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Modelling of
General Biotechnological Processes”

A. ILCHMANNTand M.-E WEIRIGE

ABSTRACT

A general biotechnological process is modelled by a finite dimensional ordinary differen-
tial equation. The stoichiometry is only modelled qualitatively.It is shown that the usual
biochemically motivated assumptions are not sufficient to guarantee boundedness of the
solution. To overcome this, the concept of non-cyclic biotechnological processesis intro-
duced. Loosely speaking it means that the process does not contain any “reaction loop”.
The assumption of non-cyclicity replaces the common assumption of Conservation of
Mass. An algorithm is presented so that after finitely many steps it is decidedwhether a
process is non-cyclic or cyclic. Non-cyclicity is also characterisedin terms of an echelon
matrix derived from the stoichiometric matrix viapermutations of columns and rows.

Keywords: biochemical processes, bioreactors, non-cyclic processes, reaction models.

NOMENCLATURE
R, the set of non-negative real numbers
IR*_ the set of positive real numbers
1 INTRODUCTION
In this paper we model certain biotechnological processes, such as chemical,

biochemical and microbiological processes in batch, fed-batch or continuous
stirred tank reactors. If the process is completely mixed and the medium is
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homogeneous in the reactor, then it can be modelled by a set of ordinary differ-
ential equations

M
&) = > kyg(E00) — D& — () + F()), i=1..N. (1)
j=1

Here M is the number of reactions of the process and

&() R — Ry are the concentrations of the different components,

@j(-) : RY — IR, is the reaction rate of the j-th reaction,
D(): Ry — R, is the dilution rate,
Fi(-): R. — IR,  are the feed rates of the different components,

q:(-) : IRy — R, are the gaseous outflow rates of the different compo-
nents, k; € IR are the so-called stoichiometric (or yield) coefficients. This model
is derived from the mass balance dynamics of each component in the reactor
where the term ) k;p;(§) models the reaction kinetics, and the term
—D¢; — q; + F; models the exchange with the environment.

Notice that if D(-) =0 and F(-) =0, then we have a batch reactor, i.e. no
inflow and no outflow; if D(-) =0, then (1) describes a fed-batch reactor, i.e.
no outflow; and generally (1) models a continuous stirred tank reactor.

To simplify the notation we may rewrite (1) as

£ = Kp(€) — DE - Qi+ F, 2)

where (P(é) = ((701 (§)1 g5 (pM(g))T’ Q= dlag{ql crey qN}r F = (F[,. id ’FN>T
and k = (ky) = [Ki, . .., Ku] denotes the stoichiometric matrix.

We stress that, although the matrix K is called stoichiometric matrix, we do
not require that it represents an exact stoichiometric relationship betweenthe
components, it represents a qualitative relationship. Components that do not
play an important role in the process, such as by-products ofa reaction or sub-
strates which are not limiting, have been omitted. The advantage of this descrip-
tion is that the model might be of much smaller dimension.This approach is
quite common; see for instance Bastin and Dochain [2]. However, the reaction
scheme may not follow the law of conservation of massThis is different to
many traditional approaches, such as for example the weil-known contribution
on chemical reacting systems by Gavalas [6]. See in particular Section 1.1, where
he introduces systems which can be described by an ordinary differential equa-
tion of the form (2). Although Gavalas does not explicitly say so (see Section
1.1 and also the sentence after equation (1.8.11)), the Principle of Mass Conser-
vation implies the existence of a positive vector

ve (R)Y so that 7K, =0 forall j=1,..., M. (3)
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Intuitively, this property means that the concentration remains bounded and is
in fact crucial in proving it.

Instead of conservation of mass, we introduce the new notion of non-cyclic
processes. It therefore has to be proved that (2) still exhibits practical relevant
features,such as existence and uniqueness, positivity and boundedness of the
solution. Roughly speaking, Cyclic means that the process contains a reaction
loop, i.e. there exists a subset of reactions S, so that everysubstrate &; involved
in a reaction j € S is also an autocatalyst or aproduct of one of the reactions
J € S. One of the crucial consequences of non-cyclic processes, which is proved
at the end of the present paper, is the existence of a positive vector

ve(R,)Y sothat 47K <Oforallj=1,.. . M. (4)

Note that the condition (4) is only slightly less restrictive than (4). However it is
sufficient to guarantee boundedness of the trajectories.

Bastin and Dochain [2] refer to (1) as the “general dynamical model” of bio-
logical reactors. Modifications and generalisations of (1) have been considered
in Gavalas [6], Moser [10] and various authors in Rehm and Reed (eds) [11].
For control theoretic applications, models of this type were used by [7,3,12,1]
to name but a few.

The paper is organised as follows. In Section 2 we describe the model and its
assumptions in detail. Existence and uniqueness, invariance of the positive
orthant and boundedness of the solution is proved in Section 3. Finally, in Sec-
tion 4 the concept of non-cyclic processes is introduced. We present an algo-
rithm which checks in finitely many steps whether a biotechnological process
iscyclic or non-cyclic. Furthermore, non-cyclicity is characterised in terms of
an echelon form of the stoichiometric matrix and a corollary of that is that
non-cyclic process do have bounded trajectories.

