
 

  
 

 

Ilchmann, Achim; Pinho, Maria do Rosário de : 

Weak maximum principle for optimal control problems with 
mixed constraints 

Zuerst erschienen in: 
Nonlinear Analysis 48 (2002), Nr. 8, S. 1179-1196 
DOI: 10.1016/S0362-546X(01)00094-3 

http://dx.doi.org/10.1016/S0362-546X(01)00094-3


Weak maximum priniple for optimal ontrolproblems with mixed onstraintsMaria do Ros�ario de Pinho� and Ahim Ilhmanny� Departamento de Engenharia Eletrotenia e de Comp., Inst. Sistemas e Rob., Fauldade de Eng.Universidade do Porto, Rua Dr. Roberto Frias 4200 465, Porto, Portugal, mrpinho�fe.up.pty Institute of Mathematis, Tehnial University Ilmenau, Weimarer Stra�e 25, 98693 Ilmenau, FRG,ilhmann�mathematik.tu-ilmenau.deAbstratAn optimal ontrol problem for time-varying, nonlinear di�erential equations with state-dependent ontrol onstraints is onsidered, the data may be nonsmooth. A weak maximumpriniple is derived in ase of equality mixed onstraints and pointwise set onstraints im-posed only on some omponents of the ontrol variable. This result is then applied to deriveanother weak maximum priniple for problems with both equality and inequality mixed on-straints. The essential assumption is a full rankness ondition imposed on the onstraints.Additionally, a lemma shows how the results are related to previous ontributions.Key words and phrases: Optimal ontrol, mixed onstraints, maximum priniple, nonsmooth anal-ysis, weak minimizers. 1 IntrodutionOptimality onditions for ontrol problems with mixed state-ontrol onstraints have been thefous of attention for a long time. In partiular, the subjet of neessary onditions in the formof maximum priniples have been addressed by a number of authors; see for example [1℄, [2℄, [3℄,[4℄, to name but a few. Weak maximum priniples, whih apply to weak loal solutions, overingproblems with possibly nonsmooth data, have been onsidered in [5℄ and, in a more generalsetting, in [3℄. For nonsmooth problems, strong maximum priniples, whih in turn apply to\strong" loal solutions, have also reeived some attention reently (see [6℄ and [7℄).Various reent results, inluding those of the present paper, an be aptured as speial asesof the following optimal ontrol problem with mixed onstraints, also known as state-dependent1



ontrol onstraints:
(P) 8>>>>>>>>>>><>>>>>>>>>>>:

Minimize l(x(a); x(b))subjet to_x(t) = f(t; x(t); u(t); v(t)) for a.a. t 2 [a; b℄0 = b(t; x(t); u(t); v(t)) for a.a. t 2 [a; b℄0 � g(t; x(t); u(t); v(t)) for a.a. t 2 [a; b℄(u(t); v(t)) 2 U(t)� V (t) for a.a. t 2 [a; b℄(x(a); x(b)) 2 Cwhere l : Rn � Rn ! R, f : [a; b℄ � Rn � Rku � Rkv ! Rn , b : [a; b℄ � Rn � Rku � Rkv ! Rmb ,g : [a; b℄�Rn�Rku�Rkv ! Rmg , U : [a; b℄! Rku and V : [a; b℄! �Rkv are given multifuntionsand C � Rn � Rn a given set. Throughout this paper we assume that ku + kv � mb +mg.We seek optimality neessary onditions in the form of a weak maximum priniple whih applyto various speial ases of problem (P ). We are partiularly interested in generalizing lassialresults (see [1℄ and [2℄) to over problems with possibly nonsmooth data.Usually one has mb � 1, mg � 1 and, for all t 2 [a; b℄, U(t) � Rku or V (t) � Rkv . However,we allow for mb, mg = 0, U(t) = Rku , or V (t) = Rkv to signify the ase where there are noexpliit equality or inequality state-ontrol onstraints or no pointwise set onstraints on someomponents of the ontrol variable.Weak loal solutions are de�ned as follows.De�nition 1.1 A proess (�x; �u; �v) of (P), i.e., a triple of an absolutely ontinuous funtion�x : [a; b℄ �! Rn and Lebesgue measurable funtions �u : [a; b℄ �! Rku , �v : [a; b℄ �! Rkvsatisfying the onstraints of (P), is alled a weak loal minimizer if, and only if, there existssome " > 0, suh that it minimizes the ost over all proesses (x; u; v) of (P) whih satisfy(x(t); u(t); v(t)) 2 T"(t); for a.a. t 2 [a; b℄;where T"(t) = ��x(t) + " �B�� �U(t) \ (�u(t) + " �B)�� �V (t) \ (�v(t) + " �B)� ; (1.1)and �B denotes the losed unit ball. 2A standard approah to obtain neessary onditions for optimal ontrol problems involving mixedonstraints in the form of inequalities is as follows. Derive onditions for problems with onlyequality onstraints whih are then applied to an \auxiliary problem" assoiated with (P) whereinequalities are transformed into equalities by ontrol augmentation. In fat, the inequalityg(t; x(t); u(t)) � 02



