm �

�
κ2ZN

�d�d� 3� � 4

r2
� 2λ̄� Λl,2�d�

�
� Rk,l

�
�1

, (4.29)

for l � 2. Inserting our expression for the propagator on the right-hand side of the flow equation

we have to take the appropriate traces, which involve an integration over the hyperspherical

harmonics, where we again invoke eq. (4.26). Finally we end up with a summation over the

discrete label l. Here we have to take care of the fact that some modes do not contribute to the

trace, see [213].

The discrete sum on the right-hand side of the flow equation can then be brought into an

integral form with the help of the Euler-MacLaurin formula, which reads

��
l�0

f�l� �

� �

0

dl f�l� �
1

2
f�0� �

1

2
f�l� �

��
k�1

��1�k�1 Bk�1

�k � 1�!

�
f �k��l� � f �k��0�

�
� const. (4.30)

Here Bk are the Bernoulli numbers. If the infinite sum over derivatives of the function contributed

in our case, this rewriting would not be of much use. Using the Euler-MacLaurin representation

for the right-hand side of the Wetterich equation with the propagator given by eq. (4.23), eq. (4.29)

and eq. (4.28) and the regulator eq. (4.21), a detailed inspection reveals that none of the terms

in the sum over derivatives can contribute to the flow in the Einstein-Hilbert truncation. This is

due to the following reason: Terms at large l are suppressed due to the UV cutoff presented by

the scale derivative of the regulator function. At small l, the derivatives with respect to l cannot

contribute to a projection on the running of Newton’s coupling and the cosmological term11.

We finally project the right-hand side of the flow equation on �tZN�k� and �tλ�k� by expanding

it in powers of the curvature radius r2. As we are interested in evaluating the fixed point

structure, we introduce dimensionless renormalised couplings G and λ which are related to the

bare quantities by

G �
GN

ZNk2�d
�

1

32π κ2 ZN k2�d
,

λ � λ̄k�2, 	 �tλ � �2λ� k�2�tλ̄. (4.31)

The resulting β functions are given in app. A.3.4 in the limit ηc � 0.

They admit a Gaußian as well as a non-Gaußian fixed point, the coordinates of which are

given by [16]

G� � 0.2701 λ� � 0.3785 in Landau deWitt gauge, where ρ � α � 0,

G� � 0.1812 λ� � 0.4807 in deDonder gauge, where ρ � α � 1. (4.32)

11In fact at higher orders in the curvature a finite number of these terms will give a non-vanishing contribution.
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Let us consider the product G�λ�, which is a universal quantity, since it is dimensionless even for

the dimensionful couplings, and is invariant under constant rescalings of the metric. The values

G�λ� � 0.102 in Landau deWitt gauge and G�λ� � 0.087 in deDonder gauge are close to values

observed in other schemes, see, e.g. [213, 236].

In the convention adopted here the critical exponents of the Gaußian fixed point are simply

given by the canonical dimensions, which implies that the direction corresponding to the Newton

coupling is irrelevant and therefore UV repulsive. At the NGFP we find a non-trivial mixing

between the two directions, and two relevant critical exponents given by

θ1,2 � 2.10 � i1.69 in Landau deWitt gauge

θ1,2 � 1.41 � i1.67 in deDonder gauge. (4.33)

These lie within the range Re�θ1�2� � �1.1, 2.3� that has been found with other regularisa-

tion schemes and gauges [251]. The imaginary part is slightly lower than the typical range

Im�θ1�2� � �2.4, 7.0� [251]. Note that its existence leads to the spiralling into the FP. The imagi-

nary part may seem a bit unusual, in particular from the view of condensed matter, where fixed

points signal a phase transition and critical exponents show how physical quantities scale in the

vicinity of the second order phase transition. Depending on the quantity under consideration a

physical interpretation of an imaginary part may be possible, and indeed however complex critical

exponents are also encountered in condensed matter physics. Interestingly they are connected

to a discrete form of scale invariance there [268] 12. As emphasised in [269], only the real part

decides about the relevance. Complex critical exponents are also familiar from classical mechan-

ics, where trajectories in phase space can be attracted to fixed points. In this case an imaginary

part is rather common and again implies that the trajectories spiral into the fixed point.

The phase portrait of the Einstein-Hilbert truncation is presented in fig. 4.1.
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Figure 4.1: Flow of the dimensionless cou-

plings G and λ in the Einstein-Hilbert trun-

cation. Flowing towards the infrared, the tra-

jectories emanate from the NGFP at G� �

0.2701, λ� � 0.3785. The separatrix, which con-

nects the non-Gaußian and the Gaußian fixed

point, is plotted by a purple dashed line. An

asymptotically safe trajectory which passes very

close to the Gaußian fixed point is shown in ma-

genta as an example of a trajectory that has a

classical regime existing over a large range of

scales.

Note that this truncation does not seem to allow an infrared limit k � 0, since the flow cannot be

extended to k � 0, when using a regulator that is not proportional to the full two-point function

but only to the covariant Laplacian (multiplied by some appropriate tensor structure to account

for transversality etc). Then this feature is clearly visible as trajectories terminate at λ � 1
2

due

to a singularity in the β functions. With a spectrally adjusted cutoff one can shift this point such

that the trajectories can be extended in a singularity-free fashion for arbitrary λ, see [236].

An enlargement of the truncation is presumably mandatory to search for possible infrared fixed

points governing, e.g. cosmology.

12If a similar implication can be inferred from the complex pair of critical exponents in the case of gravity remains

to be investigated.



4.2 Einstein-Hilbert truncation 63

4.2.2 The TT-approximation

Having found a fixed point in a variety of different truncations, one may wonder, what physical

mechanism is responsible for the generation of the fixed point. This question can be investigated

by altering structural aspects of the set-up and checking for the existence of the fixed point. If

one induced a vanishing of the fixed point by a definite change in the set-up this would imply that

this particular aspect is possibly behind the physical mechanism for the fixed-point generation.

To be more definite, one may ask, e.g.

• Is there a fixed point when only the conformal mode is allowed to fluctuate? (If not, then

the spin-2 dynamics is crucial for the generation of the fixed point.)

• Is there a fixed point in both signatures, Lorentzian, as well as Euclidean, i.e., is the causal

structure crucial to get a well-behaved UV limit?

• Is there a fixed point in higher dimensions d � 4?

• Is there a fixed point when using the vielbein and the connection as variables, instead of

the metric?

• Which of the metric modes carries the physical information on the fixed point?

The first four questions have been addressed in [235, 234, 240, 247, 222, 226, 197]. The first one

can be answered in the affirmative in the Einstein-Hilbert truncation [235, 234], but for extended

truncations the existence of a fixed point may depend on the presence of suitable matter fields

[240]. Astonishingly, the change in signature does not result in a qualitative change in fixed point

properties [247] in the Einstein-Hilbert truncation. The fixed point also exists for any number of

dimensions d � 4 [222, 226] in the Einstein-Hilbert truncation, and for the Holst action [197].

As follows from eq. (A.27), only the transverse traceless mode is unaffected by a change

of the gauge parameters. One might therefore expect, that this mode, which is related to the

spin-2-dynamics of the metric field, carries physical information on the properties of the theory.

Here we will briefly focus on the corresponding question, to what degree it is possible to

simplify calculations by suppressing the contributions from the other modes in the path integral

completely. Accordingly we only let hTTμν fluctuate, and only take the resulting loop into account.

Within this so-called TT-approximation, we observe that the NGFP exists in the Einstein-

Hilbert truncation and that its universal properties are preserved under the approximation, i.e.

we again find two critical exponents with a positive real part (θ1 � 2.808, θ2 � 1.057 [16]).

We therefore conclude that at least within the Einstein-Hilbert truncation, the transverse

traceless fluctuations already carry the dynamics necessary to generate the fixed point with the

same universal properties as in the full calculation.

If this feature persists beyond the simple Einstein-Hilbert truncation, it allows for a simplifi-

cation of calculations, as we only have to take into account transverse traceless fluctuations. Of

course for quantitative precision it is crucial to include all fluctuations modes. However for a first

investigation of the relevance of a new coupling in an extended truncation, the TT-approximation

may suffice. We will apply this line of reasoning in sec. 4.3.5.
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4.3 Ghost sector of asymptotically safe quantum gravity

4.3.1 Why investigate the ghost sector? - Ghost scenarios in a non-perturbative

regime

A subspace of theory space that has been included in a very minimal fashion in studies of

asymptotically safe quantum gravity is the ghost sector, where by ghosts we mean Faddeev-

Popov ghosts, and not ghosts as implied by non-unitarity. Let us first motivate why an extension

of truncations in the ghost sector is of interest, in particular in a non-perturbative regime, before

we introduce specific truncations in the next sections.

Ghosts are not part of the asymptotic state space of the theory and as such are unphysical.

One may therefore be tempted to conclude that their inclusion in the Wetterich equation is not

mandatory. However this is clearly not the case: In a gauge-fixed formulation, ghost fluctuations

generically drive running couplings as do metric fluctuations (which are of course also not all

physical). Indeed the diagrammatic representation of the Wetterich equation directly shows

that the ghost loop enters with a negative sign. Therefore the effect of metric fluctuations may

be counterbalanced or even outweighed by the effect of ghost fluctuations. As the full ghost

propagator enters the Wetterich equation, not only the ghost wave-function renormalisation, but

also many further ghost-antighost couplings will directly appear in the β functions of couplings

from the metric sector, such as the Newton coupling or the cosmological constant. Due to the

one-loop nature of the flow equation, operators containing more than one ghost-antighost pair

cannot couple directly into the flow of these couplings. Still an infinite number of operators

coupling a ghost-antighost-pair to metric invariants such as Rn, �RμνR
μν�n etc. exist.

Therefore the evaluation of running couplings in the ghost sector is an important step towards

getting a more complete picture of theory space, and investigating the existence of a NGFP as

well as the properties of trajectories emanating from it.

By applying the background field gauge we have enlarged the theory space by a huge number

of directions. Assuming the existence of a NGFP we can distinguish four basic scenarios with

respect to ghost couplings:

• In a simple scenario, all ghost couplings beyond those in the Faddeev-Popov operator

are zero at the NGFP, which we refer to as �NGFPmetric � GFPghost�, and correspond to

irrelevant directions. Then the NGFP is compatible with a simple form of gauge-fixing,

which should not necessarily be expected, since at a NGFP we are in the non-perturbative

regime. In many gauges, a perturbative gauge-fixing might then be insufficient due to the

Gribov problem. Furthermore all relevant directions, which correspond to free parameters

to be fixed by an experiment, do not contain any ghost operators, but the metric only.

Therefore it is – in principle – possible to infer their values from measurements.

• In a not so simple scenario, theory space again shows a �NGFPmetric � GFPghost� structure,

but relevant directions correspond to ghost directions, or non-trivial superpositions of ghost

and metric operators. Again the compatibility of the NGFP with a simple Faddeev-Popov

gauge fixing remains, but now we have to consider relevant directions which contain ghost

fields. Here it is necessary to remind ourselves that within a gauge-fixed formulation,

the (modified) Ward-identities will relate different operators and restrict the flow to a

hypersurface in theory space. Thus it might be possible to relate such ghost couplings to

measurable quantities through a solution of the Ward-identities.

• In a third scenario, further couplings beyond those in the Faddeev-Popov operator have

interacting fixed points, and correspond to irrelevant directions. Here the perturbative
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gauge-fixing turns out to be insufficient in a non-perturbative setting, and the flow auto-

matically generates further couplings. One may speculate that this effect may also solve

the Gribov problem, and lead to a unique gauge-fixing.

• In a last scenario, we have both an interacting fixed point in the ghost sector, and rele-

vant directions containing ghost operators. Clearly our comments on the non-perturbative

extension of gauge fixing and relevant ghost directions also apply here.

The first, simple scenario seems to be the least challenging one at a first glance. Note, however,

that the first two scenarios will in many gauges require a solution of the Gribov problem. In fact,

as we will explain below (see sec. 4.3.4) one should generically expect an interacting fixed point

to be induced in the ghost sector by a non-vanishing fixed-point value for the Newton coupling,

already starting from the Einstein-Hilbert truncation with a simple Faddeev-Popov operator.

Besides one might generically expect relevant operators to exist in the ghost sector: As

power-counting marginal operators have been found to be relevant at the NGFP in the metric

sector, see, e.g. [236], one may expect that quantum fluctuations induce anomalous scaling of a

similar size also in the ghost sector. Then adding ghost-curvature couplings such as c̄μRncμ with,

e.g. n � 1, 2 to a truncation might result in further positive critical exponents.

The next issue is then the interpretation of relevant directions which contain ghost directions.

Trajectories emanating from fixed points of the flow equation are also restricted to lie on a hyper-

surface satisfying the modified Ward-identities. This may indeed reveal that different directions

in theory space are not independent. Thus, two relevant couplings may turn out to be related

by a Ward-identity and hence correspond to one free parameter only. Therefore, within a given

truncation, the number of relevant operators counted without solving the modified Ward-identities

is an upper limit on the total number of free parameters within this truncation.

An important clue about the effect of quantum fluctuations on the relevance of a coupling at a

NGFP is given by the anomalous dimension of the corresponding field: Considering an operator

On, which is independent of the ghosts (e.g. a Laplace-type operator, or an operator built from

the metric such as a curvature tensor), we can construct a term

gnc̄
n�2 �On � cn�2 (4.34)

for the ghost and antighost fields. Then the renormalised dimensionless coupling g̃n is defined

to be

g̃n �
gn

Zn
c

k�dn, (4.35)

where Zc is the ghost wave-function renormalisation and dn is the canonical dimension of gn.

The β function of this coupling will then be of the form

βgn � �nηc � dn� g̃n � ..., (4.36)

where further terms of course depend on the explicit coupling and truncation under consideration.

This implies that the anomalous dimension

ηc � ��t lnZc (4.37)

will contribute to the critical exponent. In particular, a negative anomalous dimension enhances

the probability that such couplings turn out to be relevant.

Accordingly we will study the ghost anomalous dimension in sec. 4.3.2 to get a first indication

if relevant directions are to be expected in the ghost sector.
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Since the (ir)relevance of a coupling naturally depends not only on the anomalous dimension,

but also on further terms induced by quantum fluctuations, we will consider explicit examples for

ghost couplings that may become relevant in sec. 4.3.3 and 4.3.5.

A further motivation for a study of the ghost sector results from Yang-Mills theory: As ex-

plained in sec. 3.2.2, ghosts become dynamically enhanced in the non-perturbative regime in some

gauges. Since within the asymptotic-safety scenario gravity enters a non-perturbative regime at

high energies, we may argue by analogy that a similar mechanism may also be realised in gravity.

In the case of Yang-Mills theory this enhancement occurs in the deep-IR, confining regime of the

theory. What the physical consequences of ghost enhancement in gravity might be remains to

be investigated. Further the scaling exponents of all n-point correlation functions turn out to be

dependent on the ghost scaling exponent in Yang-Mills theory. The knowledge of this exponent

therefore allows to deduce the momentum-dependence of all n-point correlation functions in the

asymptotic regime, which is an important step towards a full understanding of the dynamics in

this regime. As a first step towards the investigation of these questions in gravity we study the

ghost wave-function renormalisation.

4.3.2 Ghost anomalous dimension

We will now study the following truncation of the effective action in four dimensions:

Γk � Γk EH � Γk gf � Γk gh, (4.38)

where the ghost term is now endowed with a non-trivial wave-function renormalisation Zc�k�.
The other terms are given by the expressions in eq. (4.8), eq. (4.9) and eq. (4.11). This truncation

has been studied in [16] and [245] in different gauges and with different choices for the regulator.

An extension to a higher number of dimensions is also straightforward, and has been performed

in [245]13.

Let us first comment on the role of the ghost wave-function renormalisation among the cou-

plings in theory space: It belongs to the inessential couplings which implies that the kinetic term

can always be redefined to have a unit normalisation by a redefinition of the fields. This implies

that we will not have a fixed-point condition for the Zc, instead the anomalous dimension ηc will

enter the β functions of other running couplings as detailed above, see eq. (4.36). In the set of

coupled differential equations for the running couplings it will then be possible to re-express ηc
as a function of the essential couplings and their β functions. This expression can be reinserted

into the other β functions, thus reducing the system of coupled differential equations for the

fixed-point search by one. Having found a fixed point we then determine the value of ηc at the

fixed point from the algebraic expression for ηc.

The back-coupling of ηc into the flow in the Einstein-Hilbert sector can be evaluated along

exactly the same lines as in the previous section. Using a spectrally adjusted regulator implies

that ηc will appear on the right-hand side of the Wetterich equation.

In order to extract the anomalous dimension of the ghost, we project the flow equation onto the

running of the ghost wave-function renormalisation. We use a decomposition of Γ
�2�
k �Rk � Pk�Fk

into an inverse propagator matrix Pk � Γ
�2�
k �c̄ � 0 � c� � Rk , including the regulator but no

external ghost fields, and a fluctuation matrix Fk � Γ
�2�
k �c̄, c� � Γ

�2�
k �c̄ � 0 � c� containing

external ghost fields. The components of Fk are either linear or bilinear in the ghost fields, as

13Since current evidence suggests that the asymptotic-safety scenario for gravity might indeed be realised in four

dimensions, such an extension, although not excluded, is not necessary for the consistency of the scenario. Naturally,

as detailed in [270] the existence of further, compactified dimensions at the TeV-scale would be very interesting since

it would allow for experimental insight into the realisation of asymptotic safety at current accelerator experiments.
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higher orders do not occur in our truncation. We may now expand the right-hand side of the flow

equation as follows:

�tΓk �
1

2
STr��Γ

�2�
k � Rk�

�1��tRk�	 �
1

2
STr�̃t lnPk �

1

2

��

n�1

�
1�n�1

n
STr�̃t�P

�1
k Fk�

n, (4.39)

where the derivative �̃t by definition acts only on the k dependence of the regulator14, �̃t �
�tRk � δ

δRk
. As each factor of F contains a coupling to external fields, this expansion simply

corresponds to an expansion in the number of vertices that are coupled to external fields.

To bilinear order in the external ghost and antighost, we may directly neglect all contributions

beyond �P�1F�2. Diagrammatically, the remaining terms correspond to a tadpole and a self-

energy diagram, see fig. 4.2.

Figure 4.2: Diagrams contributing to

�tZc�k�: The dashed line denotes the

ghost propagator and external ghost

fields, the curly line denotes the metric.

Regulator insertions are produced by the

�̃t-derivative acting on the propagators.

Irrespective of our choice of gauge in the ghost sector, i.e. for all values of the gauge param-

eter ρ, we find that the tadpole does not contribute to the ghost anomalous dimension as the

corresponding vertex is zero; this is shown in app. A.3.1.