2 THE GENERAL DYNAMICAL MODEL

Loosely speaking, we study biotechnological processes where N concentrations

&1,---,&v in the liquid phase of the reactor are related via M reactions
®1, -, pa. More precisely such a process is commonly specified by the reaction
scheme for each reaction
@ P
> ey & > & for  j=1,...,M. (5)

[GL/ [ER/‘

1/
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Here
Ly < {1,...,N}, L; #0, is the set of indices of the components & which
are the reacrants of the jth reaction,
R;  C{1l,...,N}, R, #0, is the set of indices of the components & which

are the reaction products of the jth reaction.
The quantities of each component involved in the reaction are specified by the
nonnegative stoichiometric coefficients c;, sometimes also called yield coeffi-
cients. The rate of consumption of the reactants, which is equal to the rate of for-
mation of the reaction products, iscalled the reaction rate and denoted by ;
To specify the process in more detail, we introduce the following notation for
each reactionj = 1,... , M:

Cat/ = Lj M Rj,

Le. the set of the indices of those components, called catalysts, which are
involved in the jth reaction, but maintained by the reaction;

Subj = Lj \ (L] N Rj) # @,

Le. the set of those components, called substrates, that are consumed by the jth
reaction;
Prod; C R\ (LN R;) # 0,
is the set of the indices of those components, called products, that are produced
by the jth reaction;
Autj = Rj \ ((L} N R]) U Prodj),

ie. the set of the indices of those components, called autocatalysts, that are
accumulated by the jth reaction;

Restj = {1,,N}\(L/URJ),

i.e. the set of the process components that do not take part in the jth reaction.
Notice that, forall j=1,..., M,

Autj U Prodj = RJ \ (Rj N L]),
and {1,..., N} can be represented as the disjoint union:
{I,...,N} = Cat; U Sub; U Aut; U Prod; U Rest;.
Another helpful specification is the distinction between an external substrate of

the process, i.e. a component that is added from the outside to the reactor and
only consumed in the reactor, and an internal substrate, i.e., a component that
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is produced by some reaction of the process and consumed by another. Formally
we define

& is called an N N
external substrate if, and only if, i€ (U Sub/;) \ (U(Autj U Prodj))
=1

=1

J=1 =1

& is called an ) N N
internal substrate  if, and only if. i< (| JSub; | n J4ug; U Prod;) |.

We assume that the dynamics of the process (5) can be described by the ordi-
nary differential equation:

§10) = K- ol&(t)) = D) - &(0) = Q1) + F(1), £0) e (R, | (6)

where

&0 =(&0.....&x(0)T  €RY are the concentrations,
0(&) = (&), ou(&)T €RY, ¢ RY — R is the reaction rate
of the jth reaction,
F(y=(F(1),....Fy(t))T  €RY, F():R.— [0,F]is the feed rate
of the ith component, and F; > 0,
Q = diag{q,,...,qn} e RMN q),...,qn > 0, is the matrix of
gaseous outflow rates,

D(:): R.—[D, D] is the dilution rate. 0 < D < D,
K=(kyj) =[Ki,....,Ky] € RY*Mis the matrix of the stoichiometric
coefficients.

The function  is supposed to be locally Lipschitz continuous and F and D are
assumed to be locally integrable. The entries of K relatethe reactions as follows:

k,j =y > 0 if, and Only lf. S R} \ (Ll N Rj>,
kj =0 1if andonlyif, i€ RNL, or iZR UL, (7
ky=—-c; <0 if. andonly if, i€ L;\ (L;NR)).
Notice that all of the entries of K are determined by (7) since {1,...,N} is the

disjoint union of the sets R \(LNR), Li\(LNR), RRNL and
{1.... NI\ (R U L.



BIOTECHNOLOGICAL PROCESSES 157

We already stressed and explained in the Introduction that, although the
matrix K is called stoichiometric matrix, we do not require that it represents
an exact stoichiometric relationship between the components, it represents a
qualitative relationship.

Remark | It is easy to see, and useful in the following, that the catalysts, sub-
strates and products can be characterized as follows:

Calj = {I.e LjURj ' /C,j = O},
Subj = {Z'E {IAV} /C,j < 0},
Aut; U Prod; = {i € {1.... N} | k; > 0}.

For notational convenience we also define the following sets:

Rea, = {j€{l,...,M} | k; =0, i € L;UR;}, ie. the set of numbers of
the reactions that involve &; as a catalyst,
Rsw, = {7€{1,...,M} | kj; <0}, i.e. the set of the numbers of the reac-

tions that mvolve & as a substrate,
{7€{l,..., M} | kij >0, i € Aut,}, ie. the set of numbers of
the reactions that involve &; as an autocatalyst,
Rprog, = {J€{l,.... M} | ki; >0, i € Prod,}, ie. the set of numbers of
the reactions that involve &; as a product.

RAuti :

Notice that

RAul, U RProd, = {] S {1, .. n,A‘W} ‘ k,-/- > O}
Note that if k,;, = 0 for some iy € {1, ..., N}and some j, € {1,..., M}, then with-
out further knowledge of the process details we cannot decide whether
ip € Catj, or iy € Resty,.
Similarly, if £, > 0 for some i € {1,.... ¥} and some j, € {1,..., M}, we do
not know whether iy € Aut;, or iy € Prod,,.

