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Abstract: In this paper we introduce the concept of controllability into a closed subspace for time-varying lincar systems. Various
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1. Introduction

The purpose of this note is to give necessary and sufficient conditions for the stabilizability of systems
which possess an exponential dichotomy and to determine a state feedback which stabilizes the system.
For time-varying linear systems of the form

x(1) =A(t)x(t) + B(t)u(z), (1.1a)
y(t) =C(1)x(r), (1.1b)

where A(-), B(-), C(-) are continuous real valued n X n, nXm, p Xn matrices, resp., defined on R.
Ikeda et al. [4,5] have shown that there exists a feedback matrix to stabilize (1.1a) if the system is
uniformly completely controllable. As far as we know no attempts have been made to weaken this
condition, similar to the stabilizability concept for time-invariant systems, see for instance Kwakernaak
and Sivan [11]. It seems that a satisfactory weakening can only be given for certain classes of time
varying-systems. For those which have an exponential dichotomy this is possible. The idea is simple: The
trajectories of a system which possess an exponential dichotomy split (roughly speaking) into two closed
subspaces: one which consists of motions exponentially bounded from above, the other of exponentially
bounded motions from below. Now to stabilize, it suffices to require that every unstable motion can be
controlled, not necessarily to zero, but into a stable one. Thus the concept of complete controllability into
a closed subspace will play an important role.

In Section 2 complete controllability into a closed subspace w.r.t. the system (1.1a) is defined. Various
characterizations of this concept are given. The dual properties are analyzed in Section 3. Finally in
Section 4 we introduce systems which possess an exponential dichotomy and derive a feedback matrix
F(-) which stabilizes (1.1a) if it is uniformly completely controllable into the stable subspace.

* This paper was written while the first author was on leave at the Institute of Mathematics, Technical University Graz. The support
of the university and the hospitality of the Institute are gratefully acknowledged.
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From a practical point of view it is noteworthy that there is a natural generalization of the notion of
exponential dichotomy, namely exponential splitting of order n. (See Daleckii and Krein [2].) This means
that the vector space of solutions of x(t) = A(¢)x(¢) splits into n-subspaces and the Liapunov exponents
of the motions belonging to a subspace are lying in certain (mutually disjoint) intervals. Thus the concept
of complete controllability into a closed subspace can be used to develop a concept, similar to the
well-known pole-placement problem for time-invariant systems.

Furthermore, there is the possibility to generalize the results of this note to infinite-dimensional linear
time-varying systems, for instance A(-) defined on R _, strongly measurable and locally Bochner integrable
with values in L( X, X), X a separable Hilbert space, and B(-) a continuous operator valued matrix from
R, to L(Y, X), Y a Banach space.

2. Controllability into a closed subspace

Let X(¢) be a fundamental matrix of the homogeneous part of (1.1a) and let
X(t, 1) = X(1) X~ 1(1o)

denote its transition matrix. Assume that mutually complementary projections P, € R"*", ie. P} =P,
and P,=1,— P, are given. Then the vector space X(-)R" of free motions can be decomposed into the
direct sum

X(COR"=71(-) @ ¥5(+) (2.1)
where
¥(t)=X(t)PR" fori=1,2.

The projections corresponding to the decomposition (2.1) are similar to the projections P, (see Daleckii
and Krein [2], p. 160) and are expressed by

P()=X()PX () fori=1,2. (2.2)

A new controllability concept is introduced w.r.t. the system (1.1a).

2.1. Definition. A state x, € R" is controllable at time t, into ¥ if there exists a f, > t, and a continuous
control function u(t) € R™ with supp u(-) C[¢,, ;] such that

x(1)=X(1,, lo)x0+/;tlx(t1’ s)B(s)u(s) dSEVl(tl)-

If this is true for every x, € R” we say that (1.1a) is completely controllable into ¥ at time t,. If (1.1a) is
completely controllable into ¥7 at any time ¢, (1.1a) is called completely controllable into ¥,.

This definition does not say that every state in ¥5(f,) can be controlled to zero, but every free motion
can be forced in finite time into a free motion of ¥7.
As usual let

W(ty, 1)) = fttl)((zo, s)B(s)B™(s)X™(t,, 5) ds

denote the controllability Gramian of (1.1a). In our approach the induced symmetric map

Wz(to» tl):Pz(to)W(to’ tl)PzT(to) (2-3)

will become an important tool. Clearly, if 7 = {0} then W(¢,, t,) = W,(t,, t;) and (1.1a) is completely

I
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controllable in the usual sense if W(t,, 1,) is positive definite. We say W,(ty, t,) 1s positive definite on
PJ(,)R" if for all non-trivial vectors n € P (1,)R” we have 0" W,(z,, t,)q > 0.