We now choose a flat Euclidean background as we are interested in projecting onto a term

that is non-vanishing also for vanishing curvature, cf. eq. (4.11). Note that β functions might be

dependent on the topology of the background: As observed in [235] the infrared part of the β

functions may be differ when evaluated on backgrounds of different topology. This feature also

distinguishes β functions at finite temperature from those evaluated at zero temperature, since

within the Matsubara formalism the only change between the two settings is one in the topology,

where the x0 directions is compactified on a circle at finite temperature. However, we expect

that the UV part of the β function should be insensitive to topological changes, as also observed

in [235]. Thus it is consistent to use topologically distinct backgrounds to evaluate different β

functions in the same truncation, as long as one is interested in UV fixed points. Here we will

use this observation to evaluate the β functions of the cosmological constant and the Newton

coupling on a maximally symmetric background of non-vanishing positive curvature as before (see

sec. 4.2), whereas we will choose the technically simpler evaluation of the ghost wave-function

renormalisation on a flat background. As this truncation is presumably insufficient to capture all

infrared effects (as indicated by the divergence at λ � 1
2

in many regularisation schemes), the

possible incompatibility of the two backgrounds in this regime is of no importance here.

We again apply a York decomposition as in eq. (4.15) and eq. (4.17), where now the background

covariant derivative reduces to the partial derivative, and we can directly work in Fourier space.

The vertices contributing to the above diagrams are given in app. A.3.3.

As the propagator matrix in the metric sector is diagonal only for ρ � α , we work for this

choice of gauge parameters. We neglect any running in these parameters.

14Using a spectrally adjusted regulator Rk � Γ
�2�
k r�y� will then also produce terms � �tΓ

�2�
k on the right-hand

side of the flow equation.



68 4. Asymptotically safe quantum gravity

On a flat background, we project the flow equation in Fourier space onto the running wave-

function renormalisation by

ηc � � 1�
2Zc

1

4
δαγ

�
�p̃2

�
d4q̃

�2π�4
�

�

δ

δc̄α�p̃��tΓk

�

δ

δcγ�q̃�

� ���
c,c̄�0

. (4.40)

Our conventions for the functional Grassmannian derivatives are such that

�

δ

δc̄α�p̃�
�

d4p

�2π�4 c̄
μ�p�Mμν�p�cν�p�

�

δ

δcγ�q̃� � δ�p̃, q̃�Mαγ�p̃�, (4.41)

where δ�p, q� � �2π�4δ�4��p� q�.
Using a general regulator of the form

Rk mode � Γ
�2�
k r

�
Γ
�2�
k

Zmodek2

�
, (4.42)

we arrive at the following flow equation:

ηc �
�

2Zc�̃t
�

dp2

16π2
p2

�
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��
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Here the first term is the transverse traceless contribution. The second term is due to the

transverse vector mode, and the last terms result from the two scalar modes, respectively. The

terms 	 r� are due to the external momentum p̃ flowing through the internal ghost line and being

acted upon by the �p̃2-derivative in eq. (4.40). The Landau-deWitt gauge α � 0 clearly plays a

distinguished role as only the transverse traceless and the trace mode propagate. This favours

the Landau-deWitt gauge from a computational point of view. As it is moreover a fixed point of

the Renormalisation Group flow [95, 261], we consider the Landau-deWitt gauge as our preferred

gauge choice.

We observe that for ρ � α 
 3 the inverse ghost as well as the inverse scalar propagator

develop a zero mode, see app. A.3.3. Accordingly they are not invertible, which simply implies
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that the gauge fixing is not complete for this choice. Since we will mainly be interested in α � 0

and α � 1, our results are not affected.

The expressions for βλ and βG and explicit representations for ηc are given in app. A.3.4, where

we specialise to a spectrally adjusted regulator with exponential shape function as in eq. (4.21)

such that the regularisation scheme in the Einstein-Hilbert and the ghost sector is consistent.

For technical details on the evaluation of the �̃t-derivative see app. A.3.2.

We can perform a numerical fixed-point search of these equations, where we insert the al-

gebraic expression ηc�G, λ, ηN, �tλ� into the expressions for ηN and �tλ and then demand the

fixed-point conditions �tλ � 0 and ηN � �2.

The table 4.1 lists numerical results for the NGFP in the deDonder gauge (α � 1) and the

Landau-deWitt gauge (α � 0).

gauge G� λ� G�λ� θ1,2 ηc
α � 0 with ηc � 0 0.270068 0.378519 0.102226 2.10152 �i1.68512 0

α � 0 with ηc � 0 0.28706 0.316824 0.0909475 2.03409�i 1.49895 -0.778944

α � 1 with ηc � 0 0.181179 0.480729 0.0870979 1.40864 �i 1.6715 0

α � 1 with ηc � 0 0.207738 0.348335 0.0723625 1.38757�i1.283 -1.31245

Table 4.1: Fixed-point values for the dimensionless Newton coupling G, cosmological constant

λ, associated critical exponents θ1,2 and the ghost anomalous dimension ηc for different gauges

and approximations.

The first important conclusion is that this enlarged truncation adds to the evidence for the

existence of the NGFP. We also note that the inclusion of this further coupling does not lead to

large modifications in the values. In particular, the critical exponents and the universal product

G�λ� are rather stable.

Interestingly, the gauge dependence of the result is reduced in some quantities, as, e.g. in

the real part of the critical exponents. We interpret this as a sign of a stabilisation of the flow

under the inclusion of a non-trivial ghost sector, as the gauge dependence of universal quantities

such as critical exponents is slightly decreased.

We observe that the inclusion of the non-trivial ghost anomalous dimension results in a

reduced fixed-point value for the cosmological constant. Interestingly this implies a slightly

reduced backcoupling of metric fluctuations into the flow of other couplings. This is due to the

fact, that the metric propagator, schematically 1
p2
�2λ

, is enhanced for positive λ, and suppressed

for negative λ. A smaller value of λ therefore reduces the effect of metric fluctuations; for a further

discussion of this, see sec. 5.1.3.

In our enlarged truncation we may also consider the complete flow in the �G, λ�-plane, for a

comparison with the Einstein-Hilbert truncation where ηc � 0. Since we observe a high degree

of similarity between the RG flow in both truncations, we interpret this as a further non-trivial

confirmation of the asymptotic-safety scenario.

We thus have asserted that this first step in enlarging truncations in a new class of directions

in theory space, namely those containing couplings to Faddeev-Popov ghosts, supports former

findings of a NGFP at positive G� and with two relevant directions in the Einstein-Hilbert sector.

We now turn to interpret the implications of our value for ηc.

In our calculation we observe that ηc � 0 in both gauges. In particular, the value in Landau-

deWitt gauge can be interpreted as an upper bound (within our truncation) under a variation of

the gauge, since for α 	 0 the contribution of the scalar and the vector mode have to be taken

into account. These contribute with a negative sign.

The value of the anomalous dimension determines the momentum dependence of the propagator

in the vicinity of the fixed point: As �tZc � �ηcZc with ηc � const at the fixed point, eq. (4.3.2)
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Figure 4.3: Since we are interested in the approach to the NGFP towards the UV, we plot the

flow towards the UV. In the left panel, we plot the RG flow in the Einstein-Hilbert truncation

with a non-trivial ghost anomalous dimension ηc, and with ηc � 0 in the right panel. Apart from a

slight shift in the fixed-point position, the agreement between the flow in this extended truncation

and the simpler Einstein-Hilbert truncation is very high. Both directions are UV-attractive in

both truncations.

can be integrated to yield Zc�p
2� � �p2��

η
2 and accordingly

Γ�2��p2� � �p2�1�
η
2 . (4.44)

where we have gone to flat space for simplicity. Fourier transforming this expression for η � 0

yields real space propagators that scale logarithmically for η � �2, i.e. like a 2-dimensional

propagator. Since ηN � �2, this is interpreted as one signal of a dynamical dimensional reduction

to two dimensions in the vicinity of the fixed point [201, 202]. This might provide for a link to

other approaches to quantum gravity, where indications for a similar effect have been found [271,

272, 273]. If the effective physical manifold indeed goes through such a dimensional reduction, by

being, e.g. fractal or fractal-like, one might expect that any field propagating on this background

should reflect the effective two-dimensionality in the behaviour of the propagator. Our result

ηc � �2 can then be interpreted in several ways:

First, crucial operators may be missing from the truncation that will result in ηc � �2.

As a second possibility, one might also expect that only physical fields (i.e. fields from which

observables can be constructed) have to show the logarithmic falloff of the propagator in real

space. Since ghosts are not part of the physical Hilbert space, their anomalous dimension would

remain unrestricted in this case.

The last option is that ηN � �2 implies that fluctuations of the metric interact so strongly

that the metric propagator changes to a logarithmic falloff, but this need not indicate that the

same effect applies to other fields coupled to gravity.

The fact that ηc � �2 might also be puzzling at first sight for the following reason: As

ghosts are introduced into the theory to cancel non-physical components of the metric, one might

naively expect that in order for this to work also non-perturbatively, the scaling exponents of the

propagators have to agree. In fact this need not be the case if vertices also acquire a non-trivial

scaling, as then ghost diagrams can still cancel the effect of non-physical metric modes. Besides,

the value ηN � �2 holds for the background metric, or within a single-metric approximation,

whereas the anomalous dimension of the fluctuations metric may be different.

Since our result is compatible with ηc � ηN it indicates that the ghost-propagator is less

suppressed at large momenta than the metric propagator. We may interpret this as a sign for
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a possible ghost dominance at the fixed point, where the propagation of ghosts is dynamically

enhanced in comparison to the metric. This is reminiscent of Yang-Mills theory in the IR, where the

ghost propagator is strongly dynamically enhanced, whereas the gluon propagator is suppressed

(see sec. 3.2.2 for details). The physical consequences of a dynamic ghost enhancement in

gravity remain to be investigated. Note, however, that for a full understanding of these issues it

is necessary to depart from the standard single-metric approximation and evaluate the anomalous

dimension of the fluctuation metric which is not restricted to be ηfluc � �2, see, e.g. [274].

An important conclusion can be drawn from the negative sign of the anomalous dimension: As

explained above (see eq. (4.36)), the value of the anomalous dimension is decisive to determine

the relevance of a coupling. Naturally the critical exponent of a coupling depends on the specific

coupling under consideration and one has to evaluate its β function fully to answer the question

of relevance. However a negative anomalous dimension may shift critical exponents such that, e.g.

power-counting marginal operators become relevant, since then the corresponding contribution

to the critical exponent is positive. Therefore ηc � 0 implies that couplings in the ghost sector

may turn out to be relevant.

We now have to understand the implications of this observation: As we have already explained,

the effective average action in a gauge theory has to satisfy two equations, namely the Wetterich

equation as well as the modified Ward identity (see sec. 2.3.2). Therefore determining the number

of relevant operators from the linearised flow around the NGFP does not determine the number

of free parameters of the theory: A subset of relevant couplings may indeed be related by the

(modified) Ward identities, and therefore correspond only to a reduced number of free parame-

ters. All operators containing ghost fields are subject to the Ward identities. This implies that

relevant operators found in the ghost sector do presumably not directly correspond to measurable

quantities. However, the solution of the (modified) Ward identities is highly non-trivial. One may

speculate that the ghost sector may offer the opportunity to find relevant operators related to

metric operators that are technically much more challenging to include in a truncation. Investi-

gating the question of relevant operators in the ghost sector therefore corresponds to accessing

the critical surface from a completely different direction in theory space, and can be used to find

an upper bound on the number of free parameters of the theory.

A simple check of effects of terms neglected in this truncation is given by the following idea:

As, e.g. four-ghost operators cannot couple directly into the flow of the Einstein-Hilbert term due

to the one-loop structure of the Wetterich equation, an inclusion of such terms into our truncation

would only alter the value of ηc. Thus we examine the existence and the properties of the fixed

point under variations of ηc. This will indicate if higher-order ghost terms can indirectly lead to

a destabilisation of the fixed point in the Einstein-Hilbert sector. Of course it is still necessary

to check whether the β functions of such ghost couplings themselves also admit a fixed point.

We find that in the Einstein-Hilbert sector the fixed point exists for values ηc between (-3,3),

see figs. 4.4, 4.5, 4.6, which should cover the result for ηc in full theory space. Furthermore it lies

at G� � 0 for all these values and accordingly is physically admissible, see fig. 4.4.

In particular, we observe that the real part of the critical exponent is not affected much by

variations of ηc, which implies a high degree of stability under enlargements of the truncation in

this specific direction. Interestingly the imaginary part of the critical exponent can be reduced

considerably, which is in accordance with the observation, that it can depend strongly on the

regularisation and gauge-fixing scheme (Im�θ1�2� � �2.4, 7� as found in other schemes [251]).

The fixed-point value of the cosmological constant depends strongly on ηc. Therefore further

couplings in the ghost sector can have an important indirect effect on the flow: Driving λ� � 0
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Figure 4.4: For the de-

Donder gauge ρ � α �
1 we show the fixed

point values G� and

λ� as a function of ηc,

that we treat as a free

parameter here. The

self-consistently deter-

mined value is ηc �
�1.31.

Figure 4.5: We show the universal

product G�λ� of the fixed-point val-

ues in the Einstein-Hilbert sector as a

function of ηc, again for the deDonder

gauge.

Figure 4.6: We show the real and the imaginary part of the critical exponents in the Einstein-

Hilbert sector as a function of ηc for the deDonder gauge.

(or even negative values) suppresses metric fluctuations in comparison to positive λ. Such a

suppression can strongly change the RG flow in the vicinity of the fixed point and alter the fixed

point properties. In particular, since no analogous suppression mechanism works for the ghost

sector, ghost fluctuations might thus contribute to the flow with a higher relative weight in the

vicinity of the fixed point.

As already stressed in sec. 4.1.2, the calculation of β functions for gravity from the Wetterich

equation also holds if the UV completion of gravity is not given by the asymptotic-safety scenario.

Then, our calculations hold below some scale k0 (presumably below the Planck scale), for which

an effective description in terms of metric fluctuations is possible. Here we may assume, that

quantum effects are already smaller, and consider a perturbative setting where we assume ηN � 0.

To leading order in G (and for vanishing λ), we then have that

ηc � �

�
5α3 � 26α2 � 5α � 124

�
G

4π�α � 3�2
�O�G2�. (4.45)
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We observe that ηc is negative for all admissible gauge parameters α � 0. The incompleteness

of the gauge-fixing at α � 3 is again reflected in the divergence at this point.

The Landau-deWitt-gauge limit is ηc � � 31
9π
G � �1.0964G. Of course, this result is non-

universal, i.e. scheme dependent in four dimensions, as the power-counting RG critical dimension

is d � 2.

4.3.3 Extension of the truncation - first steps beyond Faddeev-Popov gauge

fixing

As motivated, the non-perturbative regime may require to go beyond a simple form of Faddeev-

Popov gauge fixing in order to solve the Gribov problem. As a very first step in such a direction we

study an extended truncation that distinguishes between the running of different tensor structures.

Any n-point function can be decomposed into scalar dressing functions according to

Γ
�n�
k μ1,...μm

�p1, ..., pn� �
�

i

ak i�p1, ..., pn�T i
μ1,...μm

�p1, ..., pn�, (4.46)

where we have gone to flat space for simplicity. On a generic curved background a generalisation

holds. The ak i�p1, ..., pn� are running scalar dressing functions and the T i
μ1,...μn

�p1, ..., pn� denote

the different tensor structures that can be constructed. In general there is no reason to assume

that the different ak i satisfy the same flow equation. Hence our truncation in the ghost sector

with just a single wave-function renormalisation corresponds to a simplifying assumption. Here

we will generalise the above truncation to

Γk gh � �
�

2Zc�k�
�
d4x

�
ḡc̄μ

�
D̄ρḡμκγκνDρ�δZc�k�

�
D̄ρḡμκγρνDκ� 1�ρ

2
D̄μḡρσγρνDσ

��
cν, (4.47)

where we have introduced an additional running coupling δZc�k� [17], which was set to δZc � 1

in former truncations. This truncation is motivated by observing that within a single-metric

approximation, gμν � ḡμν there are four power-counting marginal operators that involve two

powers of the ghost field:

c̄μD2gμνc
ν c̄μ	Dμ,Dν
cν c̄μ�Dμ,Dν�cν c̄μRgμνc

ν. (4.48)

The first three of these naturally appear in the Faddeev-Popov determinant. In former calculations

[16, 245] no distinction has been made between these three operators. Their running couplings

have been treated as one single wave-function renormalisation for the ghost field. Here we report

on the first step in a more detailed distinction between these three different tensor structures.

Our truncation distinguishes the term D2gμν from the two terms 	Dμ,Dν
 and �Dμ,Dν�.
On a flat background we can distinguish the two couplings Zc and δZc after a York decompo-

sition of the ghost into a transversal and a longitudinal component. The propagators and vertices

which arise from this truncation and the projection rules onto the running couplings are given in

app. A.3.5.

Diagrammatically, the flow of these couplings is driven by a self-energy diagram as in fig. 4.2,

the difference being that we apply a York-decomposition for the fluctuation and the background

ghosts. We thereby get a self-energy diagram with external transversal ghost and antighost lines,

and a second self-energy diagram with external longitudinal ghost and antighost lines. Both of

these exist for the trace and the transverse traceless mode, and for internal longitudinal and

transversal ghosts, cf. fig. 4.7.

Using the same techniques as outlined in the above sections, we determine the coupled system of

ηN, tλ, ηc and tδZc, which are given in app. A.3.6. The large number of diagrams and the more
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Figure 4.7: Self-energy diagrams contributing to the flow of ηc and �tδZc in the Landau-deWitt

gauge (for the projection onto these two couplings see eq. (A.75) and eq. (A.76)). Here, the

wavy line denotes the trace mode and the curly line the transverse traceless mode. The dashed

line denotes the longitudinal ghosts/antighosts and the full line the transverse ghosts/antighosts.

Circles denote vertices coupling external longitudinal (anti) ghosts to internal metric and lon-

gitudinal ghost propagators. Squares couple transverse external (anti)ghosts to internal metric

and transverse ghost propagators. Finally diamonds denote vertices that mix transverse and

longitudinal ghosts, which are also all non-zero.

complex structure of the vertices arising from the additional coupling ultimately accounts for the

rather lengthy representation of β functions in a specific regularisation scheme, where we again

choose a spectrally and RG adjusted regulator with exponential shape function.

Note that δZc is not an inessential coupling and therefore has to satisfy a fixed-point re-

quirement. This can be seen directly from the β function for δZc, which depends on all couplings

in our truncation, including δZc. In contrast, the equation for the inessential coupling Zc only

depends on all other couplings and β functions and can therefore be eliminated from the set of

differential equations determining the fixed points.