Remark 2 In order to distinguish between a reaction which involves an autocata-
lyst and others which do not, we use in (5) either— respectively — and write

Cy - Ei hd Z Clj - gk‘, if Au[j = @

ieSub;uCar; keProd;UCat;
and

cy - & — E ry - &k, it Aut; # 0.
i€Sub,UCat; ke Prod;uCatysAut;
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The following example illustrates how a biochemical process presented by (3) is
associated with the differential equation (6).

Example 3 The mechanism of yeast growth on glucose with ethanol production
is describedby the following set of microbiclogical reactions, see Sonnleitner
and Kappeli [13].

(4
il +enda = c31és + ey
P2
¢s528s + 02282 = 3283 + canéa
- 3 . \ -
13§ = ¢3383 + 5385 + 4384

where &;,...,& denote the glucose, dissolved oxygen, yeast, dissolved carbon
dioxide and the ethanol concentration, respectively.
It is immediate that

Li={1.2} ., R = (3,4}
L2={2’5}7 R2:{374}
Ly={1} , Ry={3,4,5},

and hence

Ca[/‘ = LJQRJ:Q for j:1~,273’

Sub1 ={1,2}, kn = —=Ci1, k'l‘ = —C3].
Prody U Auty = {3,4}, k31 = c31, ka4 = cq1.
Suby, = {2, 5}, kyy = —cy3, ksy = —cs.
Prod, U Auty = {3, 4}, k3z = ¢33, kag = ca.
Subs = {1},  kiz=-cp.
Prods U Auty = {3,475}, ki3 = ¢33, kay = ca3, ks3 = cs3.

Therefore, the mathematical model (6) of the yeast growth process is

&ulr) &i(1) 0 A1)
2(1) ©1(&(0)) Ez(t) 0 E(1)
&) | = p2((0) | = D()) &(1) | — 0 + 0
&(1) P3(§(1) &a(1) qa€a(1) 0
&s{1) &s(1) 0 0
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where
- 0 -cni3
—c. —cp 0
K = (ky) = o3 €32 C43
Cay 42 €43
0 —cs2 o3

To be able to prove that the concentrations in Example 3 remain positive and
bounded, we need further assumptions on the growth rates. More generally, we
assume that the process (6) satisfies the following.

(A1) For j =1,..., M the reaction rates are of the form

P]() : ]R‘:-] — R, 5""“91(8 = a](f) H & | >

keAut, UL,

and the growth rates

a;("): RY —(e,,@), 0<a

<_.
Q; SR

71

are continuous functions.
(A2) If the lower bound of the dilution rate D(-) is zero, i.e. D = 0, then the
feed rate is proportional to the dilution rate

F()=D()Em(),

where, for all j = 1,..., M, the components of the inflow rate satisfy for
some &,....&y >0,

&) Re—[0.&7}

Remark 4 Assumption (A1) corresponds to the physical fact that a reaction rate
is always nonnegative and that a reaction can only take place if all its reactants
are present in the reactor, which means that as soon as the concentration of
one reactant becomes zero the reaction rate is zero.

If the concentrations of the reactants are also bounded from above — which
will be shown in Section 3 under additional assumptions — then the chosen
reaction rates y; agree with the conventional reaction rates. For a comprehensive
list see e.g. the Appendix in [2]. The reaction rate ¢ is often assumed to be pro-
portional to the microbial growth rate u. Consider for instance the models of
Monod or Haldane, where the function u is used to explain the dependency of
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¥ on the substrate concentrations. The relationship between a(€) and u(€) is
then

Monod : (&) = H < ] ) and 4(§) = (¢ - H &,

i€ Sub; K+ §i € Sub;
. 7 )
Haldane: o;(¢) = [] <—"-> and 1) = o5(6) - ] .
iesub; \K; + & + = i€Sub;

Since dut; U L; = Sub; U Cat; U Aut;, the reaction rate » in (A1) can be written
as

o) = wE| I &

k€Aut,UCa;

Assumption (A2) means that if D(-) is not bounded away from zero, then one
requires instead that F(-) = D(-)&"(-). This means that all the substances that
are added from the exterior to the reactor are fed with the influent water stream
and 55" is the concentration of the substance &; 1n the influent water stream.

There might be substances & which are soluble in the liquid phase and gasifi-
able at atmospheric pressure. In model (6), where the gaseous outflow is given
by the proportion Q¢, the saturation concentration between the liquid and the
gas phase is assumed to be “very high”.

Remark 5 It is a common assumption of various authors, see e.g. [6], that
N> M and rk K = M. This means that the number of components involved
in the process exceeds the number of reactions, which usually is the case since
one reaction involves more than one component. Furthermore it is often desir-
able to describe composition changes by the smallest possible number of reac-
tions. If rk K = M, then the reactions are called independent, see e.g. [6], Defi-
nition 1.1.1. If K does not have full column rank, then there are certain
strategies to pick a set of “key reactions”, see e.g. Section L2 in [10]. However,
in our setup there is no need to assume any of these assumptions.

