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Summary

Today, technology has achieved a level at which the extremely high precision of cur-
rent ground-based radio interferometric observations are approaching an accuracy of 1
parcsec. Moreover the planned space-based interferometers, such as the Global Astro-
metric Interferometer for Astrophysics (GAIA) and the Space Interferometric Mission
(SIM), are going to measure the positions and /or the parallaxes of celestial objects with
uncertainties in the range 107° — 107% arcsec. Furthermore the interferometer for the
planned Laser Astrometric Test of Relativity Mission (LATOR) will be able to measure
light deflection angles of the order 1078 arcsec.

In order to reach the desired accuracies of 107—1078 arcsec in the computation of light
deflection in gravitational fields, corrections arising from the lack of spherical symmetry
of the gravitating system, the motion of the gravitating masses and the relativistic
definition of the centre of mass must be taken into account.

In this thesis, the light deflection in the post-linear gravitational field of two bounded
point-like masses is treated. Both the light source and the observer are assumed to be
located at infinity in an asymptotically flat space. The equations of light propagation are
explicitly integrated to the second order in G//c2. Some of the integrals are evaluated by
making use of an expansion in powers of the ratio of the relative separation distance 79
to the impact parameter &, ri5/€. A discussion of which orders must be retained to be
consistent with the expansion in terms of G//c? is given. It is shown that the expression
obtained in this thesis for the angle of light deflection is fully equivalent to the expression
obtained by Kopeikin and Schéafer up to the order given there. The deflection angle takes
a particularly simple form for a light ray originally propagating orthogonal to the orbital
plane of a binary with equal masses. Application of the formulae for the deflection angle
to the double pulsar PSR J0737-3039 for an impact parameter five times greater than
the relative separation distance of the binary’s components shows that the corrections to
the Epstein-Shapiro light deflection angle of about 107% arcsec lie between 10~7 and 1078
arcsec. The corrections coming from the spins of the components of PSR J0737-3039 lie

between 1078 and 10~ arcsec.
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Zusammenfassung

Astronomische Beobachtungen mit den heutigen erdgebundenen Interferometern im
Radiofrequenzbereich sowie zukiinftige astrometrische Beobachtungen mit geplanten
Weltrauminterferometern (wie z.B. GAIA und SIM) erreichen eine Genauigkeit von
107° — 1079 arcsec. AuBerdem wird das Interferometer der geplanten LATOR-Mission
Lichtablenkungen mit einer Genauigkeit von 10~® arcsec messen.

Um bei der Berechnung der Lichtablenkung in Gravitationsfeldern eine entsprechend
hohe Genauigkeit zu erreichen, muss man Korrekturen, die durch das Fehlen der sphéri-
schen Symmetrie des gravitierenden Systems, die Bewegung der gravitierenden Massen
und der relativistischen Definition des Schwerpunktes verursacht werden, beriicksichtigen.

Diese Arbeit behandelt die Lichtablenkung im post-linearen Gravitationsfeld eines
Systems zweier gebundenen Punktmassen. Es wird angenommen, dass sowohl die Licht-
quelle als auch der Beobachter im Unendlichen in einem asymptotisch flachen Raum
lokalisiert sind. Die Gleichungen der Lichtausbreitung werden bis zur Ordnung G?/c*
explizit integriert. Um die nicht elementaren Integrale zu berechnen, werden zunéchst
die Integranden in Potenzreihen vom Verhéltnis r15/¢ entwickelt, wobei ri5 der relative
Abstand der Komponenten des Binédrsystems und ¢ der Stoflparameter ist. In der Arbeit
wird gezeigt, wie die Ordnung dieser Potenzreihenentwicklung zu wéahlen ist, damit sie
konsistent mit den Entwicklungstermen in G/c? ist. Es wird auch gezeigt, dass der in
dieser Arbeit berechnete Ausdruck fiir die Lichtablenkung mit dem Ergebnis von Ko-
peikin und Schiéifer bis zu deren berechneter Ordnung iibereinstimmt. Der Ausdruck fiir
die Lichtablenkung nimmt insbesondere dann eine einfache Form an, wenn sich der un-
gestorte Lichtstrahl senkrecht zur Bahnebene eines Binérsystems, dessen Komponenten
gleiche Masse haben, ausbreitet. Die Anwendung der berechneten Formeln fiir die Lich-
tablenkung auf den Doppelpulsar PSR J0737-3039 unter Annahme eines Stoflparameters
der fiinf Mal grofler als der Abstand der Komponenten des Binérsystems ist, zeigt, dass
die Korrekturen zu einem Epstein-Shapiro Lichtablenkungswinkel von 107% arcsec zwi-
schen 10~7 und 10~® arcsec liegen. Die Korrekturen, die durch die Eigendrehimpulse der
Komponenten von PSR J0737-3039 verursacht werden, liegen zwischen 10~% und 10~

arcsec.
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Notation

Summary of the notation and symbols used in this thesis:
G is the Newtonian constant of gravitation.
c is the velocity of light.
By R we denote the real part of a quantity.
The Greek indices «, 3, v..., are space-time indices and run from 0 to 3.
The Latin indices i, j, k,..., are spatial indices and run from 1 to 3.

guv is a metric tensor of curved, four-dimensional space-time, depending on spatial

coordinates and time.
The signature adopted for g, is (— + ++).

We suppose that space-time is covered by a harmonic coordinate system (z#) =

0 = ct, t being the time coordinate.

(2°, 2%), where x
The three-dimensional quantities (3-vectors) are denoted by @ = a’.

The three-dimensional unit vector in the direction of @ is denoted by €, = €.

The Latin indices are lowered and raised by means of the unit matrix d;; = § =
diag(1,1,1).

The scalar product of any two 3-vectors a@ and b with respect to the Euclidean

metric ¢;; is denoted by a - b and can be computed as a - b= 0;;0'7 = a'b'.

The Euclidean norm of a 3-vector @ is denoted by a = |d| and can be computed

1/2
as a = [&nnama"]

By l?o) we denote the vector tangent to the unperturbed light ray Z(¢) and the unit

vector € is defined by €(p) = l_go)/|l(0)|.
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Notation

n#" is the Levi-Civita tensor: 7% = —(—g)™2e,43,,, where €p23 = +1 and g

is the determinant of the covariant metric g, .

Partial derivative: T, , = 01, /0x".

Christoffel symbols: T'* , = %gap(gpu,,, + Gpv, = G, p)-

Covariant derivative: T =T +1'* T”,
Tospp=Tow —T17,,7T,.

The symbol |,y denotes the replacement in the integrals of the photon trajectory
by its unperturbed approximation before performing the integral and after evalu-
ating the partial derivatives of the metric coefficients with respect to the photon’s

coordinates (i.e. (29, 2%(t))).

The symbol (1 < 2) refers to the preceding term but with the labels 1 and 2

exchanged.



1 Introduction

Light deflection by a gravitational field [1] is one of the observational cornerstones of
general relativity. The observational confirmation during a solar eclipse in 1919 of
Einstein’s prediction that light would be deflected by the gravitational field of the Sun [2]
brought general relativity to the attention of the general public in the 1920’s. However,
these first measurements of the angle of light deflection had only 30 percent accuracy, and
succeeding experiments were not better. On account of the substantial improvements
that have been made in radio astronomy, the angle of light deflection in the gravitational
field of the Sun was measured with an uncertainty of less than one percent in the seventies
[3, 4]. Today, technology has reached a level at which the extremely high precision
of current ground-based radio interferometric astronomical observations approaches 1
parcsec and within the next decade the accuracy of space-based astrometric positional
observations is also expected to reach this accuracy. At this level of accuracy, we can no
longer treat the gravitational field of a system of moving bodies as static and spherically
symmetric. This fact is one of the principal reasons for the necessity of a more accurate
solution to the problem of the propagation of electromagnetic waves in non-stationary
gravitational fields of celestial bodies. To reach the accuracy of 1 parcsec, many subtle
relativistic effects must be taken into account. One of the most intricate problems is
the computation of the effects of translational motion of the gravitating bodies on light
propagation.

This question was treated for the first time by Hellings in 1986 [5]. In 1989 Klioner [(]
solved the problem completely to the first post-Newtonian (1PN) order (i.e. to the order
1/c*) for the case of bodies moving with constant velocity. The complete solution of
the problem for arbitrarily moving bodies in the first post-Minkowskian approximation
(linear in the gravitational constant G) was found by Kopeikin and Schéfer in 1999
[7]. They succeeded in integrating analytically the post-Minkowskian equations of light
propagation in the field of arbitrarily moving masses. The effect of the spin of the moving
masses on the propagation of light was computed in 2002 by Kopeikin and Mashhoon
[8]. In Ref. [9], Le Poncin-Lafitte et al. have recently developed an alternative approach
to the problem of light deflection and time/frequency transfer in post-Minkowskian

gravitational fields based on an expansion of the Synge world function for null geodesics.



1 Introduction

In that paper, the world function and time transfer function were computed for a static,
spherically symmetric body to the second post-Minkowskian approximation.

In this thesis we treat light deflection in the post-linear gravitational field of two
bounded point-like masses (binary system) for the case when the light source as well the
observer are located at infinity in an asymptotically flat space and the impact parameter
is much larger than the separation distance between the components of the binary. For
large impact parameters we assume, on physical grounds that the gravitational field
along the light path is weak. To compute the light deflection, we integrate the equations
of light propagation explicitly to the second order in G/c?, i.e. to the order G?/c?.

The assumption that the gravitational field is weak along the light path allows us to
consider the metric as a perturbation of a flat metric represented by a power series in

the gravitational constant G
guwlr®, G| = gfg) + iG"gfﬁ)(m"), (1.1)
n=1
with
9\ = = diag(—1,1,1,1).

For the same reason, we can consider the light trajectory as a perturbation of its tra-

jectory in flat space (a straight line) represented by a power series in G

Z(t) = Zo)(t) + > G 0% (). (1.2)

It follows from (1.2) that the vector tangent to the light trajectory takes the form

- dzZ(t) - =
i(t) = d(t) =)+ Y _ G"dliwy(t), (1.3)
n=1

where l?o) is the constant vector tangent to the unperturbed light trajectory.

In order to obtain the post-linear equations for light propagation, we introduce into
the differential equations for the null geodesics the metric as given in (1.1) and the
expression for the tangent vector f(t) as given in (1.3). As aresult we get a set of ordinary
coupled differential equations of first order for the perturbation terms 5l_En) (t). Each term
5l?n) is given in the form of a line integral along a straight line in the fictitious metric
g,(f’), i.e. along the original unperturbed light trajectory. We get the post-linear light
deflection to the order G?/c* after computing the perturbation terms 5[?1) (1), 6&2) (t) and

the corrections arising from introducing the linear perturbation of the light trajectory



8Zq1)(t), the motion of the masses and the shift of the 1PN-centre of mass with respect
to the Newtonian centre of mass in the expression for linear light deflection. The final
result is the expression for light deflection in the post-linear gravitational field of two
bounded point-like masses. The deflection angle takes a particularly simple form for a
light ray originally propagating orthogonal to the orbital plane of a binary with equal

masses.

This thesis is organized as follows. In Chapter 2, by means of Maxwell’s equations
in curved space-time we find the fundamental laws of geometric optics in gravitational
fields. Then we derive the post-linear light propagation equations. We introduce an
approximation scheme to integrate these equations. The deflection angle as a function
of the perturbations of the vector tangent to the light ray is introduced. Chapter 3
starts with a recapitulation of the light deflection in the post-Minkowskian gravitational
field of a system of arbitrarily moving and spinning masses. The limit for the part of the
light deflection caused by the point-mass piece of the energy-momentum tensor in the
event that the speeds of the masses are small with respect to the speed of light and the
retarded times are close to the time of closest approach of the unperturbed light ray to
the origin of the coordinate system is computed. Furthermore, it is shown that the light
deflection is mainly determined by the near zone gravitational field. Chapter 4 is devoted
to the computation of the post-linear near zone metric in harmonic coordinates for two
bounded point-like masses up to the second order in G/c*. The coordinate frame is
chosen so that the 1PN-centre of mass is at rest at the origin. In Chapter 5 we calculate
the light deflection in the post-linear gravitational field of two bounded point-like masses.
In Section 5.1 the perturbation of the vector tangent to the unperturbed light ray and
the corresponding light deflection in the linear gravitational field are computed. In
Section 5.2 we compute the light deflection in the post-linear gravitational field. To
facilitate the computations we separate the light deflection terms that are functions
of the post-linear metric coefficients from the terms that are functions of the linear
metric coefficients and the perturbations of the first order in G of the vector tangent
to the unperturbed light ray. The resulting integrals are given in Appendices C and
D. In Section 5.3 we calculate the additional linear and post-linear light deflection
terms arising from the introduction of the motion of the masses into the expression for
the linear perturbation. In Section 5.4 we compute the corrections to the post-linear
light deflection arising from the introduction of the linear perturbed light trajectory
into the expression for the linear light deflection. The resulting integrals are given in

Appendix E. Section 5.5 is devoted to the computation of the corrections to the linear



1 Introduction

and post-linear light deflection arising from the introduction of the shift of the 1PN-
centre of mass with respect to the Newtonian centre of mass into the expression for
the linear light deflection. The resulting expressions for the total linear perturbation
and the linear and post-linear light deflection by the gravitational field of two bounded
point-like masses are given in an explicit form in Sections 5.6 and 5.7. In Section 5.6 it
is also shown that the expression for the angle of light deflection computed in Chapter
5 is fully equivalent to the expression obtained by Kopeikin and Schéfer in [7] up to
the order given there. In Chapter 6 we present our results and give the light deflection
expression for some simple cases in an explicit form. The derived formulae for the angle
of light deflection are applied to the double pulsar PSR J0737-3039. In Appendix F
we compute the linear light deflection terms arising from the acceleration terms in the
metric coefficients h(%) and h;}}. Finally, Chapter 7 is devoted to a discussion of the

results.



2 Light propagation in the post-linear gravitational field

In this chapter we use Maxwell’s equations to derive the laws for light propagation in the
post-linear gravitational field. Since in most instances gravitational fields vary even over
macroscopic distances very little, we can assume that light propagation is well governed
by the laws of geometric optics. In Section 2.1 we shall derive these laws in the presence
of gravitational fields from Maxwell’s equations. In Section 2.2 we give the equations
of light propagation in an explicit form to the second order in G/c?>. An approximation
scheme to solve the equations of light propagation is presented in Section 2.3. Finally, in
Section 2.4 the angle of light deflection as a function of the perturbations of the vector
tangent to the light ray is introduced. Part of this chapter is based on Sec. II of the
paper by the author [10].

2.1 Geometric optics in gravitational fields

The general formalism describing the behaviour of electromagnetic radiation in the pres-
ence of arbitrary gravitational fields is well known [I1, 12, 13]. It is governed by the

source-free Maxwell equations in curved space-time:

Fpyia + Fhaip + Fapy = 0, (2.1)

where the electromagnetic field tensor Fj,, in terms of the four-vector potential A* is

given by

F,

uv

= Ay — Ay (2.3)

Vil T

In the derivation of the laws of geometric optics the following characteristic lengths

are important [11, 13]:
1. the wavelength A

2. a typical length L over which the amplitude, polarization and wavelength of the

wave vary significantly (e.g. the radius of curvature of a wave front)



2 Light propagation in the post-linear gravitational field

3. a typical “radius of curvature” for the geometry; more precisely, take

—1/2
R typical component of the Riemannian tensor

in typical local inertial system

Geometric optics is valid whenever the wavelength is very short compared to the others

characteristic lengths:
AL L and A< R. (2.4)

We consider an electromagnetic wave which is highly monochromatic' in regions having
a size smaller than L. Now we separate the four-vector potential A, into a rapidly

varying real phase ¢ and a slowly varying complex amplitude A,, (eikonal ansatz)
A, = R{AY}. (2.5)

In order to obtain the equations of geometric optics, it is useful to introduce the small

parameter € = A\/min(L, R) and expand the amplitude A, in powers of e:
A, =a, +eb, + e, + ..., (2.6)

where a,, b, ... are independent of A\. After introducing the expression for the amplitude
A, given by (2.6) into (2.5) we obtain

A, =R{(a, + €b, + €’c, + ...)e%}, (2.7)

where we have replaced ¢ by 1) /e since ¥ oc A™1.

Here it is important to note that in the expression for the amplitude A, given by
(2.6) the terms in powers of € are small corrections (deviations from geometric optics) to
the dominant part, which is independent of A\, due to a finite wavelength. The resulting
equations for geometric optics, which we are going to derive below, take their simplest

form in terms of the following quantities:
1. the wave four-vector k, = 0,1
2. the scalar amplitude a = \/(a,a*)

3. the polarization four-vector f, = a,/a, where f, is a complex unit vector.

!More general cases can be treated through Fourier analysis.



2.1 Geometric optics in gravitational fields

By definition, light rays are integral curves of the vector field £# and are thus orthogonal
to the surfaces of constant phase 1, in other words orthogonal to the wave fronts.