Interestingly, we observe two fixed points, the properties of which are given in table 4.2 for

Landau-deWitt gauge (α � 0):

G� λ� ηc δZc � θ1�2 θ3

0.287 0.317 -0.780 1 2.034 � i 1.499 0.646

0.262 0.372 0.241 1.562 2.130 � i 1.634 -0.826

Table 4.2: We observe two NGFPs with differing universality properties. The values are given

for the Landau-deWitt gauge α � 0.

Let us comment on the fixed-point properties: At the first fixed point δZc� � 1 holds15, which

implies that its properties are the same as in the truncation where we set δZc � 1 by hand.

We observe numerically, that the new direction, corresponding to δZc is not mixed with the

directions in the Einstein-Hilbert sector, in other words it constitutes a separate eigendirection

of the fixed point. As it is relevant, this implies that we will observe a non-trivial flow of δZc
towards the infrared. Therefore the Faddeev-Popov operator will change in the flow towards the

infrared. This is a first manifestation of the assumption that we should not expect that a simple

Faddeev-Popov gauge fixing holds in the non-perturbative regime.

Let us speculate on the possible implications of this observation: In the strongly-interacting

regime in Yang-Mills theory, the dominant field configurations in gauge-field configuration space

15This exact value arises from a global factor of �δZc�1� in the fixed-point equation for this coupling (which is not

readily visible from eq. (A.80)). In the Landau-deWitt gauge ρ � 0, this factor appears in the vertices, cf. eq. (A.68)

and eq. (A.72). As in a further extension of the truncation the form of the vertices will typically change, the value

δZc� � 1 will presumably not hold beyond our truncation. Note further that it will also be gauge-dependent, since

for ρ � 0 the corresponding factor changes to �2ρ δZc � 1� δZc� in some of the vertices.
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lie close to the first Gribov horizon, which is defined by the first zero eigenvalue of the Faddeev-

Popov operator. Then, the dominant field configurations change, depending on the scale, as the

theory shows a transition from the perturbative, weakly coupled, into the strongly coupled regime.

In this transition, the dominant field configurations change from perturbative configurations to

configurations in the proximity of the Gribov horizon, which carry the physical information on

confinement. If we now assume, that in the strongly coupled regime in gravity the dominant field

configurations also lie close to the first Gribov horizon (and if we assume that the first Gribov

region is also bounded16), then gravity shows an additional feature in contrast to Yang-Mills

theory: As the Faddeev-Popov operator changes, depending on the scale, this implies that the

boundary of the first Gribov region changes with scale. Thus, the dominant field configurations

in gravity would not only differ between the weakly coupled and the strongly coupled regime,

but in addition change, depending on the scale, within the non-perturbative regime.

The second fixed point shows a non-trivial value of δZc, which changes the ghost anomalous

dimension to a positive value. This implies that this fixed point shifts further ghost operators

towards irrelevance. Furthermore the additional critical exponent at this fixed point is irrelevant,

too. Since, after imposing the Ward identities, each relevant direction corresponds to a free

parameter, this second fixed point might correspond to a UV completion for gravity with a greater

predictive power, since less free parameters remain to be fixed by experiment.

In view of the scenarios that we introduced for the ghost sector, this second fixed point also

offers the possibility to more directly identify relevant couplings with measurable free param-

eters and presumably circumvents the difficulties that accompany the interpretation of relevant

directions in the ghost sector.

If this structure persists beyond our simple truncation, the ghost sector might offer a choice

between two UV fixed points: One of these potentially shows a larger number of positive crit-

ical exponents, whereas the other is characterised by a larger number of irrelevant directions.

Furthermore adding new directions in the ghost sector presumably only increases the number of

irrelevant directions at this second fixed point, since the ghost anomalous dimension is positive

there.

Let us now study the full flow: For slices with δZc � const through our three-dimensional

theory space we observe that the flow pattern resembles the flow in the simple Einstein-Hilbert

truncation to a very high degree (see fig. 4.8). This can also be observed by setting G � const (see

fig. 4.9) or λ � const (see fig. 4.9), where clearly in most regions the flow is approximately confined

to a lower-dimensional subspace. We could have inferred such a flow pattern from observing the

real part of the critical exponents, which are more than twice as large in the Einstein-Hilbert

sector than in the new direction. Accordingly the flow in the Einstein-Hilbert plane is faster, and

a flow in orthogonal directions occurs mostly in the vicinity of the Einstein-Hilbert fixed point at

fixed δZc.

Since we observe two NGFPs, one of which has one irrelevant direction, an RG trajectory exists

that connects the two fixed points. Thus the fixed point at δZc � 1.562 can be interpreted

as an infrared fixed point. This allows to construct a complete RG trajectory, i.e. one without

singularities in the flow which can be extended both to k � � and k � 0. However the trajectory

between these two fixed points does not support a long classical regime (cf. fig. 4.9 ) and therefore

cannot constitute a complete RG trajectory that would describe our universe.

16This may not be the case; for an example where the Gribov region is unbounded in some directions in configuration

space in Yang-Mills theory, consider the maximal Abelian gauge [275].
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Figure 4.8: The flow towards the

ultraviolet in the �G, λ�-plane for

δZc � 1 (upper panel) shows the

well-known spiral into the NGFP,

and also trajectories passing close

to the Gaußian fixed point, where

a long classical regime can be

supported. The flow at δZc �
1.562 (lower panel) shows a very

high degree of similarity. The cor-

responding fixed-point values are

indicated by a purple square.
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Figure 4.9: In the upper panel the

flow towards the ultraviolet in the

�G, δZc�-plane for λ � 0.1 shows

that, due to the large difference in

the size of the (real part) of the

critical exponents, the flow stays

in planes δZc � const, approxi-

mately. The irrelevant direction

of the fixed point at δZc � 1

becomes visible only around the

separatrix between the two fixed

points. In the lower panel the

flow towards the ultraviolet in the

�λ, δZc�-plane for G � 0.1 again

exhibits the same behaviour.

Interestingly, a similar structure has been observed in a bi-metric truncation [67]. It is a

highly speculative possibility if a further extension of truncations including gauge-fixing-induced

directions will support the existence of such two fixed points. If this were the case, an extended

truncation might also allow for an RG trajectory that features a long classical regime. This would

allow to circumvent the singularity at λ � 1
2

that shows up in the flow in the Einstein-Hilbert

truncation in many regularisation schemes.

Having focussed on operators that are part of a simple Faddeev-Popov operator, we will now

broaden our view a bit, and explain why we should generically expect the existence of further
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non-zero couplings in the ghost sector.

4.3.4 Non-Gaußian fixed point for ghost couplings

Starting from a perturbative gauge-fixing technique, one only needs to consider a Faddeev-Popov

operator in the ghost sector. We have already stressed that this presumably breaks down in a

non-perturbative setting, one indication of which is the Gribov problem. Therefore one is lead

to think about further ghost operators. Within the setting used here, one can easily see, that

a non-trivial flow in many ghost operators will presumably be induced even if one starts with a

simple Faddeev-Popov term only. The NGFP for the Newton coupling generically implies that,

beyond the possibility that ghost couplings may also show NGFPs, even the GFP will be shifted

and become interacting for G � G� � 0.

Let us consider a specific example here in order to exemplify this, namely a truncation with

an Einstein-Hilbert and a gauge-fixing term and an extended ghost sector of the form

Γk ghost � �
�

2Zc

�
d4x
�
ḡc̄μMμνc

ν � gghost

�
d4x
�
ḡ �c̄μMμνc

ν� � �c̄μMμνc
ν� , (4.49)

where Mμν is the Faddeev-Popov operator. Then, the flow will be given by the 	̃t derivatives of

the following diagrams:

Figure 4.10: Within a truncation involving a Faddeev-Popov-term and the above four-ghost term,

these diagrams drive the flow of the new coupling. A closer inspection of the vertices reveals

that due to the ghost-antighost-two-metric vertex being zero (see app. A.3.1), diagrams D and

F vanish. In addition, diagrams A, B, C and E are proportional to at least one power of the

four-ghost coupling and therefore vanish if this coupling is set to zero by hand. Thereby the two

box diagrams generate a non-trivial flow of this coupling even if it is set to zero.

In particular we observe that the non-vanishing diagrams A,B,C and E are 
 gghostG, and ac-

cordingly cannot generate a non-vanishing flow of gghost, if this coupling is set to zero initially.

In contrast, the ladder and the crossed-ladder diagrams are 
 Z 4
c G

2, and therefore exist even if

gghost � 0. These will presumably induce a non-zero flow βgghost

 G2, unless a cancellation be-

tween the two occurs. We observe a cancellation mechanism for such box diagrams in sect. 5.1.2,

which relies on a scalar coupling of the metric to the vertex. Since this does not hold in this

case, as in particular the transverse traceless metric modes couples to the momentum-dependent

vertex, we do not expect a cancellation between the two diagrams. In this case gghost � 0 would

not be a fixed point of βgghost
, but the Gaußian fixed point, that exists if G � 0, would be shifted

and become interacting. From this simple example we see that one should generically not expect
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the RG trajectories to be confined to a hypersurface defined by vanishing ghost couplings in the

non-perturbative regime.

We therefore conclude, that, even starting from a simple Faddeev-Popov term, the flow will in

general induce further non-zero ghost couplings, which are non-vanishing at the NGFP for the

Newton coupling. Here, further investigations are necessary to determine the structure of terms

in this sector and discuss the Gribov problem.

4.3.5 Ghost curvature couplings

As explained above, a negative anomalous dimension suggests the emergence of further relevant

directions in the ghost sector. Here a large number of couplings exist, which is only restricted

by the Grassmannian nature of the ghost fields.

We start with a simple truncation of the type [18]

Γk � ΓEH � Sgf � Sgh � ζ̄�k�
�
d4x

�
g c̄μRcμ. (4.50)

For simplicity, we work in the TT approximation, where only the fluctuations of the transverse

traceless tensor modes induce the RG flow. In the Einstein-Hilbert sector we have observed

that the leading contribution to the critical exponents, which decides about the (ir)relevance of

a coupling, is stable under this approximation. For simplicity we shall assume that this property

also holds in the above truncation.

We further assume that the new coupling will be at the (presumably shifted) Gaußian fixed

point, and are interested in its critical exponent.

The shift of the GFP should typically not change its stability properties, as is exemplified in

fig. 4.11.

g

Βg

GFP � shifted GFP� NGFP�

Figure 4.11: Sketch of a β func-

tion without metric fluctuations in blue,

where the GFP is assumed to be the

only fixed point. Switching on metric

fluctuations will generically shift the

GFP point to a NGFP, without how-

ever changing its stability properties

although typically the value of the crit-

ical exponent will change, but not nec-

essarily its sign. Furthermore a second

NGFP may be induced.

Diagrammatically, the complete flow in our truncation is given by the set of diagrams in fig. 4.12.

Now we have to carefully consider which diagram will be important to determine whether ζ̄ will

be a relevant coupling at the (shifted) GFP. As explained, we do not expect that the shift of the

GFP changes its stability properties. Therefore we neglect the self-energy diagram � Z 2
c and

work at the unshifted and therefore truly Gaußian fixed point for ζ̄. Clearly the tadpole and two

of the self-energy diagrams are � ζ̄ and therefore contribute to the critical exponent at the GFP.

The diagram � ζ̄2 can induce a NGFP for ζ̄, but does not contribute to the critical exponent at

the GFP.
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Figure 4.12: The flow of

ζ̄ is driven by a tadpole

diagram, and four differ-

ent self-energy diagrams,

since we can form two

types of ghost-antighost-

metric vertices � Zc and

� ζ̄, respectively.

We observe that within the TT approximation, the ghost-antighost-metric vertex which is

required to build three of the sunset diagrams, vanishes on a spherical background. Since this

effect is background-dependent, one might at this point worry how the background-independence

of the UV part of the β function is to be preserved if a specific class of contributions vanishes for

a certain choice of backgrounds. In fact, the contribution to the β function from these two sunset

diagrams is of the form � G ζ, as is also the contribution from the tadpole diagram. Thus these

add up to one joint contribution to the β function, which should not be background-dependent.

We therefore conclude, that the weight of the two contributions is background-dependent, and

the spherical background is a particularly efficient choice for the evaluation of the β function. In

other words, choosing a different background also alters the ghost-antighost-two-metric vertex,

and hence the numerical factor that results from the tadpole diagram. Adding the non-vanishing

contribution from the sunset diagrams would then result in the same contribution as from the

tadpole alone on a spherical background.

Therefore we remain with the tadpole diagram to decide about the (ir)relevance of ζ.

Accordingly, when investigating the stability properties of the shifted GFP we focus on the

tadpole diagram only.

Since we have chosen a spherical background, the flow of ζ is mixed with the flow of a

coupling of the type ξc̄μRμνc
ν . We would like to disentangle these as far as possible. We

therefore determine our vertex without at this stage specifying a background. We first observe

that if we set D̄μcκ � 0 then also,

�D̄μ, D̄ν�cκ � R̄κ
αμνc

α � 0. (4.51)

Therefore also the contraction R̄μνc
ν � 0 for this choice. Accordingly in our determination of the

vertex necessary to build the tadpole, we drop all contributions that would vanish for D̄μcκ � 0,

since these would feed into the flow of ξ , but not of ζ 17.

The necessary vertex requires the variation of
�
gR at constant external (anti)ghost fields,

which is the same as in the pure Einstein-Hilbert term. Using the technique outlined in sec. 4.2

for the evaluation of the right-hand side of the flow equation, we find for the dimensionless

renormalised coupling ζ � ζ̄�Zc, that

�tζ � ηcζ � 25G�ζ

6π
f�λ�	,

f�λ	 � e4λ

�
2λ� 1

2

�

 e2λ �4λ� 2	 � 8λ2

�
Ei�2λ	 
 Ei�4λ	�. (4.52)

Setting ηc � 0 we observe that the critical exponent is positive for the physical regime G� � 0,

since f�λ	 � 0 for all λ. As explained, there might be two possible values for the ghost anomalous

17Note that this argument clarifies why the approximations in [18] are justifiable.
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dimension: The negative one renders the critical exponent for ζ even more positive. For the

second value, ηc � 0.241, the value of G�f�λ�� is decisive: For the fixed-point values in the

Landau-deWitt gauge, ζ still corresponds to a relevant direction. Interestingly, it can be turned

into an irrelevant coupling by including a large number of minimally coupled fermions into the

truncation. As observed in [219], these will induce a shift in λ� towards large negative values. This

in turn results in f�λ� � 0, thus the contribution from the tadpole diagram will be suppressed.

Then the (ir)relevance of the coupling will be determined purely by the anomalous dimension,

since the canonical dimension is zero. We thus observe that the number of relevant couplings

in the ghost sector might also depend on the number of matter fields, even if we do not include

terms coupling matter and ghosts directly into our truncation.

Hence we have found a first coupling that we expect to be relevant even beyond our simple

approximation. The physical interpretation of the related free parameter requires the solution of

the Ward identities.

The same investigation can be applied to a more generalised truncation of the form

Γk � ΓEH � Sgf � Sgh �
n�

i�1

ζi�k�
�
d4x

�
g c̄μRicμ. (4.53)

As discussed in [276], a similar result holds here: Depending on the precise value of λ, a growing

number of curvature-ghost couplings may become relevant. Demanding the irrelevance of cou-

plings beyond c̄μRcμ would then result in restrictions on the possible fixed-point values of G and

λ. If this result holds beyond the approximations involved, we have found a region in theory space,

where the fixed point comes endowed with a very large number of relevant directions. Avoiding

such a large number of free parameters would imply that the coordinates of the fixed point have

to satisfy bounds in the �G�, λ�� plane, beyond the physical bound G� � 0.

4.4 Summary and Outlook: Towards a non-perturbative under-

standing of the ghost sector

In this chapter we have introduced a specific scenario for the UV completion of gravity, namely

the asymptotic-safety scenario, which may allow to construct a local quantum field theory of the

metric invoking a non-perturbative notion of renormalisability. It is founded upon the existence

of a NGFP with a finite number of relevant directions.

We have reinvestigated the well-understood Einstein-Hilbert truncation in a new combination

of gauge choice and regularisation scheme, and found further evidence for the stability of the

universal quantities describing the fixed point under a variation of gauge and regularisation. On

the technical side we have explained how an evaluation of diagrams contributing to the RG flow

is possible without relying on heat-kernel methods. This is of advantage when considering flows

of Faddeev-Popov ghost couplings, and also matter couplings, see chap. 5.

The use of the Wetterich equation in the investigation of this scenario necessitates the ap-

plication of the background field method. Therefore theory space is enlarged by directions

corresponding to Faddeev-Popov ghosts. In this larger theory space all directions have to be

treated on an equal footing, meaning that a priori there is no possibility to decide, what the

coordinates of a NGFP and what its relevant directions may be. We have discussed four sce-

narios for the ghost sector, which differ in two respects: The NGFP may be compatible with a

simple form of Faddeev-Popov gauge fixing, or necessitate further non-zero ghost couplings. This

second possibility could have interesting implications for a possible solution of the Gribov prob-

lem, i.e. the non-uniqueness of gauge fixing in some gauges. Furthermore the NGFP may have
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relevant directions that correspond to ghost directions or mixtures of ghost and metric directions.

The challenging task is then to establish a connection between these relevant couplings and

quantities that are accessible to experiment. Here, the Ward-identities will play a crucial role.

In this chapter we have started investigations of this previously unexplored region of theory

space and performed a first step in analysing these properties of the ghost sector of asymptotically

safe quantum gravity in more detail. In particular, we have considered a truncation with a running

ghost wave-function renormalisation. It further adds to the evidence for a NGFP, and results in

a negative value for the anomalous dimension for all gauge parameters under investigation. This

implies in particular that further ghost couplings could be shifted towards relevance.

In an extended truncation we have considered the separate running of different tensor struc-

tures within the Faddeev-Popov operator. Here, we have found two NGFPs, which differ in that

at the first one the ghost anomalous dimension is negative, and a new relevant direction exists.

At the second one the anomalous dimension is positive, and a further irrelevant direction exists.

Thus this fixed point may potentially allow for the construction of a UV completion for gravity with

a higher predictive power. This presents the possibility to construct a complete RG trajectory,

which, however, within our truncation, fails to show a long classical regime.

Furthermore we have presented an argument why further couplings beyond those in the

Faddeev-Popov operator should be expected to be non-zero. Accordingly the non-perturbative

regime of gravity is presumably characterised by a more complicated ghost sector. This is in

accordance with the expectation, that a simple Faddeev-Popov gauge fixing does not hold beyond

the perturbative regime. The implications for a possible solution of the Gribov problem remain to

be investigated.

