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The concept of [Ä, 8]-invariance for time-varying (not necessarily continuous)
linear systöms is-introduced. A natural approach via time-varying subspaces is
given. Ä disturbance decoupling and a noninteracting problem is studied.

1. Introduction

THE concept of lrA, B]-invariance has been introduced by Basile & Marro (1969)

and Wonham & Morse (1970) to solve various decoupling and pole-assignment

problems for linear time-invariant multivariable systems. This concept was

generalued to nonlinear systems (see e.g. Hirschhorn (f981), Isidori, Krener,

bori-Giori, & Monaco (1981), and Isidori (1985)) and to infinite-dimensional
linear systems (see e.g. Curtain (1985, 1986)). Here I introduce a geometric

approach for time-varying systems of the form

i(r): A(t)x(t) + B(t)u(t) + s(t)q(t)'

v(r): c(t)x(t),
( 1 . 1 )

where A, B, C, and S are piecewise analytic matrix functions (see Section 2 for

details); q is viewed as a disturbance entering the system via S' The main problem

is as follows: When it is possible to determine a feedback matrix function F such

that, in the closed-looP system

r(r; : (A + BF)(t)x(t) + s(r)q(t),

y(4: c(t)x(t),
(r .2)

the disturbance qr has no influence on the output y on a given open time interval

J?
The following example will illustrate an important difference between time-

invariant and time-varying systems with respect to disturbance decoupling. Let

i(r; : [ti:l ::':f,l;:i;]l'"' . ['f']"") . [,;)]'(')'
y( t ) :  [c ( r ) ,0 ,Ok( t ) ,

where a, (i:1,...,6), b, s, and c are real analytic functions, with 4.,

not identically zero.

(1 .3)

b, s, and c
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TIME.VARYING LINEAR CONTROL SYSTEMS

2. Time-varying families of subspaces

In this section, families of subvector spaces which depend piecewise analytically
on time / are analysed. These families become an important tool in the present
geometric approach.

A function / : R -+ R is called piecewße real analytic if there exists a disjoint
pa r t i t i on  { f a : ra1* ) : j eZ )  o f  R ,w i th  {a1 } l . zad i sc re tese tso tha teach res t r i c t i on
,f l(o;,oi*,),is real analytic and has a real analytic extension on some (al ral;r),
where al 1a1 1ei+r<cär. The ring of piecewise real analytic functions is
denoted by

Ao: {,f : R--+R :/piecewise real analytic},

and a differentiation on Ao is defined in a canonical way:

D : Ao---' Ao: f -f

where /(r) : gi?) for / e fa1 ,a1*r) and g, is any real analytic left continuation of
J  l ( a i , q i + t ) '

Put

A: { / :  R-+R : f  real  analyt ic},  M: {" f  :  R- R : f  real  meromorphic},

and define thg rilq ,lu, of piecewise real meromorphic functions analogously to [0.
we call v : (v(t)),.o a time-uarying subspace if v(r) is a subspace of R" för
every te R. So Vis a family of subspaces parametrized by re R. Let w, denote
the set of all time-varying subspaces v : (v(t1),.p, where V(r) is a subspace of
Rn for every t e R. If V(l) is given by

v( t ) :  V( r )R.  ( r  e  R) ,

where V e [fi"e, then V is called the time-varying subspace generated by V.
A problem arises: lf V e W, has a generator V e Al^k, then V' :: (V1r;t),.* e

TYIn does not generally have some piecewise analytic generator W elti"k'.
Consider, for instance, V(t): /R; then

i f  t  *0 ,
i f  r  :0 ,

so that V belongs to W1 but does not have a piecewise analytic generator. To
cope with this, equivalence classes are introduced: Two families V,VzeW, are
called equal almost euerywhere (a.e.) on an interval J c R, denoted by

Vr(t)* Ur(t) on Z

il VQ): Vr(t) for all t e J\y'vr, for some discrete set y'J. In this sense one obtains
for the preceeding example v(t)'* {0}. Analogously, one defines v, is included
a.e. in V2 on J. The reference to J is omitted if J: R. The notation

V$)& u,@ on J

isused i f  V(t)  c.Vr(t)  for al l  /€Jand VQ)ryVrQ) on J. Clearly.equal almost

413
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PnoposrnoN 2.3 If V e \ü, is generated by V e A"'*, then V is an analytic family
if and only if the function t F) rk^ V(r) is constant on R.

Proof. If the orthogonal projector P(t) on V(t) is real analytic in /e R, then
Corollary A.5 in Gohberg, Lancaster, & Rodman (1983) gives that the function
,erkm V(t) is constant (continuity of P is already sufficient). Conversely, if
/+rkn V(t) is constant on R, then Proposition A.11 in Gohberg, Lancaster, &
Rodman (1983) gives that V is an analytic family. !

Proposition 2.3 will be extended to the piecewise analytic situation. For this, a
definition is necessary.