From equations (2.2) and (2.3) it follows that
AV~ ARV — ). (2.8)
Upon applying the Ricci identity
AVl = A" 4 R A” (2.9)
and imposing the Lorenz gauge condition
A, =0, (2.10)
equation (2.8) becomes
A~ REAY =0, (2.11)
If we now insert (2.7) into the Lorenz condition (2.10), we obtain
0= A", = %{(zku(a“ b )+ (@ 4 W) )e ) (2.12)
From the term of order ¢!, we deduce that k,a* = 0, or equivalently
K f* = 0. (2.13)

The preceding equation shows that the polarization vector is orthogonal to the wave

vector. Now we introduce (2.7) into (2.11) to get
0=—-A" + R, A"
- éR{ [ék”kl,(a“ b ) — 22/&@# e ),
- zk”;u(a“ b ) — (@ e L)Y, R (0 b )]el}} (2.14)
From the term of order €2 we infer that k”k,a* = 0, which is equivalent to
k'k, = 0. (2.15)

Equation (2.15) proves that the wave vector is null. The terms of order ¢! give

1
Kk b — 2i(k ", + K ) = 0. (2.16)



2 Light propagation in the post-linear gravitational field

With (2.15) the equation above implies that
1
K a",, = —§k”;,/a“. (2.17)

As a consequence of these equations, we obtain the geodesic law for the propagation of

light rays. From equation (2.15) we have

0= (k"ky). = 2k Ky (2.18)
Now k, = 0,%, and since ¢,,.,, = 1., we get, after interchanging indices,

Kk = 0. (2.19)

Equations (2.19) and (2.15) show that the paths of light rays are null geodesics.

If we now write the amplitude a* as a* = af#* and take into account (2.17) we have

2ak"a,, = 2ak"a,, = k" (a®),, = k" (a,a").,
= "k’ ayy + a k'al, = =k, %,
so that
1
ka, = —51{311;,/(1. (2.20)

This can be regarded as a propagation law for the scalar amplitude. After introducing
at = af* into (2.15) we get

1
0= K (af*), + S, (af")

1

= 0k 1, K P+ 5K ()
1

= ak” f", + f* (K a, + 5/#’;1,@)

= ak” f%,

or
kY f1, =0, (2.21)

We thus see that the polarization vector f* is perpendicular to the light rays and is
parallel propagated along them.
After multiplying equation (2.20) by a we find

1
ak’a,, + 51@”;”@2 =0 (2.22)



2.2 The light propagation equation

We can rewrite the equation above as
k' (a®), + a°k", = (a®k”),, =0, (2.23)

where (a*k”) can be regarded as a conserved current.

Quantum mechanically, (2.23) expresses the conservation law for the number of pho-
tons. Since the photon number is not in general conserved, here it is an adiabatic
invariant, in other words, a quantity which varies very slowly for R > X\ in comparison
to the photon frequency.

Finally, we give a summary of the fundamental laws of geometric optics, which we

derived in this section:

1. Light rays are null geodesics;

2. The polarization four-vector is perpendicular to the rays and is parallel-propagated

along the rays;

3. The amplitude is governed by an adiabatic invariant which, in quantum language,

expresses that the number of photons is conserved.

2.2 The light propagation equation

In the present work, we calculate light deflection in the post-linear gravitational field of
two bounded masses for the case when the impact parameter €| is much larger (e.g. 5
times or more) than the coordinate distance 715 between the two accelerating masses,
so that we can suppose that the gravitational field is weak along the light path.

For weak gravitational fields, as was shown in the preceding section, we can assume
that light propagation is very well governed by the laws of geometric optics, whereby
light rays (photons) move in curved space-time along null geodesics. The equation for

a single null geodesic? reads

d? 2+ - dz* dz°

dzmdzm 9.94
Dz ey Ay (2.24)

where

1 w
Lpo = 59" (Iposs + Gowp = Gpoo) (2.25)

2Contrasted with equation (2.19) which describes a congruence of null geodesics.



2 Light propagation in the post-linear gravitational field

are the Christoffel symbols of the second kind and A is an affine parameter. In this work
we shall use the time coordinate t instead of the affine parameter A to parameterize the
null geodesics.

After substituting A by the time coordinate 2° = ¢t in the geodesic equation (2.24)

by means of

d’t |, dztdz”
) ———= 2.2
e ey T (2.26)
we obtain
d*z - dz*dzP dz" dz° dz'
— 4= =c'TY —_ 2.2
@z ergr ar ¢ v ar dt di (227)
The condition for the geodesic to be light-like can be formulated as
, dz" dz¥
20 2 (), Gl—— = 0. 2.28
g,U« [Z 72 ( )7 ] dt dt ( )
If we substitute in (2.27) dz*/dt by I* = (c,1%) we find
dlz aif —110 jrjogi
E+F 7 =c 1, 0711 (2.29)

Notice that [* is not exactly a 4-vector because we differentiate with respect to the time
coordinate t. So [* is a 4-vector up to a factor. Here, I' = dz'/dt is the 3-vector tangent
to the light ray 2°(t). Now we consider a light ray 2%(¢) that is propagating in a curved
space-time g,,[2°, 2°(t), G] with the signature (— + ++). If the gravitational field is
weak, we can write the fundamental metric tensor g,,[2°, 2*(t), G] as a power series in

the gravitational constant G
9uwl2%, 2 (1), G] = nu, + Z A0, 2i(t), G, (2.30)

where 7,,, is the Minkowski metric and hy[z°, 2i(t), G] is a perturbation of the order
n in the gravitational constant G equivalent to G”g,“, (29, 2%(t)) (physically, this means
an expansion in the dimensionless number Gm/c?d which is usually very small, d being
the characteristic length of the problem and m a characteristic mass).

In order to obtain from (2.29) the equations of light propagation for the metric (2.30),
we substitute the Christoffel symbols into (2.29). To save writing, we denote the metric
coefficients hby [2°, 2(t), G, hi2[2°, 2i(t), G] by h% and hfZ). Then the resulting equation
of light propagation to the second order in G/c? is

10



2.3 The approximation scheme

‘fi—l; = %@héﬁ)i — czhgyo — ) e — enl) i — ) g
+ thmlmz" - 5 e hiolt — hSl) 1M + (50*1;1(1) Y, )
2 hé%)@ % CRVRRD, @ ki (hin ), -1 h > pmn
+h 1>“f(hm3m - %hﬁiﬁhk)m” — BRI (2.31)

where by o and ; we denote 9/92° and 9/9z". To calculate the light deflection, we need
to solve equation (2.31) for I*. In order to solve this complicated, nonlinear differential

equation we turn to approximation techniques.

2.3 The approximation scheme

The 3-vector [*(t) can be written as

=gy + Y _ ol (1), (2.32)
n=1

where [{, denotes the constant incoming tangent vector I'(—o0) and 81, (t) the pertur-

bation of the constant tangent vector l%o) of order n in G equivalent to G”5l~(n) (1).
After introducing the expression for [(¢) given by (2.32) into (2.31) we obtain differential

equations for the perturbations 51?1) and 5[%2):

doli 1
(1) 1 1 m 1 m 1 m m n
dt = 502h80),i 2h§)10 - ChOz ml (0) + Chén)l zl Ch7(7120 0) — hgm nl )°(0)
min L (L 0 o
+ thml ity = 3¢ hbotioy = Bttty + (567 Bhpo = Rl ) Uiyl oy (2:33)
and

11



2 Light propagation in the post-linear gravitational field

Tl Lang, - Lanoma®, 1@kt - (h2, - 12 Y,
(R, = S0y — HER
— chi) 8l + chly) 1% — chl) ol
— by BUT I — B 1 ST hfgmaz )
- _Ch(()%))odlén - hoo,k5lk1 fO) 00 kl )5l’
+ T R 01T Iy gy — MRl 01T Iy gy — MR, 100 10, T
+ (%c—lhw0 - _lhopm> oyl 8l (2.34)

In order to calculate the perturbations (5[21)(15) and (5[22) (t), we have to integrate equa-
tions (2.33) and (2.34) along the light ray trajectory to the appropriate order.

Before performing the integration it is convenient to introduce a new independent
parameter 7 along the photon’s trajectory as defined by Kopeikin and Schéfer [7]. The

relationship between the parameter 7 and the time coordinate ¢ is
T=1t—1t", (2.35)

where t* is the time of closest approach of the unperturbed trajectory of the photon to
the origin in an asymptotically flat harmonic coordinate system. Then the equation of

the unperturbed light ray can be represented as
2(T) unpert. = Tlfo) + &, (2.36)

where £ is the vector directed from the origin of the coordinate system towards the
point of closest approach. The vector &' is often called the impact parameter and is
orthogonal to the vector léo)‘ The distance r(7) = |Z(7)|, of the photon from the origin

of the coordinate system reads

(1) = /A2 + €2, (2.37)

It follows from equation (2.35) that the differential identity dt = dr is valid, so that we
can always replace the integration along the unperturbed light ray with respect to ¢t by
the integration with respect to the variable 7.

Then the resulting expression for (5121) is given by
) 1 /7 )
i _ a 18 3,(1) 1) (1) 3m (1) g3
5l(1)(7) = 5/_ do l(o)l(o)haﬁ,i|(—>) - Chm‘ - hmil(O) — hgg l(o)

1 T - - i
+ 50/ do higolio - +/ do 1) Lo [ o = ¢ i | lioy () - (2:38)

12



2.4 The light deflection

On the right-hand side of equation (2.38) after evaluating the partial derivatives
of the metric coefficients with respect to the photon’s coordinates (i.e. (2% 2%(t))),
we replace in the integrals the photon trajectory by its unperturbed approximation
240 ) unpert. = alfo) + & and the time coordinate 2° by o + t*. In this work we denote
this operation by the symbol |_). Then we perform the integration with respect to o.
After substituting the expression obtained for 5lfl) into equation (2.34), we can integrate
it to get 5l22). To calculate the perturbation 5[22), we separate the part of 5lf2) which
depends on the post-linear metric coefficients from the part which depends on the linear
metric coefficients. We denote these parts of 8l(,) by 0lf,; and 01y, respectively. As in
the case of equation (2.38) we replace the photon trajectory by its unperturbed approx-
imation and the time coordinate 2" by o + t* after evaluating the partial derivatives of
the metric coefficients with respect to the photon coordinates. The resulting expressions

for (511('2 and 51 o)1 Are

7 7 ]' 7 m n
5l(2)1(7) = / do [562h(()%)),i - h(()%),kléﬂo)l(o)] |(—>) +/ do |:2hmnz - hﬁiE n] l(o)l(o)|(—>)

h - (2.39)
and
5lé2)11(7) = - /_; do [%Czh(l)ikhégk + h(()%))h(()%)),klﬁ))%)] |(H)
B R
+ C/_oo dor [y = i, hﬁ,lno} 51T ()] )
+ /_ oo dor [, 3143 () foy = Sy 8108 () foy = B 1480y ()] |
- /_; do [%Ch(()%),o&%l)(g) + h&)),kmﬁ)(a)lém + hé%))kl(())&u)( )] |(H)
bt /_ oo do [hmpoazm (o)) — hSy), 1% (o)) — B3, 11 810 (o )}zgo)kﬂ)
+c_1/_; do [%h%o—hépm 10 8 ()] - (2.40)

2.4 The light deflection

The dimensionless vector aén) of order n in GG, describing the angle of total deflection

of the light ray measured at the point of observation and calculated with respect to the

13



2 Light propagation in the post-linear gravitational field

vector Iy, (see [7]), is given by

af,(t) = Pj—5—, (2.41)
where 5lén) is the perturbation of the constant tangent vector of order n in GG. Here,
P, = 0, — €(5)€(0)q (2.42)

is the projection tensor, which projects tensors onto the plane orthogonal to the vector

lio)- In the case of light rays (photons) \l?o)] =c.

14



3 Light deflection in the linear gravitational field of

arbitrarily moving and spinning masses

Since the linear metric perturbation h&l,,) for a system of arbitrarily moving and spin-
ning masses can be split into two pieces, one arising from the point-mass part of the
stress-energy tensor and one caused by the spin part of the stress-energy tensor, we can
calculate the light deflection corresponding to each part separately.

The angle of light deflection arising from the point-mass part was computed by
Kopeikin and Schéfer in 1999 [7] and the spin part by Kopeikin and Mashhoon in
2002 [3].

In this chapter we present their computation and derive the expression for the angle
of light deflection resulting from the expression obtained by Kopeikin and Schéafer in
the event that the speeds of the masses are small with respect to the speed of light and
the retarded times are close to the time of closest approach of the unperturbed light ray
to the origin of the coordinate system. We also compute the angle of light deflection
caused by the quadrupole moment of the system of arbitrarily moving masses. This
chapter is primarily based on the papers by S. M. Kopeikin and G. Schéfer [7], S. M.
Kopeikin and B. Mashhoon [3], and the author [10].

3.1 The linear gravitational field generated by arbitrarily moving

and spinning masses
In the linear approximation (2.30), reduces to
G (1, T) = Ny + WO (2, T). (3.1)

The metric perturbation hf}) (t,Z) can be found by solving the Einstein field equations
which read in the first post-Minkowskian approximation and in the harmonic gauge (see

[14]) as follows:

G
OB (1,@) = —167 ST (1,), (3.2)

15



3 Light deflection in linear gravitational field of moving and spinning masses

where [0 = 70,0, is the flat d’Alembertian operator and

1
T(t,3) = T (4,3) - 50 TA (1 @) (3.3)

In the present case TH(t, ) is the energy-momentum tensor for a system of spinning
bodies, the explicit expression of which will be given in the next subsection.

As is well known, the solution of these equations has the form of a Liénard-Wiechert

potential [15], which in terms of the integral of the retarded tensor potential 7, is given
by
W (1, ) = 094 / & T“(t’f__'fl Z) (3.4)
3.1.1 Energy-momentum tensor of a system of spinning bodies
The energy-momentum tensor T of the '™ spinning body reads
TH(t, @) =T, (t,7) + TH (t, ©), (3.5)

where T"), and T"'¢ are parts of the tensor generated by the mass and spin of the a™
body, and ¢ and & are the time coordinate and spatial coordinates in the underlying
inertial coordinate system. In the case of a system of spinning bodies the total tensor
of energy-momentum is a linear sum of tensors of the form (3.5) corresponding to each
body. Since in this chapter we are considering only the linear gravitational field, the
total gravitational field of the system of bodies results from the linear superposition of
the fields due to individual bodies.

In equation (3.5), 7%, and T"¢ are defined in terms of the Dirac function as follows

[5, 16, 17):

T (t.Z) = C/ dn piu) (—g) 7 26(2° — 22(n) 6@ (T — F(n)), (3.6)
TH (¢, %) = —va/ dn ") (—g)"26(2° — 20())6C (& — Zu(n)), (3.7)

where 7 is the proper time along the world line of the body’s centre of mass, Z,(n) are the
spatial coordinates of the body’s centre of mass at the proper time 1, u®(n) = ya(c, U,(t))
is the four-velocity of the body with 7, = (1 — v2/c?)~'/2 #,(t) is the three-velocity of
the body in space, p%(n) is the body’s linear momentum (in the approximation, which
neglects the rotation of the bodies, p%(n) = m,ul(n), where m, is the invariant mass
of the a'™ body), S#(n) is an antisymmetric tensor, which represents the body’s spin

angular momentum attached to the body’s centre of mass (spin-tensor), V., denotes

16



3.1 Linear gravitational field generated by moving and spinning masses

covariant differentiation with regard to the metric tensor g,,, the parentheses around
indices indicate symmetrization, and g = det(g,,) is the determinant of the metric
tensor.

The definition of the spin-tensor S} is arbitrary up to the choice of a spin subsidiary

condition that is chosen as follows:
ST g, = 0. (3.8)

Because of this subsidiary condition, the antisymmetric tensor S)” has only three in-
dependent components, which can be mapped uniquely onto the spin-vector (intrinsic

angular momentum) S, by means of
1 B8 Qv v afyv
Saa = Enaﬁwuasg /C7 Syt =0 Saauaﬁ/ca (3.9)
with
Sy, = 0. (3.10)

Here, n®?" is the Levi-Civita tensor in curved space-time related to the Levi-Civita

tensor €.y, in Minkowskian space as follows:

N = —(=g) " eap s = (=9)eap, (3.11)

where €123 = +1. In what follows we denote the spin-vector in the frame comoving with
the body as & = (O,S:L ). In this frame, the temporal component of the spin-vector
vanishes as a consequence of (3.10). After applying a Lorentz transformation from
the comoving frame to the underlying inertial frame, we have in the post-Minkowskian

approximation

!

.Sa
C

—

), Si=8i 4 %‘vg ! (U : Sa> Vi (3.12)

522%( .

where 7, = (1 —v2/c?)"Y/2 and @, = (v}) is the velocity of the a'™ mass with respect to

the frame at rest.

