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Abstract: Adaptive high gain stabilizers for classes of linear
time-invariant state space systems are presented. The classes
cover multi-input—multi-output systems where the state dimen-
sion is not known. Only standard assumptions such as mini-
mum phase and known respectively unknown sign are re-
quired. The main result is, that the adaptive control laws of
Byrnes and Willems can be modified to produce a guarantee of
exponentially decaying states.
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Nomenclature

R,={s€R|s>0]}.

C_={s€C|Re s> 0}

C_={seC|Res<0}.

o(A)={A,(A),...,X,(A)} =spectrum of 4 €
Ran.

L.(0, r)=set of all r-integrable functions f:
@, r)—->R".

L_(0, t)=set of all bounded functions f:
(0, 1) = R", n being defined by the context.

%€(—h, 0], R")=set of all continuous func-
tions f:[—h, 0} - R"

1. Introduction

The problems of adaptively stabilizing a linear
system by dynamic output feedback (not based on
parameter identification algorithms) have received
a good deal of attention in recent years. However,
almost all discussed stabilizers produce a stable
output y(-) in the weak sense, that y(r) goes

asymptotically to zero. The purpose of the present
paper is to show, that without restricting the class
of systems under consideration, it is possible to
produce stronger results, namely exponential de-
cay of the output y(z), and the system state x(r).

We consider the class of time-invariant linear
systems of the form

X(t)=Ax(t) + Bu(1), (1.1a)
y(1) = Cx(1), (1.1b)

where A €C"™" B, CTeC" ™, are unknown,
but have to satisfy the high frequency gain condi-
tion

det CB#0 (1.2)
and the minimum phase condition

sI-A —-B

det[ C 0

]#—-O forallseC,. (1.3)
The state dimension n of the system need not be
known.

For multi-input-multi-output systems, we will
consider the known sign case when (1.2) is
strengthened to

o(CB)CC,. (1.4)

(Note: the case of 6(CB)c C _ is a trivial exten-
sion of this case obtained by input scaling.) For
single-input-single-output systems we also con-
sider the unknown sign case cb # 0.

Our approach is a modification of the so called
Byrnes-Willems controller which, in the case of
(1.4), is just

k()= 11y() 17,
u(t)y=—k(t)y(1).

Byrnes and Willems [1] have shown that the con-
trol strategy (1.5) produces an asymptotically sta-
ble output y(z) if it is applied to an arbitrary
system (A, B, C) belonging to the class (1.1)—(1.3)
with spectrum of CB in C .. In this situation the
sign of CB is crucial and hence, if it is not known,
the control scheme must find this sign. For the

k(0) =k, €R, (1.5a)

(1.5b)
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class of single-input—single-output systems which
satisfy the minimum phase condition (1.3) and the
unknown sign condition (1.2), Willems and Byrnes
[1] presented a modification of (1.5) which also
produces an asymptotically decaying output y(t).
They used a switching function S:R — R,
originated by Nussbaum [9], to modify the control
scheme as follows:

k(t)y=y(1)’, k(0)=k,€R,
u(t) = =S(k(2)) k(1) y(1).

The purpose of the switching function is to search
the appropriate sign for the feedback. Méartensson
[7] extended this to multi-input—multi-output sys-
tems. Robustness properties of the control law
(1.5) and (1.6) are proved in [12} and [11], respec-
tively.

If a linear system (1.1) satisfies the minimum
phase property (1.3), then obviously there exists
some w > 0 such that

(1.6a)
(1.6b)

sI—A B
det[ c 0]#0
forallse {s€eC|Res< —w}. (1.7)

Logemann [6] used this information and showed
that in the case of c¢b # 0, the adaptive scheme

k(1) =le“y(1)], k(0)=koER,
u(t) = =S(k(2)) k(1) y(1),

produces an exponentially decaying output y(r).
Within Logeman’s framework, it can be shown
that in the case of ¢b > 0, the adaptive scheme

k() =1e“y(1)|?,
u(e) = ~k(1)y(r).

produces the highly desirable property that the
output y(t) is exponentially decaying. However,
within his framework, he can only consider sys-
tems which satisfy the strengthened minimum
phase condition (1.7) for a fixed «w>0. Our
strategy is different in that we propose a time-
varying «(¢) in (1.8) which adaptively converges
to

k(0) =k, <R, (1.8a)

(1.8b)

lim w(t) =w, >0,

t—

and as a consequence ensure exponential stabiliza-
tion. That this is in fact possible, in both the

known and the unknown sign cases, is the main
contribution of the present paper. '

It is noteworthy, that Miller and Davidson [8]
have presented a completely different adaptive
control strategy to provide Lyapunov stability for
a class of systems which cover our class.