Dr,nrNrrrou 2.4 V e[l"k is said to have piecewße constant (p.c.) rank if there
exists a disjoint partition {fa1 , a1*) : j eZ} of R so that each restriction
Vl@,,o,+r) is real analytic and has a real analytic extension V, on some (al ,al*r),
wheie a! 1a, 1a1+t <a|r, such that rke Vr(r) is constant for all t e (al, o;1,).

PnoposnroN 2.5 lf V e W, is generated by V e Ai'k. then V is a p.a. family if
and only if V has p.c. rank.

Proof. If Vis a p.a. family, then there exists a partit ion {fa1 ,a1*): j eZ} of R so
that each restriction Vlp, ,o1*,) and Plpl ,o1,i is real analytic and has a real
analytic extension V and P respectively on some @l ,al*r\, where ol<ai <
ai+r<-af+t. Now it follows from Proposition 2.3 that rkq V(r) is constant in
te(a1,4ä1) for each i eZ. This proves that V has p.c. rank. The opposite
direction follows by reversing the foregoing arguments. tr

PnoposnroN 2.6 Let  C €[ f i " "  and V. \ ; "o.Then there ex is t  üeAf , "k  and
0,e ,frl € [; '" with p.c. ranks so that

y(/)Rk E i(,)*",
-

( v1 r1mk) ' s  p ( r )R" ,

ker c(r) 4 e(r)*',
lr(r)Ro n ker C(r) = t?(r)m''.

Proof. To prove (i), choose an interval la1 ,a1*r) so that Vlp,,o,*,1is real analytic
and has a real analytic extension V,on(al,or1,). Then, by Lemma 2.1(i), there
exists ?, e I f[äi,,1,1 with constant rank so that

U(/)R* 
E q(r)*" on (arl, o,1,).

Since this can be done for every interval of the partition corresponding to
V e\i"k, statement (i) is proved. For the proof of (ii)-(iv), use the similar
arguments. !

PnoposmroN 2.7 (i) Suppose VeW, is generated by V e[""t and rk* V(r) is
constant in r e R. If u e [" satisfies

ass of

r least
cewise
:rmine

it real
n X S ,

nstant

inning
:hoose

owing

nily if

t b y V

(i)

(ii)

(iii)

(iv)

-1
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and T: fiijf e R"""; then the coordinate transformation

z(t) : :  T(t)- tx(t)

converts the system (3.1) into

2(t7: 4 '1t  r( / )  + B'(r)u(r) l

v ( t ) : c ' ( t \ z ( t )  J  
( t € r K ) '

where

A, :  T -1AT _  T- r f  €  R, " , ,  B ,  :  T - rB  eRn.^ ,  C :  CT €  Rr " " ;  (3 .3 )

and the transition matrix Q'(t, to) ot i(t): A'(t)z(t\ is given by

Q'(t ,  to):  T(t)- tAQ, h)T(td.

In this case, (3.1) and (3.2) are called similar. For the sake of brevity, the matrix
pair  (A, B)eR"'"  X Bnxz and the tr ip le (A, B,C\e R'" 'x R'*-x Rp"" are
associated with the system (3.1).

As opposed to tirne-invariant systems, due to the much richer class of
coordinate transformations, a system (A, B) is always similar to a system with
constant free motion. More precisely, the coordinate transformation I(.) : X(.),
where X is a fundamental matrix of i(r) : A(t)x(t), converts (,4, B) into
(0 ,  x - rB)  €  R ' " ' x  R"^ .

For computations, the following operational setup will be helpful. By identify-
ing each / e R with the multiplication operator gefg, we may consider R as a
subring of endo (R), the ring of R-endomorphisms of R. If R is differentially
closed, i.e. f e R for all f e R, then the differential operator

D:  R- -+  R : / '+  Df  : i

is an element of endo (R) as well. The composition of D and / in endo (lrl) is
given by

(o/Xs): D("fc) :fE + is: (/D + fl@ for au f,s eR,
and one has the multiplication rule

477

(3.2)
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(3.4)

i e N  a n d

(3.s)
(3.6)
(3.7)

D f  : fD+ f  f o ra l l . f  eR .
Lnurue 3.1 If (A, B) e A""" x An*^ and Z e GL, (A) then, for
(A' , B') e An^n x finxm satisfying (3.3), we have

z - l ( D I ,  -  A ) T : D I n -  A ' ,
T - I (DI ,  -  A) ' (B) :  (Dt ,  -  A , ) , (8 , ) ,

(DI" -  A) ' (B):  X(X-lB) ' �  ,
where (DI" -  A) ' (B): :  (DI,  -  A)[(DI" -  A) ' - t (B)] .

Proof. (3.5) is an immediate consequence of (3.3) and (3.a). We prove (3.6) by
induction on i. For i :0, it holds true by (3.3). If (3.6) is true for j, we conclude

r- l (DI,  -  A) '* ' (B):  r- l (DI" -  A)Tlr-1(DI,  - ,4) ' (B) l
: (DI" - A')(Dl, - A,)'(B).