3.1.2 The metric perturbation hz‘l")

In order to facilitate the computation of the metric perturbation h‘(ﬁ”), we split it into two
parts hly; ;) and bl (see [3]) that are linearly independent in the first post-Minkowskian

approximation, that is
h’(‘ll’) (t,7) = h’;}’(l)(t, 7))+ hg?l)(t, z). (3.13)

Thus, the solution for each part can be found from the Einstein field equations (3.2)

with the corresponding energy-momentum tensor.
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3 Light deflection in linear gravitational field of moving and spinning masses

Solution for the point-mass part

After substituting h?’“ly)(t,f) by (3.13) and the parts of the energy-momentum tensor
given by (3.6) and (3.7) into equation (3.2), we obtain for the point-mass part

v = G v —
ORY ) (%) = =167 2T (¢, ), (3.14)

where
1
;,LV —» . 3) 0 1 2
T Zma [ ndta® — abm)s® @~ o [k + 3¢ (319
The field equations (3.14) are integrated by using the retarded flat propagator D, (z, ")
which is given by
g(xo _ :EO/)
AN o_ ,0r
D,(xz,2") = S — d(z" —x ), (3.16)

where r = |7 — Z'|.

We finally get

;w m a) uf(8q)ul(Sa) + %77””62
Rl ‘4(:4Z A [nxsa)—<1/c><e7a<sa>~fa<sa>>’ (3.17)

where 7,(s,) is given by 7,(s,) = & — Z4(S4) and r,(s,) is the Euclidean norm of 7, (s,).

In the equation above s, denotes the retarded time s, = s,(t, Z) for the a'® body which

is a solution of the light-cone equation

1
Sq + —Ta(Sq) = t. (3.18)
c

Solution for the spin part
From (3.2), (3.7) and (3.13), we find that the field equations for the spin part are
v hved G v —
O (8, 7) = —16m 375" (¢, 7), (3.19)
where

T 0,9 Z o [ S 3?23 - ). (3:20)

Integration of (3.19) with the help of the flat retarded propagator (3.16) leads to':

;w 7) = UQ(Sa) Sv(ﬂ(sa>uﬁ)(5a)
Pt ) = c4zax{ : {msa)—(1/c><ﬁa<sa>-fa<sa>>]}' 320

Note that in equation (15) of Ref. [3] the factor /1 — % is missing.

18



3.2 Angle of light deflection

Since in this chapter we are interested only in the effects arising from the linear gravita-
tional field, we can treat the sources as a system of free noninteracting spinning point-like
masses, each moving with arbitrary constant velocity with its spin axis pointing in an
arbitrary fixed direction. This follows from the Mathisson-Papapetrou equations in the
underlying inertial coordinate system.

After performing the differentiation in equation (3.21) we finally arrive at

V RO PR oy S84
N LD AP -, (322
S0 a2 [ [[ra<sa>(1/c><z7a(sa>-%<8a>>} }

a=1

where ¥, and SJ* are treated as constants and we define r¢ = (r,, 7%).

3.2 Angle of light deflection

To compute the angle of light deflection, we follow the approximation scheme presented
in Section 2.2 of the preceding chapter. For the angle of light deflection linear in G,
we first have to compute the linear perturbation (5[21). The differential equation for the
perturbation 61 is (see (2.33)):

doly, (t) 1

= 5 Chug(t,7) — choy(t, 5)—czm hiph(t,Z) + Uiy B (8, 2)

dt 07,m 0Om,e
m 1 m Jn 1
— Loy hgnZt(t’ Z) — 1) o) hfnin(t 7)+ l(o) 0) hfnlz(t Z) — Iy QhéO)t( 7)
- I?O) ll (0) hét)k( ) + lZO) lp <2672h‘mp,t (tv 5) 71h0p m( ))7 (323>

where by ; and ; we denote 9/9z" and 9/0t. In this work we assume that the unper-
turbed light ray trajectory (i.e. the light ray trajectory in the Minkowski space-time) is
given by (2.36).

Since, the metric coefficients are smooth functions of ¢ and Z, we can apply to (3.23)

the following rule of differentiation for an arbitrary smooth function F'(¢,Z) given in

[ ]’

0 l(o)i 0 N y 0 l((])i 0 R
[(624 * c? 6t>F(t’Z)} )i (t—t) (P 55‘3 2 or Flr, &+ o], (3.24)

where P/ is the projection tensor (2.42). Equation (3.24) states that the differentiation

of F(t,Z) with respect to time ¢ and spatial coordinates z* followed by the substitution

—

zZ = —i—l y(t — to) is equivalent to performing the substitution of ¢ by 7 and Z' by

-

Z(0)
E+1 lioyT in F(t, Z) followed by the differentiation with respect to the time 7 and the
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3 Light deflection in linear gravitational field of moving and spinning masses

impact parameter £¢. Here, it is important to remark that the new variables £ and 7 are
independent. For this reason, the integration of any function, which can be represented

as a time derivative with regard to the parameter 7, is always quite straightforward:
/ dT—F — F(r, &)+ C(E), (3.25)

where C' (E ) is an arbitrary function of the constant impact parameter. Moreover, since
the vector £ does not depend on the time 7, the partial derivatives with respect to &
can be taken outside the time integrals when we are computing them along the photon’s
trajectory, that is

0 0
d7’852 (7’5) oE

/ drF(1,€). (3.26)

As we shall see, the equations for the linear perturbations (3.23) become simpler in

terms of the parameters 5 and 7. After applying the rule (3.24) to (3.23) we get?

dal; () : wir o L _
TR S ), 2(r)) = B [l 7, 2(r) + Sy (7, 2(7)
11- il )
= Sl "2 R (r, Z(7)] (3.27)

where §; = P10/0¢? and Z(r) is given by (2.36).
It follows from (3.27) and (2.41) that the expression for the angle of light deflection is

i 1 ! ey 3 > 1 i a =
alyy (1) = = / dolly ! aihl(r, 2(7)) — quz(o)ahﬂ) 9(r, 2(1)). (3.28)

Equation (3.28) gives the angle of light deflection measured by an observer located at
a spatial distance |Z(7)| from the origin of the coordinate system when the light source

is located at infinity in an asymptotically flat space.

3.3 The light cone equation

In order to compute the integral in (3.28), it is useful to replace in the integrand the
time argument o with the arguments (,, defined by the light-cone equation (3.18), which
after substituting & with the unperturbed light trajectory (2.36) reads as follows:

o+ =G+ |E+ olio) — Ta(Ca)- (3.29)

2Equation (3.27) is equivalent to equation (19) in [7].
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3.4 Gravitational lens approximation

Differentiation of this equation yields a relationship between differentials of the time

variables o and (,, and the parameters t*, £, lfo):
dC,(cry — 7y - U,) = do(cry — Z_EO) cT) +ergdtt — 7, d{— Oy - dl_go), (3.30)

where the coordinates ¥, and the velocity @, of the a'" mass are taken at the retarded
time (,, and the coordinates of the photon Zz" are taken at the time o((,). From (3.30)

we obtain the partial derivative of (, with regard to the parameter &

G r./c
T A A Y (3:51)

and the relationship between the time differentials along the photon’s world line which

reads

do = d¢, e . (3.32)

If the parameter o runs from —oo to 400, the new parameters ¢, run from (,(—o0) =
—00 to (o(+00) =t* + l?o) - Z4(C4(+00)) when the motion of each mass is restricted to a
bounded domain of space, as in the case for a binary system. For bodies moving along
straight lines with constant velocities, the parameter ¢ also runs from —oo to +o00, but

here the parameters (, run from —oo to 4o0.

3.4 Gravitational lens approximation

In this section we shall derive some important equations, which are valid when we treat
the system of arbitrarily moving and spinning masses as a moving gravitational lens.
In what follows it is convenient to introduce the vector (see Fig. 3.1 for more details

on the geometry of the lens)
ga = 2<3a> - fa<8a)> (333)

where Z(s,) is the location of the photon at the retarded time s,. Since in the event of
gravitational lensing, the impact parameter of the light ray is very small in comparison
with the distances of the light-deflecting masses to the observer and the source of light,
we can assume that the length of the vector g, is small compared to the distances D =
|Z(t)—Z(to)| (distance between the light source and the observer) and r, = |2(t) —Z4(84)]-

From the light-cone equation (3.18) we have

1
L=1—-r, 3.34
S C?“ ( )
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3 Light deflection in linear gravitational field of moving and spinning masses
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Figure 3.1: Relative configuration of observer O, source of light S, and a moving grav-
itational lens. The centre of the lens is at Zep(t*), and the line through

Top(t*) and the observer O is the ‘optical axis’.
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3.5 Angle of light deflection linear in G from point-mass part of energy-momentum tensor

Upon introducing (3.34) into (3.33) and taking into account (2.36) we get

c
—, 1 e
~ Z(t) — El(o)ra Za(84)
1-
~ Fa(t, Sa) — —l(o)Ta, (3.35)
c

-,

where, as in other parts of the present work, we have 7, (t,s,) = 2(t) — Z,(s,). From
(3.35) it follows that

1 - d?
(o) * Yo) = — =2, 3.36
C( ©) * Ya) 5 (3.36)

where the distance d, = |7,| is the Euclidean length of ¢,. It is easy to see that the
preceding equation can be written as
2

(o) - Ta(t, sa)) = ;f; (3.37)

Ta —

3.5 The angle of light deflection linear in G caused by the

point-mass part of the energy-momentum tensor

Upon substituting the value of hfg(l) given by (3.17) into (3.28) and performing the
integration with the help of the relationships (3.31) and (3.32), we finally obtain

() = 28 3 Mall = PP, s0) + @l Pl o))
M@ T2 2 B (5.)F
a1 = R s) = (Coy - Tl 50)) (7 sa) — k]

c

. é‘(o) '17(1 (Sa) ]
(¢

N
G me|1
a5y —
C =1 - —U (sa )[Ta(T Sq) — _”a(sa)'Za(T,sa)]

which is equivalent to equation (68) in [7]. Note that (3.38) and equation (68) in [7]

P;vg(sa), (3.38)

have opposite signs, since our definition of the angle of light deflection in (2.41) has the
opposite sign with respect to the definition used by Kopeikin and Schéfer in [7].

For an observer located at infinity, we find

T—00

e(o) Vg (Sa)

L Z a1 o (6 — Pizi(s,)], (3.39)
¢ — Ul R (s,)
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3 Light deflection in linear gravitational field of moving and spinning masses

where the quantity R,(s,) is defined by
Ralsa) = 12(0,52) — (&io) - Falsa))* (3.40)

Here, it is worthwhile to note that the preceding expression for the light deflection angle

is equivalent to the expression given by equation (139) in [7].

With the help of (3.18), (3.37) and the relationship for the time of closest approach,

R CORE )
1., |
=t— —€0) - To(t, Sa) — PEOR Ta(Sa), (3.41)

1 &
Sa -t = E[e(o) CE’a(Sa) — 27"a]
1 — —
~ Z 0) - Ia(Sa). (342)

If the speeds of the masses are small with respect to the speed of light and the retarded
times do not differ significantly from the time of closest approach t*, we are allowed to

use the Taylor expansion of the quantity
7l (5q) ~ 2 (1) + 0L (t) (50 — t7) + =a (") (54 — ). (3.43)

After substituting into (3.42), we find

1 1 1
- . . t
c

¢ 50 (o) * Ga(t)) (50 = 1)%. (3:44)

%y@ww—4%y@wmz»aw»+ogg. (3.45)

After performing the Taylor expansion of the expression for the light deflection angle

given by (3.39) and taking into account (3.45), we finally obtain
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3.5 Angle of light deflection linear in G from point-mass part of energy-momentum tensor

Ay = —45 2R,
G m ;
HAS D B @ Tt € - Piat(e)]
G a;l m
+4C—32—a(ﬁ(0) Ta(t)) Pyua (")
G a;l )
803 B Gy Falt)) [E- ) — Ealt?) - Tlt") + (o - Fal)) gy Talt?)]
a=1 @
x (& — Plxi(t")]
G m ; ;
-2 > R_Z 2t [ — Plal(t)]
Gm ; ;
FA S ) F - Fl1) [~ Pird()]
a=1 a
G N Mg , -, SN2 | 2 = gk = /g% = (% 2 i % *
— 160—4 £ R_g( (0) a(t )) [g Ua(t ) - ma(t ) Ua(t )] [5 - qug(t )}
()] (66 = Plwa(t)

- 464 a=1 ‘21
x [€8 = Pyad(t")]
G m .
+27 D 5 (Fo) - Falt)* Ppad(t”)
¢ a=1 a
G m . .
+47 > T (E0) + Fall)) €0y - @a(t))[€ = Py (t7)]. (3.46)
a=1 a
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3 Light deflection in linear gravitational field of moving and spinning masses

3.6 The angle of light deflection linear in G caused by the spin part

of the energy-momentum tensor

After inserting the value of hi(ﬁl) given by (3.21) as well as (3.22) into (3.28) and evalu-
ating the integral with the help of the relationships (3.31) and (3.32), we arrive at

Cc

va(sa)
e e [1-%]
oy (1) = —28 S [1 = G0 alsa)
5(1) c P (7,50) Ba(5a) ] >
|:Ta(T7 Sa) — M]
LoyaTasSe” Pyrh(T, 8a)
[ra(7,50) = €0) - 7%(T 5a)]
FRETEICH P

Pqirg(T, Sq)

+ - - — Pri(r,s,)
ro(T, Sa) — —T“(T’S“Zv“(s“) [7a(T, 50) — €0) - Ta(T, Sa)]
l 0 araﬁsgﬁ 7
- L ~Pivi(sa)
Ta(T, 8a) — Ta(‘r’sai.va(sa) [Ta(Ta Sa) — €() - Ta(T, Sa)]
B le( 0)a Sad }
ro(T, 84) — —F“(T’S“Z'ﬁa(s") [ T, Sa) — €(0) - Ta(T, sa)]
€(0) Ua(Sa) i
Gr, _ e |1 " oS
t25 [1 T2 - - 3
¢ ¢ |:7’a (7'7 Sa) - Ta("'»saz"va(sa)]
1 PloaraySg7vd(sa) } (3.47)
2 o R 3 (> .
 [rar, 5q) — Blzselieten)|
where r® = (14, 7,).
For an observer located at infinity, (3.47) becomes
i = l(O)ocTaBS i i q Pqil(o)aqu
asq) = —47 Z —— &' — Pjai(sa)] — — 2 (3.48)

where we have neglected all residual terms of order O(d, /r,), since in this case d, /r, = 0.
In order to obtain the analytic expression for the angle of light deflection valid for a
system of spinning masses having arbitrarily high velocities v, and spin ga, we have to

substitute into the preceding equation the expressions given in (A.3) and (A.4). After
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3.7 Linear light deflection in the far zone gravitational field

performing the substitution we get

i G al Yo ) & 7 = — ral_EO)
s = =872 i Se oy X 7a) + S [(Ta— L) X
a=1 @
1- Ya) /- SN\/7 i i
+ ( o )(va Sa)(lio) X Ta) - Tg P& an:g]

GN% il i 1-7),. & — i
+4— — P(vaxSa)—((o)xSa) ——(va-Sa)((o)xva) , (3.49)

where the quantities ga, U,, d, and x; are evaluated at the retarded time s,. In the
event of slow motion, the Taylor expansion of (3.49) with respect to the parameter v/c

yields

N
Ay =Y al, (3.50)
a=1

where

G (Z_EO) X ga)l

[€¢ — Pqia;g] — 4; = (3.51)

The angle of light deflection a’ 4 can also be written as the gradient of the potential ¢,s:

; g G <., 0d,
Qs1) = —4—37 VYas = 3( X Sq)?

o - i (3.52)

where ! = &' — P;xg(sa) and d, = |Xal-

3.7 Linear light deflection in the far zone gravitational field

In order to compute the part of the linear light deflection arising from the quadrupole
moment of a system of arbitrarily moving and spinning masses it is convenient to work
with the expression for the light deflection caused by the point-mass part of the energy-

momentum tensor given by equation (139) in [7],

G o ma[1 = ) g gis,)
CI 1ol -G

which results from (3.39) after substituting R,(s,) by its expression given by (A.7).
In this work we assume that the impact parameter is always larger than the distance

|§;(sa)| Upon performing the Taylor expansion of the right hand side of (3.53) with
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3 Light deflection in linear gravitational field of moving and spinning masses

respect to £ (s,) and v,(s,)/c, one can prove (see [7]) that the angle of light deflection
caused by the point-mass part of the energy-momentum tensor is represented in the

form
Oy = —40bu, (3.54)

where the potential ¥, is given by
aflX 1 N N R
Yy = g{ Z;ma — Eé’(o) . z;maﬁa(sa) — ;maxz(sa)a
L
Z MoV (8a)2 (84)0; + 5 Z maxg(sa)xg(sa)apq} In|¢|+ ..., (3.55)
a=1

and the ellipsis denotes residual terms of higher order.

le—

The potential vy, is the, so-called, point-mass part of the gravitational lens potential

[19].

If we treat the system of N point-like masses as an isolated system, the multipole

moments are defined in the Newtonian approximation by

M = Zma, Ti(t Zmax
= S malE ) x @) T Zma( 10~ JEOP), (350

where the multiplication symbol denotes the usual Euclidean cross product and, coor-
dinates as well as velocities of all point-masses are taken at one and the same instant of
time t. In the rest of this section we assume that the velocities of the point-like masses
are small with regard to the velocity of light and that the origin of the coordinate frame

is located at the barycentre of the system. This means that

= Z meri(t) =0 and  Z'(t) = Zmavé(t) =0. (3.57)

After expanding all terms in (3.55) with respect to the time ¢*, noting that the second
projective derivative d,, In |€ | is traceless, and taking into account (3.42) and (3.43), the
centre of mass conditions (3.57), the definitions of multipole moments (3.56) and the

the vector equality

I (Bl Ta) — V3 (o) Fa) = [Elo) X (Ta X To)), (3.58)
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3.7 Linear light deflection in the far zone gravitational field

we find out that, up to the required order, the potential 1), reads

.1
T2 { Zma 6Jzaq (o)jq<t*)aj + szq(t*> } In ¢, (3.59)

where €, is the fully antisymmetric Levi-Civita symbol.