an be replaed by equality onstraints and pointwise set onstraints on the ontrol variable byg�t; x(t); u(t)� + v(t) = 0 and v(t) � 0:Neessary onditions have previously been derived assuming that a ertain matrix F (t) has fullrank in the sense that detF (t)F (t)T � L for a.a. t 2 [a; b℄, for some L > 0. The full ranknessondition has been imposed on the Jaobi matrix (see [1℄ and [2℄)ru[b; g℄(t; �x(t); �u(t); �v(t)) (1.2)or on the matrix (see [8℄)�(t) = " bu(t; �x(t); �u(t); �v(t))gI�(t)u (t; �x(t); �u(t); �v(t)) # ;I�(t) = �i 2 f1; : : : ;mgg ��gi(t; �x(t); �u(t); �v(t)) � ��	; (1.3)where � > 0 and gI�(t)u �t; �x(t); �u(t); �v(t)� denotes the matrix we obtain after removing fromgu(t; �x(t); �u(t); �v(t)) all the rows of index i =2 I�(t).Suh rankness onditions, together with onditions enforing ontinuity of the data with respetto t, permit the appliation of lassial Impliit Funtion theorems, thereby allowing the removalof the state-dependent ontrol onstraints.An exeption is to be found in a paper by Pales and Zeidan [3℄. They prove a multiplier rulefor an abstrat nonsmooth problem with mixed and pure onstraints, and then derive neessaryonditions. In the absene of pure state onstraints, the weak maximum priniple obtained inthis way is validated with the full rankness imposed on�(t) = " bu(t; �x(t); �u(t); �v(t)) 0gu(t; �x(t); �u(t); �v(t)) diag f�gi(t; �x(t); �u(t); �v(t))gi2f1;:::;mgg # : (1.4)In the present paper we prove, �rst, a weak maximum priniple for optimal ontrol problemswith equality mixed onstraints (mg = 0) and pointwise set onstraints imposed only on someomponents of the ontrol variable (U(t) = Rku , kv � 1) following the standard approah. Sinea previous weak maximum priniple for nonsmooth problems involving equality onstraints[5℄ holds in the absene of pointwise set onstraints in the ontrol variable, we extend suhresult to treat problems for whih some pointwise set ontraints on the ontrol are also present.Di�erent to previous work, we assume only measurability of the data with respet to t. Thus,a sharpened variant of the Impliit Funtion Theorem, a Uniform Impliit Funtion Theorempreviously obtained in [9℄, must be used. Seondly, we provide a weak maximum priniple forthe partiular ase that U(t) = Rku in (P ) under the full rankness ondition of the matrix (1.4)as in [3℄. By ontrast, we onsider pointwise set onstraints in some omponents of the ontrolvariable w = (u; v) and relax some of the smoothness assumptions on the dynamis.Finally, a tehnial lemma is given and used to ompare the di�erent full rankness onditions3



on the literature. In the presene of both inequality and equality state-ontrol onstraints, arestrition on the generality of our results is the assumption that U(t) = Rku . Nonetheless ,these problems are of interest when higher order onditions are onsidered.A notable feature of the proofs in this paper is that they provide a simple and transparentderivation of neessary onditions, whih might also be worth knowing for lassial seond orderonditions. 2 PreliminariesThe notation r � 0 means that eah omponent ri of r 2 Rr is nonnegative. h�; �i denotes theEulidean salar produt on �nite dimensional vetor spae Rk , j � j= ph�; �i the Eulideannorm, and j � j the indued matrix norm on Rm�k . We setRm�0 = �x 2 Rm �� xi � 0 for i = 1; : : : ;m	and Rm�0 aordingly. The Eulidean distane funtion with respet to A � Rk isdA : Rk ! R; y 7! dA(y) = inf fjy � xj : x 2 Ag:We will often refer to the ontrol variable as being w whenever we do not want to distinguishbetween omponents. In that ase, a weak loal minimizer will be denote by (�x; �w), the ontrolset will be W (t) � Rk , k = ku + kv, and the set (1.1) will be written asT"(t) = ��x(t) + " �B�� �W (t) \ ( �w(t) + " �B)�:The linear spaeW 1;1([a; b℄;Rp) denotes the spae of absolutely ontinuous funtions, L1([a; b℄;Rp)the spae of integrable funtions and L1([a; b℄;Rp) the spae of essentially bounded funtionsfrom [a; b℄ to Rp , respetively.The following variant of a Uniform Impliit Funtion Theorem says that if �(t; x0(t); u0(t)) = 0almost everywhere, then an impliit funtion '(t; u) exists and the same neighborhood of u0 anbe hosen for all t. This will be essential in our setup.Proposition 2.1 (Uniform Impliit Funtion Theorem) ([9℄)Consider a set T � Rk , a number � > 0, a family of funtions f a : Rm � Rn ! Rnga2T and apoint (u0; v0) 2 Rm � Rn suh that  a(u0; v0) = 0 for all a 2 T . Assume that:(i)  a is ontinuously di�erentiable on (u0; v0) + �B for all a 2 T .(ii) There exists a monotone inreasing funtion � : (0;1) ! (0;1) with �(s) # 0 as s # 0suh that, for all a 2 T , (u0; v0); (u; v) 2 (u0; v0) + �B,j r a(u0; v0)�r a(u; v) j � �� j (u0; v0)� (u; v) j �:4