In Section 2, we present an adaptive control
scheme which produces exponential decaying out-
puts for multi-input—multi-output systems which
are minimum phase and where the ‘sign’ of the
high frequency gain CB is known. In Section 3,
the analogous problem is solved for single-input
single-output, minimum phase systems where the
sign of cb is unknown.

2. The multi-input multi-output, known sign case

In this section, we consider the class = of
systems of the form (1.1) which satisfy (1.3) with
(1.2) strengthened by the requirement that the
spectrum of CB lies in C .

The following lemma gives a deeper insight into
these assumptions and is of technical use as well.

Lemma 2.1. Suppose (A, B, C) satisfy the condi-
tions (1.1)-(1.3) and the linear output feedback

u(t) = —k(1)y(1).

where k(-):R . — R is a piecewise continuous func-
tion, is applied to the system. Then the closed-loop
system

(1) =[A4—k(1)BC]x(1) (2.1)

can be converted, by a suitable coordinate transfor-
mation, into the form

y(t)=[A4, — k(r)CB] y(2) + Am(1), (2.2a)
(1) =A;p(2) + A4 (1), (2.2b)

where A, €R™™ A, AleR™ "™ 4, e
1 : 2: 3 s 4
R(n—m)x(n—m) and

o(A,)cC_. (2.3)

Moreover, if k(t) is monotonically increasing to
infinity as t > t', t' < oo, and the spectrum of CB
lies in C ., then

Io(r, )| <M elme+doXims

forallt’'>t>s>1,, (2.4)
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where ¢(-,-) denotes the transition matrix of (2.1),
M > 0 is some constant independent of t,, € >0 so
that Re A (A,)< —¢ from all i€ {1, 2,...,n}
and 8,=08(t,) > 0 is monotonically decreasing to
zero as k(t,) tends to infinity.

Proof. In Owens, Chotai and Abiri [10] it is shown
that

0=B(cB)", V] eGL,®),

with V' a basis matrix of ker C yields

co-11, 0. o'8-|P|
-1 - Al A2]

where 4,, A,, A; and A4, are of dimension m X m,
mXxX(n—m), (n—m)Xm and (n—m)X(n-—
m), resp. Now (2.2) is obvious. (2.3) follows from
(1.3) and the proof of Theorem 2.2 in Ilchmann,
Owens and Pratzel-Wolters [5]. (2.4) follows from
(2.3) and lim, , /k(t)= oo; it can be deduced
from the proof of the Interconnections Lemma in
[4], p. 107/8. DO

Now we are in a position to state the main
result of this section on exponential stabilization.

Proposition 2.2. Suppose (A, B, C)€ X and h > 0,
Xo € R". Then the control scheme

k(1) =e*ip(r) 1%, k(0)=ko=0, (2.52)
1 fort |0, k),

w(t)= 1 (2.5b)
m fort>=h.

u(1) = —k(1)y(1), (2.5¢)

produces an exponentially decaying solution of the
closed loop system

X(t)=[A4—-k(t)BC]x(¢),
y(1) = Cx(1),
and the gain converges to a finite limit k, i.e.

lim k(7) =k, < 0. (2.7)

1= o0

x(0) =x,, (2.6a)

(2.6b)

Note that (2.6) is a nonlinear differential equa-
tion which is of delay type if 2 > 0. We include it

as a possibility since it makes computations easier
and provides as indication of the robustness of the
result to the adaptation rule. We allow the possi-
bility that 2= 0.