The gravitational lens potential (3.59) is equal to the lens potential given by equation
(168) in [18].

In order to get the total lens potential, we have to add to (3.59) the lens potential
arising from the spin of the masses. It follows from (3.52), in the case that the impact

parameter is larger than the distance |§_';(3a)|, that the lens potential is given by

G "
s = Zleiel S5, (3.60)

where

SUt) = SUtY). (3.61)

Since the effect on the light propagation arising from the wave zone or far zone gravi-
tational field is caused by the quadrupole moment of the deflector, to obtain the corre-
sponding angle of light deflection we have to introduce into (3.54) only the quadrupole
term of the potential ¢,

i G *\ A -
Q(1)Quad = _2§Ipq(t )aipq In |€ | (362)

After evaluating the projective derivatives 5?ipq, we finally get

G €
O = 4z D ma [ AF() -7 ~ |E1")P) 55
G Na:l
+8§§;m4f@ﬂ )§P%%) (3.63)

where ¢ = |£].

The equation above shows that the angle of light deflection caused by the quadrupole
moment of the source of the gravitational field falls off as the inverse cube of the impact
parameter £. Taking into account this property of strong suppression of the influence
of gravitational waves on light propagation, we conclude that light deflection in the
linear gravitational field of a system of arbitrarily moving and spinning masses is mainly

determined by the near-zone gravitational field.
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4 The post-linear gravitational field of two bounded

masses

In the computation of the metric generated by a system of two bounded point-like masses
we distinguish between 3 zones [20, 21]: the near-zone, the intermediate-zone and the
far-zone or wave-zone. In Chapter 3 as well as in Refs [18, 22] it was shown that leading
order terms for the effect of light deflection in the case of a small impact parameter &
(i.e. an impact parameter small with respect to the distance between the deflector and
the observer) depend neither on the radiative part (~ 1/£) of the gravitational field
nor on the intermediate (~ 1/£%) zone terms. The main effect rather comes from the
near zone (~ 1/&%) terms. Taking into account this property of strong suppression of
the influence of gravitational waves on light propagation, we can assume in the present
work that light deflection in the post-linear gravitational field of two point-like masses is
mainly determined by the near-zone metric. This chapter is devoted to the computation
of the post-linear metric in harmonic coordinates in the near-zone of a system of two
bounded point-like masses. It is based on papers by L. Blanchet [23, 21] and a paper
by L. Blanchet et al. [25].

4.1 Einstein’s Field Equations

The field equations of general relativity form a system of ten second-order partial dif-

ferential equations that are fulfilled by the space-time metric g,,,,
G"g,0g,0%g] = KT"|g], (4.1)

where the Einstein curvature tensor G* = RM — %Rg‘“’ is generated, through the
gravitational coupling k = 87G/c*, by the stress-energy tensor T*”. Four of these ten
equations control through the contracted Bianchi identity the evolution of the matter

system,
G, =0=T", =0. (4.2)

The space-time geometry is constrained by the six remaining equations, which place six

independent constraints on the ten components of the metric g, leaving four of them
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4 The post-linear gravitational field of two bounded masses

to be fixed by a choice of the coordinate system.
In the present work we shall solve Einstein’s field equations in harmonic, or de Donder
coordinates in order to compute the gravitational field for two bounded point-like masses.

We define, as a basic variable, the gravitational amplitude
W = \/lglg" — 0", (4.3)

with g and g being the inverse and the determinant of the covariant metric g,,. The

absolute value of ¢ is given in terms of a series expansion in the field variable h*”, i.e.
I _
gl =1+h+ (h2 - hgph"”> + O, (4.4)

where hy, = ,a1,5h*? and h = n,5h*°. By n* = n,, = diag(—1,1,1,1), as before, we
denote the Minkowskian metric.
The harmonic coordinate condition, which accounts exactly for the four equations

(4.2) corresponding to the conservation of the matter tensor, reads
d,h* = 0. (4.5)

Under this condition the Einstein field equations (4.1) take the form

167G

Rt = =

[T + A™, (4.6)

where A*” is the gravitational source term. Here, OO = 7*¥0,0,, as in the preceding
chapter, is the flat d’Alembertian operator.
By means of the integral of the retarded potentials given by
1 7t — | — 7
Dﬁlf(f,t):——/d?)l'/f(x ’ ‘I € |/C)’ (47)

47 |7 — 2|

and under the condition of no incoming radiation, the Einstein field equations (4.6) can

be written equivalently in the form of the integro-differential equations

167G

ct

=05 { lg| T + A/W] : (4.8)

The gravitational source term A*” is related to the Landau-Lifschitz pseudo-tensor

through equation

167G

A Gl O, R0, — T8, T (4.9)
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4.2 Solution of Einstein’s equations in the near zone

Equation (4.9) can be expanded as an infinite non-linear series in h and its first and
second space-time derivatives; in this work we need only retain the non-linear terms

quadratic in h? (i.e. in G?),
A" = N* (h,h) + O(h?), (4.10)
where the quadratic non-linearity reads
N — o, T + %8“71,008”5” _ }lauﬁ OB+ 0, (O R + 0,77
— 20RO [~ OBl 4 0RO SO he, TR (411)

In the preceding expression, all indices are lowered and raised with the Minkowski metric

Nuw; b = 0" h,,; the parentheses around indices, as before, indicate symmetrization.

4.2 Solution of Einstein’s equations in the near zone

The near zone of the source is defined as the domain D; = {(Z,t) | |Z| < r;} in which

the radius r; is adjusted so that
1. r; > a, where a is the radius of a sphere which totally encloses the source, and

2. r; < A, where A = \/27m ~ ac/v is a characteristic reduced wavelength of the

emitted gravitational radiation, and v is a typical internal velocity in the source.

The definition of D; assumes in particular that a < A, or equivalently ¢ < 1 where
e ~ v/cis a small “post-Newtonian” parameter appropriate to the description of
slowly moving sources. We shall also assume that the source is self-gravitating so that
GM/(ac*) ~ %, where M is the total mass of the source and that the internal stresses
are such that 7% /T% ~ &2,

In the domain D; we can solve Einstein’s equations (4.6) using the harmonic coordinate

condition (4.5) by formally taking the limit ¢ — 0.

4.2.1 The retarded potentials and the general 2PN metric

We describe the matter source by means of the density of mass o, of current o;, and

of the stress o,; which are defined as functions of the contravariant components of the
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4 The post-linear gravitational field of two bounded masses

stress-energy tensor 7% by

1 i1

GEC—z(TOO—i—T ), (4.12)
|

g; = —TOZ, (413)
C

oij =T, (4.14)

where T% = §,;T% denotes the spatial trace of 7.
From the covariant conservation of the matter stress-energy tensor (i.e. V,T" = 0)

we deduce the equations of continuity and motion, which read to the Newtonian order

0,0 + 0;0; = O(£?), (4.15)
Otai —I—ajcrij = a@ZVJrO(eQ) (416)
As in Refs [21] and [25] we introduce retarded potentials generated by the densities o, oy,

and o0;;. First, V and V; are the usual retarded scalar and vector potentials of the mass

and current densities o and o7, i.e.,

V(l’,t) =G m0<$/,t—z|$—xl|>, (417)
d3z’ 1

—G/—q i Ji<§;”,t— —|:i‘—:E’\>, (4.18)
|7 — 2| c

which fulfil the equations 0V = —47Go and OV; = —4nGo;. Secondly, Wij is a more
complicated retarded tensor potential defined by

d3 !
/ |23 _,,l |:O'U 5@]Ukk + G& Va V:| < ,t— —\x — _)/‘). (4.19)
Furthermore, we shall often consider the trace of the potential Wiﬁ ie.
d3 /
— 204 + ——=0;Vo;V 4.20
1=6 [ 5= | - 20+ vy | (420

From the Newtonian equations of continuity (4.15) and motion (4.16) we deduce that

the potentials V', V;, Wij, and Wi satisfy the conservations laws

OV + 0;Vi = O(e?), (4.21)
. 1. .
at‘/i + 8J{VVZJ - ééngkk} = 0(62). (422)
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4.2 Solution of Einstein’s equations in the near zone

We now proceed to solve Einstein’s equations (4.5) and (4.6) with an accuracy corre-
sponding to the second post-Newtonian order. After introducing the lowest-order results
R = —4V/c? + O(e*), h% = O(e?), and h¥ = O(g*) into the right-hand-side of (4.6)

with the explicit expression (4.11), we get the equations

_ 14
OR% — _167ZG (1 + g) T — =0 VO,V + O(°), (4.23)
C C C
. 1 )
Or% = 6#4GTOZ + O(£%), (4.24)
.. lerG_.. 4 1
o = 51 Zavoy - Jaavar )+ o), (425)

These equations can be straightforwardly solved by means of the potentials V', V;, VVM
and W, that are given by equations (4.17)(4.20). The result is

_ 4 2 .

W = =V = S (Wi +4V) + O(E°), (4.26)

— 4

07 __ 5

B = =5Vt O(), (4.27)

B = =2 Wy = 20, W | + O 428
= |V T 5% we| +O(e°). (4.28)

Since the potentials satisfy the conservations laws (4.21) and (4.22), it is easy to see
that the corresponding field quantities (4.26), (4.27) and (4.28) satisfy the approximate

harmonic gauge condition

ooh™ + 0;p" = O(&%), (4.29)
Qoh" + 9;h7 = O(e9). (4.30)

On inserting the coefficients h®? given by (4.26)(4.28) into (4.3) and (4.4) and com-

puting the inverse of g"” we finally obtain,

2 2
goo = -1 + gv — EVQ + 0(66), (431)
4
goi = —gVi +0(&%), (4.32)
2 2 .\ 4. ;
9 = 0\ L+ 5V + V2 )+ 2 Wiy + O(e%). (4.33)

In what follows we are going to compute the retarded potentials V', V;, Wij and Wi

for a system of two bounded point-like masses.
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4 The post-linear gravitational field of two bounded masses

4.2.2 Application to a system of two bounded point-like masses

For a system of two bounded point-like masses (i.e. a point-mass binary) we use the

matter stress-energy tensor
TH = py (O o7 d(Z — Z1(t)) + (1 < 2), (4.34)

where the symbol (1 < 2) refers to the preceding term but with the labels 1 and 2
exchanged; 0 denotes the three-dimensional Dirac distribution; the trajectories of the
two masses (in harmonic coordinates) are denoted by ' (t) and Z5(t); the two coordinate
velocities are ¥ (t) = d¥(t)/dt, va(t) = d¥e(t)/dt and v} = (¢, v), vh = (¢, Va); ui(t)

represents an effective time-dependent mass of body 1 defined by

m
p(t) = (—1 : > : (4.35)
ggpovlgl 1

C

where m; is the (constant) Schwarzschild mass, with g¢,, the metric and g its deter-
minant. After introducing into equations (4.12)—(4.14) the matter stress-energy tensor
(4.34) we find

o = [in(t)06(Z — (1) + (1 < 2), (4.36)
o = (VL ()8(F — Z1(t) + (1 « 2), (4.37)
01y = (£ (D37 — 7 (1) + (1 2). (4.38)
Here, the quantity fi;(¢) is given by
jult) = (0| 1+ 2, (139)

where vi(t) = v)(t)%. At the Newtonian order the quantities y;(t) and fi;(¢) reduce to
the Schwarzschild mass: p(t) = my + O(?) and i1 (t) = my + O(?).

Since the stress-energy tensor for a point-like mass depends on the values of the
metric coefficients at the very location of the masses and the metric coefficients there
become infinite, we must supplement the model of the stress-energy tensor (4.34) by a
regularization procedure in order to remove the infinite self-field of the point-like sources.
The choice of one or another regularization procedure represents (a priori) an integral
part of the choice of physical model for describing the point-like masses. In the present
work as in the paper of Blanchet et al. [25] we shall use the Hadamard regularization

based on the finite part of functions admitting a special (“tempered”) type of singularity.
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4.2 Solution of Einstein’s equations in the near zone

Hadamard’s “partie finie” regularization

Let F' be a real valued function defined in a neighbourhood of a point Z; € R, excluding
this point. At Zy the function F' is assumed to be singular. We consider the family of
auxiliary functions fz(€) := F(Zy + eri), labelled by the unit vectors 7. We expand fz
as a Laurent series around € = 0,

[e.9]

fale) = > am(ii)em, (4.40)

m=—N
where the coefficients a,, depend on the unit vector 7i. The regularized value of the
function F at T is defined as the coefficient of €® in the expansion (4.40) averaged over
all directions:

Frug(7o) = i 7{ a0 (7). (4.41)

We use the formula (4.41) to give a sense to the spatial integral of the product of F' and

the Dirac delta function. It means that we define
/ BrF(F)S(T = Ta) = Frog (o). (4.42)

More details about Hadamard’s regularization can be found in [20].
We shall compute the 2PN metric in the form known as order-reduced, by which we
mean that in the final result all accelerations are replaced by explicit functions of the

positions by means of the Newtonian equations of motion:

i
dvj Gmsy

= ——F 4.43
dvi  Gmy

= —n 4.44
dt r, M2 (4.44)

where 19 = ’fl(t) — ng(t)‘ and 7_7:12 = (fl(t) — ng(t))/?”lg.

4.2.3 Computation of the potentials V, V; and Wij

The potentials V' and V; are generated by the compact-supported source densities o and
0;. Similarly I/T/ij consists of a part generated by a compactly supported source, but
also a part whose source is given by quadratic products of the spatial derivative of the
potential V. We denote the compact part of Wij by I/T/Z»(jc) and the quadratic part by

‘/T/Z_(java\/). So we can write the potential I/T/Z»j as

T 7 (C 2 -(0VOV
Wiy = Wi+ Wiy, (4.45)
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4 The post-linear gravitational field of two bounded masses

where Wi(jo) and Wé@\/@\/) are given by

Wi = O 47 G 0y — dijom) }, (4.46)
WYY) — O -8,V o, V). (4.47)

v

Compact Parts of Potentials

First, we compute the compactly supported potentials V', V;, and the compactly sup-
ported parts of I/T/Z-j for a system of two bounded point-like masses described by the
stress-energy tensor (4.34) and the regularization (4.41). For our computation of the
post-linear light deflection, we only need to compute V up to the 1PN order and the
potentials V; and Wij up to the Newtonian order.
By performing the Taylor expansion up to the 1PN order of the retardation inside the
integral (4.17) and using the mass density in the form (4.37), we obtain
V= G{& ! ,(f) + ! af(/zlrl)} +OE) + (1 < 2). (4.48)

r c 2¢2

We start by computing ji; up to the 1PN order. After substituting in (4.35) the metric
coefficients by their values (4.31)—(4.33), fi; becomes

[l = m1{1 + C% { — (V)1 + ;v%} } +O(eY), (4.49)

where the potential V' is to be evaluated at the location of mass 1 by means of the rule

(4.41). Application of this rule to the Newtonian part of V' given by

V = Grml + (’)(52) + (1« 2), (4.50)
1
leads to
(V)i = 222+ 0() + (1 - 2) (451)
12

where 115 = |Z] — Z5|. After substituting in (4.49) the quantity (V'); by its expression
(4.51) we get

-~ 1 Gmg 3 9 4
[ = m1{1 + > { - + 21)1} } + O(e). (4.52)

To obtain the final expression for V' we have to introduce into (4.48) the effective mass
(4.52) and compute the time derivatives. The explicit expression for V' is given in
Appendix B. Notice, that we do not need to compute the time derivative of the effective

mass fi since it starts at 1PN and we are interested only in V up to the 1PN order.
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4.2 Solution of Einstein’s equations in the near zone

The potential V; and the compact potential I/T/i(jc) to the Newtonian order are computed
in the same manner. As an example we give

e & (viv] — 090}) + O(e) + (1 2). (4.53)

v

™
The explicit expressions for the potentials V' and V; to the order required in the compu-

tation of the metric to the conservative 2PN order are given in Appendix B.

Quadratic Part of the Potential W;

To compute the quadratic part of the potential Wij given by equation (4.47), we have
first to work out the sources using (4.50). After computing 9;V 0;V we obtain

2,2 B 1

1

1
+ G2m1m281i(92j (ﬁ) + 0(52) + (1 — 2), (454)
172
where 9%,; = 9?/0210x], 01;00; = 0°/0210) and A, = 0%/0x} 0.

