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Abstract

An adaptive servomechanism is developed for practical track-
ing (with prespecified asymptotic accuracy), by the system out-
put, of any admissible reference signal (viz. absolutely contin-
uous and bounded with essentially bounded derivative) in the
context of a class of controlled dynamical systems modelled by
functional differential equations.

1 Introduction

Analysis and synthesis of a universal servomechanism is ad-
dressed in the context a class of controlled dynamical systems
having the interconnected structure shown in Figure 1: in par-
ticular, the objective is a servomechanism which, for every sys-
tem of the class, ensures practical tracking (that is, approximate
tracking with prespecified asymptotic accuracy), by the system
outputy, of an arbitrary reference signalr (assumed absolutely
continuous and bounded with essentially bounded derivative).
The dynamic block�1, which can be influenced directly by the
system input (control)u, is also driven by the outputw from the
dynamic block�2. Viewed abstractly, the block�2 can be con-
sidered as a causal operator which maps the system outputy to
w (an internal quantity, unavailable for feedback purposes).

By way of a prototype, we remark that the adaptive servomech-
anism developed in this paper is applicable to the classL of
finite-dimensional, real, linear,M -input (u(t) 2 R

M ), M -
output (y(t) 2 R

M ) linear systems of the form

_x(t) = Ax(t) +Bu(t); y(t) = Cx(t); x(0) = x0 2 R
N

(1)

with theminimum-phaseproperty

det
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Figure 1: Interconnected subsystems�1, �2 and
servomechanism

It was shown by Willems & Byrnes [15] (see, also, the seminal
work by Morse [10], [8] and [9]) that every member of the latter
linear classL is stabilized by the following adaptive high-gain
output feedback strategy

u(t) = �k(t)y(t); _k(t) = ky(t)k2; k(0) = k0: (2)

Special features of this strategy are its simplicity and the ab-
sence of any plant identification mechanism. The strategy
has been extended, by the introduction of a dead-zone in the
gain adaptation (see, [5]), to achievepractical tracking(that
is, tracking with prescribed asymptotic accuracy quantified by
� > 0). Specifically, the strategy

u(t) = �k(t)e(t); _k(t) = d2�(ke(t)k); k(0) = k0 ; (3)

where, for� > 0, d� denotes the distance function given by
d�(�) := maxfj�j�� ; 0g ande(t) := y(t)� r(t) denotes the
tracking error between output and reference signalr, the latter



being any bounded absolutely continuous function with essen-
tially bounded derivative. A particular feature of the strategy
(3) is that no internal model for the reference signal dynamics
is required. Generalizations to various classes of nonlinear sys-
tems are contained in [1, 3, 4, 5, 11, 12].

The novelty of the present paper is that we enlarge considerably
the underlying class of systems (compared to those considered
in the above cited works). The enlarged class encompasses,
for example, interconnections with systems which exhibit the
input-to-state stability (ISS) property [14], systems with delays
(both point and distributed) and systems with hysteretic nonlin-
earities. Moreover, the simplicity of the adaptation mechanism
is preserved.

Notation: For I � R an interval,C(I ;RN ) denotes the set
of continuous functionsI ! R

N . Forx : I ! R
N , the restric-

tion of x to J � I is denoted byxjJ . L1loc(I ;R
N ) denotes the

space of measurable locally essentially bounded functionsx :
I ! R

N . As before, for� > 0, d� denotes the Euclidean dis-
tance function for[��; �] given byd�(�) := maxfj�j�� ; 0g,
R denotes the space of bounded absolutely continuous func-
tions R ! R

M with essentially bounded derivative (which,
appropriately normed, can be identified as the Sobolev space
W 1;1(R;RM )). We writeR+ := [0;1). K denotes the class
of continuous, strictly increasing functions� : R+ ! R+

with �(0) = 0. KL is the class of functions : R2
+ ! R+

such that for eacht 2 R+ , (�; t) is of classK and for each
s 2 R+ , (s; �) is decreasing with(s; t) ! 0 as t ! 1.
Finally, a subclassJ of K is introduced:

J := f� 2 Kj 8 � 2 R+ 9 � 2 R+ :

�(��) � ��(�) 8 � � 0g:

2 The class of systems

We extend the above-mentioned prototypical results to a class
of infinite-dimensional, nonlinear,M -input (u(t) 2 R

M ), M -
output (y(t) 2 R

M ) systems(p; f; g; T ), having the same
structure as in Figure 1, and modelled by a controlled nonlinear
functional differential equation of the form

_y(t) = f(p(t); (Ty)(t)) + g(p(t); (Ty)(t); u(t));

yj[�h;0] = y0 2 C([�h; 0];RM )

)
(4)

whereh � 0 quantifies the “memory” of the system (h = 0
in the linear prototype),p(�) may be thought of as a (bounded)
disturbance term andT is a nonlinear causal operator.