Proof. We only give a proof for 4> 0; the case
h =0 is shown in a similar manner. Using the
notation

x()=x(t+-),  o()=wl+-),

(2.6) reads

x(1)=f(1, x,), x(0) =x,, (2.8)
where

[t x) =

Ax, (0) fort<0,
[A - fO || e 7°Cx,(s) "2 ds - BC]x,(O)
-1
for t € [0, h),

[ et o) as- e 0

for t > h;
(2.9)

f(-, x,) may be discontinuous at ¢ = 4. However,
without restriction of generality we may assume
that 4, = 0. This can be done since f(-, x,) satis-
fies the Caratheodory condition (cf. Hale [2], p.
55) and existence and uniqueness of (2.8) goes
through as for the case of continuous f(-, x,).

We proceed in several steps and prove the
following statements:

(i) If there exists a solution of (2.8) on
(—oo, t"), 1" < o0, then k(-) € L_(0, t').

(ii) (2.8) does not have a finite escape time.

(iii) A solution of (2.8) exists on the whole of R
and is unique.

(iv) There exist m, « > 0 such that the solution
x(-) of (2.6) satisfies

Ix(e)f<Me ™ forallt>0

and (2.7) is fulfilled.

(i): Suppose there exists a solution x(-) of
(2.8) on (—o0, t’) and k(-)& L_(0, t'). Then
Lemma 2.1 implies that

Ix(2)|| <Ke™™ forallz€ (0, ") (2.10)
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for some K, A>0. Since lim, _, ,-w(z) =0, (2.10)
applied to

k(1) =/(:I|e“(”’Cx(s) 12 ds + k,

yields that k(-) € L (0, ¢"). Hence (i) is proved.
(i1): Suppose there exists some ¢” > 0 such that

lim sup || x(z) || = 0. (2.11)

-1’
Since by (i), k(-)€L_(0, t'), (2.6) satisfies a
global Lipschitz condition on (0, ¢’). The con-
tradicts (2.11), whence (ii) is proved.

(iii): Consider the continuous map

f:2=(-, h)x%([—h,0],R") > R"

given by (2.9). f is called locally Lipschitz in the
second argument if f is Lipschitz in the second
argument in each compact set in £. f is in fact
locally Lipschitz as a sum, product and composi-
tion of locally Lipschitz maps. Therefore, Hale [2],
p. 42 can be applied and existence and uniqueness
of the solution x(z) of (2.8) through the initial
value (0, x(-)|(_j)) follows for r € (— o0, ), for
some & > 0. Now (ii) implies that the solution can
be continued on (— o0, h]. The same arguments
yield existence and uniqueness on (— o, 24]. By
repeating these arguments inductively, (iii) fol-
lows.

(iv): Put t"= oo in the proof of (i). Then (i)
shows that k(-) is bounded which proves (2.7).
Furthermore,

lim w(t) =w, >0.
-

Therefore e“")'y(-) € L,(0, o0) and
P(+)=¢e"y(-) € L,(0, o0) forall &<w,.
(2.12)

Suppose that (2.6) is written in the form (2.2).
Then a straightforward calculation yields

) =B, + AR + 45()  (213)

where

(1) = en (1),

Since o(A4,)Cc C_, (2.12) applied to (2.13) gives
#i(-ye L, for

@+ max Re X, (4,) <0.

I<i<n

Now it follows from

d | (1)
al:ﬁ(t):l= l:w1n+

, [ﬁ( ) }
(1)
that (d/dr)p(¢) € L,(0, o) resp. (d/d1)f(1) e
L,(0, c0). Thus it follows (see, for instance, Helmke
and Prétzel-Wolters [3]) that lim, _, _ $(¢) = 0, resp.
lim, , _7(¢) = 0. This proves boundedness of $(-)
resp. f(-) and hence proves exponential decay of

y(1) resp. n(t). Therefore, the proof of (iv) is
complete. 0O

Ay —k(t)eh A4,
A, A,

3. The single-input-single-output, n-th order, un-
known sign case

In this section we consider the class 3 of
single-input-single-output systems of the form

2(2) = Ax(t) + bu(e), (3.1)
y(t) =cx(1), (3.1b)

where 4 € R"™", b, ¢" € R" are unknown, but are
known to satisfy

b+ 0, (3.2)

sl,—A4 b

det[ 0]¢0 forall seC,. (3.3)

c
Since the sign of the feedback gain cb is not
known, we have to introduce a switching function,
as in Nussbaum [9] and Willems and Byrnes [13].