Equation (3.7) is also easily shown by induction. n

.J
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Due to the properties of analytic functions, it is easily seen that

qr e ker WzQo, t)

ö B(t)rq: g for all t efto, trl

e<)  B( t ) r iq :g  fo rsome te f t r r , t r f  fo ra l l i>0
/  r f

ö q. 
ß 

ker B(t)r ' :  (ä im B(r) ' )  for some r e [rn,  r , ] .

This proves (3.9). Equation (3.10) follows from (3.9) and the fact that

imWr(to, t,): im Wr(to, ar) + ." + imW2(aN, t1). f}

Conorranv 3.3 It (A, B) € ['"'x A"*-, then

g.(t) : ) imJor, -,4(r)l '(B)(/) for all r e R,
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rolled

lions.
zero

finite
B ) e

.t for

(3.8)

t the

:3.e)

r f R
and

.10)

1, i t
= l r '

(3 .11)
i>o

and the controllable family is an analytic family.

Proof. Equation (3.11) follows from (3.9), and analyticity follows from Proposi
tion 2.3 and (3.8).

Remark 3.4. (i) Set t : 16 in (3.9). Then, for time-invariant systems, an applica-
tion of the Cayley-Hamilton-Theorem reduces (3.9) to the well-known fact that
the controllable space is given by

i m  B  *  i m  A B  +  . . .  +  i m A "  ' t  B .

(ii) In general, it is not possible to restrict the sum in (3.9) independently of ro
to only finitely many summands. See an example in Kamen (7979; p. 871).

(iii) If the entries of A and B are polynomial functions, it can be shown that
the sum in (3.9) can be restricted to finitely many summands; compare the
subclass of constant-rank systems considered in Silverman (1971) and Kamen
(re7e).

It is also possible to define an unreconstructible family and to prove its dual
relationships to the controllable family; see Ilchmann (1989).

4. [,4, B]-invariant time-varying subspaces

Throughout this section, piecewise analytic systems (A, B) € A;"" x A['- are
considered. The concept and notation of time-varying subspaces introduced in
Section 2 wil l be used.

DsrrNrrroN 4.1 Suppose that (4, B)eAl'" x A;*- and that V eWn is generated
by V e Af;"k. Then V is called meromorphically [A, Bl-inuariant if there exist
N. lt l f 

"o and M. üä'o such that

(Dr" - A)(V): VN + BM. (4 .1 )

V is called nA, Bf-inuariant if (4.1.) holds true for some N and M with entries in Ao
instead sf [ln. If B:0, we speak of (meromorphic) ,4-invariance.
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a,e[o ( resp.  a,  € Mp),  there ex is t  reAf  andseAf,  ( resp.  re f [ f  andse [ i [ i ' )  such
that

( D I "  -  A ) ( u ) : V r I  B s .

(iii) The sum of two (meromorphically) [4, B]-invariant families is (meromor-
phically) [Ä, B]-invariant as well.

The concept of lrA, B]-invariance becomes clearer by the following theorem.
Furthermore this result is important for the solvability of the disturbance-
decoupling problem tackled in Section 6.

Tueonel'a 4.5 Suppose that (,4, B) e Ai'" x A;""' and that V eW, is generated
by v e [["k with rk* I/(r): k for all r e R. Let P(r) : R"--+ V(r) denote the
orthogonal projector on V(/) along V'(t). Then the following are equivalent:

( i )  V is  [Ä,  B]- invar iant ,  i .e .  there ex is t  Ne[ f "k  and M.Af"o such that

lDI" - A(I)IV)Q):v(t)N(t)+ B(t)M(t) for au re R.

( i i )  There ex is ts  an F e A! ' "  such that  V is  (A *  BF)- invar iant .
(iii) There exist N € A;"" and M e Atr"" such that

lDI" -a(r)l(r)(r): P(r)F(r) + B(t)frL(t) for au r e R.

(iv) There exist N. Af "o and M. A;""o such that

V(t)V(tn, t). : Q(t, tr) + [ 
iD(t, s)B(s)M(s)r7(ro, s)r ds for all / e R,

uto

where @ and V denote respectively the transition matrices of

i (r; :  A(t)x(t), i(r):  N(r)r.r(r).

Proof. (1))(ii): Define F:M(VrV)-'(V)r. ttren

lDr" - (A + BF)l(v) : (Dr" - A)(v) - Bw : vN,

which proves (ii). The proof of (ii)>(i) is trivial.
(i) ) (iii): Put Q : V'(W')- 'P. Then VQ : p and

(DI" - A)(P): v(NQ - Q) + BMQ.

(iii) ) (1) n Q : v'(w')-'P, then

[(DI" - A)(V)]O: (DI" - A)(P) + V0 : pr't + nfit + vQ.

Since rke P(t): k for all / e R, there exists Q.. [; 'o so that QQ,: Ip. Thus

(Dr, - A)(V): PNQ,+ B[4Q,+ PQ,,Q,,

which proves (i).
(i))(iv): Multiplying the equation in (i) from the left by I-r-@(.,/u)-r

Yie lds 
v , :v ,N + B,M.
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If we do not assume that the rank of l/ is constant, then the feedback constructed
in Theorem 4.5(ii) may have poles. For disturbance-decoupling problems it is
important to locate these poles.