£ (OVV)

expansion of the retardation in (4.47) to that order. This yields

In order to compute to the Newtonian order we first perform the Taylor

O o -ava)
= A‘l{—@V@jV} + 0(6), (455)

where the source 0,V 0;V is given by (4.54).
The Poisson integral of the self-terms can be readily deduced from A(Inry) = 1/r?,
while the Poisson integral of the interaction terms is obtained by solving the elementary

Poisson equation

1
Ag=—. (4.56)

rire

A regular solution of the preceding equation is
g=1InS, (4.57)

where S =1y + 19 + 9.
On inserting the source term given by (4.54) into (4.55) and computing the Poisson
Integrals we obtain,
R G2 2 1
Wi(JQV(?V) = —%{0@(11& 7’1) + 5”—2} — Glemgf)Magjg
T
+0(e) + (1 < 2). (4.58)
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4 The post-linear gravitational field of two bounded masses

After summing up equations (4.53) and (4.58) and computing the derivatives 0y;02,¢
we finally get the expression for the potential Wij, which is given in an explicit form in

Appendix B.

4.3 The metric

Upon introducing the potentials V', V; and Wj; given by equations (B.1)~(B.3) into
(4.31), (4.32) and (4.33), we obtain the conservative 2PN harmonic coordinate metric
generated by two bounded point-like masses as a function of the coordinate position 2’
and of the coordinate positions and velocities of the masses Z,(t), v,(t) with a = 1, 2.

The post-linear metric for two bounded point-like masses (to the 2PN-order) reads

1 G*m? 2 r r? 5
hé%):g{—2Tl+G2m1m2 <— — é + 13 - >}

g T2 217y 2raryy  2raria

1
F e (4.59)
1 G?*m? 2 r r? 5 4
= L (2 )
P A r? +Gmamy rire 213, + 2r9r3y 271712 + 7125
G?*m? 1 1 4G*mymes
+ 2 —nind — 4G mimani,nd, (§ + 7“125) + o ( § nz) + 2n§ n%)
1
Fole), (4.60)

where 1 = |Z— Z1(t)|, 12 = |2 — Z2(t)| and r12 = |Z1(t) — To(t)|. The vectors nf, nh and
n¥, are unit vectors defined by n} = r{/r1, nb = 8 /ry and niy = rl,/r1s.

In our computations we also need a part of the linear gravitational field of two accel-
erating point-like masses. The part that is relevant to our calculation is given by

2

hiy = gz " C4Zm“[ (Mo - Ta)® +4v§] (4.61)

1 G Mg
hy) = —4 > o (4.62)
a=1 @
G Sm G o
h =25 > T Y | (i, 1) 0 + o], (4.63)
a=1 @ a=1 ¢

where v? denotes the velocity of the mass m,.
Here, it is worthwhile to point out that the parts of the linear gravitational field

in h(%) and h,(,%} that contain the accelerations of the masses were introduced into the
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4.4 The barycentric coordinate system

part of the gravitational field quadratic in G after substituting the accelerations by
explicit functionals of the coordinate positions of the masses by means of the Newtonian

equations of motion.

4.4 The barycentric coordinate system

We use a harmonic coordinate system in which the 1PN-centre of mass is at rest at the
origin. Using the 1PN-accurate centre of mass theorem of Ref. [27], we can express
the individual centre of mass frame positions of the two masses in terms of the relative

position 75 = T} — T and the relative velocity vo = v} — ¥y

as
— 1 —
T = |:X2 + C_2€1PN} T12, (4.64)
S 1 S
9 = [— X+ gﬁle} 12, (4.65)
where X7, X5 and €;py are given by
m
X, = MI (4.66)
m
X, = MQ (4.67)
v(my —ms) [ 9 GM]
= - —. 4.68
€1PN oM V12 iy ( )
Here, we have defined
M= my + Mo, Vi = ’1712’ (469)
and
mimeg
V= (4.70)

41



42



5 Light deflection in the post-linear gravitational field of

bounded point-like masses

In this chapter, light deflection in the post-linear gravitational field of a system of
two bounded point-like masses is treated. Both the light source and the observer are
assumed to be located at infinity in an asymptotically flat space. The equations of light
propagation are explicitly integrated to the second order in G/c?. Some of the integrals
are evaluated by making use of an expansion in powers of the ratio of the relative
separation distance to the impact parameter ri5/. The correction terms arising from
the effect of the motion of the masses on light propagation, the linear perturbation of
the light ray trajectory and the shift of the 1PN centre of mass with respect to the
Newtonian centre of mass are computed. It is shown that the expression obtained in
this chapter for the angle of light deflection is fully equivalent to the expression obtained
by Kopeikin and Schéfer in [7] up to the order given there. This chapter along with the
associated appendices B, C and D, are based on a paper by the author [10].

5.1 Light deflection in the linear gravitational field of two bounded

point-like masses

In this section we compute a part of the perturbation term 512('1) (7) and the corresponding
angle of light deflection for an observer located at infinity in an asymptotically flat space.

After substituting in (2.38) the linear metric coeflicients by their values (4.61), (4.62)
and (4.63), we obtain

. 1
8y (1) = —QGZma/ do — [ — 2, ()] )
a=1 > @

2 r 1
Ay m, [ do (@ - me) [ - 0]

a=1 —00 a

G < T ,

-2 ma/ do — [vi(t) + (€(0) - Ta(t)) ] [ = 2]l

a=1 oo @
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5 Light deflection in the post-linear gravitational field of bounded point-like masses

G " 1 =57 7 )
+35 ) ma / do — (7o - Ta(t))* [ = 24 (8)] | )
a=1 —o0 a
G 1 B
_46—227’%/ do 5 (€ va(t))[ca—(6<o> ma(t))}lm)lw
a=1 -0 a
O (R T (O , l
—25) M / do;{( 0 Talt)eo + £+ T(t) - Zu(t) va<t>]}va<t>r<a>
a=1 —o0 a
G m G < m G m
Fag D)~ dg Dl — Ay D (Eo - 0l ()
a=1 a=1 a=1
G 7 Ga(t))? l
"‘2; Zma{( T3( )) 27,—’(}2@)} (0)1 (5 1)
a=1 a

where 7, = Z'— Z,(t) and r, = |7,]|.

Because the linear metric coefficients are functions of the positions and velocities of
the masses 7, (t) and ¢,(t) respectively, the expression for (5l§1)(7) given in (5.1) is a
function of these quantities. This means that we have to take into account the motion
of the masses when we are going to compute the integrals in (5.1). Considering that the
influence of the gravitational field on light propagation is strongest near the barycentre
of the binary and that the velocities of the masses are small with respect to the velocity

of light, we are allowed to make the following approximations:

1. We may assume that the linear gravitational field is determined by the positions
and velocities of the masses taken at the time of closest approach (¢t = t*) of the
unperturbed light ray to the barycentre of the binary (i.e. to the origin of the
asymptotically flat harmonic coordinate system). The expression, resulting from

(5.1) after setting t = t* for the positions and velocities, is denoted by (5l%1)1(7');

2. We treat the effect of the motion of the masses on light propagation as a correction
to the expression of (5[21)1(7), which we denote by 5121)11(7'). We shall compute this

correction in Section 5.3.

Consequently, the corresponding angle of light deflection reads
i L
O‘(l)<7—> - EPq [51?1)1(7') + 5l?1)11<7')]> (5.2)
where P} is given by (2.42).
Here, it is important to remark that in order to obtain the total linear light deflection
we have to add to (5.2) terms arising from the 1PN-corrections in the positions of the

masses, which we shall compute in Section 5.5. Since these terms are proportional to
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5.1 Light deflection in linear gravitational field of two bounded point-masses

v, /%, it is easy to see by virtue of the virial theorem that they are of the same order
as the terms in G?/c*.

After fixing the values of the quantities Z,(t) and U,(t) to Z,(t*) and v, (¢t*) in (5.1),
we find

5lz QGZma/ da—[z — 2 (]| =)

a

2
T 1 . Lo
+4;Zma/ daﬁ( (0) - Ua(t ))[Z —x( )NH
a=1 —oo a
G R N I SO
_QEZm“/ daﬁ [vi(t ) + (€lo) - Valt ))2} [z —z(t )N(ﬁ)
a=1 —00 a
G < U .
+3§Zma/ daﬁ(ra Ua(t ))2[2' —x( )MH
a=1 —0 a
G 1
_4mea/ o 5 (E0 () [co — (o) - 7ult) |l
a=1 -0 a
G < |
‘%Zma/ df’ﬁ{(%-ﬁa@*))cﬂ[f Ta(t) = Za(t") aa@*)]}”’(t*)lm
a=1 —o0 a
G m G S m G m
FAG D ) = A5 Y g — 45 30 oy ) e ()
a=1 a=1 a a=1 a
2
(Fa - Ta(t)? 01 5 oy
+2g;ma{ 3 —QEva(t) i)- (5.3)

G 45 .
5l(1)1 )= —2— Zma f —a(t )]——ZZma{%la—i—r—}EO)
2y g * 7 TS G a G /%
S Sy EDBE )] + 1G5 e

+4§§:m(5 -ﬁ(t*)){A +i}zi
csla(O)a a0

+C§32ma(q(0) Ua(t ))2{3Fa2 — 2Ba}[€' — ()]
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5 Light deflection in the post-linear gravitational field of bounded point-like masses

G * 1 ) *
_ 2§;mav2(t )Ba [5 —xh(t )]
2 2
+35 > Mg |- T(t*) — Za(t7) - Ta(t")| Faa[€ — ()]
¢ a=1
G < 4
= Zma{(*@ Ua(t")) {214& + —}
a=1 a
H[f Ua(t") — Za(t7) 17a(t*>}3a}“3(t*)
G < B ,
67 > malGio) Tt € Tll?) = Fult) - Talt)] Faslly
a=1
2
+ 2D mal - Talt){8Fa — 244}l
a=1
G 2 * 4 i G 2 mey , o o " y
= S () {240+ gy + 220 30 B F )
¢ a=1 "a a=1 Ta
G o G
370> ma[§Tl) = Talt) - Talt)] Pl (5.4)
a=1

Au= [ 0.8 + @ Tl e+ 72) (5:5)
B, ralRa [~ o - 2l +er 41, (5.6)
P = 3@133{ —r2(0.1) [2 P0.8%) — (€0 - 7t (37200.0%) — (610 - 1)) ]

+2 (€ - Zalt) [3 0.8 = (o 2alt) (372(0.6) = oy 7ult")’) ] cT
- [3 T§(07 t*) +3 (5(0) ) fa<t*))2T2<O, t*)
— (€l - fa(t*))(3 r2(0,°) = (€(o) -fa(t*))2> ra] 272

+ (€(o) - Za(t7)) [3 r2(0,1) = (&) - fa(t*))2] 0373}, (5.7)
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5.1 Light deflection in linear gravitational field of two bounded point-masses

1 — — * * * — — * *
2 3ﬁm{ (Elo) - Falt)) 20, + [F2(0,87) + (El0) - £alt))?| 120, )

|
+ 1200, + (@) - 7)) 0373}, (5.8)

2 (o) Talt)) |10 = 3 (F0) - Ta(t))] 272 + 2 () fa(t*))c373}, (5.9)
Foy = ﬁ{(%) () [ —377(0,1%) + (€0 'fa(t*))2i| +275(0,8%) 74

+2 [ra — 3 () -fa(t*))}cw + 20373}. (5.10)

Here, the subscript a labels the masses and r, is the distance between the position of
the photon along its unperturbed trajectory and the position of the mass m, at the time

t*. Explicitly, the distance r, is given by

1/2
ro =1o(T,t°) = |72+ & = 2e7é(0) - To(t*) — 286 T (¢ + 22(t7)| . (5.11)

It follows from the expression for r, that r,(0,¢*) is the distance between the point of
closest approach of the unperturbed light ray to the origin of the coordinate system and

the position of the mass m, at the time t*. The quantity R, appearing in equations
(5.5)—(5.10) is defined by

Ry = 12(0,1%) — (€l - £a(t))% (5.12)

Finally, in order to get the expression for the angle of light deflection for an observer
located at infinity, we introduce the expression for 5%1)1(7) given by (5.4) into (2.41)

and compute the limit 7 — oco. The resulting angle of light deflection reads
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5 Light deflection in the post-linear gravitational field of bounded point-like masses

€ - Pl (513

5.2 The post-linear light deflection in the post-linear gravitational

field of two bounded point-like masses

In this section we present our computations for light deflection in the post-linear grav-
itational field of two bounded point-like masses. In our computations we assume that
both the light source and the observer are at infinity in an asymptotically flat space so
that the effects of h,(}y) and h,(fl,) near the light source and near the observer are negligible.
We take into account only the terms of order G?/c*. From equations (2.39), (2.40) and
(2.41) we see that o/@ is a function of the post-linear metric coefficients hf?,,) and of
the linear metric coefficients h,(}y) To facilitate the computations, we separate the light
deflection terms that are functions of the post-linear metric coefficients from the terms
that are functions of the linear metric coefficients and the perturbations of the first order

in GG of the vector tangent to the unperturbed light ray. First we compute the terms of
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5.2 Post-linear light deflection in gravitational field of two bounded point-masses

o/(é) that are functions of the post-linear metric coefficients, which we denote by oﬂ@l.

5.2.1 The post-linear light deflection terms that depend on the metric

coefficients quadratic in G

It follows from equations (2.39) and (2.41) that a part of the post-linear light deflection
is given by:
i 1

Aon = 1y

5¢ / drh) | + / dfbhgzl’q—h(%n]l(o)l(o) \(H)]. (5.14)

o0

Upon introducing the post-linear metric (4.59) and (4.60) into (5.14) we obtain integrals
whose integrands are functions of the distances r1, ry, S and their inverses. Through the
distances rq, 1o and S, the resulting integrals from (5.14) are functions of the positions
of the masses Z,(t).

For the same reason as in the case of the linear light deflection, we are here allowed
to fix the values of the positions of the masses ¥, (t) to their values at the time t* before
performing the integration. The resulting integrals are given explicitly in Appendix C.

To evaluate the integrals that cannot be represented by elementary functions, we
resort as usual to a series expansion of the integrands. To perform the series expansion
we consider the integrands as functions of the distances 7y, r, and S. Then, we expand
these functions in a Taylor series about the origin of the coordinate system 77 = 7, =0
to the second order. We only need to perform the Taylor expansion up to second order,
since with an expansion to this order we obtain a result which is sufficiently accurate
for the applications that we shall consider in this work.

The positions of the masses in the centre of mass frame defined in Section 4.4 are
given by equations (4.64) and (4.65). Here, we do not need to take into account the
1PN-corrections in the positions of the masses, because if we introduced these into (5.14)
we would obtain terms of higher order than G?/c*.

In Section 5.5 we shall compute the post-linear light deflection terms resulting from
the introduction of the 1PN-corrections in the positions of the masses into the equation
for linear light deflection.

Also, we do not need to consider here the correction terms arising from introducing
the motions of the masses into (5.14), because these terms are of higher order than
G?/c*. The correction to the post-linear light deflection arising from introducing the
motion of the masses into the expression for the linear perturbation is denoted by o/(é)m

and we shall compute it in Section 5.3.
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5 Light deflection in the post-linear gravitational field of bounded point-like masses

5.2.2 The post-linear light deflection terms that depend on the metric

coefficients linear in G

The post-linear light deflection terms that are functions of the linear metric coefficients
and the linear perturbations 51?1)(7') we denote by ay);. It follows from equations (2.40)

and (2.41) that the resulting expression for the post-linear light deflection afg)ﬂ reads

i 1 i 1 > m1 (1
Aom = 1 l_ig/ dr O™ i), )

+ / Z dr [hu)qp(hg;;m - %hg}bg,p)} e

+c/ dr [hgnq hoqm}(;gm( =

+/Z |18, 8088 ()t — B8 BTG (7)ey — 8L 00 (7)1
B /Z dr hé}){kléco)5l?1)(7)|(—>)

1
1 / dThopmzm)zfo)azgl)(f)|(ﬂ)}. (5.15)

C

To compute oﬂ@n, we introduce the expression for the perturbation (5[21)(7) given by
(5.35) and the metric functions (4.61), (4.63) and (4.62) into the expression for 0422)11.
Here, we may use the same approximations as before, i.e. we can fix the values of the
positions and velocities of the masses to their values at the time ¢t* before performing
the integrals. The resulting integrals are given in Appendix D. As explained in the
preceding section, with the help of a Taylor expansion of the integrands we can evaluate

the integrals, which cannot be represented by elementary functions.