2.2. Definition. The system (1.1) is similar to
He)=A(t)z(t) + B (t)u(r), (2.4a)
y(t) =C(1)z2(1), (2.4b)

if there exists a continuously. differentiable invertible matrix 7(-) such that z(r)=T"'(¢)x(¢). If
additionally 7(-), 7-'(-) and T(-) are bounded, (1.1) is kinematically similar to (2.4).

The following remark shows how the foregoing notions change under similarity. The proof is via direct
calculation where

Wzl(to’ )= Tﬁl(to)Wz(to’ tl)TilT(to)a Pi(1) = Tﬁl(t)Pz(t)T(’)-
2.3. Remark. (i) (1.1a) is completely controllable into ¥ iff (2.4a) is completely controllable into
T ().
(ii) Wy(¢,, 1)) is positive definite on P, (¢,)R" iff Wy(1,, t,) is positive definite on PT(1,)R".

Now we can state the main result of this section which characterizes the concept of controllability into a
closed subspace.

2.4. Proposition. The following are equivalent:
(1) (1.1a) is completely controllable into ¥.
(i) Let ty€R be arbitrary. Then every non-trivial solution y(-)= X (1, -)PzT(to)q of the adjoint
equation y(t) = —A™(1) y(t) has the property y"(-)B(-)=0 on [t,, o).
(ii)) For every t, € R there exists some 1, > t, such that Wy(t,, t,) is positive definite on Pl(z)R".

Suppose (1.1a) is completely controllable into ¥ at time 7,,. Then condition (iii) implies the existence
of a finite time 7, such that every x, €R" at 1, can be controlled into ¥(¢,) in time ¢, — ¢
For the proof of Proposition 2.4 we need a lemma:

0"

2.5. Lemma. For arbitrary t, <1, the following are equivalent:
(i) Wy(1,, t)) is positive definite on P)(t,)R".
(i) im W, (¢,, 1) = Py (1,)R".
(iii) The map ¢: €™ — P,(1,)R",

u(+) »—>j;th(lO)PzX‘l(s)B(s)u(s) ds

satisfies im @ = P,(1,)R".
%™ denotes the vector space of continuous m-vector functions. We delete the proof, it can be carried
out in the spirit of Knobloch and Kappel [9], p. 103.

Proof of Proposition 2.4. To simplify the proof we introduce a further condition:

(ii") For every ¢, € R there exists a 1, > 1, such that y(-) = XT(¢,, -)PT(1,)g # 0 implies yT(¢)B(¢)=0
for all r€[1,, 1]

Because of Remark 2.3 we assume without loss of generality A(-)=0, X(-)= I, and proceed as
follows: (i) < (iil) = (ii’) = (iii).

(1) = (ii)): For (745, xy) €R X R" there exist ¢; > £, and an input vector u(-) such that

X =xy+ /tlB(s)u(s) dse PR".
To
Then

L4
Py(x; —x,) = —P2x0='/; P,B(s)u(s) ds.
0
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By Lemma 2.5 this yields condition (iii).
(iif) = (i): It suffices to determine for an arbitrary pair (z,, x,) €ER X R” some ¢, > t, and control
functions u(-) such that

x(t)) =P,xy+ Pyx,+ /ZLB(s)u(s) dse PR".
fo

By assumption there exists ¢, > ¢, such that W,(z,, 1,) is positive definite on PJR". Defining

(1) ~BT()W; 1y, t))Pyx, forty<t<t,,
u =
0 fort> ¢,

gives
g h T T —1
P:,_(szo + f B(s)u(s) ds) =Pyx,— f P,B(s)B™(s) P dsW, Y(1,, t,) Pyx,=0.
ty o
This proves x(t;) € P,R".
(iii) = (ii): By contradiction. Assume that some PJq # 0 satisfies
yU1)B(t)=q"™P,B(t)=0 forall r>1,.
Then
q'Wy(1,, t,)g= flquPzB(s)BT(s)Pqu ds=0 forall ¢, >¢,
o
which contradicts (iii).
(ii) = (ii’): Analogously to Knobloch and Kwakernaak [10] p. 33.
(it") = (iii): It suffices to prove that for arbitrary 7, < ¢, the implication
y(-)=Plg#0 = yT(t)B(¢)+0 forsomet € [¢,, ;]
implies that W,(t,, 1,) is positive definite on PJR". The proof is immediate by contradiction. [
To complete this section we show under the assumption that 4 and B are real analytic matrices,

complete controllability into a closed subspace can be characterized in terms of a controllability matrix or
a coprime relation. We introduce some notations:

/= the set of real analytic functions,
A := the set of real meromorphic functions.