PnoposnroN 4.10 Suppose that (A, B) e A""" x An'^, with rkn B : ftr, and that
V eW, is generated by V e A""fr with rk6V : k.

If Vis meromorphically IA, B]-invariant, then there exists analytic matrices u,,
Ur, T, and W, of formats kxs, m Xs, .r xs, and s xk respectively, and
f 

-1 
€ lilrxr so that

(DI" -  A)V :  VUtT-IW + BU2T-rW.

I-t has poles at r' if and only if

dim [V(r ' )Rft  + B(/ ' )R-]< *q dim [V(r)Rft  + B(r)R-] .

Proof. By Lemma 9.1(i), any G e gcld (V, B) c 4""" satisfies

G A " :  V A K  +  B A ^ ,  G : V 4 +  B ( L ,

fo rsome Ure [ * " "  and Ur€ [ - * " .  Le tG €A ' " "w i th  rkR G(r ) :s fo r  a l l  teR (see
Lemma 2.1) such that

G(r)R" E G(r)m".

Then G : Gf for some Z e ["" with f-l€ üsxs. Since V is meromorphically
[A, B]-invariant and G is left invergible over I there exists some v/ e A""f so that
(DI, - A)(V): GW. This proves (4.3). Clearly, T-, has poles at t, if and only if
rk^ G(t') < rk6 G, which proves (a.a). n

Exar'rpr-n 4.11 Let (A, B) e A3'3 x A3xr be given by

(4.3)

(4 4)

rlt.

1nx&

, R .

lz is
real

the
rem
ced

and let  V(t) :  y(r)R, where V(t) :1t2,0, - l1r. In the notat ion

t  i  s inr
A(t ) :  

I  
o^( , )  as | )

L - 1  0

Proposition 4.10, Lemma 2.1 gives

gctd(v, B) 3 G(t): I f 
-ru,,-"1

L - t  t - 2  I

:vur+ Bu3: I i, ],,L - r  J

-'fi|"f B(,):l ''r,,r],
of the proof of

tter
her

)wn
ace
the
an

hat
hus
?(r)
dth
by

,) .

q. 
I 

r,9 
,"]r' 1r

G(t): G1t1r1t7: 
[!, 

j]|;

)

and
- f t  -  2 \1

p 
' 
]. 

Also, V is meromorphically
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piecewise analytic generator. Therefore equivalence classes were introduced:

\7::  {W e W, :  W(t)e V(t)}  for V: (V(t ;) , .*  e W,.

By Proposition 2.6,for every V generated by V e Af; "k and B e Ai"^,one can find
W eAi'{"-*) and W'. A;'o' with p.c. ranks so that

(w1r;m"-&),.m € F and (w'(r)mo'),.o e (v1r; n ker Br(/)),.m.

Let W" ': {V : V e W ,} ; then the concept of (meromorphic) [Ä, B ]-invariance is
e;:tended as follows.

DernmoN 5.1. Suppose (A, B) € A;"" x A;'-. Then ü e W, is called (meromor-
phically) lA, Bl-inuariant if there exists a V eV so that V is (meromorphically)

[.4, B]-invariant.

Now (C, Ä)-invariance, as defined above for constant systems, can be extended
to the time-varying situation as follows.

DsnNrurox 5.2 Suppose that A e[f'" and Celrlo'", and that VeW, is
generated by V e Af;"k. Choose fr e[;" so that

fi1r;m' ": vQ) n ker c(r).

Then ü is called (C, A\-inuariant if

( [or" -  A(t) ](w)(t)R"), .e e ü. (s.1)

Remark 5.3. (i) In Definition 5.2, one has some freedom in choosing fr. Sy
Proposition 2.6, fr may be chosen with p.c. rank. Also by Proposition 2.6,
choose t e\i"k with p.c. rank such ttrat (?1r1mo),.* e ü. Now it follows from
Proposition 2.7(ri) that V is (C, -4)-invariant if and only if

(DI, - A)(w): VR for some R e Af "" (s.2)
(i i) Since there always exists t eAl"k with p.c. rank so ttrat (?(r)mo),.^ e ü

it makes no sense to introduce meromorphic (C,,4)-invariance similar to
meromorphic [4, B]-invariance.

(iii) It is easily verified that statements analogous to Remark 4.4 hold true for
(C, ,4)-invariance.

Pnoposmrou 5.4 Suppose that 4 €A;'" and C e[pp^n, and that VeW, is
generated by V e Af, '*. Then V is (C,,4)-invariant if and only if V' is
meromorphically [-Ar, Cr]-invariant.

Proof. By Remark 5.3(i), one may assume, without restriction of generality, that
Vhas p.c.  rank.  Choose,  by Lemma2. l ( i r ) ,  O:Or" '  wi th p.c.  rank so that

V ' ( t ) :  U ( t )R ' .