Finally we have considered a specific class of ghost-curvature couplings, which turn out to be

relevant within our approximation. The interpretation of these directions and their connection to

measurable quantities remains to be studied further.

To conclude, the ghost sector of asymptotically safe quantum gravity may be more complex

than one might think from a perturbative point of view. Non-zero couplings beyond the Faddeev-

Popov operator and relevant directions may characterise the NGFP. Hence further investigations

have to show explicitly, what the structure of the ghost sector is, and how it can be reconciled

with a unique gauge fixing and also with a connection of all relevant couplings to measurable

parameters.

Let us again emphasise that also the couplings in the ghost sector all have to admit a fixed

point in order for the asymptotic-safety scenario to be realised. Furthermore, since we have

argued that the fixed-point value of ghost couplings will typically be shifted to non-zero values,

a non-trivial backcoupling into the β functions of metric couplings exists. Thereby these further

ghost directions can also considerably influence the fixed-point properties in the metric sector.

Beyond this question, several interesting questions remain to be analysed in the future:

• What is the status of terms beyond the Faddeev-Popov operator at the NGFP? Which ghost

couplings acquire a non-zero fixed-point value? What does this imply for the uniqueness

of gauge-fixing?

• Which ghost couplings contribute to relevant directions? How can these be related to

measurable quantities?

The methods that we have introduced here, pave the way for a more detailed investigation

of these questions. This opens up the possibility to gain a more detailed understanding of this

aspect of asymptotically safe quantum gravity and shed light on the structure of an interacting

UV fixed point for this particular gauge theory.
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5.1 Matter in asymptotically safe quantum gravity

Quantum gravity phenomenology has two main goals: One is to predict experimentally accessible

phenomena which are genuine outcomes of quantum gravity and thus in some way result from

the quantum nature of space-time. This goal is a highly challenging one, since the energy scale

determining the realm of quantum gravity is many orders of magnitude above present earth-

bound accelerator experiments. A possible access to quantum gravity phenomena may be given

by astrophysical observations, since tiny effects can accumulate over large distances1.

On the other hand the phenomenology of quantum gravity also consists of showing that every-

thing that has already been observed is consistent with a candidate theory for quantum gravity.

In particular the theory has to support a semi-classical regime where an effective description in

terms of the Einstein equations holds. Furthermore it has to allow for the inclusion of (quantised)

matter without changing the observed low-energy properties of the matter content. Here one

specific requirement is that it has to be possible to support masses much below the Planck scale,

i.e. there has to be a separation of scales between the regime of strong gravity fluctuations

(around the Planck scale), and the scale of chiral symmetry breaking, which is responsible for

the generation of the fermion masses in the Standard Model.

Within the asymptotic-safety scenario for gravity the inclusion of matter is straightforward, in

contrast to some other approaches to quantum gravity2. As the asymptotic-safety scenario stays

within the framework of local QFT, matter actions are simply built along the lines of quantum

field theory on curved space-times, since these lead to generally covariant equations of motion.

The framework naturally differs in the fact that metric fluctuations are also taken into account,

not just matter fluctuations on a fixed given background. Accordingly in a functional RG approach

both matter and metric loops exist, see fig. 5.1.

Thus running couplings in the matter sector receive contributions from metric fluctuations, and

running couplings in the gravitational sector are driven by matter fluctuations. In such a way

a unified picture emerges, that treats gravity and matter (meaning fermionic matter as well

as gauge bosons) in the same way, quantising an action containing both fields in the path-

1As an example, consider the high-energy end of the spectrum of high-energetic cosmic showers, which might be

explained by some property of quantum gravity, see, e.g. [277]. Further, some approaches to quantum gravity may

be connected to Lorentz-symmetry violations or deformations, see, e.g. [278]. This is currently being constrained

experimentally, see, e.g. [279].
2For example basing the theory on a discrete nature of space-time prohibits the use of most methods of quantum

field theory in the microscopic regime, thus rendering the inclusion of matter a highly challenging task.

82
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�tΓk �

Figure 5.1: Including matter, the flow equation contains contributions by metric (curly line), ghost

(dashed line), bosonic matter (full line) and fermionic matter (dotted line) loops.

integral framework by assuming the existence of a NGFP3. Let us emphasise that the RG flow

will generically also generate non-minimal matter-gravity couplings, which may have interesting

phenomenological consequences, e.g. in cosmology or in regimes where curvature invariants

become large.

In the following, we will also employ the framework of the FRG in the context of effective

field theories. Here, the main idea is that on scales presumably below MPlanck it is not necessary

to know the UV completion for gravity and its true microscopic degrees of freedom. Instead, the

theory can be studied as an effective field theory with effective degrees of freedom, namely the

metric. The underlying microscopic theory then determines the initial conditions for the RG flow

within the effective field theory. Thus, the compatibility of other UV completions for gravity with

the observed low-energy properties of matter can also be studied here.

Thereby our studies provide a well-defined framework to investigate a much larger class of

UV completions for gravity than asymptotic safety, since the effective-field-theory framework is

also expected to be applicable to UV completions which rely on other assumptions4. Thus the

RG framework may also be used to study implications of quantum gravity which hold generically,

and can thus establish connections between different approaches to quantum gravity.

The investigation of the compatibility of asymptotically safe quantum gravity with quantised

matter was pioneered in [219, 220], where the back-reaction of minimally coupled fermionic and

bosonic matter onto the Einstein-Hilbert sector was investigated. Constraints on the matter

content of the universe can be derived in this way. Most importantly, the matter content of the

Standard Model is compatible with asymptotically safe quantum gravity within the investigated

truncation [219], where not all possible combinations of fermion number and boson number support

a NGFP with a positive Newton coupling. Non-minimally coupled scalar fields have been studied

in [220, 256], which may be interesting for scenarios of inflation.

These studies focus on the question, how matter fluctuations influence the existence and the

properties of the fixed point. On the other hand the effect of metric fluctuations and the NGFP on

the matter sector allows to investigate which properties of, e.g. the Standard Model are altered

by gravity.

Here investigations so far have focussed on Yang-Mills theories and the Higgs sector. Within

the functional RG setting, calculations in [257, 258, 260] show that asymptotically free gauge

theories keep this property when fluctuations in the metric tensor are included. Most interestingly,

a U(1) gauge theory may also be rendered asymptotically free [56], thus potentially allowing for

a solution of the triviality problem. On the other hand the QED-QEG system may also allow

for a NGFP where the QED coupling corresponds to an irrelevant coupling. In principle, such a

mechanism, where the NGFP renders perturbatively relevant couplings irrelevant is of course a

3This does not preclude that some couplings may be zero at the fixed point, accordingly this picture is compatible

with, e.g. asymptotic freedom of QCD.
4Of course an effective description in terms of the metric would break down for a UV completion for gravity that

included further massless degrees of freedom, since then the decoupling assumption underlying the effective field

theory framework would not apply. Since we do not observe additional massless gravitational degrees of freedom at

low energies, their existence and their couplings are severely constrained.
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very attractive, albeit highly speculative, possibility to reduce the large number of free parameters

of the Standard Model.

The Higgs sector of the Standard Model is likely to inherit the triviality problem from scalar

φ4 theory. A NGFP in the Higgs sector itself may solve this problem [9, 190, 189], or the coupling

of the Higgs to gravity may render the theory fundamental [255, 259].

5.1.1 Chiral symmetry breaking through metric fluctuations

A sector where metric fluctuations may be expected to have interesting consequences is the

fermionic sector of the Standard Model. It contains light fermions, since their mass is protected

by chiral symmetry. Mass generation in the Standard Model is then linked to chiral symmetry

breaking, which results from strong correlations between fermions, which are induced either in

a Yukawa-type fashion in the Higgs sector and also through gluonic interactions in QCD. The

associated mass of the fermions is then naturally related to the typical mass scale of this sector.

In the case of gravity this scale would be around the Planck scale, making fermions so massive as

to remove them from currently accessible energies. This is of course in most severe contradiction

to observations.

Within the framework of the FRG, the onset of chiral symmetry breaking can be accessed within

a purely fermionic truncation. In a fermionic language, chiral symmetry breaking is signalled by

a diverging four-fermion coupling. In particular, we consider a Fierz-complete basis of SU�Nf�L�
SU�Nf�R symmetric four fermion couplings here, since any of the possible channels might become

critical, with the others only following as a consequence. Thus the use of a Fierz-complete basis

is expedient. In our case, it is given by

Γk 4�fermion � 1

2

�
d4x

�
g
�
λ̄
�

�V � A� � λ̄� �V � A�
�
, where

V �
�
ψ̄iγμψ

i
��

ψ̄jγμψj
�

A � �
�
ψ̄iγμγ

5ψi
��

ψ̄jγμγ5ψj
�

(5.1)

Here the brackets indicate expressions with fully contracted Dirac indices and the Latin indices

i, j � 1, ...Nf denote flavour indices. The four-fermion couplings λ̄� should not be confused with

the cosmological constant λ. For our notation regarding the vierbein and the spin connection,

see app. A.4.1.

Let us now explain how four-fermion couplings are linked to chiral symmetry breaking, before

we motivate, how a coupling to gravity might modify the picture.

Chiral symmetry breaking is expected to become manifest in the scalar-pseudo-scalar channel,

which is actually related to the λ� channel by a Fierz transformation

λ̄�
��ψ̄iγμψ

i�2 � �ψ̄iγμγ5ψ
i�2� � λ̄σ

��ψ̄iψj�2 � �ψ̄iγ5ψ
j�2�, (5.2)

where �ψ̄iψj�2 � ψ̄iψjψ̄jψi, and similarly for the pseudo-scalar channel. Here λ̄σ � � 1
2
λ̄� has to

hold for an exact Fierz-identity.

Introducing a composite boson for a fermion bilinear, we can schematically rewrite the path

integral �
D ψ̄ D ψ e�

��ψ̄i �Dψ�λ�ψ̄ψ�2� �
�
D ψ̄ D ψ D φe�

��ψ̄i �Dψ� 2
λφ

2�hφψ̄ψ�. (5.3)

Since chiral symmetry breaking implies the formation of a fermion bilinear condensate, this is

related to the generation of a condensate for the boson. For a simple bosonic potential with

a global symmetry we can read off spontaneous symmetry breaking easily: It corresponds to

a Mexican-hat-type potential. The transition between the symmetric and the symmetry-broken
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phase occurs when the boson mass vanishes. As is clear from eq. (5.3), the inverse four-fermion

coupling is related to the boson mass. Accordingly we find that the criterion for chiral symmetry

breaking within a purely fermionic truncation is a diverging four-fermion coupling. In order to

determine when this criterion can be satisfied, let us introduce the dimensionless renormalised

couplings λ� and the fermionic anomalous dimension ηψ:

λ� �
k2λ̄�

Zψ
, ηψ � ��t lnZψ, (5.4)

where Zψ denotes the fermionic wave-function renormalisation. The one-loop form of the Wetterich

equation determines the possible terms in the β functions for λ�:

βλ� � �2� ηψ�λ� � a λ2
� � b λ�λ� � c λ2

� � dλ� � e. (5.5)

Herein the first term arises from dimensional (and anomalous) scaling. The only purely fermionic

diagram that can be constructed from a truncation containing a kinetic term and four-fermion terms

is obviously a two-vertex diagram, which results in the quadratic contribution. The coupling to

further fields can result in a tadpole contribution � dλ�, as well as a λ�-independent part. The

numerical values for a, b and c depend on the regulator; the contributions d and e will also

depend on further couplings.

Within a purely fermionic truncation, the β function for λσ is then a parabola, which generically

admits two real fixed points, a Gaußian and a non-Gaußian one. As shown in fig. 5.2, any initial

condition to the left of the interacting fixed point results in a flow that is attracted towards

the trivial fixed point towards the infrared. Accordingly fermions will be weakly correlated on

macroscopic scales and chiral symmetry will remain intact. On the other hand an initial condition

to the right of the NGFP results in a diverging flow at a finite scale, and hence chiral symmetry

breaking.
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Figure 5.2: Sketch of the β function for λσ :

The upper (blue, full) curve shows the generic

situation in a purely fermionic truncation,

where two real fixed points exist. Arrows indi-

cate the flow towards the infrared. The purple

dotted curve indicates the situation, where the

Gaußian and the non-Gaußian fixed point an-

nihilate. For the red dashed curve the zeros

of the β function are all complex.

This picture gets modified in a crucial way when further interactions are allowed. In particular, in

QCD, non-Abelian gauge boson fluctuations lead to chiral symmetry breaking and the formation

of massive bound states when the gauge coupling g exceeds a critical value [53, 280, 7, 135].

This effect is due to contributions � g4 in the β functions (cf. eq. (5.5)). Since the sign of

this contribution is such as to shift the parabola downwards, the two fixed points annihilate for

g � gcrit. For larger values of the gauge coupling no fixed points exist and chiral symmetry

breaking occurs for any initial condition.

Due to the similarity between non-Abelian gauge theories and gravity a similar mechanism

might be expected to cause chiral symmetry breaking in the coupled fermion-metric system,
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induced by metric fluctuations. As such a process would be incompatible with our observation

that light fermions exist, this might allow to place restrictions on the asymptotic-safety scenario

or the allowed number of fermions. In particular, since the running Newton coupling plays a

similar role to the running gauge coupling, the requirement of unbroken chiral symmetry might

result in an upper bound on the allowed fixed point value for the Newton coupling.

The question that we are interested in here is actually not restricted to the asymptotic-

safety scenario: Our calculation applies to any scenario which allows to parameterise gravity

fluctuations in terms of metric fluctuations within an effective field-theory framework. Here we

use that, regardless of the nature of the UV completion for gravity, one can expect a regime where

quantum fluctuations of space-time can be parameterised in terms of metric fluctuations. This

description presumably holds on scales k0 � MPlanck. Then, the microscopic theory in principle

determines the initial conditions for the flow. Every quantum theory of gravity has to allow for the

possibility to incorporate light fermions. Here we will show that this observation in principle may

allow to restrict other UV completions for gravity, since the initial conditions determined from

the microscopic theory for the RG flow within the effective theory may actually lie in a region of

theory space which is not compatible with the existence of light fermions. Any candidate theory

for quantum gravity which in such a way precludes the existence of light fermions, may be an

internally consistent theory, but is experimentally found to be incompatible with our universe.

On the other hand a quantum theory of gravity which naturally allows for the existence of light

fermions, without requiring, e.g. a high degree of fine-tuning, receives non-trivial experimental

support here.

To study chiral symmetry breaking, we thus need to evaluate the β functions of the four-

fermion couplings λ�. Since in particular NGFPs play a crucial role to stabilise the fermionic

as well as the gravitational sector, it does not suffice to evaluate the β functions perturbatively

around a GFP. We therefore need to access genuinely non-perturbative information on the β

functions. Here the Wetterich equation is a well-suited tool.

Of course a purely fermionic truncation is not suited for studies of the symmetry-broken

regime, but allows to study the onset of symmetry breaking. In QCD, this strategy allows to

determine the critical temperature for chiral symmetry breaking [135, 7].

It is well-known, and can indeed be seen directly from the canonical dimension, that four-

fermion interactions are perturbatively non-renormalisable. This does of course not preclude their

study in this setting here. The perturbative non-renormalisability translates into the fact that

these couplings are irrelevant at the GFP. Accordingly they have to be set to zero at the UV

scale, when one uses them to construct a fundamental theory within perturbation theory. Even if

set to zero initially, such couplings are generated in the context of QCD, or also when coupled

to gravity. Their RG flow will then show if chiral symmetry is broken in this context.

Furthermore NGFPs may exist which may allow to construct a non-perturbatively renormal-

isable theory with non-vanishing four-fermion interactions.

Note that our study differs from investigations of chiral symmetry breaking by a classical

background curvature. In such a system the fermion propagator contains a term proportional to

the curvature. Then, a classical background will screen or enhance fermionic fluctuations that

lead to chiral criticality. For large positive curvatures, e.g. in a deSitter-type space-time, long-

range fluctuations are effectively screened, which averts chiral symmetry breaking. Screening

mechanisms for chiral symmetry breaking of this type have already been studied in various chiral

models, such as two- and three-dimensional (gauged) Thirring models [281, 282, 283] or the four-

dimensional gauged NJL model [284]. This effect should not be confused with the setting that

we will investigate in the following, where the classical background curvature is not taken into

account and instead large metric fluctuations, i.e. the quantum nature of gravity in contrast to

its classical properties may break chiral symmetry.
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5.1.2 Wetterich equation for four-fermion couplings

Since a minimally coupled kinetic term and four-fermion terms of the type above (see eq. (5.1))

suffice to study the onset of the chiral phase transition in QCD [53, 280, 135, 7, 8] with quan-

titatively good results, we study an analogous truncation here. As coupling fermions to gravity

allows for a larger number of operators, a different mechanism for chiral symmetry breaking may

apply here, see sec. 5.1.4. We also disregard momentum-dependent four-fermion interactions,

which could conveniently be included by performing a Hubbard-Stratonovich transformation and

including a kinetic term for the resulting bosonic fields. Furthermore the flow will also generate

fermion-ghost couplings which we set to zero here.

On a general (curved) space-time our truncation then reads:

Γk � Γk EH � Sgf � Sghost �
�
d4x

�
g iZψψ̄

iγμ∇μψ
i � Γk 4�fermion, (5.6)

with the Einstein-Hilbert term eq. (4.8) and the gauge-fixing term eq. (4.9). The covariant deriva-

tive ∇μ is given by ∇μψ � �μψ� 1
8
�γa, γb�ωμabψ, where Latin indices refer to the tangent space

and γμ � eμaγ
a. ωab

μ denotes the spin connection, which can be determined in terms of the vierbein

and the Christoffel connection by requiring that ∇μe
ν
a � 0, for details on the coupling of fermions

to gravity see, e.g. [285, 286]. For the vierbein we work in the symmetric vierbein gauge [287, 288]

such that O�4� ghosts do not occur. This gauge also allows to re-express vierbein fluctuation

purely in terms of metric fluctuations. Details on the second functional derivative of the effective

action can be found in app. A.4.1.

Note that even in the Landau deWitt gauge ρ 	 α 	 0 the wave-function renormalisation

Zψ receives a non-trivial contribution, which is a first difference between gravity and Yang-Mills

theory [10]. Within a first study we do not evaluate ηψ � 
�t lnZψ directly. Instead we simply

keep Zψ � 1 in our calculation, which allows us to test the possible effects of a non-zero anomalous

dimension.

In our calculation we apply the following strategy: As the four-fermion interaction cannot

couple directly into the Einstein-Hilbert sector, nor modify the wave-function renormalisation

in the pointlike limit, the fixed-point structure in the Einstein-Hilbert sector in the truncation

ηψ � 0 is exactly given by the calculation taking into account only a minimally coupled kinetic

fermion term [219]. Therefore our new task is to evaluate the β functions in the fermionic sector.