(iii) rv a(u0; v0) is nonsingular for eah a 2 T and there exists  > 0 suh that, for all a 2 T ,j [rv a(u0; v0)℄�1 j � :Then there exist Æ � 0 and a family of ontinuously di�erentiable funtionsf�a : u0 + ÆB ! v0 + �Bga2T ;whih are Lipshitz ontinuous with ommon Lipshitz onstant k, suh that, for all a 2 T ,v0 = �a(u0) a(u; �a(u)) = 0 for all u 2 u0 + ÆBru�a(u0) = �[rv a(u0; v0)℄�1ru a(u0; v0):The numbers Æ and k depend on �,  and � only.Furthermore, if T is a Borel set and a 7!  a(u; v) is a Borel measurable funtion for eah(u; v) 2 (u0; v0) + �B, then a 7! �a(u) is a Borel measurable funtion for eah u 2 u0 + ÆB. 2We make use of the following onepts from nonsmooth analysis.De�nition 2.2 Let A � Rk be a losed set and x 2 A. p 2 Rk is a limiting normal to A at xif, and only if, there exist pi ! p and xi ! x, and a sequene of positive salars fMigi2N , suhthat hpi; x� xii � Mi j x� xi j2 for all x 2 A and for eah i 2 N(i.e., limiting normals are limits of vetors whih support A at points near x, to seond-order).The limiting normal one to A at x, written NA(x), is the set of all limiting normals to A at x.Given a lower semiontinuous funtion f : Rk ! R [ f+1g and a point x 2 Rk suh thatf(x) < +1, the limiting subdi�erential of f at x, written �f(x), is the set�f(x) := �� �� (�1; �) 2 Nepi ffg(f(x); x)	;where epi ffg = �(�; x) �� � � f(x)	 denotes the epigragh set . 2The above onepts of limiting normal one and limiting subdi�erential were �rst introdued in[10℄. The full alulus for these onstrutions in �nite dimensions are desribed in [11℄ and [12℄.In the ase that the funtion f is Lipshitz ontinuous near x, the onvex hull of the limitingsubdi�erential, o �f(x), oinides with the (Clarke) generalized gradient, whih may be de-�ned diretly. Properties of generalized gradients (upper semi-ontinuity, sum rules, et.), aredesribed in [13℄.Throughout this paper we will refer to the following set of hypotheses whih make referene toa proess (�x; �w) of (P) and some salar " > 0: 5



(H1) f(�; x; w) is measurable for eah (x;w) and f(t; �; �) is Lipshitz ontinuous with Lipshitzonstant kf (t) on T"(t) for almost all t 2 [a; b℄ and kf is an L1-funtion.(H2) The ost l is Lipshitz ontinuous on a neighborhood of (�x(a); �x(b)) and C is losed.(H3) graph W (�) is Borel measurable and W (t)T� �w(t) + " �B� is losed for almost all t 2 [a; b℄.The following weak maximum priniple for optimal ontrol problems, provided in [14℄, will beof importane in our analysis.Proposition 2.3 Let " > 0 and (�x; �w) denote a weak loal minimizer for (P) with restritionsmb = mg = kv = 0. If (H1)-(H3) are satis�ed and H(t; x; p; u) = hp; f(t; x; u)i de�nes theHamiltonian, then there exist � � 0, p 2 W 1;1([a; b℄;Rn) and � 2 L1([a; b℄;Rku ) suh that, foralmost all t 2 [a; b℄, �+ k p(�) kL1 6= 0(� _p(t); _�x(t); �(t)) 2 o �H(t; �x(t); p(t); �u(t))�(t) 2 o NU(t)(�u(t))(p(a);�p(b)) 2 NC(�x(a); �x(b)) + ��l(�x(a); �x(b));where �H denotes the subgradient in the (x; p; u) variables. 23 Main ResultsTo simplify notation, ��(t) will denote the evaluation of a funtion � at (t; �x(t); �u(t); �v(t)), where� may be f , b, g or its derivatives.Let Ia(t) be the set of indexes of the ative onstraints, i.e.,Ia(t) = �i 2 f1; : : : ;mgg �� gi(t; �x(t); �u(t); �v(t)) = 0	and its omplement, the set of indexes of the inative onstraints,I(t) = f1; : : : ;mgg n Ia(t):qa(t) denotes the ardinal of Ia(t) and q(t) be the ardinal of I(t). LetgIa(t)u �t; �x(t); �u(t); �v(t)� 2 Rqa (t)�ku(if qa(t) = 0, then the latter holds vauously) denote the matrix we obtain after removing fromgu(t; �x(t); �u(t); �v(t)) all the rows of index i 2 I(t).We shall invoke the following additional hypotheses on (P ):6



(H4) b(�; x; u; v) and g(�; x; u; v) are measurable for eah (x; u; v). For almost all t 2 [a; b℄,b(t; �; �; �) and g(t; �; �; �) are ontinuously di�erentiable funtions on (�x; (t); �u(t); �v(t)) + " �B.There exists an inreasing funtion ~� : R+ ! R+ , ~�(s) # 0 as s # 0, suh that, for all(x0; u0; v0),(x; u; v) 2 (�x; (t); �u(t); �v(t)) + " �B and for almost all t 2 [a; b℄,��rx;u;v[b; g℄(t; x0; u0; v0)�rx;u;v[b; g℄(t; x; u; v)�� � ~�� j (x0; u0; v0)� (x; u; v) j �:There exists Kb;g > 0 suh that, for almost all t 2 [a; b℄,��rx[b; g℄�t; �x(t); �u(t); �v(t)���+��ru[b; g℄�t; �x(t); �u(t); �v(t)���+��rv[b; g℄�t; �x(t); �u(t); �v(t)��� � Kb;g:(H5) There exists K > 0 suh thatdet��(t)�T (t)	 � K; for almost all t 2 [a; b℄;where �(t) is de�ned in (1.4).The hypotheses (H4) and (H5) permit the appliation of a Uniform Impliit Funtion theoremas presented in Proposition 2.1. Hypothesis (H4) mainly states that the derivatives of b and gwith respet to state and ontrol must be uniformly ontinuous on a tube around the optimalsolution and be bounded along the optimal solution. A full rankness ondition is ensured by(H5). Further illustration of (H5) will be given in Lemma 3.3.Theorem 3.1 (Weak Maximum Priniple for (P) without inequality ontraints)Let (�x; �u; �v) be a weak loal minimizer for
(P=) 8>>>>>>>>><>>>>>>>>>:

Minimize l(x(a); x(b))subjet to_x(t) = f(t; x(t); u(t); v(t)) for a.a. t 2 [a; b℄0 = b(t; x(t); u(t); v(t)) for a.a. t 2 [a; b℄(u(t); v(t)) 2 Rku � V (t) for a.a. t 2 [a; b℄(x(a); x(b)) 2 C:Assume that, for some " > 0, hypotheses (H1)-(H5) are satis�ed. Note that the matrix �(t) in(H5) simpli�es to �(t) = bu(t; �x(t); �u(t); �v(t)) and the Hamiltonian isH(t; x; p; q; u; v) = hp; f(t; x; u; v)i + hq; b(t; x; u; v)i:Then there exist p 2 W 1;1([a; b℄;Rn), � 2 L1([a; b℄;Rkv ) and � � 0 suh that, for almost allt 2 [a; b℄,(i) k p kL1 +� 6= 0;(ii) (� _p(t); 0; �(t)) 2 o �x;u;vH(t; �x(t); p(t); q(t); �u(t); �v(t));(iii) �(t) 2 oNV (t)(�v(t));(iv) (p(a);�p(b)) 2 NC(�x(a); �x(b)) + ��l(�x(a); �x(b)):7



Furthermore, there exists an M > 0 suh that�����(t)�(t)T ��1��� �M for a.a. t 2 [a; b℄; (3.1)and jq(t)j � kf (t) M Kb;gjp(t)j for a.a. t 2 [a; b℄: (3.2)2The proof of Theorem 3.1 is given in Setion 4.We now turn to optimal ontrol problems with mixed state-ontrol onstraints in the form ofequalities and inequalities and we assume that U(t) = Rku .Theorem 3.2 (Weak Maximum Priniple for (P) with U(t) = Rku )Let (�x; �u; �v) be a weak loal minimizer for (P) with U(t) = Rku . Assume that, for some " > 0,hypotheses (H1)-(H5) are satis�ed and that g(�; �x(�); �u(�); �v(�)) is bounded on [a; b℄. Then thereexist p 2W 1;1([a; b℄;Rn), �(t) 2 L1([a; b℄;Rkv ) and � � 0 suh that, for almost all t 2 [a; b℄,(i) k p kL1 +� 6= 0;(ii) (� _p(t); 0; �(t)) 2 o �x;u;vH(t; �x(t); p(t); q(t); r(t); �u(t); �v(t));(iii) �(t) 2 oNV (t)(�v(t));(iv) hr(t); g(t; �x(t); �u(t); �v(t))i = 0 and r(t) � 0;(v) (p(a);�p(b)) 2 NC(�x(a); �x(b)) + ��l(�x(a); �x(b)):Furthermore, there exists an M > 0 suh thatj(q(t); r(t))j � kf (t) M Kb;g jp(t)j for a.a. t 2 [a; b℄: (3.3)2The proof of Theorem 3.2 is given in Setion 4.If kv = 0 and g and b do not depend on x, we reover the weak Maximum Priniple for standardOptimal Control with pointwise set onstraints in the ontrol variableu(t) 2 U(t) = nu 2 Rk ��� bi(t; u) = 0 and gj(t; u) � 0; i; j = 1; : : : ;mgo for a.a. t 2 [a; b℄.The following lemma and remark will be used in larifying the meaning of (H5) and otherassumptions made in the literature.Lemma 3.3 Let k; n 2 N suh that, for all t 2 [a; b℄, m(t); q(t); l(t) 2 N0 , m(t) + q(t) = n � k,and onsider J(t) := "A(t) 0 0N(t) 0 B(t)# 2 Rn�(k+l(t)+q(t)) ;8



with A(t) 2 Rm(t)�k ; N(t) 2 Rq(t)�k ; B(t) 2 Rq(t)�q(t) :Then the following onditions(i) 9 A > 0 : det A(t)A(t)T � A for a.a. t 2 [a; b℄(ii) 9 B > 0 : det B(t)B(t)T � B for a.a. t 2 [a; b℄(iii) 9  > 0 : det J(t)J(t)T �  for a.a. t 2 [a; b℄are related as follows� (i), (ii) ^ N 2 L1 =) (iii),� (iii) =) (i),� (iii) i:g:6=) (ii). 2Remark 3.4 In what follows, we assume that the data satis�es (H4).(a) Using the abbreviations introdued at the beginning of Setion 3, we setA(t) = " bu(t; �x(t); �u(t); �v(t))gIa(t)u (t; �x(t); �u(t); �v(t)) # 2 R(mg+qa(t))�ku ;N(t) = gI(t)u �t; �x(t); �u(t); �v(t)� 2 Rq (t)�ku ; B(t) = diag f��gi(t)gi2I(t) 2 Rq (t)�q(t);and mg = qa(t) + q(t).If the omponents of g are permuted in suh a way that the ative ontraints ome �rst,then �(t) as de�ned in (1.4) and J(t) as in Lemma 3.3 oinide and we have�(t) = J(t) = 264 bu(t; �x(t); �u(t); �v(t))gIa(t)u (t; �x(t); �u(t); �v(t)) 0 0gI(t)u �t; �x(t); �u(t); �v(t)� 0 diag f��gi(t)gi2I(t)375 2 R(mb+mg)�(ku+mg):Note that the permutaion of the omponents of g depends on t but does not hange a fullrankness ondition. Suppose there exists some L > 0 suh thatdet �ru[b; g℄(t; �x(t); �u(t); �v(t))ru[b; g℄(t; �x(t); �u(t); �v(t))T	 � L for a.a. t 2 [a; b℄:Then ru[b; g℄(t; �x(t); �u(t); �v(t)) = " A(t)N(t) #and an appliation of Weyl's Theorem (see e.g. [15℄) yields ondition (iii) of Lemma 3.3,or equivalently (H5). 9