Since I7 € A;"" satisfies 
c

t71r1m" = y(/)Rk fl ker c(r),
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(i)' V*(L'\ is meromorphically [A, B]-invariant;
( i i ) ' v * ( t ) < L ' ;

(ii i) ' if V! eW, is meromorphically [Ä, B]-invariant and W < L', then

w <v*(L'�).

To present an algorithm that determines [(.t-), some notation is needed.
Suppose that

W(t)* t?1r;mn for fr eA;"xc with p.c. rank,

ker C(r) ry Ö(r)R" for e e [i"" with p'c' rank'

Then, by Lemma 9.3(ii), there exists R € A;x4 so that

W = frR e lcrmno (W, e) for fr € A;"' with p.c. rank.

Now, by Proposition 2.7(ä), for w e [i with

w(t) e WQ) n ker C(r) for all t e R,

there exists q e A; such that

w (t) ": fr 1t1q 1t1 ry fr Q) R(t)q (t).

Thus it makes sense to define

(DI" -  A)(W f i  ker C) ' :  (DI" -  AXI 'R)R4.

PnoposnroN 5.6 Suppose that A€[;'" and Ce[$'", and that LeW, is
generated by L e A[^q. Then the sequence (W,: i e N6), given by

Lst: L, W;*1:: Wi + (DI" - A)(W, o ker C) (l e N6), (5.5)

is increasing in the sense that W, 1 W,*t for i e Nu, and there exists k < n so that

V(J_): W*: W**t for every / e N.

Proof. Let R1 € [g"n be such that LR1 € lcrmno (L, e); then

wQ)* L(/)Rs + [DI" -  A(t) ](LRtXr)Rn: Wl(r)Rq*4,

where W1::fL, 1L - l,qntl. Proceeding in this way, one obtains

Wt(t) * 14{(/)R c +" + " '  +' ' ,

where W;:: fW,-1, ( f r , -r- �  AWi-)Ri l  and l4{-rR, e lcrmo" (W,-r,  e).  Therefore
fr ,<fr ,*r  for ieN6. Then, i f  rkpWo:rkn W1,*1 for some k€N,,,  one gets
W1,:Wo*, for al l  /eN. By construct ion, Wo i t  (C,,4)- invariant and.t-< Do. So
it  remains to prove that,  i f  ü is 1C,,4)- invariant and L< Z then tDo<V. ey
assumption,

(DI, - A)(V n ker C) E V,
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PnoposnloN 6.4 Suppose that (6.1) is analytic and that F el,lg",, where
J : (tu, rr); then the following are equivalent.

(i) (6.1) is disturbance-decoupled ön Jby F.
(i i) 6'1 is disturbance-decoupled on (to, tn+ e) by F, for arbitrary e e(0,  r ,  -  ro).

P,.oo[ Ilchmann (1989.: proposition r.2.2), shows that (6.3) does not depend onwhether we admit a piecewise continuous or an analytic disturbance. Since thevector function

t,--> q(t, d,: [ @p(r, s)S(s)q(s) ds
Jto

is real analytic on J fo1 ev-ery q € [ f"r, the identity theorem for analytic functionsyields that C(t)q(t, Q) :0 for all t e J if and only it C(t)q(t, q): O for allte(to, t6* '  e),  for some ee(0, t t_� to).  This proves t fr"  proptr i i iorr .  t r
For an q43Llytic system (6.1), the largest meromorphicary IA,B]-invariantsubspace V*(ker C) included in ker c(l) with generator y . g"i.* of constant rank
ft was constructed in Remark 5.g. By proposition 4.10, one obtains

(DI" -  A r)(V) :  V(J.T' 'W,
where F: UzT-tW(VrV)-tVr. Thus the set of critical points for the feedback F
is given by

p: { t ,e R :  an entry of U2T-|W has a pole at t , ; .
Let JcR be an open interval .  Then F is analyt ic on J i f  pn J:a;
furthermore, by Proposition 4.10, p n J : a fi rt* Jtzlr), B(r)] is constant for all/ e J. Now, for every J c R \ P, the differential equation

i(r) :  Ar(t)x(t)  ( t  e J)
in solvable on J. This sets us in a position to state the main result of this section,
which is a generalization of the constant case; see wonham (19g5: Thm 4.2).
Tneoneu 6.5 Suppose that the system (6.1) is analytic and that v e A,'k with
rke v(r) : k for all r e lR generates wlt er c) constructed in Remark 5.g. Then,
for J : (tu, t,), the following statements hold.

(i) If the DDP is solvable on J by F € A f3"", then
t e J .

S(/)R" c  V( l )Rk for  a l l

( i i )  I f  icR\Pand s(r)R"cv(r)Ra for ai l  teJ, then the DDp is solvable
on J by F e Al!"" given in (6.4).

Proof. (i) By Coroltary 6.3,

im S(r) - ) im [DI, -,4r.(/)]'(SX/) c ker C(r) for all r e J.