Accordingly a flat background ḡμν � δμν is fully sufficient, and technically highly favourable over

backgrounds with non-trivial curvature invariants.

Diagrammatically the β function can be represented by the �̃t-derivatives of the set of diagrams

in fig. 5.3, where we have performed a York decomposition of the metric fluctuation (as in eq. (4.15))

and work in Landau-deWitt gauge (i.e. α � 0), so that only the transverse traceless and the trace

contributions exist.

In order to construct these diagrams we have used some properties of the vertices, which are

derived in app. A.4: The vertex that couples a fermion, antifermion and two gravitons5 only exists

for the transverse traceless component, whereas the vertex coupling a fermion, antifermion and

graviton only exists for the trace mode. In particular this leads to the fact that the second three-

vertex diagram that one can draw using fermion-antifermion-graviton and fermion-antifermion-

two-graviton vertices vanishes identically, cf. fig. 5.4.

As a first result we observe a cancellation between the two box diagrams, which is actually

not restricted to gravity: The condition under which these diagrams cancel is that the coupling

should be scalar and not chiral. In particular, a Yukawa coupling of the type φψ̄ψ also leads to

5Note that again by gravitons we refer to metric fluctuations which are not necessarily small, i.e. we mean either

hTμν or h resp. by this term.
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Figure 5.3: Contributions to the run-

ning of the four-fermion coupling,

sorted according to the number of ver-

tices they contain. The diagrams con-

taining wavy lines receive contribu-

tions from the trace mode, only (see

below), the diagrams with curly lines

exist only for the TT mode. Dia-

grams 3a, 3b, 4a and 4b also ex-

ist if fermions are coupled minimally

to Yang-Mills theory. The additional

diagrams 1a, 1b, 2a and 2b can be

traced back to the fact that the
�
g

in the volume element generates addi-

tional graviton-fermion-couplings and

the covariant derivative in the kinetic

term generates not only one- but also

two-graviton fermion couplings.

Figure 5.4: The two vertices to the left exist only for the trace

mode, whereas the vertex to the right only exists for the transverse

traceless mode. The required propagator for the metric (the curly

red line) would be required to be non-diagonal in the metric modes.

There exists no choice of gauge parameters α and ρ, for which the

corresponding off-diagonal matrix entry exists.

a cancellation, whereas a chiral Yukawa coupling does not [10]. For a detailed calculation of this

cancellation see app. A.4.2.

In Yang-Mills theory the box-diagrams are the only contribution that generates the four-

fermion interaction even if it is set to zero initially. As gravity allows for a larger number of

vertices from a minimally-coupled kinetic fermion term, the two-vertex diagram 2a in fig. 5.3 will

create this contribution here. Thus the β functions will contain similar terms as in Yang-Mills

theory, altough their diagrammatic origin is different.

To determine the structure of the β functions note that each metric propagator is � G, and each

four-fermion-vertex � λ�. We observe that the gravitational diagrams do not lead to mixing

between λ� and λ� in the respective β functions, hence, e.g. no term � Gλ� contributes to βλ� .

The β functions for the dimensionless couplings are then given by

�tλ� � �2� ηψ�λ� � a λ2
� � b λ�λ� � c λ2

� � dG λ�f1�λ� � eG2f2�λ�. (5.7)

Here the details of the functions f1�λ� and f2�λ� as well as the precise numerical values of the

coefficients a, ..., e depend on the choice of regulator. Eq. 5.7 shows that the β functions are

structurally analogous to Yang-Mills theory, in that they contain terms � G2 (cf. � g4) and

� Gλ� (cf. � g2λ�). We might therefore expect a similar mechanism as in Yang-Mills theory to

lead to chiral symmetry breaking through metric fluctuations.
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Clearly the coupled system of β functions for λ̃� will admit 22 fixed points which need not all

be real. If no real fixed points exist for some value of �G, λ,Nf� then chiral symmetry is broken

for this choice. If fixed points exist then it may depend on the choice of initial conditions, if chiral

symmetry breaking is possible, see fig. 5.5. In particular it may happen that the fixed point is

found at negative values for λ�. This does not pose any stability problems in a fermionic setting.

Λ


ΒΛ


� � ��

Figure 5.5: Sketch of the β function

of one four-fermion coupling: With-

out gravitational interactions the

parabola for the four-fermion cou-

pling admits a GFP and a NGFP

(blue full line). Metric fluctua-

tions may shift it (red dashed line),

thereby inducing two interacting

fixed points, or lead to a destabil-

isation (purple dotted line).

From the vertices that exist within our truncation it is possible to construct a number of dia-

grams with six external fermion/antifermion legs, which accordingly seem to generate an explicitly

symmetry-breaking 6-fermion interaction. A careful inspection of these diagrams reveals that the

loop integral in each of these is over an uneven power of momenta and hence vanishes. This

follows, as the fermion propagator is linear, the metric propagator quadratic, and the fermion-

antifermion-n-graviton vertex linear in momentum. Accordingly, although one may naively draw

diagrams that lead to explicit chiral symmetry breaking, these diagrams vanish identically if the

regulator respects the symmetry, and the symmetry can only be broken spontaneously. This

constitutes an explicit example of how the flow equation respects symmetries of the theory as

long as no explicit breaking is introduced by the regulator.

5.1.3 Results: Existence of light fermions

Evaluating the trace over space-time and Dirac indices to arrive at the β functions, we employ

the identities for γ-matrices given in app. A.4.3. The β functions for the dimensionful couplings

for a general regulator Rk�p
2� � Γ

�2�
k r�y� with y � p2

k2 are then given by:

βλ̄� � �tλ̄� � 2
�
λ̄�

1

32
I�0, 0, 1� � λ̄�

5

8
I�0, 1, 0� �

15

4096
I�0, 2, 0� � λ̄�

3

16
I�1, 0, 1�

	λ̄�
27

256
I�2, 0, 1� 	 fermionic contr.

�
. (5.8)

The fermionic contribution that we have not written out can be found in [10], and details on the

integral I�f,TT, h� can be found in app. A.4.4.

Specialising to the case of a cutoff of the type

Rk grav�p
2� �

�
Γ
�2�
k �k2� � Γ

�2�
k �p2�

�
θ�k2 � p2�

Rk ferm�p
2� � Zψ 
p

��
k2

p2
� 1

�
θ�k2 � p2� (5.9)
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the pair of β functions for the dimensionless variables is given by

�tλ� � 2λ
�

� 2ηψλ� � 2
�
�

5G�ηN � 6�

24π�1 � 2λ�2
λ
�

�
G��6 � ηN�

4π�3 � 4λ�2
λ
�

�
5G2�ηN � 8�

128��1 � 2λ�2

�
G �36ηN � 7 �54 � 24λ� ηψ��3 � 4λ���

25π�3 � 4λ�2
λ
�

(5.10)

�
9G �21ηN � 24��14 � ηψ� � 32��7 � ηψ�λ�

448π�3 � 4λ�2
λ
�

�
� ��5 � ηψ�

λ2
�

� Nfλ
2
�

� Nfλ
2
�

40π2

�tλ� � 2λ� � 2ηψλ� � 2
�
�

5G�ηN � 6�

24π�1 � 2λ�2
λ� �

G��6 � ηN�

4π�3 � 4λ�2
λ� �

5G2�ηN � 8�

128��1 � 2λ�2

�
G �36ηN � 7 �54 � 24λ� ηψ��3 � 4λ���

25π�3 � 4λ�2
λ� (5.11)

�
9G �21ηN � 24��14 � ηψ� � 32��7 � ηψ�λ�

448π�3 � 4λ�2
λ�

�

��ηψ � 5�
�2λ�λ� � 2Nfλ�λ� � 3λ2

�

40π2
.

Herein, the single terms correspond to the diagrams in fig. 5.3 in the following sequence: The

first two terms are due to the dimensionality of λ�. The third and fourth term correspond to the

transverse traceless tadpole (1a) and the conformal tadpole (1b), respectively. The next term is

represented by the two-vertex diagram with internal gravitons only (2a). The mixed two-vertex

diagram (2b) results in the sixth term. Finally the three-vertex diagram (3b) corresponds to the

second last term and the purely fermionic contributions (3a) are represented in the two differing

last terms.

We find four pairs of NGFPs for λ� for G � 0, as in [10]. The first is the Gaußian one,

characterised by two critical exponents θ1,2 � �2, corresponding to the canonical dimension of

the couplings. Two further fixed points have one relevant direction with θ1 � 2, and one irrelevant

direction. A last fixed point has two relevant directions. This structure persists under the inclusion

of metric fluctuations. We cannot find values �G� � ��10, 10�, λ� � ��10, 1�2�,Nf � �2, 103�� for

ηψ � 0, such that less than four real fixed points exist.

This surprising difference to Yang-Mills theory can be understood from the fact that in the

case of gravity terms 	 Gλ� outweigh the effect of terms 	 G2, in contrast to Yang-Mills theory.

The naive expectation, that gravity, mediating an attractive interaction, will also lead to the

formation of bound states in our setting, is contradicted (within our simple truncation). Instead

metric fluctuations mainly modify the anomalous scaling of the interaction through terms of the

form 	 Gλ�. In more physical terms, the 	 G2 terms can be identified with the attractive

interaction mediated by gravity, whereas the terms 	 Gλ� constitute the gravity contribution

to the (anomalous) scaling of the fermion couplings, �tλ� � �2�1 � ηψ � . . . G�λ� � . . . . The

mechanism for the generation of fixed points in the fermionic flows is a balancing between the

dimensional and anomalous scaling on the one hand, and the fermionic fluctuations on the other

hand. Gauge-field fluctuations generate the four-fermion couplings even if they are set to zero,

hence they support the fermionic fluctuation channels. In contrast, metric fluctuations also take a

strong influence on the anomalous dimensional scaling which counteracts the general attractive

effect of gravity.

This viewpoint is further supported by other technical observations: whereas gravity is channel

blind with respect to the scaling terms, i.e. �tλi 	 Gλi, gauge boson fluctuations with coupling g



5.1 Matter in asymptotically safe quantum gravity 91

also give rise to terms �tλi � g2λj with i � j that act rather like the above mentioned fluctuation

terms.

Let us comment on the question, if metric fluctuations can in this way counteract gluonic

fluctuations and prevent chiral symmetry breaking in QCD. Here it is important to realise that

the scale at which metric fluctuations are strong is a regime, where due to asymptotic freedom

gluonic fluctuations can be neglected. On the other hand, quantum gravity effects are expected

to be negligible on scales where the QCD coupling becomes large and gluonic fluctuations lead

to chiral symmetry. This separation of scales implies that the results concerning chiral symmetry

breaking through gluonic fluctuations can be expected to remain unaltered.

Universality classes for the fermionic system

For G� � 0 the GFP is shifted and becomes an interacting fixed point (see fig. 5.7). This effect can

be traced back to the terms � G2 in the β function. Since the terms � Gλ� dominate, the NGFP

also experiences a considerable shift, such that for G � 0 the fixed points move further apart.

If this structure persists beyond our simple truncation, the system has four different universality

classes available in the UV.

Since the four-fermion couplings do not couple back into the flow of the Einstein-Hilbert

sector, the stability matrix has a 2� 2 block of zeros off the diagonal. Therefore the eigenvalues

are determined by the eigenvalues in the Einstein-Hilbert, and the four-fermion subsector. Ac-

cordingly the critical exponents are given by the two relevant directions in the Einstein-Hilbert

sector and the two real critical exponents in the fermionic subsector. The dependence of the

critical exponents on Nf at each of the four fixed points is shown in fig. 5.6. Here we show values

which are determined by inserting a triplet �Nf,G � G�, λ � λ�� as determined in [219] within

asymptotically safe quantum gravity. The difference of [219] to our regularisation scheme adds to

our truncation error, but will not change our findings qualitatively.
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Figure 5.6: Critical exponents in the fermionic subsector as a function of Nf, where we always

plot one critical exponent with red dots and the second one with blue squares. The upper left

panel corresponds to the shifted GFP and therefore has irrelevant directions only.
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Decoupling of metric fluctuations within asymptotic safety

The critical exponents tend to their values from the purely fermionic system for large Nf . This

is due to the following mechanism being at work here: A negative value for λ acts similar to a

"mass term" for the metric, since the metric propagator is schematically given by 1
p2
�2λ

. Therefore

it suppresses the metric contribution to βλ� . As shown in [219], the backcoupling of a minimally

coupled fermion sector into the Einstein-Hilbert sector shifts λ to increasingly negative values as

a function of Nf . Therefore the interaction of both sectors, the fermionic and the metric one, leads

to a regime where the large "graviton mass" suppresses the contribution of metric fluctuations to

the running of fermionic couplings. This decoupling mechanism ensures that the properties of the

matter sector will not be strongly altered by metric fluctuations.

This feature distinguishes gravity from Yang-Mills theory, where no analogous mechanism exists

to suppress gluonic fluctuations.

Let us stress that this decoupling mechanism is a feature of asymptotically safe quantum

gravity, and does not naturally occur in the effective field-theory setting, where the couplings can

have values unrestricted by any fixed-point requirement. Within the asymptotic-safety scenario

it is the interplay between fermionic and metric fluctuations in combination with the fixed point,

that results in the observed decoupling mechanism.

We observe that the decoupling mechanism is only at work in theories with a larger number of

fermionic degrees of freedom, as it is the case for the Standard Model. Since minimally coupled

scalars shift the fixed-point value for the cosmological constant towards λ� �
1
2
, see [219], a larger

number of scalars even results in an enhancement of metric fluctuations. As a consequence, even

at the shifted GFP the fermionic system can develop strong correlations, since the fixed point

values for λ� can then become quite large. Accordingly, in theories with a supersymmetric matter

content and low-scale supersymmetry breaking, such a decoupling mechanism might not occur

or only in a much weaker fashion. Supersymmetric theories with a quantum gravity embedding

may thus have to satisfy stronger constraints as far as the initial conditions of their RG flow are

concerned.

We exemplify the above by showing the RG trajectories (directed towards the infrared) in the

�λ�, λ�� plane (see fig. 5.7). We set Nf � 2 and ηψ � 0 and then show the flow without the

metric contribution, and with the metric contribution with G, λ taking their fixed-point values for

Nf � 2 according to [219].
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Figure 5.7: RG trajectories towards the infrared in the �λ�, λ�� plane. The left panel shows the

flow with G � 0 � λ, the right one with G � 2.3 and λ � �1.38, which are the fixed-point values

for Nf � 2 from [219].
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Effective field theory: Restrictions on UV completions of gravity

Let us now analyse the system in the setting of effective field theories, where no fixed-point

requirement determines G, λ and ηN . Instead, any microscopic UV completion of gravity should

allow for a regime at k0 � MPlanck, where our framework is applicable. The microscopic theory

then in principle determines the initial conditions for the flow at k0.

Within standard scenarios for matter, the fermionic system should be in the vicinity of the GFP

on scales where metric fluctuations die out and matter and gauge boson fluctuations dominate

the picture. Thereby the allowed initial conditions for the flow at k0 are restricted to lie within

the basin of attraction of the (shifted) GFP (see fig. 5.8).
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Figure 5.8: Flow towards the infrared in

the λ�, λ�-plane for ηN � 0, ηψ � 0, G �
0.1, λ � 0.1 and Nf � 6. For initial values

to the right of the red lines the fermionic

system is in the universality class of the

(shifted) Gaußian fixed point. Any micro-

scopic theory that would put the effective

quantum field theory to the left of the red

lines would generically not support light

fermions.

As is clear from fig. 5.8, it is generically possible for a UV completion for gravity to determine

initial conditions for the RG flow that are compatible with the existence of light fermions without

a high degree of finetuning. Thereby our calculation suggests that the existence of light fermions

might generically be compatible with quantum gravity. Naturally it has to be checked within

any specific proposal for quantum gravity if this possibility is indeed realised, which requires to

determine the values of the effective theory from the microscopic theory.

We also observe that for generic values of G and λ the system can be altered considerably.

As a first observation, the parabolas broaden as a function of G for a fixed value of λ, as shown

in fig. 5.9. As an example, we depict the β function for λ�, for fixed Nf � 2, ηN � �2, ηψ � 0 and

λ � 0. We set λ� on the shifted Gaußian fixed point value.

A particularly strong effect can be observed for positive values of λ. Here, the contribution from

the metric sector is further enhanced for λ � 0, and indeed the β functions show the well-known

divergence for λ � 1
2
, which presumably should be attributed to a breakdown of the simple

Einstein-Hilbert truncation in the infrared.

As an example, we depict the value of λ� at the shifted Gaußian fixed point in fig. 5.10.

We observe that the GFP can be shifted to considerably larger values of �λ�, λ��. This implies

that the system will be strongly-interacting in this sector even at the shifted GFP, which may

alter its physical behaviour.

We may now study to which extent an extension of the truncation with ηψ � 0 can change

our findings. Here we do not determine the value of ηψ from the Wetterich equation, but simply

check the effect of non-zero values for ηψ on the fixed-point structure in the fermionic sector.

Interestingly a negative value of ηψ can lead to a crucial change in the flow: For ηψ � ηψ crit

the shifted Gaußian and one fixed point with one relevant direction fall on top of each other (cf.
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Figure 5.9: βλ� as a function of λ�
for different values of G, where λ�
is set on the shifted GFP-value.

The full blue line corresponds to

G � 0, the red dashed one to G �

0.2, the purple dotted one to G �

0.5 and the pink dotted-dashed

one to G � 2. The inlay shows the

region around the Gaußian fixed

point, where its shift is clearly vis-

ible.
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Figure 5.10: Fixed-point value of λ� at

the shifted Gaußian fixed point for Nf �

2, ηψ � 0 and ηN � 0 as a function of

λ for G � 1 (full blue line), G � 0.5

(red dotted line) and G � 0.2 (magenta

dashed line).

fig. 5.11), exhibiting one marginal direction with a zero eigenvalue at this point. Since gravity

has been observed to induce a negative anomalous dimension for the fermions [259], this critical

value might be assumed at high energies. What one naively would suppose to be the basin of

attraction for the GFP might then end up in a different region in theory space under the flow,

when ηψ crosses the critical value. A more detailed investigation is straightforwardly possible

here with the methods outlined in this section.
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Figure 5.11: At ηψ � �1.0592 (for the

specific parameter values Nf � 6, G �

0.1, λ � 0.1, ηN � �2) the Gaußian

fixed point and a fixed point with one

relevant direction fall on top of each

other (in the lower right quadrant).
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5.1.4 Outlook: Spontaneous symmetry breaking in gravity

We have investigated the compatibility of light fermions (i.e. unbroken chiral symmetry) with the

asymptotic-safety scenario for quantum gravity and also studied a setting within the effective-

field-theory framework. In contrast to Yang-Mills theory, where gluonic fluctuations break chiral

symmetry if a critical value of the coupling is exceeded, metric fluctuations induce no such effect

within our truncation.