Definition 3.1. A piecewise continuous function
S:R—R is called a switching function, if for
some a € R it satisfies

sup x_afa S(r)rdr=+o (3.4)
and
xi‘if,x—af,, S(r)rdr= —co. (3.5)

The function N(z) = S(r)t is called the Nussbaum
gain.

Remark 3.2. (i) It is easily seen that if (3.4) resp.
(3.5) holds true for some a € R then it is valid for
all a e R.
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(ii) It is also easily shown that (3.4) and (3.5)
are equivalent to

sup
x>a

ax+Bf S(r )frd'r-=+oo

and

sup[ax+,8/ S(r )Tdf = -

x>a

for all a, BER, B#0.
(iii) Switching functions are for instance

S(7) =siny/|7|

or

+1,
S(r)=

_1’

The switching function is implemented into the
feedback loop using the control law

u(t) = =N(k(£))y(t).

The main result of this section is:

n*< || <(n+1)2, nelZ,

<t <(n+1)?’ ne2Z +1.

Proposition 3.3. Suppose (A, b, c)EZ".‘, h>0,
xo €ER", and S:R —» R is a switching function.
Then the control scheme

k(t)=1e*D%(t)|%, k(0)=ky>0, (3.6a)
1 fort€[0, k],

w(1)= 1 (3.6b)
m fortzh,

u(t) = —S(k(2))k(t)y(1), (3.6c)

produces an exponentially decaying solution x(-) of
the closed system equation

x(t) = [4 = S(k())k()be] x(1), x(0) =x,,

(3.7)

and the gain converges to a finite limit k, i.e.

lim k(1) =k, < . (3.8)

r— 00

Proof. We proceed in a similar manner to the
proof of Proposition 2.2 and show the following
statements:

(i) If there exists a solution of (3.7) on
(—o0, t"), t' < oo, then k(-) € L_(0, t').

(ii) (3.7) does not have a finite escape time.

(iii) A solution of (3.7) exists on the whole of R
and is unique.

(1v) There exists M, w > 0 such that the solu-
tion x(-) of (3.7) satisfies

Ilx(¢)|l <Me " forall t>0

and (3.8) is fulfilled.

(i): Suppose there exists a solution x(-) of (3.7)
on (—oo, t’) and k(-)& L_(0, t'). Because of
Lemma 2.1 we may assume that (3.7) is of the
form

$(0) = [ 4y = S(k())k(1)eb] y(1) + Am(2),

(3.9a)
(1) =A;p(2) + Am(1), (3.9b)
with a(A4,) C C_. Using this, it follows that

3 d ()

= i((t)[td—tw(t) +w(?)
+A4,— S(k(t))k(t)ch

+e* Oy (1) A (1). (3.10)

We use the notation

P(t) = e (1), @(r)=e"n(z).

Integration of (3.10) yields
2(1)" - 9(0)°
2

=f()tk(7)[7%w(s)
—cbfo’s(k(f))k(f)k(f) dr

+w(r)+A4,|dr

+f e“Cy(s) A4, e n(s) ds.

Since (d/df)w (1) <0, k(¢) =0, and lim, _ - w(?)
=0, there exists some M, > 0 such that

7(1)* = $(0)°
2

(3.11)

<M, [k(1) = ko)
k(1)
—cbfko S(p)p dp

+M£WUHWMUM&
(3.12)
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where we have changed variables in the second
summand of (3.11).