By corollary 3.3, there exists 7 € A i3" with constant rank on J so that

V1t 'S : :71r;m" :  )  im [DI,  _ AF()] tS(t)  for an t  e J.
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Exrn,pre 7-2 The controllable family fr, of (A, B)el"""xan*^ is a c.s.f. In
Example 4.9, it is shown that fr, is A-invariant, whence it is [.4, B]-invariant. For
x6e fr(t) and .r, e fr(tt), a control u e G! satisfying (7.r) can be constructed as
follows. Set

i1:�: iD(to, tr)xre &,(to), x6t: xs- ire fr.(t).

Choose u e G! such that

f(r):: @(t, to)xo* f' og,s)B(s)z(s) ds

fulfil ls i(tr) :0 and i(r) e fr,(t) for all , . ', U, ,r,1. Thus

r(r):: e(t, tu)xo+ [' o6,s)B(s)u(s) ds : @(r, hFr +.t(r),
Jto

which is in &.(t), with r(ro) : ro and r(/1) : x, .

PnoposnroN 7.3 Suppose that V(t): V(t)Rk for some V e An'k with rke V(t) =
ft for all r e R. Then V is a c.s.f. of (A, B) e 8""" x Anxm if and only if

v ( t ) :  )  im1OI "  -AFQ) I IBGQ)  fo ra l l r eR  (7 .2 )

for some F eryn uno [io -^.

Proof. Assume (7.2). Then, for given xoeV(t] and r, eV(tr), Example 7.2
shows there is some fi e G! such that

i(r): AFQ)x(t) + BG(t)ü(t),

x ( t )eV( t )  fo r l€  f to , t r f ,  r ( /6 ) :16 ,  r ( /1 ) : r r .  
(7 '3 )

Thus condition (ii) of Definition 7.1 is satisfied. v is [A, B]-invariant since it is
the controllable family of the system (7.3); see Example 4.9.

To prove the converse, let F e A^'n be such that (DI, - A)(V): VN for some
N € [ft"". Then V is also a c.s.f. of the svstem

i :ApQ)x( t )+B( t )u ( t ) .

By Lemma 9.1(i), choose G eA *^ and L eAk*^ such that

BG:VL e lc lm (8, V).

This proves 'c' in (7.2). For the opposite inclusion, let fr,(t) denote the
controllable family of (7.3). clearly v(t) c g(t) and, since gt(t\ can be
represented by the right-hand side of (7.2) (see (3.11)), the proof is complete. tr

Proposition 7.3 and the following proposition are generalizations of the constant
case; see Wonham (1985; p. 104).
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that

(DI" - Ar)(V,): V,N, for i e &. (3.6)

Lnr'arvrn 8.2 Suppose that V,, V2, and V n V in W, are generated respectively by
V; e An^'', with rke {(r) constant for all t e R, for i e 3. If there exist { e [- '" and
N, € A''"'' so that

(DI"  -  A)(V,) :  V iNi  for  i  e  l ,

then V, and V, are compatible.

Proof. Let

P, ( t ) :R -+  V ( / ) \ [VG)nv2Q) ]  Q :1 ,2 )  and  P3( / ) :  R - -VG)nvz? )

denote the orthogonal projections on V(/)\ty,(/)nVr(r)] and Vr()nVrQ)
respectively. Then, by the assumptions and Proposition 2.3, it follows that
P, e \ '" for i e 3. Thus, for

F: :  FrPt+ FrPz+ F3P3eE- 'n,

(8.6) is satisfied. n

DrnNnroN 8.3 Some families \l e W" (i e ft) are called independent if

k

V(r) n ) V: {o} for al l  i  e &.
j+ i

Leuue 8.4 For ie k,  let  VeW" be generated by V;€A'" ' '  wi th rke V,(r)
constant for all t e R. If the families ! are independent and

(DI" -  Ai(V,):ViNi

fo rsome 4eA 
" "  andN,€ [ ' , " , ,  fo r ie&,  then !a recompat ib le .

Proof. Since ! are independent, there exists a Y eW, such that

R "  :  Y , ( / ) @ . . .  @  V Q ) @  V G )  f o r  a l l  r e R .

According to this decomposition, we define

F(r)  :  R'--+*" 'ä u,( t )+y(t) , - j  41r;r ,1r ; .

Since ! have constant dimensions, F e A-'". Thus F satisfies (8.6). !

Using the previous lemmas, we are now in a position to prove the main result of
this section, i.e. a characterization of the RDP which is a generalization of the
constant case given in Wonham (1985: $9.3).

PnoposmroN 8.5 Suppose

k

f-' l ker C,(/): {0}.
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multiplication by an invertible matrix from the right, and

K[k+r-r: PAk n OAr.