5.3 Light deflection and the motion of the masses

In this section we compute the correction terms to the linear and post-linear light de-
flection arising from the effect of the motion of the masses on light propagation. The
correction terms to the linear and post-linear light deflection can be found by means of
Taylor expansions of the linear perturbation (5.1) in which the coefficients depend on

the sources’ coordinates z’ and their successive derivatives with respect to ¢, namely

dz’, ) d*z’ _d_vfl_ai 0)
A -

taken at the time t*.
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5.3 Light deflection and the motion of the masses

5.3.1 The linear light deflection and the motion of the masses

The correction terms to the linear perturbation arising from the Taylor expansion of

(5.1) are

2
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5 Light deflection in the post-linear gravitational field of bounded point-like masses

ta ima{im (e[S ae)? - 2] } [ (t) ~ 1)

r3 rd
a=1 a a a
G 2 4 6
+3 > ma(Eo) ﬁa(t*)){ — (- Ta(t))T + [— (- (1)
a=1 a a

o | (Ta - Ua(t7)) 3 (Ta - Va(t'))”  Lwi(t) i
— 43 (t )|:—T + 3 = 573 2 Loy (5.16)

Considering that in the present work we compute the post-linear light deflection up to
the order G?/c*, we must retain the linear light deflection terms up to the order G/c?.
Notice that the linear terms of the order G/¢* are of the same order as the post-linear
terms of the order G?/c* since for a system of bounded point-like masses, the virial

theorem applies (i.e. v2 ~ G/d) and, considering that the terms of the order G/c* are
2

a’

also terms in v, it is easy to see that these terms are of the same order as the post-
linear terms of the order G?/c*. Of course, we get linear light deflection terms from the
perturbation 5121)11(7) too. To obtain the perturbation 5121)11(7'), we have to evaluate the
integrals in the expression above. Taking into account that we are only interested in the
angle of light deflection to the order G/c?, we need only retain the terms of the order
G/c* and G/c?, since the expression for the light deflection angle (see equation (5.21))
contains a further factor 1/c. After performing the integration of the expression above

and retaining only terms of the order G/c? and G/c?, we finally find

i) = 6% S "m0 80 P £ 0506 -7t )]
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5.3 Light deflection and the motion of the masses

£125 3 (el va<t*>>[<e7o> ACIPR ISEAGEEATS w*ﬂFag] BAG)
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#6303 ma i w DA+ [ ) -2 -] R

where the functions A,, F,1, Fue, F,3 are given in Section 5.1 by equations (5.5)—(5.10).
The functions G,o, G,3 and G4 are defined by
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5 Light deflection in the post-linear gravitational field of bounded point-like masses

o4
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5.3 Light deflection and the motion of the masses
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After introducing the perturbation 5lél)H(7') into (2.41) and computing the limit for

T — 00, we obtain
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Gy [ = 2 -
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where the quantity R, is defined by (5.12).

5.3.2 The post-linear light deflection and the motion of the masses

The correction terms to the post-linear light deflection to the order G?/c¢* resulting from

the Taylor expansion of (5.1) are given by

i G e 72 L o e . .
a=1 —0o0 a

G L OO 7—2 P *

+ ?Zm“/ dr ﬁang(t )
a=1 —0o0 a
G - © 7

ti5 Zma/ dr — (€0 -@a(t")) [§ =Py (t7)]. (5.22)

a=1 —0o0 a

In the preceding equation the second integral diverges. Therefore we resort to a Taylor
expansion of its integrand about the origin of the coordinate system &, = 0 up to second
order. Then only the first term of the Taylor expansion is a divergent integral and it is

given by
er= >0 1 4
- E ma/ dTTQ—S/QPang(t*).
¢ = e [027'2 +52}

Because in this case we do not need to take into account the 1PN-corrections in the
positions of the masses we can assume that the origin of the coordinate system, which is

located at the 1PN-centre of mass, coincides with the position of the Newtonian centre
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5.3 Light deflection and the motion of the masses
of mass. Taking into account the consequence of the Newtonian centre of mass theorem

2
E Maly = 0,
a=1

it is easy to see that the divergent integral vanishes. After performing the integration

with respect to the parameter 7 we find:
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where the quantity R, is defined by (5.12). Note that in (5.22) two of the three integrals
were exactly integrated, so that the resulting expression (5.23) is a combination of exact
terms with a term which is represented as an expansion in powers of x,(t*)/¢. In view
of further applications and for the sake of uniformity we perform the Taylor expansion
of the exact terms about the origin of the coordinate system ¥, = 0 up to second order

and obtain
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5 Light deflection in the post-linear gravitational field of bounded point-like masses

RN R R e

G 2 2 (PN2E G () — () - & (+F § - Ty (t” (¢
_4;;771@( (0) x(t)Q £y (t") — Zo(t) a(t)]{§+4 326( )_2 6(6)
G0 ?(t )? } P

2 _’. = (% " —»' N2
+c_€;m“{2§ ?;(t - 5 Ll gxft)) s ngt ) }Péai(t*). (5.24)

To replace the accelerations in the preceding equation by functions of the positions we
shall use the Newtonian equations of motion. After replacing the accelerations in (5.24)
and expressing the positions of the masses by their centre-of-mass-frame coordinates

without considering the 1PN-corrections we find,
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5.4 The post-linear light deflection and the perturbed light ray trajectory

2 3
— 8—GCT117:2X (€o) - n12)2{ (%) +2 X5 (€ - 7i12) (%) + O{(%) } }62

G*mim L o\ 2 L m)
+8 4 12 2X22(€(0) ’ n12)2 (E) + 2 X5 (€ - 12) (ﬁ)
ctriy ¢ ¢

+0 [(%ﬂ }P;n’{z +(1e2), (5.25)

where the quantities 7712, U712 and 719 are taken at the time t*.

5.4 The post-linear light deflection and the perturbed light ray

trajectory

If we introduce into the equations for the linear perturbations olf,;(7) and ol (7)
the expression for the perturbed light ray trajectory, we get additional post-linear light
deflection terms. To compute these terms, we first have to find the expression for the
perturbation of the photon’s trajectory that is linear in G. This perturbation is obtained
by integrating the expression for the total linear perturbation (5.35) with respect to the
parameter 7. Considering that in this work we compute the post-linear light deflection to
the order G?/c*, we do not need to retain in the expression resulting from the integration
of (5.35) the terms of the order G//c*, since these terms are related to the post-linear
light deflection terms of higher order than G?/c*. After performing the integration of
(5.35) with respect to 7 and retaining only terms of the order G/c* and G/c* we obtain

2

G G D .
52(1) - _202 ZmaBa - a(t )} —2— Zma( (0) -:Ea(t ))Bal(o)

G - 5 % CT—g(O) f (t*)-i-Ta 1 (4%
—I—2—Zma( (0) * Ta(t))Bavy () + 25 Zmaln{ —= vl (t%)

(5.26)

where the functions B,, F,2 and F,3 are given by
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5 Light deflection in the post-linear gravitational field of bounded point-like masses

1
Ba:R—a[CT+Ta:|,

]- — — * * = bvg * *
fﬁzwR%@@auwfbﬁaw+@m+@@ww»%%“ﬂ

720, [0, 1) + r2Ra = 5(F0) - Fa(t)*r2(0,6)| + | = 200y - Falt))ri(0, 1)

+(rg(o,t*)+(5(0)-fa(t*))i’)rmam(qo)-f( )3 (27“ (0,) — (5(0)-5(1(75*))2)}07'},

1

Faz =
’ 3r R?

{%%ndufnﬁmiﬂ—[R-—%a> Fal")ra + 4(E00) - Falt")) e

—+ 2(_'(0) . fa(t*))CQTQ}.
(5.27)

As our integration constant we have chosen in (5.26)

_ 203 Zma In { (ra (0,£%) = o) 'fa(t*)ﬂlém

— 2 Zmaln[ (ra 0,) — &) -fa(t*)ﬂvfl(t*)

G
+o(5).

because with this integration constant we recover from our expression for the post-linear
light deflection the correct expression for the post-linear light deflection in the event that
the value of one of the masses is equal to zero (i.e. the Epstein-Shapiro post-linear light
deflection).

It follows from (5.2) that the expression for the linear light deflection for an observer
located at infinity reads

azl) = lim {qu [&211)1(7—) + 5l((11)11 (T)] }a (5.28)

T—00

where the perturbations 61,y (7) and 61,y (7) are given by (5.3) and (5.16).

Upon inserting the perturbation dz{;) into the equations for 61, (1) and 61}, (1), we get
a perturbed linear light deflection. Because the perturbation 0z is a small quantity
compared t0 Z(T)unpert., We can resort to a Taylor expansion of the perturbed linear

light deflection about 0z(;) = 0 in order to get the terms of the perturbed linear light
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5.5 Light deflection and the centre of mass

deflection that are quadratic in G. We denote these terms by oﬂ@w and they are given

q(Pert.) q(Pert.)
Ay = lim 1pi [<86l(1—)1) Sz + (M) 527?)]
r—oo | ¢ ¢ 00z 57, 6(52?;) §%(1)=0 (

z<1):0

G > 6 = bvs 1 — * —
— z 2. mg /_Oo dr { |:T—2(7“a 52’(1)) -6 [r—g(va(t ) (52’(1))
: = a7 (1 s bog 2 = o % — % =
- ﬁ(ra ) Ua(t ))(Ta ) 62(1))}7— =15 [ﬁ(ra : Ua(t ))(va(t ) ’ 52(1))
1 2(¢ (7 7 7 =2 ()2 (7 > 2 i,.q
)T 85) = g Blt) 7 0500)] | Pirt
2 6, .. 1, .0 5 1 ]
_ [73 5 (o Balt)T =3 [—gva(zﬁ )= (- ()7 }Pq(Szé)
0 r 7 U > 10 =5 (+F = > i *
- [;(m 82))7 = 3 | (0 - 0%00)) — — (7% - Tt 52(1))]72} Pid(t )}
' ’ ’ )

(5.29)

In the equation above we need not write out the expression G/ 03{...} explicitly since it
contributes only terms of order greater than G*/c*. After substituting the perturbation
(5.26) into the preceding equation, we obtain the integrals for the post-linear light
deflection oﬂ@lv. Here, we take into account only the integrals of the order G?/c*.

These integrals are given in an explicit form in Appendix E.

5.5 Light deflection and the centre of mass

In this section we compute the corrections to the linear and the post-linear light de-

flection resulting from the introduction of the 1PN-corrections to the positions of the
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5 Light deflection in the post-linear gravitational field of bounded point-like masses

masses in the equations for the linear perturbations 61(,),() and 61, (1) given by (5.3)
and (5.16). It follows from equations (4.64) and (4.65) that the 1PN-corrections in the

positions are

2. (5.30)

—_ — U J—
12
02 2M 12

. 1 [V(ml —ma) [ 9 GM]

From (5.30), it is easy to see that the corrections vanish when m; = my. The correc-
tions also vanish for the case of circular orbits. After introducing the 1PN-corrections
into the equations for the linear perturbations 6/, () and 1, y;(7), we obtain the ex-
pression for the perturbed linear light deflection. Because the corrections 67, are small
quantities compared to Z,, we can resort to a Taylor expansion of the perturbed linear
light deflection about 6%, = 0 in order to find the correction terms for the linear and

post-linear light deflection. We denote these terms by 5‘21) @) and they are given by

(Pert.) (Pert.)
iy — tim 4 L (20 0y’ + P _ 024’
(1)(2) T—00 C q 85Z‘T 6Tq=0 ¢ 851131 0Zq=0 ‘

:gal ma/de{{—%(Fa 5fa)+6[%(va(t*) 57,
D= = N\ (7 L 57 2 o o (R (4R S
— e (7o - 67,)| 7+ 15 [T—Z(ra Tut)) (B(t*) - 67,)
L oo e oo T w2 s ] 2| pi
+ )T 07) — S5 Balt) (7 5;,;@)]7]Prq

rd rl

G o0 2 1
+ = ;ma(g(o) U (1)) /_OO dr {6 L—S(Fa < 0T,) — 2 [E(Ua(t*) - 0Ty)

5 > o % — — 1 2%\ (= - 2 > o % = % -
— ﬁ(ra Uy (E)) (T - 5xa)]7' -5 [Fva(t V(7 - 02,) + 77(% U, (E))(Ua () - 07,)

|
@\gwl =~

=
ot
&
—~
~

*
S—
S—

[\
—~

. 2
—»a‘(s—»a:|2plq_2_
T $)T:| T [r§+r

5
_ l 2 (% _i > 2 *\\2 2 ) q i = =
3[r2va(t) (7 Tlt) }T}Pq(sxa 12| 557 87}
1 * 5—» — — * 5 2 Pl q (4% G
- [ @) 07) = @ w@)F - 07| 2 Py o+ {63
“ “ (=)
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5.5 Light deflection and the centre of mass

For the same reason as in equation (5.29), we do not need to write out the expression
G/c*{...} explicitly in (5.31). After substituting the 1PN-corrections (5.30) into the
equation above and taking into account only the terms of the orders G/c* and G?/c* we

find,

&l1)2) = —6 = Zma [ mz) [v%z(t*) - Ti?ﬁ)}]

- 1 , A
/ dr = [c T€(o) - T12(t") — T4 - Flg(t*>:| (& — Plad(t")]

—00 a

G [l 2

° 1
/ dr —Pzrm( N+ (1< 2).
r3

—00 a

(5.32)

Here, we have already replaced the photon trajectory by its unperturbed approximation
5’\(7—)unpert. - 7—l(O) + 5

After performing the integration we obtain,

- G GM 2 Ml
Bl =85 V(m;Mmz) [Ufg(t*) m(t*)} ZW_Q[@Q(U 1o ("))
a=1 a
~ (o 7alt)) (Fl0) - ()| [6 = Pt (t")]
Glv(my—ma)[ 5 .. GM Qmaz.q*
YAl o [”12(” rm(t*)] E;R—apqmz(t ), (5.33)

where the quantity R, is defined by (5.12). Finally, considering further applications we
express the positions of the masses by their centre of mass coordinates and expand the
preceding expression about the origin of the coordinate system to the second order in

T12/C to obtain,
2 3 i
e e S ORI
G — GM ’
i 2 | )+ ()

+0 K%)g}}é ind, + (1< 2). (5.34)

As in the preceding section, the quantities 772, U1 and 7o are taken at the time t*.
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5 Light deflection in the post-linear gravitational field of bounded point-like masses

5.6 The total linear perturbation and the linear light deflection in

the gravitational field of two bounded masses

To obtain the total linear perturbation (5lfl)(7'), we have to sum up the expressions for
the linear perturbations dl(,;(7) and dlf, (1) given by equations (5.4) and (5.17). The

resulting expression is

3liyy (1) = —2§ > maB,[¢ -zl (t)]

N gzma{% ot [(ean Ta(t))er® + [5 Ua(t") = Za(t") Ua(t*)}T] }1(0)

+ g > e {4(4(0) Ua(t*))Ba — 6(€(0) - Ua(t”)) Fag — 6 [E Uy (17) — Zo(t) Ua(t*)] Fa3}
x [& — 2l (t)]

P Zma{Aa +Z2 [(5(0) B(t)er + [E-au(t) - 2(r") ﬁa(t*)}r} }v’ ()

_ % [5 Ua(t*) — Za(t) ﬁa(t*)} T} 4 [g To(t7) = Za(t) Ua(t*>:| [6Fa2 _ ZBa] }U;(t*)
! 0(%) (5.35)

In the expression above we need only retain the terms of the order G/c* and G/c?, since

the terms of the order G/c* are related to linear and post-linear light deflection terms
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5.6 Total linear perturbation and light deflection in gravitational field of two masses

of order higher than the terms which we compute in this work. After introducing the

perturbation 6121)(7) into (2.41) and computing the limit for 7 — oo, we find

i L
a(py = lim [EPQM‘(ID(T)}

) G~y .
= —4; - R—a [52 — P;I'g(t*)}
G S m
+ 4—3 R—a<€(0) ﬁa<t*)) [é-z — P;Ig(t*)}
¢ a=1 @
G - m
+ 4; 2 R—a(ﬁ(o) To(t7)) Pyod(t”)
G m
=823 T (Eo - Eat) € Tlt) = Flt) - Bult) + (Fl0) - Falt)) (0 - Talt))]
a=1 a

G o= Mo g toi i 0o
-2 2; %vg(t )[€F — Piat(t)]
G <m . .
+42 > avalt) (€ - Ta(t)?[¢ = Piai(t)]
a=1 a
G = a ;— N -, « . " . . 2
— 163 al%@(m AN A EEAGRAG]
x [¢ = P (t')]
G 2 a ;— — * — = * g * — * — * i i %
B 32@ %( () Ta(t"))*(El0) - Talt ))[5 Ty () — Ty () - U (t )] (6 — Plad(t)]
G ajlm S
— 167> F5 (€0 Falt)) (€0 - Ta(t)[€" = P ()]
a=1 a
G 2 a /- — * s * — * — * — N * = N * i "
T8 %< () Ta(t))? |€ - Ta(t”) = Ta(t") - Ta(t") +(€(0) - Ta(t)) (El0) Talt ))}qug(t )
G a? m , A
— 4D (o - Et) Eo - ) [ = Pt ()], (5.36)
a=1 a

where R, is defined by (5.12).
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5 Light deflection in the post-linear gravitational field of bounded point-like masses

5.6.1 Comparison of 0‘%1) with the angle of light deflection obtained by Kopeikin
and Schafer

It is easy to see that the sum of the expression above with equations (5.23) and (F.4) is
equal to (3.46) for the case N = 2. In Chapter 3 it was shown that (3.46) follows from
the expression for the light deflection computed by Kopeikin and Schéfer in [7] in the
event that the velocities of the masses are small with respect to the velocity of light and
the retarded times are close to the time of closest approach of the unperturbed light
ray to the origin of the coordinate system. Note, that to obtain the term in Plal(t*)
of (3.46), it is better to sum up the corresponding terms in equations (5.22) and (F.3)
before performing the integration in order to remove the formal divergences. After

summing up and performing the integration of these terms we get:

2 [e] 2 2 (e%]
. 1 .
S5 m, / dr —Z?,P;aZ(tU & Y me / dr —Plal(t")

c o
a=1 0 a a—1 00
G < o0
=3 Z ma{ /_OO dr —2 [0272 — Tcﬂ P;ag(t*)}
G : G 2 m
=2 maPal(t) + 25> S (Fo) - Talt))* Ppal (), (5.37)
a=1 a=1 a

where the first term on the last line vanishes as consequence of the Newtonian centre of

mass theorem.