(b) If there exists some L > 0 suh thatdet ��(t)�(t)T	 � L for a.a. t 2 [a; b℄;where �(t) is de�ned in (1.3), then we show that ondition (iii) of Lemma 3.3 also follows:Set ~I�(t) = f1; : : : ;mgg n I�(t) and, using the notation of Lemma 3.3,A(t) = "�(t) 0diag f�gi(t; �x(t); �u(t); �v(t))gi2I�(t) # ;N(t) = [g~I�(t)u �t; �x(t); �u(t); �v(t)�; 0℄; B(t) = diag f��gi(t)gi2~I�(t) ;Applying again Weyl's Theorem to A(t)A(t)T and invoking the full rankness ondition of�(t) shows that A(t) satis�es (i) of Lemma 3.3. By de�nition of ~I�(t), B(t) satis�es (ii)of Lemma 3.3. Sine N 2 L1 we onlude that (iii) of Lemma 3.3.() SuÆient onditions for (H5) to hold are given in (a) and (b) above. Conversely, if (H5),or equivalently ondition (iii) of Lemma 3.3, is satis�ed, then ondition (i) of Lemma 3.3holds true. However, there are systems for whih (i) of Lemma 3.3 holds but (iii) does not.Sine, by (H4), N 2 L1, andidates are systems, for whih (iii) is not valid. In Example 3.5we provide suh an optimal ontrol problem for whih ondition (i) of Lemma 3.3 holdsbut not (iii). The interest of the example resides on the simple observation that the dataof the problem does not satisfy (H5) but, nevertheless, Theorem 3.2 provides a nontrivialset of multipliers assoiated with the optimal solution of it. This does not ome as asurprise. In fat, sine the omponents of the multiplier r are zero when i 2 I(t), thederivative with respet to u of the orresponding omponents of g do not take any part inthe determination of the multipliers. One ould then onjeture that Theorem 3.2 wouldhold when (H5) is replaed by merely the full rankness of A(t) as de�ned above in (a). Toour knowledge, derivation of optimality onditions for (P) under merely suh assumption(the full rankness of the derivative with respet to u of the ative onstraints only) is anopen problem.Example 3.5 Consider the problem of minimizing x(1) subjet to_x(t) = u21 + u22 + u23 for a.a. t 2 [0; 1℄0 � u1 + u2u3 for a.a. t 2 [0; 1℄0 � tu1 + u2u3 � t for a.a. t 2 [0; 1℄x(0) = 0:It is easy to hek that (�x = 0; (�u1; �u2; �u3) = 0) is a minimizer for suh problem andIa(t) = ( f1g if t 6= 0f1; 2g if t = 0:10



Using the notation of Lemma 3.3 we have,A(t) = 8>><>>: [1; 0; 0℄; t 2 (0; 1℄"1 0 00 0 0# ; t = 0N(t) = ( [t; 0; 0℄; t 2 (0; 1℄does not exist, t = 0 ; B(t) = ( �t; t 2 (0; 1℄does not exist, t = 0:Note that A(t), N(t), and B(t) may hange formats, butJ(t) = 8>>>>><>>>>>:
"1 0 0 0 0 0t 0 0 0 0 �t# ; t 2 (0; 1℄"1 0 0 0 0 00 0 0 0 0 0 # ; t = 0does not. (i) of Lemma 3.3 is satis�ed sinedet A(t)A(t)T = ( 1; t 2 (0; 1℄0; t = 0:(ii) and (iii) do not hold sine t 7! J(t) is ontinuous anddet B(t)B(t)T = det J(t)J(t)T = t2 for all t 2 (0; 1℄:Appliation of Theorem 3.2 to this problem provides a set of multipliers assoiated with it. 24 Proofs of main resultsTheorem 3.1 is proved �rst. There is a parallel here with the weak maximum priniple foroptimal ontrol problems involving di�erential algebrai equations of index 1 proved in [9℄ inthat the proof of Theorem 3.1 is similar to Theorem 3.2 in [9℄. The main step onsists in rewritingthe onstraints so that a Uniform Impliit Funtion theorem, Proposition 2.1, applies. Observethat a sharpened version of an Impliit Funtion theorem is needed, sine we work under theassumption that the data is merely measurable with respet to t. Then we assoiate with (P=)an \auxiliary problem". This problem is a standard optimal ontrol problem, but we must applythe nonsmooth Maximum Priniple Proposition of 2.3 to yield the required onditions for (P).Proof of Theorem 3.1: We proeed in several steps. Let " > 0 be as in Theorem 3.1.Step 1: We show that the hoie of � : [a; b℄ � (Rn � Rku � Rkv )� Rmb ! Rmb given by��t; (�; u; v); �� := b�t; �x(t) + �; �u(t) + u+�(t)T �; �v(t) + v�11