3 INVARIANCE OF THE POSITIVE ORTHANT
AND BOUNDNESS OF THE SOLUTION

In this section we show existence and uniqueness of the solution of (6) on a
maximal interval of existence [0, w), where w might be finite. (A1) does not guar-
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antee that finite escape time does not occur, this will be ensured by an extra
assumption later on.

Proposition 6 If the general dynamical model (6 satisfies (A1), then there exists
a unique solution &(-) : [0, w)— RN on its maximal interval of existence [0,w),
for some w € (0, c]. Furthermore, the positive orthant is invariant under the flow,
Le.

i £0)e (RN, then £(1) e (RN forall 1€ (0w). (8)
Proof- Existence and uniqueness of a solution &(-) : [0,w)—IRY of (6) on a
maximal interval of existence follow from the theory of ordinary differential
equations, see e.g. Coddington and Levinson [4].

Seeking a contradiction to the invariance of the positive orthant under the
flow, suppose there exist some i € {1,..., N} and ¢ € (0,w) such that

E{to) =0 and &{) >0 forall t<n ke{l....,. N} 9)

The ith coordinate of (6) satisfies, for all ¢ € [0, 7],

M )
&(6) = kypi(€(0)) — D(1) - &(e) = 8- &ie) + Fi(1),
j=1

and since by Remark 1 &; > 0 for j € Rsu, and F(z) > O forall ¢ > 0, it follows
that

E(r) 2 = > lkyloi((t)) = D(2) - &) = B - &)

JERsu;
Now Assumption {(Al) yields

G(0) 2 = hylay(€n)

< fk(f)) &) = [D(e) + 3:] &(0),
JE Rsus; ke AutUL)\{i}

and defining

Yi(t) = { > lkylay(8(e) ( I 5k(f)> +D(1) *",31}

JERsub; ke (AuUL\{i}
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leads to

&0y > v n&(o).

Now Integration yields, see Lemma 19,

&(2e>  &(0) aslongas (€0,

and hence

Since &(0) > 0, this contradicts the assumption &(z) =0 in (9). Therefore a
component cannot leave the positive orthant and the state variables stay positive
on their maximal interval of existence.

The assumptions (A1)—(A2) are however not sufficient to guarantee existence
of the solutionon the whole of [0,c0), finite escape time might occur. This is
demonstrated in the following example.

Example 7 Consider the following reaction scheme'

1S S X +cn Sy + car P, ©1{S80, X, S1, Pi, Py) == So - X,
nS1 & X +c2S0 + e52Pa, £2(S0, X, S, Py, Py) =S - X.

The corresponding process (6) of the reaction scheme is

So(t) = ki1 So(£) X () + k12 St(2) X (1) — D(£)So(r) + D(1)S™
$y(1) = knSo() X (1) + knaS1 (D) X (1) — D(£)Sy (1)
X(1t) = [So(t) + Si (D] X (1) — D() X (1)
Pi(1) = ka1 X{(£)So(t) — D(1) P (1)
Py(1) = ks X (1)S1(1) = D(£) Pa(t).
Setting kiy=—cnn=05ky =cn=15kp=c2=15kyn=—cyp=-05

yields

'This example may be chemicaily absurd, but it is a general biotechnological process
satisfying (A1)—(A2).
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-0.5 L5

1.5 =053
K= 1 1
ka 0

0 ks2

And since ¢4, and csy are associated with products, we conclude ks > 0 and

ks> > 0. Furthermore assume that the initial values of the different state vari-

ables are all positive and the dilution rate is a positive constant D(-} = D > 0.
Differentiation of the new variable

Z([) = So(t) + Sl(l) - X([)

yields
Z(t) = -DZ(1) + DS"

and hence
Z(t) = S+ 7P (Zy - S5™).

Now X (-) satistfies

X(1)=X()(Z() + X(1)) - DX(2)
=X )+ (Z(H)-D)X(1)
> (Z(1) = D)X(1),

and hence, by Lemma 19 and substitution of Z, we obtain
[2ze)-Das fS’";(Zo—S'")»e<D’-D ds
X(t> 2 el XO > e X().

If we choose D < S < Z,, then

X(1) > &5"Ply,

and hence lim,_q X(f) = co. Therefore the concentration of the bacteria is
unbounded.

If D(t) = 1 —cos¢, so that the alternative in (A2) is satisfied, then a similar
calculation proves unboundedness of X(-) in case of Zy > S* > L.

Example 7 shows that the assumptions (A1)-(A2) do not guarantee a bounded
solution. Since k4 and ks, are positive, it is easy to see that there does not exist
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a vector v € [R° with positive components such that (v.K;) <0 for j =1.2.
Therefore, condition (4) is not satistied for this example. This motivates a further
assumption which replaces the more restrictive assumpticn (3) on exact stoi-
chiometriccoefficients.

(A3) There exists some v € (JR:)N such that

(v.K) <0 forall j=1,..., M.

We are now in a position to prove boundedness of the solution. The main result
of Section 4 will be the definition and characterisation of the concept of non-
cyclic processes which will be shown to be sufficient for (A3).

