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so-called ‘maximum controller’
k(t)= sup e““*|y(s)|, (1.1)
O=s=¢

with suitable choice of w(-), is introduced together with a switching decision
function of an entirely new form.
We consider a class of time-invariant linear systems of the form
Xi(t) = Ax(¢t) + Bu(p), }
y(6) = Cx(1),
where AeR™", and B,C"eR"*™ are unknown, but have to satisfy the
high-frequency gain condition

(1.2)

det CB #0 (1.3)
together with the minimum-phase condition
I1-A -B _
det [s e ];eo for all s € C,. (1.4)

The state dimension n of the system need not be known.
For multi-input multi-output systems, we will consider the known-sign case
when (1.3) is strengthened to

o(CB) = C,. (1.5)

(Note: the case of o(CB) = C_ is a trivial extension of this case obtained by input
scaling.) For single-input single-output systems, we also treat the unknown-sign
case CB # 0.

In Section 2, we consider adaptive stabilization of multi-input multi-output
systems of the form (1.2) which satisfy the minimum-phase condition (1.4) and
the spectral condition (1.5) on the high-frequency gain. This section also
introduces the maximum controller and illustrates the natural structure of the
control for the purposes of exponential stabilization.

In Section 3, this idea is extended to the general case of unknown sign of CB
for single-input single-output systems. In this context, the original concept of a
Nussbaum gain is replaced by a new switching decision function that guarantees
the convergence of the switching characteristics in finite time independent of the
choice of gain adaptation.

2. Multi-input multi-output systems with known sign at high frequencies

In this section, we consider the class X of systems of the form (1.2) which
satisfy the minimum-phase condition (1.4) and the known-sign condition

o(CB) = C,. (2.1)

Before we state the main result, some investigations are undertaken into the
closed-loop system

#(t) = [A — k(1)BCIx(r) 2.2)
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which arises if the feedback law
u(t) = —k()y(t) (2.3)
is applied to a system of the form (1.2).

Lemma 2.1 Suppose (A, B, C) satisfies the conditions (1.2)-(1.4), and the linear
output feedback

u(t) = —k(0)y (1),

where k(<) :[0,¢)— R is a piecewise continuous function, with t' <=, is applied
1o the system. Then the closed-loop system

x(t) =[A — k(t)BC]x(¢) (2.4)
can be converted, by a suitable coordinate transformation, into the form
y(&) =[A: = k()CB]y(r) + Az'l(t)»}
(1) = Asy(t) + A(1),
where A; e R™™™, A, A e R™*™™) 4, e Rr=—mxti=m) 04
o(Ay)cC_. (2.6)

Moreover, if k(t) is monotonically increasing to infinity as t—t' (t' =) and
(1.5) is satisfied, then

2.5)

lp@t, s)Il < MeC5+2¢=9) forall ¢ >t=5> to, 2.7

where ¢(-, ) denotes the transition matrix of (2.4), M>0 is some constant
independent of t,, £ >0 so that Re A(Ag)<—¢forall ien, and 80=0(tx) >0 is
monotonically decreasing to zero as k(o) tends to infinity.

Proof. See Owens et al. (1987). 0O

Lemma 2.1 enables the following result to be proved for an exponentially
stabilizing ‘maximum control scheme’.

PROPOSITION 2.2 Suppose the system (A, B, C) belongs to X and h > 0. Consider
the ‘maximum control scheme’

k() = max e || y(s)|| + ko (ko= 0),
O=s=¢

1 for re [0, h],
w(t) = 1 for 1> h, (2.8)
1+k(t—h)

u(t) = —k(1)y ().

Then the closed-loop system
x(t) =[A - k(r)BClx(2), x(0) =x, (2.9)
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satisfies gain convergence in the sense that

lim k(¢) = k. <o (2.10)

t—
and for some M,A >0 we have the exponential bound
llx()|| <Me™* for all t=0. (2.11)

Proof. The differential equation (2.9) is of the nonlinear delay type. Using the
notation

x():=x(t++), w,(*):=w(t+),
(2.9) reads
x()=fx),  x(0)=x, (2.12)
where

Ax,(0) for t <0,

£t x) = [A - < max e ||Cx,(s)|| + k0>BC]x,(O) forte[0,h],

se[—¢,0}

[A - < max e“® ||Cx,(s)| + k0>BC]x,(O) for t > h.

sef—,0]

Note that f(+, x,) may be discontinuous at ¢t = h. However, without restriction of
generality, we may assume that k, = 0. This can be done since f(-, x,) satisfies the
Carathéodory condition (see Hale, 1977: p. 55) and the existence and uniqueness
of (2.12) goes through as for the case of continuous f(-, x,).