The differential operator on .# is denoted by D: # —>.#, f— f and

k
A [D] :={Zle"f,.€//!,O<i<k, keN
i=0

denotes a skew-polynomial ring with multiplication rule

Df=fD+f.

For details see Ilchmann et al. [6].
If 4 and B are n — k times differentiable we define the operators

(D-A(1)° =1,
(D= A())(P,(1)B(1)) = (P,(1) B(1)) = A(e) Po(1) B(1),
(D= A(1) (P,(1)B(1) = (D — (1)) (D= A())(P,(1)B(1)) for i>1.

T




A. lchmann, G. Kern / Stabilizability of systems with exponential dichotomy 215
2.6. Proposition. Let A and B be real analytic matrices and 1k Py = k. Then the following statements are
equivalent:
() (1.1a) is completely controllable into ¥.
(i) tk{P,()B(?),..., (D — A" K(Py()B(t))=n—k for all t € R\ N. N is a discrete set.
(iil) There exist U(D) € #[D]"*", V(D) € A[D)™*" such that for all t € R,

P,(1) = (D = A(1)) - U(D) + P, (1) B(1) - V(D).

These characterizations generalize complete controllability in the usual sense. Suppose P, = I,. Then
condition (ii) was proved by Silverman and Meadows [14]; in the time invariant case it was derived by
Kalman [8]; condition (iii) was shown by Iichmann et al. [6]; and for time-invariant systems it 1s known as
the left-coprime condition on (sI — A) and B, see Rosenbrock [12].

The following is an immediate consequence of the proof of Proposition 2.6.

2.7. Proposition. Suppose the matrices A and B are n —k — 1 and n — k times continuously differentiable,
respectively. Then the system (1.1a) is completely controllable at time t, into ¥ if there exists some t| > 1,
such that

k[ P,(1)B(1),....(D —A())" (1) B(1))] =n—k

for a set of points dense in [, t,].

Proof of Proposition 2.6. We have: If (1.1a) and (2.4a) are similar via 7" and T is /-times differentiable,
then

T(1)(DI, - A(1)) (B(1)) = (D — 4(1))'(B(1)) for0<i<!
(see Ilchmann [7], Lemma 3.1). Furthermore
X (1) (D—A(t))X(1) =D.

Hence it suffices to prove the proposition for A(-)=0. Let S € R"*" be an invertible matrix such that

sms-[s 9]

0 O
Define
o
6 0 0 -1 nxXm
F(1) = fea () |70 I_, STIB(1) €R ’
| fn(t) |
S0 ]
Foy=| 1 |eru-owo
WAGN

We first prove that for arbitrary 1, <t, the following are equivalent:
(@) Wy(ty, 1,) is positive definite on PR
B) rkf,:)lF(s)FT(s) ds=n—k.
(y) The row-vector functions f,_ ,(¢),..., f,(¢) are linearly independent on [z, 1]




T

(8) tK[F(1),..., F" " B(t)] = k[ PyB(1),...,(P,B(2))" ¥ =n— k for a set of points dense in [z,, ]
(a) < (B): We have
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S, (1,, tl)S=ftlF(s)FT(s) ds.

i
Since
O i Osse(n—iy
On—syxk F()F'(0) [

the equivalence is obvious.
(B8) <= (v): A consequence of Gram’s criterium, cf. Gantmacher [3], p. 247.
(v) = (8): Follows by Silverman and Meadows [14], Lemma 3 and from the facts

k[ F(1),.... Fo0(0)] = k[ F(1),..., F" 9 (1)],
SFO(t)=(P,B(1))"” fori=0,....,n—k.

F(t)FT(1) =

(i) < (i1): By Proposition 2.4 and the equivalence (a) < (8) we conclude that (1.1a) is completely
controllable into ¥7 at time ¢, iff there exists a ¢, >z, such that (&) is valid. The equivalence (i) « (ii)
now follows from elementary properties of real analytic functions.