Theorem 8 Suppose the general reactor model (6) satisfies (41)-(43), and let
F.=(F,...,Fy)" denote the upper bound for the feed  rates,
&= (a", e ,{?‘;C)Tthe upper bound in (A2). Then the following holds.
(i) The initial value problem (6) has a unique solution £(-) : JRL—»(]RL)N
defined on the whole of the half axis [0, 00) and stays within the positive
orthant.

(ii)  If D > 0, then the solution is bounded from above as follows

(v, F)
L

0 F) :
) < max{ o), 5 ana tmawpie. g0 <

(ifi) If D = 0 (which by (A2) yields that F(-) = D(-)&"(-)), then the solution is
bounded from above as follows

(60t < max{(3,60)), (18"} and limsup(y,£(6) < (&

t—oo

~

Proof: By Proposition 6 we only have to show that the first inequalities in (ii) and
(iii) hold true on [0,w), the maximal interval of existence. Then boundedness of
&(+) on [0,w) yields w = oo, and hence (i) follows.
Multiplying (6) from the left with v yields, for almost all 7 € [0,w),
Il 0
YTE() =4TKp(E(0)) = DEW =~ - &(r) +~TF (1)
0 Bw
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and hence. for

we obtain
M
= Y K)elE0) - D@ - LS+ (n F)).
J=! 0 3n
This yields, by assumption (A3) and positivity of £(z), for all 7 € [0, w)
(1) < =D(1) - ®(1) + (v, F(1)).

If D > 0, then an application of Lemma\liand boundedness of F(-) yields, for all
t€0,w),

B(r) < max{@(O), <7”F>}.

Hence £(-) is bounded on [0, w) and a repeated application of Lemma 19 proves
the second inequality in (i1).
If £(-) = D(-)&"(.), then we apply Lemma 19 to conclude

Lo -8 = 6() < D000 7]

and the statements in (iii) follow. This completes the proof.

Remark 9

(a): Note that in Example 7 the matrix K does not satisfy (A3).

(b): If assumption (A3) in Theorem 8 is weakened to hold only for some non-
negative (but not necessarily positive) v € RY, then we can only show bounded-
ness for those concentrations &; for which v > 0.

{c): If the general dynamical model (6) consists of only one reaction, i.e. M = 1,
then (A3) is satisfied. To see this notice that L;\ (L; N R;) and R;\ (L; N Ry)
are both nonempty, and hence there exist some i # i» so that k;; >0 and
ks < 0, whence every column of K has at least one positive and one negative
coefficient. Thus. if X = K consists of one column only, we may define

Y=

{1 LI S SO TR N}

v if kg >0

and check that in this case (v, Ky} = 0.
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4 NON-CYCLIC PROCESSES

We now arrive at the main contribution of this paper, that is the concept of non-
cyclic processes, its characterization and its consequences such as it is a suffi-
cient condition for the crucial assumption (A3). Cyclicity of (6) means that the
process contains a reaction loop, Le. there exists a subset of reactions S, so that
every substrate & involved in a reaction ; € S is also an autocatalyst or a product
of one of the reactions j € S. Or in other words, (6) is non-cyclic respectively
does not contain a reaction loop if, and only if, for each subset S there exists a
substrate £ of some reaction jo € S such that & is neither an autocatalyst nor a
product of one of the reactions j € S. This concept is more formally defined as
follows.

Definition 10 The biotechnological process (6) is said to be cyclic if and only if,

there exists a nonempty subset S C {1,..., M}, such that
U Sub; € | j(4ut; U Prod)). (10)
JES jEeS

For instance the biotechnological process in Example 7 is cyclic, since for
S = {1,2} all the substrates appear also as products.
Rephrasing this definition will be useful in the following.

Remark 11 Consider a biotechnological process (6). Then the following condi-
tions are equivalent

(1)  (6) is cyelic,

(i) there exists some S C {1,..., M}, S +# 0, such that

i€ U(Aut]- U Prod;) forall (4,7) € Sub; x S. {11)

jeS

and so are also the conditions
() (6) is non-cyclic,
(i) foreach SC {1,..., M},

| Sub; | J(dut; U Prod)), (12)
jeS jeS
(iii") foreach S C {1,..., M}, there exists a pair

(i.Jo) € Subj, x S such that i & | J(Aut, U Prod)). (13)
JjE€S
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The characterization of non-cyclicity is based on a constructive procedure which
checks whether (10) is satisfied or not. This is comprised in the following
pseudo-algorithm.

Algorithm 12 Consider the biotechnological process (6, with specified M N,
Sub;, Aur;, Prod; forj=1,.... M
SET Sy:= {l,....! M}
./\/’ = {1‘. . ’1)\[},

DO IF [ > 1 and there exists j1 € S) such that
i1 &€ Subj,
SET iy .= ij_y;
GOTO 10;
ELSE [F there exists (i1, j;) € N x Sy such that

it € Sub;, and i ¢ U(Auzj U Prod})

JES
GOTO 10
ELSE  PRINT “cyclic"; STOP;
10. Sie1 =S\ Ui
END
END
PRINT “non — cyclic’

END.