Definition 1 (System classS) Let h � 0 and �f ; �T 2 J .
S = S(h; �f ; �T ) denotes the class ofM -input, M -output
systems of the form (4) with the properties (whereinP;Q 2 N

are arbitrary):

1. p 2 L1([�h;1);RP );

2. f : RP � R
Q ! R

M , Q 2 N, is continuous and, for
every compact setC � R

P , there existscf � 0 such that
kf(p; w)k � cf [1 + �f (kwk)] for all (p; w) 2 C � R

Q ;

3. g : RP � R
Q � R

M ! R
M is continuous and, for every

compact setC � R
P , there exists positive definite, symmetric

G 2 R
M�M such that

hGu; g(p; w; u)i � kuk2

for all (p; w; u) 2 C � R
Q � R

M ;

4. T : C([�h;1);RM ) ! L1loc(R+ ;RQ ) is a causal oper-
ator with the property that there exist�T 2 J and constant
cT � 0 such that, for ally 2 C([�h;1);RN ),

k(Ty)(t)k � cT

�
1 + max

s2[0;t]
�T (ky(s)k)

�
for all t 2 R+ :

For convenience, we denote a system of classS(h; �f ; �T ) by
(p; f; g; T ) 2 S(h; �f ; �T ) and, wheneverh and the functions
�f and�T are contextually evident, we simply writeS in place
of S(h; �f ; �T ).

3 The control objective

Givenh � 0 and�f ; �T 2 J , the control objective is to deter-
mine continuous functions

� : RM ! R
M ;  � : R+ ! R+

(the latter parameterized by� > 0) such that, for each system
(p; f; g; T ) 2 S(h; �f ; �T ) and every reference signalr 2 R
(see Notation above), the control

u(t) = �k(t)�(y(t) � r(t))

_k(t) =  �(ky(t)� r(t)k)

kj[�h;0] = k0

9>>=
>>; (5)

(wherek0 may be assumed to be a constant non-negative-real-
valued function) applied to (4) yields a closed-loop system with
the following properties:

(i) the initial-value problem (4,5) has a solution and every
solution has a maximal extension(y; k) : [�h; !) !
R
M � R (continuous, with(y; k)j[�h;0] = (y0; k0), such

that (y; k)j[0;!) is absolutely continuous and satisfies the
differential equations in (4), (5) for almost allt, and(y; k)
has no right extension which is also a solution);

(ii) every maximally-extended solution is bounded (and so
! = 1) and, by monotonicity ofk, limt!1 k(t) exists
and is finite;

(iii) the tracking errore(t) := y(t) � r(t) approaches the
closed ball of radius� > 0 centred at0 2 R

M ; equiv-
alently,d�(ke(t)k)! 0 ast!1.

4 The main result

We preface the main result with the remark that the defining
Properties 1-4 of the system classS may not, in general, consti-
tute sufficient conditions to guarantee existence of a solution of



the initial-value problem (4,5). However, as detailed in [13, 6],
if additional regularity is imposed on the operatorT , then ex-
istence of a solution is assured. This additional regularity cor-
responds to satisfaction of [6, Defn 1: Property 2(b)] (see also
[13, Defn 4: Property 2(b)]): the essence of this extra condition
(which, for reasons of brevity, we do not elucidate here) is the
imposition of a rather weak “local Lipschitz” property onT :
suffice it to remark here that the operatorT in each example in
Section 5 below exhibits the requisite property. In the present
paper, we will refer loosely to the property as the “weak local
Lipschitz property”, abbreviated as the “wll-property”.

Theorem 2 Leth � 0, �f ; �T 2 J , � > 0 and

� : � 7! [� + �f � �T (�)]=2:

Define the continuous functions� : RM ! R
M and  � :

R+ ! R+ by:

�(0) := 0; �(e) := �(kek)kek�1e; e 6= 0;

 �(0) := 0;  �(�) := maxf0; [�(�)� �(�)]g=�; � > 0:

Let r 2 R, (p; f; g; T ) 2 S(h; �f ; �T ) and assume thatT has
the wll-property. Then, for each(y0; k0) 2 C([�h; 0];RM+1 ),
the feedback strategy (5) applied to (4) yields a closed-loop
system which achieves the control objectives (i)-(iii).

Remarks. A sketch of the proof of Theorem 2 is provided
below (full details can be found in [6]). We remark that, for il-
lustrative purposes, in the above theorem we have given simple
choices for the controller functions� and �. In fact, there is a
plurality of possibilities in those choices [6]: practical consid-
erations might suggest appropriate alternatives.