asserts, for some � 2 (0; "), Æ 2 (0; "), the existene of a Borel set T = [a; b℄ n S, where S is ofmeasure zero, and an impliit mapd : T � �B � �B � �B �! ÆBsuh that d(�; �; u; v) is a measurable funtion for �xed (�; u; v), the funtions fd(t; �; �; �)j t 2 Tgare Lipshitz ontinuous with ommon Lipshitz onstant, d(t; �; �; �) is ontinuously di�erentiablefor �xed t 2 T , d(t; 0; 0; 0) = 0 for a.a. t 2 [a; b℄�(t; (�; u; v); d(t; �; u; v)) = 0 for a.a. t 2 [a; b℄ and all (�; u; v) 2 �B � �B � �Bsuh that�d�; du; dv�(t; 0; 0; 0) = �[�(t)�(t)T ℄�1��bx(t);�bu(t);�bv(t)� for a.a. t 2 [a; b℄: (4.1)Reall that the abbreviation of �bx(t) and similar was introdued at the beginning of Setion 3.Choose S0 � [a; b℄ to be the largest subset suh that eah of the onditions in (H1), (H4) and(H5) do not hold for every t 2 S0. By assumption, S0 is of Lebesgue measure zero. It followsfrom page 309 in [16℄ that there exists a Borel set S, whih is the intersetion of a ountableolletion of open sets, suh that S0 � S and S n S0 has measure zero. Thus S is a Borel setof measure zero. We de�ne T = [a; b℄ n S, a Borel set of full measure, and identify ((�; u; v); �)with (u; v) in Proposition 2.1.Observe that ���� (t; 0; 0; 0; 0) = �(t)�(t)T :By (H5), �(t)�(t)T is a real symmetri positive de�nite matrix with determinant uniformlybounded away from the origin for all t 2 T and thus, together with (H4), there exists M > 0suh that (3.1) holds.In order to apply Proposition 2.1, we identify t with a, � with  , (0; 0; 0) with u0, (�; u; v) withu, and � with v, and so there exists an impliit map � whih here we denote by d.Choose �1; Æ1 > 0 suh that�1 2 (0;minf�; "=2g) ; Æ1 2 (0;minfÆ; "=2g) ; �1 +Kb;gÆ1 2 (0; "=2) ; (4.2)where � and Æ are as above and Kb;g is given by (H5).In what follows and without loss of generality, we onsider the impliit funtion d de�ned on[a; b℄� �1B � �1B � �1B and taking values in Æ1B.Step 2: We show that if (�x; �u; �v) is a weak loal minimizer for (P=), then (�x; �u; �v) is a weak12



loal minimizer for the auxiliary optimal ontrol problem(Paux= ) 8>>>>>><>>>>>>: Minimize l(x(a); x(b))subjet to_x(t) = �(t; x(t); u(t); v(t)) for a.a. t 2 [a; b℄(u(t); v(t)) 2 U�1(t)� V�1(t) for a.a. t 2 [a; b℄(x(a); x(b)) 2 C;in whih �(t; x; u; v) = f�t; x; u+�(t)Td�t; x� �x(t); u� �u(t); v � �v(t)�; v�;U�1(t) = �u(t) + �1B;V�1(t) = V (t) \ (�v(t) + �1B):Suppose that (~x; ~u; ~v) is a solution of (Paux= ) with lesser ost, i.e., l(~x(a); ~x(b)) < l(�x(t); �x(b)).Set û(t) = ~u(t) + �(t)T d�t; ~x(t)� �x(t); ~u(t)� �u(t); ~v(t)� �v(t)�;�(t) = ~x(t) � �x(t);u1(t) = ~u(t) � �u(t);v1(t) = ~v(t) � �v(t):>From (4.2) and the de�nition of d it follows thatj û(t)� �u(t) j � j~u(t)� �u(t)j + Kb;g Æ1 � �1 + Kb;g Æ1 < ";j ~v(t)� �v(t) j � �1 < ":By the de�nition of d, for almost all t 2 [a; b℄,��t; (�(t); u1(t); v1(t)); d(t; �(t); u1(t); v1(t)� = b(t; ~x(t); û(t); ~v(t)) = 0:We onlude that (~x; û; ~v) is a solution of (P=) with lesser ost, ontraditing the optimality of(�x; �u; �v).Step 3: We apply Proposition 2.3 to (Paux= ).It is easy to see that the suppositions of Proposition 2.3 are satis�ed. Thus, there exist p 2W 1;1([a; b℄;Rn) and � � 0 suh that, for almost all t 2 [a; b℄,(� _p(t); _�x(t); 0; 0)2 o �x;p;u;vhp(t); �(t; �x(t); �u(t); �v(t))i � �f0g � f0g � o NU�(t)(�u(t))� o NV�(t)(�v(t))�and (p(a);�p(b)) 2 NC(�x(a); �x(b)) + ��l(�x(a); �x(b)):13