5.6.2 The linear light deflection in terms of the centre-of-mass-frame coordinates

Considering that the expression for the post-linear light deflection computed in this work
is given in terms of the centre-of-mass-frame coordinates and as an expansion in powers
of ri5/€, we must perform the expansion of the expression above about the origin of
the coordinate system Z, = 0 and express the positions of the masses in terms of their
centre of mass coordinates. After expressing the positions of the masses by their centre-
of-mass-frame coordinates without considering the 1PN-corrections and expanding the
expression (5.36) about the origin of the coordinate system to the third order in 715/&

we finally obtain,
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5.6 Total linear perturbation and light deflection in gravitational field of two masses
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5 Light deflection in the post-linear gravitational field of bounded point-like masses

Gm — = r 2y 1 I
T 51{4X22(e(o)'n12)<%2> + {SXS(es'nlz)(e(O) Tl12)

1, . 2\’
XL D)@l - ] ()

+ {— 4X5 (80) - Tlra) + 16 X5 (€ - 1) (€(0) - 1) + 4X5(E(0) - Th12)’?

1 — — —

1 — — — — — — —
+ 32X252(€§ : ’U12)(65 . 7112)(6(0) . n12)2 + 8X252(€(0) . Ulg)(e(o) : n12)3

3 4
— 8X3(€() '512)2%(512 : ?712)} (%) +0 {(%) } } (v—f) Plel +(1+2), (5.38)

where the quantities 7119, U2 and 715 are taken at the time ¢*. Notice that in (5.38) we
chose the order of the expansion in an arbitrary manner in order to show the structure
of the terms belonging to the linear light deflection. In concrete applications we have to
choose the order of the expansion of the linear light deflection in accordance with the
accuracy reached by the post-linear light deflection.

As we pointed out in Section 5.1, the total linear light deflection is obtained by adding
to (5.38) the correction terms arising from the part of 642'1)(2) (i.e. of (5.34)) that is linear
in G.

5.7 The post-linear light deflection

The final expression for the post-linear light deflection in the gravitational field of two
bounded masses is obtained by summing up the parts of the light deflection, which are
given in the preceding sections and in Appendices A to C. The final expression for the
angle of light deflection quadratic in G to the first order in 715/, in which the positions

of the masses are expressed in the centre-of-mass-frame coordinates, is given by

2,12 2
=S Sreen) () ()]

G*m2| 15 L 45 ? .
] s+ S ) (2) o] ]

G?*mimsy |
4 (3
" & “
G*mim 15 o 2
0452 2{ 5T A(Xy = Xo) (€ - Mia2) + | — 37 (X1 — Xo)? = 3(XT + X3)
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5.7 The post-linear light deflection

L 45 S
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—04 52 ZWX2( 5 ) + X (8( ( ) - nlg) + Iﬂ'(eg . nlg)) (?)

wo[(¥)]

€¢
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i q
Pqn12

5)
— Z’]T(Xl — Xg)

22
+ {_ T AKX (34 X0 Xe) + 4K + X3) - 2(XT + X4)] (% 7]

2
- g [1 - 3X1X2} (€ - 712) (€(0) 'ﬁ12)2] (T_;) +0 {(%) } }Pqintllz + algv, (5.39)

where afy; is the part of a{;y, (i.e. of (5.34)), that is quadratic in G. Here, it should
be pointed out that some terms which belong to the post-linear light deflection (5.39)
(e.g. the term 4G m1m2 eg) are related to terms in v, of the linear light deflection (5.38)
through the virial theorem. In Section 6.2, we shall group these terms together before
computing the limit 15 — 0 in equations (5.38) and (5.39) in order to remove the formal
divergences. As in the case of the linear light deflection, the order of the expansion in
(5.39) was chosen in an arbitrary manner in order to show the structure of the terms
belonging to the post-linear light deflection. In concrete applications the order of the
expansion of the post-linear light deflection is to be chosen in accordance with the

accuracy reached by the linear light deflection.
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6 Results

In this chapter we shall apply the formulae for the linear and post-linear light deflection
given in Sections 5.6 and 5.7 to some special cases in order to study the important

features of the derived results.

6.1 The value of one of the two masses is equal to zero

If in equations (5.38) and (5.39) we put the value of one of the masses equal to zero
(e.g. my = M, my = 0), we obtain expressions for the light deflection angle for a static

point-like mass,

O{(I)(E) = —4 —025 65, (61)
i 15 G*Mipy ;
a(Q)(E—S) = —Zﬂ' 04—52 65, (62)

where in this case the ADM mass Mapwu is equal to the mass M. The deflection angle
linear in G is the well known “Einstein angle” (see [1]). The light deflection angle (6.2)
is the post-post-Newtonian light deflection for a point-like mass, which was obtained
for the first time by Epstein and Shapiro and by other authors in 1980 and 1982 (see

[ ? ) ) ])

6.2 The light deflection when 7712 — 0

In this subsection we are going to compute the limit of the expression for the linear and
post-linear angle of light deflection (equations (5.38) and (5.39)) in the event that the
distance 115 between the components of the binary goes towards zero (i.e. 712 — 0). As
we explained at the end of the preceding chapter, we have to group together the terms
of (5.34), (5.38) and (5.39) in an appropriate manner in order to remove the formal

divergences. By inspection, it is clear that the remaining terms in (5.34), (5.38) and
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(5.39) are given by

, Gm 1 . v? L L U (T i
i 1{{ 4+4X2—(e() Ulg)—ZXgﬁ}—4X§’(65-n12)£(%>}65

W T g
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+ 2{[—4—4X12<6(0)U12>—2X12§:|+4X§(€£n12)§(%)}€£

2 ¢

G G
+ { ;’? X3 -2 ;n; X }”12 (T;)P; ndy, (6.3)

i [V(ml —my) [v2 _ G_M]] {4 Gmy +4 Gmy } (TH)PZ nd,, (6.4)

REE) oM 2T AE AE ¢
+G26T—g2m2{_ §W_4(X1 _Xy) (e}%@] }eg
+2 GQCT—;”Q (X) — X) Pind,. (6.5)

After grouping together the terms that are related through the virial theorem in (6.3),
(6.4) and (6.5) we get

i G G o] Uiy G*mymy
04(1)—{{ 4%(m1+m2) 262§[m1X —|—m2X] +4 A
Gmy 5 U12 Gmy 5 Vi G*mymy N £ oP ,
_ Uiz e x : f2) e
+ |: 4 625 X +4 5 X C C4§7"12 ( 1 2) (65 nlg) g 65
G v(my —my) viy (1 ;
+2_025{[ L X3 —my Xf] L vl = ma) 1M 2 (my +m2)}—01;( ;)P nd,, (6.6)
i 15 G? 2 i
Aoy == T 452(m1 +ma) eg
G%*myims v(imy — m2) GM | Gmy Gm2 r19 ,
_ — —= |\ Pni,. (6.
—i—Q{ T (X1 — Xo) i 045 Y ¢ . (6.7)

After simplifying (6.6) and (6.7) we finally obtain

GM . Gmim GMy. . T ;
ADM i 4 D b 1 — mQ) [U%Q — —] (6& : 7’L12) (ﬁ) 63&, (68)

) ¢ € AEM? (m 1o ¢
) 15 G2M?
O{(Q) = —Z 71'04—5265, (69)
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6.3 Values of two masses equal and light ray orthogonal to orbital plane of binary

where

1 0? Gmims
Mapm =M+ S % -
2 c Cc? 9

(6.10)

is the ADM mass of the system with u = myms/M and M = m; + ms. In equations
(6.3)—(6.8), the quantities 7112, v and 15 are taken at the time ¢*. Note that the second
term in (6.8) goes to zero when 715 — 0 since the expression in brackets remains finite.
At the end, we recover the Einstein-angle (i.e. equation (6.1)) with the ADM mass as
given by (6.10) as well as the Epstein-Shapiro angle (i.e. equation (6.2)).

6.3 The values of the two masses are equal and the light ray is

originally orthogonal to the orbital plane of the binary

In this case we choose M/2 for the value of the masses in equations (5.38) and (5.39)
and assume that the light ray is originally propagating orthogonal to the orbital plane
of the two bounded masses (i.e. €712 = 0, €(g) - V12 = 0). After introducing the ADM
mass in the resulting expression for the angle of light deflection linear and quadratic in

G and rearranging the terms, we finally find

- GM L. i\ 2 1 L.
o o) (2) - Lo

8
1 15
7 > .7 6 . 4 > .7 8 2 e &~ - 2
+ 7 (8 - M1a)” — 4 (& ”12)}( + 1585~ gy (G T2)

10
L Lo L L r
+ — (E - 1a)t — T (G - Thr2)® + 9 (€ - TT12)® — 4 (€ - ”12)10} (ﬁ)

3
1 21 . 35, . 21 .
+ {— Tooa + 256 (P 2)* — o5 (% - )"+ 7 (8 - 7h1a)°
45 T12 12
— — (€ - f1p)® + 11 (€ - fi19) 0 — 4 (€ - ﬁ12)12:| (—)
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21 . . 4 L o 6 - o 8| [ T2 10
g(eg Tg)" — 4 (€¢ - M12)” + 2 (€ - Ti12) 3
3 35 . 7T oL . 9 . S o
* {_ﬁ+@(65'n12)2—1(65'n12)4+5( ¢ T12)® — 5 (G - 7i1)°
r 12 r 14
- - 12 12 "
+2(é- n12)10} (?> 4O (?> }pqngfz (6.11)

and

where in this case the ADM mass is given by

vy GM )} . (6.13)

1
Mapy = M |1 —<——
ADM [ +4 2¢2 2ris

The expression for the linear light deflection (6.11) was expanded to the order (r15/&)'?
in order to reach the accuracy of the post-linear light deflection (6.12). Note that an
expansion to the order (ry3/€)'? in the linear part of the light deflection which is of
the same accuracy as an expansion to the second order in r15/¢ in the post-linear part
implies that ry5/& ~ (GMapn/c?€)Y1°. In equations (6.11)-(6.13), the quantities 7o,
v12 and 719 are taken at the time ¢*. In this case, the correction arising from the shift
of the 1PN-centre of mass with respect to the Newtonian centre of mass (see (5.34))

vanishes.
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6.4 Values of two masses equal and light ray parallel to orbital plane of binary

6.4 The values of the two masses are equal and the light ray is

originally parallel to the orbital plane of the binary

Again, we choose the value of the masses equal to M/2 in equations (5.38) and (5.39)
and assume that the light ray is originally propagating parallel to the orbital plane of
the binary (i.e. € -2 = 0). After introducing the ADM mass as given by (6.13) and

rearranging the terms, we finally find:

¢ 3
- i (€(0) n12)4} (%)4 + {% - 1% (€o) - T12)* + 6 (€o) - Ti12)*
- 1i6 (€(0) 7112)61 (%)6 + [— 6i4 + % (€lo) - T12)” — % (€o) - T12)*
+ 1_16 (€0) - T12)° — 6i4 (€(0) ﬁ12)8:| (%)8 + [% — 2_26 (€o) - T12)”
+%(€(0) Mi2)" — 12—8(70) ﬁ12)6+%(4(0) fi1a)®
- 1(1)24 (o) - 7i12)" + % (€lo) - 7i12)" — 1;24 (o) - 12)
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1 19 5
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3
a3 () -5 1o ] ()

e 47 24 ¢

T12 ’ i

(2) |y

T'12 ’ i q

<?> }Pqn12 (6.15)

where, the quantities 719, 15 and 715 are taken at the time ¢*.

. G2 M? 15 1 L S T
Ay = ﬂ{ — T [4 + (€lo) - T12)” + (€0 -n12)4] <£>

3 S 12\

G?M? . N o\ 2
i () -

3

In (6.14) the components ef, Pin{, and Pjuv{, of the linear light deflection were ex-
panded to the order (r12/&)'?, (r12/€)" and (r12/€)7 respectively in order to reach the
accuracy of the post-linear light deflection (6.15). As in the preceding subsection here
the correction arising from the shift of the 1PN-centre of mass with respect to the

Newtonian centre of mass (see equation (5.34)) vanishes.

6.5 Light deflection in the post-linear gravitational field of the
double Pulsar PSR J0737-3039

Finally, we apply the formulae for the angle of light deflection (6.1)—(6.15) to the double
pulsar PSR J0737-3039. The parameters of the pulsar PSR J0737-3039 (e.g. see [32])
are given in Table 6.1.

We compute the angle of light deflection for the cases when the distance between the
two stars rqo is maximal and minimal. In our computations we assume that the masses
of the binary’s components are equal, i.e. that the mass ratio R is equal to 1. For the
impact parameter, we choose & = 5715. In order to compute the angle of light deflection

we have first to calculate 715 and v15. Note that we only use Newtonian relations, since
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6.5 Light deflection in post-linear field of double Pulsar PSR J0737-3039

Pulsar PSR J0737-3039A PSR J0737-3039B
Pulse Period P (ms) 22.69937855615(6) 2773.4607474(4)
Orbital period T' (day) 0.102251563(1)

Eccentricity e 0.087779(5)

Total mass my +mp (Mg) 2.588(3)
Mass ratio R = ma/mp 1.069(6)

Table 6.1: The parameters of PSR J0737-3039.

the uncertainties in observational data, although small, are nonetheless greater than the
corrections that post-Newtonian corrections would yield.

To compute r15 we have to calculate the semi-major axis of the elliptical orbit by
means of the following equation (because of the low accuracy of the observational data,

Newtonian relations are sufficient),

Y \3/G(m1 + m2)T27 (6.16)

4 2

where a denotes the semi-major axis and 7' the orbital period. The preceding equation
follows from Kepler’s third law (e.g. see [33]). The relationships between the distances

T19max; T12min @and the semi-major axis a are given by,

T'12max = CL(]. + 6), (617)
T12min = a(l - 6). (618)

We obtain the corresponding velocities to m1omax and risni, from equations

G(my +mg) (1 —e)
U12min 8 ™ \/ a (1 n 6) 9 (619)
and
1
V12max = 87T3\/G(m1 i m2) ( i e> (620)
a (1—e)
respectively.

After introducing the parameters of PSR J0737-3039 into the preceding equations
and into the formulae for the light deflection given in this chapter, we find the results
presented in Table 6.2.

Table 6.2 shows the angles of light deflection computed by means of formulae (6.12)

and (6.15) corresponding to the Epstein-Shapiro angles of ozz' Eos) = —1.55-107° ¢} arcsec

7



6 Results

Piamax = 9.56 - 101 cm T12min = 8.02 - 10' cm
Vizmin = 5.72 - 107 em/s V1omax = 6.83 - 107 cm/s
5 = 5 r'12max 6 = 57T12min
e —0659¢€ —0.785 ¢
Aym-s) —1.55-107%¢ ~2.20 105 ¢
a1 —0.679 ¢ + 0.013 Pjn, —0.809 ¢} + 0.016 Pinf,
a1 —1.65-107%¢. +5- 108 Pin{, —2.35-10"%¢} +7-107° Pin{,
) —0.659 e} —0.785 e}
Aly)| —1.66-10"%€e; +2-107° Pynfy —2.36-107° e +3-107° Pyni,

Table 6.2: The angles of light deflection linear and quadratic in GG are given in arcsec.
We denote by o), and a{y) g the Einstein angle and the Epstein-Shapiro
angle. For the light ray originally orthogonal to the orbital plane we assume
that é - 7112 = 1. For the light ray originally parallel to the orbital plane we

assume that € - 712 = 1.

and oz’(' p-g) = —2.20- 107¢ eé arcsec. If we define the corrections to the Epstein-Shapiro

angle that we calculated in this paper by 5aé2)¢,\\ = Oﬁ@)#ll - O/&Efs), we find:

1. light ray originally orthogonal to the orbital plane
50‘%2)¢ =(-1.0-107"7 62 +5-1078 Pqin‘{g) arcsec for &€ = 57 amax,
50‘%2)¢ =(-1.5-107" eg +7-1078 P;n‘b) arcsec for € = 57 omin.

2. light ray originally parallel to the orbital plane
50‘22)” =(-11-1077 eé +2-107° Pinf,) arcsec for £ = 57 amax,
datigy = (=16 - 107" ez +3- 107" Pynf,) arcsec for £ = 571omin-

From the values of 50/@ | and 5a§2)” we see that the corrections to the Epstein-Shapiro
light deflection angle are slightly smaller for the case when the light ray is originally
orthogonal to the orbital plane. Details related to the measurement of the corrections

to the Epstein-Shapiro angle will be discussed in the next chapter.