(i1) « (iii): Since

rk[l::(t),..., F_(n—k)(t)] =rk[PzB(t),...,(PZB(t))("fk)],

Theorem 6.4 in [6] implies that (ii) is equivalent to the existence of some U e&.#[D]" %Xk
Ve #[D])"*"~% such that
I,_,=DI,_,-U+F-V.

n

This equation is valid iff

S 0 0 S l=§ DI, 0 s°l.s 0 S'+8S 0 ys-1
0 1, , “"lo bI_, U F| ’

Note that
P,=S 0 0 §-1 DI =S DI, 0 s-1 P,B S 0
S N A S =Slo pr |5 RBO=S| g

n

and the proof is complete. O

3. Duality between controllability into a subspace and reconstructibility w.r.t. a subspace

In this section we sketch the dual concept to controllability into a subspace. The dual system of (1.1) is

defined by
() =A"(—1)x(t) + CT(—t)u(r), (3.1a)
y(1) =BT (—1)x(1). (3.1b)

3.1. Definition. The state x; € R" is reconstructible w.r.t. ¥, at time 1, if there exists t_, <1, such that
C(1)X(t,1_,)x;=0 forallte[r_,, t,] and x,€Pf(r )R"

implies x; = 0.

o
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(1.1) is called completely reconstructible w.r.t. ¥, if every x; € R" is reconstructible w.r.t. ¥, at any
time ¢, € R.

Analogous results to that of Section 2 can be derived by use of the matrix
11
Hy(1 s 1) = Po(ty) [ X (5, £2)CT(5)C(s) X (s, 1) dsPI(z_y).
1y
As an expected result we state without proof the following dual relation.

3.2. Proposition. The system (1.1) is completely controllable into ¥ iff its dual system (3.1) is completely
reconstructible w.r.t. 7.

It is straightforward to define the concepts of complete reachability from ¥, and complete observabil-
ity w.r.t. ¥7 and to prove its dual relationships.

4. Stabilizability of systems with exponential dichotomy

In this section we consider systems of the form
#(1) = A(0)x(1) + B(t)u(1), 10, (4.1)

where A(-), B(-) are continuous real valued n X n, n X m matrices, resp. Additionally it will be assumed
that its homogeneous part possesses an exponential dichotomy, i.e. there exist positive constants K, L, a,
B such that

| X(1)Pxo| < K e ™9 | X(s)Px,| fort>s,

| X(t)Pyxo| <L e Pe 9| X(s)Pyxy| fors>t, (4.2)

|P (1) <M for > 0,
for all x,€R" Using the notation of Section 2, ¥ and ¥, consist of the motions exponentially
bounded from above and below, respectively. Clearly, every time-invariant system x(¢) = Ax(¢) with 4
having no eigenvalues on the imaginary axis has an exponential dichotomy. For a discussion of

exponential dichotomy see, for instance, Coppel [1]. We want to determine a feedback matrix F(-) such
that the closed-loop system

x(t)=(A+ BF)(t)x(t), t>0,
is uniformly asymptotically stable. It is well known that for many control problems of time-varying

systems, uniformity constraints are necessary, cf. Kalman [8]. In our approach this becomes as follows:

4.1. Definition. The system (4.1) is uniformly completely controllable into ¥ if there exist positive
constants &, a, b such that

al, < W,(t, t+0)<bl, on PS(1)R" forall 1> 0. (4.3)

If (4.1) is bounded, i.e. | A(f)| <c¢ and |B(¢)] < ¢ for some ¢ > 0, the second inequality in (4.3) is
automatically satisfied. See Lemma 1 in Silverman and Anderson [13].

A straightforward calculation shows that uniform complete controllability into a subspace is invariant
under kinematic similarity. To stabilize system (4.1) we have to introduce the following matrix:

Wy(e, t+0) = X(0) Py [ X () B(s) BT(s) X 1T(s) €720 dsPTX (1) (4.4)
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for some a’ > a. It is easily proved that (4.3) implies the following inequalities:

ae I < Wy(t, t+06)<b eI, on PI(1)R" (4.5)
and

b~le 2T < Wy (t,t+0)<a e, on P,(1)R". (4.6)

Now we can state the main result: if (4.1) is uniformly completely controllable and B(-) satisfies a certain
boundedness condition, then a feedback F(-) can be determined such that all motions of the closed-loop
system

x(t)=(A(t)+ B(t)F(t))x(t), t=>0, (4.7)

are as stable as the stable solutions of (4.1). More precisely:
4.2. Proposition. Let the system (4.1) satisfy (4.3) and

| P(t) B(t)(P,(1)B(1)) |<c forall1>0 (4.8)
for some ¢ > 0. Then with the feedback matrix

F(1) = = 3BT(()Wy (1, 1+ 0) Py(1)
the motions of the closed-loop system (4.7) fulfil

|x(¢)| <K e "D\ x(s)| fort=s20. (4.9)

For a bounded system (4.1), uniform complete controllability into ¥, is also necessary for stabilizabil-

ity.