Remark 13 Instead of using subsets of substances, such as S;, Subj, etc., it fol-
lows from Remark 1 that Algorithm 12 can equally be formulated for the stoi-
chiometric matrix K = (k;) € RY** by replacing

i;-y € Sub;, in condition IF by k;_; <@ and

ij € Sub;, and i; € |J{Aut; U Prod;) in condition ELSE IF by ki <0 and
ki <0 for allj € S/¢%

Proposition 14 The Algorithm 12 terminates after finitely many steps with “non-
eyclic” i, and only if. the process (6) is non-cyclic, it terminates with ‘cyclic” if,
and only if; the process (6) is cyclic.

Proof: (a): We prove that printing “non-cyclic” yields that () is non-cyclic.
This is proved in two steps.
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(a1): It 1s proved that if Algorithm 12 prints “non-cyclic”, then for each
l€{l...., M} there exists a pair of indices (i;,j;) € {I,..., N} x S5 such that

i € Sub;, and i & |_J(Aut; U Prod;). (14)
JES

Proceed by induction on /. By assumption either the condition IF or the condi-
tion ELSE IF is satisfied. For / = 1 IF is excluded, and hence ELSE IF holds
and there exists a pair {ii,/1) € {l,...,N} x S, satisfying (14).

Now suppose that (i1,/1),. .., (i-1,i-1) € {1,..., N} x §;_; satisfy (14).
If IF is true, then there exists j €S, such that i, € Sub;,. Since
i1 € U (dut; U Prod;) and Sy C S, it follows that i_y & {J (Aut; U Prod}).

JESI- JES

Setting i := i;_; yields the pair (i, j;) which satisfies (14).
If ELSE IF is satisfied, it is immediate that (i) € {1,.. ., N} x S satisfies
(14).
(@2): It is proved that if Algorithm prints “non-cyclic”, then (iii’) in Remark 11
1s satistied.
Let S C {1,..., M} be arbitrary but nonempty, set r = cardS, and use the nota-
tion

SZ{j]l,...,j[,}, where [; <... <.

Since (i,,j, ) satisties (14) and Sj, = {Ji,, ... jar}, it follows that S C S}, . There-
fore (iii’) in Remark 11 holds. This proves (a;) and (a) follows from Remark 11.
(b): We prove that non-cyclicity of (6) vields printing “non-cyclic".

If (6) is non-cyclic, then by (13) for each / there exists a pair {i1,J1) such that

(ir,j)) € Suby x S, and i € |_J(dut; U Prod)). (15)
JES

This means ELSE IF is satisfied for all / = 1,..., M and the algorithm finally
terminates with printing “non-cyclic”.

(c): We prove that if Algorithm prints “cyclic”, then (6) is cyclic.

If Algorithm prints “cyclic” in the /th loop, then ELSE IF does not hold true
and hence (11) is satisfied for § = S;. Now the statement follows from Remark
1L

(d): We prove that cyclicity of (6) yields printing “cyclic”.

Suppose Algorithm 12 pprints “non-cyclic". Then by (a) the process is non-cyc-
lic which contradicts the assumption.

This compietes the proof.
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The following example illustrates a non-cyclic process.

Example 15 This production of strains for yogurt manufacturing described in 3]
is represented by the following reaction scheme”

E+& O+ +E

& &g+

&+ 65 ==& + s
a8 e+ 6

05 ) )
§2+8 — &+ & + &

with & representing lactose, & glucose, & galactose, &4 lactase, &5 lactobacillus
bulgarius, & streptococcus thermophilus, &; D-lactate , & L-lactate and & car-
bon dioxide. Following Algorithm 12, we choose ;; =1 and /; = 1, because
1 € Suby and &; & Aut; U Prod; for j € {2,3.4,5}.
_ Since 1 does not appear in the reactions 2-5, 2 & Aut; U Prod; for j € {3,4,5}
and 2 € Sub,, we choose i, =2 and /, = 2.

For i3 we choose again i3 =i, =2 and /5 =3, because 2 & Sub; and-
2 & Aut; U Prod; for j € {4,5}.

Finally is =is =2 and Iy = 4, /s = 5. Now the algorithm stops (after M =35
steps) and hence this process is non-cyclic.
We are now in a position to prove the main result of this paper. It is the charac-
terization of the concept of non-cyclicity in terms of the stoichiometric matrix
K in (6).

Theorem 16 The biotechnological process {6) is non-cyclic iff, and only if, there
exist permutation matrices L € RY*¥and R € R™*M and there exist, for some
ref{l,.... M}, 1=q < g1 < ... < g1 < qr <M, such that

LKR = K = (ki)
satisfies

/}1,,, <0 for m=gqy...,q1 —1 and [ =1,...,r

. (16)
kim=0 for m=gqu.... M and I =1,...,r—1,

where g — 1 =M.

*For simplicity the stoichiometric coefficients are neglected.
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i

This means that K is of the form

S ...50 0

* *

where S denotes negative coefficients and = some real coefficients. The form is not
unique.

Proof: We show first that if the biotechnological process is non-cyclic, then the
stoichiometric matrix can be transformed, by adequate permutations of its coi-
umns and its rows, into the form (17).