Corrections arising from the spins of the components of PSR J0737-3039

The double Pulsar PSR J0737-3039 is a highly relativistic, double neutron star system,
the components of which are the 23 ms pulsar J0737-3039A and the 2.8 s pulsar JO737-
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6.5 Light deflection in post-linear field of double Pulsar PSR J0737-3039

3039B (see Table 6.1 and Ref. [32]). In this subsection we compute the corrections
to the angle of light deflection arising from the spins of the neutron stars by means of

equation

G 2 g 6(0)X€§ 6(0)X8
G I Z g o

which results from (3.50) and (3.51) for the case when |&,| < |€]. Before computing the
corrections, we have to calculate the value of the spin for each neutron star by applying

the formula
S, = I,(my)@., (6.22)

where &, and I,(m,) are the angular velocity and the function giving the moment of
inertia of the star, respectively. The angular velocity we determine from the pulse period
of the pulsar. Because of our present insufficient knowledge of the equation of state of
condensed matter, the function I,(m,) is not known with precision. According to [31]
and [35] the value of I,(m,) lies somewhere between 1.14 - 10* g cm? and 1.84 - 10% ¢
cm? for m, ~ 1.4Mg. As in the other parts of this chapter, we assume here that the
masses of the two components of PSR 0737-3039 are equal to 1.29 M. Also we assume
that both neutron stars have a moment of inertia equal to 1.5 - 10% g cm?.

After introducing the parameters of PSR J0737-3039 and the chosen value of the
moment of inertia into (6.21) and (6.22) we find the results given in Table 6.3.

Tiomax = 9.56 - 101 cm 719 = 8.02 - 100 cm
Viomin = 5.72 - 107 cm/s  vVyomax = 6.83 - 107 cm/s

g =5 T12max 5 =5 T12min
€s = (€ x €) OéfS’(l)J_ —7.47-107% ¢} —1.06-10"%¢;
€s = é% afg(l)l —3.74-107° (5(0) X é%)l —5.32-107° (5(0) X é%)l
€s =€) Ugyr O 0

Table 6.3: The angles of light deflection are given in arcsec. By €s we denote the unit

vector in the direction of the spin vector S = 8_1 + c§2

From the values of Table 6.3 we conclude that the corrections to the angle of light

deflection coming from the spins of the components of PSR J0737-3039 lie between 1078
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6 Results

and 107 arcsec. Taking into account that PSR J0737-3039 is observed nearly edge-on
with an inclination angle i of about 87° (see [32]), it is easy to see that in Table 6.3 the

case marked with (x) is closer to reality.
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7 Discussion and Conclusions

The angle of light deflection in the post-linear gravitational field of two bounded point-
like masses has been computed to the second order in G//c?. Both the light source and
the observer were assumed to be located at infinity in an asymptotically flat space.

The light deflection linear in G has been exactly computed. It was shown that the
expression obtained for the linear light deflection is fully equivalent to the expression
given by Kopeikin and Schéfer in [7] in the event that the velocities of the masses are
small with respect to the velocity of light and the retarded times in the expression of
Kopeikin and Schafer are close to the time of closest approach of the unperturbed light
ray to the origin of the coordinate system.

To evaluate the integrals related to the light deflection quadratic in G, which could
not be integrated by means of elementary functions, we resorted to a series expansion of
the integrands. For this reason the resulting expressions for the angle of light deflection
quadratic in G are only valid for the case when the distance between the two masses 712
is smaller than the impact parameter ¢ (i.e. ri5/¢ < 1). The final result is given as a
power series in r15/&.

The expression for the angle of light deflection in terms of the ADM mass to the
order G?/c* including a power expansion to the second order in ry5/€, in which 715 /& ~
(GMapn /€)™ is being assumed, is given in an explicit form for a binary with equal
masses in the event that the light ray is originally orthogonal to the orbital plane of
the binary as well as for a binary with equal masses in the event that the light ray is
originally parallel to the orbital plane of the binary. For a light ray originally propagating
orthogonal to the orbital plane of a binary with equal masses, the deflection angle takes
a particularly simple form.

In the case when one of the masses is equal to zero, we obtain the “Einstein angle”
and the “Shapiro-Epstein light deflection angle”, as we do when r15 — 0.

Application of the derived formulae for the deflection angle to the double pulsar PSR
J0737-3039 has shown that the corrections to the “Einstein angle” are of the order 1072
arcsec for the case when ri5/¢ = 0.2, see Table 6.2. The corrections to the “Epstein-
Shapiro light deflection angle” lie between 10~7 and 10~® arcsec, see Table 6.2. The

corrections arising from the spins of the neutron stars lie between 1078 and 10~ arcsec,
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7 Discussion and Conclusions

see Table 6.3.

We conclude that the corrections to the “Epstein-Shapiro light deflection angle” are
beyond the sensitivity of the current astronomical interferometers. Nevertheless, taking
into account that the interferometer for the planned mission LATOR [36, 37] will be able
to measure light deflection angles of the order 1078 arcsec, we believe that the corrections
to the “Epstein-Shapiro light deflection angle” computed in the present work could well
be measured by space-borne interferometers in the foreseeable future.

Finally, it should be pointed out that a further development of the method presented
in this thesis can be used in the derivation of a more accurate formula for the timing
of binary pulsars (see Refs [38], [39] and [10]) as well as in the computation of effects

arising from moving gravitational lenses (see Refs [7] and [11]).
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A Auxiliary algebraic relationships

In this appendix we give several algebraic relationships which are useful in the com-

putation of observable effects. After inserting the expressions for S? and S! given by

equation (3.12) into (3.9), we get

; 7, X Sy\i
Sa0:704< )7

. 1—
5 = eanSyy + L)

c

where 7, = (1 —v2/c*) ™2 and €jm = €oikm.-
The quantity R,(s,) is defined by

Ra(5a) = 74(0, 50) = (€(0) * Fa(5a)),

where 7,(0, 5,) = |Z(0) — Z4(s,)]. Since z(s,) can be written as

(A.3)

(A.4)

(A.6)

where P} = 6, —¢{g e(0)g and & (s.) = Pyxi(s,), it follows after inserting (A.6) into (A.5)

that

Ra(sa) = [€8 = 26 &u(s0) + €2(50)].
= |E— Eu(sa)l®
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B The Potentials V, V; and Wij

The explicit expressions for the potentials V', V; and Wij to the orders relevant for the

computation of the post-linear light deflection presented in this work are

V:Gm1+Gm1{_(ﬁ1‘)‘1)2+2_U%+Gm2(_ g B 5) I T% ):|

T c2 27y o Ar3, Aryryg | Arrd,
+ 0(63) + 1< 2, B
Gmavt
Vi, = myvy +0E*) +1 2, (B.2)
1
W — g — Gml  G*mi | Gmyiv] GPmlnind
1] (&1 47"% r1 4’["%

; ! 1
+ szlmQ{ = (ng nd) + 2n{ n{g) nind, (S + ms> } +0()+ (1 2), (B3)

where the distance S is defined by
S:T1+T2+T12. (B4)

After applying to the preceding potentials (B.1), (B.2) and (B.3) the Hadamard reg-

ularization procedure in order to calculate their values at the location of the point-mass

1, we get
Gm2 1 3Gm1 9 1 o 5 \2 3
= |- = - = : B.
vy =" {1+CQ[ SO kg - (i | (4O, (BS)
Gmg 2
(Vi) = +0(9), (B.6)
12

(Wi = — { — 3% + ——[—2ni,nd, + 6V]

T12 12
G o .
b4 il — 5%]]} L O(e), (B.7)
47’12
Gmy
(@V)l = 7" n12 + O( ) (BS)

12
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C The post-linear light deflection 0‘%2)1

In the integrals that are given in this appendix as well as in Appendices D and E,
we already replaced the photon trajectory by its unperturbed approximation Z(7) =

TZ_EQ) + 5’, where l?o) is given by l?o) = cé€(g). The distances r; and ry are given by

A4 € = 2eTEg) - T(tt) — 26 - Bu(t*) + 22(t)| (C.1)

with @ = 1 and a = 2 for the distances r and r5. The distance S is defined by (B.4).
Here, ro = |Z1(t*) — Z5(t*)| is the distance between the two masses m; and mqy at the

time t* and the unit vector 7i;2 reads
e = — [T1(t") — To(t")]. (C.2)

The positions of the masses in the centre of mass frame without considering the 1PN-

corrections are given by

Xo T2(t") (C.3)

!
I

and
T = — X1 a(t"). (C4)

The integrals resulting from the introduction of the post-linear metric coefficients

(4.59) and (4.60) into the expression for ozfQ)I given by (5.14) are:
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C The post-linear light deflection 042('2)1

88

- G2m2 & 1 — — * 7 % *
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[5 X P1T12( *)}

G?’myimy [ r . i 00 (4%
_1_8#/ dr (€(0)  7i12)” [f — X qulll2(t )}

c3 T153
G?*mims [ 1
4 d e, — X ]‘_)z *
+ 3 /_oo " e 52 (8o - 12)* [ 2Pyriy(t7)]
5 G2m1m2 o0 i i *
+ 2 3 /oo i T1277 [5 X Farialf >]

G?mimy [ 1 L . 04
—16#/ dT—(e(O)'n12) [CT—XQ (0) * T2(t )]PTH( )
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-8 2/ dr ———=5 (€0) - Tla2) [e7 = X5 (o) - Tia(l")] Pyriy(t7)

(€ — X, Pirdy(17)]

3 o  T172S?
G*mim & 1 i (g
14 CS1 2/ dr —7"17“352 [CT+X1 €(0) * 7“12( )] [f —XQPT’IQ( )}
[e’s) 2
G*mymy [ 1 L2 i (g
e c31 2/ i rir3Se [e7 + X &) - ()] (€ = Xo Pra(t7)]
e’} 2
G2m1m2 e 1 1
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c /_oo ! 7197152 7"127’152 [ 260 7“12( )} 7'12( )

G? > 1
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D The post-linear light deflection o,

After inserting the perturbation (5.35) and the metric coefficients (4.61) and (4.62) into
(5.15), we find

¢ S 1Y
G2m1m2 1 i i "
‘|‘4 03 /_ d’TEAQ [5 XQ qu12(t )]
G*m2 [ 1 . o ; ; .
—4 631/ dTﬁBl[(O)'(Xﬂm(f D] € — X Pyriy(t)]
—00 1

dr — By [€(0) - (X1712(t))] [€" — X2 Pirly(tY)]

G2 2 o8] 1
-8 ml/ dT—31 [CT—Xze() T12(t )} [f —X2Pz7“12( *)}

3

o) 7’1
G*mym 1 oo o
-8 —031 2 / dr ﬁ Bl [CT + X1 6(0) . T‘lg(t )} |:€ XQPZT12( )}
—00 2
+ (1 2), (D.1)

where the functions Ay, Ay, By and B, are given in Section 5.1.
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E The post-linear light deflection o,

The integrals of the order G?/c* resulting from the introduction of the perturbation
(5.26) into (5.29) are
G my 2

. . 2,2 00
O‘&)Iv(ﬁ) = _120— (O t )/ dr T_Bl [5 — X PZT12( *>]

oo 1

129 0, 70, 1)) / dT—Bz[f X Pirty(#)

(X, *(0)-7?12(15*))2/_ dT—Bl[f Xo Pirdy(t")]

7“1

—(XlXQ)(“(O) Flg(t*))Q/ dTT—BQ[f Xy Plriy ()]

1
G2m1 lCT — X2 6(0) Tlg(t ) + 7“1(7' t*):|

7’1 0 t XQ 6(0) Tlg(t )

G2m1m2/ 1 2 |:CT+X1 6( ) ° Tlg(t*)) +T2(T, t*):|
—c0 7’2(0 t* ) + X1 8(0) . Flg(t*)

X [CT—XQ - Th2(t") [ X2P7‘12( )]

]
2 o0
145 ml/ dT—Bl[fl X Pirly(t))]

GQ
+4—m1m2/ dT ;Bl [f X2 PzT12( *)}
—00 2
+ (1 < 2), (E.1)

where the functions By and B, are given in Section 5.4.
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F The linear light deflection terms arising from the
terms of h( ) and hgl) that contain the accelerations

of the masses

As we mentioned in Chapter 4, the terms of the metric coefficients h(%) and h;(,}]) which
contain the accelerations of the masses were introduced into the metric quadratic in
G after substituting the accelerations by explicit functions of coordinate positions of
the masses by means of the Newtonian equations of motion. To get the light deflection
terms arising from these terms in a form suitable for the comparison of our computations
with the linear light deflection computed by Kopeikin and Schéfer [7], we compute here
the light deflection resulting from these terms before performing the substitution of the

(1)

accelerations. The terms of h&) and h,; which contains the accelerations are given by

2 PG
B = =SS (. ) :_€42

AL = B, (F.1)

From (2.41) it follows that the linear light deflection reads

T—00

i - Lo
a(y = lim {EPq(Slgl)(T)}, (F.2)

where 5l?1)(7') is given by (2.38). Introduction of the metric coefficients (F.1) into (F.2)

leads to
6y =3 Z M / dr — [cr<e<o> () + € (1) = Flt) - a()| [6 — Piat(e)]

- gZma/ dr EP;ag(t*). (F.3)

[e.e]

As in (5.22) the second integral in the preceding equation diverges. After performing
the Taylor expansion of the second integrand about the origin of the coordinate system

Z, = 0 up to the second order and taking into account the Newtonian centre of mass
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F' Linear light deflection terms arising from h(%) and hz(?}l) containing accelerations of masses

theorem we perform the integration of (I.3). As result we find

. G & . .
1y = 27 Z_: %(6(0) - o (1)) (€0 - @u(t))[€" — Ppacd(t*)]
2

G a | = * — * — * i 7 *
#2 3B E A1) — 7 - dult)] € - Pea(e)]
a=1 a
G2 _"_»at* = _—’at*Q gt* g_—’at*Z .
7@:17"‘1{_2@ 922< ) _ (o ;( ) +m§2>_2< 3}4( ) }ana@ \
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G Calculation of Integrals

As we mentioned in Chapter 5, many integrals related to the post-linear light deflection
cannot be represented by elementary functions. To evaluate these integrals we resort as
usual to a series expansion of the integrands in order to approximate the non-elementary
integrals by a sum of elementary integrals. By way of example we shall show in this

appendix how this procedure works. As our exemplary integral we choose the integral

2 00
7i = _,Gmme / dr— el P, (1)

which is given in Appendix C.

The Taylor Expansion

In order to perform the Taylor expansion of the integrand of integral (G.1), we introduce
the variable y = 1/z(7) and the unit vector 7 = Z(7)/z(7), where z(7) = /272 + &2
After introducing y and 7 into the integral (G.1), its integrand becomes

1 Y3

f(y) B r12715? B r12w1(y)[w1(y) + wg(y) + yT12]2’ (G‘Q)

where

[1— 27 &)y + 22(t")y%] 7, (G.3)

[1— 27 By (t)y + 23(t)y*] . (G.4)

w1 (y)
ws(y)

Since the first three terms of the Taylor expansion about y = 0 are equal to zero, we have
to perform the Taylor expansion up to the fifth order in order to get an expansion, which
is equivalent to a Taylor expansion of the integrand about the origin of the coordinate

system 77 = @5 = 0 to the second order. After performing the Taylor expansion of the
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G Calculation of Integrals

integrand (G.2), we obtain for the integral (G.1):

; G2m1m2 1 oo 1 1 oo 1
I'=—-4 d i d
CS 47112 /oo 7-23(7—) 4 /oo TZ4(7_)

[ 3 L(E-T(t)  L1ad(t)  1(€-T(tr) 1ad(t)) [ 1
+ _1_6r +§ T19 4 T19 +Z 712 8 712 ]/_oodTZE’(T)
1 (6(0) . fl(t )) 1 (g(o) . fg(t*)) > CT
+ 2 T12 +Z T12 ]/—oodTZE)(T)
5 - o 3. 9 1
-[fEawn+ g€ a0 [ i
5, L. 3, . °° cT
- (360 - @) + 5w 2] [ drot
(15 (€ 3 ()° | 5(E-DH))(E- () | 5 (E-Bt)?) [ 1
+ _]._6 T12 + g T12 + 1_6 T12 :| /—oo dTZ?(T)
+ '%5 (€0) - T1 () (€ T (1)) n g (€0 - T1(t))(€ - To(tY))
5 (6o - To(t))(E - Ta(t*) [ er
3 | )
+ 1_5(70) '7:”?;’;(75*))2 . g(% 'fl(t*)gl(f(m L To(t))
+1_Z(70> 'Z’Z(t*_» ]/: dT%}[éi—P;x?(t*)]. (G.5)

After computing the integrals we finally get,

. G?*mims 2 /1 T 8(e-x(tY) 9 . .
=2 { ~ml@)tE s T @ )
4(6{ I’Q(t )) 1
3 712 ](§>
15 . . i 4x2 *) (55 A fl(t*))Z (é’(o) . fl(t*))Q
+ [ qerE () + 3T -4 O
8 (€ T(t) (G - To(t) 2 (o) - Ta(t7))(Eo) - T2(t7)) n 25(t")
3 T12 3 712 3 T12
4 > .7 *\)2 1 > s t* 2 1 ) )
~ g(eg fijt ) 5(e<o> :Z( ) ](?)}[5 —P;:c‘{(t*)]- (G.6)

The Taylor expansion of the integrand (G.2) and the computation of the elementary

integrals in (G.5) were performed with the help of Mathematica IV.
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