We proceed in several steps and prove the following statements.

(i) If there exists a solution of (2.12) on (—,¢'), with ' <o, then k(:)e
L.(0,¢").

(ii) System (2.12) does not have a finite escape time.
(iii) A solution of (2.12) exists on the whole of R and is unique.
(iv) There exist M, > 0 such that the solution x(+) of (2.9) satisfies
[lx(®)|| <Me ™ forallt=0
and (2.10) is fulfilled.

(i) Suppose there exists a solution x(+) of (2.12) on (—%,t) and
k(-)¢L.(0,¢'). Then Lemma 2.1 implies that

lx()l<Ke ™ forallte[0,t) (2.13)

for some K,A>0. Since k(¢f) is monotonically increasing in ¢, it follows that
lim,,, o(¢) = 0. Thus, (2.13) applied to

k()= max e”®* || y(s)|| + ky
O=s=t¢

yields k(+) € L..(0,¢"). Hence (i) is proved by a contradiction argument.
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(ii) Suppose there exists some ¢’ >0 such that
lim sup ||x(¢)]] = . (2.14)
t—1’

Since, by (i), k(-)eL.(0,¢'), it follows that (2.9) satisfies a global Lipschitz
condition on (0, ¢'). This contradicts (2.14), and hence (ii) is proved.
(iii) Consider the continuous map
f:Q=(—=,h)XC(~h » O, R")—> R"

given by (2.12). Function f is called locally Lipschitz in the second argument if fis
Lipschitz in the second argument in each compact set in €. Function fis in fact
locally Lipschitz as a sum, product, and composition of locally Lipschitz maps.
Therefore, the result in Hale (1977: p. 42) can be applied and the existence and
uniqueness of the solution x(#) of (2.12) through the initial value (0, x(+) (—mo))
follows for t € (—x, ), for some & >0. Now (ii) implies that the solution can be
continued on (—», h]. The same arguments yield existence and uniqueness on
(-, 2h]. By repeating these arguments inductively, (iii) follows.

(iv) It follows from (i)—(iii) that (2.10) holds true. Therefore lim, . w(t) =
w..> 0 and we obtain

e Nyl = max eyl = (ke — k). (2.15)

Suppose (2.9) is of the form (2.5). By (2.6), there exist K, & >0 such that
lle*¥| < Ke™* for all t=0. (2.16)

An application of (2.15), (2.16), and variations-of-constants to the second
equation in (2.5) yields

InIl < Ke™ |In(0)ll +f l4;]l Ke™*“= | y(s)|] ds
0

<K (IO + 14 (= ko [ cmoras). @)
0

Since £ in (2.16) can be chosen so that £ < w.., (2.12) yields exponential decay of
Im(:)ll- This, together with (2.15), implies (2.11). Therefore the proof is
complete. O

ReMARk 2.3. Note that the proof of Proposition 2.2 provides an explicit
description of the decay of the output in terms of asymptotically computable
quantities. Inequality (2.15) yields

Iyl < (k. —ko)e~ forall t=0.

3. Single-input single-output nth-order systems with unknown sign

In this section, we consider the class £ of single-input single-output systems of
the form

X(t) = Ax(r) + bu(t),} (3.1)

y(1) = cx(t),
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where A € R"*", and b,c' € R” are unknown, but are known to satisfy

cb #0 3.2)
and the minimum-phase condition
I,—-A b _
det [s " 0] #0 foralls #C, (3.3)
c

Note that the sign condition (2.1) is weakened to (3.2). For the class 3, we follow
previous results in developing a switching function in order to generate an
adaptive scheme. In contrast to the well-known Nussbaum gain (see Nussbaum,
1983; Willems & Byrnes, 1984), this switching function is a new type guaranteeing
convergence in finite time.

The switching function

SC):[0,°)—{~1,1}

will be implemented into the feedback law via

u(t) = =Sk @)y (), (3.4)
and we consider the closed-loop system
x(t)=[A - SOk(®)bc]x(r), 3.5

where k(-) is the maximum controller introduced in (2.8). We follow the intuitive
idea that S(¢) is searching for the ‘correct’ sign of the gain ¢b and, if it finds it, the
sign is kept constant and k(¢) will thus converge to a finite limit. Then the
exponential decay of |y(¢)| is obvious.

We now introduce the switching algorithm. Let k(s):[ty,*)— R, be a
continuous nondecreasing positive function, and y(+) : [t,,*)— R a measurable
function with y(t,) # 0.