But before specifying the permutation matrices we need to use the construc-
tion of Algorithm 12 to specify certain elements of K. By Proposition 14,
Remark 11, and Algorithm 12, for every [ = 1,..., M there exists a pair (i1, ;)
such that

it € Sub;, and i & |_J(Aut; U Prody),

JES

and hence, by Remark 1, the stoichiometric coefficients of the process satisfy,
for/=1,..., M,

k,’m <0
and (18)
kiy <0 forall je€Si =8\t =4m, - iml

where, for notational convenience, {jarv1,/a} = 0.

Notice that (ji, . ..,ju) is a permutation of (1,..., M). {i,... i} is not a per-
mutation; i =i is possible for k<! only if j=i,=4 for all
me {k+1,...,/—1}. This follows directly from Algorithm 12, where the If-
condition checks whether there exists another j #j;_, in the set {ji,....jm}
that fits to ij_; of the preceding loop.
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Let r € M be the number of different indices i; and define successively

1‘1 Z——[l
i =i, where g =min{k|i & {ij,....0-1}} forl=2..., r.
where, for notational convenience, q; 1= 1, (¢; — 1) = M and i, > tu.

Since by construction we have, for [ =1,... r, that lo 1 < =iy =... =
gy -1 < lq,,, the sets

Jo={Jgs s Jgu-1y forl=1,....r
are disjoint and {1,..., M} = J..
=1

By (18) we have, for { = 1...., T

tay fayday <0
(19)
?l/ﬂ/+x“ = k‘“ﬁﬂ"“@ul*” <0
and, for/=1,..., r—1,
Ky = Kigod S0 forall j& g, - u} = U Im. (20)

rem>{

Since the 7s are chosen according to Algorithm 12, we conclude that

ié ( U Sup

JE€ gy eim }

which is equivalent to i; & Sub; for all j € J,,, r > m > [, and a repeated applica-

tion of Remark 1 yields, for all j € Jp, r > m > [, that k;; > 0.
Therefore, by (19) and (20) we conclude that

k;U.<Oforj€J/

k:=0forjeJ, r>m>l.

oy

We are now in a position to determine the permutation matrices.
Let R € IRM*M be the permutation matrix of
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(1\4)
Ny oo i)’

Then K = (kjy) := K - R satisfies, forall [ = 1,..., N,

kim = kyj,, m=1,...,M. (22)

Let L € RV*Y be the permutation matrix of

J SRR ro,or+l o, o, N

T T AN L . T
where (f11,. .., fv) is some permutation of {1,...,N}\ {i,...,i}.
Now K = (k;,) := L - K satisfies, forallm=1,... M,

fe (B =l

kim . I=r+1,...,N.

which by (22) vields, form =1,..., M,

~ —~_ :k—.. =
Kim = {lf“”' n =t (23)
kf,mzkﬁ/‘m , I=r+1,...,N.

Therefore (21) and (23) yield
1—61,,. <0 for m=gq,....,(qus1—1) and [=1,...,r

/2;,,,:0 for m=gqu,...,M and /=1,...,r-1,

which by (16) leads to the echelon form (17). This proves necessity.

To prove sufficiency assume that K := LKR has the form (17) for some per-
mutation matrices L € RY*Y and R € RM*M,

Let L € RY*¥ describe the permutation o

and R € RM*M the permutation 7

(e 7 i)
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Then the coefficients of K = (;]2[]') and of K = (ky) are related as

kim = koymomy for 1=1,...,N and m=1,....M (24)

Since K has the form (17), there exist » numbers qy,.... ¢, € {l,..., M} such
that (16) is satisfied. Setting J; == {q1,.- .. g1 — 1} for [ =1,....r, yields the

disjoint subsets |J J; = {1,..., M}.
=1
Now let SC{1,....M}, S#0, be arbitrary and choose j € S such that
7~'(j) = min{="'(j)| j € S}. Then there exists /& {1,...,r} such that
ﬁ-[(j) SN
In order to apply (13), we show that

o(l) € Sut; and o(l) & | J(4ug; U Prod;). (25)

Jjes

From (16) it follows that /E;/T-i@ < 0 and (24) yields k,g; < 0, which by Remark
1 means that o(/) € Sub;. This means the first condition in (25) is satisfied.
Since 7~!(j) < n~1(j), for all j € S, we obtain

/'.cy,r-l(j) <0 forall jeS,

which by (24) yields k), <0, for all j € S and this means, again by Remark 1,
that o(7) ¢ |J (4ut; U Prod;). This proves the second condition in (25) and hence
jes
(13) is satisfied, whence the process is non-cyclic.
In Example 17 we show that the form (17) is not unique. This completes the
proof of the theorem.

Example 17 Consider the reaction scheme and the corresponding stoichiometric
matrix

—Cy 0 0
-y —cn 0
G +6 26+ 4, e —Cx —C33
+6-—&+6 K= 681 6(5)2 _253
£ + &5 22 & + &, 0 62 0
0 0 13
0 0 cs3

3put, for notational simplicity, g — 1 1= M.
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Algorithm 12 leaves some freedom how to choose the pairs (i i), & = 1,2, 3.