As no combination of values �G, λ,Nf, ηN, ηψ� can be found for which chiral symmetry is directly

broken, the asymptotic-safety scenario is compatible with light fermions within our truncation. In

the case of a different UV completion for gravity the initial conditions for the flow equations that

hold within an effective description, have to fall into a certain region in theory space, in order to

avoid chiral symmetry breaking.

In Yang-Mills theory, a truncation of FRG equations containing only minimally coupled

fermions and gluons suffices to discover the effect of chiral symmetry breaking. In gravity an

extension of the truncation might be necessary in order to observe chiral symmetry breaking.

At dimension six (for two-fermion terms) and eight (for four-fermion-terms) we encounter a

variety of new terms that are not forbidden by explicit chiral symmetry breaking, for instance

dim 6:

�
d4x

�
gR ψ̄ �∇ψ,

�
d4x

�
gRμν ψ̄γ

μ∇νψ, (5.12)

dim 8:

�
d4x

�
gR

�
V 2 � A2

�
,

�
d4x

�
gRμν

��
ψ̄iγμψi

��
ψ̄jγνψj

�
�
�
ψ̄iγμγ5ψi

��
ψ̄jγνγ5ψj

��
. (5.13)

At higher dimensionalities the number of terms increases considerably, as then also, e.g. con-

tractions involving the Riemann tensor will be possible. Furthermore couplings involving �∇ or

higher powers of the curvature are possible. Distinguishing between the background and the

fluctuation metric leads to an even larger "zoo" of possible operators.

Several comments are in order here: As a first requirement we demand the existence of a

fixed point for the extended truncation. Here, the above couplings do not only alter the fermionic

flow, but, e.g. the non-minimal kinetic terms couple back into the flow of the Einstein-Hilbert

sector and further metric operators. The effect of metric fluctuations implies that none of these

couplings will have a GFP, as the antifermion-fermion-two-graviton vertex generically generates

these couplings even if they are set to zero (see fig. 5.12).

Figure 5.12: The �̃t derivatives of these

diagrams generate contributions to the

couplings in eq. (5.13) (couplings to

external metric structures result from

corresponding derivatives of the dia-

grams). The upper diagram also con-

tributes to the fermion anomalous di-

mension. Both terms are generated

from vertices arising from the minimally

coupled kinetic term.

Hence these couplings will typically assume non-zero fixed point values, thus constituting a non-

vanishing contribution to the β functions in the Einstein-Hilbert as well as the fermionic sector.
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In particular, non-minimal kinetic terms give a contribution � G2 to the β functions for λ�.

As the absence of chiral symmetry breaking in our truncation follows from the dominance of

anomalous scaling of the fermionic interactions (i.e. terms � Gλ�) over fluctuations that induce

attractive interactions and drive the fermionic system to criticality (i.e. terms � G2), we expect

further terms of the second type to play a crucial role. Clearly an extension of our truncation

in this direction is of particular interest. Note that furthermore such non-minimal terms may be

interesting in the context of cosmological applications, such as chiral symmetry breaking in the

history of our universe. Here, finite temperature effects as well as such non-minimal terms may

play a crucial role and demand for further investigation.

Let us stress again that the property, that metric fluctuations within the asymptotic-safety

scenario, but also within an effective field theory framework generically shift a Gaußian to a non-

Gaußian fixed point is of interest beyond the question of chiral symmetry breaking. The same

mechanism may apply for generic matter couplings, thus inducing (potentially strong) interactions

of the matter theory at high energies. These may potentially play a role in early-universe

cosmology and thus are of interest for further studies.

Let us now broaden our view a bit, concerning the so far unaddressed question of gravity-

induced symmetry-breaking patterns. Here, we have assumed an SU�Nf�L � SU�Nf�R symmetry

(with additional U(1) factors of particle number and axial symmetry), and implicitly assumed its

breaking in a QCD-like fashion, i.e. to a remaining mesonic SU(Nf) symmetry. It may now be

possible that the pattern of symmetry breaking is different in gravity. One may, e.g. consider a

scenario including an originally larger symmetry that may break to the standard chiral symmetry

upon large metric fluctuations. In particular, such an extension of the symmetry group may induce

a rich structure in the corresponding phase diagram of the theory: Different symmetry-breaking

patterns may be possible, corresponding to different phases with appropriate condensates and

excitations on top of these. If, e.g. a gravitationally-stimulated symmetry breaking transition

with a remnant standard chiral symmetry occurred near the Planck scale, stable bound states

(analogously to hadrons in QCD) may have remained and (if equipped with the right quantum

numbers) could contribute to the dark matter in the universe.

Furthermore, in analogy to recent ideas in QCD, where a quarkyonic phase with confinement

but intact chiral symmetry supports a spectrum of bound states, bound states may form that

correspond to bosonised operators, e.g. of the form eq. (5.13). These might be generated at a

scale where quantum gravity is strongly interacting, and may then become massive at the much

lower scale of chiral symmetry breaking. Supporting a stable bound state over such a large range

of scales requires, of course, a highly non-trivial interplay between gravity and matter.

Let us also point out that studies concerning the spontaneous breaking of global symmetries

of matter theories through metric fluctuations are generically of interest. Here, we have focussed

on studying the spontaneous breaking of chiral symmetry, but of course metric fluctuations may

potentially induce the formation of non-trivial VEVs that also break other global symmetries of

matter theories, such as, e.g. baryon number or similar. Depending on the phenomenological

implications of such mechanisms, these may serve to further restrict generic UV completions for

gravity, as well as the asymptotic-safety scenario.
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In this thesis we have studied how the Functional Renormalisation Group connects microscopic

and macroscopic degrees of freedom and descriptions of physics. We have introduced the Renor-

malisation Group flow, whose natural direction is from high to low momenta, i.e. from the ultra-

violet to the infrared. The flow successively takes into account the effect of quantum fluctuations

scale by scale and works not only in the perturbative regime, but most importantly also beyond.

In particular we have been interested in fundamental theories. These are theories which are

valid on all (momentum) scales, and do not show any unphysical divergences at any scale. In

a more physical language a fundamental theory can only be one, where we have identified the

correct UV degrees of freedom. In contrast effective theories are only valid on a limited range of

scales and use effective degrees of freedom adapted to these scales. As an illustration, consider

a theory where the UV degrees of freedom form bound states in the macroscopic regime. The

effective low-energy theory can then be formulated with the help of these macroscopic bound

states as effective degrees of freedom.

As an example, we have considered QCD, where the microscopic action is determined by

the property of asymptotic freedom, i.e. the theory has a Gaußian fixed point with one relevant

direction. Towards the infrared, the theory becomes strongly interacting, and the relevant degrees

of freedom change, since quarks and gluons become confined inside hadrons. We have studied

the property of confinement at zero and at finite temperature in Yang-Mills theory. In both parts,

i.e. for the evaluation of the gluon condensate at zero temperature as well as the study of the

deconfinement phase transition, we have relied on the background field method, where we have

used a non-trivial reconstruction of the corresponding fluctuation field propagators, thereby going

beyond former approximations in this framework.

In the first part we have focussed on the vacuum structure of Yang-Mills theory, and deduced

the existence of a condensate �F 2� from a full evaluation of the effective potential, which can

be interpreted as a condensation of gluons in the vacuum. Our value for the condensate agrees

rather well with estimates from other methods. Interestingly, the functional form of the effective

potential supports the leading-log model for the ground state of Yang-Mills theory, which allows

us to deduce a value for the string tension between a static quark-antiquark pair from our

calculation. Here, a straightforward extension of our work will allow to resolve approximations

that we have applied. In addition, an implementation of our calculation at finite temperature and

with the effects of quark fluctuations taken into account is also possible along the same lines,

thus establishing a connection to the QCD phase diagram. Furthermore we have related the

critical exponents κA,c, characterising the scaling behaviour of the ghost and gluon fluctuation

propagator in the deep infrared, to the asymptotic form of the β function of the background running

coupling. The requirement of a strongly-interacting regime in the infrared, which is at the heart
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of both confinement as well as chiral symmetry breaking, imposes constraints on the form of the

β function in the vicinity of the Gaußian fixed point. These translate into an upper bound on

the critical exponents. This confinement criterion is fulfilled for critical exponents evaluated from

functional methods.

In a second part we have gone beyond the zero-temperature limit of the theory, and studied

the deconfinement phase transition. For the physical case of the gauge group SU(3) we find

good agreement with results from lattice gauge theory. Let us stress that since we do not use

the standard order parameter, the Polyakov loop, but a related quantity instead, we can deduce

a potential encoding confinement for our order parameter from the sole knowledge of the ghost

and the gluon propagator. This is a crucial advantage in contrast to the Polyakov loop, the

knowledge of which requires information on all n-point correlation functions of the gluon. We

have then extended our study to different gauge groups, in particular SU(N) with 2 � N � 12,

Sp(2) and E(7), which allows to shed light on the question what determines the order of the

phase transition. Here our method allows to consider gauge groups which for technical reasons

are currently unaccessible to lattice gauge theory. We have found evidence suggesting that not

the center, but the size of the gauge group is the decisive quantity. Physically, this is due to

a large mismatch in the number of dynamical degrees of freedom on both sides of the phase

transition. We have further discussed how the group structure enters the order of the phase

transition through the eigenvalues of the Cartan generators in the adjoint representation. We

have developed a picture of constructive and destructive interference of SU(2)-potentials for the

order parameter, which can induce or prevent a second order phase transition, respectively. In the

future, e.g. thermodynamic properties of the deconfined phase can be studied with our method.

Using the RG flow in a less intuitive way, namely towards the ultraviolet, allows to search for

UV completions of effective theories, thereby establishing a connection from a known macroscopic

regime to a possible microscopic description. Here we use that UV completions can be found with

the help of non-interacting, i.e. Gaußian, or interacting, i.e. non-Gaußian fixed points in theory

space. In gravity a fundamental quantum field theory of the metric can only be defined at the

interacting fixed point. The physical assumption underlying this scenario is that the description

of gravity with the help of the metric field is indeed valid on all scales. In a first study we have

examined the Einstein-Hilbert truncation for a new combination of regularisation scheme and

gauge fixing, and used a method independent of heat-kernel techniques to evaluate the right-

hand side of the Wetterich equation. We have then studied a particular sector of the theory,

namely the Faddeev-Popov ghost sector, which arises after gauge fixing. We have discussed

several scenarios for this sector which we discriminate by the existence of relevant directions

and an interacting fixed point in this sector. The first has potentially challenging implications for

the relation between relevant couplings and measurable free parameters, whereas the second is

closely related to the possible non-uniqueness of gauge-fixing in the non-perturbative regime.

Our first extension of formerly studied truncations in this sector contains a non-trivial ghost

anomalous dimension. Our findings constitute further evidence for the existence of a physically

admissible, interacting fixed point.

In contrast to a perturbative setting, the properties of the ghost sector in the non-perturbative

regime are largely unclear. Firstly, relevant couplings can be related to operators containing

ghost fields, which makes the connection between relevant couplings and measurable quantities

highly non-trivial. Our evaluation of the ghost anomalous dimension suggests the existence of

such relevant couplings. As a specific example we have considered a ghost-curvature coupling,

that turns out to be relevant at its Gaußian fixed point. A second issue is closely related to the

non-perturbative non-uniqueness of gauge-fixing, the so-called Gribov problem. Going beyond

the perturbative regime, and in particular requiring the existence of an interacting fixed point

for the Newton coupling induces non-zero couplings in the ghost sector. In a diagrammatic
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expansion of the flow equation it is easy to see that non-zero values of couplings are generated

even if these are initially set to zero in a truncation. Thereby terms beyond a simple perturbative

Faddeev-Popov operator will be generated, and might even result in a unique gauge-fixing beyond

the perturbative regime. As a first study in this direction we have focussed on a resolution

of different running tensor structures in the Faddeev-Popov operator. Here we observe two

physically admissible fixed points, where one has a new relevant direction. The other one is

characterised by a further irrelevant direction and a positive ghost anomalous dimension, which

shifts further ghost operators towards irrelevance. This second fixed point can be interpreted as

an infrared fixed point, which allows to construct an RG trajectory with a well-defined IR as well

as UV limit. We have further considered an explicit example for terms beyond a simple Faddeev-

Popov operator and suggested the existence of non-vanishing four-ghost couplings. Further

investigations of the ghost sector along the lines outlined in this thesis are possible in the future,

thereby further clarifying the structure of the interacting fixed point for gravity in this particular

sector.

Finally we have applied the RG flow to a system containing fermionic fields coupled to the

metric. Specifically we have been interested in the compatibility of massless fermions with a

quantum gravity regime which can be parametrised by (strongly-coupled) metric fluctuations,

presumably around the Planck scale. This question establishes a connection between the micro-

scopic regime of quantum gravity and the macroscopic regime, where we observe the existence

of light (compared to the Planck scale) fermions. In this setting, we have not only focussed on

a fundamental theory of gravity, but also shed light on this question within the effective field

theory framework. We deduce chiral symmetry breaking from the fixed-point structure of the β

functions of four-fermion couplings: If these do not show any real fixed points, the fermionic

system becomes strongly correlated and chiral symmetry is broken, thereby endowing fermions

with a mass. Our findings suggest that asymptotically safe quantum gravity favours universes

in which light fermions exist. Here, we have also discussed a physical decoupling mechanism:

Fermionic fluctuations induce a negative fixed-point value for the cosmological constant, which

in turn suppresses metric fluctuations, whereby their influence on the properties of the matter

sector is reduced.

In the case of effective theories we have shown that the requirement of unbroken chiral sym-

metry in principle restricts any UV completion of gravity. Here we use that, within the effective

field theory framework, gravity fluctuations can be parametrised as metric fluctuations in a regime

presumably below the Planck scale, even if the microscopic theory supposes a different nature of

quantum gravity fluctuations, or even a discrete space-time. Then, the microscopic theory deter-

mines the values of couplings in the effective theory at some initial scale. Since these have to

fulfill certain requirements in order for light fermions to naturally exist, this allows – in principle

– to restrict the microscopic theory.

Our findings of unbroken chiral symmetry are in contrast to Yang-Mills theory, where in a

similar truncation gluonic fluctuations induce chiral symmetry breaking. This can be traced back

to the fact that metric fluctuations strongly alter the scaling behaviour of the fermionic couplings,

thereby preventing the breaking of chiral symmetry. Within our study we have also identified

terms beyond our truncation that may potentially induce chiral symmetry breaking in gravity.

Here, the methods used in our investigation also allow for a further extension of the truncation

and a detailed study of possible mechanisms of chiral symmetry breaking in gravity.

Let us stress, that applying the framework of effective field theories to quantum gravity, as

in this thesis, could provide for a very useful window into the quantum gravity realm: Testing

the compatibility of low-energy properties of matter with quantum gravity can be used to restrict

theories of quantum gravity. In the absence of experimental insights into quantum gravity such

tests provide for a non-trivial testing ground for candidate theories for quantum gravity.
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To summarise, let us say that the formalism of the functional RG, used in this thesis, allows to

access, in a qualitatively as well as quantitatively meaningful way, the non-perturbative regime of

large variety of theories. In particular, structural questions as, e.g. the properties of the sector of

a theory arising after gauge fixing, as well as more physical questions such as the deconfinement

phase transition or the existence of light fermions in our universe, can be studied further within

this formalism.

Since the existence of a fundamental quantum field theory relies on the existence of a well-

defined UV limit, candidates for fundamental theories show either a Gaußian or a non-Gaußian

fixed point. In the first case, the microscopic regime of the theory is accessible with perturbative

tools, but non-perturbative physics will emerge in the low-energy limit, such as in QCD. If we

on the other hand construct a fundamental theory with the help of an interacting fixed point,

the microscopic physics will generically be non-perturbative. We therefore find that in order

to understand fundamental theories, be they non-Abelian gauge theories as used to construct

the Standard Model, or be they candidates for a quantum gravity theory, we are bound to use

non-perturbative tools. As discussed in this thesis, the functional Renormalisation Group can be

applied to gain further understanding of these theories and might allow to show if the framework

of quantum field theory is rich enough to incorporate not only low-energy phenomena such as

confinement in QCD, but also a microscopic theory of quantum gravity.
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A.1 Yang-Mills theory

A.1.1 Notation in Yang-Mills theory

The gauge field carries a Lorentz (denoted by greek letters) and an adjoint colour index (denoted

by latin letters), and an explicitly indicated spacetime dependence: Aa
μ�x�. At zero temperature

the spacetime coordinates will be collectively denoted by x, whereas at non-zero temperature we

will sometimes write �x0, ?x�. The field strength tensor is given by

Fμν � �μAν � �νAμ � �Aμ, Aν� � Fa
μνT

a � ��μA
a
ν � �νA

a
μ � igfabcAb

μA
c
ν�T

a (A.1)

The dual field strength tensor is defined according to

�Fa
μν �

1

2
εμνκλFκλ, (A.2)

where ε0123 � 1.

Here we have introduced the Lie algebra generators which satisfy

�Ta, T b� � ifabcT c, (A.3)

with the structure constants fabc which define the adjoint representation

�Ta�bc � �ifabc. (A.4)

In the fundamental representation they satisfy the normalisation

Tr�Ta
fundT

b
fund� �

1

2
δab, (A.5)

whereas in the adjoint representation

Tr�Ta
adjT

b
adj� � Nδab (A.6)

for SU(N).
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A.1.2 Isospectrality relation on self-dual backgrounds

To evaluate the heat-kernel traces on a self-dual background we use that defining Tr� as the trace

without the zero mode, we make the following useful observation for the trace over some function

F :

Tr�xcLF�DT�

� 2

N2
c�1�

l�1

�
fl

2π

�2
� ��

n,m�0

F
�
2fl�n�m� 2�

�
�

��
n�0

��
m�1

F
�
2fl�n�m�

�
�

��
n�1

F
�
2fln

��

� 4

N2
c�1�
l�1

�
fl

2π

�2 ��
n,m�0

F
�
2fl�n�m� 1�

�
� 4TrxcF��D

2�, (A.7)

where the trace subscripts denote traces over coordinate space “x”, color space “c” and Lorentz

indices “L”. In other words, there exists an isospectrality relation between �D2 and the non-zero

eigenvalues of DT.