Sketch proof.
(a) For each(y0; k0) 2 C([�h; 0];RM+1 ), [6, Theorem 3] (see
also [13, Theorem 1]) assures existence of a solution of the
initial-value problem (4)-(5): moreover, every solution can be
extended to a maximal solution(y; k) : [�h; !)! R

M+1 .

(b) Let(y; k) be a maximal solution. Writinge(t) = y(t)�r(t)
andV (t) := 1

2
he(t); Ge(t)i, it can be shown that, for some

constantc1 > 0,

_V (t) � c1

�
1 + max

s2[0;t]
�f (�T (ke(s)k))

�
ke(t)k

� k(t)�(ke(t)k)ke(t)k a.a.t 2 [0; !) : (6)

(c) Seeking contradiction, supposee is unbounded. For each
n 2 N, define

�n := infft 2 [0; ! )j c2
p
V (t) = n+ 1 + g;

�n := supft 2 [0; �n] j c2
p
V (t) = n+ g

wherec2 :=
p

2=kGk and  := ke(0)k + 1. A (lengthy)
calculation now yields, for some constantsc3; c4 > 0,

_V (t) � [c3 � k(t)]�(ke(t)k)ke(t)k

� c4�
�
c2
p
V (t)

�p
V (t) 8 t 2 [�n; �n]; (7)

whence, for somec5 > 0,

2 ln

�
n+ 1 + 

1 + 

�
� c5

nX
j=1

Z �j

�j

 �(ke(t)k) dt

� c5k(�n) 8 n 2 N:

Therefore,k(�) is unbounded and so, by (7), forn� sufficiently
large,

_V (t) � �c3�(ke(t)k)ke(t)k < 0 for a.a.t 2 [�n� ; �n� ] ;

which contradicts the fact thatV (�n�) > V (�n�). Therefore,
e : [�h; !)! R

M is bounded.

(d) By continuity of � and boundedness ofe, it follows that _k
is bounded and sok is bounded on every compact subinterval
[0; T ] � [0; !). Therefore! =1.

(e) Next, we prove boundedness ofk. By boundedness ofe and
(6), there exists a constantc6 > 0 such that

_V (t) � c6 � k(t)�(V (t)) a.a.t 2 [0;1) ; (8)

where� 2 K is given by�(s) = � (c2
p
s) c2

p
s. Seeking a

contradiction, suppose thatk is unbounded. Then, by (8), there
exists� 2 [0;1) such thatke(t)k < � for all t 2 [�;1) and
so _k(t) = 0 for all t 2 [�;1), which contradicts the supposi-
tion of unboundedness ofk. Therefore, the monotone function
k is bounded and solimt!1 k(t) exists and is finite. We have
now established control objectives (i) and (ii). It remains to es-
tablish objective (iii).

(f) By boundedness ofe, k and essential boundedness of_r,
we may conclude from (4)-(5) thate has essentially bounded
derivative and soe is uniformly continuous. By boundedness
and uniform continuity ofe, together with continuity of �, it
follows that �(ke(�)k) is uniformly continuous. By bounded-
ness ofk, Z 1

0

 �(ke(t)k)dt <1:

By Barbălat’s Lemma [2], we conclude that �(ke(t)k) ! 0
as t ! 1 whence, recalling that �1

� (0) = [0; �], objective
(iii). 2

5 Examples

5.1 The prototype class of finite-dimensional linear sys-
tems

Consider again the prototype classL of finite-dimensional, lin-
ear, minimum-phase systems (1) of Section 1, where “high-
frequency” gainCB has spectrum in the open right half plane.
Under a suitable coordinate transformation (see, for example,
in [3, Proposition 2.1.2]), every system inL can be expressed
in the form of two coupled subsystems

_y(t) = A1y(t) +A2z(t) + CBu(t); y(0) = y0

_z(t) = A3y(t) +A4z(t); z(0) = z0

�
(9)



with y(t); u(t) 2 R
M , z(t) 2 R

N�M , and where (by the
minimum-phase property)A4 has spectrum in the open left half
complex plane. Introducing the linear operatorT given by

(Ty)(t) := A1y(t) +A2

Z t

0

exp(A4(t� s))A3y(s)ds (10)

and the functionp given byp(t) := A2 exp(A4t)z
0, then, with

respect to our operator theoretic viewpoint, system (9) can be
interpreted as (4) withf andg given by

f : (p; w) 7! p+ w; g : (p; w; u) 7! CBu :