4.3. Proposition. Let (4.1) be a bounded system. Then there exists a bounded feedback F(-) such that the
trajectories of

x(t)=(A()+B(t)F(t))x(r), t>0,
are uniformly asymptotically stable iff (4.1) is uniformly completely controllable into ¥.
Proof of Proposition 4.2. Since P, is kinematically similar to [ 5] we assume without loss of generality,

that P, is of this form. Coppel [1] has proved that a system of exponential dichotomy is always reducible
by a kinematic similarity transformation to the form

[xl(t)q _ [Al(t) 0 l:xl(t) B\(1)
‘X.Z(t)J 0 Ay (1) || x2(2) B, (1)
with fundamental matrix

[ X, (1) 0
0 X(nf

u(r)

X(1) =

Hence

3

- 0 0
Wilt, 1+0)= [0 V,(t, t+0)

where

V,(t, t+0) =/’“’X2(z, s)B,(s)BI(s) XI(t, 5) e 22— d.
t
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The feedback law becomes
u(t)=F(t)x(t)= =3By (:)V; (¢, 1+ 0)x, (1)

where the closed-loop system is of the form
%, (1) =4,()x, (1) =3B, (1) By () V5 (1, t +6)x,(2), (4.10)
%5(1) =[A4,(2) = 1B, () BY()V5 (¢, t+ 0)] x,(2). (4.11)

Ikeda et al. [5], Theorem 3.1, proved that the free motions of (4.11) are uniformly asymptotically bounded;
more precisely,

| x,(t)| <c e ¥ D x,(s)| fori=s>0 (4.12)

for some ¢, > 0.
Using Variation of Constants, (4.10) becomes

t
x, (1) =X (2, s)x,(s) — %f X, (t, T)B,(7)BJ(1)V, (7, 7+ 0)x,(7) dr. (4.13)
Let ¢, = 1Kca 'c; €*°® and apply (4.2), (4.8), (4.6) and (4.12) to (4.13). Then
()] <K e xy(s) [+, [K e o0 e @0 x, (5) | dr. (4.14)

Because o’ > a we obtain

C ’
(1) | <K e | xy () | + =2 [emet9 gm0 |, (5)

o —«

<y e 1y (5) |+ (1 - e ) 11y () ]
<oy e O [x () |+ 1 x5(5) 1] (4.15)
where ¢, = max{ K, ¢,/(a’ — a)}.

Finally, (4.12) and (4.15) give (4.9). O

Proof of Proposition 4.3. Clearly, F(-) defined by (4.9) is bounded if (4.1) is bounded and the uniform
complete controllability condition into ¥7 holds. To prove that uniform complete controllability into ¥
is also necessary, note that Silverman and Anderson [13] have shown that

|W(t, t,)|?<k forall t,>1¢ >0

is valid for some k > 0 if (4.1) is bounded.
Thus the right inequality in (4.3) holds and it remains to prove the left inequality. This can be done in
the same way as with Ikeda et al. [4], the necessity part of the proof of Theorem 3. O

The results of this section also hold for a slight generalization of exponential dichotomy, we can assume
a and B in (4.2) to be arbitrary real numbers.
Without proof we state further results.

4.4. Remark. Suppose (1.1) is uniformly completely reachable from ¥7, (defined in an analogous way).

Then there exists a feedback F(-) such that the motions of the closed-loop system
x(t)y=(A+BF)(t)x(t), >0,

are exponentially bounded from below, i.e. for some K>0,

|x(1)| <Ke P2 x(s)], s=>1>0.
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Similar to [5] it can be shown that if the real numbers a, B satisfy —B8 < —a and additionally (4.1) is
uniformly completely controllable into ¥, and uniformly completely reachable from ¥, there exist a
feedback F(-) and an estimation H(-) such that the motions of the total closed-loop system

[x(t)}zz{ A(1) B(t)F(t) ][X(t)J
(1) H(t)C(t) A(t) = H(1)C(1) + B(1) F(t) || z(¢)

fulfil

x(s)
z(s)

for some ¢, ¢, > 0.

x(1)
z(1)

x(s)
z(s)

Cl e‘B(t*S)< <C2 —a{r—s)
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