A.1.3 Symplectic group Sp(2)

The symplectic groups Sp(N) in the convention that we apply here can be defined in the following

way: Group elements U � SU(2N) that satisfy

U� � JUJ�, (A.8)

where the matrix J is defined by J � iσ2�1. The requirement eq. (A.8) clearly allows the elements

U to form a group, as closure and the existence of an inverse as well as a unit element can be

shown straightforwardly. Eq. A.8 also implies that Sp(1) is actually SU(2). To find the center of

Sp(N), realise that eq. (A.8) implies that any U � Sp(2) can be written as

U � �W,X�, ��X�,W �� (A.9)

with complex N � N matrices X and W . As a center element must be a multiple of the unit

matrix, it follows that W � W � for center elements. This clearly restricts the center to be Z2 for

all Sp(N). Our represenation of the generators of Sp�2� in the fundamental representation is as

follows:

C1 �

�
		


0 i 0 0

i 0 0 0

0 0 0 0

0 0 0 0

�
��, C2 �

�
		


0 1 0 0

�1 0 0 0

0 0 0 0

0 0 0 0

�
��, C3 �

�
		


i 0 0 0

0 �i 0 0

0 0 0 0

0 0 0 0

�
��,

C4 �

�
		


0 0 0 0

0 0 0 0

0 0 0 i

0 0 i 0

�
��, C5 �

�
		


0 0 0 0

0 0 0 0

0 0 0 1

0 0 �1 0

�
��, C6 �

�
		


0 0 0 0

0 0 0 0

0 0 i 0

0 0 0 �i

�
��,

C7 �

�
			


0 0 i�
2

0

0 0 0 � i�
2

i�
2

0 0 0

0 � i�
2

0 0

�
���, C8 �

�
			


0 0 1�
2

0

0 0 0 1�
2

� 1�
2

0 0 0

0 � 1�
2

0 0

�
���,
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C9 �

�
����

0 0 0 i�
2

0 0 i�
2

0

0 i�
2

0 0
i�
2

0 0 0

�
����, C10 �

�
����

0 0 0 1�
2

0 0 � 1�
2

0

0 1�
2

0 0

� 1�
2

0 0 0

�
����.

A.2 Asymptotically safe quantum gravity

A.2.1 Conventions and variations in gravity

We define the Riemann tensor by

�Dμ,Dν�Vκ � Rκ
αμνV

α. (A.10)

The Ricci tensor and Ricci scalar are then given by

Rμν � Rκ
μκν (A.11)

R � gμνRμν. (A.12)

For the evaluation of variations, we use the following symbolic notation:

Γk � Γk�h � 0� � δΓk � 1

2
δ2Γk � ... (A.13)

We have that

δgμν � hμν (A.14)

and for the inverse metric

δgμν � �hμν. (A.15)

Here, a second variation is also non-zero, since δ2�gμκgκλ� � δ2δλμ � 0 and hence

δ2gμν � 2hμλh
λν. (A.16)

Further we have that

δ
�
g � �

g
1

2
gμνhμν (A.17)

and

δ2�g � �
g��1

2
hμνhμν � 1

4
h2�, (A.18)

where h � gμνhμν . We also have that

δΓκ
μν �

1

2
gκλ �Dμhλν � Dνhλμ � Dλhμν� , (A.19)

from which we deduce that

δ2Γκ
μν � �hκλ �Dμhλν � Dνhλμ � Dλhμν� . (A.20)

This structure arises, as the variation of the terms Dμhλν etc. can be summarised to be of the same

form as the variation of the metric gκλ multiplied by the covariant derivatives of the fluctuation

metric. Finally we have the first variation of the Riemann tensor

δR
ρ
μλν � DλδΓρ

μν � DνδΓ
ρ
λμ. (A.21)
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From here, all further variation of metric invariants can be constructed by using the above first

and second variations.

In particular, we have that

δ2gμνRμν � �hDκD
μhκμ �

1

2
hD2h� hλμR

μ
αρλh

αρ � hλμRαλh
αμ � hμλD

λDρh
μρ � 1

2
hμρD

2hμρ, (A.22)

where by the arrow we indicate that we neglect all terms that will turn into total derivatives if

this expression is integrated over.

Furthermore

δR � �hμνRμν � DλDμh
μλ � D2h. (A.23)

The second variation of the Ricci scalar is given by

δ2R � 2hμλhνλRμν�hμνD2hμν�1

2
hD2h�hλμRμ

αρλh
αρ�hλμRαλh

αμ�hμλDλDρh
μρ�1

2
hμρD

2hμρ. (A.24)

Finally we have the second variation of the Einstein-Hilbert term

δ2

�
d4x

�
g �R � 2λ� �

�
d4x

�
g
��
�1

2
hμνhμν � 1

4
h2

�
�R � 2λ� � hRμνh

μν � hDλDμh
μλ

�1

2
hD2h� hμλRμνh

ν
λ � hλμR

μ
αρλh

αρ � hμλD
λDρh

μρ � 1

2
hμνD2hμν

�
.

(A.25)

Applying a York-decomposition and going over to a spherical background finally leads to the form

from which the inverse propagators for the metric modes can be directly read off. Note that we

set gμν � ḡμν here, but for simplicity do not write the bars over the background quantities.

δ22κ̄2

�
d4x

�
g��R� � �2κ̄2

�
hTμν

�
1

2
D2 � �d�d� 3� � 4

2d�d� 1� R

�
hμν T

�vμ
�
RD2d� 2

d
� R2d� 2

d2

�
vμ

�σ
���d� 1��d� 2�

2d2
D6 � 2� d

2d2
R2D2 � 2� d

2d
RD4

�
σ

�h
�
d� 2

d2
D2R � �d� 1��d� 2�

d2
D4

�
σ

�h
�
R
�d� 2��d� 4�

4d2
� D2��d� 1��d� 2�

2d2

�
h
�

(A.26)

Further the decomposition of the gauge-fixing term takes the following form

Γk gf � ZNκ
2

α

�
d4x

�
g
�
vμ

�
R

d
� D2

�2

vμ

�σ 1

d2

��d� 1�D2 � R2
	2
σ

�h
�

2ρ

d2
D2R � D4 2�d� 1�ρ

d2

�
σ

�ρ2

d2
hD2h

�
(A.27)

Note that in these expression the rescaling (4.20) remains to be completed.
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A.2.2 Hyperspherical harmonics

A basis for symmetric transverse traceless tensor functions on a spherical background is given by

the tensor hyperspherical harmonics T lm
μν �x�, which are eigenfunctions of the covariant Laplacian:

�D̄2T lm
μν �x� � Λl,2�d�T

lm
μν �x�. (A.28)

Similarly a basis of transverse vector functions is given by the vector hyperspherical harmonics

�D̄2T lm
μ �x� � Λl,1�d�T

lm
μ �x�. (A.29)

Finally a basis for scalar functions exists, the scalar hyperspherical harmonics:

�D̄2T lm�x� � Λl,0�d�T
lm�x�. (A.30)

The eigenvalues depend on the curvature scalar R̄ , the dimensionality d, and the eigenvalue l:

Λl,2�d� �
l�l� d� 1� � 2

d�d� 1�
R̄

Λl,1�d� �
l�l� d� 1� � 1

d�d� 1�
R̄

Λl,0�d� �
l�l� d� 1�

d�d� 1�
R̄. (A.31)

As expected, the eigenvalue does not depend on m, therefore the degeneracy factors Dl�d, s�
(with s � 2, 1, 0) are non-trivial and read:

Dl�d, 2� �
�d� 1��d� 2��l� d��l� 1��2l� d� 1��l� d� 3�!

2�d� 1�!�l� 1�!

Dl�d, 1� �
l�l� d� 1��2l� d� 1��l� d� 3�!

�d� 2�!�l� 1�!

Dl�d, 0� �
�2l� d� 1��l� d� 2�!

l!�d� 1�!
. (A.32)

Since the hyperspherical harmonics are basis functions, they satisfy completeness and or-

thogonality relations as follows:

δd�x � x���
ḡ

1

2
�ḡμρḡνσ � ḡμσ ḡνρ� �

��
l�2

Dl�d,2��
m�1

T lm
μν �x�T

lm
ρσ �x

�� (A.33)

δlkδmn �

�
ddx
�
ḡ

1

2
�ḡμρḡνσ � ḡμσ ḡνρ�T lm

μν �x�T
kn
ρσ �x� (A.34)

δd�x � x���
ḡ

ḡμρ �
��
l�1

Dl�d,1��
m�1

T lm
μ �x�T lm

ρ �x�� (A.35)

δlkδmn �

�
ddx
�
ḡ ḡμρT lm

μ �x�Tkn
ρ �x� (A.36)

δd�x � x���
ḡ

�
��
l�0

Dl�d,0��
m�1

T lm�x�T lm�x�� (A.37)

δlkδmn �

�
ddx
�
ḡ T lm�x�Tkn�x�, (A.38)

(A.39)
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A.3 Faddeev-Popov ghost sector of asymptotically safe quantum

gravity

A.3.1 Vanishing of the tadpole diagram

The vanishing of the graviton tadpole contribution to the running of Zc can be shown by making

use of the second variation of the Christoffel symbol, see eq. (A.20). Varying the ghost kinetic

term twice with respect to the metric produces the following type of terms:

δ2�gκνDρc
ν� � δ2�gκνΓ

ν
ρλ�c

λ

� �2hκνδΓν
ρλ � gκνδ

2Γν
ρλ�c

λ. (A.40)

Inserting the first and second variation of the Christoffel symbol from eq. (A.19) and eq. (A.20)

leads to a cancellation between the two terms. Accordingly, the second variation of the ghost

kinetic term with respect to the metric vanishes (for all choices of ρ). Hence, there is no gauge in

which a graviton tadpole can contribute to the running of the ghost wave function renormalisation.

A.3.2 Details on the �̃t-derivative

After having evaluated the derivative with respect to the external momentum, the right-hand side

of the Wetterich equation contains the shape function r�y� as well as its derivative r��y�. Then

we have that

�̃tf�rj , r
�
j��p� �

�

i

�
ddp�

�2π�d
�tRi�p

��
δ

δRi�p��
f�rj , r

�
j��p�, (A.41)

where by the sum over Latin indices we denote a summation over different types of fields. Since

Ri � Zi�p
2 � λi�ri�p�, (A.42)

where λi may be, e.g. a cosmological constant or a mass-term, we can write

δ

δRi�p��
�

1

Zi�p�2 � λi�

δ

δri�p��
(A.43)

Thus

�̃tf�rj , r
�
j��p�

�
�
i

�
ddp�

�2π�d
�tRi�p

��

Zi�p�2 � λi�

�
f �1,0��rj , r

�
j�δ�p, p

�� � f �0,1��rj , r
�
j�
k2p�

μ

2p2
�p�

μ
δijδ�p, p

��
�

�
�
i

��
�2yr�i � ηiri �

�tλi
k2

1

y
�ri � yr�i�

�
f �1,0��rj , r

�
j�

�

�
�2�r�i � yr�i � � ηir

�
i �

�tλi
k2

1

y2
�ri � yr�i � y2r�i �

�
f
�0,1�
i �rj , r

�
j�
�
, (A.44)

where y � p2

k2 and ηi � ��t lnZi.
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A.3.3 Vertices for the diagrams contributing to ηc

In this appendix, we derive the building blocks for the expansion of the flow equation in terms of

the quantities P and F . In the following, we always aim at a Euclidean flat background. Here,

our conventions for 2-point functions are given by

Γ
�2�
k,ij�p, q� �

�

δ

δφi��p�Γk

�

δ

δφj�q� , (A.45)

where φ�p� � �
hT
μν�p�, vμ�p�, σ�p�, h�p�, cμ�p�, c̄μ��p�

�
and i, j label the field components. Here,

we have chosen the momentum-space conventions for the anti-ghost opposite to those of the

ghost, i.e. if cμ�p� denotes a ghost with incoming momentum p then c̄μ�q� denotes an anti-ghost

with outgoing momentum q. The ghost propagator is an off-diagonal matrix,

P�1
gh �

�
0 Γ

�2�
k,cc̄�p, q� � Rk

Γ
�2�
k,c̄c�p, q�� � Rk 0

��1

(A.46)

�

�
�� 0

�
Γ
�2�
k,c̄c�p, q� � Rk

	�1

�
Γ
�2�
k,cc̄�p, q� � Rk

	�1

0



��

�


0 P�1
cc̄

P�1
c̄c 0

�
, (A.47)

where

Γ
�2�
k,cc̄,μν�p, q� �

�

δ

δcμ��p�Γk gh

�

δ

δc̄ν��q� � �Γ
�2�
k,c̄c,μν�p, q��.

(A.48)

Within our truncation, the ghost propagator reads explicitly

�
Γ
�2�
k,c̄c � Rk

	�1

μν
� 1�

2Zcp2


δμν � ρ � 1

3� ρ

pμpν

p2

�
1

�1� r�y��δ
4�p� q�.

The graviton propagators are obtained from the second variation of the Einstein-Hilbert and the

gauge-fixing action. Setting gμν � ḡμν � δμν after the functional variation yields the following

expression in Fourier space:

δ2Γk EH�gf � κ2

�
d4p

�2π�4h
αβ��p�

�1

4
�δαμδβν � δανδβμ�p2 � 1

2
δαβp

2δμν � δαβpμpν

�1

2
�pβpμδνα � pαpνδμβ� � λk


1

2
δαβδμν � 1

2
�δαμδβν � δανδβμ�

�
(A.49)

� 1

α

�1

2
�pαpμδβν � pβpμδβμ� � 1� ρ

2
pαpβδμν � �1� ρ�2

16
δαβp

2δμν

	�
hμν�p�.

Inserting the York decomposition eq. (4.15) into eq. (A.50) then results in the following expression,

from which the inverse propagators follow directly by functional derivatives:
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δ2Γk EH�gf � ZNκ
2

�
d4p

�2π�4

�
hT αβ��p�1

2

�
p2 � 2λk

�
hTαβ��p� � vβ��p�

�
p2

α
� 2λk

�
vβ�p�

� σ��p� 3

16

�
p2 3 � α

α
� 4λk

�
σ�p� � h��p�3ρ � α

8α
p2σ��p�

� 1

16
h��p�

�
p2ρ

2 � 3α

α
� 4λ

�
h�p�

�
. (A.50)

In this work, we confine ourselves to the gauge choice ρ � α where the propagator matrix

becomes diagonal in the graviton modes. The vector and transverse traceless tensor propagators

go along with transverse and transverse traceless projectors, respectively. In d-dimensional

Fourier space, these projectors read

PT μν�p� � δμν � pμpν

p2
,

PTT μνκλ�p� � 1

2
�PT μκPT νλ � PT μλPT νκ� � 1

d� 1
PT μνPT κλ, (A.51)

where the last term in the transverse traceless projector PTT removes the trace part.

The resulting propagators together with the regulator Rk constitute the P term in the expan-

sion of the flow equation eq. (4.39).

The F term carries the dependence on the ghost fields that couple via vertices to the fluctuation

modes. To obtain these vertices, we vary the ghost action once with respect to the metric and

then proceed to a flat background, yielding:

δΓk gh � �
�

2Zc

�
d4x

�
ḡc̄μ

	
D̄ρhμνD̄ρ � D̄ρ

�
D̄νhμρ

�
� D̄ρhρνD̄μ � 1

2
�1 � ρ�D̄μh

ρ
νD̄ρ

�1

4
�1 � ρ�D̄μ�D̄νh

λ
λ 	


cν

� �
�

2Zc

�
d4p

�2π�4

d4q

�2π�4
c̄μ�p� q�hρσ�p�cκ�q�

	
�q 
 �p� q�1

2

�
δρμ δ

σ
κ � δσμ δ

ρ
κ

�

�pκ

2

��pρ � qρ�δσμ � �pσ � qσ�δρμ
�� qμ

2

	
�pσ � qσ�δρκ

��pρ � qρ�δσκ


� 1

2

1 � ρ

2
�pμ � qμ� �δρκqσ � δσκ q

ρ� � 1 � ρ

4
pκδ

ρσ�pμ � qμ�



� �
�

2Zc

�
d4p

�2π�4

d4q

�2π�4
c̄μ�p� q�cκ�q�

	
V �T�
κμ

ρσ�p, q�hT
ρσ�p� � V �v�

κμ
ρ�p, q�vρ�p�

�V �σ�
κμ �p, q�σ�p� � V �h�

κμ �p, q�h�p�


. (A.52)

Here, we introduced the York decomposition eq. (4.15) for the graviton fluctuation, such that

we can read off the corresponding vertices connecting ghost and anti-ghost with the graviton

components:

V �T�
κμ

ρσ�p, q� � �q 
 �p� q�1
2

�
δρμ δ

σ
κ � δσμ δ

ρ
κ

�� pκ

2

�
qρδσμ � qσδρμ

�� qμ

2
�qσδρκ � qρδσκ �

�1

2

1 � ρ

2
�pμ � qμ� �δρκqσ � δσκ q

ρ� ,
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V �v�
κμ

ρ�p, q� � 2i�
p2
pσ

�
�q � �p� q�1

2

�
δρμ δ

σ
κ � δσμ δ

ρ
κ

�� pκ

2

�
qρδσμ � �pσ � qσ�δρμ

�

�qμ

2
��pσ � qσ�δρκ � qρδσκ � �

1

2

1 � ρ

2
�pμ � qμ� �δρκqσ � δσκ q

ρ�
�

V �σ�
κμ �p, q� � � 1

p2

�
pκpμ

�
3

4
p2 � q2 � 3 � ρ

2
q � p

�
� qμqκ

1

4
p2

�
ρ � 1

2

�

�1

4
p2δμκ

�
q2 � q � p�� pκqμ

�
1

2
p2 � 1 � ρ

2
q � p

�
� pμqκ

1 � ρ

8
p2
	

V �h�
κμ �p, q� � 1

4

�
�q � �p� q�δμκ � pκ�pμ � qμ��ρ � 1�

�pμpκ � qμqκ
1 � ρ

2
� pμqκ

1 � ρ

2

�
. (A.53)

From this, the four possible fluctuation matrix entries contributing to the quantity F in the

expansion eq. (4.39) can be evaluated:

Γ
�2�

hTc
�q, p� �

�

δ

δhT
μν��q�

Γk gh

�

δ

δcκ�p� � �
�

2Zcc̄
τ�p� q�V �T�

κτμν��q, p�

Γ
�2�

hTc̄
�q, p� �

�

δ

δhT
μν��q�

Γk gh

�

δ

δc̄κ��p� �
�

2Zcc
τ�q� p�V �T�

τκμν��q, q� p�

Γ
�2�

chT�q, p� �
�

δ

δcκ��q�Γk gh

�

δ

δhT
μν�p�

�
�

2Zcc̄
λ�p� q�V �T�

κλμν�p,�q�

Γ
�2�

c̄hT�q, p� �
�

δ

δc̄κ�q�Γk gh

�

δ

δhT
μν�p�

� �
�

2Zcc
λ�q� p�V �T�

λκμν�p, q� p�, (A.54)

and similarly for the other graviton modes.
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A.3.4 β functions for G, λ and ηc

Setting ρ � α and using a spectrally adjusted exponential regulator function, we arrive at the

following β functions, where all couplings are dimensionless:

�tλ� 2λ

�
1

36π

�
Gλ

�
�150��tλ� 2λ�Ei�2λ� �

12��tλ� 2λ�Ei
�
� 4λ

α�3

�
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e2λ
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�6Li2
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e�

4λ
α�3
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� 36Li2
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e2αλ

�
�

6

�α � 3�2

�
�3α�3α � 2���tλ� 2λ�Ei�2αλ��α � 3�2 � 9αLi2

�
e2αλ

�
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4αλ
α�3

�
�α � 3� � 2α��tλ� 2λ�Ei
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�
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�2iπλ

�
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�
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�
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�
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�
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4λ
α�3

�
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�
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�
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�
1

α � 3
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�
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α�3 �α � 3�ηN � 75e
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�
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�
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�
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4αλ
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�
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�
4αe
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4αλ
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�
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�
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�
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�
, for λ � 0. (A.55)
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We find the following expression for ηN within the gauge choice ρ � α and a spectrally and

RG adjusted regulator with exponential shape function:

ηN �

G

36π

�
54e2αλ��tλ� 2λ�α2 �

144λ ln
�

1 � e�
4αλ
α�3

�
α2

�α � 3�2
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�
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�
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�
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�
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α
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for λ � 0. (A.56)
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In the Landau-deWitt gauge (α � 0), we find the following expression for ηc, where the three

lines are the transverse traceless contribution and the last lines are due to the trace mode:

ηc L � �
35

162π
e�4λG
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��
. for λ � 0. (A.57)

The exponential factors result from the spectral adjustment of the regulator. The expression

is linear in G, as each contributing diagram contains exactly one graviton propagator.