Put, assuming S(¢) : [ty , t)— {—1, 1} is known,

w(t):=f S(r)k(r)y(r)zdr/f y(r)* dr. (3.6)

We call () a switching decision function and it is related to S(-) via the
following algorithm.

ALGORITHM 3.1
i:=0
Sit)=1
(*) t1>¢ is defined by the property
S(t)p(0) <(i+ Dk(ty) forre(tiytivy)
SE)Y(tir1) = (i + k(o)
S(t):=8(@) foreelty,t)
S(tiv1):=-5(t)
ir=i+1
go to (*).
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w(t)‘{

FiG. 1

Note that the consequent switching structure illustrated in Fig. 1 is well-defined
since

(i) y(¢) is monotonic in any interval of ¢ > ¢, where S(+) is constant,
(i1) y(¢) = k(t,) and hence the switch times are well defined.

The following lemma gives a basic integral inequality for the output y(¢) = cx(t)
of the system (3.5), and is used to prove convergence of the switching sequence.

Lemma 3.2 Suppose (A, b,c)e5, xoeR", and k(-):[0,t')>R, is a non-
decreasing continuous function, with 0<<t'<o. Suppose that on (—» ,t') there
exists a unique solution x(+) of the closed-loop system

() =1A - S@Ok)bc)x(2), x(ty)y=xy fortyel0,r), (3.7

where S(-) is defined via the output y(t) = cx(t), the switching decision function
Y(+), and the Algorithm 3.1. Then the following inequality holds true for some
suitable K >0 and all t € [ty ,t'):

y(*<K+ KJ'[y(r)2 dr — cbft S(Dk(1)y(r)* dr

=K +f y(t)* dr[K — cby(1)]. (3.8)

Proof. Because of Lemma 2.1, we may assume that (3.7) is of the form (2.5).
Then a straightforward calculation yields

LS IV = A,y (0 = cbSOKEY + (DA 0),
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and hence

© = y@P) =K [ ¥ dr=ab [ Sk dr s K[ 1yl iInol or
(3.9)

for some suitable K, >0. By using (2.7) and applying variations-of-constants to
the second equation in (2.5), we obtain for some K,,& >0 and for t =1,

lIn()1l < Kae™ [In(to)ll + Ly (+)(2), (3.10)
where

Ly (0= [ Ko ly(s)) s

Since the operator L maps L,(f,,t") functions into L,(¢,,¢') functions and is of
uniformly bounded norm in ¢’ and t,, we conclude from (3.9) and (3.10) that

t t 3 t
<K+ Klf y(r)*dr + K3<f y(1)? dr) - cbf S(Dk(t)y(r)*dr (3.11)
for some suitable K> 0. Since aff < a” + B for o, 8 € R, (3.11) implies (3.8) and

the proof is complete. [

REMARK 3.3 (Convergence of the switching mechanism) Under the assumptions

of Lemma 3.2, it follows that () € L.(¢y,¢'). If y(-) is unbounded, then the
Algorithm 3.1 indicates that

sup Y(t)=o and inf w(r) = -0

te(to,t’) te(tost’)

This would contradict (3.8). Therefore there exist .. € R and ¢y > 0 so that
lim () =y. and S()=S(ty) for all t €[ty ,1'). 3.12)
t—t’

To prove the main result of this section, we need a lemma describing the relative

growth of [y(+)| and {|n(¢)|| in the case of S(fy)chb <0 and k(-) unbounded and
monotonically nondecreasing.

Lemma 3.4 (Output dominating the state) Suppose (A, b, c)e S is in the form
(2.5) and the assumptions of Lemma 3.2 are satisfied. If S(t)cb <0 for all
teltn,t'), and k(+) ¢ L..(0,t'), then, for every £ >0, there exists some t, € (0, ')
such that
MOl =ely(t)| forallzels, ,t'). (3.13)

Proof. We assume that x(¢) # 0 for all t € (—, t'); otherwise x(+) = 0. Following
Owens et al. (1984), we may assume that b = (1, 0,..,0)" and ¢ = (cbh)b". Put

zZ(O):=llx"'x@),  V(@):=[b"z()] (3.14)
It is obvious that [[z(t)l| =1, bTz(¢) = (cb) 'y(t)/||x(¢)]l, and V(t) € [0, 1] for all
te(—>,t'). We want to show that, under the stated conditions,

lim V(¢) = 1. (3.15)

t—t'
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If this holds true, then for arbitrary & > 0 there exists some ¢, € (0, ¢') such that

ly @I
lle (]

Using the fact that ||x||*>=(cb)?y*+ ||n||>, a straightforward calculation applied
to (3.16) yields (3.13).