Proof. (i) By Silverman & Bucy (1970),
such that

IP, Q]U: [G, 0,*"] ,  rkxlG: r ,

there exists ":li,: uri,f.crr-,$)

(e.1)

where s:: k + I - r. Let , :lY: Y:) o" the inverse of U partitioned in such a
form that LVt vql

l"; i;)li: i;^l:l:6 ll
Then P : GVr, Q: GVr, and G is a common left divisor of P and e. All
matrices used in the following are defined over I and are of appropriate formats.
Now it is proved that G is a greatesl common left divisor. Assume P: GW,
Q : GW' , and d : GR. Since rk6 G < rk6 G, it is assumed without restriction of
generality that d is an n x r matrix. By (9.1),

G:  GS,

w h e r e  S : : W ( L + W ' ( L .  T h u s r k 6  G ( t ) : r t < o  G ( r ) f o r a l l r e R .  L e t J c R  b e a n
open interval such that G is left-invertible over I f ;,. Then G(t) : GOR(r)S(r) for
allt eJ implies I.: R(r)S(r) for all / e J. Since R and S are analytic,I,:R0)S0)
holds on R. Therefore Gegcld(P,Q), and the uniqueness statement is proved
as well. (we note here that wedderburn (1915) proves that a matrix over the ring
of holomorphic functions can be transformed into a diagonal matrix by
unimodular matrix operations; cf. Narasimhan (1985). This result is also valid for
matrices over the ring of real analytic functions. However, the weaker result of
Silverman & Bucy (1970) is sufficient for our purposes.)

(iD ,K::PU:-QUo is a common right multiple of P and Q. First it will be
proved that rküK:s. Assume rk6K<s. Then there exists a ZeGL,([)  such
that

KZ: [R,0 ] :  pUzZ :  -eU4Z.

Now P and Q are left-invertible on an open interval JcR, so IJ2Z and, -UaZ
are of the form [*,0] on J. Therefore

, , l lo  0- l :  f  u,  [ * ,0] l"  L  o  z ) -  lu ,  t * ,  o l l '
which contradicts the invertibility of U on J. Secondly it is proved that
K e lcrm (P, Q). Let

K ,  :  P Y :  Q Y , ,

and choose 6 e gcld (K, K') witn Gn: K and GH' : K'. Clearly rk6 G > s. By
(i), there exist N and N' such that G : KN + K'N' , and thus

6 A ' ' - P A k n e A t .



'1u0 +lna:lux
pue Is - (I+/' ' ''lJ 

x n{J ql!^r ,"gH = (ö ,a) dtsuuJl 
3 x slsxä eraql (11)

'tnö +tnd: g

leyl 9! ,.o,Y = tn Puu ,"iU r I12 lsue eJärll oJorrrreglJnd 't - I
*\::/sqlpn 'Ir-(t+!o''4llö'aln4t.|-7titp'l,rJ 

An{J.\l-(+!D'l"t1 2,rr1-eJeql\
'['""0'*] LuJoJ eql Jo sl t'-Ia'tal,l 

"

leql os ,"jX = (ö'doup1c3: , slsüa areqa (1)
:uaqa 't1fz >t+lD>to>-{r eraq,n ,(t*Jorjz) eruos uo suorsuelxe

cr1,(leuu IeeJ e^Bq (r+!''r'lJ 
ö pue ('+1''l'lJ 

d tuqt oi p go uoytluud lurofsrp
u s! {Z) [i(r+!D r/z]] reqr pue',"jH >ö pue o"jgtd luqt asoddn5 e.6 vr{na.I

eq ue, r.6 eruue-r ,o ,,u",,,",J1":H ff"1'ffiHlft:il,?iäffii:lt;#ä* .o[ = (b .d) "rp1c3 a 3 sagqlus

tg _, {r*to,lollB

Äq peugap '3 l"ql alord o1 pre,nropq8r€Jls sr 1r ,nop .7: /
JoJ '(I+1' ' 1"f 

,,f g : tp'tc pue lptb + btd :1f qll^ .(+!o'lotlil = (b itd) pt"B'> tg esoäqC

'4: 
I to 3: t to1 ('-'"'lolJ!::!

1nd 'goqs Jod '(I+12 ,!r) 
lo saprs qloq uo uorsuelxe cqfleuu

oÄ?q (t+ta""fl 
[3 !2'!d ßql qcns U ;o uorlrged lurofsrp e q {Z= t:(r+ioiroly

leql asoddng 'ofl > b'd aJeq^\ ,(b ,d)"upp? roJ pel"rlsuouep sr sHI
'H 

Jo peelsur dg reno peugep ö pue dr seJuleru rol (ö.d) 
oourcl 

pue (ö.r; 
ouplcä

sles 'Äldruauou ^\oqs ol pue .eugep ol elqrssod osle sr I 
.2.6 

ltDuay

! 
';oord eq1 salelduroJ slr{I 'Hr_,H,X : Hg - X ecuaqt\ iosle g re^o elqrUe^ur

sI ,H teql alord uec auo 'sluaurn8re relnurs Bursq .,Hr_HX : ,He : ,X
snql '[ ralo elqrge^ur sr ]? 