Since o(A4,) € C_, there exists some M,, ¢>0
such that

lle* || < Mye™ for all > 0. (3.13)

From (3.9) it follows that for 5(0) = ny we have

Ew(l)’n(t) — C[A4+w(l)l"_']"ﬂ0

14
+felA4+w(r)1n_1}(r—s> ey (5) ds.
0

(3.14)

Since w(t¢) is monotonically decreasing to zero,
(3.13) applied to (3.14) yields for some M;, >0,

—& L _fu-s5)y A
14(1) |l <My e ’+M3f0e (=91 p(s)|ds.
(3.15)

Since the operator

L:L,(0, ©)— L,(0, o),
u(-)~ (t»—> j(‘)’e'z("”u(s) ds)

is bounded, an application of the Cauchy-
Schwartz inequality gives for some M,, M;> 0,

INEOIREIOIRE
0
—<—Maj(;|f’(s)|e_ésd5
+M3f0'|y‘(S)I-L(Iy‘(-)l)(s)ds
, , 1/2
s2M3M4[f0)7(s) ds]
+ M, ||Luf0'y‘(s)2 ds
S(M3M4)2+/:}‘)(s)2 ds
+ M, | Lufo’y‘(s)z ds

5M5+M5f’y*(s)2 ds. (3.16)
0

Finally, by inserting (3.16) into (3.12), we obtain

#(1)* = 5(0)°
2

< MM + My (1 + Ms)[ k(1) — k(0)]
—be:;;)s(#)u dp,

which is equivalent to
0 <$(1)> <2M, M, + $(0)°
+2M,(1 + M)[k(2) — k(0)]

k
~2¢h [ OS(p)u dp. (3.17)
%(0)

Since k(7) tends to oo as ¢ —¢’, Remark 3.2(ii)
applied to (3.17) yields a contradiction. Therefore,
(i) is proved.

The proofs of (ii)—(iv) are analogous to those of
Proposition 2.2. The details are omitted for brev-
ity. O

References

[1] C.I. Byrnes and J.C. Willems, Adaptive stabilization of
multivariable linear systems, Proc. of the 23rd Conf. on
Decision and Control, Las Vegas, NV (1984) 1574-1577.

[2) J. Hale, Theory of Functional Differential Equations,
(Springer-Verlag, New York, 1977).

[3]1 U. Helmke and D. Pritzel-Wolters, Stability and robust-
ness properties of universal adaptive controllers for first
order linear systems, Internat. J. Control 48 (1988) 1153—
1182.

[4] A. Illchmann, Contributions to Time-Varying Linear Con-
trol Systems, Thesis (Verlag an der Lottbek, Hamburg,
1989).

[5] A. lichmann, D.H. Owens and D. Pritzel-Wolters, High
gain robust adaptive controllers for multivariable systems,
Systems Control Lett. 8 (1987) 397-404.

[6] H. Logemann, Adaptive exponential stabilization for a
class of nonlinear retarded processes, Math. Control Sig-
nals Systems (1990) to appear.

[7] B. Martensson, Adaptive Stabilization, Doctoral Disserta-
tion, Lund Institute of Technology (1986).

[8] D.E. Miller and E.J. Davidson, An adaptive controller
which provides Lyapunov stability, JEEE Trans. Autom.
Control 34 (6) (1989) 599-609.

[9] R.D. Nussbaum, Some remarks on a conjecture in param-
eter adaptive control, Systems Control Letr. 3 (1983) 243—
246.

[10] D.H. Owens, A. Chotai and A. Abiri, Parametrization and
approximation methods in feedback theory with applica-
tions in high-gain, fast-sampling, and cheap-optimal con-
trol, IMA J. Math. Control. Inform. 1 (1984) 147-171.



A. Iichmann, D.H. Owens / Adaptive stabilization with exponential decay 443

[11] D.H. Owens, D. Pritzel-Wolters and A. Ilchmann, Posi- [13] J.C. Willems and C.I. Byrnes, Global adaptive stabiliza-
tive-real structure and high-gain adaptive stabilization, tion in the absence of information on the sign of the high
IMA J. Math. Control Inform. 4 (1984) 167-181. frequency gain, in: Lect. Notes in Control and Information

[12] D. Pritzel-Wolters, D.H. Owens and A. Ilchmann, Robust Science No. 62 (Springer-Verlag, Berlin, 1984) 49-57.

stabilization by high gain feedback and switching, Inter-
nat. J. Control 49 (1989) 1861-868.