It remains to prove (3.15). We calculate

1—&<(ch)' for all t e[t ,¢'). (3.16)

2=Az—(2'Az)z — Sk(cb)b"z[b — (b 2)z],
from which, omitting the argument ¢ € (ty , t'),
V=02b"2)b"[Az — (z"Az)z — k(ch)b"z(b — b 22)]
=2b"z[b"Az — (z"Az)b"z] + 2k |cb| V[1 - V].
As a consequence, for some M > 0 independent of 7, we have
V(t)=—M +2k(t) |cb| V()[1 — V(¢)] forall t€(tn,1'). (3.17)
Let I=(a,b)c[0,1] and 6>0. Since lim,.,, k(t) =, there exists some
t; € (ty 5 t') such that
V(t)>6 foralltelt,,t')and V(1) el
This implies
V(t)e[0,a]lUlb,1] forallteli,t),
where 7 €[t ,t') is sufficiently large. Since [ was arbitrary, it follows that either
lim,_,,. V(t)=0 or lim_,. V(¢) = 1. If the latter holds true, the proof is complete.

Thus, it remains to consider the case lim, ,, V(¢) = 0. In this case, for every 1 >0,
there exists t, € (ty , t') such that

(@)’
e ()11
Using ||x|I> = (cb)"*y* + ||n|I%, it follows that

V()= (cb)™? <A forall te(t,t).

y(t)* < (cb)’le/l)L In(6)|i*> for all te(t,,t'). (3.18)

Inserting (3.18) into (3.10) yields

111 = Ke el + KA e ()] ds (3.19)

for some suitable constant K > 0. Since A >0 can be chosen arbitrarily small, an
application of the Bellmann—-Gronwall lemma to (3.19) yields an exponentially
decaying bound for ||n(-){|. But then, by (3.18), |y(:)| is bounded by an
exponentially decaying function, which, together with the observation that
w(t)—0 as t— ', contradicts k(-) ¢ L,(0,t'). This completes the proof of the
result. [
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Now we are in a position to prove the main result of this section.

PROPOSITION 3.5 Suppose the system (A, b, c) belongs to the class 2, with h >0,
and x, € R" and ko> 0 are arbitrary initial data. Then the adaptive mechanism

k(1) = max e | y(s)]] + ko (ko=0),

1 for te [0, k],
w(t) = 1 for 1> h, (3.20)
1+ k(t—h)

u(t) = =Sk )y (),

where S(+) is the switching function defined in the Algorithm 3.1 via the switching
decision function (3.6) and the output y(t) = cx(t), produces an exponentially
decaying solution of the closed-loop system

) =[A-SOk@Obclx(®),  x(0)=x,, (3.21)

with convergent gain

lim k(t) = k., < (3.22)

e
and finally constant switching function
S(t)=S forallt>ty for some ty>0. (3.23)
Moreover, the output satisfies
|y (£)] < (k. — kg)e™ = for all t =0, (3.24)
where lim,_,., () = w,. > 0.
Proof. We proceed in several steps and show the following statements.

(i) If there exists a solution of (3.21) on (—o,t"), with t'<o, then
k(*)eL,(0,¢).

(i) System (3.21) does not have a finite escape time.

(iii) A solution of (3.21) exists on the whole of R and is unique,

(iv) There exists M, w > 0 such that the solution x(+) of (3.21) satisfies
flx(®|l<Me™ forallt=0.

If these statements hold true, then (3.24) follows immediately from the
construction of the maximum controller and the proposition is proved.

(1) Suppose that there exists a solution x(+) of (3.21) on (—,¢') and that

lim k(f) = oo, (3.25)

—t’
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noting also that (3.12) holds true. If S(¢ty)cb >0, then Lemma 2.1 implies the
existence of an exponential bound for ||x(-){]. This would contradict (3.22). If
S(ty)cb <0, then (3.13) applied to

d
%d—t[)’(t)zl = A, y(t)* = cbS(O)k(1)y(£)* + y (D An(t)
(we assume that (3.20) in in the form (2.5)) yields

1S 1) = (4, + IebS() KO — € 1Al for all €t ),

where ¢, is sufficiently close to ¢. Thus |y()| grows exponentially, which
contradicts (<) € L..(0,¢'). This proves (i).

(ii) Suppose that for some ¢’ >0 we have
lim sup |[x(¢)]] = . (3.26)

Then (i) implies that k(-) € L..(0 , ¢t'). But then the right-hand side of (3.21) would
satisfy a global Lipschitz condition on (0,¢), which contradicts (3.26). This
proves (ii).

Statements (iii) and (iv) are proved in a similar manner to Proposition 2.2. The
proofs are hence omitted for brevity. [
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