We dedue from the nonsmooth hain rule (see Theorem 2.3.9 in [13℄) and the di�erentiabilityproperties of d the following estimateo �x;p;u;vhp; �(t; x; u; v)i = o �x;p;u;v
p(t); f �t; x; u+�(t)Td(t; x� �x(t); u� �u(t); v � �v(t)); v� �� n(� � ��(t)�bx(t); ; �� ��(t)�bu(t); � � ��(t)�bv(t))��� (�; ; �; �) 2 o �x;p;u;vhp; fio;where �(t) := �T (t)[�(t)�(t)T ℄�1:Appealing to an appropriate seletion theorem, we dedue existene of measurable funtions �,, �, � and (�1; �2) satisfying, for almost all t 2 [a; b℄,(�(t); (t); �(t); �(t)) 2 o �x;p;u;vhp(t); f(t; �x(t); �u(t); �v(t)i(�1(t); �2(t)) 2 o NU�(t)(�u(t))� o NV�(t)(�v(t))and (� _p(t); _�x(t); (�1(t); �2(t))) = ��(t) + q(t)�bx(t); (t); �(t) + q(t)�bu(t); �(t) + q(t)�bv(t)� ;where q(t) = ��(t)�(t)T [�(t)�(t)T ℄�1:Under the hypotheses �, , �, � and (�1; �2) are all integrable funtions, and so is q.Step 4: We show (i)-(iv).Sine NU�(t)(�u(t)) = f0g, we see that, for �(t) := �2(t) and for almost all t 2 [a; b℄,(� _p(t); 0; �(t)) 2 o �x;u;vH(t; �x(t); p(t); q(t); �u(t); �v(t))�(t) 2 o NV�(t)(�v(t)):This proves that �, p, q and � satisfy (i)-(iv).(H1) and (3.1) yield that, for all t 2 T ,jq(t)j � jp(t)j kf (t) j[b; g℄u(t)j M;and hene (3.2) follows from (H4). This ompletes the proof. 2Proof of Lemma 3.3: LetM� [a; b℄ to be the largest set suh that (i)-(iii) hold for all t 2M.To simplify the notation, de�ne for sequenes ftigi2N �M and f(xi; yi)gi2N � Rm(ti )�q(ti),'i : = �xTi ; yTi � " A(ti) 0 0N(ti) 0 B(ti) #" A(ti) 0 0N(ti) 0 B(ti) #T " xiyi #= j A(ti)Txi +N(ti)yi j2 + j B(ti)T yi j2 :14



\(i), (ii) & N 2 L1 =) (iii)": Seeking a ontradition, suppose there exists a sequeneftigi2N �M andf(xi; yi)gi2N � Rm(ti )�q(ti) with ��(xTi ; yTi )�� = 1 for all i 2 N; (4.3)suh that limi!1'i = 0 (4.4)Suppose there are only �nitely many q(ti) � 0. If neessary, extrat a subsequene (we do notrelabel) ftigi2N so that (4.3) and (4.4) hold and q(ti) = 0 for all i 2 N. It follows thatlimi!1'i = limi!1 j A(ti)Txi j= 0 and jxij = 1 for all i 2 N:This violates (i) and yields a ontradition.If there exist in�nitely many i 2 N with q(ti) � 1, then extrat a subsequene (again we donot relabel) ftigi2N suh that q(ti) � 1 for all i 2 N. If fjyijgi2N is bounded away from 0,then, by (ii) we have limi!1 yi = 0, ontraditing the boundedness of fjyijgi2N away from zero.If, however, fjyijgi2N is not bounded away from 0, then we may extrat a further subsequeneftigi2N suh that limi!1 yi = 0. In this ase (4.4) gives limi!1A(ti)Txi + N(ti)yi = 0, and,sine N is bounded along the subsequene, we dedue that limi!1A(ti)Txi = 0, whene, by (i),limi!1 xi = 0. This ontradits j(xTi ; yTi )j = 1 for all i 2 N, and thus the �rst part of the proofis omplete.\(iii) =) (i)": One again, seeking a ontradition, suppose that there exists a sequeneftigi2N �M suh thatlimi!1A(ti)Txi = 0 and jxij = 1 for all i 2 N:Then, for (xTi ; yTi ) = ( (xTi ; 0); if q(ti) � 1xTi ; if q(ti) = 0it follows that limi!1'i = 0 and j(xTi ; yTi )j = 1:This ontradits (iii) and ompletes the seond part of the proof.\(iii) i:g:6=) (ii)": The onstant matries A = [0; 1℄, N = [1; 0℄ and B = 0 satisfy" A 0 0N 0 B #" A 0 0N 0 B #T = " 1 00 1 # ;and hene (iii) is ertainly satis�ed but not (ii). 215



Now we are in a position to prove Theorem 3.2 by applying Theorem 3.1 to a suitable auxiliaryproblem.Proof of Theorem 3.2: In order to apply Theorem 3.1, we de�ne an auxiliary optimal ontrolproblem.Let �; � : [a; b℄! Rmg be measurable funtions. De�ne two matriesE(t) = diag f�gi(t; �x(t); �u(t); �v(t))gi2f1;:::;mgg;Z(t) = diag �z1(t); : : : ; zmg (t)	 ; zi(t) = ( 1 if i 2 Ia(t)0 if i 2 I(t):For " 2 (0; 1) and a weak loal minimizer (�x; �u; �v) for (P) with U(t) = Rku , we onsider theoptimal ontrol problem
(Paux) 8>>>>>>>>>>><>>>>>>>>>>>:

Minimize l(x(a); x(b))subjet to _x(t) = f(t; x; u; v) for a.a. t 2 [a; b℄0 = b(t; x; u; v) for a.a. t 2 [a; b℄0 = g(t; x; u; v) +E(t)�(t) + Z(t)�(t) for a.a. t 2 [a; b℄(u(t); v(t); �(t); �(t)) 2 Rku � V (t)� Rmg � Rmg�0 for a.a. t 2 [a; b℄(x(a); x(b)) 2 C;and proeed in several steps.Step 1: We show that (�x; �u; �v; ��; ��) is a weak loal minimizer for (Paux) where��i(t) = �gi(t; �x(t); �u(t); �v(t)) and ��i(t) = 1 for i = 1; : : : ;mg:Suppose that there exists an admissible solution (~x; ~u; ~v; ~�; ~�) for (Paux) with lesser ost. Forany i 2 Ia(t), we have gi�t; ~x(t); ~u(t); ~v(t)� + ~�i(t) = 0, and sine ~�i(t) � 0, it follows thatgi�t; ~x(t); ~u(t); ~v(t)� � 0. Taking into aount that any ~� is suh that ~�(t) 2 ��(t) + " �B and that" < 1, we also dedue that gi(t; ~x(t); ~u(t); ~v(t)) � 0, for all i 2 I(t). This means that (~x; ~u; ~v) isa solution for (P ) with lesser ost, ontraditing the optimality of (�x; �u; �v).Step 2: We prove that the data of (Paux) satis�es the hypotheses under whih Theorem 3.1 isappliable, i.e., (H1)-(H5) for (t; x(t); u(t); v(t); �(t); �(t)) =  b(t; x; u; v)g(t; x; u; v) +E(t)�(t) + Z(t)�(t) ! 2 Rmb+mg ;(u; �) and (v; �) taking the role of b, u and v, respetively, are satis�ed.(H1)-(H3) are immediate. To see (H5) note that the derivative of � with respet to u and � is,in terms of (1.4), � u;�(t) =  u;�(t; �x(t); �u(t); �v(t); ��(t); ��(t)) = �(t):16



It remains to show (H4). By presupposition there exists an inreasing funtion ~� : R+ ! R+ ,~�(s) # 0 as s # 0, suh that, for all (x0; (u0; �0); (v0; � 0)); (x; (u; �); (v; �)) 2 (�x(t); �u(t); ��(t); �v(t); ��(t))+" �B and for almost all t 2 [a; b℄,��rx;(u;�);(v;�) (t; x0; (u0; �0); (v0; � 0))�rx;(u;�);(v;�) (t; x; (u; �); (v; �))��= ���rx[b; g℄(t; x; u; v) �rx[b; g℄(t; x0; u0; v0);ru[b; g℄(t; x; u; v) �ru[b; g℄(t; x0; u0; v0); 0;rv[b; g℄(t; x; u; v) �rv[b; g℄(t; x0; u0; v0); 0���� ~�� j (x0; u0; v0)� (x; u; v) j � � ~�� j (x0; (u0; �0); (v0; � 0))� (x; (u; �); (v; �)) j �:It remains to prove the uniform bound in (H4). Note that, for almost all t 2 [a; b℄,��rx �t; �x(t); �u(t); ��(t); �v(t); ��(t)���+ ��ru;� �t; �x(t); �u(t); ��(t); �v(t); ��(t)���+ ��rv;� �t; �x(t); �u(t); ��(t); �v(t); ��(t)���� ��rx[b; g℄(t; �x(t); �u(t); �v(t))��+ ��ru[b; g℄(t; �x(t); �u(t); �v(t))�� + ��E(t)��+ ��rv[b; g℄g(t; �x(t); �u(t); �v(t))�� + ��Z(t)�� � K ;where the existene of K > 0 is due to the fat that ��Z(t)�� = 1, t 7! g(t; �x(t); �u(t)) is uniformlybounded by assumption whih yields uniform boundedness of E(t). This ompletes the proof of(H4).Step 3: Finally we apply Theorem 3.1 to prove (i)-(iv).By Step 2, Theorem 3.1 is appliable to (Paux) and therefore there exist p 2 W 1;1([a; b℄;Rn),(�1; �2) 2 L1([a; b℄;Rkv � Rmg ) and � � 0 suh that, for almost all t 2 [a; b℄,(� _p(t); 0; �1(t); 0; �2(t)) 2 o �x;u;v;�;� H(t; �x(t); p(t); q(t); r(t); �u(t); �v(t); ��(t); ��(t)) (4.5)(�1(t); �2(t)) 2 o NV (t)(�v(t))� o NZ(��(t)) (4.6)(p(a);�p(b)) 2 NC(�x(a); �x(b)) + ��l(�x(a); �x(b)); (4.7)where Z = Rmg�0 andH(t; x; p; q; r; u; v; �; �) = hp; f(t; x; u; v)i+hq; b(t; x; u; v)i+Dr; g(t; x; u; v)+E(t)�(t)+Z(t)�(t)E:Observe that NZ(��(t)) = Rmg�0 . Sine ��i(t) = �gi(t; �x(t); �u(t)) = 0 if i 2 Ia(t), and ��i(t) > 0 ifi 2 I(t), we dedue from (4.5) and (4.6) thatri(t) = 0; if gi(t; �x(t); �u(t); �v(t)) < 0; and ri(t) � 0; if gi(t; �x(t); �u(t); �v(t)) = 0:Hene �, � = �1, p, q and r satisfy (ii)-(v). Note that � u;�(t) and (q(t); r(t)) take the role of�(t) and q(t) in Theorem 3.1, respetively. Now by Step 2 and (H4) there exists an M > 0 suhthat (3.1) holds. Applying (3.2) yields (3.3). This ompletes the proof. 217
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