Since the eigenvalues ofA4 have strictly negative real part,p(�)
is evidently bounded (whence Property 1 of Definition 1) and,
by (10), Property 4 holds withh = 0, �T = id (the identity
map) and, moreover,T has the wll-property. The functionf
clearly satisfies Property 2 with�f = id. Since the eigenvalues
of CB have strictly positive real part, there existsG = GT >

0 such thatGCB + (CB)TG > 0 and so Property 3 holds.
Therefore, system(p; f; g; T ) is of classS(0; id; id) and, by
Theorem 2, the control

u(t) = �k(t)e(t)
_k(t) = d�(ke(t)k)ke(t)k�1

k(0) = k0 � 0

9>>=
>>; (11)

(wherein the righthand side of the second equation is inter-
preted as zero fore(t) = 0) achieves the control objectives
(i)-(iii).

5.2 Infinite-dimensional linear systems

The above results on finite-dimensional linear systems extend
directly to infinite-dimensional systems of the form (9), where
now (A4; A3; A2) are assumed to be the generating operators
of a regular (in the sense of Weiss [16]) linear system with state
spaceX (a Hilbert space):A4 is the generator of a strongly
continuous semigroup(St)t�0 of bounded linear operators on
X ;A3 is an admissible input operator;A2 is an observation op-
erator, assumed bounded. For brevity, we omit details here but
remark that our formulation encompasses single-input, single-
output systems of coupled ordinary and partial linear differen-
tial equations of the form

_y(t) = p(t) + a0y(t) +
c1
2�

R �o+�
�o��

v(t; �) d� + bu(t)

vtt(t; �) = a1v��(t; �)� a2vt(t; �) + c0�(� � �i)y(t)

v(t; 0) = 0 = v(t; 1)

with arbitrary parametersa0; a1; a2; c0 2 R and�o; �i 2 (0; 1)
and � > 0. For such systems, the control (11) is such that
Theorem 2 is applicable and so the control objectives (i)-(iii)
are achieved.

5.3 Systems with delays and hysteresis

Consider the general system (4) and assume thatp; f; g are
such that Properties 1-3 of Definition 1 hold. With regard to

the casual operatorT (equivalently, subsystem�2 of Figure 1),
our formulation admits delay and hysteresis operators. For ex-
ample, withp; q1; q2; q3 2 L1(R+ ;R), an admissible system
with point and distributed delays is given by

_y(t) = p(t)y(t) + q1(t)y(t� h1) + q2(t)y
2(t� h2)

+

Z 0

�h3

q3(s)y
3(t+ s)ds+ bu(t):

As a second example, we remark that a general class of nonlin-
ear operatorsC(R+ ;R) ! C(R+ ;R), which includes many
physically motivated hysteretic effects, is defined via assump-
tions (N1)-(N8) of [7, Section 3]. Such nonlinear operators
are admissible within the current framework. Examples of
such operators, including relay hysteresis, backlash hysteresis,
elastic-plastic hysteresis and Preisach operators, are detailed in
[7, Section 5]. By way of illustration, operatorsT , correspond-
ing to relay and backlash hysteresis as depicted in Figures 2 and
3, are admissible within our formulation. The reader is referred
to [13] for further details.

y

w

a1 a2

�1

�2

Figure 2: Relay-type hysteresis

y

w

�a a

Figure 3: Backlash hysteresis

5.4 Input-to-state stable systems

Another class of admissible operatorsT , representing subsys-
tem�2 of Figure 1, is the class of input-to-state (ISS) systems.
LetZ : RL�RM ! R

L be locally Lipschitz withZ(0; 0) = 0.
Fory 2 L1loc(R+ ;RM ), let z(�; z0; y) denote the unique maxi-
mal solution of the initial-value problem

_z(t) = Z(z(t); y(t)); z(0) = z0 2 R
L : (12)



Assume that the system is input-to-state stable (ISS) [14], that
is, there exist functions� 2 KL and 2 K such that, for all
(z0; y) 2 R

L � L1loc(R+ ;RM ),

kz(t; z0; y)k � �(kz0k; t) + ess-sups2[0;t](ky(s)k)
for all t � 0: (13)

Let W : RL ! R
Q be locally Lipschitz and such that there

existsc > 0 such thatkW (z)k � ckzk for all z 2 R
L . Now

consider system (12) with outputw given by

w(t) =W (z(t; z0; y)):

Fix z0 2 R
L arbitrarily. Define the operator

T : C(R+ ;RM ) ! L1loc(R+ ;RQ )

by

(Ty)(t) :=W (z(t; z0; y)); t � 0: (14)

It can readily be verified that this operator is admissible within
our formulation. The reader is referred to [13, 6] for further
details and generalizations of this operator class.

References
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[2] I. Barbălat. “Systèmes d’équations différentielles
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