Three possibilities are as follows.

e Let (7, 51) = (1,1}, (42, 52) = (2,2) and (43, j3) = (3, 3), and hence

—C11 0 0
—C | —c2 O
C31 —C32 | —C33
K. — Cq41 0 0
0 Cs2 —C53
0 Cg2 0
0 0 C73
0 0 C83

e Lete (i1, 1) =(2,1), (i2,J2) = (2,2) and (43, j3) = (3,3), and hence

—Cn —cp 0
C31 —C32 | —C33
—C11 0 0
R_ - Cyq1 0 0
0 Csa —Cs3
0 Cg2 0
0 0 C73
0 0 C83

Alternatively we may also choose i3 = 5.

*  Another choice is (i1, 1) = (1,1}, (42, j2) = (3,2) and (43, J3) = (3,3),

which yields

—C11 0 0
€31 —C32 —C33
—Cc; —c¢p 0
K - Cq1 0 0
0 Cs2  —C33
0 Cg2 0
0 0 C73
0 0 Cg3

In every case we obtain a matrix X that has the form (17) and we conclude that

the process is non-cyclic.

An immediate consequence of the form (17) is the ex1stence ofa posmve vec-

tor v & (IR, )N such that er < 0 for each column Kl,‘.

KM of K. This
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immediately yields the following corollary which is crucial to ensure bounded-
ness of the trajectory of the biotechnological process.

Corollary 18 Theorem 8 remains valid if assumption (43) is replaced by the
assumption that (6) is non-cyclic.

1 CONCLUSIONS

General reactor models are frequently used in the engineering literature to study
the dynamical behaviour and control of biotechnological processes. However, if
the stoichiometric matrix is not exact, and this is always the case when compo-
nents that do not play an important role in the process have been omitted to
achieve a lower dimensional model, then these models are not described suffi-
ciently accurate so that it is not clear whether they exhibit dynamical properties
which are expected, for example boundedness of the trajectories. To overcome
this problem, we introduced the concept of non-cyclic biotechnological pro-
cesses. This is a restriction on the stoichiometric matrix, however, as far as we
are aware, most papers on control of biotechnological processes satisfy this con-
dition. We presented an algorithm which decides in finitely many steps whether
a process is non-cyclic or cyclic. This algorithm is also essential when character-
ising non-cyclic processes in terms of permutations of columns and rows of the
stoichiometric matrix K into an echelon form. The main consequence from
this form is that non-cyclic processes exhibit bounded trajectories. These
dynamical properties can be used to achieve adaptive setpoint control in non-
cyclic processes. Preliminary results on this can be found in Ilchmann et al. [8).

APPENDIX

In the following we present some modifications of the Bellman-Gronwall Lem-
ma which are taylored for our needs.

Lemma 19 Let w € (0, 00]. Suppose a(-),f(-) : [0,w) — R are locally integrable
functions and V(-) : [0,w) — IR, is absolutely continuous. If

Vi) < —alt) V() +f(1), for almost all ¢ & {0,w), (26)

then V(i) satisfies the following:
(i) Forall t € [to,w) and ty > 0,



176 A. ILCHMANN AND M.-F. WEIRIG

_fa('f) dr ! _j" al7) dr
Viy<e » Vitg)+ [ e = f(s).

o
(i) If -y and f(-) satisfy, for some numbers o, },
0 <a=essinf ar) and esssup f(1) < f,
t€{0.w) t€[0,w)

then, for all t € {ty,w) and ty > 0,

il

Vi <

i3

If w = oc, then

limsup V(¢) <

t—o0

IR ==t

(iii) Suppose instead of (26) we have, for almost all t < [0,w),

V(t) > —alt) - V() + F(t),

then, for all t € [tg,w) and ty > 0,

- Jalnd ; —ja(r) dr
Vi)zed Vi) + / et fls) ds.

o

and if

0 <@ =esssup aft) and  fo < ess inf f{¥),
(€]0w) tel0w)

then, for all t € {to,w) and ty > 0,

Vi) = {V(to)—%‘)} e Blit) +%6 > min{ Vi),

offas

Vi) —{;] emali=n) L < max{ V(to),é}A

b

(28)

(30)
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If w= 0 then

o3
—_
(U]
(US)
=

lim inf V(1) >
—00

Proof:

(1) This part of the proof is a straightforward generalization of the proof of
Lemma 3.2.4 in Ioannou and Sun [9], where they consider constant c.f
and w = o instead. Let

w(t) = V() +al) V() - f(1)

and apply Variation-of-Parameters to

Vit) = —alt) V(t) + f() = w(t)

so that, for all r € [7p,w) and ¢4 > 0,
l t
(T) dr Afa(‘r)dr
V(t) = e " Vi) +/e : [f(s) + w(s)] ds,
o

and since w(t) < 0, (27) follows.
(i) Applying the bounds in (ii) to (27) yields

V() < e P () + / e 2 £ s

14}

and evaluating the integral leads to the first equation in (28).
Now if V() <f/a then V(r)<f/o; and if Vitg) > f/a, then
V{(t) < V{t). This proves the second inequality in (28).
(29) is an immediate observation from (28).

(iii) The statements in (iii) are proved similarily and the proof is omitted for
brevity.
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