In the deDonder or harmonic gauge (α � 1), we have to take contributions from all modes into

account. Accordingly, we arrive at the following expression, which decomposes into transverse

traceless eq. (A.58), vector eq. (A.59), scalar eq. (A.60) and trace eq. (A.61) contributions:
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ηc dD � �
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for λ � 0. (A.62)
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A.3.5 Extended truncation in the ghost sector

The first variation with respect to the full metric gμν of our truncation eq. (4.47) yields the following

expression, where we drop the bar on the background metric and the covariant derivative, as we

now have identified gμν � ḡμν:

δΓk gh (A.63)
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where the covariant derivatives act on everything to the right of them, unless they are found

inside a round bracket, when they do not act beyond the bracket.

We now proceed to flat space where we also use a York decomposition of the ghost

cμ�p� � cT μ�p� � ipμ�
p2
η�p�

c̄μ�p� � c̄T μ�p� � ipμ�
p2
η̄�p�, (A.64)

where pμcTμ � 0. Now the vertices are given by a derivative with respect to the ghost and

antighost fields. In the following we indicate the longitudinal/ transversal ghost and antighost

by �L, T �, or �L̄, T̄ �, respectively. The vertex involving a transverse traceless metric mode carries

a TT, the scalar vertex an h.

Accordingly
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V TT, L̄,T
κρσ �p, q� � �i�

�p2 � 2p � q� q2�



�1 � δZc

4
pκ �qρpσ � 2qρqσ � pρqσ� (A.67)

1

4
�pρδσκ � pσδρκ�

�
p � q��3 � δZc� � 2q2 � 1 � δZc

2
p2

	

�1

4
�qρδσκ � qσδρκ�

�
�2p � q� 2q2 � δZcq

2�ρ � 1� � 2p � qδZcρ

�p2δZc�1 � ρ�
�



A.3 Faddeev-Popov ghost sector of asymptotically safe quantum gravity 115
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where in the transverse antighost terms we used pμ � �qμ. (Note that due to the transverse

ghost propagator the two versions of the vertex that can be obtained by interchanging pμ � �qμ
yield the same contribution to the β-functions.)

The trace mode couples to the ghosts via:

Vh, T̄ ,T
κμ � pκqμ

8
��1� δZc� � δμκ

8

��p2�1� δZc� � 3p � q� δZcp � q� 2q2
�

(A.69)

V �h, L̄,T �κ � i�
�p2 � 2p � q� q2�

�
pκ

8

�
q2 ��3� δZc � 2δZc ρ� � p2 �2ρ δZc � 1� δZc�

�p � q ��4� 4δZc ρ�
�	

(A.70)

Vh, T̄ ,L
μ �p, q� � i qμ

8
�
q2

��4p � q� 3q2 � δZcq
2 � p2�1� δZc�

�
(A.71)

V �h, L̄,L��p, q� � 1�
q2 �p2 � 2p � q� q2�

�
p � q

8
q2 �4δZc ρ � δZc � 5�

��p � q�
2

8
�4ρ δZc � 4� � p � q

8
p2 �2ρδZc � δZc � 1�

�
�
q2
�2

8
�ρ δZc � δZc � 2� � p2q2

8
�1� ρ�δZc

	
. (A.72)

In all expressions involving a transverse antighost we have again used transversality to substitute

pμ � �qμ. On the 4-sphere the decomposition

cμ � cTμ � �D̄2���1�D̄μη (A.73)

leads to the transverse and longitudinal inverse propagators:
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To project on 	tZc, note that
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The projection onto the longitudinal ghosts allows to write
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A.3.6 β functions in extended truncation

We now find the following β functions for λ � 0 with a spectrally and RG-adjusted regulator with

exponential shape function. Here, we have specialised to Landau-deWitt gauge ρ � α � 0.
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Finally we give the two β functions in the ghost sector. Here, the large number of possible

interaction vertices from the coupling of the diverse metric modes to the ghost modes leads to

these rather lengthy expressions.
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�
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�
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120 A. Appendix

A.4 Fermions in quantum gravity

A.4.1 Vertices for fermion-graviton couplings

The relation between the vierbeins and the metric is given by

gμν � ηabe
μ
ae

ν
b (A.81)

The inverse vielbeins are obtained via

eμae
a
ν � δμν (A.82)

e a
μ e

μ
b � δab (A.83)

In the following we expand the vierbein around a (flat) background:

eμa � ēμa � δeμa, (A.84)

where higher orders are not needed in our calculation. In the following we choose the Lorentz

symmetric gauge with gauge-fixing functional [287][288], as then all vierbein fluctuations can be

rewritten in terms of metric fluctuations without ghosts due to the O�4� gauge fixing:

Fab � eμaḡ
μνēνb � eμbḡμνēνa. (A.85)

This allows to write

δeμa �
1

2
h κ
μ ēκa (A.86)

δeκb � �
1

2
h κ
μ ē

μb (A.87)

(A.88)

The spin connection is determined from the requirement that the covariant differentiation com-

mutes with the transition to the local orthonormal frame. As the vierbein is used in this transition,

this requirement translates into

∇μe
a
ν � �μe

a
ν � Γλ

νμe
a
λ � ωa

μ be
b
ν. (A.89)

This establishes the following relation between the spin connection and the Christoffel connection

ω ab
μ � ���μe

a
ν �eνb � Γνμσe

νaeσb, (A.90)

which also implies that

ωμab � �ωμba. (A.91)

For the variation, we then have that

�γa, γb� δωμab � �γλ, γν�Dνhλμ. (A.92)

From eq. (A.92) we can deduce for constant external fermions, where total derivatives can be

discarded, that

�γa, γb�δ2ωμab � �γλ, γν�
�
�hσλDνhμσ � hσνDσhμλ �

1

2
hκλDμh

κ
ν

�
, (A.93)

where we have set gμν � ḡμν and eμa � ēμa, and then dropped the bar on the covariant derivative.
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We then go over to Fourier space

ψ�x� �
�

d4p

�2π�4ψ�p�e
�ipx

hμν�x� �
�

d4p

�2π�4hμν�p�e
�ipx

ψ̄�x� �
�

d4p

�2π�4 ψ̄�p�e
ipx,

(A.94)

where ψ�x� and ψ�p� denote Fourier transforms of each other.

Now we may evaluate the mixed fermion-graviton vertices, where our conventions are

Γ�2� �
�

δ

δΦT ��p�Γ
�

δ

δΦ�q� , (A.95)

where the collective fields

ΦT ��q� �
�
hTT
κλ ��q�, h��q�, ψT

i ��q�, ψ̄i�q�
�

(A.96)

Φ�q� �
�
hTT
μν �q�, h�q�, ψj�q�, ψ̄T

j ��q�
�
. (A.97)

Here the second line should be read as a column vector. The symbol T refers to transposition

in Dirac space and in field space. As we work in the Landau deWitt gauge, only the transverse

traceless and the trace mode can contribute.

The first variation of the kinetic fermion term with respect to the metric is given by

δΓkin � iZψ

�
d4xψ̄i

�
δ��g�γμ∇μ ��

gδγμ∇μ ��
gγμδ∇μ

�
ψi. (A.98)

To read off the trace-mode-fermion-vertices we Fourier-transform the first variation of the kinetic

term with respect to the metric to get (in agreement with [255])

δΓkin � Zψ

�
d4p

�2π�4
�� 3

16
h�p�ψ̄i�p��pψi � 3

16
ψ̄i�pψi��p�h�p�

��
. (A.99)

In this notation, ψ̄ and ψ are the constant background fields, whereas the momentum-dependent

fluctuation fields are distinguished by carrying an appropriate argument. This allows to evaluate

the following vertices:

V
h ψ̄iT

kin � δ

δh��p� Γkin

�

δ

δψ̄i T ��q� �
3

16
Zψψ

iT �pT (A.100)

V
hψi

kin � 3

16
Zψψ̄

i�p (A.101)

V
ψiT h
kin � 3

16
Zψ �pT ψ̄i T (A.102)

V
ψ̄ih
kin � 3

16
Zψ �pψi, (A.103)

where the momentum is always the momentum of the incoming graviton.
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The corresponding vertices with the TT mode vanish, as the first term in eq. (A.98) contains

only the trace mode, the second term vanishes by transversality for constant external fermion

fields and the last term vanishes as the contraction γμ�γν, γκ�Dκh
TT
μν � 0.

The second variation of the kinetic fermion term with respect to the metric contains only a TT

contribution, as the trace contribution is always of the form ψ̄ih �Dhψi, which can be rewritten as

a total derivative for constant external fermions.

From the fact that we have constant external fermions at least one of the variations has to hit

the covariant derivative ∇μ and hence produce a �γa, γb�δωμab. Accordingly the second variation

will necessarily contain γμ�γκ, γλ�. As there is one derivative in the kinetic term, the vertex has

to be proportional to the momentum of one of the gravitons. The only possibly structure that

cannot be rewritten into a total derivative is then γμ�γκ, γλ�hκσDμh
σ
λ . Our explicit calculation

now only has to fix the sign and the numerical factor of the vertex. From eq. (A.93) and eq. (A.92)

we deduce that

δ2Γkin � iZψ

�
d4x

�
gψ̄i

��1

16

��
hμλγ

ν�γλ, γκ�Dνhκμ
�
ψi. (A.104)

The vertex that results from this expression is given by

VhTThTT

kin μνκλ � �1

128
pτψ̄�γρ, γα�γτψ

�
δμρδκαδνλ � δμρδκνδαλ � δμλδνρδκα

�δμκδνρδαλ � δρκδλνδαμ � δρκδλμδαν � δρλδκνδαμ � δρλδκμδαν

�
. (A.105)

The variations of the four-fermion term with respect to the metric are very simple: Due to

δ�γμγμ	 � δ�4	 � 0, (A.106)

only the determinant factor can contribute, and not the various γ matrices. They always appear

with completely contracted spacetime indices, such that the above identity applies. Hence the

vertices containing three external (anti)-fermions, one internal (anti)-fermion and one internal

graviton only exist for the trace mode, as δ
�
g � 1

2

�
gh. The vertices are given by

V
hψ̄j T

4f � � λ̄
�

� λ̄�

2

�
ψ̄iγμψi

�
ψj TγTμ � λ̄� � λ̄�

2

�
ψ̄iγμγ5ψi

�
ψj Tγ5TγTμ

V
hψj

4f � λ̄� � λ̄�

2

�
ψ̄iγμψi

�
ψ̄jγμ � λ̄� � λ̄�

2

�
ψ̄iγμγ5ψi

�
ψ̄jγμγ

5

V
ψj T h
4f � � λ̄� � λ̄�

2

�
ψ̄iγμψi

�
γTμ ψ̄

j T � λ̄� � λ̄�

2

�
ψ̄iγμγ5ψi

�
γ5TγTμ ψ̄

j T

V
ψ̄jh
4f � λ̄� � λ̄�

2

�
ψ̄iγμψi

�
γμψ

j � λ̄� � λ̄�

2

�
ψ̄iγμγ5ψi

�
γμγ

5ψj. (A.107)

The tadpole receives contributions from both the TT and the trace mode. The corresponding

vertices are given by

Vhh
4f � 1

16

�
λ̄��V � A	 � λ̄��V � A	

�
, (A.108)

VhTThTT

4f μνκλ � �1

8
�δμκδνλ � δμλδνκ	

�
λ̄��V � A	 � λ̄��V � A	

�
. (A.109)
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The variations of the four-fermion terms with respect to the fermions read as follows:

V
ψiT ψ̄j T

4f �

λ̄
�

� λ̄�

2

�
2
�
γμ T ψ̄i T

� �
ψj Tγμ T

�
� 2γμ Tδij

�
ψ̄kγμψk

��

�
λ̄� � λ̄�

2

�
2
�
γ5γμ T ψ̄i T

� �
ψj Tγ5γμ T

�
� 2γ5γμ Tδij

�
ψ̄kγ5γμψk

��

V
ψiTψj

4f � �
λ̄� � λ̄�

2
2
�
γμ T ψ̄i T

��
ψ̄jγμ

�
�
λ̄� � λ̄�

2
2
�
γ5γμ T ψ̄i T

��
ψ̄jγμγ5

�

V
ψ̄iψ̄j T

4f � �
λ̄� � λ̄�

2
2
�
γμψi

� �
ψj Tγμ T

�
�
λ̄� � λ̄�

2
2
�
γμγ5ψi

� �
ψj Tγ5γμ T

�

V
ψ̄iψj

4f �
λ̄� � λ̄�

2

�
2δijγμ

�
ψ̄kγμψk

�
� 2

�
γμψi

� �
ψ̄jγμ

��

�
λ̄� � λ̄�

2

�
2δijγμγ5

�
ψ̄kγμγ5ψk

�
� 2

�
γμγ5ψi

� �
ψ̄jγμγ5

��
. (A.110)

Here we suppress the Dirac index structure; by round brackets we indicate the way in which the

Dirac indices of the terms have to be contracted.

A.4.2 Cancellation of box diagrams

The two box diagrams are given by terms O�P�1F�4, where the vertices arise from variations of

the kinetic term only. Using the notation

Ihψ �
δ

δh��q�
Γk kin

δ

δψ�p�
, (A.111)

and analogously for derivatives involving the antifermion, the fluctuation matrix (restricted to the

entries relevant for us) reads

F �

�
�

0 Ihψ Ih ψ̄T

IψT h 0 0

Iψ̄ h 0 0

	

. (A.112)

Multiplication with the propagator matrix

P�1 �

�
��
P�1
hh 0 0

0 0 P�1ψT ψ̄T

0 P�1

ψ̄ ψ
0

	
�
, (A.113)

taking the fourth power and the supertrace (not forgetting the negative signs in the fermionic

entries) yields

STr�P�1F�4 � 2 trP�1
hhIhψP

�1

ψ̄ h
Iψ̄ hP

�1
hhIhψP

�1

ψT ψ̄T
Iψ̄ h

�2 trP�1
hhIh ψ̄T P

�1

ψ̄ ψ
IψT hP

�1
hhIh ψ̄T P

�1

ψ̄ ψ
IψT h

�2 trP�1
hhIhψP

�1

ψT ψ̄T
Iψ̄ hP

�1
hhIh ψ̄T P

�1

ψ̄ ψ
IψT h

�2trP�1
hhIh ψ̄T P

�1

ψ̄ ψ
IψT hP

�1
hhIhψP

�1

ψT ψ̄T
Iψ̄ h.

(A.114)
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Herein the remaining trace is over Dirac, flavour and Lorentz indices, and of course contains the

momentum-integration.

The scalar coupling of the trace mode to the fermions allows to schematically rewrite all four

terms as

�P�1
hh�

2 � �fermionicpart� . (A.115)

We can now use that

trL f DIh ψ̄T P
�1

ψ̄ψ
IψT h�p� � �trL f DIhψP

�1

ψT ψ̄T
Iψ̄ h�p�, (A.116)

as there are now external momenta, and all vertices have the same sign. Trace is over Lorentz,

flavour and Dirac indices. Accordingly the negative sign is induced by the transposition, following

from the Grassmannian nature of the fermions. This yields a complete cancellation of all terms.

A.4.3 Identities for traces containing gamma-matrices

We may use the following identities in order to simplify the traces occuring on the right-hand-side

of the flow equation:

γμγμ � 4 (A.117)

γμγνγμ � �2γν (A.118)�
ψ̄γμγνγκψ

��
ψ̄γμγνγκψ

�
� 10

�
ψ̄γμψ

��
ψ̄γμψ

�
� 6

�
ψ̄γμγ5ψ

��
ψ̄γμγ5ψ

�
(A.119)�

ψ̄γμγνγκψ
��

ψ̄γκγνγμψ
�

� 10
�
ψ̄γμψ

��
ψ̄γμψ

�
� 6

�
ψ̄γμγ5ψ

��
ψ̄γμγ5ψ

�
(A.120)

(A.121)

Furthermore �
d4ppμpνf�p

2� �
1

4
δμν

�
d4pp2f�p2� (A.122)

�
d4ppμpνpκpλf�p

2� �
1

24
�δμνδκλ � δμκδνλ � δμλδνκ�

�
d4p

�
p2
�2
f�p2�. (A.123)

These follow from the fact that pμpν and pμpνpκpλ are completely symmetric tensors. The nu-

merical factors on the right-hand side are then fixed by taking the trace on both sides.

A.4.4 Fermionic β functions

We define the shape-function dependent integral

I�f,TT, h� � 	̃t

�
d4p

�2π�4

1

�Zψp2�1 � rf�y���
f
�

1�
Γ

�2�
k TT �1 �TT �u�

�TT

1�
Γ

�2�
k conf�1 � rh�y�

�h
�p2�n,

where n � TT�f�h�1. Herein TT counts the number of transverse traceless metric propagators,

h does the same for the trace part, and f for the fermions.
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