,cr{1eue äff pe^lolur serrJleu eql IIz ecurs .pue

a uo HQ^ - seA) : H.:I'A - Hg^ : onrA + zntA : "l

aroJereql 'C uo Hg -22 pue H.4:nn-
e^eq e^\'U=a l€^lelur uedo aruos uo elqqJe^ul-Uel en d pue @ ecur5

.HIö: 
HId: Hg: X :znd:rnö_

uaql i,1g,1 + Nrn- -: C pu€ ,N^ + 11122 :: g p1

'(,N,^ + Nvn-)Ö : I :,N,X * NX : (,N^ + Nzn)d

elnduoc alr 'e,roqe suorlenba eql uroJd .flryereue8
Sutlctrlser lnoqlra xrJluru s x x/ ue oq ol g e1e1 ,(eru arrr os pue .s: g trlr
aJoJerer{r 's > 9 

nry eneq e^r 's: 
[,u(Do u ou(l)a] urulp u',xeru ((r) fq) äcurg

6t sw:rrsÄs .rourNoJ uvaNr-r oNrÄuv^-swrJ



4it0 ACHIM ILCHMANN

Acknowledgements

The author thanks D. Hinrichsen (Bremen), H. Nijmeijer and A. van der
Schaft (both Enschede), and W. Schmale (Oldenburg) for useful suggestions and
discussions in preparing this paper.

Rr,reneNces

Be.srle, G., & Mrnno, G. 1969 Controlled and conditioned invariant subspaces in linear
system theory. I. Optimiz. Theor. Applics. 3, 306-315.

Cunrarx, R. 1985 Decoupling in infinite dimensions. Syst. Control Lett. 5r249-254.
Cunre,rN, R. 1986 Invariance concepts in infinite dimensions. SIAM J. Control Optimiz.

24, 1009-1030.
GoHnenc, I., LeNcesren, P., & Roor'r.a,N, L. 1983 Matrices and Indefinite Scalar

Products. Basel e/ a/.: Birkhäuser-Verlag.
Hetnus, M. L. J. 1980 (Ä, B)-invariant and stabilizability subspaces, a frequency domain

description. Automatica 16, 703-707 .
HrenN, A. C. 1985 REDUCE User's Manual (Version 3.2). Rand Publication CP 78, The

Rand Corporation, Santa Monica, CA 90406.
HrnscnsonN, R. M. 1981 (Ä, B)-invariant distributions and disturbance decoupling of

non-linear systems. SIAM J. Control Optimiz. 19, 1-19.
IlcrrueNN, A. 1989 Contributions to Time-Varying Linear Control Systems. Thesis,

Hamburg: Verlag an der Lottbek.
Isrnonr, A. 1985 Nonlinear Control-Systems: An Introduction. Lecture Notes in Control

and Information Science 72. Berlin et a/.: Springer-Verlag.
Isroonr, A., KneNen, A. J., Gonr-GIont, G., & MoNeco, S. 1981 Nonlinear decoupling

via feedback: a differential,geometric approach. IEEE Trans. AC ?ßr 331.-345.
KnlulN, R. E. 1960 Contributions to the theory of optimal control Bull. Soc. Math.

Mexico 5. 102-119.
KaunN, E. W. 1970 New results in realization theory for linear time-varying analytic

systems. IEEE Trans. AC A, 866-877.
KNoelocH, H. W., & Kneeel, F. 1974 Gewöhnliche Differentialgleichungen. Stuttgart:

Teubner-Verlag.
NanasrvnaN, R. 1985 Complex Analysis in One Variable. Boston: Birkhäuser-Verlag.
ScHvnI-n, W. 1981 Representation and invariance property of the time-varying control-

lability subspace. Unpublished notes, Oldenburg.
ScnuHr'rncsp,n, J. M. 1979 (C,A)-Inuariant Subspaces: Some Facts and Uses. Rapport

110, Wisskundig Seminarium, Amsterdam: Vrije Universiteit.
Srr-vEnr'raNN, L. M. 1971 Realization of linear dynamical systems. IEEE Trans. AC 16,

s54-567.
SrrvenveNN, L. M., & Bucv, R. S. 1970 Generalizations of a theorem of Dolezal. Math.

Syst. Theor. 4, 334-339.
WeppensunN, J. H. M. 1915 On the matrices whose coefficients are functions of a simple

variable. Trans. Am. Math. Soc. 16,328-332.
Wolovrcu, W. A. 1974 Linear Multiuariable Systems. New York er a/.: Springer-Verlag.
WoNHnv, W. M. 1974 Linear Multiuariable Control: A Geometric Approach. Lecture

Notes in Economic and Mathematical Systems 101, New York: Springer-Verlag.
WoNuau, W. M. 1985 Linear Multivariable Control: A Geometric Approach (3rd edn).

New York: Springer-Verlag.
WoNHav, W. M., & Monse, A. S. 1970 Decoupling and pole assignment in linear

multivariable systems: a geometric approach. SIAM l. Control Optimiz. 8, 1-18.




